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3.A Convergence analysis for gradient descent
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Pseudo code for gradient descent with adaptive step size

» Choose an initial guess uy
» Choose an initial step size (3
» Compute Jy = J(uyp).
» for:=1:max iters
> Compute gy = VJ(uyg).
Set J; =ocoand g = 40.
while J; > Jj
Set 5 = /2.
Set u; = ug — 69().
Compute J; = J(uy).
if convergence conditions are satisfied
Return uq, Jl.
Set Uy = Uy
Set J() =J;
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Example: 100 iterations of gradient descent with adaptive step size
Training of a ResNet with 100 hidden layers in R? on 64 data points.
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Example: 100 iterations of gradient descent with adaptive step size
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Pseudo code for gradient descent with adaptive step size

» Choose an initial guess
» Choose a step size 3

» Compute Jy = J(uyp).

» for:=1:max iters

> Compute gy = V. J(uy).

> Set u; = ug — 690-

> Compute J; = J(uy).

> if convergence conditions are satisfied
> Return uq, Jj.

> Set ug = wuy

> Set Jy = J;

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Example: 100 iterations of gradient descent with a fixed step size
Training of a ResNet with 100 hidden layers in R? on 64 data points.

GD (adapt)
GD (fixed)

GD (adapt) | 12.9 s
GD (fixed) | 7.0s
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Example: 100 iterations of gradient descent with a fixed step size
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Convergence analysis for gradient descent
We return to the more abstract optimization problem:

min J(u).

ucRM
Denote the minimizer by u*.

For simplicity, we consider a gradient descent algorithm with a fixed step size 3
U1 = uy — BV J (ug).

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Convergence analysis for gradient descent
We return to the more abstract optimization problem:
min J(u).

ueRM

Denote the minimizer by u*.

For simplicity, we consider a gradient descent algorithm with a fixed step size 3
U1 = uy — BV J (ug).

Two assumptions:
» The functional J is a-convex, i.e.

ad(1—0)
2
» The gradient V.J(u) is Lipschitz, i.e. there is an L > 0 such that for all v and v

VJ(u) —VJ(@)| < Lju —v|.

J(Ou+ (1—0)v) <0J(u)+ (1—-0)J(v) — lu — vl|?, 6 € [0,1].

g — w2 < (1= 208 + B2L%)" Jug — w2

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning 9
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Observation 1

The functional J is a-convex:

afd(1—0)

JOu+ (1 —0)v) <0J(u)+ (1 —0)J(v) — 5

lu — v,

Subtract expand the brackets on the LHS and subtract J(v) on both sides:

Jw+60u—0v)—Jw) <0J(u)—0J(v)— M!u —v]?
Divide by 6 and take the limit 8 — 0:
(VI ()0~ ) = Iy UChIC - ) =IO ) — () — s — P

We conclude o
(VJW),u—v) < Ju) — Jw) — =|u—v.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Observation 2

From the previous slide:

(VJ(),u—v) < J(u) — J(v) — %m — ol

Because this holds for all © and v, we may interchange u and v to obtain:

(VI (), v —u) < J(w) — J(u) — %]v —ul?

Adding these two equations, we find

(VJ(v) = VJ(u),u—v) < —alu —v]*

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Proof

g — w2 < (1= 208 + B2LY)" Jug — u* |2

Uk+1 — U*|2 = (Upy1 — U, upyr —u')
= (u, — BV J(up) — u*,u, — BV I (up) — u*)
= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (ur))

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Proof

lug — ) < (1 — 228 + BQLZ)k |ug — u*|?

Uk+1 — U*|2 = (Upy1 — U, upyr —u')
= (up — BV J(ur) — u*, up — BV J (uy) — u™)
= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (ur))
Using that V.J(u*) = 0 and Observation 2, we find
—(VJ(up), up — vy = —(VJ(up) — VJ(u*), up — u*) < —alu, — u*l*
Again using that V.J(u*) = 0 and the Lipschitz continuity of V.J(u), we also have that
(VJ(ug), VJ(up)) = |VJ(up) — VJI(u)|* < L |up — u*]?.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Proof

g — w2 < (1= 208 + B2LY)" Jug — u* |2

Upp1 — WP = (uppr — U uppn — u¥)

= (ur, — BV (ug) — v’ up — BV J (ug) — u)

= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (ur))
Using that VJ(u*) = 0 and Observation 2, we find

—(VJ(up), up — vy = —(VJ(up) — VJ(u*), up — u*) < —alu, — u*l*
Again using that V.J(u*) = 0 and the Lipschitz continuity of V.J(u), we also have that
(VJ(up), VJ(up)) = |[VJ(up) — VI (W")|* < L |lug — u*]*
Inserting these two results back into the original expression, we conclude
lwppr — u** < (1 — 20 + /32L2) |y, — u*|?

The result now follows by induction over k.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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3.B Stochastic gradient descent (SGD)
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Stochastic gradient descent

For stochastic gradient descent, assume that the cost functional is of the form

1=1

Typical in machine learning: each J;(u) corresponds to a training sample.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Stochastic gradient descent

I For stochastic gradient descent, assume that the cost functional is of the form

Typical in machine learning: each J;(u) corresponds to a training sample.

Therefore also

V.J(u) = ZVJZ'(’LL).

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Stochastic gradient descent

For stochastic gradient descent, assume that the cost functional is of the form

Typical in machine learning: each J;(u) corresponds to a training sample.

Therefore also

V.J(u) = ZVJZ'(’LL).

If all the J;(u) are similar,
VJ(u) = VJ(u) = IVJ;(u),
for a randomly selected j € {1,2,...,1}.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Stochastic gradient descent

For stochastic gradient descent, assume that the cost functional is of the form

Typical in machine learning: each J;(u) corresponds to a training sample.

Therefore also

V.J(u) = ZVJZ'(’LL).

If all the J;(u) are similar,

VJ(u) = VJ(u) = IVJ;(u),
for a randomly selected j € {1,2,...,1}.
Note that

E[V.J(u)] = Z IV Ji(w)P[j = i] = Z VJi(u) = VJ(u),

because P[j =i] =1/1.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Pseudo code for stochastic gradient descent

In each iteration, take a step in the direction of the stochastic gradient:

Ukt+1 = U — Bﬁ‘](uk)

» Choose an initial guess

» Choose a step size

» Compute Jy = J(uyp).

» for k =1:max_iters

> forg=1:1

[ Select randomly an index i € {1,2,...,1}
> Compute gy = IV J;(uyg).

> Set up = ug — 69().

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning 15
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Convergence analysis: assumptions

Three assumptions:
» The functional J is a-convex, i.e.

JOu+ (1 —0)w) <0J(u)+ (1 —60)J(v) — MW —v]?, 6 € [0,1].

» The gradient V.J(u) is Lipschitz, i.e. there is an L > 0 such that for all w and v
VJ(u) —VJ()| < Llu—v|.
» The variance of the stochastic gradient is bounded, i.e. there is a ¢ such that for all u

E[|VJ(u) — VJ(u)?] < o’

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Convergence analysis: proof (1/2)

In each iteration, take a step in the direction of the stochastic gradient:

Ups1 = up — BV J (uy)
It then follows that

’Uk:+1 — U*‘Q — <Uk:+1 - }L*, Uk+1 — U*> )
= (up — BV (ug) — u*, uy, - BV J(ug) — u”) ~ )
= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (up,))

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Convergence analysis: proof (1/2)

In each iteration, take a step in the direction of the stochastic gradient:

Ups1 = up — BV J (uy)

It then follows that
upi1 — u)? = (g — u' upg — )
= (up — BV J(uy) — u*,up, — BV J(uy) — u)
= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (up,))
Taking the expectation, using that E[V.J(u;,) | ui] = V.J(uy), it follows that

Effurr — w'* | ] = |up — w']* = 28(VJ (wp), up, — u*) + BPE[[V T (up)[* | w].

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Convergence analysis: proof (1/2)

In each iteration, take a step in the direction of the stochastic gradient:

Ups1 = up — BV J (uy)

It then follows that
upi1 — u)? = (g — u' upg — )
= (up — BV J(uy) — u*,up, — BV J(uy) — u)
= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (up,))
Taking the expectation, using that E[V.J(u;,) | ui] = V.J(uy), it follows that

Ellupsr — w'* | up) = Jup — u*]* = 28(VJ (wp), up — u*) + BE[|V I (ur)|* | wl.
For the second term on the RHS, Observation 2 shows that

—(VJ(up), u, — u*y = —(VJ(up) — VJ(u), up — u*) < —alup — u*l*.
Therefore,

Ellupr — w'* [ wg] = (1= 20f)Juy — u*|* + BBV ()| | ).

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Convergence analysis: proof (2/2)
From the previous slide:

El|upr1 — w** | u] = (1 — 208)|up — u*|* + 52E[|@J(uk)|2 | ).

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Convergence analysis: proof (2/2)
From the previous slide:

Ellupsr — u*|* | we) = (1 = 2a8)|u — u|? + B°E[|VJ (we)|* | wil.
For the third term on the RHS, note that

VI (u)|> < VI () — VI (ug) |2 4 2(VJ (ug) — VI (ug), VJ (up)) + |V ()]

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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From the previous slide:
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Ellupsr — u*|* | we) = (1 = 2a8)|u — u|? + B°E[|VJ (we)|* | wil.
For the third term on the RHS, note that

VI (u) | < |V (u) — VI (ug)]? + 2(V I (ug) — VI (ug), VI (ug)) + |V (ug) 2.
Taking the expectation using that E[V J (uy) | ux] = VJ(uy), it follows that
B[V J(ue)* | w] <E[VI(wg) = VI ()P [ wg] + VI ()P < 0® + [V (uy)]”

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Eljupr — u'* [ w] = (1= 208)|uy — o + B°E[| VI (wp)]* | ug).
For the third term on the RHS, note that
VI (u)|> < VI () — VI (ug) |2 4 2(VJ (ug) — VI (ug), VJ (up)) + |V ()]
Taking the expectation using that E[V J (uy) | ux] = VJ(uy), it follows that
E[[VJ(wr)]” | w] < E[[VI(wr) = VI (up)? [ we] + VI (wp) | < 0° + [V I (wr)]*
Again using that V.J(u*) = 0 and the Lipschitz continuity of V.J(u), we also have that
VI (up)|? = (VI (ug), VI (ug)) = |VJ (ug) — VJI(u*)]* < LHuy, — u*]*

D.W.M. Veldman - DCN -

A Practical Introduction to Control, Numerics and Machine Learning
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Efuprr — w'* | w] = (1= 208)|ux — w'] + BE[|V I (wp) * | u).

For the third term on the RHS, note that

VI (u)|> < VI () — VI (ug) |2 4 2(VJ (ug) — VI (ug), VJ (up)) + |V ()]
Taking the expectation using that E[V J (uy) | ux] = VJ(uy), it follows that

E([VJ(un)* | u] < B[V I (ur) = VI (u)* | ui] + [V I (i) |* < 02 + [V ().
Again using that V.J(u*) = 0 and the Lipschitz continuity of V.J(u), we also have that

VI (up)|? = (VI (ug), VI (ug)) = |VJ (ug) — VJI(u*)]* < LHuy, — u*]*

Inserting the resulting estimate for the third term, it follows that

Ellupi1 — u')? [ wg] = (1 = 208 + BL7)Juy — w** + 570°.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning



= Department of —
DATA SCIENCE o

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

FRIEDRICH-ALEXANDER
UUUUU

NATURWISSENSCHAFTLICHE
AAAAAAAA

Convergence analysis: proof (2/2)
From the previous slide:

Efuprr — w'* | w] = (1= 208)|ux — w'] + BE[|V I (wp) * | u).

For the third term on the RHS, note that

VI (u)|> < VI () — VI (ug) |2 4 2(VJ (ug) — VI (ug), VJ (up)) + |V ()]
Taking the expectation using that E[V J (uy) | ux] = VJ(uy), it follows that

E([VJ(un)* | u] < B[V I (ur) = VI (u)* | ui] + [V I (i) |* < 02 + [V ().
Again using that V.J(u*) = 0 and the Lipschitz continuity of V.J(u), we also have that

VI (up)|? = (VI (ug), VI (ug)) = |VJ (ug) — VJI(u*)]* < LHuy, — u*]*

Inserting the resulting estimate for the third term, it follows that

Ellupi1 — u')? [ wg] = (1 = 208 + BL7)Juy — w** + 570°.

Convergence of SGD

If 5 is such that |1 — 2a8 + $*L?| < 1, then

2
Eflur — v*|7] < |1 —2a8 + B2L°[*|lug — u*|* + ﬁmc_f—w-

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Convergence of SGD

Efjuy, — u'?] < |1 — 208 + 2L ug — u > + 520:—&2'
Observe: i
» the variance E[|VJ(u) — V.J(u)|?] < o leads to an offset

that does not converge to zero for k — oo.
But the offset can be reduced by choosing the step size 5 smaller.

» The convergence rate 1 — 2a3 + 32L? is the same as for gradient descent,
but the cost for one iteration is reduced by a factor 1/1.

» One epoch is defined as [ iterations SGD.
= The computational cost for one epoch of SGD

is approximately the same as one iteration of GD.
Convergence rate per epoch is

11— 2a8 + B°L*.

When the offset is sufficiently small,
the computational efficiency of SGD is much higher than the one of GD.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Pseudo code for stochastic gradient descent

» Choose an initial guess uy

» Choose a step size

» Compute Jy = J(uyp).

» for k =1: max_iters

> forg=1:1

Select randomly anindex i € {1,2,...,1}
Compute gy = IV J;(uyg).

Set ug = ug — 590.

vwyy
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Example: 100 epochs of stochastic gradient descent
Training of a ResNet with 100 hidden layers in R? on 64 data points.

GD (adapt)

90 GD (fixed)
80 SGD GD (adapt) | 12.9 s
GD (fixed) 7.0s
70 | SGD 111 s

(o]
o

loss function
(&)
o

I
o

f

20

10

10 20 30 40 50 60 70 80 90 100
number of iterations
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Example: 100 epochs of stochastic gradient descent
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Mini-batch methods

Setting:

I I
Jw) = Ji(w), = VJu) =) Vu).
i=1 i=1
Now define the stochastic gradient as the average of b randomly chosen gradients

V) = S V),

JjeB

where B is a randomly selected subset of {1,2,..., I} of size b.
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Mini-batch methods
Setting:
1 1
Jw) = Ji(w), = VJu) =) Vu).
1=1 1=1

Now define the stochastic gradient as the average of b randomly chosen gradients
~ I
ViI(u) =7 Vi),
JEB
where B is a randomly selected subset of {1,2,..., I} of size b.

Again, it holds that .
E[VJ(u)] = VJ(u),
so it still makes sense to do updates as

Ukt = uy, — BV I (ug).

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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ni-batch methods: advantages and disadvantages

Disadvatange:

The computational cost is now b times higher than for SGD.
=- An epoch is now consists of I /b iterations.

Because E[V.J(u)] = V.J(u), the convergence rate is |1 — 2a8 + 32L?| per iteration.
The convergence rate per epoch is thus

11— 20 + 2L,

The convergence rate is lower than for SGD!
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Mini-batch methods: advantages and disadvantages

The computational cost is now b times higher than for SGD.

» Disadvatange:
I =- An epoch is now consists of I /b iterations.

Because E[V.J(u)] = V.J(u), the convergence rate is |1 — 25 + 32L?| per iteration.
The convergence rate per epoch is thus

11— 20 + 2L,

The convergence rate is lower than for SGD!

» Advantage:
The variance is reduced by a factor 1/, i.e. it now holds that

E[|V.J(u) — VJ(u)? < "gbGD.
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Pseudo code for stochastic gradient descent with batch size b

» Choose an initial guess uy

» Choose a step size [ and batch size b

» Compute Jy = J(uyp).

» for k =1: max_iters

> for j=1:1/b

Select a random subset B of i € {1,2,...,1} of size b.
Compute go = 1/b> ;.5 VJi(up).

Set Uy = Uy — 590.

vwyy
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Example: 100 epochs of stochastic gradient descent with batch size 4

Training of a ResNet with 100 hidden layers in R? on 64 data points.

GD (adapt)
90 GD (fixed)
80 SGFL o GD (adapt) | 12.9 s
e GD (fixed) | 7.0s
70 SGD 11.1s
minibatch | 10.1 s
_S 60
g
2 901
n
S 40|
‘k/\—\‘v‘ _
301 -+
20 [
10 [
0 1 1 I 1 1 I 1 1 I 1
10 20 30 40 50 60 70 80 90 100
number of iterations
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Example: 100 epochs of stochastic gradient descent with batch size 4
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SGD with momentum

Problem in SGD: the gradient changes rapidly in each iteration.
This leads to a highly oscillatory trajectory.

Idea: to reduce oscillations, take an average over the previously computed gradients.
However, we should also ‘forget’ gradients that have been computed too long ago.
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SGD with momentum

Problem in SGD: the gradient changes rapidly in each iteration.
This leads to a highly oscillatory trajectory.

Idea: to reduce oscillations, take an average over the previously computed gradients.
However, we should also ‘forget’ gradients that have been computed too long ago.

So now do updates as
Up+1 = U — PUg
where
V= @J(u;& + ’Y@J(uk_ﬁ + VQ@J(uk_ﬂ + ...+ ’ykﬁj(uo)
= VJ(Uk) + YUE-1,
for some v € (0, 1). Typically, v = 0.9 or v = 0.99.
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Interpretation

(a) SGD without momentum (b) SGD with momentum

» Gradient descent is a man walking down a hill. He follows the steepest path
downwards; his progress is slow, but steady.

» Momentum is a heavy ball rolling down the same hill. The added inertia acts both as
a smoother and an accelerator, dampening oscillations and causing us to barrel
through narrow valleys, small humps and local minima.
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Pseudo code for gradient descent with momentum

» Choose an initial guess 1y and set vy = 0.

» Choose a step size § > 0 and momentum parameter v € (0, 1).
» for k =1:max_iters

> forj=1:1

Select randomly an index i € {1,2,...,1}

Compute gy = IV J;(uyg).

Set vy = gg + Yvg

Set Uy = Uy — 5’00.

vvyyy
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Pseudo code for gradient descent with momentum (alternative)

The iterations .
Upy1 = U — Py, v = VJ(up) + yvr—1
can be rewritten as .
Ukl = Uk — BVJ@%) + v(uk — uk_l).

» Choose an initial guess uy = 0 and set u; = uy.

» Choose a step size § > 0 and momentum parameter v € (0, 1).
» Select randomly anindex i € {1,2,...,1}.

» for k =1:max iters

> forj=1:1

> Select randomly an index i € {1,2,...,1}
> Compute g1 = IV J;(uy).

> Set u2:u1—591+’y(u1—u0).

> Set Ug = Uq-

> Set u; = uo.

D.W.M. Veldman - DCN - A Practical Introduction to Control, Numerics and Machine Learning
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Example: 100 epochs of stochastic gradient descent with momentum
Training of a ResNet with 100 hidden layers in R? on 64 data points.

GD (adapt)
%0 GD (fixed)
80 39% o GD (adapt) | 12.9 s
minibatc -
momentum GD (flxed) 70 S
0 SGD 1115

minibatch | 10.1 s
momentum | 11.0 s

(o]
o

loss function
(&)
o

I
o

10 20 30 40 50 60 70 80 90 100
number of iterations
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Example: 100 epochs of stochastic gradient descent with momentum

1. i
1F @ « .
b0 0| &
o
HND_ IS %/DD )
P 3
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ADAptive Moment estimation (ADAM)

|ldea: estimate the first and second moment of the gradient,
l.e. estimations m; and v;. such that

my, ~ B[V (ug)], O ~ E[VJ (ur) © VI (ug)],

where  denotes the component-wise product of vectors.
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ADAptive Moment estimation (ADAM)

|ldea: estimate the first and second moment of the gradient,
l.e. estimations m; and v;. such that

my, ~ B[V (ug)], O ~ E[VJ (ur) © VI (ug)],

where  denotes the component-wise product of vectors.

Then the update is computed as

~

my
Ug+1 = Uk — 5ma
for some (small) £ > 0. Note that
» the square root in \/7;, is computed component-wise,
» the division in m;/(1/0) + €) is computed component-wise.
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ADAptive Moment estimation (ADAM)

|ldea: estimate the first and second moment of the gradient,
l.e. estimations m;, and v;, such that

my, ~ B[V (ug)], O ~ E[VJ (ur) © VI (ug)],

where  denotes the component-wise product of vectors.

Then the update is computed as

3 my

U =UuUy — Pp—F/—,
o ’ Vi + €
for some (small) £ > 0. Note that

» the square root in /v, is computed component-wise,
» the division in my/(\/?) + €) is computed component-wise.

Observe that if m; = VJ(ug), 0y = VJ(ug) © VJ(ug), and e = 0,
the update reduces to uj4; = uip — Osign(VJ (ug)).
Note that —sign(V J(uy)) is a descent direction because

(VJ(ug), —sign(VJ(ug))) = —|VJ(ug)]; <0.
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Estimation of the first and second moments

Define m;, as
my = (1 — 61)@
=(1-5 )?J( k) + Bimg_1.

(ug) + Br(l — B1)V I (ug—1) +

-+ By (L= B1)V T (uo)
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E[V.J(u))(1 - B1) Z B +0(B)

7=0

Estimation of the first and second moments

Define m;, as
I my = (1 — 51)? (u) + B1(1 = BV I (we—1) + - .. + BT (1 — B1) VI (uo)
= (1= B1)VJ(ug) + frmy—1.
I Note that 3 3
E[|VJ(ur) = VI (ue-1)|] = O(B).
Therefore,
k k
Elmy] =E |(1- 1)) 8 'VJ(u)| =E {(1 =B > B VI (w) +0(B)
=0 §=0

= E[VJ(w)](1 - 87) + O(B).
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Estimation of the first and second moments
Define m;. as

my, = (1 — B1)VJI(up) + Bi(1 — BV I (up_1) + ...+ 811 = B1)V.J ()
= (1 = B)VJ(uk) + Brm-1.
Note that ~ B
E[|VJ(ug) = VJ(up-1)]] = O(B).
Therefore,

E[mk] =

k
(1—81)Y BTV I(uy)
j=0

2
- {(1 —B1) > BTV I(w) + O(B)

J=0

= E[VJ(u)l(1 = 51) Y 87 +0(8) = EVJ(up)](1 = B + O(3).

=0
Practical implementation:
mi = (1 — B1)VJ (up) + Bimy_1, my, = %
And similarly for the second order moments: 1
ve = (1= B)VJ(ur) ® VJ (ug) + Bovg_1, B = 1_”—26“
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Pseudo code for gradient descent with momentum

» Choose an initial guess uy and set my = 0 and vy = 0.
» Choose a step size > 0 and momentum parameter v € (0, 1).
» for k =1:max_iters

> forj=1:1

Select randomly an index ¢ € {1,2,...,1}
Compute gy = IV J;(uyg).

Setmy = (1 — 61)90 + [B1my.

Set vy = (1 — B2)g0 © go + B2vo.

Set moy = mo/(l — ﬁ{f)

Set vy = U()/(l — 55)

Set Ugp = Uy — 57710/(\/’5_04— 5).

vVvvyvVvyVYYVYYy
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Example: 100 epochs of stochastic gradient descent with momentum
Training of a ResNet with 100 hidden layers in R? on 64 data points.

GD (adapt)
90 | GD (fixed)
80 15 SGDb ) GD (adapt) | 129 s
I minibatc .
e GD (fixed) | 7.0s
70 | ADAM SGD 111s
_ minibatch | 10.1s
g R0} momentum | 11.0 s
5 50 ADAM 11.1s
n
n
o
10 20 30 40 50 60 70 80 90 100
number of iterations
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Example: 100 epochs of stochastic gradient descent with momentum

1. i
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o
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