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4.A Motivation and preliminaries for von Neumann
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Motivation: we need information about (A)
- (t) = Au(t) + f(t), u(0) = uy.

f-scheme

1
E

uk+1 _ u/{:

NI (1—0) (Auk 4 fk) + 0 (Au"“rl s ka) : u’ = u.

The scheme is stable iff
11+ (1 — OANAL < |1 — ONAL, for all A € o(A).
Forward Euler (6 = 0) Crank-Nicolson (0 = %) Backward Euler (6 = 1)

1+ AAL <1 11+ IAAL < |1 — IXAY [1—AAt[ > 1

imaginary part
imaginary part
S o

imaginary part

real part real part real part
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Preliminary: Fourier Series

z =0 x =1L
Any function u(z) in L*([0, L]) can be written as

1 L
u(zr) = Z U, exp(i2mFn), Uy = z/o u(w) exp(—i2rin) dz.
ne

We effectively extend the function u(x) defined on [0, L] to a periodic function on R.
It therefore makes sense to compute the Fourier series of v(x) = u(z + Az).

1 L 1 L+Ax
Oy = z/ u(z + Az) exp(—i2rin) dr = —/ w(€) exp(—i2mt=2In) d¢
0

L Ax L
exp(i27r%n) / L+Az

7 u(§) exp(—iQW%n) d¢ = exp(i2m5En)i,
Az

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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A key observation

Shifting property

Extend v € L*(|0, L]) to an L-periodic function on R and consider v(z) = u(x + Az).
Then

b = exp(i2m5En )i,

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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A key observation

Shifting property

Extend u € L*(]0, L]) to an L-periodic function on R and consider v(z) = u(z + Ax)
Then

1
o2

S

I

£

b = exp(i2m5En )i,

Now consider
w(z) = ulx + Ax) — 2u(z) + u(x — Az)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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A key observation

Shifting property

Extend v € L*(|0, L]) to an L-periodic function on R and consider v(z) = u(x + Az).
Then

b = exp(i2m5En )i,

Now consider
w(z) = ulx + Ax) — 2u(z) + u(x — Az)

Question: what is the Fourier series (1,),cz?

) Wy, = (exp(i2m5Ein) — 2 + exp(i2w5in)) G,
) W, = (cos(2mEEin) — 2) @
C) y, = 2 (cos(2m5En) — 1) 4y,
) W, = —4sin?(r5<n)d,
) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 5
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Preliminary: Fourier Series

=0 x =1L
Any function u(z) in L*([0, L]) can be written as

1 L
u(z) = Z i, exp(i2mEn), Uy = Z/o u(w) exp(—i2rin) dz.
nez
For two functions u, v € L*([0, L]) with Fourier series {4, },cz and {9, },cz
[y e p— .
Z/o u(z)v(x) de = Z U Op,

nez

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Preliminary: Fourier series

For two functions u, v € L*([0, L]) with Fourier series {i,, },cz and {9, },cz
L

%/0 u(z)v(z) dz = Zﬁnﬁn

nez

Again consider
w(zr) =u(x + Azx) — 2u(z) + u(x — Ax)

and remember that 1, = —4sin?(75<n) .

Question: which is the most precise statement about

(u, w) = 7 /OL u(z)w(z) dx.

| < 4w, u)

€ [0,4(u, u)]

€ [—4(u,u), 0]

€ [—4sin®(r5En)(u, u), 0]

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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4.B Von Neumann stability analysis
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The rough idea in von Neumann stability analysis
Consider a diffusion process

0 02
T(t ) = ot x) + flta),  (ta) € (0,T) x (0, L),
ot Ox?
As the result of a FD discretization, we obtain a system of ODEs for the free DOFs
d
d—‘tl(t) = Au(t) + £(t), u(0) = u,.

We need to bound o(A).

For 1-D finite differences of a Diffusion process, we have for most m that

(Au) _ Um+1 — 2um + Up—1

(Az)?

Based on the result on the previous slide, we therefore expect that
(u, Au) € [35(u.u). 0

Now suppose that u is an eigenvector, i.e. Au = Au, then

A{u,u) = (u, Au) € [(A4’; (u,u), 0], = A €[5 0).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Some remarks

into the numerical scheme.

» When we take the maximally oscillatory solution w,,, = (—1)", we see that

(Au) _ Uma1 — 2Up, + U1 _ —4K "

(Az)? (Az)?
which shows that the derived bound is sharp.

\@x A A

T = I3 IN-f oy = L

» To make the arguments precise we also need
> to consider the boundary conditions and
> to replace the Fourier series by the Discrete Fourier Transform (DFT).

» The relation between w,, and 1, is found by inserting the Fourier mode exp(z’Zw%n

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Discrete Fourier Transform
U9

un

— X T3 TN-1 —
r1 =0 2 rn=L
Ax Ax Ax
We now have a vector with samples u = [uy, us, us, ..., un_1, uy] "
N-1 |
— Z Uy, exp(i2mn), Uy, = ¥ Z Uy eXP(—12T51).
n=0 m=1

Shifting property
U = U1 = Oy, = eXp(iQW%n)ﬁn.

Parseval’s theorem
For two vectors u, v € CV with Discrete Fourier Transforms {¢,,}" = and {0, })
N N-1
1, 1

"N

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Higher dimensions
We can use similar ideas based on higher dimensional versions of the Fourier transform.

" : Az Ay
u(z,y) = Z Uy €XP (227 (Lxr + I, 3))

r,SEL

For a 2-D diffusion process

0 O*u o2
(r;;(t T,y) =k (8 2(75 T, y) + 0y12b(t’x’y)> + f(t,z,y).

We consider

u(r + Ax,y) — 2u(z,y) + u(r — Ax, y)

w(w,y) = Ay

w(z,y + Ay) — 2u(x,y) + u(x,y — Ay)
(Ay)? |

Wy = <(Ai)2(cos(2ﬂ%—fr) —1)+ (ALW(COS(QW%—SS) — 1)) Uy
We therefore typically (also depending on the BCs) get that

o(A) € [—4r (@ 5t (Aly)g) 0],

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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4.C Spatio-temporal discretization of advection problems
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Conservation mass

To complete the model, we need a constitutive relation
that relates the mass flux ¢(¢, z) [kg/s] to the mass density p(¢, x) [kg/m].

0
B(t,2) =~z (t,2)

1

oS
\.OF

=

|
QJ‘ b
E%A%
\.OF

=

The coefficient k [m?/s] is called the diffusivity.

Advective transport

o(t,x) =vp(t,x).
The velocity v [m/s] is given.

We can also consider combinations of these two constitutive relations:

_ Op dp e/ 0%p
o(t, x) = Ko (t,x) + vp(t, x), E(t’ T) = —v%(t, T)+ &@(t, T).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Advective transport

I Suppose we want to discretize the transport equation with v > 0:
0 0
5 (L) = —v=(t ), (t,2) € (0,T) x (0, L)
u(t,0) = g(t), u(0,x) = up(x).
Ax Ax Ax
>
o L d @ @

Naively, we would do the spatial discretization as

duy, Um+1(t) — Unm—1(?)
SO — t T L
dt () v QAZ' ) (,Qf)E(O, )X(O7 )7
uy(t) = g(t), U (0) = up(z),).
Now want to apply the Von Neumann stability analysis to the resulting A-matrix.
So consider

w(z) = u(x + Azx) — u(x — Az).
Question: what is the relation between the Fourier coefficients {w,, } ez and {, }nez?
A) W, = QCOS(ZWA‘”n)ﬁn, B) w, = QSin(QﬂAxn)ﬁn,

C) w,, = 2i cos(27r In)t, D)w, =2i Sm(27r In)a, E) None of the above.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 15
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Advective transport

Suppose we want to discretize the transport equation with v > 0:

ou ou
E(t,az) = —v%(t ), (t,2) € (0,T) x (0, L),
Ax Ax Az
<
° ° ® ® o
T = 0 ) X3 LTN-1 IN = L

Naively, we would do the spatial discretization as

dun, tm1(t) = um1(t)
) = A , (t,x) € (0,T) x (0, L),
wi(t) = g(t), um(0) = uo(zm).

Von Neumann stability analysis for the resulting A-matrix. So consider
w(x) = u(x + Azx) — u(x — Az).
Wy, = 2isin(2m5En)d,. So Im(A(A)) € [52, 2.
The proposed discretization is always unstable for Forward Euler!

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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A possible solution: the Lax-Friedrich scheme

k k k
2u’m—i_1 N (um+1 + um—l) _ _,qun—kl o uﬁl—l
2Nt 2Ax

Note that w(ts, 2,1 1) + u(ty, Tpm_1) = 2u(ty, ) + O((Az)?).

It can be shown that this scheme is stable for At < %

(because this is not a #-scheme we would need to check the analysis in the previous
lecture again to prove this)

see also Allaire, Lemma 2.3.2, page 53

There are many other schemes for advection problems. For example Lax-Wendorf.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Another solution: upwinding

t,x) = —v%(t,x), (t,z) € (0,T) x (0, L),
u(t,0) = g(t), u(0, ) = up(x).

Idea: the solution u(t, z) = h(x — vt) is constant along characteristics.

~

N
%
| S
QO
S

s

~

x =0 r =1L X
When we choose At and Ax such that vAt = Az, we have u(ty 1, Tma1) = u(ty, Tm)-
Consequently,
u(tk—l—la xm) - ’U/(tk, xm) _ vu(tka xm—l) - U(tk, xm) _ _vu(tka xm) _ U(tk, xm—l)
At Ax Ax

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization



= Department of ==
D =

I ERLANGEN-NURNBERG
ATA SCIENCE ES———
FAKULTAT

FRIEDRICH-ALEXANDER

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

Upwinding

Based on the previous slide, we would try to do the spatial discretization as

dum Um<t> — um_1<t)
W(t) = =0 Ar ; (t,z) € (0,T) x (0, L),
ui(t) = g(t), U (0) = g ().

Now want to apply the Von Neumann stability analysis to the resulting A-matrix.
w(z) = u(xr) —u(rx — Az) = W, = (1 — exp(—i2w5En)) Gy,
Observe:

» The eigenvalues of A are in a disk with center (—v/(Az),0) and radius v/Ax.

» When v > 0 (‘'upwinding’), all eigenvalues of A have negative real part
= Crank-Nicolson and Backward Euler are stable.

» When v < 0 (‘downwinding’), all eigenvalues of A have positive real part
= all #-schemes are unstable.

» Forward Euler is stable when

A<—
tA:z:

This is also called the Courant—Friedrichs—Lewy (CFL) condition.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 19
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4.D Spatio-temporal discretization of advection-diffusion
problems
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Suppose we want to discretize the advection-diffusion equation
ou ou 0%u
—(t,x) = —v—I(t,2) + k=—=(t, x t,x) € (0,1) x (0, L),
5 (1:0) = —vo(t,2) + K55t @), (t,) € (0.7) x (0, L)

We again consider centered finite differences

A, Ut () = U1 (t) U1 (B) = 2 () 4 U1 (2)
W= oAz T (Az)? |

For the Von Neumann stability analysis, we thus consider
w(x) = —Pe (u(x + Az) —u(z — Az)) + (u(z + Az) — 2u(z) + u(x — Ax)).
where

vAx
ok

Pe =

is called the mesh Péclet number
Question what is the relation between the Fourier coefficients {w,, },ez and {4, }nez?
= (—Pesin( QWAxn) + (COS(QWAxn) —2)) Gy,
wn = (—Pesin(2r5n) + 2(cos(2m5En) — 1)) @,
= (—2Pesin( 27?“71) + (cos( 27TA“’n —2)) Gy,
D) Wy, = (—2Pe sm(27rmn) + 2(cos(27r n) — 1)) ay,

E) None of the above.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 21
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Advection-Diffusion
Suppose we want to discretize the advection-diffusion

ou ou 0%u
5 —(t,x) = —U%@ x) + /ﬁ:w(t T), (t,z) € (0,T) x (0, L),

We again consider centered finite differences

dum . um+1(t) — um_1<t> Um+1<t) — Qum(t) + um_1<t>
W(t) - 2Ax T (Ax)? ’

For the Von Neumann stability analysis, we thus consider
w(x) = —Pe (u(x + Az) — u(x — Az)) + (u(z + Az) — 2u(z) + u(z — Ax)).
where

Pe = @
2K

is called the mesh Péclet number

W, = (—i2Pesin(2r5n) + 2(cos(2m5En) — 1)) @
Observe:

» The real part of the eigenvalues of A is always negative
= the Crank-Nicolson and Backward Euler schemes are unconditionally stable.
» It can also be verified that Forward Euler is stable when |Pe| < 1.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 22
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The mesh Péclet number and steady state solutions

One should always keep Pe < 1. When Pe > 1, the steady-state solutions of our
discretization contain spurious oscilations.

Example
du d2u
—v—+ k— =0, uw(0) =1, uw(L) =0
1 TR (0) (L)
Convection—Diffusion: Pe =2.5
1.5

x/L

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 23
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Analysis of the picture on the previous slide
Consider again the example:

du d2u
U + Ko g = 0, u(0) =1, u(L) =0
Discretization with centered finite differences:
Um+1 — Um—1 Um+1 — 2um + Ump—1
— K =0,
Ax (Ax)?

—Pe (Uma1 — Um—1) + (Ums1 — 2Upm + Upm—1) = (1 — Pe)up1 — 2wy, + (1 4+ Pe)uy, 1 =0,
Observe that u,, = uuy satisfies the FD scheme iff
1 + |Pe|
1 —Pe
Therefore, any steady state solution of the FD-scheme is of the form
Um = (u=)"ug + () "ug
for some constants u; and v that are determined by the BCs.

(1 — Pe)u® — 2u + (1 + Pe) =0, & pt =

We conclude that u,,, contains oscillations when either

p— < 0orpy <0, & |Pe| > 1.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 24
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Connection to upwinding

Recall the upwinding scheme for the advection equation we considered before:

Ay, Uup(t) = wpm—1(t)
W< )=V QAT ’

Observe that

Um — Um—1 = %(umjtl - um—l) - %(umjtl — 22Uy, + um—l)

Inserting this in the upwinding scheme, we find

dum (t) _ _vum+1(t) — um_1<t> n vum+1(t) - 2um(t) + um_1<t>

dt 4Ax 4Ax ’
So the upwinding is equivalent to the centered differences scheme with
*A 1
v* = %v, K= %vAx, Pet — -8~
2K* 2

Because |Pe*| < 1, we indeed expect the upwinding scheme is stable for all §-schemes.

Important observation: upwinding leads to ‘numerical’ diffusion.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Similar effects play a role on higher-dimensional spatial domain.

In higher dimensions, we can compute the Mesh Péclet number as

|v|max{Ax, Ay, ...}
2K '
It is then also advisable to keep |Pe| < 1 to avoid spurious oscillations.

Pe =

D.W.M. Veldman - DCN -

Practical Course: Modeling, Simulation, Optimization 26
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