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Practical course: modeling, simulation, optimization

Lecturer:
» Dr. Daniél Veldman (e-mail: daniel.veldman@math.fau.de)

Main objective

Gain practical experience in modeling, simulation, and optimization for physical systems
governed by partial differential equations.

Main topics:

» Modelling, analysis, simulation and/or optimization of problems in engineering or the
natural sciences

» Numerical algorithms for partial differential equation models (finite differences, finite
elements, etc)

» Continuous optimization and optimal control

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Structure

12 lectures divided over 3 parts:
Part I: Finite differences (FD)
Lecture 1: 1-D Poisson equation
Lecture 2: 2-D Poisson equation
Lecture 3: Time-discretization
Lecture 4: Advection-Diffusion equations
Part II: Finite elements (FE)
Lecture 5: Finite elements in 1-D
Lecture 6: Finite elements in 2-D
Lecture 7: 2-D elasticity
Lecture 8: Beam models
Part Ill: Optimization
Lecture 9: Static optimization and gradient descent
Lecture 10: Hessians and step size selection
Lecture 11: Dynamic optimal control
Lecture 12: Control of neural ODEs

For each lecture there is a corresponding MATLAB exercise.
There are also 3 bonus MATLAB questions for each part covering some extensions.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Continuum mechanics

Do not model individual molecules but instead consider averaged quantities.

= — x
3 -2 -1 0 1 2 3 4

Figure: The coordinate system for a 1-D continuum with an example distribution of molecules [Roberts, 1994]

Examples:

» mass density p(x) [kg/m’] instead of positions of individual molecules
» temperature T'(x) [K] instead of kinetic energy of individual particles.

Note: The continuum assumption is only justified when the representative physical

length scale L [m] is much larger than the mean free path length of molecules )\ [m],
i.e. when

A
B = — 1
"I <5

where Kn is the Knudsen number.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 6
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Conservation of mass

outflux

¢(t,b)

Figure: A slice of a 1-D continuum to investigate the conservation of mass (from [Roberts, 1994] but edited)

The mass m(t) [kg] in [a, b] changes only because of the mass fluxes ¢(-, a) and ¢(-, b)
[kg/s]: 5
m
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Conservation of mass

outflux

¢(t,b)

Figure: A slice of a 1-D continuum to investigate the conservation of mass (from [Roberts, 1994] but edited)

The mass m(t) [kg] in [a, b] changes only because of the mass fluxes ¢(-, a) and ¢(-, b)
[kg/s]: 8
m
Using the fundamental theorem of calculus, we find
b Op b 8¢
b oy ) 4o = /
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Conservation of mass

outflux

¢(t,b)

Figure: A slice of a 1-D continuum to investigate the conservation of mass (from [Roberts, 1994] but edited)

The mass m(t) [kg] in [a, b] changes only because of the mass fluxes ¢(-, a) and ¢(-, b)
[kg/s]: 8
m

Using the fundamental theorem of calculus, we find

/bg'j(t ac)dx——/b&b x) dx.

Because this holds for any interval [a, b] in the domain €2 = [0, L|:

Conservation of mass in 1-D

op 09
&(t,@ = _&c(t ).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Completing the model

dp 0o
t ——(t

I Gt( v) = (9:0( z).

To complete the model, we need a constitutive relation

that relates the mass flux ¢(t, x) [kg/s] to the mass density p(t, x) [kg/m].

Two commonly used constitutive relations:

o(t,x) = —k(t, x)gg(t, T).

The coefficient x(t, z) [m?/s] is called the diffusivity.
‘Mass flows from locations with high concentrations to locations with low concentrations’

Advective transport

o(t, ) = vlt, 2)p(t, o).
The velocity field (¢, z) [m/s] is given.
‘Mass flows along the velocity field v (¢, z)’

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Energy conservation

oulflux

q(t,b)

1
@)
=
O
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Figure: A slice of a 1-D continuum to investigate heat conduction (from [Roberts, 1994] but edited)

The internal energy U (t) [J] in [a, b] only changes because of the heat fluxes ¢(-, a) and
q(-, b) [W/m?] and the heat /° Q(z) dz [W] generated inside [a, b]:

ou = Aq(t,a) — Aq(t,b) + /ab Q(t, ) dz.

ot

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Energy conservation

oulflux

q(t,b)

Figure: A slice of a 1-D continuum to investigate heat conduction (from [Roberts, 1994] but edited)

The internal energy U (t) [J] in [a, b] only changes because of the heat fluxes ¢(-, a) and
q(-, b) [W/m?] and the heat /° Q(z) dz [W] generated inside [a, b]:

ou = Aq(t,a) — Aq(t,b) + /ab Q(t,x) dx

Using the fundamental theorem of calculus, we find

ot
/ab ag;u(taﬂ?) dr = /ab( qu(t z) + Q(t, x)) dz.

X
Because this holds for any interval [a, b] in the domain 2 = [0, L]:

Energy conservation in 1-D

0py B dq
Put,2) = ~A22 (t,2) + Q(t, ).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Completing the model
0Py Jq
t,x)=—A—(t,x)+ Q(¢t
() = —AZ (t,2) + Qlt, ).

We again need constitutive relations to complete the model.

Fourier’s law of heat conduction

oT
t —k—(t
qt, ) = —ko_(t, ).
The coefficient k£ [W/m/K] is the thermal conductivity and T'(¢, x) [K] is the temperature.

‘Heat flows from locations with high temperatures to locations with low temperatures’

Internal energy

pu(t,x) = cAT(t, ).
The coefficient ¢ [J/K/m?] heat capacity per unit length.

D.W.M. Veldman - DCN -

Practical Course: Modeling, Simulation, Optimization
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Finite differences

Suppose we want to approximate the solution u(x) of the boundary value problem

2
@)+ @) =0, ve(0,L)
du
1

u(0) =0, L)=0.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Finite differences

Suppose we want to approximate the solution u(x) of the boundary value problem

3;2‘@) + f(z) =0, ve(0,L),
u(0) = 0, jz(L) 0

Introduce an M-point grid in the interval |0, L] with a grid spacing Az = L/(M — 1)

Ax Ax Ax
o @ @ @ @
r1=0 22 I3 LTM-1 z)py = L

Also introduce f,, = f(x,,) and the approximation u,, ~ u(z,).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Finite difference approximation (2nd derivative)
We want to write a system of equations in terms of f,, (= f(x,,)) and u,, (= u(z,,)).
Observe that (for u € C*([0, L]))

u(r + Azr) = u(x) + Aazjz( )+ <A2x>23§2(a:) + (A6 )3j§3( z) + O((Az)Y),
u(x — Azx) = u(x) — Aazjz( )+ (Aj) sz(x) - (A6) jx?’( )+ O((Az)h).

Adding these two equations:
d2u

u(x + Az) + u(z — Az) = 2u(x) + (Az)* dr2

(@) + O((Ax)).
Rearranging and dividing by (Az)? yields

d*u, . u(r+ Az) —2u(z) + u(z — Ax)

+ O((Az)?).

dx? (@) = (Ax)?

du Ums1 — 2Up, + Upp—1
—2<55m) ~
dx (Ax)?

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 13
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Finite difference approximation (1st derivative)
We want to write a system of equations in terms of f,, (= f(x,,)) and u,, (= u(z,,)).

Observe that (for v € C*([0, L]))

du (Az)? d%u (Az)? d®u )
e+ Ax) = u(w) + a0 a) + O Tl + By L og(an)),
du (Az)? d*u (Az)? d*u

u(x — Ax) = u(x) — Aazdx( T) +

Subtracting these two equations:

SRR T AC A

u(r + Ax) —u(r — Az) = QAxdu( )+ O((Az)?).

dx
Rearranging and dividing by 2Axz yields

du . u(x + Az) — u(z — Ax)

+ O((Az)%).

2Ax

du -~ Um+1 — Um—1

2A\x

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Intermezzo: left- and right-sided finite differences
For right-sided finite differences, observe that

u(z + Ar) = u(z) + Ar—(z) + O((Ax)?).

Rearranging yields

Right-sided finite differences

Note: the error in left- and right-sided finite differences is O(Az), not O((Ax)?)!

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 15
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Boundary conditions
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Boundary conditions
T i)+ 1o = € (0.1) it = 2+
X m+1 — m m—
d2 ) ) +1 . 1 4 fm —0
du . Ax
0) =0 (L) =
u(0) = 0, dx< )
Introduce two fictitious ('ghost’) points xy and x /1.
Ax Ax Ax Ax Ax
® - ° o -
Lo 1 = T2 T3 Tl xy = L 95M+1

Two additional equations for the boundary conditions:

» For the boundary condition $%(L) = 0, we use that

du w(xparer) — u(xpr—1)
dx<L) - 2Ax

- O(AxQ),

» The boundary condition «(0) = 0 becomes u; = 0.

UM4+1 — UM—1
2A\x

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization



FRIEDRICH-ALEXANDER
UNIVERSITAT

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

Department of =1\
DATA SCIENCE o

ERLANGEN-NURNBERG
NATURWISSENSCHAFTLI CHE
FAKULTAT

Matrix formulation (implicit formulation for the BCs)

We now have a set of M + 2 linear equations:

Um+1 — 2um + Up—1
A 4 f =0, (m=1,2,..., M),

UM+1 — UM -1
Uy = 0, = 0.

Ax

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Matrix formulation (implicit formulation for the BCs)

We now have a set of M + 2 linear equations:

Um+1 — 2um T Um—1

A2 + fn =0, (m=1,2,..., M),
UNM+1 — UM-1
=) = 0.
ul ) ACE
Write these equations in matrix form

0 Az2 0 0 0 0 0 01w ] [ O 0]

1 =2 1 0 0O 0 0 0 Uy i 0

0 1 -2 1 0O 0 0 0 Us f 0

| 0 0 1 =2 0O 0 0 0 Us fs 0
— | : " : : : + : = |:.

Azl 0 0 0 2 10 0| uysl |fusl 0

0 0 0 0 1 —2 1 0 UM -1 fM_1 0

0O 0 0 0 0 1 =2 11| uy fu 0

0 0 0 0 0 =52 0 2% |uyga) | O 0|

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 17
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Matrix formulation (towards an explicit formulation for the BCs)

0 Az 0 0 0 0 0 077[ ug |
1 -2 1 0 0O 0 0 0 Uy
0o 1 -2 1 0O 0 0 0 Uo
| 0o 0 1 =2 o 0 0 0 U3
Ax*ly 0 0 0 21 0 0 |uys
0 0 0 0 1 —2 1 0 Up—1
0O 0 0 0 0 1 =2 11| uy
0 0 0 0 0 =22 0 57 [uarg)
Step 1:
» The first equation states that u; = 0 (first row) =
» The last line states that u;.1 = w1 (last row) =

= Delete the first and last row.
= Delete the second and last column.

Step 2:

» We are not interested in the value u, because x is a fictitious (ghost) node.

» 1w, only appears in the first equation.
= Delete the first row and column.

0

fi

fo

f3

a2

fr—1

fum
0

co oo

I=E=k=E=E=

we can eliminate wu;.
we can eliminate uj;. .

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Matrix formulation (explicit formulation for the BCs)

(Following the steps from the previous slide)

—2 1 0 0 0 i U9 ] [ f2 ]

1 =2 0 0 0 Us f3
L] : :
A2| 0 0 =2 1 0 | |uars| | fare

0 0 1 =2 1 UM =1 fM—l

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Matrix formulation (explicit formulation for the BCs)

(Following the steps from the previous slide)

—2 1 0 0 0 ([ u | [ fo] 0]

1 =2 0 0 0 us f3 0
I o : ;
A2 |0 0 =2 1 0 | |uaro| T | fare| " 0]

0 0 1 =2 1 |luya|  |fueal 0

Both the explicit and implicit formulation lead to a linear system of the form
Au+f=0.
This system can be solved to determine u.

The implicit formulation for the BCs contains M + 2 unknowns.
The explicit formulation for the BCs contains M unknowns.

In the implicit formulation, u contains the fictious (‘ghost’) values uy and w7 1.
In the explicit formulation, u does not contain uy and wy, .

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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What about convergence?

Two ingredients:

1) A continuous (ODE, PDE) problem

2) A numerical (FD) scheme
with a continuous solution u(x).

with a discrete solution u.

F(u)=0. Fa,(u) =0.

In our example, F(u) = &4 + f. In our example, Fa,(u) = Au + f.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 21
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What about convergence?

Two ingredients:

1) A continuous (ODE, PDE) problem 2) A numerical (FD) scheme

with a continuous solution u(x). with a discrete solution u.
F(u)=0. Fa,(u) =0.

In our example, F(u) = &4 + f. In our example, Fa,(u) = Au + f.

Let u(x) denote the continuous solution evaluated in the grid points.

What can we say about the error e = u — u(x) when Ax — 0?

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 21
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What about convergence?

Two ingredients:

1) A continuous (ODE, PDE) problem 2) A numerical (FD) scheme

with a continuous solution u(x). with a discrete solution u.
F(u)=0. Fa,(u) =0.

In our example, F'(u) = ji% + f. In our example, Fa,(u) = Au+f.

Let u(x) denote the continuous solution evaluated in the grid points.

What can we say about the error e = u — u(x) when Ax — 0?

Definition (Convergent numerical scheme)

The numerical scheme is convergent if the error ||e|| — 0 when Az — 0.

Note: the problem is subtle because the number of elements in e grows when Az — 0.
Convergence in one norm does not (always) imply convergence in another norm!

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 21
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Two criteria for a convergent scheme

Two ingredients:
1) A continuous (ODE, PDE) problem 2) A numerical (FD) scheme
with a continuous solution u(x). with a discrete solution u.
I F(u) = 0. Fa.(u) =0.

Let u(x) denote the continuous solution evaluated in the grid points.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 22
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Two criteria for a convergent scheme

Two ingredients:
1) A continuous (ODE, PDE) problem 2) A numerical (FD) scheme
with a continuous solution u(x). with a discrete solution u.
I F(u) = 0. Fa.(u) =0.

Let u(x) denote the continuous solution evaluated in the grid points.

Theorem (Lax)

The numerical scheme is convergent if it is both
» consistent and
» stable.

Definition (Consistent numerical scheme)

The numerical scheme is consistent iff Fa,(u(x)) = O(Ax?) for some p > 0.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Two criteria for a convergent scheme

Two ingredients:
1) A continuous (ODE, PDE) problem 2) A numerical (FD) scheme
with a continuous solution u(x). with a discrete solution u.
I F(u) = 0. Fa.(u) =0.

Let u(x) denote the continuous solution evaluated in the grid points.
Theorem (Lax)

The numerical scheme is convergent if it is both
» consistent and
» stable.

Definition (Consistent numerical scheme)

The numerical scheme is consistent iff Fa,(u(x)) = O(Ax?) for some p > 0.

Stability question: does Fa,(u) — Fa,(u(x)) = O(Az?) imply u — u(x) = O(Ax?)?

Definition (Stable numerical scheme (for a static problem))

The numerical scheme is stable if there exists a constant K independent of Ax s.t.

u—u(x)] < K|Faz () — Fas(u(x))

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Consistency (the easy part)

By Taylor’s theorem, we have

du Az? d2u Az d3u Azt d*u n
U(Ty11) = w(T) + Axda:<xm) + 22d§2($m> + 63d:§3($m> %401{54( m)s
du Axd“u Ax® d>u Ax*d*u
m—1) — m — Ax— m Y 1 o\m) T T 7 2\dm a4 14 )
(1) = ) — A5 () + ) — )+ e )

for certain £ € [z, Tpi1] @nd & € (21, ).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Consistency (the easy part)

By Taylor’s theorem, we have

du Az? d2u Az d3u Azt d*u n
U(Ty11) = w(T) + Axdx@m) + 22d§2<$m> + 63dzg?’($m> 244%4( m)s
du Axd“u Ax® d>u Ax*d*u
m—1) — m — Ax— m Y 1 o\m) T T 7 2\dm a4 14 )
(1) = ) — A5 () + ) — )+ e )

for certain £ € [z, Tpi1] @nd & € (21, ).
Adding these two equations shows that

W(Tpsr) + w(Tm_1) = 2u(xy) + Az*— (T) + ——

d2u Azt (d*u
da?
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Consistency (the easy part)

By Taylor’s theorem, we have

du Az? d2u Az d3u Azt d*u
U(Ty11) = w(T) + Al’dx@m) + 22d2xg<$m> + 63d:§3($m> 244d”?f4( m);
du Axd“u Ax® d>u Ax*d*u
m—1) — m — Ax— m Y 1 o\m) T T 7 2\dm a4 14 )
(1) = ) — A5 () + ) — )+ e )

for certain £ € [z, Tpi1] @nd & € (21, ).
Adding these two equations shows that

d2u Azt (d*u d4u
U(Tpr1) + w(Tp-1) = 2u(Ty) + sz(w(xm) +— ( *

Rearranging shows that
W(Tmi1) — 2u(xy) +u(z, 1)  d*u
Ax? da?

Note that ﬁ;(xm) + f(z;,) = 0.
Similarly, we can check that u(z) also satisfies the discretized BCs up to O(Az?).
Therefore,

() = O(Az?).

Au(x) +f = O(Az?).
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Stability (the hard part)

By definition of u

Au+f=0.

From the previous slide

Au(x) +f = O(Ax?).
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By definition of u

Therefore also,

Au+f=0.

Stability (the hard part)

From the previous slide

Au(x) +f = O(Ax?).

A(u—u(x)) = Ae = O(Ax?).
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Stability (the hard part)
By definition of u From the previous slide
Au—+f =0. Au(x) +f = O(Az?).

Therefore also,
A(u—u(x)) = Ae = O(Ax?).

But we need to bound |e|, not |Ae|!

Stability: there exists a constant K independent of Ax such that |e| < K|Ae|.
(in which norm | - |?)
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Stability (the hard part)

By definition of u From the previous slide
Au+f=0. Au(x) +f = O(Ax?).
Therefore also,
A(u —u(x)) = Ae = O(Az?).

But we need to bound |e|, not |Ae|!
Stability: there exists a constant K independent of Ax such that |e| < K|Ae|.
(in which norm | - |?)

It can be shown that we can take the /*°-norm and K = %
The argument is based on the discrete maximum principle.

(see e.g. [L. Chen, Finite difference methods for Poisson equation])

We conclude there exists a constant C such that
u— u(x)]e < C(Ax)Q,
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