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5.A The weak form in 1-D
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The weak form

it = =g (¢ (Lt 50.0) ) + e

(e.g. o(t, z, u(t, z), %(t, z)) = v(t, x)u(t, z) — k(t, 2)2).

u(t,0) =0, o(t, L) =0, u(0, ) = up(x).

Suppose we want to discretize the following 1-D conservation law by finite elements

€ (0,L), (1a)
(1b)
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Suppose we want to discretize the following 1-D conservation law by finite elements

g:(t r) = (% (gb (t,:c,u(t, x),%(t,x))) + f(t, x), z e (0,L), (1a)
u(t,0) =0, o(t, L) =0, u(0, x) = up(x).
(e.g. o(t, z, u(t, z), %(t, x)) =v(t, x)u(t,r) — K(t, x)a—g).

For simplicity, we write ¢(t, z) for ¢(t, z, u(t, ), 34(t, x)).
Multiply by a test function w(x) and integrate from x = 0 to z = L:

/oLw( g?(t r)dr = — /OLUJ(I')%@,:U) dz + /OLw(fB)f(ta z) dz.

(1b)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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The weak form
Suppose we want to discretize the following 1-D conservation law by finite elements

g:(t T) = (% (gb (t,x,u(t,x),%(t,x))) + f(t, x), r € (0,L), (1a)
u(t,0) =0, o(t, L) =0, u(0, ) = up(x). (1b)

(€.9. Blt, x,ult, x), 22(t, 2)) = v{t, 2)ult,x) — Kt z)20).
For simplicity, we write ¢(t, z) for ¢(t, z, u(t, ), 34(t, x)).
Multiply by a test function w(x) and integrate from x = 0 to z = L:

/oLw( >(27Z(75 r)dr = — /OLIU(@%@,:C) dz + /OLw(fB)f(ta z) dz.

IRE 19211, ) o = w(a)o(t, ) - / (@)t ) dr = - / W (@)olt, ) d

Weak solution of the problem (1)

A weak solution u(t, z) € L*(0,T; V) of the problem (1) satisfies

| )21, ) d = / W (@)o(t, ) dz + | @ty de, w00 = w)

for all w(z) € V = {w € H(0,L) | w(0) = 0} and almost all time instances t.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 3
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An example: heat conduction

Consider the following 1-D diffusion problem

ou 82’&

a(t, 37) = lﬁ)m(t $)8+ f(ta $)7
Uu

u(t,0) =0, 0x(t L) =

0,

xr € (0, L),

u(0, ) = up(x).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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An example: heat conduction

Consider the following 1-D diffusion problem

ou 0%u
a(ta 33) — lﬁ)m(t $>a+ f(t,ﬂ?), S <07 L)7
ult,0) =0, aZ(t L) =0, (0, ) = ug(z).

Multiply by a test function v(x) and integrate from x = 0 to x = L:

/OLw(SC)?Z(t r)dr = &/OL (z )g?;(t x) dxr + /OLw(:c)f(t,x) dr.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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An example: heat conduction

Consider the following 1-D diffusion problem

ou 0%u
5@7 I’) — lﬁ)m(t aj)a_}_ f(t,ﬂ?), S (07 L)7
ult,0) =0, 8Z(t L) =0, (0, ) = ug(z).

Multiply by a test function v(x) and integrate from x = 0 to x = L:

/OLw(SC)?Z(t r)dr = &/OL (z )gig(t x) dxr + /OLw(:c)f(t,x) dr.

Use integration by parts and the BCs we may rewrite the first term on the RHS

L 0%u ou L Ldw, ou
| w@)5s(ta) de = wiaygito

T a(az)%(t, x) dx.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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An example: heat conduction
Consider the following 1-D diffusion problem

ou 0%u
a(ta l’) — ﬁm(t aj)a_'_ f(t,ﬂ?), S (07 L)7
ult,0) =0, 8Z(t L) =0, (0, ) = ug(z).

Multiply by a test function v(x) and integrate from x = 0 to x = L:

/OLw(ZE)?Z(t r)dr = &/OL (z )g:;(t x) dxr + /OLw(:c)f(t,x) dr.

Use integration by parts and the BCs we may rewrite the first term on the RHS

L 0%u ou L Ldw, ou
| w@)5s(ta) de = wiaygito

— t,z) d.
So we arrive at following weak form

o a(ﬂf)%(

/Ow(:v)%(t,x) Ao = —x %@)22(,@ d:v+/0 w(z)f(t.z) da,

: u(0, ) = up(x),

forallw e V := {w € H*0, L) | w(0) = 0} and almost all time instances t.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Now consider the following heat conduction problem with a Robin BC
0 0?
a—?(t,x) = ma—Z(t x)+ f(t, x), x € (0,L),
0
ult,0) =0, —Ha—“@ L) = au(t, L), (0, ) = ug(x).
X
Question: What is the weak formulation for this problem?
A)
L O O L
/O () 22 (1, 2) do = —s O dx( ) ) +/0 w(@)f(t, z) dz.

u(0, z) = uo(x),
forallw € V :={w e H'(0,L) | w(0) = 0,%(L) = aw(L)} and a.a. time instances t.
B)

/0 w(x)%(t,x) dr=—s | ‘j‘;}( )27;( ) dz — aw(L)u(L) + /0 w(z) f(t, z) de,

u(0, x) = up(z),

forallw e V := {w € H*0, L) | w(0) = 0} and almost all time instances t.

C) None of the above.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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5.B Galerkin discretization in 1-D
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Galerkin discretization
We thus arrive at the weak formulation of our problem, for example

/O w(z )g;b(t o) do == | ix( )gz( )dx+/0 w(@)f(t, z) dz.

u(0, x) = up(x)
withu € L*(0,T;V)andallw € V = {w € H'(0, L) | w(0) = 0}.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization



epartment of =
ATA SC I E N C E - ?:;HETVX!FS; EEEEEEEEEEEEE

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

=D
D

Galerkin discretization
We thus arrive at the weak formulation of our problem, for example

/O w(z )g::(t ?) d:l}——/-i/O e )g;‘( )dzr;+/0 w(@)f(t, z) dz.
u(0, x) = up(x)
withu € L*(0,T;V)andallw € V = {w € H'(0, L) | w(0) = 0}.

The basic idea for a Galerkin discretization:

Replace the infinite dimensional space V' by an N-dimensional subspace Viy C V.
Note: Vy must be a subspace of V.

This thus leads to a solution uy € L?(0,T; V) which satisfies

L oun B Ldwy  Ouy L
/0 wn(@) 5t a) do = = | S @) S 1) d:c+/0 wn(z) f(t, 2) da,

un(0,z) = ugn(z),
forall wy € Vy.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 7



epartment of =
ATA SC I E N C E B - ?:;HETVX!FS; EEEEEEEEEEEEE

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

=D
D

Galerkin discretization
We thus arrive at the weak formulation of our problem, for example

/O w(z )g?:(t ?) d:lj——/-i/O e )g;‘( )dx+/0 w(@)f(t, z) dz.
u(0,z) = up(x)
withu € L*(0,T;V)andallw € V = {w € H'(0, L) | w(0) = 0}.

The basic idea for a Galerkin discretization:

Replace the infinite dimensional space V' by an N-dimensional subspace Viy C V.
Note: Vy must be a subspace of V.

This thus leads to a solution uy € L?(0,T; V) which satisfies

L oun B Ldwy  Ouy L
/0 wn(@) 5t a) do = = | S @) S 1) d:c+/0 wn(z) f(t, 2) da,

un(0,z) = ugn(z),
forall wy € Vy.
Two remarks:

» The choice of the subspace V determines whether u is a good approximation of w.

» The original initial condition uy(z) € L*(0, L) was replaced by ug y(z) € Vy.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 7
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Galerkin approximation: a basis for V'

We want to find the function uy € L*(0,7T"; Vy) which satisfies

/OL wN($)W(t,$) do = —/i/OL dg;N(as)agg(t,x) dx + /OL wy(x)f(t, x) dx,

un(0,z) = up n(z),

for all wy € Vy.

Choose a basis {N;(z), Na(x),...,Ny(z)} for Vy C V and define the row-vector

Because uy € L*(0,T; Vy) and wy € Vy, we can write
N
un(t,z) = Z N, (z)u,(t) = N(z)u(t), wy(z) = N(z)w =w' (N(:c))T
n=1

where u € L*(0,T;R") and w € R” is a column vector.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Galerkin approximation: Mass and stiffness matrices
I We want to find the function u € L%(0, T'; Viy) which satisfies for all w € R

L I .
I /0 wy(x )agtN t,z) doe = —,{/0 dgz;N(af)ﬁgg(t,x) dx+/0 wy(x)f(t,x) dz,

UN(()? .T) = UO,N<ZC)7
un(t, z) = N(z)u(?), wy(z) =w' (N(z))',
Substitute the expressions for u and wy into the above equations:

A

/0 w (N(z))" N(z ) Dde=—r [ w' dN( Jut) dz

X

Which can be rewritten as

du T T _
Edt() w Au(t) +w f(t), u(0) = uy,
where
B [ (NG@) N@)de, A=~ [ S5 (0) T o) do €6) = [ (N2)T fit,0)do

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Galerkin approximation: result

We obtained the following equation for u(¢) which should be satisfied for all w € RY

d
WTEd—?(t) =w' Au(t) +w'f(t), u(0) = uy.
Takingw = e, w=e€9, ..., W = ey,

we conclude that u(¢) is the solution of the following system of ODEs

Result of Galerkin approximation

du
where

E— [ (N@) N)ds, A= s [ (@) (@) da, £(t) = | @) st de

Observe: E is symmetric and positive definite, i.e. E=E'" and u' Eu > 0 for all u # 0.
Because the Laplacian is self-adjoint, A is symmetric and negative semi-definite, i.e.
A=ATandu'Au < (forallu

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 10
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Question 2

We take L = 1 and consider two shape functions:

N(z)=[1 =z|.
Compute .
E - / (N(z)) N(z) da
0

1
WE- |, |
B)E =3
-}
DE=1

E) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 11
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Question 3

We take L = 1 and consider two shape functions:

N(z)=[1 .

LANT  dN
A=— d
/0 dz () dz (@) dz

Compute

»
>
I
|
NOI— —
W=

C)A = —

IOOI
I}_\OI

D)A = —1

E) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 12
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Question 4

We take L = 1 and consider two shape functions and the loading

N@)=[1 1], flt,z)=2+1
Compute

Af(t)=[2+¢t 1+t

B) £(1) = (1+ 1) _2]

C)f(t)=(1+4t)[2 1]
D) f(t) =21

E) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization



FRIEDRICH-ALEXANDER

K— £~ Department of AT ansEna
ﬂ ;NADUNUMER'CS := DATA SCI ENCE NATURWISSENSCHAFTLICHE

FAKULTAT

5.C 1-D Finite elements
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Finite Elements

Most finite element models are Galerkin discretizations.
but a specific choice of basis functions N(x).

We start by dividing the domain (0, L) into M elements:
Ly Ly Ly Ly

L NV \J L \J
N N 4l ) N 7]

L
In 1-D, each element e corresponds to an interval [x._1, ] of length L..

A function vy € Vy is then of the form in element e

vy(x) = N° (M) v, T € [Te1, Tl

Le — Te—1
For example, we can choose

N = [1—¢ ¢, vezlvi] S NYE) = (1— )+ €05

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 15
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Finite elements: the function space (1/2)

We divide the domain (0, L) into M elements and take an linear function in each interval

1
o] Uy M2

.1/. 3 M—1 oM

Ul \2. /U2 UQ
_ M
2
L v L

I/ 1 \J/ L2 \J 2 I M-1 \J/ LM \J
D N 71 N N /]

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Finite elements: the function space (1/2)

We divide the domain (0, L) into M elements and take an linear function in each interval

1
1 Y2 M—2
— W ‘ 1 )
/Ul U2 B /02
_ M
K Ly A L qu K L1 wLMu
D N 7] ) N 7]
But we required in the Galerkin approximation that
Vv CV c HY0,L).
Every function vy (z) € Vi should thus be continuous: v5~ = v¢.
1_ .2 M—-1 _ M
1 Uy = U1 M—2 _ m-1Y%2 = U
Gl UV =1 M
Y7
Ly Ly Svi=vj Ly Ly
I/ NV NV \J
D N 7] ) N 7]
x =0 x =1L

Note: vy (z) is defined by M + 1 values.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Finite elements: the function space (2/2)

1.2 M—1_ , M
I 1 Vo = U7 M2 _ o m-1% =V
Gl UV =1 M
I ;
> _ .3
oL Ly (=1 Ly L
) N 4 D /l\ 7]
x =0 x =1L

The basis N(x) = [Ny(z), Nao(z), ..., Nysi1(x)] for Viy is shown in the figure below.
N1<ZC) NQ(SC) Ng([lf) NM_l(SC) NM_H(SC)

x =10

The dimension NV of the function space Vy is thus equal to M + 1 in this case.
This expression for N(x) can now be used in a Galerkin procedure to find the FE model.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Assembling the mass matrix E

... but we can be more efficient
because the shape functions are similar in each element.

N1($> NQ(ZC) Ng(il?) NAMf1<$) NM_H(J?)

x =10

Observe that o _ /O (N(2)) N(z) dz =Y / " (N(@)" N(z) do.

Le—1

Inside (x._1,x.), all shape functions are zero except for

NNt = [(1- £ )] v (222

xe_xe—l’ Le—Te—1 'Te _ xe 1

Using the change of variables £ = =—<L (so dz = (x, — z._1) d§ = L.d§)

Le—Te—1

/ (N (=) N (=) do-L | (NY(€) TNY() de.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Question 5

We have the following shape functions in the master/generic element

N =[1-¢ ¢&.

Compute mass matrix for the master/generic element

E° = / (N“(€)) TNY(€) de.

A) E° =3
-
5 0
B)E® = |2 |
0 3]
01
C)E° =111
L6 3-
D)E‘=:2

E) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 20
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Example: Assembling the mass matrix E

We consider a domain divided into three elements of equal length.

Ly L L

NV NV
AN AN

0 T

\l
7]

L

Because we domain is 1-D and we use linear elements N = M + 1 = 4.

Assembly procedure:

; (210 0] (000 0] (000 0]
g Lif1200 Lyfo210] ,L3|0000
_ T _ - =2 =3
E—Z/xel(N(x)) N de==1o 000/ "5 o120 TG (0021
e 0000 0000 0012
210 0]
L1410
1810141
0012

D.W.M. Veldman -

DCN

- Practical Course: Modeling, Simulation, Optimization

21



epartment of
ATA SCIENCE

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

D
D

FRIEDRICH-ALEXANDER

NATURWISSENSCHAFTLICHE

Assembling the stiffness matrix A

We can assemble the stiffness matrix in a similar way.

Nl(ﬂﬁ) NQ(Z’) Ng(l‘) N]W_1<QL')

=0

L dNT

Observe that dN

= —K

s () = (x) dz =

Inside (x._1,x.), all shape functions are zero except for

Le—Te—1

[ (B (22)) n () o

Nag1()

N (), Newr ()] = | (1= 525 5 ) | = N (i>

Le — Te—1

Using the change of variables £ = =—<L (so dz = (x, — z._1) d§ = L.d§)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Question 6

Using the change of variables £ = —<L (so dz = (z, — z._1) d{ = L.d§), we find that

Te—Te-1

.
—)> %N@ (22) do =

N
aﬁ
-

=y

Z

A~

Sls

Ll

Tl

A= Loy (B09) Do) de
= o (B(e)) (e dg
= LI (B(0) B de

- 51y (B2©) B a

E) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Question 7
We have the following shape functions in the master/generic element
N =[1-¢ ¢.

Compute mass matrix for the master/generic element

A 1 (% <§>)T M6 e

d¢ d¢
A) A° = _11 _11
ox- [ )
C)AT= _01 —01
-}

E) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 24
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Example: Assembling the stiffness matrix A

We consider a domain divided into three elements of equal length.

T S
r =0 x =1L
Assembly procedure:
3 T
e /AN AN
A=— — — () d
2/ (&) T
1 1 00] 0 0 0 0] 00 0 0]
K 1—1oo+£0—110+£000 0
T L, |0 000l "L,l0 1 =10 "L;]00 -1 1
0 0 00] 00 0 0 00 1 -1
1 1 0 0]
3k |1 =2 1 0
—Llo0o 1 =2 1
0 0 1 -1

Note: the structure of the A is similar to the structure of A in finite differences,
but not exactly the same ...
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Example: Assembling the load vector

We consider a domain divided into three elements of equal length.

I SR S
x =0 =1L
The applied loading is f(t,x) = 1.
Assembly procedure:
; (1 [0 0] (1
Te Ly |1 Ly |1 L3 |0 L |2
_ T gy — 1 =2 =3 _
t=3 [ T = 5 e 2 5 = S
=l 0 0 1 1

Note: when f(¢,z) = 1 we have that f = E1. Do you see why?
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Example: Applying Dirichlet boundary conditions
We consider a domain divided into three elements of equal length.

Ly Lo L

NV NV
AN AN

\l
7]

L

X

8
==
()

With the procedure of the previous slides, we have obtained the global mass, stiffness
and forcing vector:

(210 0] 1 1 0 0] (1]
L1410 3|1 =2 1 0 L |2
E=5lo141] A=T 1o 1 —2 1| =512
0012 00 1 -1 1
Suppose that we have a zero Dirichlet boundary condition at the left end of the domain,
i.e. u(t,0) = 0.
Remove the first row and column to obtain the model with a zero Dirichlet BC:
410 -2 1 0 2
L L
Es=—1|141]|, Aﬂczg—ﬁ 1 =2 11, fr=—12
181012 Llo 1 -1 611

Note that this model only considers the free DOFs u¢(t) which do not include u; = 0.
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[P1-shape functions

The shape functions obtained by using the shape functions

N =[1-¢ &, € (0,1),

in each element are also called P;-shape functions.
(The shape function in each element is a Polynomial of order 1)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 28



Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

Department of =1\
DATA SCIENCE o

FRIEDRICH-ALEXANDER
u

NATURWISSENSCHAFTLICHE
FFFFF

P,-shape functions

For P, shape functions, the shape functions are polynomials of order 2, i.e.

N =[(1-¢A -2 4(1-¢) &2-1), §€(0,1)
1
(%
1 3 M—-2 M
Y1 U3 Y9
v e I
d NN e
T ety ety b
x =10 x=1L
But we need that Vy C V' C HY(0, L), so every vy (zx) should be continuous.
1 _ M-1 _ M
1 v = vf M—2 _  M-1 U3, =1
vy 1 v =1 7 %y
U9 (55 U3
U2
2_ .3
K Ll % L2 %?}3 = Uy ) LM_1 %LMH
x =0 x=1L

A model with M elementsnowhas N =M +1+ M = 2M + 1 nodes.
The element mass and stiffness matrices E€ and A€ now 3 x 3.

Y
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