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Elasticity

Goal: Compute the deformation of a solid that is subjected to certain given forces.
The deformation of a solid is characterized by the displacement field

Gl ) = [ux(%‘, Y, t)] |

uy(xa y7 t)

Goal: compute u(z, y,t).

In the previous lecture, we saw that a model in elasticity consists of three parts:
» Strain-displacement relations: € = ().

» Material model: o = o (¢)

» Force balance (conservation of momentum): F(o) = 0.
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Beam modeling

ldea: When we are modeling thin, long structures, we can use a 1-D model.

Instead of three components u,(x,y, 2,t), u,(z,y, 2, t), u.(z,y, 2, 1),
the only unknown in the Euler-Bernouilli beam model is
the displacement of the midplane in the z-direction w(x, t).

The displacement of a point on the midplane z = 0 is approximated as:

uz(x,y,0,t) =0, wy(x,y,0,t) =0, u.(x,y,0,t) = w(z,t).

But what about point that are not on the midplane z = 07?

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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x \/\
Assume that a cross sections remain perpendicular to the midplane.

What is the displacement in the z-direction u, of a point that was at (z, z) in the
undeformed configuration?

A) z%ﬂ‘j(w, t)
B) —25%(x, 1)

C) zsin(atan(— gﬁ;’))

D) z cos(atan(— %Zf))

E) None of the above.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 5
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Answer

_5’_10( t) Az
ox o Az’

a = atan(—g—:(x t)).

uz(x,y, z,t) = zsin(a).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Answer

I wirt)

_5’_w( t) — g

or Y T Az
ow

o= atan(—%(x t)).

uz(x,y, z,t) = zsin(a).
We will use an approximation:
sin(atan(z)) = ~ L~ (x = 0).

V14 a2
Approximation of the displacement field for the Euler-Bernoulli beam:

0
uz(,y, 2,t) = —za—w(az t), uy(x,y, 2,t) =0, u,(x,y, z,t) = w(x,t).
x

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Strain and stress components

Approximation of the displacement field for the Euler-Bernoulli beam:

d
uz(x,y, 2, t) = —za—w(az,t), wy(x,y, 2,t) =0, u,(z,y, z,t) = w(x,t).
x

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization



Ic)'\;aNiL(MICS, CONTROL D
f/\f‘ Y e DATA SCIENCE

epartment of ==

FRIEDRICH-ALEXANDER

NATURWISSENSCHAFTLICHE
Fi

Strain and stress components

Approximation of the displacement field for the Euler-Bernoulli beam:
ow

uz(x,y, 2, t) = —za—(az t), uy(T,y,2,1) =0, u,(z,y, z,t) = w(x,t).
x
We find the strain components:
_ ou, 0w _ 1 (Ou, N ou, 1 ow N ow 0
T —_— _— —Z—’ Tz _— — _— — _ R _— .
Ox Ox? 2\ 0z Ox 2 or Ox
ou ou.,
Eyy = 8yy 0, €z = 5 = 0, Exy = Eyz = 0.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Strain and stress components

0
ux(x7y727t) —Za—w<$ t) uy(aj,y,z,t) — 07
i

We find the strain components:

ou, 0w . 1 ((%Jm 8uz)
xrz — 5

= ey T T or 0z i Ox
Juy ou,
=0 vy = =0,
w = Oy ’ © 0z

We use the stress components:

82
Oy — E@xm ZEa—g;'uz}

1
92

<_

Approximation of the displacement field for the Euler-Bernoulli beam:

u,(z,y, z,t) = w(x,t).

or Ox

o) =

=gy, = 0.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Strain and stress components

9,
uz(x,y, 2, t) = —za—w(az,t), uy(T,y,2,1) =0,
x

We find the strain components:

ou, 0w . 1 ((%Jx 8uz)
- xrz — 5

0z T ox
_ Ou,
Oz

= — =0, €z =0,

We use the stress components:
0w

ox?

We can also define the bending moment:

0w
M= [ 20, dA=—EIZ~.
/A - -

Approximation of the displacement field for the Euler-Bernoulli beam:

u,(z,y, z,t) = w(x,t).

_1 _a_w+a_w =2
9 or Ox)

Exy = €y = 0.

I:/z2dA
A
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Question 2

Compute the second moment area I = [, z*d A for the cross section in the figure above.

A) I = WH?
B) [ = WH?
C)I=:iWH?
D) I =3LH?
E) None of the above

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Question 3

Compute the second moment area I = [, z*d A for the cross section in the figure above.

A) 7TR3

B) I =R
C)I=%FR

D) =3%R'

E) None of the above.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Force balance

f(x,t

T9 82
/ PAW(-T t) dz = Q(x2,t) — Q(x1,1 / flz, 1)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Force balance

) 82
/ pAW(af; t)de = Q(za,t) — Q(xy,t / f(x,t)

/932 pA%Q—Q(x t) de = /:E1 (?g(w t)+ f(x, t)) dx,

O*w 0@
pAS S (@.0) = =@, 1) + [ (a,).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Moment balance
flz,t

M(et) ) Q)| Q) [ Mot

r =T r = T2

Moment balance (around x = )

0w

/m(x_xl)pAW(x’t) dor = M(@’t)+M(5‘717t)+($2_$1)Q(5€2,t>+/xz($—x1)f(x,t) dz

Tl Tl
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M(et) ) Q)| Q) [ Mot

r =T

Moment balance (around x = )

/:Q(x—m)PA%—z(:c t)do = M(LUQ,t)+M(CU1,t)-l—(CUQ—SIH)Q(ZCQ,t)—F/xz(aj—gz;l)f(gg’t) dz

Tl

/:Q(x—xﬁpz‘la;—Z(x t)dr = /:2 <—%—]\j(x t) + (,%(x —21)Q(x,t) + (v — 21) f(x, t)) da

(x — :vl)pA%—;U(x, t) = —%—]\j(;ﬁ t)+ (%(:1: —x1)Q(x,t) + (x — x1) f(x, ).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Question 4
So far, we have ,
0“w Q)
pAW(LU t) = o —(z,t) + f(x,1).
02 oM 0
(x — xl)pAa—g@, t)=———(2.0) + o-(z = 2)Q(x,8) + (¥ — 21) f(z,1).

Which of the following expressions is equal to 24 oM (x,1)?

A) Q(z, 1)
B) f(x,1) — pAG# (. t)
C) —Q(z,1)

)pA5t2( > f(ZU,t)
E) None of the above.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 12
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Question 5

So far, we have

1
2
S
o)

pAﬁ(xat) - %(xvt) + f(:U,t)
0%w oM 0
(@ —w1)pAma(z,t) = —— (0,1 + o-(z — 21)Q(=, 8) + (z — 21) f(2, 1)
oM

A) Q(z,t)
B) f(x,t) — pAZE (x, 1)
C) —Q(x, 1)
D) pAZE (1) — f(x,t)

E) None of the above.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Resulting beam equation

From the previous slides:

0*M 82w oM
0*w )
M=—El-5 5, ]/Az dA.

Resulting equation for the Euler-Bernoulli beam

0w 0? ( 0w

pAﬁ(az t)+ By E[w(x t)) = f(z,1).

For the boundary conditions, note that
» w(x,t) is the transversal displacement

v (2, ) is the linearized rotation

—EI7%(x,t) = M(x) is the moment
—El‘gig( t) = Q(x) is the force in the transversal direction.

VVV
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Extensions
I » Timoshenko beam
uz(x,y, 2,t) = —zp(x,t), uy(x,y,2,t) =0, u.(x,y, z,t) = w(x,t).
I Note that setting o (z,¢) = 22 gives the Euler-Bernoulli beam.

w0 ow 0% 0 Oy
Poo ~ or (”’ G(ax )) o ~ ox (Elax

shear coefficient k = 5/6, shear modulus G = E/2(1 + v).

) +na6 (55 =)

D.W.M. Veldman -

DCN - Practical Course: Modeling, Simulation, Optimization
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Extensions
» Timoshenko beam
uz(x,y, 2,t) = —zp(x,t), uy(x,y,2,t) =0, u.(x,y, z,t) = w(x,t).

Note that setting o (z,¢) = 22 gives the Euler-Bernoulli beam.

Pw 0 ow 0% 0 dp ow
PS5 = o (“AG(ax )) Ploe = o (Elax) ’“‘AG(ax )

shear coefficient k = 5/6, shear modulus G = E/2(1 + v).
» Kirchhoff-love plate theory

ow ow

ux(x7yaz7t) — —z%(x,y,t),uy(x,y,z,t) — _Zﬁ_y(xayat)au2<xay7zat> — ’LU(Z',y,t)

O*w EH3

H fw =
PG T gy v

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Extensions
» Timoshenko beam
uz(x,y, 2,t) = —zp(x,t), uy(x,y,2,t) =0, u.(x,y, z,t) = w(x,t).

Note that setting o (z,¢) = 22 gives the Euler-Bernoulli beam.

Pw 0 ow 0% 0 dp ow
PS5 = o (“AG(ax )) Ploe = o (E[ax) ’“‘AG(ax )

shear coefficient k = 5/6, shear modulus G = E/2(1 + v).
» Kirchhoff-love plate theory

ow ow

ux(aj7yaz7t) — —z%(x,y,t),uy(x,y,z,t) — _28_y<x7y7t)7u2<$7y727t> — ’LU(QZ',y,t)

H82w N EH3
P T 121 — 12
» Mindlin-Reissner plate theory

Viw = f

ux(az,y,z,t) — —zgpx(x,y,t),uy(x,y,z,t) — —zgpy(x,y,t),uz(x,y,z,t) — ’LU([E,y,t)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 16
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g.C Finite element discretization for the Euler-Bernoulli
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FE discretization

M (t) + Kwi(t)

where

O%w O? 0w
I PAGE )+ 5 (“w

#.0)) = flz0)

Find the weak form: multiply by test function and use integration by parts twice!
When there are no external forces and moments, we find

— (1)

M = pA / (N(z))" N(z) dz,

K — E[/OL ((f%(g;))T

d’N

1z @) d,

82 82 L
oA / S+ | ) B (o 1) di = /O o(2) f(z, ) da.
Galerkin discretization (w(z,t) = N(z)w(t) and v(z) = v (N(z))') gives

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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FE shape functions in H*

I The shape functions should have continuous derivatives!
1
I py(€) =1 -3¢+ 26"
D5 | phl&) =& — 282+ &,
= py(§) = 3¢6° — 267,
0 P& = - +¢,

0 0.2 0245():6 0.8 1

Note that p@'(€), p'(€), pi(€), and (<), are the unique 3rd order polynomials satisfying

p;(0) = 1, BL(0) =0, py(1) =0, TE(1) =0,
pj(0) =0, 0y =1, ph1) =0, 1) =0,
pi(0) =0, TL(0) =0, (1) =1, (1) =0,
pl(0) = 0, 950y =0, pl(1) =0, Ph(1) = 1.

(these are called Hermite interpolation polynomials)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 19
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Defining the element shape functions: option 1
Element shape functions (for element of unit length):

Ne(f):[pg)(f)a pg(f), p?(f)? p?(é-)}

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 20
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Defining the element shape functions: option 1
Element shape functions (for element of unit length):

Ne(f):[pgj(f), pg(f)v p?(ﬁ)? p?(éﬂ

Inside elements e and e + 1 located at [z._1, z.] and [z, z.1], we thus have

N(p=t)w' = pi (=t wf + p (= ws + pr (= ws + p (=,

6

N3 w1 = (52w + (g™ + (s + Pk

e—l—l e—l—l Le—l—l e+1

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 20
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Defining the element shape functions: option 1
Element shape functions (for element of unit length):

Ne<€):[p60(f), pg(f)v pz;(@) p?(g)}

Inside elements e and e + 1 located at [z._1, z.] and [z, z.1], we thus have

N(p=t)w' = pi (=t wf + p (= ws + pr (= ws + p (=,

6

N (w —Po(xeff) (e (ief;) 5 P (T

We need a C''-function for the Galerkin approximation =
N¢(==t)w® and N°*! (=% )w*! and their derivatives should match at = = ...

e e € e+1 e+1 e+1
Ne(1)w* = wsg, N 0)w ™ = wy
e e+1
d NE(L=Teot e} _ Wy [d e+l/x—x, e+1} w2
- w = — N w =
[dx ( L. > 2=z, L’ (Le+1 ) v=z. Ley1
When all elements are of the same size (i.e. L., = L.), we need that
+1 +1 0
wy = wi = w(z.), wy =wy = L ag;)( Te).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 20
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Defining the element shape functions: option 1
Element shape functions (for element of unit length):

Ne<€):[p60(€), pg(f)v pz;(@) p?(g)}

Inside elements e and e + 1 located at [z._1, z.] and [z, z.1], we thus have

N(p=t)w' = pi (=t wf + p (= ws + pr (= ws + p (=,

6

Le—l—l

Ne—l—l(M)W = p} (x xe) e+1_|_p0<x xe) e+1_|_p1 (:zzefle) e+1_|_p1(:v xe)wi—i_l'

e—l—l Le—l—l e+1

We need a C''-function for the Galerkin approximation =

Ne(*=*)w* and N“"!(“%)w**! and their derivatives should match at = = ..

Ne(1)w* = wsg, N 0)we = wst!
e <M [ -4
When all elements are of the same size (i.e. L., = L.), we need that
wy = wi™ = w(z,), wi = wy™ = LG2(x.).
So in the total approximation IN(x)w(t), w(t) has the interpretation
ow ow ow

W(t) = [’w(a?o, ) L1 1 (ZL“(),t),’LU(.CEl, ) L1 (xl,t),...,w(xM, ) L1

ox

5 (zar, t)] ' .

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Defining the element shape functions: option 2 (preferred)
Element shape functions (for element of unit length):

N(&) = [pi (&), Lepg(&), py(&), Lpl(€).

Inside elements e and e + 1 located at [z._1, z.| and [z, z.1], we thus have

NE(EF=)w = p (S + Lph(5= s + pi (5= + Lopf (5=

N )Wt = pg (T2 wi™ + Loapp (T )ws ™ +p1 (T2 ws ™+ Lo (T

Le—H
We need a C''-function for the Galerkin approximation =
N¢(==t)w® and N°*! (=% )w*! and their derivatives should match at = = ..

Le
Ne(DW _ wg) Ne+1(0> e+1 _ wT—Fl
d —de— _ d +1 e +1 +1
ENCTEw ] ek [N =

When all elements are of the same size , we need that

wh = wi'" = w(ze), wi = wh" = Go(ze).

So in the total approximation wy(z,t) = N(x)w(t), w(t) has the interpretation

owy owy Owy

w(t) = [wN(:Eo, t), ——(xo,t), wy(x1,t), ——(21,1), ..., wy(T21, 1), %(xM, t)] :

ox ox

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Assembly of the FE model (1/2)

Define the element shape function

N =[pi(€), Lepf(&), pY(E), Lepi(8)].

pi(§) =1-38+28%,  pi(€) =3¢ -2,

o) =€ =262+ &%, piE) = €+ ¢,
Compute the element mass and stiffness matrices:
e x NeE(Z 7€ Le dQNe(Li> dQNe( )
—IOA/ N L_e (L_e>d K :E]/O T le’

Note: for a nonuniform mesh, M¢ and K¢ need to be computed for all element sizes
that appear in the mesh.

Note: relating M¢ and K¢ to the matrices for an element of unit length M¢ and K¢ is
tricky.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 22
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Assembly of the FE model (2/2)

We define the vector of DOFs as

w(t) = [w(z, 1), ?ﬁ’(xo,t) w(zy,t), g—lg(xl,t), ooy w(ag, t), g—;‘)(xM,t)]T.
<
° ° P ° °
ro=0 21 L2 LTM-1 z)y = L
Observe

» The first element only involves w(x, ) (o, 1), w(wy, t), 2 (w1, t).
Write the contribution in the ([1, 2, 3, 4], [ 2,3,4]) parts of M and K.
» The second element only involves w(x1,t), 92(x1,t), w(za, t), 22(xa,t).
Write the contribution in the ([3, 4, 5, 6], [3, 4, 5, 6]) parts of M and K.
> etc.
> The last element only involves w(zar_1,t), $2(xa—1,t), w(zar, ), $(xar, t).
Write the contribution in the
([2M — 1,2M,2M + 1,2M + 2|, 2M — 1,2M,2M + 1,2M + 2]) parts of M and K.

8
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— i —
An example with M = 2 elements: To=0 % 2y=1L
1. Determine the number of nodes N = M + 1 = 3.
2. Create zero matrices M and K of size 2N x 2N = 6 x 6.

0

DO OO oo
SO O o oo
SO OO oD
SO OO oD
DD OO oD
OO OO O

DD OO oD
DO OO oo
SO OO oo
SO OO oD
DD OO O D
DO OO oD
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Example
. Y *
An example with M = 2 elements: o =0 Lo =L
1. Determine the number of nodes N = M + 1 = 3.
2. Create zero matrices M and K of size 2N x 2N = 6 x 6.
(00000 0] (00000 0]
000000 0000O00O0
0000O0O0 0000O0O0
M=1900000| K=1000000|
0000O0O0 0000O0O0
0000O0O0 0000O0O

3. Compute the contributions M! and K' of element 1 and M? and K? of element 2.
4. Write the contributions of each element in the matrices M and K

1 1 1 1
m%1 m%2 m%3 m%4 0 0
m%l m? 1m23 9 1m24 9 02 02
M — |71 T M3s + M7 M3y + Mig Miz My K —
—Amboml omb, = m2 mb +m2 m2, m2, | -
41 Mg Mg+ My My § Mgy Mo Moy
0 0 m%1 m%2 m%3 m%4
i 0 0 My My M3 My

5. Remove rows and columns of nodes with zero Dirichlet boundary conditions.
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(Undamped) eigenfrequencies and eigenmodes

After FE discretization (and without forcing, f = 0) we obtain a system of ODEs
Mw(t) + Kw(t) = 0.

We are interested in free vibrating solutions of the form

w(t) = wsin(wt).
Insert this solution into the ODE:

(—w’Mw + Kw) sin(wt) = 0.
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(Undamped) eigenfrequencies and eigenmodes

After FE discretization (and without forcing, f = 0) we obtain a system of ODEs
Mw(t) + Kw(t) = 0.

We are interested in free vibrating solutions of the form

w(t) = wsin(wt).
Insert this solution into the ODE:
(—w’Mw + Kw) sin(wt) = 0.

Write A\ = w?. We then see we need to solve the (generalized) eigenvalue problem

KWk; = )\kMWk
The eigenfrequencies in rad/s w; and the eigenfrequencies in Hz f; are then
W VA
Wi = v/ Ak, fk:;: )
s 2T

The corresponding eigenmodes are wy,.
Note that w, contains both displacement (w(z, t)) and rotation information 2 Sz, 1).
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Stability: Cea’s lemma

Original infinite dimensional problem:
find v € V' such that

a(u, w) = b(w), YweV

Galerkin approximation:
find uy € Viy C V such that
CL(UN,UJN> = b(wN), Ywy € Vi
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Stability: Cea’s lemma
Original infinite dimensional problem: Galerkin approximation:
find v € V such that find uy € Viy C V such that
a(u, w) = b(w), Yw eV a(uy,wy) = blwy), Vwy € Vi

Assume that there are m, M > 0 such that for all u,w € V'

a(u,u) > mlul?, la(u, w)| < Mlullw].
M
lu —uy| < — inf |u— wy|
m wy€eVN

Proof: Because wy € V,

a(u —uy,wy) = a(u,wy) — aluy,wy) = blwy) — b(wy) = 0.
Using this result, we can then compute
2
_ < _ _ _ _ _ _
mlu —uy|” < alu—uy,u—uy)=alu—uy,u —wy + Wy — Uy)

eVn
=a(u—un,u —wy) < Mu —uy|lu —wy|.
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Consistency: convergence rates

Using Cea’s lemma, we just need to compute

inf |u—wy|.
U)NGVN

Idea: we can choose a specific mapping rn : V' — Vi find a bound |u — ryu| < ChP.
The operator 7 is typically chosen as the interpolation operator.
Using Cea’s lemma, we then find that

M M
v —uy| < — inf |u—wy| < —\u —ryu| < —ChP.
m wneVn m
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Consistency: convergence rates

Using Cea’s lemma, we just need to compute

inf |u—wy|.
U)NGVN

Idea: we can choose a specific mapping rn : V' — Vi find a bound |u — ryu| < ChP.
The operator r is typically chosen as the interpolation operator.
Using Cea’s lemma, we then find that

lu —uy| < %wll’g/ lu —wy| < %\u —ryu| < %Chp
For linear 1-D elements, we have (see e.g. Allaire Lemma 6.2.10)
lu — uy|p < Ch*u”| e, lu' — uly|r2 < Chlu”|f2.
For quadratic 1-D elements, we have (see e.g. Allaire Theorem 6.2.14)
lu —un|m < Ch2 " |1
More general, for P, rectangular elements, we have (see e.g. Allaire Theorem 6.3.27)

”UJ - uN];p < Chk"u’HkH
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