FRIEDRICH-ALEXANDER

S — £~ Department of AT AsERG
ﬂ ;NADUNUMER'CS v= DATA SCI ENCE E:IgE-IYVA!I_SSENSCHAFTLICHE

Practical Course: Modeling, Simulation, Optimization
Week 9

Daniél Veldman
Chair in Dynamics, Control, and Numerics, Friedrich-Alexander-University Erlangen-Nurnberg

Contents

9.A Existence and uniqueness of minimizers
9.B A basic gradient descent algorithm




Chair

— FRIEDRICH:ALEXANDER
‘/\ =~ Department of UNIVERSITAT  ena
AND NUMERICS e
ﬂ h FAU — DATA SC|ENCE

NATURWISSENSCHAFTLICHE
FAKULTAT

9.A Existence and uniqueness of minimizers
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Existence of the infimum

We consider the minimization of a functional J : U — R over a normed space U.
Note: U can be infinite dimensional.

We assume that J(u) > O forallu € U.

We are also given a subset U,q C U of admissible values for w.
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Existence of the infimum

We consider the minimization of a functional J : U — R over a normed space U.
Note: U can be infinite dimensional.

We assume that J(u) > O forallu € U.
We are also given a subset U,q C U of admissible values for w.

Then {J(u) | u € U,q} is a subset of R that is bounded from below (by 0). Therefore,
inf J(u)=inf{J(u) | u € Uy},

uEUad
exists.
By definition of the infimum, there thus exists a sequence w1, us, ug, . . . in Uyq such that
J(up) — inf J(u).
uelUyq

This sequence is called a minimizing sequence.
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Existence of the minimizer (finite dimensional case)
Question: does
min J(u)

uEUyq
exist? In other words, is there a minimizer u* € U,4 such that
J(u*) = inf J(u)?

u€Uqq
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Existence of the minimizer (finite dimensional case)

Question: does

n J
min J(u)

exist? In other words, is there a minimizer u* € U,4 such that
J(u*) = inf J(u)?

uEUad
First consider the case where U is finite dimensional.

Observe, if U,q is closed and the minimizing sequence u;, us, us, . . . is bounded,
then it also has a limit in U,q. This limit is a minimizer u*.

Two important cases:
» U, is bounded and closed.
It is immediate that the minimizing sequence is bounded.
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Existence of the minimizer (finite dimensional case)

Question: does

n J
min J(u)

exist? In other words, is there a minimizer u* € U,4 such that
J(u*) = inf J(u)?

uEUad

First consider the case where U is finite dimensional.

Observe, if U,q is closed and the minimizing sequence u;, us, us, . . . is bounded,
then it also has a limit in U,q. This limit is a minimizer u*.

Two important cases:
» U,q is bounded and closed.
It is immediate that the minimizing sequence is bounded.
» J(u)is coercive, i.e. J(uy) — oo if |u| — co. Note: it is sufficient that J(u) > |ul?.
Then we can reason as follows.
Suppose that the minimizing sequence w1, uo, us, . . . iIs unbounded.
Then there exists a subsequence uy,, Ug,, U, . . . such that |u;, | — oo.
But J(ux,) > |u,|? so also J(uy,) — oc.
But then J(uy,) is not a minimizing sequence. Contradiction.
Conclusion: the minimizing sequence must be bounded.
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Existence of the minimizer (infinite dimensional case)

Question: does

min J(u)

exist? In other words, is there a minimizer u* € U,q such that

J(u*) = inf J(u)?

ueUyq

The infinite dimensional case is much more subtle.

Problem: We can no longer be sure that a bounded sequence has a (strong) limit.
In other words, we do no longer have compactness.

Typical example: consider U,q = L?(0, 7) and consider the sequence u;, = sin(kx).
This sequence converges weakly to zero, but does not have a strong limit.

We will come back to this problem in a few slides.
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Uniqueness of the minimizer (convex analysis)

The functional J(u) is called a-convex iff

T(0u + (1 - 6)0) < 87(u) + (1 — 6)J(v) — 2L =0)

2 ’u_vl27

i~

W Qu+(1—-0)pY
The admissible set U, is convex when u, v € Uyg
Ou+ (1 — 0)v € Uy, 0 € [0,1].

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Uniqueness of the minimizer (convex analysis)

The functional J(u) is called a-convex iff
J(Ou+ (1—0)v) <0J(u)+ (1—-0)J(v) —

af(l —0)
2

u— vl

W Qu+(1—-0)pY
The admissible set U, is convex when u, v € Uyg
Ou+ (1 —0)v € Uy, 0 € [0,1].

Uniqueness of the minimizer:

. af(1l —0)
J(Ou+ (1 —0)v) < urgb?d J(u) — —

and fu + (1 — 0)v € U,q. Contradiction.

Y

uEUyq

0 € [0,1].

Suppose that there are two points u, v € U,q such that J(u) = J(v) = minyep,, J(u).

lu — vf* < min J(u),

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Existence of the minimizer (infinite dimensional case, revisited)

Question: does

n J
min J(u)

exist? In other words, is there a minimizer u* € U,q such that
J(u*) = inf J(u)?

UEUyq

Consider a minimizing sequence w1, us, U3, . . ..

The minimizing sequence is bounded when U, is bounded or when J is coercive.
The bounded minimizing sequence u;, us, us, . . . has a weak limit v.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Existence of the minimizer (infinite dimensional case, revisited)

Question: does

n J
min J(u)

exist? In other words, is there a minimizer u* € U,q such that

J(u*) = inf J(u)?

UEUyq

Consider a minimizing sequence w1, us, U3, . . ..
The minimizing sequence is bounded when U, is bounded or when J is coercive.
The bounded minimizing sequence u;, us, us, . . . has a weak limit v.

Now three problems remain:
» Is the weak limitv € U,q?
If U.q is strongly closed and convex, it is also weakly closed (Hahn-Banach).
» Do we have that J(v) = limy_,o J(ur) = infyepy, J(u)?
This is achieved by assuming that J is weakly lower semi-continuous (by definition).

» Does the minimizing sequence u1, us, usg, . . . also converge strongly to v?
This follows from the previous point and the strong convexity of J (with § = 2):

0 83
_g‘uk_v‘Qa = g\uk—’U’QS
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9.B A basic gradient descent algorithm
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Gradient descent

Question: How to we compute the minimizer «* of a (convex) functional J(u).

Basic idea: Start from an initial guess .
Compute iterates by updating u; in the direction of the steepest descent (i.e. —V.J),

U1 = uk — BV J (ug), Br >0,

where 3 denotes the step size.
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Gradient descent

Question: How to we compute the minimizer «* of a (convex) functional J(u).

Basic idea: Start from an initial guess .
Compute iterates by updating u; in the direction of the steepest descent (i.e. —V.J),

Upy1 = U — BpVJ (uyg), Bk > 0,
where 3 denotes the step size.

Three problems:

» How to compute V.J?

» How to choose the stepsize (5,7
» When do we stop the iterations?

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Computation of the gradient/ sensitivity analysis
By definition of the gradient, we have that

. Jutha)—-Jw) 9J,
(VJ,u) = }1:2’6 h =5 (u)a,

for all perturbations 1.
Note:
> VJ(u) and %L are not the same:

VJ(u) is a column vector and a*] is a row vector.
» We can use any innerproduct ( > at the LHS.
This will not affect 22 but it will change VJ!

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Computation of the gradient/ sensitivity analysis
By definition of the gradient, we have that

. Jutha)—-Jw) 9J,
(VJ.a) = lim p =5, W,

for all perturbations 1.
Note:
» VJ(u) and 2 are not the same:

VJ(u)isa column vector and 2 is a row vector.
» We can use any innerproduct < > at the LHS.
This will not affect 22 but it will change VJ!

Two examples:
» When (z,y) = z 'y, i.e. when we use the standard Euclidean inner product

0J
VJ =
(5)
» When we use a weighted inner product (z,y) = ' Wy, for a symmetric and positive
definite matrix W, we get that

oJ
wr-w (1)
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Intermezzo: Why the choice of inner product matters/helps

Suppose that J(u) = (u + b,u) = (u+b)' Wu.
(Any quadratic functional with Hessian W can be written in this form)

(u+ ht+b,u+ hu) — (u+b,u)

(VJ, @) ;= lim = lim :
h—0 h h—0 h
. (u+ b, u) + hiu + b, @) + h{a,u) + h*{a,a) — (u+ b, u)
h—0 h
= (2u+b,u).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Intermezzo: Why the choice of inner product matters/helps

Suppose that J(u) = (u + b,u) = (u + b) Wu.
(Any quadratic functional W|th Hessian W can be written in this form)

(u+ ht+b,u+ hu) — (u+b,u)

e h ’
— lim (u+ b, u) + hiu + b, @) + h{a,u) + h*{a,a) — (u+ b, u)
h—0 h
= (2u+b,u).
We thus see that
VJ(u) =2u+b, u* = —1b.

Suppose we have an initial guess 1 and take the stepsize 3, = % Then
UL = ug — %VJ(UO) = Uy — %(QUO +b) = —%b = u”.
Conclusion: when we have a quadratic cost functional with Hessian W

and compute the gradient w.r.t. the inner product (u, v) = u' Wy,
the gradient descent algorithm converges in 1 iteration (with 3 = %).

However, this idea is not directly applicable: often, the Hessian cannot be computed
easily and the considered cost functionals are not quadratic.
Even in these situation, choosing W well can improve the convergence.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 11
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The choice of the step size

We have that

J(urr) = J(ue — BV (ur)) = J(up) — @c VJ(uk) +0(8p)
= J(up) — 5k<v<](uk)a VI (ur)) +O(8p).
As long as we are not at a critical point (V.J(uy) = 0) (VJ(uy), VJ(ui)) > 0, so
J(upr1) < J(ug)

for 3, > 0 small enough.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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The choice of the step size

We have that

J(urr) = J(ue — BV (ur)) = J(up) — 5k VJ(Uk) +0(5)
= J(u) — 6k<VJ(uk), VJ(ur)) +O(5;).
As long as we are not at a critical point (V.J(uy) = 0) (VJ(uy), VJ(ui)) > 0, so
J(uri1) < J(ur)

for 3, > 0 small enough.

We can thus take the following simple but effective approach (used at every iteration).
» Choose a step size 5. > 0.
» Compute J(up — BV J(uy)).
> If J(up — BV J(ug)) < J(uy), we accept this step size.
If not, we reduce the step size (e.g. by a factor 2) and recompute J(u; — SV J (uy)).

This should always lead to a 8;; > 0 such that J(u; — SV J(ug)) < J(ug).
(Provided that V J(uy,) is computed sufficiently accurate)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 12
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Termination/convergence conditions

Typical convergence conditions:
» Relative decrease in the cost functional is sufficiently small:

J(uk) — J(uk+1> < tolJ(uk).

» Relative change in iterates is sufficiently small:
lup—1 — ug| < tollugl.
» The gradient is sufficiently small:
'V J(ur)| < tol.
In the first two conditions, we typically use tol € [1075,1077].

Often not all three conditions are checked simultaneously, but only one or two are used.

Note: tol in the last condition is an absolute tolerance, while tol in the first two
conditions is a relative tolerance.
A reasonable magnitude for the absolute tolerance might be difficult to estimate.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 13
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Pseudo code of the resulting gradient descent algorithm

» Choose an initial guess uy
» Choose an initial step size (3
» Compute Jy = J(uyp).
» for:=1:max iters
> Compute gy = VJ(uyg).
Set J; =ocoand g = 40.
while J; > Jj
Set 5 = /2.
Set u; = ug — 69().
Compute J; = J(uy).
if convergence conditions are satisfied
Return uq, Jl.
Set Uy = Uy
Set J() =J;

VVVYyVYyVYVYYVYYVY
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