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Consensus model

Collective behavior models

m Describe the dynamics of a system of interacting individuals.

m Applied in a large spectrum of subjects such@mlective behaviqr
synchronization of coupled oscillatgnrandom networks multi-area
power grid opinion propagation..
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oscillators [Davison et al., Figure: YeastOs protein

Allerton 2016] interactions [Jeong et al.,
Nature, 2001]

Figure: German electric
network
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Consensus model

Some basic references on the Dynamics and Control o
networks and graphs

[1] Kuramoto, Y. (1984). Chemical Osclillations, Waves, and Turbulence.
Springer-Verlag Berlin Heidelberqg.

[2] Olfati-Saber, R., Fax, J. A. & Murray, R. MConsensus and
cooperation in networked multi-agent systems. IEEE Proc. 95, 1 (2007),
215D233.

[2] Y.-Y Liu, J.-J. Slotine & A.-L. BarabitsiControllability of Complex
Networks, Nature, 473, 167173 (12 May 2011).

[3] T. Vicsek & A. Zafeiris Collective motion, Physics Reports 517
(2012) 71D140.

[4] S. Motsch & E. Tadmor.Heterophilious dynamics enhances
consensus. SIAM Review 56, 4 (2014), 577D621.
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Consensus model

Complex behavior by simple interaction rules

Systems of Ordinary Dierential Equations (ODESs) in which each agentOs
dynamics follows a prescribed law of interactions:

First-order consensus model

ai(x(t)! x(t), i=1,...,N

m |t describes the opinion formation in a group Bf individuals.
m X" RY d# 1, represents thepinion of the i-th agent.
[J. R. P. French A formal theory of social power, Psychol. Rev.,

1956].

m |t applies in several Pelds including information spreading of social
networks, distributed decision-making systems or synchronizing
sensor networks, ...
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Consensus model

From random to consensus

Figure: Opinions over a network : random versus consensus states
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Consensus model

Linear versus Nonlinear

m Linear networked m

ulti-agent modelsy ; are the elements of the

adjacency matrix of a graph with nodes

| g,;>0, If 1 £E]and x Is connected to x

dj = 0

otherwise

This leads to thesemi-discrete heat equation on the graph

m Nonlinear alignment models

a;:=a(x" x|), where aR:# R.,

a$ 0 is the inBuence function. The connectivity depends on the

contrast of opinions

netween individuals.
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Two limit models

Limitation of the mean-Peld representation

As the number of agentdl !'" , ODE! PDE.
m Nonlinear alignment models
(R
)G:N a(|x # xi)(x # %), 1=1,...,N, a:R+! Ru;.
j=1

Classicalmean-pbeld theory: Debne theN-particle distribution
functior?

1!

uN = p(x,t) = N i (t) -
=1

and letN ! +"

2P. A. Raviart, Particle approximation of brst order systems, J. Comp. Math., 4 (1)
(1986), 50-61.
By particle methods of approximation of time-dependent problems in PDE, we mean
numerical methods where, for each timet, the exact solution is approximated by a
linear combination of Dirac measures...

8/40



Consensus model  Two limit models Guiding problem  Optimal Control Random Batch Method The LQR setting (Daniel Veldman) Summe

m The limit p of the empirical measureg" solves thethe nonlocal
transport equatiori
I 11

(X, 1) = '# (G )V [H(X, 1)]

VIul(x,t) = da(lx! yP(x! y)uly,t)dy.

R
The convolution kernel describes the mixing of opinions by the
Interaction of agents along time.

= |In other words?
$ # %

e =1y u(x, t) N a(|x! yp(x! y)uly,t)dy

3The system of ODEs describing the agents dynamics debnes the characteristics of

the underlying transport equation. The coupling of the agents dynamics introduces
the non-local e ects on trasport.

4Motsch and Tadmor, SIAM Rev., 2014
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Two limit models

The mean Peld model does not track individuals!

m The mean-beld equation involves the densify, which does not contain
the full information of the state.

m The densityu does not keep track of the identities of agents (labe).>
Di! erent conbgurationsx; with the same distribution

aji/ MS/ mi/ MSJ
1+ X 1 1 X 1
1 1
0 X — 0 X 1 o
1 o
—14 X To— —1 X To—

Figure x'=(! 1,0,1) (left) and x> = (! 2,3,! 1) (right) generate the
same density function.

f
5N .— 1" N
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Two limit models

Graph limit method: Pniteldirence approach

m Based on the theory ofjraph limits (Medvedey SIAM J. Math.

Anal., 2014).
m Considering the phase-value functiofY (s,t) debPned as
!N "N
xN(s,t) = x(t)!(s,t), s! (0,1),t>0 i =[0,1].
i=1 =1
T x
I \ﬂe\* x X %
% Ky’ *
W

Figure Opinion (N = 20) and its bnite-dl erence functionz?® on [0, 1]
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m Let (xV)N, be the solution of the following consensus model:

whereai'\'j are constant and represents nonlinearity.

m According to the graph limit theory, if

| N

WN(S,S!): ail\’ljl[lil_’(iLl))(S)l[jN,(ler\l_l))(Sg)
1,j=1

IS uniformly bounded and converges W&, then in the limit N " #
we get the non-local diusive equation,

"tX(s, 1) = W (s,s)! (x(s,t)! x(s,t))ds.
[0,1]

5G. S. Medvedev. SIAM J. Math. Anal. 46, 4 (2014), 2743D2766.
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Two limit models

Nonlinear subordination
U. Biccari, D. Ko & E. Z., M3AS, 2019

a=oal ! xiix ! x).
m The Graph limit model:

X (s, 1) = a(|x(s,t) ! x(s,t)(x(s,t)! x(s,1))ds.
[0,1]
m The mean-beld limit:

He (X, 1)+ x(V[p]p) = 0, where V[u]:= alx! x)u(x ,t)dx .
X

Subordination transformation

From nonglocal "parabolic” to non-local "hyperbolic™:
uix,t) = S!H(x! x(s,t))ds.

-
’Kinetic / conservation laws: Lions-Perthame-Tadmor, JAMS, 1994
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Two limit models

Comparison with the linear Kannai transform

Note that this seems to go in the opposite sense of other subordination
principles, such as th&annai transform that transmutes wave-like
(hyperbolic) equations into heat-like (parabolic)ones:

|

+ |
'[Al _

e ' S 4\W (s)ds

1
Zln t "
solves the parabolic equation
U+ AU=0

with initial datum ! whenW (s) solves the wave-like one equation with
data (! , 0):

‘VA/SS + /Q&AJ — () + P(t ! k(ss — () " LJt + /\LJ — CL
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Guiding problem

Motivation: Sheepdogs and sheep

Herding Problem: One or several sheepdogs steer a herd of sheep to a
Pnal destination.
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Objective: Guide the evaders in the right direction and conbne them
given area.
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Guiding problem

Motivation: "Guidance by repulsion” model

Drivers try to guide the evaders to a given bnal destination

m One driver + one evader

m The driver induces arepulsive forceon the evader.

m The driver isattracted by the evader.

m The driver guides the evader combining elementary motions: stop,
move forward and rotate (left and right).

m The driver (sheepdog) acts following thenstructions of a shepherd
(control).

m One driver + multiple evaders.

m The single driver interacts withthe center of the 3ock of evaders
m Evaders are mutuallyattracted.

m Multiple drivers + multiple evaders °

m Each driverinteracts with each evader
m The shepherd coordinatesthe motion of all drivers.

8R. Escobedo, A. lba—ez, E. Zuazua, 2016
9°D. Ko, E. Zuazua, 2020.
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Guiding problem

Multiple drivers/evaders model

Xi, Vi: the position, velocity of the ith evader { = 1,...,N) in R?,
yj: the position of thejth driver (j = 1,...,M) in RZ.
|
i.i Xl=v;, 1i=1,...,N,
1 N
Y = NT 1 a(xk ! xX)(vk! vi) " velocity alignment
i ' k=1,kEi
1 %
# + NT 1 g(Xk ! Xi)(Xk ! Xi) " position Bocking
k=1,kE|
1 % . . .
! vl fQy; ! xi)(y; ! %), 1=1,...,N, " evading from drivers
j=1
"y = u(t), j=1,...,M " drivers are directly controlled

Px(0)= %0, vi(0)= V0, y;(0)= yP.

Independent of how strongly the driver Is attracted towards the evade

the shepherd can control its instinct to steer the driver according to th
control strategy. This simplibes the equation for the driver.
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Optimal Control

Optimal control

Goal: Simulate the locomotion of drivers controlling an ensemble of evaders?

MINIMISE!!

. %

T 9 4 g 4 g
=l , 10 10

Note that we penalize the position of the drivers as well. This is know

to lead to less oscillatory control strategies (Turnpike)

Some (very few) references:
m Problems onsheep gathering

Well-posedness of optimal control [Burger, Pinnau, Roth, Totzeck,
Tse, 2016] and its simulations [Pinnau, Totzeck, 2018].

m Repelling birddrom airports: [Gade, Paranjape, Chung, 2015],

m Hunting strategies [Muro, Escobedo, Spector, Coppinger, 2011 and
2014],
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Optimal Control

Simulation

A numerically simulated optimal control with 36 evaders and 2 drivers
toward the target(0.5, 0.5) in the time horizon|0, 4.

[HEN
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Figure Left: trajectories in 2D space,Right: control function along time.

Two drivers starting from(0,! 1) and (! 1, 0).
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Control cost = 9.9126

| |

Drivers
Evaders
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Optimal Control

Accelerating simulations

The computational complexity increases rapidly when the number of
evadersN grows.
We propose arapproximate control desigeombining:

Random Batch Methods (RBM) to approximate dynamics®

Model Predictive Control (MPC) to correct the deviation
introduced by the RBM?.

105, Jin, L. Li, J-G Liu, 2020.
111, GrYne, J. Pannek, 2017.

25140



Random Batch Method

Table of Contents

Random Batch Methods (RBM) on interacting particle systems

26 /40



Random Batch Method

Approximative dynamics: Random Batch Methods (RB

Divide [0, T ] into subintervals

!|\/|
[O,T]: [tm! 1,tm], O=tpg<t;< da&aty=T.

m=1

We split the set of particles intdN/ P small random subsets (batches)
with P particles:

{1,2,...,.N} =8B! B! ... B, |B"|=P for "i.
The model is reduced considering only interactions within each
batch:
1- nN ]- "
e # X # Vi S Xk # Xi (VK # Vi
N7 1 _a(Xk Xi)(V# Vi) $ e .a( kKH# Xi)(Vi# Vi),
k=1,K= | Kt [i]m, K |

where[i], denotes the batch containingfor t %[ty 1, tm],

We then control this reduced dynamics, which leads to a stochastic

mini-batch gradient descent method.
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Random Batch Method

Simulations using the RBM

Simulations show that théRBM properly approximates the distribution of
evadergbetter than the trajectory of individual evaders)lhe
convergence analysis Is to be done to a large extent.

0.4 Trajectory of one evader over time Distribution of 36 particles at fixed time
28
0371
26
0.2 o2 ¢,
-® ‘% ;P*Q F3 .*Q‘
%0.1’ %2'47 ox® ..*a‘
*
= £ *.**’ ‘o x®*@®
S IS o* *. *
O Or 022 o P oo .* o*
¢
*
-0.1¢
0 oL
0.2 —— Mean trajectory from RBM || * Positions from RBM
o - — Exact trajectory 18t ® Exact Positions |
Reachable region from RBM ' Reachable Region from RBM
_03 1 1 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 1.8 2 2.2 2.4 2.6 2.8
Abscissa Abscissa

Figure Simulation alongt ! [0, 4] (left) and at t = 10 (right). Red positions
from original system,Blue: positions from RBM, Colored region 95%
conbdence region with 200 simulations.

An added tool is need to reduce the error in the control of the dynam

which increases in long time-horizons.

28 /40




Random Batch Method

Model Predictive Control (MPC)

MPC adapts the controbbtained through the reduced dynamics to the
full system in an iterative manner. This is achieved by optimizing a bnite

time-horizon, but only implementing the current timeslot and then
optimizing again, repeatedly.

MPC leads to a semi-feedback strategy.

PAST FUTURE
T A "

e o
Reference Trajectory
Predicted Output
Measured Output
Predicted Control Input

—— Past Control Input

X

—_— Prediction Horizon
|4 >

| | | | | | | |

| | | | | | | | ’
4+“—>

Sample Time

kK  k+l k+2 k+p

Figure: lterative control by MPC.
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Random Batch Method

Simulations: MPG RBM

m Results are almost as successful as when controlling the full system,
but at a lower computational cost.

m We observe a more complex dynamics of the controllers at the pnal
time. This is due to the anticipative leect that MPC introduces.

15 Position error = 0.65375 30 Control cost = 11.7005
' —— Drivers —— (1,1)-directional velocity
— Evaders —(1,-1)-directional velocity
20
1 L
10
@ O
:g -g OVF————-<E:E;1\‘4,<__ >r=:x<25
o 0= @)
-10
-05 ¢+ 20
-1 ‘ & ‘ : ‘ -30 : : : !
-1 -0.5 0 0.5 1 1.5 0 1 2 3 4
abscissa Time
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Random Batch Method

Failure of classical opren-loop control strategies in the
presence of noise

When an unexpected noise perturbs the dynamics of the system, the
classical open-loop strategy fails to regulate the system successfully.

15 Position error = 0.7462 30 Control cost = 9.9126
' —— Drivers — (1,1)-directional velocity
— Evaders —(1,-1)-directional velocity
20 |
1 L
10
o 0.5 w
s S
= 5 g f —
T o)
O (s @)
-10
057 20|
-1 | o | | | -30 ‘ ‘ ‘ J
-1 -0.5 0 0.5 1 1.5 0 1 2 3 4
abscissa Time

The optimal open-loop control is not able to compensate the
perturbation introduced by the noise.
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Random Batch Method

The cure of the combined MPC-RBM strategy

The combined MPC-RBM strategy is able to cope with unexpected noisy

events.
15 Position error = 0.69347 30 Control cost = 10.5693
' — Drivers — (1,1)-directional velocity
— Evaders —(1,-1)-directional velocity
20
1 L
10
© o
c o] L\
S c O f %“svg
o ok @)
-10
0.5 20|
-1 ‘ b ‘ ‘ ‘ -30 * * * J
-1 -0.5 0 0.5 1 1.5 0] 1 2 3 4
abscissa Time

32/40



Random Batch Method

More drivers are welcome

Position error = 0.090416

ordinate
(o=
|
o
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The LQR setting (Daniel Veldman)

The RBM in an LQR-problem

We apply the RBM to approximate the minimizer (t) of
|

T #
o EQ(iQ,T)J(u): 0 () 1 xa(t)]" + Ju(®)* dt, (1)
X(t) = Ax(t) + Bu(t), x(0) = Xo. (2)

Step 1 Decompose the matriA as
A= An. (3)

Step 2 Enumerate the ¥ subsets of 1,2,...,M} as$S;, S, ... Sm. Assign
to each subses a probabilityp, .

Step 3 Divide [0, T ] into subintervaldtyx 1,tx) of length” h. Randomly
choose an index(k) # {1,2,...,2M} in each[ty 1, tx) according to
the probabillitiesp .
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The LQR setting (Daniel Veldman)

The RBM in an LQR-problem

Step 4 DebPne the matrixAn(t)

!
An(t) = A—m t! [tk 1,tk), (4)

m! Si(k)

where! ., is the probability thatm is an element of the selected
subset, I.e. l

! m — F)!- (ES)
{!Im!' S}

Step 5 Compute the minimizeuf(t) of the OsimplerO LQR problem
11 T #

min  Jy(u) = IXn(t) " X ('[)|2 + |u(t)|2$dt (6)
wLzT) T 0 " d ’

Xh(t) = An(t)xa(t) + Bu(t),  X(0) = Xo. (7)
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The LQR setting (Daniel Veldman)

Convergence results

Is it likely that u; (t) is a good approximation ofi' (t)?

There exists a constant > 0 such that

E[[9n(up) t I(u)II™ Ch, E[9(uy) ! J(W)I" Ch (8)

y

By MarkovOs inequality, also

P T W) > 1] ©

There exists a constant > 0 such that

Elluy ! U [P20m)] " Ch (10)

Conclusion:uy, (t) is likely a good approximation af (t) when the
spacing of the temporal gridh is small enough.
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Summary and perspectives

The algorithm combinedMPC and RBM , to computea reliable
control strategy reducing computational cast

m RBM reduces the computation cost on the forward and adjoint
dynamics.from orderO(N?) to O(NP).

m MPC allows to correct the control variations introduced by the
RBM.

m |n a computational experimen$6 evaders and 2 drivers, the
computation cost Is reduced to 26, while the performance of
control J di! ers only about (b%.

m Plenty to be done towards a complete rigorous analysis of the
convergence of the whole process.

The error analysis of RBM has been developed mainly for contractive
systems [Jin, Li, Liu, 2020, JCP], though numerical simulations show
good performances [Carrillo, Jin, Li, Zhu, 2019], [Ha, Jin, Kim, 2019].
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More complex models

m From a computational perspective: Interesting possible
extensions for models In non-f3at topographies and 3-d models.

m From the analysis perspective: Plenty to be done to rigorously
analyze the actual controllability properties of these systems.
Existing results are limited to the Linear Quadratic Regulator (LOR)
model.

Thank you for your kind invitation and attention!
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