Entropy Methods for
Gas Dynamics on Networks

Yannick Holle

supervisors M. Herty and M. Westdickenberg

This work was funded by:
DFG Research Training Group
Energy, Entropy and Dissipative Dynamics

Mini-Workshop on Hyperbolic Problems
Friedrich-Alexander-UniversitAd't Erlangen—NAijrnberg
October 12, 2020

) N\ @ Energy,
(‘ | .

Dissipative Dynamics




m Introduction to isentropic gas dynamics on networks

m A kinetic BGK model and its relaxation limit

m A maximum energy dissipation principle at the junction
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Introduction to
isentropic gas dynamics on networks




Applications

Many problems can be modeled by hyperbolic PDEs on networks:
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Isentropic gas dynamics

Isentropic gas equations

for t, x,

atp + axpu =
Oepu + Ox(pu® + kp?) =0

with density p > 0, flow velocity u € R and constants k > 0, 1 < v < 3.

The system has several useful properties:
m a large class of entropy pairs (1, G) () convex, G' = n'F’);
m globally defined Riemann invariants w12 = u =+ a,p'~1/2;
m a kinetic model.

These properties allow us to use some tools which are not available for general
hyperbolic systems.
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Coupling conditions in the literature

We couple i =1, ..., d weak solutions

U +0,F(U)=0, t>0,x>0, ”

at the junction x = 0 by a suitable condition.

Physically reasonable: conservation of mass at the junction
d . .
> Al(pu)'(t,0)=0, forae t>0. (M)
i=1

Additional conditions: (to obtain unique solutions)
Equality of dynamic pressure [R. M. Colombo, M. Garavello, 2006]:

(pu® + kp?) (t,0) = (pu® + kp" Y (t,0) for ae. t > 0. (Pp)
Equality of pressure [M. K. Banda, M. Herty, A. Klar, 2006]:
(p")(t,0) = (p"Y(t,0) forae t>0. (P)
Equality of stagnation enthalpy [G. A. Reigstad, 2015]:
U2 YK ~—1yi U2 YK ~—1yj
SRS LA i = (= t,0) fora.e t>0. H
(5 + 2550 V(00 = (5 + L2 Y (0) forae e>0. (H)

Y. Holle | Mini-Workshop on Hyperbolic Problems | 4 /20



Known results and remarks

A general existence theorem for the generalized Cauchy problem based on
wave-front tracking [R. M. Colombo, M. Herty, V. Sachers, 2008] ensures
existence of solutions with every coupling condition on the last slide.

This result requires subsonic initial data which is close to a stationary solution and
with sufficiently small total variation.

We will use an approach based on completely different methods:
m kinetic approach to approximate the solutions;
m compensated compactness to pass to the limit in the interior of the domain;

m formal derivation of a new coupling condition.

Therefore, we impose initial data with finite total mass and energy and an
L*°-bound.
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A Kinetic BGK model and its relaxation limit




A kinetic BGK model

BGK model for isentropic gas dynamics (F. Bouchut, 1999)

{atﬁ’ierX’%i— (Mo[f] - 6). fort >0, x>0

1
Oefi + €0 = L(Mi[f'] — ),
with ' = fi(t,x,€) € R?, f§ > 0.

To define the Maxwellian M[f], we introduce the macroscopic variables

(1) [0

_ _ (pr, € — ur)
MUY =Ml &) = (o _ i) ).
X(p,€) = cyu(@p” ™ = €)%

We define
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Kinetic and macroscopic entropies

Convex kinetic entropies can be defined by the formula
Hs(f, ) = / ®(f,€,v) S(v) dv, for convex S.
Jr

(@ is a positive kernel with an explicit formula).

We obtain a macroscopic entropy pair by
1s(p.0) = [ Hs(M(p,0,).8) de.
R
Gs(p,u) = [ € Hs(M(p. .6).¢) .
R

Note: S(v) = v?/2 leads to the physical energy and energy flux.
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Kinetic coupling condition

We couple the kinetic equations by a coupling function
fi(t,x =0,8) =V [f(t,x=0,R7),j=1,..,d](€), t>0,&>0.

It is physically reasonable to assume that mass is conserved

d

SA [ | eviteo e+ [ ; 8 (©) dg} _

i=1

and energy is non-increasing

V EHoz/2(V[t.8](6) df+/ EHy2)2(8'(€):€) dg} <o.

at the junction. Furthermore, we will need a continuity assumption on V.

The existence of solutions to the kinetic model on networks can be shown if the
inital total mass and energy are finite [Y. H., 2020].
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Interior relaxation

Let £ solve the kinetic BGK model with ¢ > 0. We aim to justify the limit e — 0
by the method of compensated compactness.

Therefore, we use the additional assumption

[/ £Hs(V[g](€) d£+/ £Hs(g 5),£)dﬁ]so

for every convex S with S(v) = S(—v) and require that the kinetic Riemann
invariants wi 2(pr, ur)(x = 0) of the initial data are bounded in L*°.

This leads to the following result.

Theorem (Y. H., 2020)

(p, pu)L fIR " d¢ are uniformly bounded in LES.. After passing if necessary to a
subsequence, (p, pu). converge a.e. int,x > 0 to an entropy solution (p, pu)'.

The proof is based on the method of compensated compactness. See [P.-L. Lions,
B. Perthame, P. E. Souganidis, 1996] and [F. Berthelin, F. Bouchut, 2002].
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A maximum energy dissipation principle at the
junction




Kinetic coupling with maximum energy dissipation

Question: Which coupling condition is the physically correct one?

Our approach: We determine the coupling condition which conserves mass and
dissipates as most energy as possible. For given data g(&), £ < 0, we solve

d s )
inf SO A / €H,2 (W (€), €) de
i—1 0

st S A { | evioae+ [ edito df} ~0
i=1 0 —0o0
The solution of this optimization problem is given by

V(&) = M(ps, u. = 0,8),

where p. > 0 is the unique density which ensures conservation of mass.
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Kinetic coupling with maximum energy dissipation

Using the sub-differential inequality

Hv2/2(f7 §) > Hv2/2(M(p7 u?é‘)aé‘) + 77\//2/2(/)7 u) ' (f - M(p7 U,E))

leads to

ZA’ / " eH,a (W), €) de

d oo
ZZ /5Hz/z M(p..,0,€),€) dé

((mz/z(g*, 0))0> ‘ (Z,il X € (Vi(E)

d ) %)
3 A / €Hy2 2(M(p.,0,€), ) de.
i=1 v

- Mi(p..0,£)) d&)
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Formal derivation of a macroscopic coupling condition

Using the sub-differential inequality for Hs and assuming that pS — p. in L},
allows to prove

Gs{7,u)(£,0) = Gs(p (1), 0) = ws(p-(£),0) (F(#/, (2. 0) — F(p-(1).0)) <0,

for every convex S.

Compare this inequality with

Entropy formulation of boundary conditions [F. Dubois, P. LeFloch, 1988]

For boundary data (p°(t), u’(t)), we require for every convex S:

Gs(p, ) (£, 0)~Gs("(1), u*(£)) ~n5(p"(0), u?(2)) (Flp, )(£,0) — F(6"(2), (1)) < 0

Problem: Both conditions do not lead to uniqueness of self-similar Lax solutions to
the generalized Riemann problem.
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How to tackle the non-uniqueness problem?

Possible ways to solve the problem

m boundary layer equations produced by different approximation techniques
[K. T. Joseph, P. G. LeFloch, 1999],

m using the stronger Riemann problem formulation of boundary conditions.

Superset of states satisfying the
entropy formulation

Riemann problem formulation

We follow the Riemann problem approach and extend it to the network case.

Y. Holle | Mini-Workshop on Hyperbolic Problems | 13 /20



A new coupling condition

We construct solutions to the generalized Riemann problem in the following way:

1. We consider the self-similar Lax solutions (p', u’) to the Riemann problems
with initial data
P P, 0)(x x <0
(b b)) = § 7O
(po, Uo)(X) x>0
2. The artificial density p. > 0 is chosen such that

d

> Al(pu)'(t,0+) =0.

i=1

3. We restrict the obtained functions to x > 0 and obtain the desired solutions.

Theorem (Y. H., M. Herty, M. Westdickenberg, 2020)

For every (ph, uh) € RT x R there exists a unique solution (p', u’) to the
generalized Riemann problem.

The proof is based on an extension of methods used by Reigstad (2015).

The idea is to leave out the conservation of mass first. We prove monotonicity of
27:1 A'(pu)'(t,0) w.r.t. p. and conclude with the intermediate value theorem.
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A new coupling condition

The generalized Riemann problem defines implicitly a condition on
(p',u")(t,0), i=1,...,d. The implicit condition is used to define solutions to the
generalized Cauchy problem.

Existence of solutions to the generalized Cauchy problem in the BV-setting with
subsonic initial data can be shown by applying a general existence result.
The new coupling condition satisfies several (physical) properties:

m Existence and uniqueness of solutions to the generalized Riemann problem
holds globally in state space.

m Energy is dissipated at the junction.
m A maximum principle on the Riemann invariants.

m Numerical results regarding the produced wave types (next slide).
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Comparison of the coupling conditions




Comparison of energy dissipation/production at the junction

We consider the behavior of the energy at the junction

d <0 energy dissipation,
Z A'Gpp(p,u')(t,04)¢ =0 energy conservation,

=1 >0 energy production,

and obtain the following results for the different conditions

Equal energy dissipation
density and production possible
Equal energy dissipation

momentum flux and production possible
Equal

stagnation enthalpy conservation of energy

Equal

artificial density energy dissipation
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Comparison of numerical results

We choose initial data which lead to a stationary solution to the equal density
coupling condition (conservation of mass + equal density).

pipeline Po.k Po, kYo k &,bd{\o(\
1 +1.0000 —1.0000 _— @(e
2 +1.0000 +0.5000
3 +1.0000 +0.5000

The different coupling conditions lead to the following qualitative waves types:

ineline Equal Equal Equal Equal
pip density momentum flux stagnation enthalpy artificial density
1 no waves rarefaction wave rarefaction wave shock
2 no waves shock shock rarefaction wave
3 no waves shock shock rarefaction wave
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Comparison of numerical results

We obtain the following numerical results for the traces at the junction:

Equal Equal Equal
Equal . e
density momentum stagnation artificial
flux enthalpy density
pipeline Pk P by Pk Pk Uk Pk Pl Pk Pl
1 +1.000 —1.000 +0.896 —1.198 +0.852 —1.267 +1.178 —0.542
2 +1.000 +0.500 +1.027 +0.600 +1.036 +0.634 40.935 +0.271
3 +1.000 +0.500 +1.027 +0.600 +1.036 +0.634 +0.935 +0.271
Energy
production/ —7.500 x 102 —1.725 x 1072 ~ 0 —1.385 x 10~ *
dissipation
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Thank you for your attention!




Comparison of level sets

The different coupling conditions produce the following level-sets in the state space.

pu
N,
pu

Equal pressure Equal stagnation enthalpy

pu
pu

Equal momentum flux Artificial density
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