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Presentation of the model

Beam of length ` > 0:

• Euler-Bernoulli
spatial variable x ∈ [0, `], time variable t ≥ 0
• Timoshenko

+ cross sections not always perpendicular to centerline
• Geometrically Exact Beam (GEB)

”Geometrically exact Timoshenko beam”, ”Geometric nonlinearity”

+ large motions (displacements, rotations of cross sections).
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Presentation of the model
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• Geometrically Exact Beam model (GEB)1

- position p ∈ R3 and rotation R ∈ R3×3

- fixed coordinate system

• Intrinsic GEB model (IGEB)2

- linear velocity V , angular velocity W , internal forces Φ and internal
moments Ψ, all in R3

- moving coordinate system attached to the beam

1Reissner ’81, Simo ’85
2Hodges ’03
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Presentation of the model

Beam parameters: M, C, R.
Freely vibrating beam.

(p,R)


V
W
Φ
Ψ

 = y

nonlinear
transformation

T
7−→

GEB IGEB
∂ty + A(x)∂xy + B(x)y = g(x, y)

∂t

([
R 0
0 R

]
M

[
V
W

])
= ∂x

[
RΦ
RΨ

]
+

[
0

(∂xp) × (RΦ)

]
first-order hyperbolic

semilinear
12 equations

Remark: V,W,Φ,Ψ ∈ R3 are nonlinear functions of p,R (we omit the formula here).
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Single beam: well-posedness for IGEB

Notation: y =

[
v
z

]
, v =

[
V
W

]
, z =

[
Φ
Ψ

]
.

We consider the IGEB model:
∂ty +A(x)∂xy +B(x)y = g(x, y) in (0, `)× (0, T )

v = 0 on {`} × (0, T ) clamped

−z = −Kv on {0} × (0, T ) velocity feedback control

y = y0 on (0, `)× {0}

With appropriate regularity of coefficients, eigenvalues/vectors of A ⇒
assumptions on the beam parameters.

At least local existence-uniqueness results for 1-D first-order hyperbolic
systems:

• Bastin-Coron ’16: in C0
tH

2
x (H2

x data)

• Li ’10: in C1
x,t
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Single beam: stabilization for IGEB

K symmetric positive definite
∂ty +A(x)∂xy +B(x)y = g(x, y) in (0, `)× (0, T )

v = 0 on {`} × (0, T )

−z = −Kv on {0} × (0, T )

y = y0 on (0, `)× {0}

(1)

Theorem 1

If coefficients regular, the steady state y ≡ 0 of (1) is locally H2

exponentially stable. Namely,

∃ε, α, η > 0 such that ∀y0 ∈ H2(0, `;R12) with ‖y0‖H2 ≤ ε and fulfilling

compatibility conditions, ∃!y ∈ C0([0,+∞);H2(0, `;R12)) solution to (1), and

‖y(·, t)‖H2(0,`;R12) ≤ ηe
−αt‖y0‖H2(0,`;R12), ∀t.

• idea of the proof: quadratic Lyapunov functional

• a lot of work done in: Bastin-Coron ’16

• possible because: first-order, A hyperbolic and no zero eigenvalue

• difficulty: g quadratic + B not small

See: R.-Leugering arXiv:1912.02543v3 to appear in SICON (isotropic prismatic beams). 6 / 15

https://arxiv.org/abs/1912.02543v3


Single beam: stabilization for IGEB

Quadratic Lyapunov functional L:

easier to show exponential decay for L
+ L equivalent to ‖y(·, t)‖2H2(0,`;R12) when y is in some ball of C0

tC
1
x

x

ρ

0

0 `

w

feedback

clam
ped

L(t) =

2∑
k=0

∫ `

0

〈
∂kt y ,

(
ρQP(x) + w(x)

[
0 W(x)

W(x)ᵀ 0

])
∂kt y

〉
dx.
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Single beam: corresponding results for GEB

Corresponding GEB model:
∂t ([ R 0

0 R ]M [ VW ]) = ∂x [ RΦ
RΨ ] +

[
0

(∂xp)×(RΦ)

]
in (0, `)× (0, T )

− [ Φ
Ψ ] = −K [ VW ] on {0} × (0, T )

(p,R) = (hp, hR) constant on {`} × (0, T )

(p,R) = (p0,R0), (∂tp,RW ) = (p1, w0) on (0, `)× {0}.

(2)

Theorem 2

If coefficients regular and if data of both models fulfill compatibility conditions,
then: ∃! solution in C1

x,t to IGEB ⇒ ∃! solution in C2
x,t to GEB.

Idea of the proof: show that T is bijective, using: last six equations of IGEB as

compatibility conditions + quaternions to parametrize rotations.

Corollary 1

Under assumptions of Theorems 1 and 2, where y0 = f(p0,R0,p1, w0),
∃!(p,R) ∈ C2([0, `]× [0,+∞);R3 × SO(3)) solution to (2)
+ exponential decay of ∂tp, ∂tR and Φ,Ψ.

See: R.-Leugering arXiv:1912.02543v3 to appear in SICON (isotropic prismatic beams). 8 / 15

https://arxiv.org/abs/1912.02543v3


Networks of beams
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• beams/edges indexed by i ∈ I
• nodes indexed by n ∈ N
• unknown state: (pi,Ri)i∈I or (yi)i∈I

Notation: for any node n,

- In = indexes of edges incident to n

- xni = end of the interval [0, `i] corresponding to n, for any i ∈ In.

k ni

xk
i = 0 xn

i = `i
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Networks: GEB and IGEB systems

At multiple nodes, the beams remain attached without rotating + balance of
forces/moments.

(3)



∂t
([

Ri 0
0 Ri

]
Mi

[
Vi
Wi

])
∂tyi +Ai(x)∂xyi

= ∂x
[

RiΦi
RiΨi

]
+
[

0
(∂xpi)×(RiΦi)

]
+Bi(x)yi = gi(x, yi) in (0, `i)× (0, T ), i ∈ I

pi(x
n
i , t) = pj(x

n
j , t) (Rivi)(x

n
i , t) = (Rjvj)(x

n
j , t) t ∈ (0, T ), i, j ∈ In, n ∈ NM

(RiR
ᵀ
i )(xni , t) = (RjR

ᵀ
j )(xnj , t)∑

i∈In τ
n
i

[
RiΦi
RiΨi

]
(xni , t) = 0

∑
i∈In τ

n
i (Rizi)(x

n
i , t) = 0 t ∈ (0, T ), n ∈ NM

τni

[
Φi
Ψi

]
= qn τni zi = qn on {xni } × (0, T ), i ∈ In, n ∈ N z

S

(pi,Ri) = (fp
n , f

R
n ) vi = qn on {xni } × (0, T ), i ∈ In, n ∈ N v

S

(pi,Ri) = (p0
i ,R

0
i ) yi = y0

i on (0, `i)× {0}, i ∈ I

(∂tpi,RiWi) = (p1
i , w

0
i )

where Ri = diag(Ri, Ri)

N = NM ∪N vS ∪N
z
S
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Networks: well-posedness for IGEB

We consider the IGEB model.

At least local in time well-posedness:

• any network

• rewrite as a single system → apply previous results (Bastin-Coron, Li)

• key step:

- write system in diagonal form: new unknown state ri =

[
r−i
r+
i

]
- rule for each node n:

components of ri corresponding to characteristics entering
[0, `i]× [0,+∞) at this node expressed as a function of the
components of ri corresponding to characteristics leaving
[0, `i]× [0,+∞) at this node

0 `i

x

t

λ >
0

λ < 0

•entering

• leaving

• entering

•leaving

1
2

3

n
r−1 (`1, t)

r+2 (0, t)
r+3 (0, t)

 = f

r+1 (`1, t)
r−2 (0, t)
r−3 (0, t)
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Networks: stabilization for IGEB

H2
x :=

∏N
i=1H

2(0, `i;R12).

Theorem 3

Star-shaped network, velocity feedback controls (τni zi = −Knvi, with Kn

symmetric positive definite) at all simple nodes.
Then, the zero steady state of (3−IGEB) is locally H2 exponentially stable:

∃ε, β, η ≥ 1 s.t. ∀(y0i )i∈I ∈ H2
x with ‖y0‖H2

x
≤ ε and compatibility conditions, ∃! solution

y := (yi)i∈I ∈ C0([0,+∞);H2
x) to (3−IGEB), and

‖y(·, t)‖H2
x
≤ ηe−βt‖y0‖H2

x
, ∀t.

Quadratic Lyapunov functional:

L =
∑
i∈I

2∑
k=0

∫ `i

0

〈
∂kt yi ,

(
ρQPi + wi

[
0 Wi

Wᵀ
i 0

])
∂kt yi

〉
dx

x

ρ

0

0 `1

w1

feedback 1
2

3

40 1

2

3

4

x

wi (i 6= 1)

0 `i

ρ

0

feedback

See: R. arXiv:2009.07183 preprint. 12 / 15

https://arxiv.org/abs/2009.07183


Networks: local nodal profile controllability for IGEB
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For t ∈ [T ∗, T ],

y1(0, t) = y1(t)

y2(0, t) = y2(t).

For t ∈ [0, T ],

z4(`4, t) = q4(t)

z5(`5, t) = q5(t).

Theorem 4
Let

• T ∗ = T ∗(Ai, `i) > 0 large enough and T > T ∗

• nodal profiles y1, y2 ∈ C1([T ∗, T ];R12) with small norm + transmission conditions

Then, ∀(y0
i )i∈I ∈

∏N
i=1 C

1([0, `i];R12) with small norm and compatibility
conditions, ∃q4, q5 ∈ C1([0, T ];R6) controls with small norm s.t. the solution
(yi)i∈I ∈

∏N
i=1 C

1([0, `i]× [0, T ];R12) to (3−IGEB) has small norm and
satisfies the nodal profiles.

• Zhuang and al. ’18 (Saint-Venant)

• construct solution satisfying all conditions + substitute to obtain desired control

• possible because: first-order, hyperbolic, no zero eigenvalues
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Networks: corresponding results for GEB

Then,

• invert the transformation between (3−GEB) and (3−IGEB)

• deduce results corresponding to Theorem 4 (stabilization) and Theorem 5
(nodal profile control), for (3−GEB)
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Thank you for your attention! Questions?
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