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10.A Improved gradient descent algorithms
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Constrained optimization
Consider the optimization problem

min J(x,u)

with u € U,q € RM and x € R subject to
Ax +Bu=0.

Assume that A is invertible such that we can consider J(x(u),u) =: J(u).
Question: How to compute the Jacobian?

ANSWER 1: By finite differences.
Choose a step size h (typically 10~°) and approximate for every m € {1,2,..., M}
(dj ) d_j J(u+hey) — Ju)  J(x+0x,,u+ he,) — J(x,u)

) =)~ - ,

h h

where 0x,, satisfies
Adx,, + hBe,, = 0.

Note: we need to solve M linear systems in /N unknowns.
This is very time-consuming when M and N are large.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 3



epartment of
ATA SCIENCE

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

=D
D

FRIEDRICH-ALEXANDER

NATURWISSENSCHAFTLICHE

Constrained optimization

Consider the optimization problem

min J(x, u)
uEUad

with u € U,q C RM and x € R” subject to
Ax +Bu=0.

Assume that A is invertible such that we can consider J(x(u), u)
Question: How to compute the Jacobian?

ANSWER 2: Analytically.
Similarly, as in the exercise we can use the chain rule to find

oJ _0Jox o) _ 9], 5 0J
du Ox0u Ju  Ix ou’

:J

(w).
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Constrained optimization
Consider the optimization problem

min J(x,u)
uEUad

with u € U,q C RM and x € R” subject to
Ax +Bu=0.

Assume that A is invertible such that we can consider .J(x(u),u) =: J(u).

Question: How to compute the Jacobian?

ANSWER 2: Analytically.
Similarly, as in the exercise we can use the chain rule to find

oJ _0Jox o) _ 9], 5 0J

du Oxdu Ou  0Ox (9u'

The computational cost depends on where you put the brackets:
dJ  oJ oJ (9], 0.J
LTSS R (a—XA )B+a—u.

Note: the first expression requires the solution of M linear system in NV unknowns,
whereas the second requires requires the solution of 1 linear system in /N unknowns.
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Constrained optimization
Consider the optimization problem

min J(x, u)
uelUyq

with u € U,y C RM and x € R” subject to
Ax+ Bu=0.
Assume that A is invertible such that we can consider .J(x(u),u) =: J(u).

Question: How to compute the Jacobian?
ANSWER 3: Using the Lagrangian.
Introduce the vector of Lagrange multipliers A and form the Lagrangian
L(x,u,\) = J(x,u) +A' (Ax + Bu)
Take the partial derivative w.r.t. u to find the Jacobian
dJ oL 8J

-
= = Bu.
du Ou Ou A Bu
Set the partial derivative w.r.t. x to zero to determine \:
oL  9J ¢ - 0T B NI
0= Ox ax TAA, A 6?XA )‘__(A> Ox

The result is the same as for answer 2 (with well-placed brackets).
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Step size selection

For a convex C*-functional .J(u),
we can estimate the stepsize based on a quadratic approximation:

up = u, — B VJ(uy), Br >0,

Jugi) ~ J(ug) — G + 5+ O
with
G = (VJ(w), VJ(uy))
2
H= | L i+ 0w

- Lde? 90

Note: G is positive because we update in a descent direction.
H is positive because J is convex.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Step size selection

For a convex C*-functional .J(u),
we can estimate the stepsize based on a quadratic approximation:

up = u, — B VJ(uy), Br >0,

H
J(ugy1) = J(ug) — GG + 55}% +O(6;)
with
G = (VJ(ug), VJ(up))
d2
H=|—7J oV J
RVEE (uy + 0V J(uy)) .
Note: G is positive because we update in a descent direction.
H is positive because J is convex.
Set derivative of the quadratic approximation to zero:

G
—G + H B opt =0, Br.opt = g

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 6
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Step size selection

For a convex C*-functional .J(u),
we can estimate the stepsize based on a quadratic approximation:

up = u, — B VJ(uy), Br >0,

Jugi) ~ J(ug) — G + 5+ O
with
G = (VJ(w), VJ(uy))
d2

Note: G is positive because we update in a descent direction.
H is positive because J is convex.
Set derivative of the quadratic approximation to zero:

G
—G + Hﬁk,opt =0, 5/€,Opt — ﬁ
When J is quadratic, J(uy. + Sx.opt VJ () = J(ur) — BroptG + 507 e = J (i) — o

When J is not quadratic, there are higher order terms and we cannot guarantee that
J(ui + Bropt VI (ur)) < J(uy). We still need to do a line search (starting from 5y, opt)

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Computation of /7 (example)
Consider the optimization problem

1,.T
min 2X Qx+ su Ru

uEUad
withQ=Q",R=R",uc U,y R and x € R" subject to
Ax + Bu=0.

As explained before, we can compute the gradient V.J(uy) at the current iterate uy.
We want to compute

H = [ & J(uy + QVJ(Uk))]

dg? 6=0

Observe that
J(up+0VJ) = (Xk + ka )T Q(x, + QXk )+ ( +60VJ(w)) R(w, + 6VJ(u))
= §X;—QX]<; + %u,;rRuk + 0 ( ka +u, RVJ(uk))
T
# (5(x7) Qe + (V) RV ().
where x;, = A"'Buy and x} = A~'BV J(uy). Differentiating twice to ¢, we obtain

H = (ka)T QxY + (VJ(u) RV.J(uy).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 7
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Inequality constraints

Consider the optimization problem

min J(u) = J(x(u),u)

uEUyq

withu € U,y € RM and x € R” subject to

Ax +Bu=0.

We distinguish between two types of constraints:
» Constraints on u (‘input constraints’), g(u) > 0
» Constraints on x(u) (‘state constraints’) h(x(u)) > 0.

Input constraints can be easily incorporated with the projected gradient method.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization



FRIEDRICH-ALEXANDER
UNIVERSITAT

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

Department of =1\
DATA SCIENCE o

ERLANGEN-NURNBERG
NATURWISSENSCHAFTLI CHE
FAKULTAT

Projected gradient method

Suppose we want to solve an optimization problem with the constraints:

a < u, <b, m e {1,2,..., M}
(This thus defines the admissible set U, )

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Projected gradient method

Suppose we want to solve an optimization problem with the constraints:
a < u, <b, m e {1,2,..., M}
(This thus defines the admissible set U, )

Problem: We do not know whether vy, 1 = u; — 5, VJ(uy) is in Uyg.
(Even when u;, € Uyg)

Solution: Project u; — 5, V.J(uy) onto the U,q, i.e. do the update as

w1 =y, (up, — BVJI(uy)) € Ung

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 9
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Projected gradient method

Suppose we want to solve an optimization problem with the constraints:
a < Uy, <D, m e {1,2,..., M}

(This thus defines the admissible set U, )

Problem: We do not know whether vy, 1 = u; — 5, VJ(uy) is in Uyg.
(Even when u;, € Uyg)

Solution: Project u; — 5, V.J(uy) onto the U,q, i.e. do the update as

w1 =y, (up, — BVJI(uy)) € Ung

In general, the projection onto the admissible set is difficult to compute
(it requires the solution of another optimization problem).

However, for the considered admissible set, the computation is straightforward:

a Um < a
Iy, (), =9 Um a<uy,<b
b Uy > b

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Projected gradient method (graphical illustration)

a < u, <b, m e {1,2,..., M}.
w1 =y, (up — BVJ(ur)) € Uaa
a Um < a
Iy, (), =9 Um a<uy,<b
b Uy > b
b 3 L 3 ug
e "
o
.
e
a ° o
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Projected gradient method (graphical illustration)

a < u, <b, m e {1,2,..., M}.
w1 =y, (ur, = BVJI(uy)) € Ung

a Um < a
Iy, (), =9 Um a<uy,<b
b Uy > b
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Projected gradient method (graphical illustration)

a < u, <b, m e {1,2,..., M}.
w1 =y, (ur, = BVJI(uy)) € Ung

a Um < a
Iy, (), =9 Um a<uy,<b
b Uy > b
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Quadratic approximation for the projected gradient
We replace VJ(uy;) by
VI () — — lim 1% = AV (W) =
hl0 h

VIIJ(uy) is equal to VJ(uy) except for entries where the —V J(uy,) is pointing out of
the admissible set.

Explicitly,

0 (ug),, = aand (VJ(ug)),, >0
(VIIJ(ug)),, = or (ug),, =band (VJ(uyg)), <0
(VJ(ug)),, otherwise.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Quadratic approximation for the projected gradient
We replace VJ(uy;) by
VL (ug) = — lim 0 = AV T(0)) =
hl0 h

VIIJ(uy) is equal to VJ(uy) except for entries where the —V J(uy,) is pointing out of
the admissible set.

Explicitly,
{ 0 (ug),, = aand (VJ(ug)),, >0
(VIIJ(ug)),, = or (ug),, =band (VJ(uyg)), <0
(VJ(ug)),, otherwise.

We then can use the quadratic approximation:

Tuisr) ~ T(w) =BG+ 55+ 0(8})

with
G = (VJ(uy), VILJ (u))

d
H= | ovII .
g (e OVIL ()|

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 11
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Computation of /7 with projected gradient (example)

Consider the optimization problem

min X TQx + 1uTRu

uEUad
withQ=Q",R=R",u€ Uy C RM and x € R subject to
Ax + Bu =0.

We have the ‘projected gradient’ (which is a bad name) VIIJ(uy).

Compute the state resulting from the projected gradient
k = —A" (BVHJ(uk)) :

We can then compute

H = ( XH) QxY" + (VILJ(uy)) RVILI (uy,).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 12
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State constraints

For state constraints (i.e. constraints on x(u)),
it is not so straightforward to determine the projection on the admissible set.

State constraints can for example be included using a penalty function method, but we
will not discuss this further in this course.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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10.B Convergence analysis for gradient descent
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Main result
We return to the more abstract optimization problem:

min J(u).

ueRM
Denote the minimizer by u*.

For simplicity, we consider a gradient descent algorithm with a fixed step size 3
U1 = up — BVJ (ug).

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Main result
We return to the more abstract optimization problem:

min J(u).

ueRM

Denote the minimizer by u*.
For simplicity, we consider a gradient descent algorithm with a fixed step size
U1 = up — BVJ (ug).

Two assumptions:
» The functional J is a-convex, i.e.

ad(1—0)
2
» The gradient V.J(u) is Lipschitz, i.e. there is an L > 0 such that for all v and v

VJ(u) — VJ(v)| < Llu—wv].

g — w? < (1= 208 + B2L2)" Jug — w*)?

J(Ou+(1—0)v) <0J(u)+(1—-0)J(v) — lu — vl|%, 6 € [0,1].

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 15



epartment of ==

Chair

DYNAMICS, CONTROL
AND NUMERICS
FAU

FRIEDRICH-ALEXANDER

=D
D

UNIVERSITAT _
ERLANGEN-NURNBERG
‘ \I‘ \ SCIENCE NATURWISSENSCHAFTLI
FAKULTAT

CHE

Observation 1

The functional J is a-convex:

afd(1—0)

JOu+ (1 —0)v) <0J(u)+ (1 —0)J(v) — 5

lu — v,

Subtract expand the brackets on the LHS and subtract J(v) on both sides:

Jw+60u—0v)—Jw) <0J(u)—0J(v)— M!u —v]?
Divide by 6 and take the limit 8 — 0:
(VI ()0~ ) = Iy UChIC - ) =IO ) — () — s — P

We conclude o
(VJW),u—v) < Ju) — Jw) — =|u—v.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Observation 2

From the previous slide:

(VI(),u—v) < J(u) — J(v) — %\u — ol
Because this holds for all © and v, we may interchange « and v to obtain:

(VJ(u),v —u) < J(v)— J(u) — %]v — ul*.

Adding these two equations, we find

(VJ(v) = VJ(u),u —v) < —alu —v|*

Multiply by —1, to find
(VJ(u) = VJ),u—v) > alu—v|

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Proof

g — w2 < (1= 208 + B2LY)" Jug — u* |2

Uk+1 — U*|2 = (Upy1 — U, upyr —u')
= (u, — BV J(up) — u*,u, — BV I (up) — u*)
= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (ur))

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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lug — ) < (1 — 228 + BQLZ)k |ug — u*|?

Uk+1 — U*|2 = (Upy1 — U, upyr —u')
= (up — BV I (ug) — u*, up — VI (ug) — u*)
= (up —u*,up —u*)y — 268(VJ(up), u —u*) + 52<VJ(uk), VJ(ug))
Using that V.J(u*) = 0 and Observation 2, we find

(VJ(ug), up — u*) = (VJ(up) — VJ(u), up — u*) > afu, — uf°.

Again using that V.J(u*) = 0 and the Lipschitz continuity of V.J(u), we also have that

(VI (ug), VJ(up)) = |VJ(up) — VJI(u)|* < L |up — u*]?.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Proof

g — w2 < (1= 208 + B2LY)" Jug — u* |2

Upp1 — WP = (uppr — U uppn — u¥)

= (ur, — BV (ug) — v’ up — BV J (ug) — u)

= (up — u*, up — vy — 28(VJ(up), up — u*) + BAV I (up), VJ (ur))
Using that VJ(u*) = 0 and Observation 2, we find

(VI (ug), up, — u*) = (VJ(up) — VI, u, — u*) > aluy — u*]?
Again using that V.J(u*) = 0 and the Lipschitz continuity of V.J(u), we also have that
(VJ(up), VJ(up)) = |[VJ(up) — VI |* < L |lug — u*]*
Inserting these two results back into the original expression, we conclude
lwppr — u** < (1 — 20 + /32L2) |y, — u*|?

The result now follows by induction over k.

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization
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Other algorithms

There are many more gradient-based algorithms.

Gradient-descent/steepest descent is the simplest one.

For quadratic problems, the Conjugate Gradient (CG) method is the best method.
When optimizing « € R, it converges in at most M iterations to the minimizer.
For nonquadratic problems, other algorithms can be more effective.

see e.g. Ascher, The chaotic nature of faster gradient descent methods

=== Conjugate Gradient
Steepest Descent

D.W.M. Veldman - DCN - Practical Course: Modeling, Simulation, Optimization 19
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