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Abstract

We investigate the controllability of the competition-diffusion Lotka—Volterra
system. Our primary focus is on the one-dimensional setting with Dirichlet
boundary controls, interpreted as ecological management policies regulating the
density of species at the habitat boundaries and satisfying bilateral constraints.
We show that the system can be steered from any initial state to a constant steady
state representing the extinction of the less competitive species. In contrast,
we prove that controllability toward a steady state where the more competitive
species vanishes is generally not achievable when the inter-species competition
rates are too unbalanced. This obstruction is due to the existence of barrier
solutions, which we explicitly construct based on the spectral properties of the
associated reaction — diffusion operators.



Our theoretical results are illustrated through numerical simulations and are
accompanied by a discussion of open problems and potential directions for future
research.
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1 Problem formulation

In this paper, we explore the possibility of steering the diffusive dynamics of two
competing populations within a confined domain — a prototypical ecological model
— through boundary controls that emulate practical interventions, such as animal
reintroduction, hunting, or migration policies. These controls aim to manage species
movement and regulate population densities across territorial boundaries.

A central challenge lies in ensuring that population densities comply with bilat-
eral constraints, which are essential for maintaining biologically meaningful conditions.
Designing control strategies under these constraints is particularly demanding, as they
take the form of state and control limitations. In practice, this means that both the
population states and the applied control inputs must remain within prescribed bounds
that reflect realistic ecological conditions. Addressing this issue calls for the develop-
ment of tailored control methodologies capable of operating effectively within such
constraints.

More precisely, we study a competition-diffusion Lotka — Volterra system involving
two interacting populations. Each equation in the system captures the spatial dynam-
ics, reproduction, and mortality of a population, with inter-species coupling arising
from competition for limited natural resources.

For clarity of exposition and simplicity in the calculations, we focus on the one-
dimensional setting. However, the core ideas and techniques extend naturally to higher
dimensions; particularly, the extension to radially symmetric domains is straightfor-
ward. Our analysis is based on Dirichlet boundary controls, which are classical in
control theory. Nevertheless, as is customary, the controllability results can be reinter-
preted under different types of boundary conditions — a point we revisit later in this
section.

Let y1(z,t) and yo(z,t) denote the population densities of the two species, defined
on the spatial interval (0, L), with L > 0, and, considered over an infinite time horizon
t > 0. The system under study is given by
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0,L),
Ary2 — 03,y2 = ya(1 — byr — ya), for x € (0,L), t >0, (1)
yl(x70) = y?v y2(3370) = yg7 for z € (O7L)7

where

a>0 and b > max{a,l}, (2)



are the competition coefficients, and 39,49 € L°°((0,L);[0,1]) are bounded initial
data.
The system dynamics is controlled through boundary controls

ui(x,t), us(z,t) € L=({0, L} x R™;[0,1]) (3)
representing the densities of each population at the boundary. Thus, we impose

y1(z,t) = uy (z,t), for x =0,L, t >0, (@)
ya2(x,t) = us(z,t), for x =0,L, t > 0.

By assuming (2), we made two choices:

® Biologically, a < b means that the first population is competitively stronger than
the second one. Note that the opposite case a > b is symmetric and leads to
analogous results. The degenerate case a = b is excluded from our analysis and
briefly discussed in the perspectives.

® We further assume b > 1 to exclude the regime of weak competition, in which the
two species can coexist. In this case, the system exhibits qualitatively different
behavior; see Sonego and Zuazua (2024) for a detailed discussion.

Note that, for simplicity, all coefficients in system (1) — except for the competition
terms — are normalized to 1. Remarks on the influence of diffusion coefficients and
reproduction rates, which appear as multiplicative factors in the nonlinear terms, are
provided in Remark 4 in the following section.

Notice that, for both equations, the state upper bound y = 1 represents the so-
called carrying capacity, that is, the maximal density of individuals that the renewable
resources of the environment can sustain.

Accordingly, solutions are assumed to satisfy the bilateral constraints 0 < y < 1.
More precisely,

0 <wyr(z,t),y2(x,t) <1, for all x € (0,L),t > 0.
For this to hold, initial data and controls need to fulfil the same constraints as well:

for all z € (0, L),

0 <y(z),95(x) <1,
1, r=0,L, t>0.

0 < wy(z,t),us(z,t)

()

<
<

The set [0,1] x [0, 1] is invariant under the flow of the competition-diffusion Lotka —
Volterra system (1), under the bilateral constraints on the controls above. This is due
to the monotonicity structure of the system, as we recall in Subsection 6.1.

We say that (1) is asymptotically controllable towards a steady state (71(x), g2(x))
if for any initial condition (y?,v9) (satisfying (5)) there exist controls ui,us €
L*>({0,L} x RT;[0,1]) such that

(W1t 2), 92t @) — (91(2), G2(2))



uniformly in [0, L] as ¢ — +o0.

Our main goal is to investigate the boundary controllability of the diffusive system
(1), under constraints, towards steady state solutions (thus, not depending on z nor
t). Under the parameter assumptions in (2), in the absence of diffusion, the system
becomes

w1 = wi(l —wy — aws), for t > 0,
Wy = wa(1l — bwy —wy), fort >0, (6)
(w1, w2)(0) = (w(l)a wg)v
where w; and wy denote the time-derivative of w; and wsy respectively. It admits the
following equilibria (i.e., time-independent solutions):

(0,1), which is locally attractive,

(1,0), which is locally attractive if a > 1,

(0,0), which is a saddle point if 0 < @ < 1 and is repulsive if a > 1,

a coexistence equilibrium (wj,w3) appears only when a > 1, and it is given by

-1 b—-1
(whwy) = (o= 2=
ab—1"ab—-1

This point is a saddle with a one-dimensional stable manifold. Notice that for
a < 1, this equilibrium falls outside [0, 1] x [0, 1], while for a = 1 it coincides with
(0,1).

The equilibria of the dynamical system (6) are the only values that the steady states
of system (1) can take. Thus, we investigate controllability towards the steady states
(1,0), (0,1), (0,0), and, whenever a > 1, (w}, w3).

Studying extinction phenomena — cases where one or both components approach
zero — is particularly relevant, as it corresponds to the possibility of eradicating an
undesired species from the controlled area, such as a harmful insect or an invasive
alien species. Invasive alien species represent a major driver of biodiversity loss, as has
been emphasized by experts for many years (see Pysek et al. (2020)). Therefore, their
eradication should be considered a priority for the preservation of local ecosystems.

Specifically, we aim to clarify the role played by the competition coefficients and the
length of the spatial interval L in determining the possibility of achieving these control
properties. We will construct some barrier solutions preventing the controllability to
the steady states (0,1) and (w7, w3). These constructions rely on a deep understanding
of the properties of the steady states, as well as on the use of the comparison principle
for the Lotka — Volterra system.

Remark 1 (Neumann control). To keep the presentation concise and accessible, we restrict
our analysis to Dirichlet boundary controls. However, the results we obtain can also be
interpreted under other boundary conditions, such as Neumann controls, where the boundary
input prescribes the value of the normal derivative.

In fact, once controllability has been established using Dirichlet controls, the correspond-
ing Neumann boundary controls can be recovered by simply taking the Neumann traces of
the solution at x =0 and z = L.



Moreover, when the initial data are even with respect to L' = L/2, because of the
symmetry of the system, the formulated problem is equivalent to controlling (1) on the
interval (0, L") and the mixed boundary controls

y1(0,t) = u1(t), for t > 0,
yQ(O,t) = ug(t), for t > 0,
Ozy1(L',t) =0, for t >0,
Ozy2(L',t) =0, for t > 0.

2 Main results

2.1 Asymptotic controllability

First, we present a series of positive results on the asymptotic controllability as t — oo
to the steady states (1,0), (0,1) and negative and positive results for the steady state
(0,0). By B(0,1) we denote the basin of attraction of the equilibrium (0,1) for the
dynamical system (6); notice that this set is void for a < 1.

Theorem 1 Let 39,49 : (0,L) — [0,1] be a pair of measurable initial conditions and let
(y1,y2) be the solution of system (1) with initial data (y?,yg), and boundary conditions as
in (4) to be chosen, and with parameters as in (2). Then:

1. (y1,y2) — (1,0) as t — co with boundary controls (u1,u2) = (1,0);
2. If L <, (y1,y2) = (0,1) as t — oo with the boundary controls (u1,uz) = (0,1);

3. Ifa>1, (y1,y2) — (0,1) as t — oo, if (1) (x),49(x)) € B(0,1) for all x € (0, L), with
the boundary controls (uy,uz) = (0,1);

4. If L <, (y1,y2) — (0,0) as t — oo, with the boundary controls (u1,u2) = (0,0);

5. If L > m, for all (y?,yg) # (0,0), there exists no boundary controls (ui,u2) €
L*®({0, L} x RT;[0,1]) such that (y1,y2) — (0,0) as t — occ.

We now provide a series of remarks to clarify and interpret the statements of
Theorem 1.

Remark 2 In the statements 1-4, we choose the simplest and more natural controls entail-
ing the desired behavior, namely, the time-independent ones. However, some controls that
asymptotically take these values lead to the same result. The asymptotic controllability is
then a consequence of the asymptotic attractiveness or stability of the system, with the cho-
sen time-independent boundary conditions. This stability properties will be proved relying
mainly on the comparison principle. In the proofs, we will sometimes construct some more
general controls (see also Remark 4).

Remark 3 In all the statements, we presented only asymptotic controllability results. The
targets (1,0), (0,1) and (0,0), which saturate the constraints, even when they can be reached
asymptotically, cannot be reached in finite time, as mentioned above and further explained
as follows.

The competition-diffusion Lotka — Volterra systems enjoys the Comparison Principle in
the following sense: if we have two solutions (y,,y,) and (¥;,¥z) such that y, < 7; and



Y, = Yo on the parabolic boundary ((0, L) x {0})U ({0, L} x ]R+), then it holds that y, <7,
and Yy = Vo in all the cylinder [0, L] x RT. Moreover, if equality holds in one point in the

interior of (0, L) x RT, then equality must hold for all the points in (0, L) x RT (see also the
preliminars in Section 6.1 and in particular Theorem 5).

Now, it is easy to notice that (0,1) and (1,0) are solutions for the competition-diffusion
Lotka — Volterra system (1) with the corresponding boundary conditions, actually coinciding
componentwise with the values of the solution itself. Moreover, any other solution (y1,y2),
regardless what the admissible applied boundary controls are, satisfies 0 < y1,y2 < 1, as
discussed in the introduction. Hence, by the Comparison Principle, the solution (y1,y2) can-
not coincide with neither (0, 1) nor (1,0) in finite time without coinciding for all times. This
means that controllability in finite time cannot be achieved. This is consistent with the need
of trajectories to oscillate around the target before reaching it in finite time.

For the case of (0,0), we can directly apply the Comparison Principle for parabolic
equations to each differential equation of 1, obtaining that only asymptotic controllability
is possible (and not even in all the cases). This was also the case for the monostable and
bistable scalar equation in Pouchol et al. (2019) and Ruiz-Balet and Zuazua (2020).

Remark 4 The proof of the first statement in Theorem 1 employs a planar travelling front,
that is (a, 8)(z,t) = (Y1, Y2)(z — ct); connecting (0, 1) (for ¢ - —o0) to (1,0) (for t — +o00).
In fact, a suitable translation of the travelling wave is “below” the solution (y1,y2) with
boundary controls (u1,u2) = (1,0), meaning that y; > « and y2 < B in the parabolic
boundary ((0,L) x {0}) U ({0, L} x R+); hence, by the Comparison Principle, the ordering
is preserved in the cylinder (0,L) x RT. Since (a, 8) converges to (1,0) for t — 400, so
does the solution (y1,y2), meaning that the travelling wave “pushes” the solution (y1,y2) to
(0,1). This travelling front argument is needed to prove global asymptotic stability of (1,0)
with suitable boundary data. Once this is proven, it is trivial to see that (u1,u2) = (1,0) is
a possible choice.

The existence of a travelling front for (1) under the hypothesis (2), moving with positive
speed from (0, 1) to (1,0) was proved in Guo and Lin (2013). More precisely, in Guo and Lin
(2013) the competition-diffusion Lotka — Volterra system was considered

dy1 — 02y = y1(1 —y1 —aya), forz €R, t>0,
Ay — dd2,yo = ryo(1 — byr —yo), for z € R, t > 0,

where, in addition to the competition coefficients a and b satisfying (2), the diffusion coef-
ficient d > 0 and the reproduction rate » > 0 were chosen for the second population. The
authors were able to completely characterize the sign of the speed of the traveling wave in
the cases r = d (which is our case, too) and r = d/4. Other conditions entailing a positive
sign of the speed were given in Guo et al. (2019); Ma et al. (2019, 2020). The first statement
of Theorem 1 continues to hold within these settings.

Remark 5 In the statements 2, 4 and 5 of Theorem (1), we see that L = 7 is a threshold. In
fact, when L < 7, there is no nonnegative steady state solution for the logistic equation with
null Dirichlet boundary conditions

0:0 — 92,0 =0(1—0), 6(0,t)=06(L,t) =0, (7)
apart from the trivial solution § = 0. Therefore all solutions generated by initial data tak-

ing values in [0,1] and null Dirichlet boundary conditions converge to 0. We then notice
that the solutions of the logistic equation (7) are supersolutions for a single equation of the



competition-diffusion Lotka—Volterra system. Then, by the classical Comparison Principle
for parabolic equations (see e.g. Protter and Weinberger (1984)), since 6 goes to 0, then also
y1 < 0 goes to 0. This proves the second statement of Theorem 1. For the fourth statement,
we compare separately y1 < 6 and yo < 6, and since 6 converges to 0, then both y; and y2
converge to 0.

However, when L > 7, the logistic equation (7) has a nontrivial steady state solution ©,
and all solutions generated by positive initial data of the parabolic equation converge to ©.
Now, to prove the fifth statement, we compare the equation satisfied by y; +y2 with Dirichlet
conditions with the logistic equation, and we find that y; +y2 also converges to some function
larger than ©. This means that y; and y2 cannot converge to 0 simultaneously. Hence, (0, 0)
is no longer reachable.

Remark 6 We now comment on statement 3. For a < b, in an unbounded environment, the
first species would be dominant and eventually wipe out the second one. Here, we show that
for some particular initial data (lying in the green set of Figure 5) — describing the basin of
attraction of the equilibrium (0, 1) for the non-diffusive Lotka — Volterra model, the system
can be controlled to the “unnatural” equilibrium (0, 1).

This set of initial data is likely not optimal. This is a topic that requires further
investigation.

In the following section, we show that not all initial data can be steered to the steady
state (0,1). Specifically, for certain combinations of the parameters a,b, and the domain
length L, the boundary controls are insufficient to counterbalance the competitive advantage
of the first population. As a result, extinction of the first species cannot be achieved, and the
steady state (0, 1) is not always attainable.

2.2 Existence of barriers and non-controllability results

The impossibility of reaching some of the state states of the system can be explained
through the existence of barrier solutions that controlled trajectories may not cross,
regardless of the values of the controls within the given constraints.

We call a barrier a solution (¢,) to the system

—¢" = ¢(1 — ¢ —avp), for x € (0, L),
=" =1p(1 —bp — 1), for x € (0, L),
¢(x) =0, Y(x)=1, forx=0,L,
0 < o(x), P(x) <1, forxze(0,L).

(®)

Notice that the trivial steady state (0, 1) is excluded, meaning that the first popula-
tion has a positive density on the interval. So, the steady state with (0,1) boundary
condition is not unique, because of the non-linearity. Given that in this setting we
only control boundary values, this implies that we are not always able to reach the
desired target. From the biological interpretation, it means that the superiority of the
first population cannot be compensated by the action of the boundary control. In fact,
even under the most unfavourable boundary conditions — namely, zero density for the
first population and full density for the second — the first population persists.
Moreover, travelling waves give us important insight on the controllability proper-
ties. From (Gardner (1982); Kan-On (1996)) we know that, for a > 1, there exists a



(0,0) (1,0)

Fig. 1: This is a heuristic representation meant to visualize the existence of travel-
ling fronts for @ > 1 for the diffusive Lotka — Volterra system. Blue dots represent
the constant equilibria, with red arrows denoting the travelling fronts connecting the
equilibria, and with green arrows the travelling fronts for the case in which one of the
two population is not present (and the remaining population density satisfies a logistic
equation). The direction of the arrows points towards the state invading space with
positive speed.

travelling front connecting (w3, w3) to (0,1). So, if one is able to control (exactly) to
(w},w3), then one is also able to control asymptotically to (0, 1). This suggests that if
(0,1) is not reachable, then (wj,w3) is not reachable either. However, since this con-
struction requires a few technical details, we will employ another quicker argument (in
Lemma 9). In Figure 1, we represent the known travelling fronts connecting equilibria.

Note that, as mentioned above (Sonego and Zuazua (2024)), when the equilibrium
(w,w3) lies strictly within the interior of the admissible set (0,1) x (0, 1), one might
conjecture that if it is asymptotically reachable, then it should also be attainable in
finite time via suitable controls that respect the imposed constraints. However, the
arguments presented above demonstrate that even asymptotic reachability of (w7, w3)
cannot be expected.

To state our next results more compactly, we introduce the following set of initial
data, that depends on the barrier:

Ty = {(41,92) € L=((0, L); [0, 1]) | i(2) > o(=),
y9(x) < ap(x) for all z €[0,L]}. (9)

Then we have:

Theorem 2 Suppose there exists a barrier (¢,) for some parameters @, b, L. Then, for
such parameters, the system (1) with boundary controls satisfying (3)-(5) is not controllable
to (0,1) for any initial data (39,79) € Ty, Moreover, if @ > 1, the same system is not
controllable to the coexistence equilibrium (w}, w3) for any initial data (y?,49) € Ly -



The existence of a barrier solution depends on the parameters of the system. The
following two dichotomous theorems analyse the dependence on one parameter, once
the other two are fixed.

The larger the competition coefficient b is, the more difficult it is for the second
population to survive. This suggests the following result:

Theorem 3 For any given a > 0 and L > 7, there exits b* > 1 such that:

e for all 1 < b < b*, for any initial data 39,49 € L°((0,L);[0,1]), the system is
asymptotically controllable to (0,1) with boundary controls (ui,u2) = (0,1).
e for all b > b*, there exists a barrier, therefore, for initial data (y(l), yg ) € L 4, the system

is not controllable to (0, 1). If moreover a > 1, for b > b*, for initial data (3, y39) € Ty
the system is not controllable neither to (w],w3) nor to (0, 1).

Also, when the competition coefficient a is too small, the growth of the first
population cannot be controlled by the second population. Hence, we get the following;:

2
Theorem 4 For any given b > 1 and L > 7, there exits a* > 1 — 7= such that:

e foralla > a*, for any initial data 39,49 € L>((0, L); [0, 1]), the system is asymptotically
controllable to (0,1) with controls (u1,u2) = (0, 1).

e for all 0 < a < a*, there exists a barrier, therefore, for initial data (y107y8) € Ly, the
system is not controllable to (0,1). If moreover a* > 1, for all 1 < a < a*, for initial
data (y?,y8) € Ty, the system is not controllable to (0,1) and to (w},w3).

Remark 7 We also observe that non-controllability to (0,1) can only occur when L > 7. In
fact, when L < 7, the system can be controlled to (0, 1) from every admissible initial datum,
as stated in point 2 of Theorem 1 and explained in Remark 5. In this case, barriers cannot
exist.

Remark 8 We cannot always guarantee that a® > 1. However, due to Theorem 3, we know
that it is possible to have non-controllability for any a > 1, provided that b is large enough.

3 State of the art

When considering the competition-diffusion Lotka—Volterra system on the real line and
in the absence of controls, several distinct asymptotic behaviors may arise: extinction,
when one species vanishes asymptotically uniformly (i.e., it converges to 0); spreading,
when a species converges to the carrying capacity of the environment (= 1 in our
setting); and coexistence, when neither species undergoes extinction.

It is known (see Hirsch (1983, 1988)) that all solutions to (1) with time-independent
boundary conditions converge, as time tends to infinity, to a steady state—i.e., a time-
independent solution of (1). Homogeneous steady states (i.e., independent also of the
spatial variable x) are particular examples of such solutions.



However, the asymptotic behavior of the competition-diffusion Lotka—Volterra sys-
tem (1) in bounded domains remains poorly understood, even under classical boundary
conditions such as Neumann ones, because of the possible multiple steady states shar-
ing the same boundary conditions. For results concerning convergence to constant
steady states, when initial data lies in the basin of attraction (in the sense of the asso-
ciated ODE system (6)), we refer to Ninomiya (1997); Shim (2002). Additionally, Iida
et al. (1998) illustrates the phenomenon of diffusion-induced extinction: starting from
spatially homogeneous initial data lying in the basin of attraction of one equilibrium
of the ODE system, the solution of the diffusive system may converge to a different
steady state. Several classical studies have investigated the conditions on coefficients
and boundary conditions that allow for stable coexistence steady states; see Blat and
Brown (1984); Cosner and Lazer (1984); Matano and Mimura (1983); Shigesada et al.
(1984). The asymptotic behavior in the strong competition regime (i.e., as competi-
tion coefficients tend to infinity) has also been studied in Conti et al. (2005); Terracini
et al. (2019).

Much of the literature on the competition-diffusion Lotka—Volterra system focuses
on the whole space. In this setting, when a # b > 1, it is known that ultimately only
one species survives. A particularly important class of entire solutions in this context is
given by travelling waves (or travelling fronts)—solutions that propagate at a constant
speed while maintaining their shape and connecting two distinct constant equilibria as
x — £o00o. The existence of travelling waves was established in Gardner (1982), Kan-
On (1996), and Tang and Fife (1980). Since these foundational works, many efforts
have been devoted to studying the properties of such solutions. In particular, we draw
on results from Guo and Lin (2013), which analyzes the sign of the propagation speed
of certain travelling waves.

Knowledge of travelling waves also provides insight into the spreading speed of
the dominant species in unbounded domains, especially when starting from compactly
supported initial data; see Kan-On (1997). A prevailing conjecture suggests that the
spreading front of solutions converges to a travelling wave profile, analogous to what
occurs in scalar KPP-type equations.

For semilinear parabolic systems modeling species interaction, null controllability
in finite time has been achieved (see Le Balc’H (2019)). However, these results typically
neglect natural constraints on both the state and the controls.

Addressing these constraints requires complementary methodologies. For instance,
Pighin and Zuazua (2018), Ruiz-Balet and Zuazua (2020), and Pouchol et al. (2019)
consider the heat equation and reaction—diffusion equations with monostable and
bistable nonlinearities. Their approach leverages the structure of travelling wave
solutions and long-time controllability along paths of steady states.

The controllability of the competition-diffusion Lotka—Volterra system for two
species in the weak interaction regime was investigated in Sonego and Zuazua (2024).
In contrast, the present work focuses on the regime of strong competition.

10



4 Numerical simulations

To support Theorems 3, we carried out a series of numerical simulations, the results
of which are presented in Figures 2 and 3. The simulations were performed in MAT-
LAB using the optimization package CasADi. The equations were discretized using
an explicit finite difference scheme. Although the optimization is conducted over a
finite time interval, the chosen time horizons are sufficiently long to clearly exhibit the
system’s asymptotic behavior.

Figure 2 demonstrates that the system can be successfully controlled to the steady
state (0, 1) from the initial condition (1, 0), using boundary controls set to (0,1). As the
competition coefficient b increases, the simulations reveal the emergence of barriers.
In Figure 2, with b = 2.6, controllability is achieved.

However, for the same values of a and L, Figure 3 (with b = 3.5) shows that the
system stabilizes at a non-trivial steady state under the same boundary control (0,1),
indicating the presence of a barrier. Similar phenomena are observed in simulations
targeting the coexistence steady state (wf,ws).

0

0

o A
P

(a) Solution y; (b) Solution y2

Fig. 2: Controllability to the steady state (0,1) from the initial state (1,0) with
L=8,a=1.5,b=26,T =60, computed in MATLAB using the CasADi package.
The simulation shows no barrier effects and a good approximation of the target state
within the given time frame, which appears to be more than sufficient.

5 Conjectures

Intuitively, the larger the spatial domain L, the weaker the influence of boundary
controls on the overall behavior of the solution. As it occurs with the parameters a and
b, one may expect the emergence of barriers for sufficiently large values of L. In fact,
the existence of a barrier exhibits a monotonic dependence on L. Additional numerical
simulations confirm this intuition: for large enough intervals, a barrier indeed appears.
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(a) Solution y; (b) Solution ys

Fig. 3: Controllability to the steady state (0,1) from the initial state (1,0) with
L=8 a=1.5,b=3.5,and T = 45, simulated in MATLAB using the CasADi package.
Here, we observe that the target is not well approximated, and the system appears to
approach a steady state associated with the boundary data (0, 1), thus a barrier.

This is clearly illustrated by comparing Figure 2 (with L = 8) and Figure 4 (with
L = 16). In the former, the system can be controlled to the target steady state
(0,1) from the initial condition (1,0), while in the latter, the solution stabilizes at
a nontrivial steady state corresponding to the boundary data (0,1), indicating the
presence of a barrier.

Nevertheless, providing a rigorous proof of this behaviour remains a significant
challenge. In fact, unlike what we have with respect to the coefficients a and b, we are
lacking the analytical construction of a barrier for some suitable L. This is due to the
fact that very little is known about the precise structure of solutions or the shape and
properties of travelling waves, which would be the starting point to the construction
of a barrier in a very large interval.

We expect the following result to hold; however, establishing it rigorously requires
substantial further analysis:

Conjecture 1 For any given a > 0 and b > 1 with b > a, there exits L* > m such that:

e for all 0 < L < L*, for any initial data y?,y9 € C°((0,L);[0,1]), the system is
asymptotically controllable to (0,1).

e for all L > L*, there exists a barrier, therefore, there exists some initial data y%y% €
C°((0, L); [0,1]) such that the system is not controllable to (0,1) and (w},w3).

The critical case L = L* is still unclear, since the method we used to establish the
case of equality for a* and b* cannot be applied.
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Fig. 4: The barrier effect: Controllability to the steady state (0,1) from the initial
state (1,0) with L = 16, a = 1.5, b = 2.6, and T = 45, simulated in MATLAB using
the CasADi package. The target is not well approximated, and the system appears to
converge to an steady state corresponding to the boundary data (0, 1), indicating the
presence of a barrier.

6 Proofs

6.1 Preliminaries

Here we collect some tools and results from the literature that we will use in the proofs
of our theorems.

Monotonicity structure. Monotone systems constitute a vast and well-studied
area in the theory of partial differential equations. For a comprehensive treatment of
monotone competitive systems, we refer the reader to Smith (2008).

In such systems — including (1) — the dynamics preserve the partial ordering of the
states. To formalize this idea, we define a subsolution as a pair (y1,y2) satisfying the
following conditions:

Oy — 02y < 1 (1 —y1 — ayo), for x € (0,L), t >0,

x

2 (10)
8ty2*8xy2 Zyg(lfbylfyz), for x € (O,L), t > 0.

Similarly, a supersolution is defined as a pair (yi,y2) for which the corresponding
inequalities hold in the opposite direction.

We also point out that if (y1,y2) and (21, 22) are two pairs of subsolutions for the
same interval (0, L), then the pair (w,ws) defined by

wl(‘r) = Sup{yl(x)v Zl(x)}a w2($) = inf{yQ(x)a 22(1')}7 T e (Oa L)a (11>
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is called a generalised subsolution. Similarly, if (y1,y2) and (z1,22) are two pairs of
supersolutions for the same interval (0, L), then the pair (w;,wz) defined by

wy(z) = inf{y1(x), z1(x)}, we(z) =sup{y=(x),22(x)}, € (0,L),

is called a generalised supersolution.

Moreover, the construction can be further generalised to cases where information
on the two sub- (respectively super-) solutions is only local. Consider (z1, z2) C (0, L)
an open interval and let (y1,y2) and (21, z2) be two pairs of subsolutions defined on
(1, x2). Suppose that y1(z1) > z1(z1) and y1 (z2) > z1(x2), and that ya(z1) < z2(x1)
and ya(z2) < z2(x2). Then, the pair (wy,ws) defined by

w (1) = y1(33) $6(07L)\(x17x2)
(@) {sup{yl(az),zl(x)} x € (z1,22) (12
and
wo (1) = yZ(x) T € (O,L)\(l‘l,l‘g)
2( {inf{y2(:z:),zQ(x)} x € (z1,22) (12)

is still a generalised subsolution. The analogous statement holds for supersolutions,
with the roles of infimum and supremum interchanged.

We have the following comparison principle for Lotka — Volterra systems (see for
example Smith (1988) or Girardin and Lam (2019)):

Theorem 5 (Comparison Principle) Let I be an open interval of R and let (y,y,) and
(1, 7Ys) be respectively a (generalised) subsolution and a (generalised) supersolution of system
(1) such that

y,(2,0) <¥Y;(z,0) and ¥y(z,0) < y,(z,0) forall z € 1,
y,(@,1) <yi(z,t) and Yy(z,t) <y,(z,t) for all z € 01,¢t > 0.

Then,
y,(@,t) <yi(z,t) and Yp(z,t) <y,(z,t) forallz € I,¢t > 0.

This result says that the set of solutions has a natural ordering, and that the
ordering of the parabolic boundary data is extended to the interior of the set.
Moreover, this result also holds in higher dimensions.

Existence of constrained solutions for the boundary control problem. Notice
that the constant solutions (0,1) and (1,0) act as sub- and super-solutions. Hence,
the existence of solutions for initial data and controls respecting the bounds (5) is
guaranteed by the classical theory of monotone methods (see for example Sattinger
(1972); Cosner and Lazer (1984)). These solutions fulfil the same constraints.

Travelling fronts. Travelling fronts are powerful tools in the analysis of Lotka —
Volterra equations. These are special solutions that connect two equilibria and can be
viewed as time translations of a fixed spatial profile.

14



A travelling front solution with speed ¢ € R connecting (0,1) and (1,0) is a pair
(a, B)(x,t) := (Y1, Y2)(x — i) (14)

where Y7, Y5 : R — R solve the system

Y{I+CY11+Y1(1 7Y1 7(1Y2) = O, (15)
Y2/I+CY’21+Y’2(17Y2 7bY1) = U,
with the conditions
(Y17Y2)(7OO) = (07 1)3 (Yla}/Q)(+OO) = (130)7 Yll >0, Yg <0. (16>

Notice that a translation of a travelling front is still a travelling front.

Existence of travelling fronts connecting (0,1) and (1,0) and their uniqueness up
to translations when a,b > 1 was proved in Gardner (1982), Kan-On (1996) and Tang
and Fife (1980). The sign of the speed was investigated in Guo and Lin (2013). In
particular, the following holds:

Theorem 6 (Theorem 1.1 in Guo and Lin (2013)) If a < b, then the speed c of the travelling
front defined by (14)-(16) satisfies ¢ < 0.

Therefore, as t evolves from —oo to 400, the travelling wave solution passes from
(0,1) to (1,0).

Note that by imposing alternative conditions in place of (16), one could obtain
different types of travelling fronts. A selection of such known fronts is illustrated in
Figure 1. However, throughout the proofs, we will only consider travelling fronts as in
(16). For simplicity, we will refer to these as travelling fronts without risk of ambiguity.

Large time dynamics for the logistic equation. The following lemma, widely
known in the literature (see for example Cantrell and Cosner (1989)), will be useful
in the proof of several results in this paper, including Theorem 1.

Lemma 7 Let 6 be the solution of the logistic equation with Dirichlet boundary conditions
as in (7).
1. Assume L < m. Then the only steady state solution to the logistic equation problem (7)
is the trivial one and any solution 6 issued from a nonnegative initial datum satisfies
0 — 0 ast— +oo.

2. Assume L > w. Then (7) admits a steady state solution © which is strictly positive in
(0, L) and any solution 0 issued from a nonnegative initial datum satisfies § — © as
t — +o0.

Remark 9 This lemma extends naturally in dimension n > 1 to balls of radius I, provided
that the value 7 is replaced by the value £ = 2r, where r € R is such that the eigenvalue
problem

—Au = A\u in By, u=0 on dBy, u >0 in By,
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admits the eigenvalue A = 1, B, being the ball of radius r. Then, all the results presented in
Section 2 that depend on the threshold = may be adapted in higher dimensions by using the
threshold ¢.

Moreover, one can extend Lemma 7 to the case of non-radial domains in higher
dimensions. To do so, one has to consider a domain  C R", and study the eigenvalue problem
—Au = Au in §, u=0 on 09, u >0 in Q.

If A > 1, then the first case of Lemma 7 applies. If not, the second case applies. Then, the
statements of Theorem 1 and of the other results can be re-written by using A = 1 as a
threshold.

The non-diffusive system. As already mentioned in the introduction, ignoring dif-
fusion and space structure, and in the absence of controls, system (1) boils down to
the Lotka — Volterra dynamical system (6). The behaviour of the solutions of the ODE
system (6) when a > 1 is portrayed in Figure 5. When the initial position (w?,w9)
is in the blue zone, (wy(t), w2(t)) — (1,0) as t — +oo; while, when it is in the green
zone, (wi(t),wa(t)) — (0,1) as t — +o0o. When, instead a < 1, the equilibrium (1,0)
attracts every trajectory with initial conditions in (0, 1] x [0, 1].

Yl //////
B
4/ /
7

20

021 l
//'/_/f}:\.__
00 02 04 06 08 10
y 1
Fig. 5: Phase portrait of the non-diffusive model (6) with a = 1.5, b = 3.5. In black,
the orbits. The red dots represent the equilibria. The coloured zones represent the basin
of attraction of the points: (1,0) in light blue, and (0,1) in light green.

When the coexistence one (w3, ws) lies inside the square [0,1] x [0,1], it has a
stable manifold that, for the system (6), corresponds to the graph of the function

_b—1
T a-—1

h(y)

-1
Y for ye€ {O, Z_J . (17)

To prove the forthcoming Theorem 2, we recall a result from Iida et al. (1998)
and establish a Lemma 9 that relies upon it. The result in Iida et al. (1998) concerns
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the behavior of solutions to system (1) with Neumann boundary conditions, starting
from initial data (y?,49) lying in the basin of attraction of the equilibrium (0, 1).
Specifically, this means that for all z € (0, L), (y9(z),y3(x)) lies above the separatrix
h(y1) defined in formula (17). The result was originally presented in general dimension
n € N*, but here we present it in dimension 1 for the sake of coherence of notation
with respect to the rest of the paper.

Theorem 8 (Theorem 1.1 in lida et al. (1998)) Let @ > 1 and h(y) be as in (17). If
yI(x) > h(yd(x)) and yS(z) # h(y?(z)) in (0, L), then the solution to (1) with Neumann
boundary conditions

1(0,1) = y2(0,t) = y1 (L, t) = ya(L,t) =0 >0, (18)
satisfies lim (y1,y2)(z,t) = (0,1) uniformly in (0, L).
t——+o00

6.2 Proof of Theorem 1
We prove separately each statement.
1. Let us set
(u1,u2)(z,t) = (1,0) forz =0,L, t>0. (19)
Recall that 0 is a subsolution of the first equation in system (1) and 1 is a supersolution
for the second equation. Hence, by the Maximum Principle for parabolic equations
(see Protter and Weinberger (1984)), we get that the solution (y1,y2) of system (1)

with initial datum (y?,49) and boundary control (uy,us) at time t = 1 satisfies

m:= min z,1) >0, M:= ma z,1) <1,
z€[0,L] yl( ) me[o,)i] y2( )

Then, there exists a travelling front («, ) as in formula (14) such that
alz,1) <m <y (z,1), B(z,1)>M > y(z,1) for x € (0, L).
Now, notice that
alz,t) <wui(z,t), Bz,t) > us(x,t) forz =0,L, t>1.
Then, by the Comparison Principle in Theorem 5, we have that
a(z,t) <y (z,t), Blx,t) > ya(z,t) for x € [0, L], t > 1. (20)

From Theorem 1.1 in Guo and Lin (2013) (stated in this paper as Theorem 6), we
have that the speed c of the travelling front is positive, so

(@, B) 72557 (1,0). (21)
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By applying the Comparison Principle in Theorem 5, using (20) and (21), we have
that (y1,y2) with boundary controls as in (19) satisfies

(y1>y2) H—Jr?o (170)-

2. Let L < 7 and y(x,t) be a solution to the logistic Dirichlet problem (7) with
initial data y{ € L°°(0, L). By Lemma 7, the only steady state solution to (7) is the
trivial one and y must converge to a steady state solution as t — +oo. Then,

y(x,t) = 0 as t — 4o0. (22)

For all (y1,y2) solution to (1) with initial datum (y?,%9) and boundary conditions
(u1,u2) = (0,1), we have

Oy — 02y1 <y1(1—y1) in (0,L), v1(0) =yi(L) =0, yi(z,0) =1y (z)in (0,L),

so that y; is a subsolution for the logistic equation problem (7). Then, by the Com-
parison Principle for parabolic equations, we have y;(x,t) < y(z,t) for all ¢ > 0. In
particular, by (22),

y1(z,t) > 0 ast — +oo. (23)

By the main result of Smillie (1984), every bounded solution of (1) converges to
a steady state. By (23), we have that yo converges to the solution {(z) of the steady
state problem

—¢"=¢(1-¢) in(0,L), ¢(0)=¢(L)=1
Let us perform the change of variables z(z) := 1 — {(z). Then, z solves

—2"=-2(1-2) in(0,L), 2(0) = z(L) = 0.

By multiplying both sides of the latter equation by z and integrating in (0, L), we get

L L
0 < [-2'(z)z(2)] |§ +/0 (7' (z))*dx = /0 —22(2)(1 — z(x))dx < 0.

The latter is true only if z(z) = 0, which corresponds to ((z) = 1. Hence, (y1,y2)
converges to (0,1) with the boundary control (uy,us2) = (0, 1), as desired.

3. Consider the solution (z1,z2) of the diffusive system (1) with initial datum
(v9(z),y3(x)) € B(0,1) for all z € (0, L) and Neumann boundary conditions

Opz1(x,t) = Op2a(x,t) =0, forz=0,L, t>0.

Notice that we still have 0 < 21,22 < 1, thanks to the Comparison Principle. By
Theorem 1.1 in Tida et al. (1998), we also have that

(21, 22) "25° (0, 1). (24)

18



Then, (21, 22) is a solution of the diffusive system (1) with initial datum (y?,%9) and
boundary control

(U1, 02)(z,t) := (21, 22)(, 1) forx=0,L, t >0,

and it has the desired asymptotic behaviour. Now consider (y1,%2) solution of the
diffusive system (1) with initial datum (y?,%9) and boundary control (uy,us)(z,t) =
(0,1) for x =0, L and ¢ > 0. Since u; < @; and ug > g, for x =0, L and ¢t > 0, and
the initial datum coincides, by the Comparison Principle we have that y; < z; and
Y2 > zo. By this and (24), we get the desired result.

4. The argument for the convergence of y; to 0 presented in the proof of point 2
can be repeated for both y; and ys.

5. Assume, by contradiction, that there exists a control (ui,us) € C({0,L} x
(0, +00)) such that the corresponding solution (y1,y2) of system (1) satisfies

t—o0

(y1,92) — (0,0). (25)
Let us call ¢ := y; + y2, then ( satisfies

8t< - 83z< = C(l - C) - (a +b— 2)y1y2 on (O7L)7
¢=wu1+wuy on{0,L} x[0,+00).

Ifa+b—2<0, then

0i¢ = 97,¢ > ¢(1 = Q). (26)
So, ¢ is a supersolution for the logistic equation (7) with (x,0) = y?(x) + y3(z).
Notice that, for L > 7, by Lemma 7, (7) has a positive attractive steady state solution
O. Being ¢ a supersolution for (7) and by (25), we have that

0= lim {(z,t) >O(x) in (0,L),

t—+oo

which is impossible. Hence, it is not possible to control any initial datum to (0,0) if
a+b—-—2<0.
Let us now show the same for a + b — 2 > 0. Since

+ )2
Y1Y2 S w»
the function ( satisfies
2 a+b+2
So, the function
b+ 2
U(xvt) =2 +4+ ((x,t)



is a supersolution for the logistic equation (7) with

0. 0) = U2 4000) + 480,

Notice that, for L > 7, by Lemma 7, (7) has a positive attractive steady state solution
O. Being o a supersolution for (7) and by (25), we have that

a+b+2 .
0=""7%2 tim ((a1) > 0@) n (0.L).

which is impossible. Therefore, even in the case a + b — 2 > 0, it is not possible to
steer an arbitrary initial datum to (0,0). This concludes the proof of the theorem.

6.3 Properties of the barriers

In this subsection, we present several useful results. In particular, we establish that
the existence of barriers implies non-controllability, demonstrate the monotonicity of
barriers, and, for @ > 1, prove their continuous dependence on the system parameters.

6.3.1 Existence of barriers implies non controllability

In this subsection, we prove Theorem 2, which will be instrumental in the proofs of
both Theorems 3 and 4. The theorem claims that the existence of barriers implies
the non-controllability to the steady state (0,1) and to the coexistence steady state
(w3, w}), whenever it exists.

We first state and prove the following technical lemmas:

Lemma 9 If a > 1 (i.e., if (w],w3) is in the range [0, 1] x [0, 1]), then any solution (¢,) to
system (8) satisfies the following property: there exists a point z* € (0, L) such that at least
one of the following inequalities holds:

o(x™) >wi or Y(x¥) < ws.

This lemma indicates that the barrier cannot lie entirely below the threshold
defined by the coexistence equilibrium.

Let us now prove Lemma 9. We will make use of the Theorem 8 from Iida et al.
(1998), which we recalled in the Preliminaries Subsection.

Proof of Lemma 9 Let us argue by contradiction and assume that the statement is false.
That is, assume that, for all x € (0, L), the following holds:
¢(z) <wi and Y(z) > ws.

Then, it holds that ¥ (z) > wj = h(w]) > h(¢(z)) for all z € (0,L), with h as in (17).
Moreover, 1 = 9(0) > h(¢(0)) = 0, so ¢(z) # h(¢(z)) for z € (0,L). Then, by Theorem
8 (Theorem 1.1 in Iida et al. (1998)), the solution (yi1,y2) of system (1) with Neumann
boundary conditions and initial data (¢, ) satisfies

(y1,92)(z, 1) 25 (0, 1), (27)
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uniformly in (0, L).
We take the couple of time-dependent controls (u1, u2) as the trace of the solution (y1,y2)
to the boundary z = 0 and x = L. Thanks to the bounds (5), it holds

uy(z,t) >0, ua(z,t) <1, forx=0,L, t > 0.
Then, by the Comparison Principle, it follows that
’yl(iﬁ,t) > ¢(Qj)7 y2($7t) < 11’(30)7 for all x € (OzL)7 t> 07

which is in contradiction with (27). This completes the proof of the lemma.

With Lemma 9, we are able to prove Theorem 2:

Proof of Theorem 2 Let (¢,1) be a barrier, i.e., a solution to system (8), for the parameters
@, b and L. Let us consider an initial datum (y,739) € Ty, that is, such that 19 (z) > é(z)
and y3(x) < 9(z) for all z € (0, L). Let (y1,y2) be the solution issued from (y?,y9) with any
boundary controls (u1,us2). Notice that, by the hypothesis on the problem stated in (5), we
have that

ui(z,t) >0, forallze(0,L),t>0,
ug(z,t) <1, forallz € (0,L), t>0.

Thus, by applying the Comparison Principle as stated in Theorem 5 to (y1,y2) and (¢, ),
we get that

y1(z,t) > ¢(x) >0, forallxe (0,L), t>0,
ya(z,t) <4(x) <1, forall z € (0,L), t>0.

In particular, (y1,y2) cannot converge to (0,1) as ¢ — +oo.

Moreover, if @ > 1, by Lemma 9, there exists * € (0, L) such that either ¢(z*) > w7} or
¥(z*) < wj. Let us suppose that the latter is true, the other case being analogous. Then,
again by the Comparison Principle of Theorem 5, we have that

yo(z*,t) < P(z*) < w3, forallt> 0.

Thus, (y1,y2) cannot converge to (w],ws3) as t — +oo. O

6.3.2 Monotonicity with respect to a, b, and L

The existence of a barrier exhibits monotonicity with respect to the parameters L and
b, as stated in the following proposition. This will be crucial to prove the threshold
phenomena in Theorems 3 and 4.

Proposition 10 Suppose there exists a nontrivial solution to system (8) for some parameters
a, b, L. The following holds:

1. For all L > L there exists a solution to system (8) for the parameters a, b, and L.
2. For all b > b, there exists a solution to system (8) for the parameters a, L, and b.

3. For all a < a, there exists a solution to system (8) for the parameters a, L, and b.
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Proof Suppose there are some values @ > 0, b > 1 and L > w for which there exists a
nontrivial solution (¢,7) to system (8).
1. Let us take some L > L and consider the pair (o,w) on (0, L) defined as
_ [ é(), for z € (0,L),
U(x)_{O, for x € (L, L),
e 3(a) (0.7)
[ Y(=), for x € (0, L),
wiw) = { 1, forze(L,L).
We now show that the couple (o,w) is a subsolution to system (8) for the parameters @, b and
L. First of all, o and w satisfy the boundary conditions of (8). Then, o and w are continuous
since ¢(L) = 0 and (L) = 1. Moreover,
o(z) = max{0,(x)}, w(z) = min{l,9(x)},  for z € (0,L),
so that o is a generalised subsolution for the first equation and w is a generalised supersolu-
tion for the second equation for system (1). Then, by (12) and (13), (o,w) is a generalised
subsolution for system (1).

So, the solution (y1,y2) of system (1) issued from the initial datum (o,w) and with
boundary conditions (u1,u2) = (0,1) must satisfy, by the Comparison Principle, yi(z,t) >
o(z), y2(z,t) < w(z) for all x € (0,L) and ¢ > 0. Then, by the classical result of Smillie
(1984), it follows that (y1,y2) converges to a nontrivial steady state (¢, v), which is a solution
of system (8).

2. Let us take b > b. We observe that

—¢" = ¢(1 — ¢ —ay), for x € (0,L),
_QE” Z 121(1 - b(,‘l; - IL), for z € (07[_/)7
é(x) =0, Y(x) =1, forxz=0,L.

Hence, (¢,) is a subsolution of (8) with parameters @ and b.

Then, the solution (yi1,ys2) of system (1) issued from the initial datum (¢,v) and with
boundary conditions (u1,uz) = (0, 1) satisfies y1 (x,t) > é(x), y2(x, t) < 1(z) by the Compar-
ison Principle. As before, thanks to Smillie (1984), (y1,y2) converges to a nontrivial solution

(¢, %) of system (8).
3. We observe that for a < a we get
~F = 31— §—ap) < (1 - G- ab), for v € (0,L),
)

jl/;// = 15(1_— by — ), for x € (0,;),
P(z) =0, ¢(z) =1, for x =0, L.
We apply the same argument as in the previous step to conclude the proof of the lemma.
O

6.3.3 Continuous dependence on a and b

In the following proposition, we show that the existence of a barrier depends on a and
b in a continuous way when a > 1. This result plays an important role in determining
the limit cases a* and b* in Theorems 4 and 3.

Proposition 11 Let us consider a sequence {(an,bn)}nen such that each couple satisfies
(2) and let us suppose that system (8) has a solution for the parameters an and by for all
n € N. Let us also suppose that (an,bn) — (a,b) with a and b respecting 2 and a > 1. Then,
system (8) has a solution for the parameters a and b.
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Proof First of all, since a > 1, up to a subsequence, we can suppose

an € (a —1,a+1)N (1, +00), bp € (b—1,b+1). (28)
Let us denote by (¢n,1n) the solution of system (8) for the parameters ay,, and by. Then, by
the last line of (8) we have that

Sup ¢n, supvn <1
[0,L] [0,L]
for all n € N. Then,
sup ¢p, sup ¢y <3+a+b (29)
(0,L) (0,L)
thanks to (28). Then (¢n,¥n) is compact in C¥(0, L), that is, up to a subsequence there
exists (¢, 1) such that (¢n,Pn) = (¢,7) in ¢ In particular, passing to the limit in system
(8), we get that ¢(0) = ¢(L) = 0 and ¥(0) = (L) = 1. Moreover, ¢ and v satisfy the
equations in (8) in a weak sense. Then, by Schauder estimates, we get that ¢ and ¢ satisfy
the equations in (8) in a classical sense.
Now, we show that (¢,1) # (0,1). Let us define
* « \_ [ an—1 bn —1
(wn’l’w"’Q) " Nanbn — 1 apbn—1)°

Thanks to (28), by Lemma 9 we get that for all n € N there exists n € (0, L) such that either
én(zn) > wy, 1 or Yn(rn) < wy 9. Let us suppose that the first case happens for infinitely
many different values of n. Then,

lim sup ¢n > -1 > 0.
n—>+00(07L) ab—1

This, together with (29), implies that ¢, cannot converge to 0. Consequently, ¥, cannot
converge to 1.

If the inequality én(xn) > wy, ; fails to hold for infinitely many n € N, then ¢y (zn) <
w;’z holds for infinitely many different values of n. In this case, the same argument applies,
with the supremum replaced by an infimum.

Thus, we have established the existence of a pair (¢, ) satisfying system (8) for the given
parameters a and b.

O

6.4 Proof of Theorem 3

To prove Theorem 3, we will show the following technical result, which is the core of
the proof.

Proposition 12 For any given a > 0 and L > =, there exits b > 1 such that there exists a
barrier, that is, a nontrivial solution to system (8) with parameters a, b and L.

To prove Proposition 12, we need a technical lemma:

Lemma 13 Let us consider R > 7, ¢ € (0,1), C > 0, and ¢(z) € C°(0,R) such that
#(0) = ¢(R) = 0, ¢ > 0 in (0, R). Then, there exits b > 1 such that the solution of the
problem

" =91 —bp—¢) in (0,R), %(0)=9(R)=1-¢, (30)
satisfies

Y <1l—ein (0,R), ¥¢'(0)<—-C, ' (R)>C.

23



Proof Let us repeat that the existence of a solution to the Dirichlet problem (30) is guaranteed
by the classical theory of monotone methods (Sattinger (1972)).
We divide the proof in two steps.
Step 1. For all 0 < 6 < R/3 and § > 0, there exists b such that ¥(z) < & in (30, R — 30).
Suppose by contradiction that this is not true, so

sup  Y(z) > 0, (31)
(30,R—30)

for some 6 > 0 and § > 0 and for all b > 0. Let us choose b large enough to have

max{l,%Jrl} <Bé(z) in (6, R—0). (32)
Hence, we have
—"(z) <0 in (6,R—0). (33)
So, by the maximum principle, for all (z1,z2) C (8, R — 0) we get that
max ¢(z) = max{¢(z1), Y (z2)}. (34)
(z1,22)

Let us now suppose that ¥(360) > (R — 30), the other case being identical. Hence, by (31)
and (34) we have that

¥(30) > 0.
Then, by (34) we also have that v is nonincreasing in (6, 36), so ¥’ < 0 in (6,36) and
P(xz) >4 in (0,30) (35)
Now, we have that
30

0> (30) — ¥(260) =

thanks to (35) and the choice of b in (32). Thus, we get that

12 1
¥(20) < ~5

Also, by (33) we get that ¢’ (x) < ¢'(20) for all x € (6, 26). Hence,

0
v0) =0 (28) + [ '()da> 1,

which is absurd. Then, the claim is proved.
Step 2. For such b, 9'(0) < —C, ¢'(R) > C and ¢(z) < 1 — ¢ for z € (0, R).
Let us take § € (0,1 —¢) and

C l—e—-9¢
0<@ i — . 36
<f< mln{ 3 60 } (36)
By applying the previous step, we get that there exists b such that
Y(x) <d for xz € (36, R — 30). (37)
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Then, by Lagrange’s Theorem, there exist Z € (0, 30) such that

p@ < U= < a0,

where the last inequality is obtained thanks to (36).
Now, we have that

V(@) — 4 (0) = /0 " (2)de

= /Om —p(z)(1 — bd(z) — ¥(z))dz
> —z > —30

Then, again by (36), we get

Y'(0) < —2C + 360 < —C.
Moreover, with the same argument, we can show that

¢ (z) <0 in (0,36).

Hence, we get that

P(z) <1—¢ in (0,30).
With a similar argument we can prove that ¢’(R) > C and

Y(z) <l—e in (R—360,R).

Together with (37), this gives us ¢(z) < 1 — ¢ for = € (0, R), as wished. O

We underline that this lemma can also be extended in higher dimensions at least in
the case of the domain being a ball or on a star domain; in fact, it relies principally on
the maximum principle, and on a computation along paths connecting some interior
points to the boundary.

We are now ready to give the proof of Proposition 12.

Proof of Proposition 12 Let us fix

ee(a;1,1>ﬂ(0,1) (38)
e R e (max {7r, L— 4\/%} 7L) . (39)

Notice that R > .
Let us consider the solution ¢(z) € C%(0, R) of the equation
—¢" =¢(1-a(l—e)=9¢) in(0,R), $(0) = ¢(R) = 0. (40)
Since R > 7 and 1 —a(1 —€) > 0 thanks to the choices in (39) and in (38), we get that there
exists a solution
o(z) >0 for z € (0, R).
Now let us apply Lemma 13 in (0, R) with £ as in (38) and

4e
C>1—p (41)
and let us denote by 1 the solution related to the coefficient b, so that
—¢" = 9(1 = bp(z) — P(x)) in (0,R), ¥(0) = (R) =1 ¢, (42)
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and moreover
Y'(0) < =C, ¢'(R)>C, (x)<1—ein (0,R). (43)
For simplicity, set M = (L — R)/2. Let us now consider the pair

0, for — M <z<0,
o(z) =< ¢(x), for 0 <z <R,
0, for R<zx< R+ M,
and
B 17#(x+M)2, for —M <z <0,
P(x) =< Y(x), for 0 <z <R,
1fﬁ(fofM)2, for R<x <R+ M.

Now, we show that the pair (¢,9) is a generalised subsolution for system (8). We start by
showing that (¢, ) is a subsolution in the three intervals (—M,0), (0, R), and (R, R+ M),
by verifying the inequalities as in (10). y y
First of all, we have that in (—M, 0), the inequality for ¢ is trivial, while for 1) we obtain
3 3 2 € 2
250 2 3ol + M) (1_ T EGR) )
This is true since the right-hand side has its maximum equal to 1/4 and

M:L;RSN%,

by the choice in (39). A similar argument applies to (QE, 1[1) restricted to (R, R+ M). In (0, R),
((g, 1/;) satisfies (40) and (42), so in particular, it satisfies the inequalities that prove that the
pair constitutes a subsolution in (0, R).

It is easy to check that <;~3 and 1& are continuous in (—M, R+ M). Also, we have that

1. 7! < 1 7! ,
i ¥ < lim, 52

.y .5y
Tim () > Tim (@),
thanks to (43) and the choice of C' in (41). Similar inequalities hold in z = R. Thus, (¢, )
has the structure demanded by (11), therefore it is a generalized subsolution for (8).

Moreover, the interval (—M, R+ M) has length L and the boundary conditions correspond
to the ones given in (8). Then, (¢,)(z — M) is a generalised subsolution for (8) in (0, L).

Now, let us take the solution (y1,y2) to system (1) with initial data (¢,v)(z — M) and
boundary conditions (u1,u2) = (0,1). Then, we have that the solution (y1,y2) converges to
a steady state solution (61, 62). Moreover, by the Comparison Principle, we get that

0# d(x) < 61(x) in (0,L),
1 # 4(x) > ba(x) in (0, L).
Hence, (61,02) # (0,1). That is, (01, 02) is a non trivial solution to (8) for parameters a, L

and b.
O

Remark 10 We also notice that the proof of Proposition 12 can be adapted in higher dimen-
sions when the domain is a ball of radius [ > ¢ (see Remark 9) by using a paraboloid to
extend 1, namely

_ B ’L/J(.’E), for x € BR7
~ U= gilal = R = M)?, for = € Bpoas \ B,
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where | = R+ M, R > ¢, provided that M < 2¢; the computations are very similar to the
1—dimensional case.

However, when the domain is not a ball, the geometry might make it tricky to construct
a subsolution by hand. In this case, extra hypothesis on the domain help in the construction;
for example, one can suppose that the domain 2 contains a ball of radius { > ¢, and construct
the known subsolution inside the ball, and extend the subsolution to (0, 1) outside the ball.
However, a characterization of sets admitting or not a barrier (for a suitable b, that depends
on the domain itself) is very hard to achieve.

We are now ready to present the proof of Theorem 3.

Proof of Theorem 8 Let us define
b* =inf{b € (a, +o0) | system 8 admits a solution}.

We observe that b* < +oo thanks to Proposition 12. Then, thanks to the monotonicity
property given in Proposition 10, a barrier exists for all b € (b*,+00). When a > 1, by
Proposition 11, we get that the barrier exists also for b = b*. The second statement of the
theorem then follows directly from Theorem 2.

Let us now prove the first statement of the theorem, which holds for b € (1,b"). Consider
the solution (yi1,y2) of system (1) with boundary conditions (u1,u2) = (0,1) for x =0, L
and ¢ > 0 and initial datum (y1,y2) € L°((0,L);[0,1]). Then, thanks to the results in
Hirsch (1983), (y1,y2) converges to a steady state solution (1, 62) satisfying the first three
lines of system (8). By the maximum principle fulfilled by parabolic equations, we have that
0 < 61,02 < 1. By the definition of b*, there is no barrier for the parameters a, L, and
b € (1,b"), that is, system (8) has no solution. Then, we have that 6; < 0 or 62 > 1 in at
least one point of (0, L). Again, by the maximum principle, §; = 0 or 02 = 1. For (01, 62) to
solve the system (1), the only possibility is (61,62) = (0,1). So, for b € (1,b*), the system
is controllable to (0,1) with boundary controls (uj,u2) = (0,1) and the proof of the first
statement is complete.

O

6.5 Proof of Theorem 4

First of all, we prove the existence of barriers for given b and L and for a small enough.

Proposition 14 For any given b and L > 7, and for a € (O, 1-— z—i), there exists a barrier,

that is, a nontrivial solution to system (8), for a, b and L.

Proof Let us take a such that
2

a<l-7y
and let us define £ := /1 — aL. It is easy to check that £ > 7 thanks to the choice (44). Then,
by Lemma 7, there exists a solution ©, > 0 in (0, ¢) to the logistic problem
—07 =0,(1-6y) in(0,6),  ©y0)=6(f)=0.
Let us now consider the function

b1(z) :=(1—a)Oy (zv1-a),

(44)
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defined in (0, L). Since
~(1- %0/ (av1—a) = (1 - @)OuavI—a) (1 —a— (1 - 8)O(xvI —a))
then 01 solves the Dirichlet problem
—0{(x) =6:(1 —a—6;) in (0, L), 61(0) = 61(L) =0, (45)

Now let us take f2(z) = 1in [0, L]. Then, thanks to (45) the couple (61, 82) is a subsolution

for system (8). Hence, by the theory of monotone systems (see Sattinger (1972)), system (8)

admits a solution (¢, ). In fact, by the Comparison Principle of Theorem 5, we have that

¢ > 61 >0and ¢ < 02 = 1in (0,L), since (f1,602) is not a solution for the differential
equations in system 8.

O

Now we are ready to give the proof of Theorem 4:

Proof of Theorem 4 Let us take
a* = sup{a € (0,b) | system (8) admits a solution}.

2

Thanks to Proposition 14, a* > 1 — 7= because for a € (0, 1-— z—z), system (8) has a
non-trivial solution (¢,). Then, thanks to Proposition 10, a barrier exists for a € (0,a"). By
Proposition 11 we also have a barrier for a* > 1. Then, the second statement of the theorem
is a consequence of Theorem 2.

Let us now prove the first statement of the theorem, which holds for a € (a*,b). Let us
choose the boundary controls (uj,u2) = (0,1) for x =0, L and ¢ > 0 and let us consider the
solution (y1,y2) of system (1) with initial datum (y1,y2) € C°((0, L);[0,1]). Then, thanks to
the results in Hirsch (1983), (y1,y2) converges to a steady state solution (1, 62) fulfilling the
first three equations of system (8). By the maximum principle for parabolic equations, we
have that 0 < 61,65 < 1. By the definition of a*, there is no barrier for the parameters b, L,
and a € (a*,b), that is, system (8) has no solution. Then, we have that 61 <0 or 6 > 1 in
at least one point of (0, L). Again, by the maximum principle, necessarily, 81 = 0 or 02 = 1.
For (61, 02) to solve the system (1), the only possibility is (61,62) = (0,1). So, for a € (a*,b),
the system is controllable to (0,1) with boundary controls (u1,u2) = (0,1) and the proof of
the first statement is complete.

O

7 Conclusions and perspectives

Discussion of the obtained results. We have analyzed the controllability of the
diffusive Lotka — Volterra competitive system toward certain constant steady states.
Our analysis reveals that, depending on the parameter choices, a variety of distinct
dynamical behaviors can emerge:

e Controllability to (0,0):

— Controllability is possible when the spatial domain is sufficiently small, specif-
ically when its length satisfies L < 7 (see Theorem 1, part 3), with controls
(u1,u2) = (0,0). In this case, the null steady state is stable for each equation
in the system.
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— Controllability fails for larger domains, i.e., when L > 7 (see Theorem 1,
part 4). Here, the simultaneous extinction of both populations is obstructed
by the instability of the null steady state in each equation, which is caused
by the nonlinearity. This result is coherent with the biological interpretation
of the problem; in fact, when we have a large domain, eliminating the two
species at the boundary is not sufficient to eradicate them inside the domain.

e Controllability to (1,0): the steady state corresponding to the extinction of the
least competitive species (in our case (1,0), since we chose the competition coeffi-
cient to be a < b) can be reached asymptotically from any bounded initial datum
(see Theorem 1, part 1). This result is also in line with the biological interpre-
tation of the problem, since the stronger species naturally tends to eliminate its
competitor.

e Controllability to (0, 1): regarding the steady state corresponding to the extinc-
tion of the most competitive species, we have different behaviours depending on
the parameters:

— The steady state (0, 1) can be reached from any initial datum when the length
of the space-interval L is small (see Theorem 1, part 2).

— For a general interval of length L, it can be reached from some well-chosen
initial data (see Theorem 1, part 3), which comprises at least constant initial
data which are at each point in the basin of attraction (in the sense of a
dynamical system) of the equilibrium (0, 1).

— When the coefficient b, which measures the competition of the first population
with respect to the second one, is larger than a threshold (that depends on
a and L), then the steady state (0,1) cannot be reached from some initial
data, see Theorem 3. This is due to the presence of a steady state for the
system, with the same boundary conditions, that attracts the solutions, see
also Theorem 2.

— When the coefficient a, which measures the competition of the second popu-
lation with respect to the first one, is smaller than a threshold (that depends
on b and L), then the steady state (0, 1) cannot be reached from some initial
data, see Theorem 4, againg for the presence of the barrier solution.

What we observe is also coherent with what is observed in nature and it high-
lights some phenomena in bounded domains (see for example Robertson et al.
(2017)). In fact, it is known that, when an alien species reaches an environment
occupied by a native species and starts propagating, it is very hard to stop its
propagation with solely punctual interventions. Our theorems prove mathemati-
cally that eliminating the stronger species in a large domain where it has already
started occupying, by only acting on the boundary, is not possible.

e Controllability to (w},ws3): as stated in Lemma 9, a barrier prevents control-
lability not only to (0,1), but also to (w},w3). In fact, the barrier is at some
point larger than the constant steady state we want to achieve, and no bound-
ary control can make the solution pass below the level of the barrier. Hence, all
non-controllability results for large b (Theorem 3) and small ¢ (Theorem 4) also
apply to (wj,w3). Again, this mirrors what we observe in an environment with
two strongly competing species where one has an advantage over the other: even
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with human intervention, it is often not possible to keep the two populations
around the coexistence steady state.

We also comment on the extension of our results to the case of higher dimensions.
Notice that the majority of the basic framework that we use, like the Comparison
Principle 5 or the convergence Proposition 11, are valid in any dimension. We recall
here all the comments on the more technical results:

® The proof of Theorem 1 rely basically on the Comparison Principle 5 and on
Theorem 8, which holds in all dimensions, on the existence of the travelling wave
with given sign of the speed, which can be used in the same way, and on Lemma
7, which can be extended as commented in Remark 9, by adapting the threshold
7 to something else. Therefore, we expect, adjusting the threshold as explained
in Remark 9, the same results as the ones for the controllability to (1,0), (0,0),
(0,1) and for the non-controllability to (0,0) in Theorem 1 to hold in dimension
n > 1.

® The proof of Theorem 3 relies principally on Proposition 12, which can be adapted
to higher dimensions for radial domains as explained in Remark 10. In the same
remark, we also state that for non-radial domains, extra hypotheses might be
required to prove Proposition 12. Hence, we expect the result of Theorem 3 —
namely, the controllability or non-controllability to (0,1) depending on a thresh-
old on b, due to the existence of a barrier — to hold in higher dimensions for radial
domains under the hypothesis on the radius prescribed by Remark 9, and for star
domains under extra hypotheses on the geometry of the domain.

® The proof of Theorem 4 relies principally on Lemma 7, which can be adapted
in the case of higher dimensions as explained in Remark 9. After the proof of
Theorem 4, we comment on the fact that the arguments may be adapted (with
heavier computations) to the case of star domains. Therefore, we expect the
results of Theorem 4 — namely, the controllability or non-controllability to (0, 1)
depending on a threshold on a, due to the existence of a barrier — to hold in higher
dimensions for star domains under the hypothesis on the domain prescribed by
Remark 9.

Moreover, we obtain additional insights into the monotonic dependence of control-
lability on system parameters (see Proposition 10):

o If controllability to the steady state (0,1) fails for a given interval of length L,
then it also fails for all larger intervals.

e If controllability to the steady state (0, 1) fails for a given value of the competition
coeflicient b, then it also fails for all larger values of b.

o If controllability to the steady state (0, 1) fails for a given value of the competition
coefficient a, then it also fails for all smaller values of a.

This monotonicity property allows us to prove, for any L > m, the existence of a
threshold for both a and b. Moreover, it gives us hope to find a threshold for L.
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(a) Solution y; (b) Solution ya

Fig. 6: Controllability to the steady state (w],w3) = (0.1176,0.5882) from the initial
state (0,1) with L = 24, a = 1.5, b = 3.5, and T = 100, simulated in MATLAB
using the CasADi package. The target is well approximated. Similar results have been
observed for a wide range of parameters L, a, and b.

Perspectives. We give here final comments that illustrate new research directions
opened up by this paper.

As mentioned earlier, we expect the existence of a threshold for the length L of
the interval, depending on the parameters a and b, such that controllability holds
for sufficiently small intervals and fails for larger ones (see Conjecture 1). However,
proving this rigorously is challenging: the construction of a barrier solution would
require detailed knowledge of the shape of solutions, which is currently lacking in the
literature. Furthermore, we cannot rule out the possibility that, for certain values of a
and b, the system may be controllable on any bounded interval (with boundary controls
applied at both endpoints), but not on the half-line R* when control is imposed only
at x = 0. A thorough investigation of this scenario is deferred to future work.

Numerical experiments suggest that it is possible to steer the system from the
steady state (0, 1) to the coexistence steady state (w3, w3) (see, for instance, Figure 6).
In the context of bistable reaction-diffusion equations (see Ruiz-Balet and Zuazua
(2020)), controllability to a saddle point equilibrium has been achieved by constructing
a path of intermediate steady states. A key ingredient in that strategy is the existence
of an invariant region in the phase plane.

In contrast, for the Lotka — Volterra system, the phase plane analysis is significantly
more involved due to the higher dimensionality of the system (four variables instead of
two) and the absence of a variational structure that could guarantee the existence of
suitable path of steady state. Addressing these difficulties remains an open direction
for future research.

We did not consider the case a = b > 1, where the two species are equally adapted
to the environment and compete symmetrically. As shown in Theorem 1.1 of Guo and
Lin (2013), this setting admits a standing wave— a travelling wave front with zero
speed— which may serve to construct a path of stable steady states by using restrictions
of the wave on intervals of length (0, L). This suggests that, using the techniques
developed in Pighin and Zuazua (2018), it could be possible to steer the system from
any initial data to either of the steady states (0,1) or (1,0), without encountering
barrier phenomena.

In contrast, when a = b = 1 (the so-called critical case), standing waves do not
exist (see Alfaro and Xiao (2023)), and alternative methods would be required.

Regarding the steady state (0,0), when a = b, we expect that the conclusions of
Theorem 1 remain valid. The controllability to the coexistence steady state (wj,ws3)
presents the same difficulties as the case a # b.

Finally, we emphasize that the Lotka — Volterra model serves as a representative
example of a nonlinear reaction-diffusion system where natural constraints on the
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controls arise. Similar analytical techniques could be applied to other systems with
different reaction kinetics or diffusion terms, and warrant further investigation.
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