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“To whom it may concern”



“Peer’s law: The solution to a problem changes the nature of the problem.”

A. Bloch, Murphy’s Law: Complete. Arrow Books, 2002, p. 54.

“When things get too complicated, it sometimes makes sense to stop and wonder: have I asked the
right question?”

E. Bombieri, Prime Territory. Ezploring the Infinite Landscape at the Base of the Number System,
The Sciences, vol. 32, no. 5, pp. 32, Sep.—Oct. 1992.

“Lejos un trino.
El ruisenor no sabe
que te consuela.”

J. L. Borges, Diecisiete haiku (n. 16), in La cifra, Emecé, 1981.
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Abstract

The main focus of this thesis is on the study of singular limits related to scalar conservation
laws. These are first-order partial differential equations that describe how the amount of a physical
quantity in a given region of space changes over time, solely determined by the flux of that quantity
across the boundary of the region.

The first part of this manuscript deals with nonlocal regularizations of scalar conservation laws,
where the flux function depends on the solution through the convolution with a given kernel. These
models are widely used to describe vehicular traffic, where each car adjusts its velocity based on
a weighted average of the traffic density ahead. First, we establish the existence, uniqueness, and
maximum principle for solutions of the nonlocal problem under mild assumptions on the kernel and
flux function. We then investigate the convergence of the solution to that of the corresponding local
conservation law when the nonlocality is shrunk to a local evaluation (i.e., when the kernel tends to
a Dirac delta distribution). For kernels of exponential type, we analyze this singular limit for initial
data of bounded variation as well as for merely bounded ones, using Oleinik-type estimates. We
also demonstrate how the techniques developed in this analysis can be used to study the long-time
behavior of a nonlocal regularization of the Burgers equation and to show that the asymptotic
profile is given by the N-wave entropy admissible solution. We also investigate the role played by
artificial viscosity in the nonlocal-to—local singular limit process. Finally, we study the boundary
controllability problem for nonlocal traffic models.

In the second part of this thesis, we address the controllability of scalar conservation laws
on networks and its relationship to the vanishing viscosity singular limit. Our main analysis is
carried out in the linear case: for a linear advection-diffusion equation, we show that the cost of
controllability blows up exponentially as the viscosity parameter vanishes for small times and decays
exponentially for a sufficiently long time-horizon. Finally, for nonlinear conservation laws, we prove
a controllability result for entropy solutions using a Lyapunov approach and highlight the stability
of this result when a small viscosity is added.






Zusammenfassung

Der Schwerpunkt dieser Dissertation liegt auf der Untersuchung singulirer Grenzwerte im Kontext
von skalaren Erhaltungsgleichungen. Dies sind partielle Differentialgleichungen erster Ordnung, die
beschreiben, wie sich die Menge einer physikalischen Gréfle in einer bestimmten Raumregion im
Laufe der Zeit dndert, allein bestimmt durch den Fluss dieser Grofle iiber die Grenze der Region.

Der erste Teil dieses Manuskripts befasst sich mit nichtlokalen Regularisierungen von skalaren
Erhaltungsgleichungen, bei denen die Flussfunktion von der Losung abhingt, indem sie mit
einem gegebenen Kernel konvolutiert wird. Diese Modelle werden haufig verwendet, um den
Fahrzeugverkehr zu beschreiben, bei dem jedes Auto seine Geschwindigkeit anhand eines gewichteten
Durchschnitts der Verkehrsdichte voraus anpasst. Zunéchst stellen wir die Existenz, Eindeutigkeit
und das Maximumprinzip fiir Losungen des nichtlokalen Problems unter milden Annahmen iiber den
Kernel und die Flussfunktion fest. Anschliefend untersuchen wir die Konvergenz der Losung zu der
des entsprechenden lokalen Erhaltungsgesetzes, wenn die Nichtlokalitat zu einer lokalen Auswertung
schrumpft (d.h. wenn der Kern gegen eine Dirac-Delta-Verteilung tendiert). Fiir Kerne exponen-
tiellen Typs analysieren wir diesen singuldren Grenzwert fiir Anfangsdaten mit beschrankter Varia-
tion sowie fiir lediglich beschrénkte Anfangsdaten unter Verwendung von Oleinik-Typ-Schétzungen.
Techniken verwendet werden konnen, um das Langzeitverhalten einer nichtlokalen Regularisierung
der Burgers-Gleichung zu untersuchen und nachzuweisen, dass das asymptotische Profil durch die
N-Wellen-Entropie zuldssige Losung gegeben ist. Wir untersuchen auch die Rolle, die kiinstliche
Viskositat im nichtlokalen-zu-lokalen singularen Grenzprozess spielt. SchliefSlich untersuchen wir das
Randsteuerungsproblem fiir nichtlokale Verkehrsmodelle.

Im zweiten Teil dieser Arbeit beschiftigen wir uns mit der Steuerbarkeit skaldrer Erhaltungs-
gleichungen auf Netzwerken und ihrem Zusammenhang mit dem Grenzwert des verschwindenden
Viskositéatskoeffizienten. Unsere Hauptanalyse wird im linearen Fall durchgefiihrt: Fiir eine lineare
Advektions-Diffusions-Gleichung zeigen wir, dass die Kosten der Steuerbarkeit exponentiell ansteigen,
wenn der Viskositatskoeffizient fiir kurze Zeiten gegen Null geht, und fiir einen ausreichend langen
Zeitraum exponentiell abfallen. Schliellich beweisen wir fiir nichtlineare Erhaltungsgleichungen ein
Steuerbarkeitsresultat fiir Entropielosungen unter Verwendung eines Lyapunov-Ansatzes und heben
die Stabilitat dieses Ergebnisses hervor, wenn eine geringe Viskositat hinzugefiigt wird.






CHAPTER 1

Introduction

The main object of study of this thesis is the first-order partial differential equation
(1.0.1) Op(t,x) + 0uf(p(t,x)) =0, (t,x) € (0,+00) X R,

where p : [0,+00) x R — R is called conserved quantity and f : R — R fluz (of the conserved
quantity). This type of equation is called scalar conservation law because it expresses the fact that
the variation of p between two points is equal to the difference of the flux at these two points. Indeed,
if we (formally) integrate between two points a,b € R (with a < b), we obtain

b

(10.2) (ft it x) dx —/ Guplt, ) / O f(p(t, 7)) dw = f(p(t, 0)) — f(p(t,))
= [inflow at = a and time t] — [outflow at x = b and time ] .

Under integrability assumptions, this leads to
dt

In other words, the physical entity p is neither created nor destroyed. Thus, (|1.0.1) arises when
modeling the evolution of a quantity that is conserved: mass, momentum, energy, etc.

p(t,z)dx = 0.
R

p(t, x)

F1GURE 1.1. THlustration of (1.0.2)) in case p represents a density of cars. Cf. [44
Figure 2].

Another way to view the dynamics of ([1.0.1]) is to rewrite the equation in advective form:
Op(t, ) + f'(p(t, 2))0ep(t,x) =0, (t,2) € (0,400) x R.

When the flux f is not linear, the quantity p is transported at a speed of f’(p) that depends on the
solution itself.

Let us now focus on solving (1.0.1)) and, more specifically, the associated Cauchy problem
(1.0.3) Op(t,x) + 0. (f(p(t,x))) =0, (t,z) € (0,+00) xR,
p(oax) :pO(x)a Z'GR,

where pg : R — R is a given initial condition. Among the key features of scalar conservation laws,
there is the emergence of singularities in finite time (even starting from smooth initial data; see
Figure . Supposing that pp and f are smooth, we can build classical solutions of by the
method of characteristics, at least on a sufficiently small time-horizon. The idea is as follows: a

classical solution of (1.0.3)) is constant along the curves satisfying /() = f'(p(t,z(t))). Indeed, we
compute

S (olt, (1)) = Duplt, 2(1)) + ' (6De(t, (1)
= Duplt, 2(1)) + (1, 2()Beplt, 2(1)) =0, 1> 0,

5



6 1. INTRODUCTION

This allows us to define the solution p by fixing a point (¢,z) € (0,+00) x R, solving the equation
(1.0.4) z=y+tf (po(y), yeR,

and setting p(¢,z) = po(y). In the linear case, the characteristic curves are a priori known straight
lines and the graph of the solution at a given time is obtained by translating the graph of the initial
data. In the nonlinear case, the speed depends on the solution itself, which thus deforms over time
(as illustrated in Figure and it may happen that equation has multiple solutions, thus
preventing the construction of a classical solution. More precisely, by [222], Proposition 2.1.1], for
po € CH(R) N WL (R), the Cauchy problem has one and only one C! solution defined on
[0,7%) x R, where

s {—}—oo if f/ o pg is increasing,
L (S i
Wt (Fope) otherwise,
and does not have one in any larger strip [0, 7] x R.

p(T*, )

p(o, )

FIGURE 1.2. Finite-time shock formation for scalar conservation laws. Cf. [44,
Figure 5].

We have thus to resort to extending the notion of solutions to possibly discontinuous functions,
such as essentially bounded ones.

Another fundamental feature of conservation laws is the need to prescribe an entropy condition
in order to single out a unique “physically meaningful” solution among the many possible weak ones.
Let us recall the notion of entropy solutions for the Cauchy problem , which is inspired by
the second principle of thermodynamics (see [135], 115]).

DEFINITION 1.0.1 (Entropy solutions). A function p : [0,400) X R — R is an entropy solution
of the Cauchy problem (1.0.3)) with initial datum py € LS. (R) if p € L72.((0,4+00) x R) and, for

loc loc
every non-negative test function ¢ € C°([0,4+00) x R;Ry), we have

105) [ [ (nott.0)0uelt2) + alolt.a)oso(t. ) dtdo+ [ aon()p(0.0)do > 0

for every conver entropy n with entropy-flux ¢, i.e. n,q € C%(R) with n” >0 and ' f' = ¢'.

One of the main contributions in the classical theory of conservation laws, due to Kruzkov (see
[174]), is the fact that the solution operator of the scalar conservation law ((1.0.1)) is a L!-contraction:
using the entropy—entropy-flux pair

n(p,k) =1|p—kl and q(p, k) =sign(p —k)|f(p) — f(K)I, for every k € R,

and a “doubling of variables” argument, he proved that two entropy solutions satisfy

/|p1(t,a:)—p2(t,a:)]dx§/]pl(O,a:)—pg(O,a:)]dx, t > 0.
R R

From this, uniqueness and BV bounds follow. For a modern presentation of the proof of the well-
posedness of entropy solutions for scalar conservation laws, we refer the reader to the monographs
[116, 161, 203, 145, 222, 43).
In this thesis, we shall focus on two aspects of scalar conservation laws:
1. their nonlocal regularization;
2. their study on a metric graph.
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1.1. Nonlocal regularizations of scalar conservation laws

1.1.1. Motivation and formulation of the Cauchy problem. Several mathematical models
are formulated in terms of conservation laws.

For instance, the velocity u of a field of particles that do not interact with each other (an isolated
one-dimensional medium) is modeled by the (inviscid) Burgers equationﬂ
u?
2

In most of what follows, we will be motivated by the study of macroscopic traffic flow (as
introduced by Lighthill-Whitham-Richards, [218), [187]): p represents the car density and, typically,
we assume that the flux is a concave function given by

f(p) =V (p)p,

for a suitable velocity function V' : R — R that is monotonically decreasing (i.e., the higher the

density of cars on the road, the lower their speed)—e.g., the celebrated LWR-Greenshields model

V(&) = tmax(1 — &/pmax), With vpmax > 0 and ppax > 0 (see, e.g., [147] and [138) Section 3.1.2]).
The dynamics given by the Cauchy problem

(1.1.1) {@P(W) +0:(V(p(t,2))p(t, ) =0, (t,2) € (0,400) xR,

Opu + Oy ( ) =0, (t,x) € (0,400) x R.

p(O,l’) ::00('7;)7 x € R,

where pg : R — R represents the (non-negative) initial traffic density, does not allow for a car to
change its velocity looking at the traffic ahead, but only based on the density at the given space-time
point. This is one reason for introducing a nonlocal variant of this model, which can be written as

112) Bup(t, @) + 0, (VW I)(t, 2)p(t,2)) = 0, () € (0,+00) X R,
o p(O,x) = P0($)7 r €R,

with

(1.1.3) Whit,) = (v = lt.a) = [ (o= 9)plt. ).

We shall call W[p] : (0,+00) x R — R the nonlocal impact affecting the velocity function V : R — R
of the nonlocal conservation law in . The nonlocal weight v influences how the density is
averaged; for traffic flow modeling, it is reasonable to assume that ~y is anisotropic and, in particular,
supported on the negative axis R_ and monotonically non-decreasing. This means that the drivers
adjust their speed based only on the “downstream” traffic density (i.e., only looking forward and
not backward) and give it more consideration the closer it is to their position.

¢ 5 G £ £ G5 5
Local = G a5 5 £ & &
. =8 £ o £ £ £ £

Nonlocal Iy - s, £ £ 5 £
P - - S S & &

FIGURE 1.3. Comparison of local and nonlocal traffic flow models. In the nonlocal
case, the red car looks ahead within the and adjusts its velocity in
response to the high downstream density (which illustrates the effect of the nonlocal
impact on the dynamics). Cf. [170] Figure 1].

In recent decades, nonlocal balance laws have been used to describe various physical phenomena:
from the aforementioned traffic flow [144), 35, 133}, 65, (64, 63], to supply chains [166], 223, 146],
crowd dynamics [4}, 96, 94, [95], opinion formation [6], 215], chemical engineering processes [214),

IThe origins of the viscous Burgers equation can be traced back to [49) [85], [29].
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226/, sedimentation [33], slow erosion of granular matter [7), 83, [81], materials with fading memory
effects [60], various biological and industrial models [97], and conveyor belt dynamics [220]. We
refer to [170] for a survey. Moreover, a nonlocal regularization of the Burgers equation (the «a-
Burgers equation; see [225), [32], 149]) has long been used to describe the averaged motion of an
ideal incompressible fluid, filtering over spatial scales smaller than some a priori fixed o > 0:

6tua(t7 iL') + 'Ua(ta x)axua(ta x) = 07 (t> 37) € (O, —I—OO) X R,
—ozaggcva(t, x) + vo(t, ) = ua(t,z), (t,x) € (0,400) x R.

For the Cauchy problem , various well-posedness results have been presented in the
literature under different sets of assumptions regarding initial data, velocity function, and nonlocal
weight. For example, in [35, B3], existence was established via numerical schemes, while, in [83],
the vanishing viscosity technique was employed; both approaches required an entropy condition to
be imposed to prove uniqueness. More recently, the existence and uniqueness of weak solutions
were established using fixed-point methods, without necessitating an entropy condition (see, e.g.,
[109, 167, 172, 171]). For measure-valued solutions, a similar approach was adopted in [112]. A
key point in this analysis is that, for the Cauchy problem , the regularity of the initial data is
essentially preserved (under suitable assumptions) because of the nonlocal term, which means that
no shocks may arise from a smooth initial density.

The first contribution of this thesis, presented in CHAPTER m is to extend the previously
known well-posedness results to a more general situation: essentially bounded initial data, locally
Lipschitz continuous velocity, and assuming that the nonlocal weight is non-negative and belongs
to BV. This generalizes the standard condition v € W1 commonly found in the literature (see,
for example, [167]).

Following [8], we recall that the total variation of a function u € L*(R) is given by

oty = s { [ uv/de: v e CE®), Wlovm <1}

The norm |[ul|gy(w) = [lullL1®) + [ulTv(®) endows the space of L' functions with bounded variation,
BV(R), with a Banach space structure. We also use the notation TV(R) to denote the space of
measurable functions with bounded variation.

The key idea to establish the well-posedness result is to interpret the nonlocal conservation law
in as a fixed-point problem. To this end, we may rewrite it as a coupled system

Op(tyx) + 0 (V(w(t,z))p(t,z)) =0, (t,z)€ (0,400) xR,
(1.1.4) w(t, z) = Wlp|(t, z), (t,x) € (0,400) x R,
p(0,z) = po(z), z € R.

As long as w is Lipschitz continuous, we can view the first equation in (|1.1.4)) as a linear conser-
vation law with a Lipschitz continuous space-time dependent velocity field. Using the method of
characteristics, we can then express the solution as

p(tsx) = po(E[w](t, z;0))0:€[w](t, z;0),  (t,2) € (0,T) xR,

for T' > 0, where £[w] is the solution of the characteristic equation (written here as a Volterra-type
integral equation):

tair) =o+ [ Viw(s€(tais))ds, (ba,r) € 0.1) xR x (0.7),
t
Plugging this back into the second equation of (1.1.4)) yields the following fixed-point problem in w:
(115)  wito) = [ e pptpdy= [ 2o = ulOpmm) di (¢2) € 0.7) xR,

Banach’s fixed-point theorem provides the existence of a unique solution for problem ([1.1.5)) in
L>®((0,T*); WE°(R)) for a suitably small time-horizon T* > 0. Under the physically reasonable

2G. M. Coclite, N. De Nitti, A. Keimer, and L. Pflug. On existence and uniqueness of weak solutions to
nonlocal conservation laws with BV kernels. Z. Angew. Math. Phys., 73(6):Paper No. 241, 10, 2022.
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additional monotonicity assumptions on the velocity and the weight mentioned above, we obtain
the existence result on an arbitrary time-horizon due to a comparison principle.

1.1.2. Nonlocal-to—local singular limit problem. Having established a well-posedness
result for the nonlocal problem, a natural question arises: whether we can recover the entropy-
admissible solution of the local equation as the nonlocality is shrunk to a local evaluation (i.e.,
when the weight v approaches a Dirac delta distribution). In other words, given a nonlocal average
parameter o > 0, we consider the rescaled problem

" 0upat,) + 00 (V(Walpa 0:0)pa(t,2) =0, (1,2) € (0,+00) X R,
o pa(0,z) = po(x), z € R,
with
1 T—y
(1.1.7) Walpal(t, z) == (Ya * pa)(t, x) = a/R’Y < - ) pa(t,y) dy;

the aim is then to study the limit of the family {ps}a>0 as a — 07.

The interest in a nonlocal-to—local convergence result lies in bridging the gap between nonlocal
and local modeling of phenomena described by conservation laws. In particular, this type of singular
limit presents an alternative to the classical vanishing viscosity approach (for which we refer, e.g.,
to [161, Appendix B]): it allows us to define entropy-admissible solutions of local conservation laws
by viewing them as limits of weak solutions to nonlocal conservation laws. In contrast to the case
of a parabolic viscous regularization, the nature of the approximating nonlocal equation retains
a somewhat “hyperbolic” character (namely, with finite propagation of mass—albeit with infinite
propagation of information).

First, in [13], it was observed that, at least numerically, the solution of the nonlocal conservation
law appears to converge to the entropy solution of the corresponding local problem as a@ — 07V.
However, in [90], several counterexamples highlighted that this is not generally true. Positive results
on the nonlocal-to—local convergence were obtained in [234] provided that the limit entropy solution
is smooth and the convolution kernel is even; in [168], for a large class of nonlocal conservation laws
with monotone initial data, exploiting the fact that monotonicity is preserved along the evolution; and,
in [88], under the assumption that the initial datum has bounded total variation, is bounded away
from zero, and satisfies a one-sided Lipschitz condition. More recently, in [45, [46], Bressan and Shen
proved a convergence result for an exponential nonlocal weight—i.e., for 7(-) = 1(_ 0)(*) exp(-)—
provided that the initial datum is bounded away from zero and has bounded total variation. The
core of their argument is the observation that, under suitable changes of variables, the nonlocal
problem can be rewritten as a hyperbolic system with relaxation terms: indeed, letting s ==t — z /A,
y = (with A > 0 to be later chosen sufficiently large), the PDE in can be rewritten as

Os ()‘pa - PaV(Wa)) + 8y()‘paV(Wa)) =0, (s,y) € (Oa "‘OO) X R,
OsWo — A0, Wy = 2(pa — Wa), (s,) € (0,4+00) x R.

The assumption on the initial data being bounded away from zero played a key role in showing
a uniform total variation bound for the solution of the nonlocal problem—specifically, for the
quantities log(ps) and log(A — V(W,)). On the other hand, in [88], a counterexample was provided
to demonstrate that the total variation of the solution can blow up if the initial datum is not bounded
away from zero.

The limitations illustrated by the aforementioned results lead us to focus, in CHAPTER m
on the particular case of the exponential weight v(:) == 1(_ () exp(-) and study the nonlocal
impact W, instead of the solution p, itself. By analyzing W,, it is possible to remove the additional
assumption that the initial datum is bounded away from zero. This is because W, enjoys extra

3G. M. Coclite, J.-M. Coron, N. De Nitti, A. Keimer, and L. Pflug. A general result on the approximation of
local conservation laws by nonlocal conservation laws: The singular limit problem for exponential kernels. Ann. Inst.
H. Poincaré Anal. Non Linéaire, 2022.
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FIGURE 1.4. Plot of the one-sided exponential weight 7o = o 1 (_ 0)(+) exp(-/a)
for « =1 (blue) and a = 0.5 (red).

regularity; in particular, its total variation remains uniformly bounded by the one of the initial
datum. The key idea is to use the ODE given by

o0 T —
aaxwa[pa](ta .CC) = 8x/ exp (ay> pa(tvy) dy
= Walpal(t,z) — pa(t,x), (t,z) € (0,400) x R,
to deduce a conservation law in W, with a nonlocal source (which acts as a regularization term):
(1‘1'8) OWa + 8I(V(Wa)Wa) = 9a =~ Ga * Ya, where g, = V/(Wa)WaaxWa-

Using , we establish a uniform total variation bound on W, without assuming that the initial
datum is bounded away from zero. Furthermore, due to the specific structure of the exponential
weight, this directly implies that the solution of the conservation law converges strongly in L' to
the entropy-admissible solution of the corresponding local conservation law.

It is worth noting that, in traffic models, the use of an exponential weight is not common; instead,
one with compact support is typically chosen to reflect the fact that cars only look ahead within
a finite space-horizon. However, the behavior of a compactly supported weight can be effectively
approximated by an exponentially-decaying one.

Our approach of using W, to study the convergence of the nonlocal conservation law was later
extended in [89] to establish convergence results, with rates, for more general classes of weights.

The key assumption in all the contributions cited above is that the initial datum is of bounded
variation. However, it is of interest to consider the case of an initial datum that is merely bounded. To
this end, in CHAPTER m we establish an Oleinik-type inequality. For the scalar local conservation
law (L.0.1)), Oleinik’s result [2086] (see also Lax [181], Ladyzenskaya [175], and Hopf [162]) states
that, if f is uniformly strictly convex (i.e. f” > k > 0 on R), then any entropy solution of
satisfies the following one-sided Lipschitz bound:

p(t,y) — p(t,z) < % t>0, z,yeR, z<y.
This inequality can be written in a sharp form (see [113, [159]) assuming f” > 0 and that there are
no non-trivial intervals where f is affine (Tartar’s condition; see [227]):

y—x
f’(p(t,y))—f’(p(t,a})) < Ta t>07 x,yER, $§y
The Oleinik estimate provides an equivalent characterization of entropy solutions and exemplifies
how the nonlinearity in a PDE can produce a regularizing effect on the solution: initial data in L>°
are instantaneously regularized to functions of locally bounded variation (BVj).

1G. M. Coclite, M. Colombo, G. Crippa, N. De Nitti, A. Keimer, E. Marconi, L. Pflug, and L. V. Spinolo.
Oleinik-type estimates for nonlocal conservation laws and applications to the nonlocal-to-local limit. Submitted, 2023.
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For nonlocal conservation laws, the only previous results in this direction were obtained under
rather restrictive assumptions: an Oleinik-type estimate was established in [88, Theorem 3] for
initial data that satisfy a one-sided Lipschitz condition and are bounded away from zero and, in
[108] Theorem 3.10] (for a slightly different class of nonlocal conservation laws in advective form),
for initial data that are quasi-concave and have a one-sided bound on the derivative.

Arguing again with , we establish Oleinik-type estimates for the nonlocal term W, and a
one-sided bound for the nonlocal source V'(W,)W,0,W,. As a corollary, we deduce the nonlocal—-
to—local convergence results from CHAPTER [3] without requiring the initial data to have bounded
total variation. However, the trade-off is that we need stronger assumptions on the velocity function
V' (which are still satisfied by several relevant models).

1.1.3. Long-time asymptotics for a nonlocal Burgers equation and N-waves. The
Oleinik inequalities established in CHAPTER [ serve as a basis for exploring a distinct, albeit
somewhat related, problem: the long-time behavior of the solution to a nonlocal Burgers equation.
In CHAPTER m we consider

i) Aup(t, ) + 0 (Wp|(t,2)p(t,2)) =0, (t,7) € (0, +00) X B,
p(O,x) :pO(x)v rzeR,

with initial datum pg € L°°(R;R>q) N LY(R; R>() and nonlocal impact

(1.1.10) Wilta) = [ e -optn)dy. (o) € 0,400) xR

which also satisfies the identity
(1.1.11) LW pl(t,x) = p(t,x) — Wp|(t, ), (t,x) € (0,400) x R.

We then show that, as t — 400, p(t,-) converges to the (unique) N-wave solution (or source-type
solution) w of the local Burgers equation (see [192, Eq. (2.1)]), i.e., the solution of the Burgers
equation with initial data given by a Dirac delta,

{atw(t, z) + Oy (wl(t,x)) =0, (t,2) € (0, +00) x R,

1.1.12
( ) w(0,7) = Méz—o, x € R,

which is given explicitly by

2t

(1.1.13)
0 otherwise.

ol 5) = {m if z € (0, VAM?),

Here, M denotes the mass of the initial datum py.

Proving this result can be reduced to studying a nonlocal-to—local singular limit problem that
is very similar to the ones of CHAPTERS [3|and 4. Indeed, following [192], for a given A > 0, we
consider the rescaled function

(1.1.14) pa(t, ) = A\p(\%t, \z),

which solves

(1.1.15) Opa(t,z) + 0o (Walpal(t,2)pa(t,2)) =0, (t,z) € (0,+00) X R,
o px(0,2) = pox(z) = Apo(Az), z €R,
with
(1.1.16) Wilpal(t,x) == )\/_ exp(Ay — x))pa(t,y) dy, (t,x) € (0,+00) X R.

We show that, for a fixed ¢ > 0, px(¢,-) = w(t,) in L' (R) as A\ — oo, which, in turn, implies
Ip(t,) —w(t, )1y — 0 ast— +oo,

with w defined in (1.1.13)).

5G. M. Coclite, N. De Nitti, A. Keimer, L. Pflug, and E. Zuazua. Long-time convergence of a nonlocal
Burgers’ equation towards the local N-wave. Nonlinearity (to appear), 2023.
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0 X

F1GURE 1.5. Plot of an N-wave solution (1.1.13) (with M = 1) for ¢t = 0.5 (blue),
t=1 (red), and t =2 ( ). Cf. [72] Figure 1].

A significant difference and added level of complexity, compared to CHAPTER [3] is the fact that
the initial data converge to a Dirac delta, i.e.,

(1.1.17) px(0,:) = My and W, (0,-) — Méy

in the sense of distributions as A — +o00. In other words, the sole uniform bound on the initial data
po, with respect to A, is given by its L'-norm.
To overcome this difficulty, we leverage the Oleinik-type inequality satisfied by Wy, i.e.

W)\<t,.%') - W)\(t7y) 1
< -, t>0, z,y € R, .
R =3 T,y T Fy

Combining it with the uniform L!-bound

/W,\(t,m)dm:M, t>0,
R

we deduce an L°°-bound for ¢t > 0:

2M
0 < Wi(t,x) <4/ —~ (t,x) € (0,+00) x R.

With these ingredients, we can establish the convergence of {Wy} >0 and {px}aso to the N-wave
solution of the (local) Burgers equation following the general framework proposed in [127].

1.1.4. Nonlocal-to—local singular limit with an artificial viscosity. Investigating the
effects of artificial viscosity during the nonlocal-to—local approximation process is also relevant.
Indeed, most numerical tests used to conjecture the convergence results employed a (dissipative)
Lax—Friedrichs scheme; a detailed analysis of the effect of numerical viscosity on the study of the
nonlocal-to—local limit can be found in [87].

The incorporation of viscous perturbations was extensively explored in the context of smooth,
non-negative, compactly supported weights given by standard mollifiers (see [90, [87), [86] and also
[61] in the case of more regular initial data and linear velocity).

In the particular case of an exponential nonlocal weight, in CHAPTER @, we improve the
convergence result in [90]. For o, v > 0, we consider

(1.1.18) Otpay(t,x) + 0 (V(Walpal(t, ©))pay(t,z)) = Vagxpa,y(t,a:), (t,z) € (0,+00) X R,
o ,Oa,z/(Ony) = PO,u(w), T e R;

6G. M. Coclite, N. De Nitti, A. Keimer, and L. Pflug. Singular limits with vanishing viscosity for nonlocal
conservation laws. Nonlinear Anal., 211:Paper No. 112370, 12, 2021.
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with
1 [ x—y
(1.1.19) Walpa(t,z) = a/ exp < " > Pau(t,y)dy, (t,x) € (0,+00) x R,
x

and smoothed initial data pg .

As a,v — 07, we show that the family of solutions {pq . }a,>0 converges to the entropy solution
of the corresponding local conservation law under the assumption o/v — 0 (which is weaker
than the condition o < 6_0”76, with C, 8 > 0, used in [90]).

A critical observation for our proof is that f can be reformulated as a higher-order
equation with competing diffusion and dispersion effects:

atWa v + 6 (V(Wa,y)Wa,V)
(1.1.20) = ad?, Wa + Vo2, Wy aw T a0, (V(Wa,)0:Wa,) — au@i’mWa’y, (t,z) € (0,+00) X R,
Wau(o -73 =1 f exp (a: y) pOV( )dy, z eR.

While the proof presented in [90] (which considers more general kernels) relies heavily on energy
estimates for the heat kernel and Duhamel’s principle, our approach differs. Specifically, we establish
an energy estimate for the nonlocal impact W, , by leveraging the structure of ; next, we
apply Tatar’s compensated compactness technique (see [197, 227]) to deduce the LP compactness
of the family {pau }a,v>0-

This strategy draws some inspiration from the study of the singular limit problem for the
Camassa—Holm equation (see [84), [74]) and the Ostrovski-Hunter equation (see [76}, [73]): in these
cases, the approximating equations are higher-order ones that can be equivalently rewritten as
parabolic—elliptic systems or as conservation laws with nonlocal perturbations. These works were, in
turn, influenced by the seminal paper [221] by Schonbek on the zero diffusion-dispersion limits for
the Korteweg—de Vries—Burgers and Benjamin—-Bona—Mahony—Burgers equations. However,
presents several peculiarities compared to the equations appearing in the references mentioned
above: it involves a mixed derivative 97 Wa.; (L.1.6) represents a PDE-ODE coupling rather than a
parabolic—elliptic system; and we do not need to rely on the LP compensated compactness developed
by Schonbek—instead, we are able to deduce an L*°-estimate from , which allows us to apply
the standard L®° compensated compactness theorem by Tartar.

1.1.5. Controllability of nonlocal conservation laws. Recent research has also focused on
the initial-boundary value problem (IBVP) for nonlocal conservation laws. In [172], a fixed-point
approach based on characteristics (similar to the approach also used in CHAPTER [2| for the Cauchy
problem) was utilized to show the existence and uniqueness of a weak solution. This naturally
leads to the question of whether it is possible to use the boundary data to “control” the nonlocal
dynamics.

The literature addressing the boundary controllability and stabilization of solutions of nonlocal
conservation laws is limited, despite the significant interest in this problem. This interest stems from
the question of whether it is possible to direct the traffic on a road segment toward a target end-state
or to achieve a given out-flux. In [107, 223, 110, 109, 111}, 62], some results on end-state and
out-flux controllability, as well as asymptotic exponential stabilization, were obtained for a nonlocal
model introduced in [24] to describe semiconductor manufacturing systems:

Opp(t, ) + Ou(p(t, 2)V(Wpl(t))) = 0, (¢ x) € (0,400) x (0, 1),
(1.1.21) p(0,z) = po(z), z € (0,1),
V(W (t))p(t,0) = u(t), t € (0,400),

with a strictly positive velocity function V € C1(R;Rg) and a nonlocal impact that is independent
of the spatial domain—namely, V(§) :=1/(1+¢), for £ > 0, and Wip fo (t,z)dz. These
results were generalized in [66], where (local) end-state controllablhty and out flux controllability
results were established for a space-dependent velocity (but space-independent nonlocal impact),
V(z, Wp)(t)):

For a related system of scalar nonlocal conservation laws on networks (modeling a highly re-
entrant multi-commodity manufacturing system), the optimal control problem was analyzed in [155].
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A more general conservation law featuring an explicitly space-dependent nonlocal flux was considered
in [91] in the context of modeling supply chains and pedestrian flow.
In CHAPTER Eﬂ we extend the previous results by investigating the controllability of

Opa(t,z) + Oy (V(Wa[pa](t,x))pa(t,x)) =0, (t,z)€ (0,+00) % (0,1),
pa(ovx) = po(ﬂ?), S (07 1),
VWlpal(t,0))palt,0) = VW[pal(t,0))us(t), t € (0,+00),

with
Wioalit.) =5 [T e (T2 (Lo 0000 (t0) + Lo (0, (8) i

for (t,z) € (0,+00) x (0,1). At the entry point of the road, z = 0, an in-flux boundary condition
with density uy is prescribed, which can be interpreted as “on-ramp metering”. The function w, in
the nonlocal operator can be interpreted as a parameter that influences the velocity with which the
density (normalized between 0 and 1 for this discussion) leaves the domain at x = 1; for instance, it
can be used to model traffic lights: if u, = 1, no density leaves (red light); if u, = 0, the adjacent
road is fully evacuated and the density can leave as fast as possible (green light). We stress that it
is necessary to define u, not only at « = 1, but also on (1, 4+00) due to the structure of the nonlocal
term.

In the context of control, both uy and u, are relevant, and we demonstrate that they can
be employed to steer the system toward a desired end-state or out-flux. We establish that exact
controllability is equivalent to the existence of weak solutions to the backward-in-time problem. In
particular, we prove controllability to constant states. We also analyze the long-time behavior of
the solutions under suitable hypotheses on the boundary data.

I L Lo Lo @% @% , I

t | — L o = - <, I
z=0 r=1

FIGURE 1.6. Asin Figure the red car looks ahead within the and

adjusts its velocity accordingly. The blue areas on either side of the road segment
indicate the boundary data, uy and w,: they represent the in-flux at x = 0 and the
“speed control” of the cars leaving the domain at = = 1, respectively. Cf. [30l Figure
1.1].

1.2. Conservation laws models on networks

The study of conservation laws on networks has a rich history dating back to [160, 80]. Over the
past decades, this field has received significant attention due to its relevance in a variety of applied
problems in diverse domains, such as blood circulation [217, 130], gas pipelines [92], (93], vehicular
traffic [138), 137], irrigation channels [126], and supply chains [I118], among others. Surveys and
additional references are available in [138], [47].

In particular, the well-posedness of (suitable notions of) entropy solutions for conservation laws
on networks was extensively investigated. In the second part of this thesis, we concentrate on the
(unique) entropy-admissible solution that arises from a specific vanishing viscosity approximation
process (see [79, 19, [77, 202]; cf. also [62] for Hamilton—Jacobi equations). Our main aim is
to study several aspects of the controllability of scalar conservation laws and, in particular, the
interplay between controllability and vanishing viscosity on tree-shaped networks (i.e., networks
without loops).

A. Bayen, J.-M. Coron, N. De Nitti, A. Keimer, and L. Pflug. Boundary controllability and asymptotic
stabilization of a nonlocal traffic flow model. Vietnam J. Math., 49(3):957-985, 2021.
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1.2.1. Controllability of linear advection-diffusion equations and vanishing viscosity
limit. In CHAPTER m we begin by considering the case of a linear flux function and incorporate a
small viscosity effect. We study a model that has been used to describe the flow of a fluid containing
a dissolved contaminant through a network of one-dimensional cracks (see [207, 125]).

Following the notation in [124], we represent the network by a finite, directed, and connected
graph G == (V,£) with vertices V := {v1,...,v,} and edges € = {ey,...,en} CV x V. We use the
notation E(v) = {e € £ : e = (v,-) or e = (-,v)} for the set of edges incident to a vertex v € V;
Vo ={veV:|Ew)| =1} for the set of boundary vertices; and Vy :=V\Vyg ={v eV :|E(v)| > 2}
for the sets of internal vertices or junctions (here, |S| is the cardinality of a finite set S). For
every edge e = (vin,vout), we define nf (vin) = —1 and nf (vo“t) = 1 (to indicate its starting
and end point) and n¢(v) =0 for v € V\ {v™,v°"}. We write £™(v) = {e € £ : n°(v) > 0} and
£ (v) == {e € & :n°(v) <0} for the sets of edges pointing into and out of the vertex v € V,
respectively. Furthermore, we split Vy into a set of boundary vertices Vian ={veVy:n(v) <0 for
e € £(v)}, from which edges go into the network, and V§"* = {v € Vy : n°(v) > 0 for e € £(v)}, in
which edges end. We identify each edge with an interval of length ¢¢: e.g., e ~ (0, £¢).

€1

FIGURE 1.7. Tree-shaped network with edges e; = (vg,v1), ea = (v2,v6), €3 =
(v3,v5), e4 = (v4,v5), e5 = (v3,v5); inner vertices Vy = {vs, vg} (blue), and boundary
vertices Vy = {v1,va,v3,v4}. We split the set of boundary vertices into Vgl =
{va,v3,v4} (green) and V9™ = {v1} (red). The set E(vg) = {e1,e2,e5} denotes the
edges adjacent to the junction vg, which can be divided into £™(vg) = {e2,e5} and
E°%(vg) = {e1}. The arrows illustrate the direction. Cf. [50, Figure 1].

With these notations, we write the system under consideration as follows:

a®Oye(t, ) + b0yt (t, x) — 0%, yc(t,x) =0, t€ (0,T), z €e, Ve €E,
ye(t,v) = ul(t), te (0,T), veVs,
(1.2.1) yer(t,v) = ye2(t,v), te (0,T), vely, Ve, es € E(v),
Zees(v) beyE(t, v)n®(v) — €0pe(myye(t,v) =0, t€(0,T), v eV,
Kyg(O,:n):yg(x), T E€e, Veef,

where (a%)ece and (b°)ece are strictly positive constants depending on the edge, € € (0, 1] is a viscosity
parameter, 7' > 0 is a fixed time-horizon, and 0y, y< (t,v) = n®(v)0. Y (¢, v). Here, y¢ represents
the contaminant concentration, b° is the flow rate on each edge of the graph, and ! is the datum
at each boundary vertex. We also use the notation y. = (y¢',...,ys") and ue = (ul',...,ulk),

where k = |Vs| and m = |€]. We impose Kirchhoff-type junction conditions: (1.2.1), is a continuity
condition in the internal nodes and (|1.2.1), implies that the flux of the mass is null.

8J. A. Barcena-Petisco, M. Cavalcante, G. M. Coclite, N. De Nitti, and E. Zuazua. Control of hyperbolic and
parabolic equations on networks and singular limits. Submitted, 2023.
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Our main focus is steering the solution of (1.2.1)) to rest, by using boundary controls, and
analyzing the asymptotic behavior of the associated cost of null-controllability as ¢ — 07, i.e. as
the solution of ([1.2.1)) converges to that of the hyperbolic problem

a®Opy®(t, x) + b0, y°(t, ) = 0, te(0,T), z€e, Ve,
ye(t,v) = u¥(t), te(0,7), vevn,

(1.2.2) Yy (t,v) = y°2(t,v), te (0,T), vely, Ve, e € E(v),
Decginw) VY (1, 0) = Y (8,0) D ecgon(py % £ € (0,T), v € Vo, e1 € EM(v),
y(0,z) = y§(x), x€e, Ve€EE,

where the contaminant does not undergo diffusion and is only driven by the velocity of the liquid flow.
In the hyperbolic problem, boundary conditions can only be prescribed at v € ViI'; in addition, we
point out that each v € Vy has |E°"*(v)| coupling conditions, which is only sufficient to ensure mass
conservation at the junctions and to specify the concentrations flowing into the outgoing edges. On
the other hand, in the parabolic problem, each v € V has |E(v)| coupling conditions, guaranteeing
the conservation of mass and also the continuity of the solution at the junctions.

For the asymptotic result, we additionally assume

(1.2.3) > b)) =0,  wveW,

ec€(v)

which is a balance relation for the flow, ensuring that the energy does not increase at the junctions.
This condition is also important for proving the vanishing viscosity approximation result in [125].

We first show that the system is null-controllable (using zero boundary data) for sufficiently
large times (without needing assumption ) and not controllable for small times.

By the results in [164], it is known that the parabolic problem is null-controllable when
the boundary control acts on all the external vertices (except at most one; however, it may not
be null-controllable if it only acts on a smaller subset of the boundary vertices). As established in
the classical literature (see, e.g., [104, Chapter 2.3]), proving the null-controllability of is
equivalent to establishing an observability inequality for the adjoint system:

—a0ypS(t, x) — b0, S (t, ) — 02, 0%(t,x) =0, t€ (0,T), v €e, Ve €&,
@g(tvv) =0, ( ) v E Vp,
(1.2.4) e (t,v) = p&2(t,v), € (0,7), v € Vo, Ver, ez € E(v),
D ecs(v) E0ne(w)PE(t, v) =0, € (0,T), ve,
(T, x) = o7 (), z€e, Ve€l,

where we have used (1.2.3)) to obtain (1.2.4]),. The aforementioned cost of controllability is given by

1/2
(o Soev, @) at)
K(e, T,a% 0% G) = sup inf 0 vy )
yo€L2(E)\{0} u=EU 190 H 12(€)
where U denotes the subset of controls in L2((0,T); #2(Vs)) such that the solution of (1.2.1)) satisfies
y(T,-) =0, and the equivalent cost of observability of the adjoint variable by

o lae(0,) | z2(e)
K(ff;Taa?b?g)::% Szllp - 1/2
BN (75, Ly Oyt o) )

From the controllability result for the hyperbolic problem, we expect the following behavior: for
small times, K — 400 as € — 07; on the other hand, for T sufficiently large, K — 0 as ¢ — 0.
The main results of this Chapter are quantitative versions of these claims:

— we show that the cost explodes exponentially for small times by considering a datum for the
adjoint problem supported far away from the observation domains and checking that, while
its mass remains within the network, the portion that reaches the observation vertices is of
order exp(Ce™1);
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— we prove that the cost decays exponentially for large times by first using the decay of the
free solutions and then, when the mass of the state is almost null, by observing it exactly.

Our strategy is based on the Hilbert Uniqueness Method (H.U.M., introduced by J.-L. Lions;
see [191]) and, in particular, on the ideas of [106, 150]. To prove the blow-up, we rely on a
“non-degeneracy” estimate and an Agmon-type inequality. For the proof of the decay, we need to
establish a decay property for the L?-mass of the adjoint system and a Carleman-type inequality
(keeping track of the viscosity parameter). The proof of the Carleman inequality is particularly
demanding due to the presence of boundary terms at the junctions. To address this issue, we need
to introduce a general construction of Fursikov-Imanuvilov weights (see [136]) using a piecewise-C?
auxiliary function.

Several previous contributions on the controllability of various classes of PDEs on networks can be
found in the literature. For example, results on wave, Schrodinger, heat, beam, and other equations
were collected in [117]. In particular, [117, Chapter 8.1] demonstrated that the heat equation with
Kirchhoff-type junction conditions can be controlled to zero under suitable assumptions. We also
refer to [178), 177, 176, 179)] for the well-posedness, controllability, and stabilization of several
models of thermoelastic beams, linked plates, and plate—beam systems and to |28}, 152}, 157, 233,
1271, 151), [156] for models arising in water flow, gas transport, etc.

No results were available on uniform controllability in the context of singular limits on networks,
despite the problem’s long history on Euclidean domains. The study of uniform controllability
problems for singular perturbations of PDEs began with the pioneering works [191], 189, 190, 195,
194]. In the context of linear advection-diffusion equations in the vanishing viscosity limit, the
first result was obtained by Coron and Guerrero in [106], where they also made a conjecture on
the minimal time needed to achieve uniform controllability. Subsequently, in [140], Glass refined
the available estimates. The result of [106] was generalized to several space dimensions and (non-
constant) Lipschitz continuous transport speed in [150]. Nonlinear transport terms were later taken
into account by Glass and Guerrero, who studied the Burgers equation in [141], and by Léautaud,
who extended their results to more general flux functions in [183].

Related results have recently been obtained for other systems as well: namely, the Stokes system
(see [25]), an artificial advection-diffusion problem (see [100, [101]), and fourth-order parabolic
equations (see [55], 196, 165]).

1.2.2. Controllability of scalar conservation laws on networks. In CHAPTER m we
return to the nonlinear problem and examine the controllability of entropy solutions.

Previously, there were no known controllability results for scalar conservation laws on networks in
the context of entropy solutions. Some studies focused on optimization problems (see [15], [14]) and
stabilization issues (as in [123]). Further results were obtained on the related topic of conservation
laws on the real line with space-discontinuous flux in [2), 16]. On the contrary, the controllability and
stabilization of (systems of) conservation laws on networks were extensively studied in the context
of smooth solutions (see, e.g., [153], [154] and references therein).

The study of controllability in the case of the IBVP associated with (systems of) conservation
laws on a segment has a longer history. In the framework of classical solutions, controls drive the
state to the desired target and prevent the formation of singularities (see [185), 186, 104, 28]).
In the context of entropy solutions, the set of admissible target states has been investigated in
[17, 18, 20, 21, 99]. Several controllability results were obtained relying on the Lax—Oleinik
representation formula, which applies when the flux function is strictly convex or concave (see
[3, 20]); on the method of generalized characteristics introduced by Dafermos in [114], which allows
for one inflection point (see [18, 21, 99, 163, 211]); or on the return method proposed by Coron
in [102], which also covers the case of a finite number of inflection points (see [163), 141, 183]).

In the recent development [122], Donadello and Perrollaz introduced a novel approach to the
controllability problem for multi-dimensional conservation laws building on the classic concept of
Lyapunov functionals, which originated in the study of asymptotic stabilization (see [212), [36), 28|,

9N. De Nitti and E. Zuazua. On the controllability of entropy solutions of scalar conservation laws at a junction
via Lyapunov methods. Vietnam J. Math., 51(1):71-88, 2023.
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103, 105]). They demonstrated a null-controllability result without needing convexity /concavity
assumptions, instead relying on appropriate geometric monotonicity-type conditions.

To simplify the notation, we focus on networks composed of a single junction with n incoming
and m outgoing edges (i.e., star-shaped graphs; see the illustration in Figure . Following the
notation of [138], the incoming edges are labeled by i € Zi, == {1,...,n} and parameterized by
the segments I; := (—L;,0); the outgoing edges are labeled by j € Zoyt == {n+1,...,n+m} and
parameterized by the segments I; := (0,L;), with L;, L; > 0; the junction is at « = 0. As in
CHAPTER |8 we shall also use the notation G = (0,), where € = {Ip}seqi,... nqm} -

®
®

FIGURE 1.8. Junction with n = 2 incoming and m = 3 outgoing edges. Cf. [50].

For each edge of the graph, we consider the dynamics given by a scalar hyperbolic conservation
law with flux f; (with £ € {1,...,n + m}) satisfying the following assumptions:
(F1) fe € Lip(R;Ry);
(F2) fois non-degenerate: for all (£,() € RxR\{(0,0)}, we have L ({z € R: £+ (f)(z) =0}) =
0, where £ denotes the Lebesgue measure;
(F3) inf f; > ¢, > 0.
With these assumptions, we consider the system

Opui + O fi (ui) = 0, t>0, x €l

duj + O fj (uj) =0, t>0, z €l
(1.2_5) ui(07x> = uO,i(m)? xz € I;,

u;(0,2) = ug ;(x), x € I,

ui(t, —Li) = up;(t), t>0,

Yoy filwi(t,0=)) = Y2000 fi(ui(t,04)), >0,

foralli € {1,...,n} and j € {n+1,...,n + m}. Here, for every ¢ € {1,...,n + m}, the initial
data satisfy woy € L°°(Iy;Ry) and, at the entry points of the network, we prescribed in-flux
boundary conditions with data wup; € L>((0,+00);Ry) for i € {1,...,n}. Asin CHAPTER , we
impose a junction condition that ensures mass conservation; moreover, as in [19], we will need to
introduce additional entropy-admissibility conditions (which are motivated by the vanishing viscosity
approximation) to guarantee uniqueness.

The main contribution of this Chapter is adapting the result established by Donadello and
Perrollaz in [122] Proposition 4] to (1.2.5). For the proof, we also rely on a Lyapunov functional
consisting of an exponentially-weighted L'-norm; however, we have to face additional difficulties:
we need to take into account an adapted entropy-admissibility condition to propagate information
across the junction. This is similar in spirit to the considerations in CHAPTER [§| regarding the
controllability of .

Assumptions (F1)—(F3) are key in our study, as they were in [122]. Hypothesis (F1) is classical
in Kruzkov’s well-posedness theory and guarantees finite speed of propagation; (F2) is a technical
condition needed to ensure the existence of strong boundary traces for L* entropy solutions of
conservation laws (see, e.g., [204), 209}, 231]); and (F3) encodes the requirement that all generalized
characteristics emanating from (¢,x) € {0} x I leave the cylinder (0,7}) x I, by time T} = Ly/cy.
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In other words, (F3) implies that, after a sufficiently long time, the dynamics on each edge will
depend solely on the boundary data prescribed at the exterior nodes and not on the initial data;
moreover, under hypothesis (F3), the effective boundary condition can be imposed only at x = —L;,
forie {1,...,n}.

Assumption (F3) renders unsuitable for traffic flow models (which typically involve bell-
shaped flux functions; see [138] and references therein), but it is common in supply chain modeling:
for example, in the so-called M/M/1 queuing model with capacity one (see [118]), the flux function
is given by f(€) = £/(€ +1).

Finally, similarly to CHAPTER |8 we consider a viscous regularization of :

Optie i + Oz fi (ue i) = 5(931“5,1‘, t>0, x €l

Ope,j + 0ufj (ue ;) = €02 Ue 5, t>0, x €l

uE,i(0> ZL') = uO,E,i(IE)7 T € IZ',

Ue, i (0,2) = uge,j (), xelj,
(1.2.6) wea(t, —Li) = wyy(t), >0,

Ue,j(t, Lj) = up j(t), t >0,

Z?:l (fi(u‘gji(t, 0—)) — 58xu€,i(t, O—))

= Y (fiue (8, 04)) — edpuc j(t,04)), >0,
Ue i(t,0—) = ue j(t,04), t>0,

foralli e {1,...,n} and j € {n+1,...,n+ m}. We aim to study the effect of viscosity on the
inviscid control strategy. A small exponential tail remains as an error when considering the evolution
of the difference of two solutions u. and v. with different initial conditions but the same boundary
data, which needs to be taken into account.

Outline

The contributions contained in this thesis are organized into two parts.
Part 1 deals with nonlocal regularizations of conservation laws modeling traffic flow.

— In CHAPTER [2] we start by studying the well-posedness of a class of nonlocal conservation
laws that includes . In particular, we shall focus on the case when the nonlocal
impact is given by the convolution of the density with an averaging kernel ~ which is only
of bounded variation.

— CHAPTERS are dedicated to the convergence of the nonlocal model to the corresponding
local one. In particular, in CHAPTER |3, we prove the convergence of the (unique) weak
solution of to the (unique) entropy solution of the local conservation law
under the assumption that the initial datum is non-negative, bounded, and of bounded
variation. On the other hand, in CHAPTER [4] we establish Oleinik-type estimates that give
(under suitable—more restrictive—assumptions on the velocity function) the convergence
for initial data that are not necessarily of bounded variation.

— In CHAPTER [5| we use an Oleinik-type estimate to study the long-time asymptotics for a
nonlocal regularization of the Burgers equation.

— In CHAPTER [6] we remark on the effect of artificial viscosity on the nonlocal-to-local limit
process.

— In CHAPTER [7} we study the boundary controllability of nonlocal conservation laws.

Part 2 deals with conservation laws on networks.

— In CHAPTER [§| we focus on a linear viscous problem: we study the controllability of
advection-diffusion equations on networks and the asymptotic behavior of the cost of null-
controllability as the viscosity parameter vanishes.

— In CHAPTER |§|, we consider a class of (nonlinear) conservation laws and prove a controlla-
bility result for the entropy solution.

In the final CHAPTER [I0, we present some open problems and perspectives for future research.
These include, in particular, the development of the theory of nonlocal conservation laws on networks,
thereby bridging the gap between Part 1 and Part 2
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Publications related to the thesis. This thesis unifies the exposition of mathematical con-
tributions that were previously published or appeared as preprints during the course of the author’s
Ph.D. studies:

CHAPTER [2} [71];
CHAPTER 3} [69];
CHAPTER (4} [68];
CHAPTER [5} [72];
CHAPTER (6 [70];
CHAPTER [7} [30];
CHAPTER [§ [50];
CHAPTER [9} [120].

In line with the established practice in the mathematical community, all co-authors of these papers
are listed alphabetically and have contributed.

Notably, the author of this thesis made significant contributions to the theoretical aspects of
these works. These contributions include, for instance, investigating the effects of BV weights on
the well-posedness of nonlocal conservation laws; exploiting the underlying structure of exponential
weights to derive scalar equations instead of systems of equations with relaxation, which are crucial to
the study of uniform bounds and of the nonlocal-to—local singular limit problem; examining Oleinik-
type estimates and related compactification effects (particularly in the linear velocity case, which
also led to the analysis long-time behavior for the nonlocal Burgers equation); studying backward-
in-time evolutions and boundary controllability of nonlocal conservation laws in the presence of
an exponential weight; analyzing the impact of junction conditions on the estimates of the cost of
controllability in the vanishing viscosity limit for advection-diffusion equations on networks; and
employing Lyapunov approaches for the controllability of entropy solutions of conservation laws
on networks. The author of this thesis was not involved in the implementation of the numerical
experiments:

— the simulations presented in the Chapters of Part 1 of the thesis have been produced by L.
Pflug based on the numerical scheme and MATLAB code he had previously developed in
[213] Chapter 3] and [173];

— the simulations presented in CHAPTER [J] have been produced by M. Munsch based on the
numerical scheme studied in [202] and the Python code developed in [201].
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Nonlocal conservation laws






CHAPTER 2

Well-posedness of nonlocal conservation laws with BV weights

The main aim of this Chapter is to establish the well-posedness of weak solutions for the following
class of nonlocal conservation laws:

o) p(t, ) + 8 (V(W[pl(t, 2))p(t, ) =0, (t,2) € (0,T) x R,
- p(0,z) = po(x), r € R,

for a fixed time horizon T' > 0 and
(2.0.2) Wlpl(t,z) = (v(¢,") * p(t,-)) (), (t,z) € (0,T) x R.

Before stating our main result, let us recall the notion of weak solution adopted in [167), Definition
2.13).

DEFINITION 2.0.1 (Weak solution of the nonlocal balance law). We say that p €
C([0,T); L, (R)) is a weak solution of the nonlocal conservation law in ([2.0.1)) if, for all ¢ €
Cl([0,T) x R),

/ / Aot x)p(t, ) + Opp(t, z)V (Wlp ](t,a:))p(t,m)) dxdt—}—/ch(O,x)po(x) dz =0,
with Wp| as in .

First, we prove the existence and uniqueness of weak solutions of (2.0.1)) locally in time.

THEOREM 2.0.1 (Local well-posedness of nonlocal conservation laws with rough kernels). Let

us fix T > 0 and suppose that the following conditions hold:
(A1) v € L°°((0 T);BV(R)) and v > 0;
(A2) V e VVloc (R);
(A3) po € L>®(R).
Then, there exists T* € (0,7 such that (2.0.1) admits a unique weak solution p € C([0,T*]; L, .(R))N
L*>((0,7%); L>*(R)) in the sense of Definition [2.0.1. Moreover, the weak solution can be written as
p(t7 l’) = pO(gw* (tv L 0))8ﬂv£w* (tv €T 0)7 (t7 l‘) € [Oa T*] X Ra

where w* is the unique solution on (0,T*) x R of the fized point problem in (2.1.4) and &~ the
characteristics, defined in (2.1.3)).

As pointed out in CHAPTER |1} we emphasize that, for the nonlocal problem (3.0.1]), no entropy
condition is needed to select a unique solution.
Furthermore, a global well-posedness result can be achieved under additional hypotheses.

THEOREM 2.0.2 (Global existence and comparison principle). Under the assumptions of Theorem
let us suppose, in addition, that

(A4) V' <0;

(A5) supp(y(t,-)) € R<g and (t,-) is monotonically non-decreasing on R<g for all t € [0,T];

(A6) po € L (R; R>o).
Then, for any T > 0, the initial-value problem (12.0.1) admits for every a unique solution

p € C((0,T]; Lige(R)) N L=((0, T); L*(R))

satisfying the comparison principle

essinf po(x) < p(t,z) < esssuppo(x), (t,x)€ (0,T) x R.
zeR z€R

23
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F1GURE 2.1. Illustration of the extension of the time-horizon and construction of
the global solution. Cf. [167, Figure 3].

In Section [2.1] we prove these well-posedness results and, in Section we present some
numerical experiments to illustrate them.

2.1. Proof of the well-posedness result

The proofs of Theorem and Corollary follow the steps presented in [167]. However,
we have to introduce several technical modifications to deal with the more general nonlocal weight

satisfying assumption ([2.0.1).
Step 1. Formulation of the fized-point equation in the nonlocal term w. We assume, for the
moment, that the nonlocal term

(2.1.1) Whlt) = [ 2t =t dy = i), (o) € O.1) <R

is a given Lipschitz continuous function. Then, the corresponding conservation law is linear with
Lipschitz continuous velocity V ow and we can use the method of characteristics to write the solution
of the Cauchy problem as

(2.1.2) Pu(t, ) = po(§w(t, ;0))0:8u (t,2;0),  (L,x) € (0,T) xR,

where &, solves the characteristics equation
(2.1.3) Cw(t,z;7) =1 —l—/ V(w(s,&w(t,z;s))ds, 7€[0,T].
t
Plugging (2.1.3)) into the nonlocal term in (2.1.1)) yields, for (¢,x) € (0,T) x R,

w(t,r) = /R’Y(t, z—y)p(t,y)dy = /R’Y(t, z —y)po(§w(t, y;0))0y&w(t, y; 0) dy

= /Rfy(t,ﬂﬁ — &uw(0;9:1)) po(y) dy,

which is a fixed-point problem in w.

Step 2. Local existence for the nonlocal conservation law. We use Banach’s fixed-point theorem
to prove the existence of a solution w* € L>((0,T*); WL°(R)) of on a sufficiently small
time-horizon T*. Then, we can build a solution of in terms of characteristics as follows:

p(t,x) = po(€w-(t,250))0xu=(,2;0),  (t,z) € (0,T7) xR,
which is presented in [167, Theorem 2.20] and [169, Theorem 3.1] in detail.

Step 3. Uniqueness for the nonlocal conservation law. The uniqueness of w* can be shown to
imply the uniqueness of the solution p. The main idea is to prove that any weak solution can be
written in the same way as instantiated in (2.1.2)) (see [167, Lemma 3.1 and Theorem 3.2]).

Step 4. Extension of the solution for larger times. Gluing a sequence of initial value problems
with initial data equal to the terminal-time solution of the previous one, we can extend the existence
result to a longer (but not necessarily arbitrary) time-horizon (as in [167, Theorem 4.1}).
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Step 5. Extension to arbitrary time-horizons and comparison principle. Under the stronger
assumptions (A4)—(A6), we can extend the solution to an arbitrary time horizon and show that a
comparison principle holds. For the detailed argument, we refer to [172, Lemma 5.8]. It mainly
consists of studying the time evolution of the maximum /minimum of the solution and showing that
its time derivative is negative, implying that the minimum can only increase and the maximum can
only decrease over time.

Extension of the proof to BV weights. The only parts of the proof outlined above that
need to be adjusted from [167] to extend the well-posedness result to our more general setting are
related to Step 2. More precisely, they can be summarized as follows:

1. proving that, for ¢ € [0,7T], the convolution (z — ~(t,-) * p(t,-))(z) is in W™ for v €
L%((0, T); BV(R));

2. establishing the analog of [167, Proposition 2.17], where it was shown that the mapping
induced in Step 1 satisfies the assumptions of Banach’s fixed-point theorem by relying on
the regularity assumption v € L*((0,T); WH>=(R)).

T
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|
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FIGURE 2.2. Characteristics for the nonlocal conservation law. Cf. [167, Figure 1].

We start by proving the Lipschitz-continuity (in space) of the convolution.

LEMMA 2.1.1 (Smoothing via convolution with BV functions). Let v € BV(R) and f € L>(R).
Then v x f € WH™(R).

ProOOF. From [8, Remark 3.5] or [184], Corollary 2.17], we deduce that, for h € R,
Iy — Y21 @) < VTvw)lhl-

where 7,7(x) = v(x + h) for a.e. * € R. As a consequence, we can estimate, by using Young’s
convolution inequality (see [48, Theorem 4.33]),

[Tn(y * f) =7 * fllLee ) = 1Ty =) * fll Lo m®)
<N fllLe@)ITay = Ve @y < Vlrv)llf I o w17l
We thus conclude that v * f € WH(R). O

We now review the proof of the fixed-point argument contained in [167, Proposition 2.17]. As
mentioned above, this is the main step that needs to be taken to adapt the arguments of [167]

to the case of a nonlocal impact given by the convolution of the density p with a rough kernel
v € L=((0,7); BV(R)).

PROPOSITION 2.1.1 (Properties of the fixed-point mapping). Let
QT (T) = L=((0,T); WH=(R),

(2.1.4) F w ((t,w) = /R’Y(tyl" —§w(0,z;t))po(z) dz),
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be the fixed-point mapping defined in Step 1 and let

(2.1.5) 0 (1) = {w € L=(O, T W R) ¢ [Jullze(orya=my <M
and || 0zw|| Lo ((0,1);1 (R)) < M/}7
with

M = Rlvl Lo,y @plleollLem, M= Ely|Le o) v ||P0||L<>o R),

for a fized (sufficiently large) & > 0. Then, the fized-point mapping deﬁned n 4)) satisfies the
following properties.

(1) There exists T* € (0,T] such that || F[w]|| pee(0,1+);r00(r)) < M for all w € QM (T%).
(2) There exists T" € (0,T] such that |02 F[w]|| oo ((0,17):n00(ry)y < M’ for all w € Q¥ (1.
(3) F is Lipschitz continuous with respect to the uniform topology, i.e., for w,w € Q%/ (T) and
T :=min{T*,T"}, we have
1F[w] = F0)]| oo 0.7y 200 () < 1Y/ po0 0.7y vy Tllw — ID”L:><>((0,T);L<>O(R))
X |V || oo (= n,nry) €xp (2T |V || oo (= a0 M) 5
thus, for small time T e (0,T], F is a contraction on Q%, (T\)

ProoF. We shall prove the three claims separately.
Claim (1). For w € QM (T) and t € [0, T], we estimate—recalling the definition of F in (2.1.4)—

‘/ (0, 2:8))po(2) dz o

< Iy ) @) 1926w (t, -5 0) | oo )l 0| oo ()
< v )y exp (HIV Nl oo (= aa,a0) M) 00l oo ()

where we have used the substitution rule and the properties of the characteristics (see [167, Lemma
2.6(3)] and [169), Corollary 2.1])—in particular, the fact that

(216) Hagfw(t, ,0)” < exp (tHV/HLOO((—M,M))M/) N t e [O,T],

which is an immediate consequence of differentiating (2.1.3]) with respect to = € R to obtain a linear
Cauchy problem in 92&,,. As M and M’ are fixed, we can find a time horizon T* € (0,T] such that

[ [w](#; )| oo m)

7l oo (0,):2.2 )y €xP (THINV || oo (= na,a)) M) [l po | oo () < M
< exp (T*HV/HLOO((7M7M))M/) < K.

Claim (2). We estimate the spatial derivative of the fixed-point mapping in (2.1.4]) (which is
well-defined according to ([2.1.1))) for w € Q' (T) and (¢, z) € (0,T) x R. Some technical details are
left out and can be found in [167, Lemma 2.6(2)]; however, the argument is essentially as follows:

oFlul(t. )] < [ [r(t,2 = €0(0.5: )pu(2)| d:

< []324(t, ‘?O)HLOO((O,T)XR)||p0”L°°(IR)/R|82'Y(t7$ —y)|dy

< vt ) rvy exp BV oo (= arar) M) [l poll oo (w)»

where we applied once more the substitution rule and the estimate in (2.1.6). Making this uniform
n (t,z) € (0,7) x R and since M and M’ are fixed, we can find a time horizon 7" € (0, 7] such that

Yl zoe .ryrv ) exp (TV oo (a1.00) M) llpo | oo ) < M
< exp (T/HV/HLOQ((,MyM))M/) < K.
We can indeed choose T" = T™*. Thus, combining the previous results, we conclude that

F(03f (1)) C o4 (T).

i.e., F is a self-mapping on Q%/ (1").



2.2. NUMERICAL EXPERIMENTS 27

Claim (3). To demonstrate the contraction property of F in L*((0,T"); L™°(R)), we estimate,
for w,w € Q¥ (T") and (t,z) € (0,T") x R,
|Flw](t, z) — Flw](t, z)|
—| [0 me) s~ [ 000,50 m(e) a:

R
< / (€0 (0, 1)) — (L, £(0, 2:1))] po(2) dz
R

(2.1.7) < Yoo (0 mv @) 1w = Eall Loo (0.6 xRx (0,6 120 | Loo () €xD (EIV || Loo (= na,01)) M)
(2.1.8) < [yl poe 0.1y v @) IV Lo (- aany 1w = @] oo 0,0);00 ) 1P0 | oo (R)
X exp (QtHV/”LOO((—M,M))M/) .

In (2.1.7), we used the substitution rule and the uniform bound on 9,&,, and 0,&3 (obtained from
(2.1.5)); in (2.1.8)), the stability of the characteristics with respect to the nonlocal term (see [167,
Lemma 2.6(3)] and [169, Theorem 2.4] for further details). Making the previous estimate uniform
in (¢,2) and recalling that M, M’ are fixed, we conclude that there exists Te (0,7"] such that

Y e o)V @) LIV | oo ((—arny 1w — Wl oo (0,7 Lo )y 100 | Lo (R)
1

X exp (2T\||V/||L°°((—M,M))M/) < 5

From this, it follows that F' is also a contraction in Q%/ (IA“) for a sufficiently small T e (0, T). O

2.2. Numerical experiments

In what follows, we present some numerical simulations using a non-dissipative scheme based on
the method of characteristics (see [213] Chapter 3] and [173]).
We consider the Cauchy problem ([2.0.1]) with initial datum

(2.2.1) po(x) = ]l(o’%)(l’) + 11,00 (z), reR

and focus on the LWR-Greenshields velocity (see [161, Eq. (1.26)]), i.e. V(§) == 1 — ¢, and on
the Burgers velocity (see [161, Eq. (1.8)]), i.e. V(&) := £ (see also [138], Section 3.1.2] for the
fundamental diagrams and for a generalized Greenshields model [147]). To illustrate the effect of a
nonlocal weight with a discontinuity in its support, we consider

(2:2.2) 7() = 2]1(71,0)(2 2 Y2(1) = 31(72’,1)(4-) + 21(71,0)(4 )
which satisfy 71,72 € BV(R).

For the LWR—-Greenshields velocity, a comparison principle is satisfied. Since the initial datum
is chosen in such a way that it achieves the maximum density (and thus moves with zero velocity) in
(1,00), the initial density in (—oo, 1) slows down as it gets closer to x = 1. The second illustration
in Figure 2.3] indicates a disturbance that evolves from points where the discontinuities of v and p
“intersect”.

For the example involving the Burgers velocity, a comparison principle does not hold (due to
the chosen initial datum and the right-looking nonlocal impact—see [167, Example 6.1]) and the
entire mass concentrates at x = 0.5 as time evolves. Thus, the solution ceases to exist for large time.
The impact of the discontinuous weight (the fourth illustration in Figure destroys the rather
“smooth” structure of the solution that we would obtain when using a continuous kernel.
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X X

FIGURE 2.3. TopP (LEFT and RIGHT): Plot of the solution for the LWR-
Greenshields velocity function, i.e. V(§) := 1 — &, with weights v; and 72, respec-
tively. BoTTOM (LEFT and RIGHT): Plot of the solution for the Burgers velocity,
ie. V(&) :== & with weights 1 and 79, respectively. COLORBAR: () mmm = .
N.B.: for the rightmost figure, the maximal density exceeds 1, but is still visualized

in dark red.



CHAPTER 3

Nonlocal-to—local singular limit for BV initial data

This Chapter focuses on the nonlocal-to—local limit for a class of nonlocal conservation laws
with an exponential nonlocal weight. Given o > 0 and a time horizon T' > 0, we consider

(3.0.1) Otpa(t, T) + Oz (V(Wa[pa](tvx))pa(tax)) =0, (t,z)€(0,T) xR,
o Pa(0,2) = po(x), x € R,
with
+o00 T —
(3.0.2) Walpal(t, x) = ;/ exp <04y> pa(t,y) dy,

and study the convergence of the family {pn}a>0 to the entropy solution of the corresponding local
conservation law

p(0,z) = po(), z €R,
as a — 0%. As mentioned in CHAPTER [l the key idea is to analyze the nonlocal impact W [pa].
Due to the relation ad, Wy [pa| = Walpa] — pa, the strong convergence {pq}a>0 to a weak solution

of the local conservation law follows from the strong convergence of {Wy}4>0, for which we can
prove a suitable total variation bound. Our main result is as follows.

THEOREM 3.0.1 (Convergence to the entropy solution). Let us assume that

(304) po € LOO<R, RZO) N TV(R)7
(3.0.5) Ve VVlifo(R) and V'(£) <0, € € [essinf pg, ess sup pol;
(3.0.6) &= V(EE is concave for & € [essinf pg, esssup po).

Then the solution p, € C([0,T]; LL.(R)) of (3.0.1) and the corresponding nonlocal impact Wy |pa]
converge to the entropy solution of the local conservation law (3.0.3]) in C([O, T; L (R)) asa — 0.

loc

REMARK 3.0.1 (Generalizations). Motivated by traffic flow models, we restrict ourselves to
monotonically decreasing velocities and non-negative initial data. However, our results can be gen-
eralized to different setups. The assumption on V being monotonically decreasing can be changed to
V' being monotonically increasing as long as we also change the nonlocal impact to

T
Walpal(ta)i= = [ exp (“) paltyy)dy, (L2) € (0,T) x R.
o J_o @
Analogously, the results can be extended to non-positive initial data when changing the nonlocal term
accordingly. Furthermore, when assuming that V'(£)¢ has a sign for all £ € R, the initial datum
can be chosen arbitrarily in L>°(R) N TV(R) (no sign restrictions). However, then we do not obtain
the convergence of po, but only of Wy, which remains essentially bounded and for which the total

variation bound derived in Theorem below still holds. Compare also Remark [3.2.3

In Section [3.1] we recall some preliminary results on the well-posedness of the nonlocal problem
. In Section we deduce the key total variation bound on the nonlocal impact W, which
is needed, in Section [3:3] to prove the nonlocal-to—local convergence theorem. Finally, in Section
[3:4] we illustrate the results and further conjectures with some numerical simulations.

29
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3.1. Preliminary results

To start with, we recall some results on the existence and uniqueness of solutions and their
properties. The proof is essentially covered by the general theory of CHAPTER [2] (see also [167],
Theorem 2.20, Theorem 3.2, and Corollary 4.3]).

THEOREM 3.1.1 (Existence and uniqueness of weak solutions and maximum principle). Let us
assume that

(3.1.1) po € L= (R; RZQ) NTV(R);
(3.1.2) Ve V[/ﬁ)fo(R) and V'(£) <0, € € [essinf py, ess sup po).

Then, for every a > 0, there exists a unique weak solution p, € C([0,T);Li.(R)) N
L>((0,T); L>(R)) N L*>°((0,T); TV(R)) of the nonlocal conservation law (3.0.1)). Moreover, the
following maximum principle is satisfied:
(3.1.3) essinf po(r) < pa(t,z) <esssuppo(z), (t,z)€ (0,T) x R.

For the arguments that follow, it is helpful to establish the following stability result, which
enables us to smooth the solution.

LEMMA 3.1.1 (Stability of the nonlocal conservation law w.r.t. the initial datum). Given
C1,Co > 0, let us consider the set

Q(C1,C2) = {p € BViee(R) : [|pllpoery < C1 and |plryr) < Ca}

and suppose that pg € Q(C1,Ca). Then the solution p of the corresponding nonlocal conservation law
(3.0.1) satisfies the following C([0,T]; L' (R)) stability estimate:

Ve>036>0s. t. Vpo€Q(C1,C2): llpo—polliwy <6 = llp—dlleqor;rir) <&
where p is the solution to the nonlocal conservation law with initial datum po.

PROOF. The result we need can be essentially found in [168] Theorem 4.17] for kernels with com-
pact support. Nevertheless, the modifications necessary for the argument to hold for the exponential
weight are minor; we will not go into further detail. O

3.2. Total variation bound on the nonlocal impact

We start our analysis by showing that the nonlocal impact W, [p,] satisfies a conservation law
(in advective form) with local velocity and a nonlocal source. This will enable us to study Wy [pa]
without referring to p, itself.

LEMMA 3.2.1 (The transport equation with nonlocal source satisfied by the nonlocal impact).
The nonlocal impact Wy [pa| is Lipschitz continuous and solves the following Cauchy problem in the
strong sense:

OWeo(t,z) + V(Wu(t, x))0:Wa(t, x)

(321) = _é /Oo exp (%) V,(Wa(tay))aywa(t¢y)Wa(ta y) dy7 (t,.%‘) S (OvT) xR

1 [T .
Wal0.2) = > [ exp (%22) l) do, rek

ProOOF. We first show that Wy[ps] is Lipschitz continuous and then that it solves the Cauchy
problem (3.2.1)).
Step 1. Boundedness of the space derivative. We compute, for (¢t,x) € (0,7) x R,

B22) AWt =0 [ ew (Of’) palt, 1) dy =~ Walpal(t,) — —pa(t, ).

Since a > 0, Wy [pa] € L*=((0,T) x R), and p, € L*>*((0,T) x R), owing to Theorem we obtain
the uniform boundedness on the spatial derivative.
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Step 2. Boundedness of the time derivative. For the time derivative, we need to rely on the
method of characteristics analyzed in [167, Lemma 2.6] to write down the solution p, and compute,
for (t,z) € (0,T) x R,

1 o0
OWalpal(t,x) = 6ta/ exp (V) pa(t,y)dy

= Gt;/m exp <$;y> po(&(t,y;0))E(t, y;0) dy
_ot / > exp(fﬂ—ffazst)) pol2) de

1= x —&(0,z2;t) ‘ 1 ‘ .
(3.2.3) = o (f) po(2)D56(0, 258) dz = — po(&(t, 23 0)) A& (t, 1 0).
Recalling, from [167, Lemma 2.6], that
93£(0,£(t, y;0); 1) = V(Walpal(t,y)), (t,y) € (0,T) xR,
Nh&(t,y;0) = —&(t, y;0)V (Walpal(t, y), (t,y) € (0,T) xR,

we obtain, by continuing Eq. (3.2.3)),
1 [ x—&(0,z;t 1
IWalpal(t,z) = —2/ exp (L)PO(Z)%S(O, z;t)dz — —po(&(t, ;0))h&(t, 2;0)
O Je(t,2;0) a a

s [T (T et 5 0)0n€00, (0,5 0)2u(0,050)
+ = polE(t, 73 0)Da€ (1, 250V (Walpal (1, 2),

4 / ~ exp (9” ~ y) et 9)V (Walpal (1:9) dy + ~ palt, 2V (Walpal ().

Since this expression is essentially bounded for o > 0, we obtain the claimed Lipschitz continuity.
Step 3. Evolution equation. Next, we show that W, [p,] solves the Cauchy problem ([3.2.1]). For
(t,z) € (0,T) x R, we compute

OWa [Pa] (t,z) + V(Wa [Pa] (t,2))0: Wy [pa](t, )

— LotV Wbl ~ 3 [ (T2 ) VOV ) dy

1
— [ ew (“” —2) (Walpalt.y) = a0, Walpal(t.))V (Walpal(t,)) dy
= V(Walpal (6:2) Walpal )
_ % :o exp <fﬂ - y> Walpalt: )V (Walpal(t,v)) dy
1 T

- / Cew (T) V' (Walpal (t,2))8, Walpa] (t, ) Walpal (2, y) dy,

where we have used the identity @ two times and integration by parts. The last term is in
fact the right-hand side of the PDE in (3.2.1). The nonlocal impact Wy [ps] also satisfies the initial
condition in as a direct consequence of the definition of W, [p,] when plugging in ¢t = 0, which
is possible as p, € C([0,T]; L. (R)). O




32 3. NONLOCAL-TO-LOCAL SINGULAR LIMIT FOR BV INITIAL DATA

REMARK 3.2.1 (Fully local equation in W,). The nonlocal transport equation in (3.2.1) can
also be transformed into a fully local equation involving higher derivatives:

MW (t, z) + 0 (V(Walt, z))Wa(t, z))
= a0, Wa(t,z) + 0 (V(Wa(t, )0 Wa(t, 7)), (t,z) € (0,T) x R.
This formulation will be pivotal in CHAPTER [0

The next theorem shows that the total variation of the nonlocal impact W, cannot increase over
time and thus presents the key ingredient for the proof of our main result.

THEOREM 3.2.1 (Total variation bound in the spatial component of W, uniform in «). The
nonlocal impact Wy, which solves the Cauchy problem (3.2.1)), admits the following total variation
bound:

Wa(t, )lrvr) < [Wal0,)|tvr) < lpoltvr), t€10,T],
for all o > 0.

PRrOOF. We take advantage of the stability result in Theorem which tells us that, when
smoothing pg by p§ = po * 1 (1 being a standard mollifier with smoothing parameter ¢ > 0; see
[184, Appendix C.4]), the corresponding solution pS, is close to p, in the C([0,7]; L'(R)) topology.
Furthermore, since the initial datum is smooth, so is the corresponding solution (see [167), Corollary
5.3]).

We now prove the total variation bound. Since pf, is smooth, the total variation coincides with
the L'-norm of the derivative and we can estimate it as follows for ¢ € [0, T7:

324) 4 / 0, WE(t,2)| da
R

dt
— [ sign (0uWE(t,2) Wi (t.) da
R
= —/sign (0 WE(t, ) V(WE(t, )02, WE(t, ) d
R

de

- [ sen Wt 0) VIOVt 2)) (0, W 1,)

+;/Rsign (OWE(t,x)) VI (WE(t, 2))WE(L, 2)0,WE(t, z) dz

- [ @wEe) [T (TN ) VOVE O WE WL y) dyds
_ /R 260, 1)y V (WE (1, )0, WE (1, 2)02,WE (1, ) d

—i—/Rsign (0:WE(t, x))V’(Wé(t,x))(@xWof(t, x))de

- /R sign (9, WE (¢, 2)) V! (WE(t, ) (0. WE(t, 2))* de

+é / sign (D, WE(t, 2)) V! (WE (¢, 2))WE (¢, 2) 0, WE(L, ) da
R

- [ @) [ ew (T) V(WS )0 Wa (L y) Wit y) dy da
R T

IN

1
a/ |0 WE(t, )|V (WE(t, 2))WE(L, x) do
R

(3.2.5) o2 [vomse oo wEenwEey [ ew (oY) dray

a2

IN

o 1wtV Wi o)Wt o) da
R
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1

(0%

5 [viovaealoweepwatp e (122 ) ay
=0.

We thus obtain

(3.2.6) Wt )lrver) < IWa(0,9)rvr) < lpolrvr)

where the last inequality follows from the following computation:

(Wa (0, )lrv@w) = sup /1/1 YWEpG)(x) d
bECL(R):
Il Loo (ry <1

, 1 +oo T —y A
= sup V()= exp | — | po(y) dydz
peCt(®): JR @ Jo @

1Yl Loo (m) <1
sup / Y (z / exp (i> po(z — 2)dydz
PeCL(R): «Q
19l Loo (r) <1

= sup sup /LZJ x+ 2)pg(z) dy

YECL(R): z€(—00,0)

lvl Loo (m) <1
sup / P (x /ns z —y)po(z) dz dy
YECL(R):

9] oo (m) <1
< sup/ Ne(xr —y)  sup /¢ 2)po(z) dzdx

yeER JR HECL(R):

1Yl Loo (m) <1
< |polTv(r)-
As the bound in (3.2.6) is uniform with respect to (¢, a) € R2, this concludes the proof. O

REMARK 3.2.2 (Total variation bound and the required assumptions on the velocity V). The key
step in the proof of the total variation bound stated in Theorem |3.2.1| can be located in the estimate
around Eq. (3.2.5)). Reconnecting to Remark it 15 enough to assume that the velocity satisfies

V()€ <0 for £ € R to obtain the uniform total variation bound without any sign restriction on the
initial data.

3.3. Nonlocal-to—local convergence

Using the results in Section we can show that the set of nonlocal terms is compact in the
canonical C([O, T); LYK )) topology for a given compact set K € R.

THEOREM 3.3.1 (Compactness of {Wataso in C([0,T]; L, (R))). The set {Wa}, g

C([0,T); LY(K)) of solutions to is compactly embedded into C ([0, T]; L*(K)) for any compact
interval K @ R:

{Wa € C(10,T LY (K)) : Wy satisfies (02, a >0} <> C([0,T]; LK)

PRrROOF. The proof consists of applying the Ascoli-Arzela-type theorem in [224, Lemma 1].
Given a Banach space B, a set F' C C([0,T]; B) is relatively compact in C([0,T]; B) if
F(t):=={f(t) € B: f € F} is relatively compact in B for all t € [0,T7;
2. F' is uniformly equi-continuous, i.e.

Yo>03d0>0s.t. VfeF V(tl,tg) S [0,T]2 : ’tl —t2| <0 = ”f(tl) — f(tg)HB <o.
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Given K € R, we start with setting B := L'(K) and F(t) := {W,(t,:) € L'(K) : @ > 0}. Thanks
to Theorem we know that W, (¢, ) satisfies a uniform total variation bound and, by Helly’s
compactness theorem (see [184] Theorem 13.35]),

F(t) < LYK), telo0,T).

To prove the uniform equi-continuity, we consider a smoothed initial datum p (for € > 0) as in the
proof of Theorem and call the corresponding smooth nonlocal impact W¢ for an a > 0. Then,
we can estimate, by Theorem [3.2.1

t1
[Walte, ) = Weltz, )| gy = H/ BWE(t, ) dt
t2

L' (R)
t1
V(WS(E, )02 Wi(t, ) dt

S ‘
t2

L' (R)

t1 [e’s) _
L5 [Cew (2 vz o wE e dye
to *

«

:

LY(R)
SVl Lo (0, l1poll oo ) IWeal oo (0,15 mv (R)) [E1 — B2

Voo (0, l1poll oo o) W a | oo ((0.7); 200 () Wl Lo ((0.7y:mv () [t — 22
< (Voo .ol ooy + 1Vl oo (0, l1po oo ) 190 | oo @) [P0l Ty () [E1 — 22 -

Since this is a uniform bound in @ > 0 and € > 0, we have the uniform equi-continuity. This
concludes the proof. O

From the strong convergence of W, we also deduce the strong convergence of p, to a weak
solution of the local conservation law.

COROLLARY 3.3.1 (Limits of p, and W, are weak solutions of the local conservation law).
For every sequence {ou}ren., C Rso with limy,_,o a, = 0, there exists a subsequence (for reasons
of convenience again denoted by ai) and a function p* € C([O,T]; LIIOC(R)) such that the solution
pay, € C([0,T]; L .(R)) of the nonlocal conservation law converges in C([0,T); L, .(R)) to

loc
the limit point p* and so does the nonlocal weight W, ; moreover, p* is a weak solution of the local

conservation law (3.0.3). That is,

Im flpa = plleqoryicy, @) =0 and I [[Wo = oozt ®) =0

loc loc

and p* satisfies, for all ¢ € CL([0,T) x R),

T
(3.3.1) /0 /R(E?tgo(t,x)p*(t,x) + Ozip(t, z)V(p*(t,x))p* (¢, z)) dedt + /ch((),ﬂc)po(:c) dz =0.

PRrROOF. Owing to Theorem [3.3.1} {Wa, }rens, < C([0,T]; L, .(R)); thus, there exists a limit
point p* € C’([O,T];L1 (R)) such that

loc

klglgo Way, = p*leqomer ) = 0-

loc

The identity (3.2.2)) implies
[War(ts ) = par (& ) 1) = kel Way (8 ) lrvr) < aklpoltv(r)s
which yields

lim {|pa, = p*lloqor100 r)) = 0.

k—o0 loc

The fact that p* is indeed a weak solution follows from Lebesgue’s dominated convergence theorem,
owing to the strong convergence of p,, to p* in C([0,T]; Li,.(R)) and the uniform bound on p,

loc

given in (3.1.3). O

To prove Theorem m it remains to show that every limit point p* is the (unique) entropy-
admissible solution of the local conservation law ({3.0.3]).
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ProoF OF THEOREM [3.0.71] The result is a direct consequence of the convergence of W, and
pa to a weak solution of the local conservation law in C'([0,T7]; L{..(R)), as stated in Corollary

loc

and of the argument in [46]. Therein, the minimal entropy condition of [119}, [208] (which requires
the additional assumption that the flux is strictly concave) is used to demonstrate that a solution
po Of the nonlocal conservation law in , with uniform TV-bounds, converges to the entropy
solution of the local problem. When carefully examining the proof, it becomes apparent that it
suffices to assume that the solution p, converges strongly to a weak solution p*, which is the case.

For the sake of completeness, we provide the argument for any convex entropy n € C?(R) and
associated entropy-flux ¢ € C2(R). We write the conservation law in as

Opalt,z) + 0:(V(palt, x))palt, z))
= 0 (pat2) (V(palt,2) = VWalpal(t.2)) ), (L) € (0,T) x R

Multiplying the equation by 7" and using the chain rule (here a smoothing argument can be used)
yields

On(pa(t, ) + 0z(q(pa(t, v))
=1 (pa(t,2))0s <Pa(t7x) (V(palt,z)) = V(Walpa] (t,x)))), (t,x) € (0,T) x R.

Multiplying by a test function ¢ € CL((0,T) x R; R, ), integrating on (0,7T) x R, and integrating by
parts yields

T
/0 / (Bup(t, 2)pa(t,2) + Dup(t, 1) pa(t,2))) dudt = —

where we estimate the entropy production as follows:

T
D= / / o1 (9) 02 (P (V (pa) — V(Wa))) da dt
/ 2 00)0uaVp0) = Vo)) + 1 (pa)pode(V (o) = VIWo))) v
= [ [ (00 (00) = VW) 4 (padV ) = VW) e
T
—— [ [ duolatoa)(V (o) ~ VW) ot
0 R
T
[ [0 (padon = n(0a)0V () = V(W)
/ / aa:90 pa pa) V(Wa))) dz dt

Dy

/ /8190 (pa) — (Wa))dxdt

# [ [ ol VW~ W) = O e = o))V ) 2
—:Dj
with P'(£) = (7/(£)€ — n(€))V'(§). By Lagrange’s mean-value theorem, we have
o2
Dy = [ ol @€~ n(@)v v el ar <o

where £ € [min{Wy(t,2), pa(t, 2)}, max{Wa(t,z), pa(t, )}].
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Since pa, , Wa, — p* in C([0,T); LL .(R)), as k — +oo, we conclude that Dy, D2 — 0 and, thus,

loc

T
/0 /R((?tw(t, x)p*(t,x) + Oz(t,x)q(p*(t,z))) dedt > 0.

As every limit point is, by the previous argument, an entropy solution of the local conservation
law (3.0.3) and the entropy solution is unique, we conclude that the whole families {pq}a>0 and
{Wa}a>0 converge to the same limit point by Urysohn’s subsequence principle (see [230]). O

3.4. Numerical experiments

We rely on a non-dissipative solver based on characteristics (see [173] and [213, Chapter 3]).
On the basis of a simple numerical example, we want to shed more light on the difference between
the total variation of p, and the nonlocal counterpart Wy [pa| (see Figure top row). We consider
the LWR~Greenshields velocity V(§) := 1 — & (see [138, Chapter 3, Eq. (3.1.3)]) and the initial
datum

1
(3:4.1) P0 =20 03) F (3o
The zeros of the initial datum, located in the interval (g, 7), are moving along the evolution, but
are kept in the nonlocal solution p, for all times (see Figure . This results in an increase in the
total variation. In the nonlocal impact W,,, on the other hand, there are no roots and, as proven in
Theorem the total variation is non-increasing.

We also perform some experiments with a piecewise-constant weight and consider

1 r+o
(3.4.2) Wlpal =5 [ palt)dy,  (60) € (0.7) xR,

For the initial datum mentioned above, it appears to be true that a total variation bound on the
nonlocal impact is maintained even in this case and that the solution still converges to the local
entropy solution (see Figure bottom row). However, more recently, in [89] a particular initial
datum was built for which the total variation of the nonlocal impact defined in can actually
increase.
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FIGURE 3.1. Solution of the nonlocal conservation law with exponential weight
(TOP) or piecewise-constant weight (BOTTOM) and initial datum (3.4.1), plotted in
the space-time domain. From left to right, « is decreasing: « € {10_1, 1072, 10_3}.
COLORBAR: () mmm - 1
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FIGURE 3.2. LEFT: Solution and nonlocal impact of the nonlocal conservation law
with exponential weight (TOP) or piecewise-constant weight (BOTTOM) and initial
datum (3.4.1)), plotted for ¢ = 0.5 and a € {107',1072,107°}. RI1GHT: Evolution
of the corresponding total variations. The nonlocal impact (dotted lines) has non-
increasing total variation; on the other hand, the total variation of the solution itself
(dashed-dotted lines) is not monotone and approaches 3 for large times (while the
solution of the local conservation law has total variation equal to 1 for ¢t € (1,7)).



CHAPTER 4

Oleinik-type estimates and nonlocal-to—local singular limit for L*
initial data

The main results of this Chapter are the following Oleinik-type estimates involving the nonlocal
impact W,. More precisely, under different sets of assumptions on the velocity function V', we show
that W, satisfies a one-sided Lipschitz condition and that V'(W,)W,0,W,, satisfies a one-sided
bound, respectively.

THEOREM 4.0.1 (Oleinik-type inequality for W, ). Let 0 < k1 < K2, po € L=°(R;R>q), and

Ve VVli’COO (R) a non-increasing velocity such that at least one of the following conditions is satisfied:

(4.0.1) V(&) =-6<0, € € [essinf pg, esssup pol;
(4.02)  0<V (O +V"(OE<K, V()< —kKa, kKa—rK >0, &€ [essinf pg,esssup po).
Let po, be the solution of the Cauchy problem associated to (3.0.1). Then the nonlocal impact Wi,
satisfies the following inequality:

al\ls - al\Y 1 .
(4.0.3) Wa(t, 2) = Walt,y) > ——, for allt >0 and z,y € R with © # y,

Tr—y Kt

with k=98 (in case assumption (4.0.1)) holds) or k == ke — k1 (in case assumption (4.0.2) holds).

REMARK 4.0.1 (Convexity/concavity assumptions). If we assume that the fluz is strictly convex
(instead of strictly concave as implied by the assumptions (4.0.1) or (4.0.2)), we can establish an
analogous result. We chose to prove the statement in the concave case because of its relevance
to traffic models. For the computation in the case of a convexr flux with linear velocity (i.e., the

counterpart of the setting of (4.0.1))), we refer to CHAPTER @

THEOREM 4.0.2 (Oleinik-type inequality for V/(W,)Wa0,W,). Let 0 < k1, po € L2 (R;R>p),
and V € VVI%)COO(]R) a non-increasing velocity such that at least one of the following conditions is
satisfied:

(4.04)  0< (=V(§) = V"(€)E)(esssup pg —essinf pg) < —V'(§)§, € € [essinf po, esssup pol;
(405)  —VI(€) < V(O < (2 — m)V'(€), £ ¢ [essinf po, ess sup po].
Let po be the solution of the Cauchy problem associated to (3.0.1). Then,

90l Lo ()

, forallt>0,
Kt

(4.0.6) sup V(W )Wa0: Wy, <
R

where k=1 (in case assumption (4.0.4)) holds) or k := k1 (in case assumption (4.0.5) holds).

REMARK 4.0.2 (Independence of the constant on |pg|ry (). In Theorems |4.0.1) and |4.0.2, the
initial datum is not required to be of bounded variation.

REMARK 4.0.3 (Assumptions on the velocity function and traffic models). The assumptions
on the velocity function V in Theorems [4.0.1] and|4.0.4 may appear quite restrictive. In the proofs,
we exploit such conditions when manipulating the equations satisfied by 0, Wo and V' (Wy)Wo 0, W,
to deduce a Riccati-type differential inequality. Despite their apparent intricacy, these assumptions
are satisfied by several classes of well-known traffic models, possibly under some restrictions on the
initial data.

1. The LWR—Greenshields model V' (§) := vmax(1 — &/ pmax), With vmax > 0 and pmax > 0 (see
[138] Chapter 3, Eq. (3.1.3)]), satisfies assumption (4.0.1]).

39
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2. The Underwood model V(&) = vgexp (—pm%» with pmax > 0 and vg > 0 (see [138]

Chapter 3, Eq. (3.1.5)]), satisfies assumption (4.0.4]) under the constraint essinf py >

3-8
3 €ss sup pg-

n
3. The generalized Greenshields model V(£) = vy (1 — (prn%) , With pmax > 0 and vg >
0 (see [138, Chapter 3, Eq. (3.1.6)]), satisfies assumption ({4.0.4)

n

under the constraint

essinf pg > ess sup po.

n+1
4. The generalized California model V,,(§) = wg <£% — p%), with pmax > 0, vo > 0, and
€ (0,1) (c¢f. [138, Chapter 3, Eq. (3.1.7)]), satisfies assumptions (4.0.2)) and (4.0.5).

This velocity is not locally Lipschitz continuous at & = 0; however, its variant V,(§) =

1 1 . : oo . )
Umax <§”‘+ i - p&ax> is and satisfies the same assumption; alternatively, we may just
v max+

assume pg > cg > 0.

As a consequence of Theorems [4.0.1] and [4.0.2] we deduce the following nonlocal-to—local con-
vergence results. The key difference compared to CHAPTER 3| (and the more recent work [89]) is
the fact that we do not require the initial datum to have bounded total variation; on the other hand,
some extra assumptions on the velocity function are required.

COROLLARY 4.0.1 (Nonlocal-to-local singular limit problem). Let us suppose that either

— the assumptions of Theorem|4.0.1| hold;
— the assumptions of Theorem |4.0.2 hold, and additionally V' < —ko < 0 for some ko > 0.

Let po, be the unique weak solution of the monlocal conservation law (3.0.1) and p be the unique
entropy admissible solution of the local conservation law (3.0.3). Then, both p, and the corresponding
nonlocal impact Wy, converge to p in Li ([0,T) x R).

loc

In Section these results are illustrated by several numerical simulations. Before diving into
the proof of our main results, which are contained in Section and [£.2] we recall the well-posedness
result from CHAPTER [3] (in a slightly modified form) and the evolution equation satisfied by W,,.

THEOREM 4.0.3 (Existence and uniqueness of weak solutions, maximum principle, and properties
of the nonlocal impact). Let pg € L®(R;R>¢) and V € VVI?)COO(R) be a non-increasing velocity. Then,

for every o > 0, there exists a unique weak solution p, € C([0,T]; Li .(R)) N L>((0,T); L>(R)) of

loc
the nonlocal conservation law (3.0.1) and the following maximum principle holds:

(4.0.7) ess iﬂgf po(x) < pa(t,z) <esssuppo(x), for ae. (t,z)e (0,T)xR.
ze z€R

Moreover, for the nonlocal impact Wy, the following properties hold:
(1) W, € W ([0,T] x R) and essinf pg < W, < esssup po;
(2) Wo € C°([0,T]; LY(R));
(3) if po € CE(R), then W, € C**1([0,T] x R) for k > 0.
In addition, for everyt € [0,T], the map t — Lip~ (pa(t,-)) is a locally Lipschitz continuous function

from [0, 400) to [0,+00). Here, Lip~ (pa) == — ir<1f %.
z<y

Furthermore, W, solves the following Cauchy problem in the strong sense:

OWo(t,x) + V(Wy(t, x)) 0. W (t, x)

(4.0.8) = =L [ exp() V! (Wa(t, )0y Walt,y)Walt,y) dy,  (t,2) € (0,T) x R,
Wa(0,2) = & [ exp(*3%)po(y) dy, zeR.
We note that can be equivalently rewritten as
(4.0.9) OWeo + 0:(VIW)Wa) = ga — ga * Va, where go = V' (Wa)Wa0: Wy

and we use the notations

(4.0.10) () = Log()exp(-)  and  yo =a 'y(-/a).
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4.1. Proof of the Oleinik estimates

In order to prove the Oleinik estimates, it is helpful to regularize the initial data of the nonlocal
conservation law (3.0.1). To this end, we need the following stability result (see Chapters 3| and

for related results).

LEMMA 4.1.1 (Approximation). Let us consider the Cauchy problem

(411) Op(t, x) + 0u(V(Wp](t,z))p(t,z)) =0, (t,z) € (0,+00) X R,
o p(0,2) = po(z), r € R,

where oo
Widltta) = [ exple -~ wplt)ds, () € (0, o0) xR
Let us also consider the family of the Cauchy problems

(4.1.2) Bipn(t,x) + 0 (V (Wa(t, 2)) pu(t, ) = 0, (t,x) € (0,+00) X R,
pn(0,2) = pon(), z €R,
where n € N and
+o0
Whlpnl(t, ) = / exp(z — y)pn(t, y) dy.

Let us furthermore assume that, for a suitable constant M > 0, it holds
(4.1.3) 0<pon <M a.e. foreverynéeN, Po.n X po weakly-x in L>°(R) for n — +oo.

Then,
W, =W  strongly in Li . (Ry x R).

REMARK 4.1.1 (More general kernels). The statement of Lemma is still valid if we replace
the exponential weight with a more general kernel

v € Lip (R-), /v(y)dyzl, v > 0.

ProoF oF LEMMA [.4.7] By the maximum principle, the first condition in (4.1.3)) yields
(4.1.4) 0 < pn,W,, <M a.e. and for every n € N.

Owing to , we have that, up to subsequences, p, — v in the weak- topology of L (Rt x R),
for some bounded limit functlon v. By Lebesgue’s dominated convergence theorem, this, in turn,
implies that W,, — v % 1(_c0j(-) exp(-) strongly in L{ (R4 x R). By passing to the limit in
the distributional formulation of , we conclude that v coincides with the unique bounded
distributional solution of . O

REMARK 4.1.2 (Continuity in time). By using [116], Lemma 1.3.3], we can assume—uwith no
loss of generality—that the functions t — pa(t, ) and t — Wy (t,-) are continuous from Ry to L*°(R)
endowed with the L -weak-x and the strong LloC topology, respectively. In Section we will use
this remark to pass to the limit in the nonlocal Oleinik inequalities (4.0.3)) or (4.0.6) for every t > 0.

4.1.1. Oleinik-type estimate for W,. In this Section, we establish the Oleinik-type inequality
in Theorem 4.0.1] The key idea is to use the transport equation with nonlocal source satisfied by

W, ie. @05).

PrROOF OoF THEOREM [£.0.1] Owing to Lemma it suffices to prove the statement for
initial data pp € DN C?(R) and thus for solutions p, € C?([0,T] x R). Here,

(4.1.5) D= {po € L*(R) : |polrv®) < 00, po(x) € [0, pmax] for a.e. 2 € R},
By differentiating (4.0.8) with respect to z, we get

R Wo = —V(Wo)2 Wa — V(W) (0:Wa)? + éV’(Wa)WaaxWa

_/ exp( )V’( W) Wy W dy.

(4.1.6)
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We now set m(t) := minyer 9y Wa(t,y) and assume without loss of generality that m(t) <O0.
Case 1: we assume (4.0.2]). We estimate the right-hand side of (4.1.6)) from below as follows:

P Wy = —V(WQ)02Wa — V' (Wo)(0:Wa)? + éV’(Wa)WaaxWa
- % /Oo exp (T’) V! (W) Wady Wy dy
> — V(Wa)2 Wy — V' (Wo) (0, Wa)? + éV’(Wa)Wa&;Wa
m/ exp ( ) V! (Wo )Wy dy
(integrating by parts in the last term)
= — V(Wo)32, Wy — V' (Wo)(8:Wa)? + éV’(Wa)WaaxWa
- émV’(WQ)Wa - ém / " exp (T) (V! (Wa)ByWa + V(W) Wad, W) d

We consider z = Z(t) € R such that m(t) = 9,W,(t,Z) and evaluate the previous expression at

x = . Due to (4.0.2)), we have

1 [ -
—m/ exp (H) (V! (Wa) + V" (Wa)Wa) 0y Wa dy > —rym?

(6 [0

and, then, we deduce (using [98, Theorem 2.1])

%m(t) >V (Wa)m(t)? — mm2(t) > (ks — k1)m2(t),  t> 0.
Case 2: we assume . We estimate the right-hand side of from below as follows:
OEWo = =V (Wo)02,Wa + 8(0:W,)* — éWaﬁxWa
—I—/ exp< )W{?Wdy
)

= —V(Wa)02,Wea + 6(8,Wa)? — ~Wad, Wa
) (ac‘“)yWa(t, y) + palt, y))ﬁyWa dy

=1 exp( :

= —V(Wa)02,Wea + 6(8,Wa)? — ~Wad: Wa

—1—6/ exp (x—y) (8yWa)2dy+62/ exp <:v—y> PaOyWeo dy
af, a a? J, a

>0

) ) & —
—Wa0: Wo + 2m/ exp <H> Pa dy
a a . a

= —V(Wo)02, Wa + 6(0.Wa)? — gWaaxWa + nga.

> —V(Wo)02, W + 6(0,Wy)?

Using [98, Theorem 2.1], we fix £ = Z(t) € R such that m(t) = 0,Wy(t, ), evaluate the previous
expression at x = Z, and deduce

%m(t) > m(t)? — gWa(t,:i)m(t) + gm(t)Wa(t, 7)=om(t)?,  t>0.

Conclusion. In both cases, we arrive at the Riccati-type differential inequality

a7n(1t) > wm?(t), t>0
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(with x == (k1 — K2) or K = 4, respectively), which yields
Woz (t7 .%') B Wa(t7 y)
r—=y

1 x 1
= / 8$Wa(t>£)d52_7a t>07 $7y€R7 ':L'?éy
=Y Jy Kt
O

4.1.2. Oleinik-type estimate for V'(W,)W,0,W,. The basic idea underpinning the proof
of the Oleinik inequality for g, = V/(Wy,)W,0,.W, is to observe that this quantity satisfies the
equation

Otga = (V' (W)W + V' (We)) e WadiWey + V! (Wo ) Wod2, W,

ProoFr oF THEOREM [£.0.2l. Owing to Lemma [4.1.1] it suffices to prove the statement for
initial data py € D N C?(R) and therefore for solutions p, € C2([0,7] x R). The set D has been
defined in .

For the sake of brevity, we set z, = 9.W,. By differentiating with respect to x, we
obtain the following equation for z,:

(4.1.7) Orza = =V (Wo)0pz — V!(Wo)2% — g * 0x7as  (t,z) € (0,T) x R.
From (4.0.9), (4.1.7), and the fact that

1
(4.1.8) OxVa = o (Yo — d0)

where v, is the same as in (4.0.10)), we get
Otga = (V' (W)W + V' (Wo))260:Wo + V(W) Wa Oy 24
= haza( - V(Wa)za — Ja * ’Ya)

(4.1.9)
VW (V¥ = VOVa)2E = L g0 = 0))
where
(4.1.10) he = V" (W)W, + V(W)
and
(4.1.11) 0rfa = hazi + V' (W) Wodzza.

We now separately consider two cases:

1. for every t € [0, T, there exists € R such that g, (¢, z) > 0;
2. there exists ¢ € [0, 7] such that go(t,z) < 0 for every x € R.

Case 1. Owing to Lemma we can assume, with no loss of generality, that, for every ¢ > 0,
we have p,(f,+) € DN C?*(R) and hence W, (£,+) € DN C?*(R). For every t € [0,T), there exists a
maximum point Z of ¢, (¢, ). In particular, 9,9.(t,Z) = 0; by (4.1.11]), we have

he 9

(4112) 8;1;20[({7 j) == _WZQ(E’ if)
Evaluating (4.1.9)) at (¢, %), we get
_ V/(Wa)W, _
aat7: _haaa a_V/Wa 2Wa2_# o a  Ya t,x
(4113 9 (t,7) Zaga * Yo — (VI (Wa)) Wazg o (Ya*% —ga) | (£,7)
=14 II 4 IIL

We observe that IIT < 0 since V' < 0, W, > 0, and T is a maximum point of g,(,-). Moreover, by
using the definition of g, and the maximum principle, we get
2 1
_Ya < - gg
Wa 10l Lo ()

The term I is more delicate and can be controlled using the assumptions (4.0.4) or (4.0.5)).
Case la. Under the assumption (4.0.4)), we have h, < 0. Therefore, if g, * 74(¢,Z) > 0, then I < 0.

(4.1.14) I =
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Otherwise, let us assume that g, * 7o (t, ) < 0. Since zo = pa * Oz, then, by recalling (4.1.8)), we
arrive at

Osc pq,
a

)

1
(4.1.15) [2al = | = (Pa ¥ Ya = pa)| <

therefore,

Osc pq V(W)W

/
(4.1.16)  [hazaga * va(t @) = [I] < |haga * Ya(t, T)| < Mlga *Ya(t, 7)| < [,
(0

(0%

where we used (4.0.4]) and h, < 0 in the second inequality and g, * Vo (£, Z) < 0 in the last inequality.
In particular, this shows

1 -
92(t,7),

(4117) 875904({’ j) <—7— «
10l oo (m)

which, by comparison, yields the desired claim.

Case 1b. Under the assumption , we have h, > 0. In case gq * Vo (t, ) <0, then T < 0. We
then focus on the case gqo * Vo (%, Z) > 0. Since Z is a maximum point for g, (%, ), then g * 74 (t, ) <
Ja(t,T); hence

[+11< = [hazaga + (V(Wa))*Wazd] (£, )
= — W V' (W) 22(V" (W )Wy + 2V (W,)) (%, Z)
< — mWa(V'(Wa))?22(, 7)
K1 T \2
= — = 9alt,
W (t,z)
K1 T \2
- 9a(t,7)",
o0l oo (m)
where, in the second inequality, we used (4.0.5). This establishes (4.1.17)) which, by comparison,

yvields (L0.0).
Case 2. We define ¢ € [0, 7] by setting

(4.1.18) t:=inf{t € [0,T]: gal(t,z) <O for every = € R}.

Assuming that ¢ > 0, we can apply the same argument as in Case 1 on the interval [0, ). Since t —
Lip~ pa(t) is a continuous function, then also ¢ — max g4(¢, -) is continuous and this establishes
on [0,%]. Note that g,(t,x) < 0 for every x € R if and only if p,(t,-) is non-decreasing. Therefore,
since preserves the monotonicity of the initial datum (see [35], [167]), then, for every ¢ € (¢,T7,
pa(t,-) is a monotone non-decreasing function, that is g, (t) < 0. If £ = 0, then we can directly apply
the argument for the preservation of monotonicity. This concludes the proof. O

REMARK 4.1.3 (The Greenberg model). Let us consider the velocity function V(§) =
vo In (pmax /&) with vo > 0 and pmax > 0, which corresponds to a traffic model proposed by Greenberg
and supported by experimental data (see [138, Chapter 3, Eq. (3.1.4)]). Formally, an Oleinik-type
estimate still holds: indeed, going back to , we get ho, = 0; thus I =0 therefore, since IIT1 < 0

and (4.1.14)), it follows from (4.1.13) that

Orga(t, T) <

1,
_79 (t7 'f)7
[0l oo () ™

which, by comparison, implies (4.0.6). Assuming that the initial density is bounded away from zero,
this remark can be made rigorous.

4.2. Proof of the nonlocal-to—local convergence

As a first step towards proving Theorem [£.0.1 we point out that the Oleinik inequality in
Theorem implies a uniform BV,c-estimate for ¢ > 0 and, thus, compactness for {W }q>0.
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LEMMA 4.2.1 (BV),-regularization and compactness). Let us suppose that (4.0.3) holds. Then,
the function Wy(t,-) belongs to BVioe(R) for every t > 0 uniformly with respect to o > 0: for every
compact interval K € R,

K
(4.2.1) Walt, )| rvr) <2 (‘2t| + [[Wal(t, )’Loo(K)) :

As a result, the set {Wa}a>0 of solutions to ([4.0.8) is compactly embedded into L ((0,T) x R).

PRrROOF. The claim in is contained in [38, Eq. (4.3)] or [39, Lemma 2.2 (ii) and Remark
2.3] (the proof is also presented in CHAPTER [f). The second follows an argument as in Theorem

331l O

With Lemma in hand, we can directly establish Corollary [£.0.1]under assumptions or
(4.0.1)—i.e. using the Oleinik inequality from Theorem [4.0.1}—by arguing similarly as in CHAPTER
In fact, more simply, to prove that the limit point of {W, }4~¢ is an entropy-admissible solution
of the local conservation law ([3.0.3)), it suffices to pass to the limit pointwise in (4.0.3]).

The proof of Theorem r assumptions or —i.e., using the Oleinik inequality
from Theorem [4.0.2}—is somewhat more delicate. Indeed, we cannot directly deduce a uniform TV
bound on {W,}as0. In Lemma |4.2.2) _ 2| below, we rather show that {W2},¢ is equi-bounded in
BViec((0,T) x R) and, therefore, that the family {Wa}a>0 is precompact in Ll _((0,T) x R) and
that limit points W of {W,}a>0 as a — 01 are weak solutions of - The fact that the limit
point of {W,}a>0 so constructed is an entropy-admissible solution of the local conservation law is
already known (see CHAPTER . In Lemma we present, however, another proof. We point
out that the Oleinik-type inequality for W?2 rules out the presence of non-entropic shocks in the
limit W. When W does not have bounded variation it is not trivial to deduce that it is, in fact, the
entropy-admissible solution: we achieve this by exploiting the recent results of [139, 198] on Besov
regularity and on the structure of solutions of conservation laws with finite entropy production. This
seems to be of independent interest.

Finally, we need to show that p, converges to the same limit as W,. If we have a total variation
bound on W,, this follows immediately from the identity . In case the bound holds only for
W2, a more subtle analysis is needed, which we perform in Lemma m

LEMMA 4.2.2 (Precompactness in LY). Let us assume that (4.0.6) holds. Then the sequence
Wataso s precompact in Li_((0,T) x R) and every limit point of W, is a weak solution of (3.0.3)).
loc

PROOF. Step 1. Precompactness of Wy,. Since V! < —k9 < 0, then, from g, (t,-) < %, we
deduce
2
(4.2.2) 0. W2(t,-) < s

and
2V (0) 4+ 2max pog

Kkaot
for t > 0. In particular, this yields the result that W2 is equi-bounded in BV,.((0,T) x R). By
Helly’s compactness theorem, there is a subsequence ng which converges a.e. to some function

8tW(3(t> ) = _V(Wa)aij - 2Waga * Yo > —

W? as k — +oo. Therefore, W,, converges to W a.e. and, by Lebesgue’s dominated convergence
theorem, W,, — W in Llloc((O,T) X R).

Step 2. W is a weak solution of (3.0.3). By m, it suffices to show that go — go * Yo — 0 in
D'([0,T . Let us first fix ¢ € C’OO((O T) x R), then

T
/ / —ga*va)dwdt=/ /soga*(éo—va)dwdt:/ /w*(éo—%)gadxdt,
0 R 0 R

where 7,(x) == vo(—x). Since p(t,-) * (do — Yo) converges uniformly to 0 and decays exponentially
in space uniformly in « and

L
/L 19a(t, )| da < V|| oo @) (W2t ) rv(-1.1))
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grows at most linearly in L owing to (4.2.2)), then, for every ¢ € C2°((0,T") x R), we have

T
lim / / ©(ga — Ga * Vo) dxdt = 0.
a—0 0 R

We now fix ¢ € C2°([0,T") x R); since p, solves (3.0.1]), then the map

tH/IRpa(t,x)go(t,x) dz

is Lipschitz continuous with respect to ¢ uniformly with respect to « on [0,7"). Therefore, the same
is true if we replace p, by Wy, = pa * V4. In particular, by (4.0.9)), we have that

t»—)/ — Ja *Ya)p(t, ) dx
is Lipschitz continuous with respect to ¢ uniformly with respect to o on [0, 7). Hence gq — ga *va — 0
in D'([0,T) x R). O
LEMMA 4.2.3 (Entropy admissibility of the limit point). If W is a limit point of {Wq}a>0 then
W is the entropy solution of (3.0.3)).

PrOOF. We already know from Lemma that W is a weak solution of (3.0.3). Moreover,
since W is a limit point of W,, then W2 € BV},.((0,T) x R). We check that this implies W €

Biﬁi((@, T) x R): indeed, given € compactly contained in (0,7") x R and h € R? sufficiently small,
we have
LDz < ey [ 1DaWal?do < Inlliey | D42 < looll o W2 v,
h

where Dj, denotes the (first-order) forward-difference operator, Q; = {(t,z) € (0,7) x R :

dist(x, Q) < |hl}, and we used 0 < W, < ||pol[zeer). Weak solutions W to Burgers equation

belonging to Biﬁo‘i((o, T) x R) enjoy a kinetic formulation (see [139), Theorem 2.6]) and for every

weak solution enjoying a kinetic formulation there are countably many Lipschitz continuous curves
Xp 1 [0,7) — R such that for every entropy—entropy-flux pair (7, ¢) and every ¢ € C°((0,T) xR; Ry)
we have

T
/O / (n(W)dup + q(W)dp) da dt
(4.2.3)

—Z / d(W) = (W) = X&) (W) = (W) (&, Xa(0)) d,

where W denotes the traces of W along X,, (see [198]). The uniform one-sided bound on g, proven
in Proposition implies that, for every n € N and a.e. ¢t € (0,T), we have W (¢, X,,(t)+) >
W (t, X, (t)—). Since £ — £V (£) is concave, then it is well-known that the shocks with W+ > W~
are entropic: namely, for every convex entropy n and every W~ < W, we have

g(W") —q(W™) = Xn(t) (W) = n(W™)) > 0.
In particular, by , we have that W is the entropy solution of . O

LEMMA 4.2.4 (Convergence of p,). The family of functions {pa}taso converges to W in

L ((0,T) x R) as a — 07

loc
PrOOF. Owing to the specific choice of the weight ~,, we have the relation
(4.2.4) Pa =Wy — az,.

Therefore, by (4.2.2)), we deduce
W2 — Wapa = Wa(Wa — pa) = 0 Waza = %axwg 0 in Ll ((0,T) xR),

so that there exists a sequence aj — 0 such that p,, converges to W a.e. in the set {IWV # 0}.
We now discuss the convergence on the set {W = 0}. Given ¢, L > 0, let us define

A L) = {(t,z) € (0,T) X R: 2 € (—L — Vinax(f — t), L + Vinax (£ — 1))},
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where Viax = max V = V(0). Up to removing a negligible set of values for ¢ and L, we can assume
that H!'-a.e. point in A(t,L) N (0,T) x R is a Lebesgue point of W,, and p,, for every k € N.
Taking a further subsequence of ay,, which we do not rename, we can assume that W,, converges to
W ae. in (0,7) x R.

Given h > 0, let us consider an increasing function x, € C*°(R) such that

@ 1 ifx>h,
€Tr) =
Xh 0 ifz<0,
and the approximation ¢, of the characteristic function of A(¢, L) defined by
en(t,x) = xpn(t = t)xn(x + L+ Vipax (t — ) X0 (L + Vipax(t — t) — z).
Testing (3.0.1) with ¢, and letting h — 0, we get
L+‘/maxt_ L _ t_ t_
wzs) [ m@ae— [ puftnde= [ Frea@as [ F e
L 0 0

—L—Vinaxt -
where
FH(pa)(t) = (paV(Wa) + Vinaxpa) (t, L + Vinax(t — 1)),
F(pa)(t) = (=paV (Wa) + Vinaxpa) (t, =L — Vinax(t — 1))

are the exiting fluxes of the quantity p, across the lateral boundaries of A(Z, L). Since po, — W in
the set {WW # 0} and p,, > 0, then

Lt Vinaxl L Lt Vinal L
(4.2.6) lim Sup/ po(z)dz — / Pay (t, z) do < / po(z)dz — / W(t,z)dx.
k—o0 —L—Vmaxt —L —L—Vmaxt —L

Similarly, observing that & — F* () is increasing, we have

O f*(pak)(t)dw/o ]-"(pak)dtz/o f+(w>(t)dt+/0 F(W)() dt.

Now let us test (4.0.9) with ¢p, and let € — 0: since gq — ga * Yo — 0 in the sense of distributions
on [0,T) x R, we get

/ <W8t<ph + WV(W)@xgoh) dzdt + / po(2)pr(0,2)dx = 0.
(0,7)xR R

(4.2.7) lim inf
k—o0

Letting h — 0, we thus obtain

L4+Vimaxt L t t
(4.2.8) / pole) da /_ Wt de - /0 FHOW)(#) dt + /0 F(W)(t) dt.

_L_Vmaxt

Comparing (4.2.5) and (4.2.8]), we get that the two inequalities (4.2.6) and (4.2.7) are actually

equalities and the liminf and limsup are actually limits. In particular, since p,, > 0, it follows from
(4.2.6) and po, — W in {W # 0} that

lim Poy (T, x)dz =0

k—oo Jiw=0}n[-L,I]
and therefore pq, (t,-) — Wu(t,-) in L]

loc
ay we are considering, we conclude that

pa— W  in LL.((0,T) x R). O

(R). Since the limit W does not depend on the subsequence

REMARK 4.2.1 (Effect of a lower-bound on the density). The proof of the convergence result is
easier and self-contained if we also assume a lower-bound on the density:

(4.2.9) essinf pg > ¢ > 0.
From (4.2.9), we can show
(4.2.10) essinf p, > essinf pg > ¢g > 0.

Let us note that, in this case, the generalized California model and the Greenberg model mentioned
above (which are not Lipschitz continuous at zero density) are well-posed.
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From (4.0.6), (4.2.10), and the upper-bound V' < —kq, we deduce that, for everyt > 0,
1

Kkacot

(4.2.11) sup 0 Wy (t,-) > —
R

This implies that Wo, € BVioc((0, +00) x R) uniformly with respect to o« > 0. In particular, let W
be an accumulation point of {Wo}taso as a — 07 in LL ((0,+00) x R), then W solves and,
since it 1s one-sided Lipschitz continuous, it coincides with the entropy solution p.

In order to complete the proof, we only need to show that p, also converges to p. Since po, =
Wy — a0, Wy and 0, Wy, is equi-bounded in Li ., the two sequences {pa}a>0 and {Wa}a>o0 converge
to the same limit function p.

loc’

PrROOF OF COROLLARY [£.0.Tl. We proceed according to the following steps.

Step 1. Proof using Theorem |4.0. 1} _ We assume (4.0.3) and apply Lemma to deduce that
{Wa}aso is compactly embedded in Li..((0,7) x R). Then, by arguing as in CHAPTER [3| we obtain

that {W,}a>0 converges to the unique entropy solution of the local conservation law and
so does {pa}a>0. We only need to pay extra attention to the fact that the convergence holds on
every compact set contained in the open set ¢ > 0. To this end, given a parameter n € N and a
non-negative test function ¢ € C°([0,4+00) x R;R,), as in CHAPTER (3| by the compactness of
{pata>o in Lloc ((0,T) x R), we can pass to the limit in the entropy inequality as & — 0% and deduce

0< // / p(t,2))0p(t, z) + q(p(t, ))0pp(t, z)) dz dt

Il,n

1/n
/ / n(t, ©)Opp(t, ©) + q(t, ©)Opp(t, z)) da dt—i—/Rn(po(:L'))go(O,x) dz,

IQ,n

where 7(pa) = 7 and ¢(pa) — G in L>°(R) by the uniform L>®-bound on {ps}a>0. By letting n — oo,
we then deduce

0< / | ot a)0rptt. ) + atot.0)rilt,a)) do i+ [ mipo@)p(0.) de,

where we used the fact that I, — 0 because of the Ll-bound on the integrand.
Step 2. Proof using Theorem . We assume , then the claim follows by combining
Lemmas [4.2.2] [£.2.3] and [£.2.4] and the computation above O

4.3. Numerical experiments

In this Section, we illustrate the results of Theorem [£.0.1)and Theorem [£.0.2| with some numerical
simulations. We rely on a non-dissipative solver based on characteristics (see [213, Chapter 3] and
[173]). In particular we consider the LWR~ Greenshields velocity function V() = 1-¢; in Figure
and Figure|d. We show the behavior of t — 0, W, (t, -) for two types of initial data, continuous (Figure
and with a jump discontinuity (Figure E We present simulations for both the exponential
Welght (top row of Flgures 1land 4 .j and for a piecewise-constant weight v := o~ ]l( 0) (bottom
row of Frgures 4 1 and -) which is not covered by the results of this Chapter; the same result
appears to hold in this case too. Finally, in Figure [4.3] we highlight the BV-regularization effect on
W, provided by the Oleinik inequality.
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CHAPTER 5

Long-time convergence of a nonlocal Burgers equation toward the
local N-wave

This Chapter deals with the study of the long-time asymptotics for the nonlocal regularization
of the Burgers equation

(5.0.1) Aip(t, ) + 0 (Wpl(t,z)p(t, x)) =0, (t,z) € (0,+00) X R,
p(07$) = pO(:E)7 T e Ra

with

(5.0.2) Wiilta) = [ el -optpdy. (o) € 0,40) xR

which also satisfies the identity

(5.0.3) W p|(t,x) = p(t,z) — Wip|(t, ), (t,z) € (0,+00) x R.

We assume that the initial data satisfies
(5.0.4) po € L' (R;Rx0) N L (R; Rx)

and introduce the notation M = [ po(z) dz for its L'-mass.
Our main theorem can be stated as follows.

THEOREM 5.0.1 (Long-time asymptotics). Let po satisfy assumption (5.0.4). Let p be the unique
weak solution of the nonlocal Burgers equation (5.0.1)) and let W be the corresponding nonlocal term.
Then, for p € [1,4+00), we have

(505) A0 o) — w(t, oy - 0,

D W () — (Ve =0 as t - +oc,

where w denotes the unique entropy solution (N -wave solution) of the Burgers equation

(5.06) {atw(t,x) + 0, (WP (t,2)) = 0, (t,x) € (0,+00) x R,
w(0,z) = Mdg,—oy, x € R,

which is given explicitly by

2t
0 otherwise.

(5.0.7) w(t, z) = { o € (0,var),

As outlined in the introductory CHAPTER [1] for a given A > 0, we consider the rescaled function
(5.0.8) pa(t, ) = Ap(\’t, \x),

which solves

(5.0.9) Opa(t,z) + 0 (Walpal(t,2)pa(t,2)) =0, (t,z) € (0,+00) X R,
. px(0,2) = pox(z) = Apo(Az), zeR
with
(5.0.10) Wilpal(t, x) = )\/_ exp(A(y — x))pa(t,y) dy, (t,x) € (0,+00) x R.

We recall the following well-posedness result and some fundamental properties of the solution
from the previous Chapters.

51
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THEOREM 5.0.2 (Existence and uniqueness of weak solutions and maximum principle). Let
assumptions hold. Then, for every A\ > 0, there exists a unique weak solution py €
C ([0, +00); L*(R)) NL>=((0, +00); L>(R)) of the nonlocal Burgers equation and the following
maximum principle holds:

(5011) eSxSEiﬂgf,O(),)\(l') < p,\(t,l') < ”po,)\HL"O(R)a (t7$) € (07 +OO) x R.
Moreover, for the nonlocal impact W, the following properties hold:
(1) Wy € W ((0,+00) x R) and eSSE%IfPO,A(lU) < Wi < lpoallze )
(2) Wy € CY ((O, +oo);L1(R)); in particular, if ||px(t, )| L1 m) = M, then [[Wx(t, )lpiw) = M;
(3) if pox € CK(R), then Wy € CF1((0,+00) x R) for k > 0.
Furthermore, Wy solves the following Cauchy problem in the strong sense:

atW,\(t, 1‘) + W)\(t, w)&CWA(t, .’L‘)

(5.0.12) = A/_; exp(A(y — ))Wa(t,9)0,Wa(t,y) dy, (t,z) € (0,400) x R,
W02 <A [ ey - a)mal)dy,  weR

For the limit problem (/5.0.6)), we rely on a more general well-posedness result from [192], Theorem
1.1 & Remark 1.1].

THEOREM 5.0.3 (Non-negative entropy solutions with measure initial data). Let us consider
the local conservation law

{@u(t,az) +Ouf(ult,z) =0, (t,2)€ (0,+00) x R,

5.0.13
( ) u(0,x) = u, z € R.

Let us assume that f : R — R is locally Lipschitz continuous with f(0) =0 and f(]0,00)) C [0, 00)
and that p is a non-negative finite measure on R. Then there exists at most one non-negative solution
u € C ((0,400); LY(R)) N L>®((7, +00) x R), for all T € (0,+00), which satisfies the Kruzkov entropy
condition, 1i.e.

VEk e R, Vo € C°((0,400) x R;Ry) :

+oo
[ [ = oo+ signtu— 7 - 10)01) d >0

and achieves the initial datum in the narrow (or weak) sense of measurezﬂ

limu(t,") =pu  narrowly in R.
t—0

In particular, in our setting, Theorem yields the uniqueness of the N-wave entropy solution
(5.0.7) of (5.0.6).

REMARK 5.0.1 (Non-negativity condition and uniqueness). As noted in [192], Remark 1.2], the
uniqueness result in Theorem [5.0.3 fails without the assumption of non-negativity for the solutions.
This hypothesis can, however, be replaced by taking f(§) = sign(&)|&|? (with ¢ > 1) or by f(§) = [£|?
and assuming that the initial datum is achieved in a stronger sense (as shown in [192, Theorem 1.2]
and [192], Theorem 1.3] respectively).

In Section [5.1] we obtain the key and a priori estimates on W) needed to prove Theorem
Then, in Section we combine them and establish the convergence of {Wy} <o and {px}r>0 to
the N-wave solution of the local Burgers equation as A — +o00; or, equivalently, of {W(¢,-)};~0 and

{p(t,) }+>0 as t = +oo. This convergence result is illustrated by several numerical simulations in
Section

1A sequence of signed Radon measures {(n}nen on R converges narrowly (or in the weak sense) to p if, for all
bounded and continuous test functions ¢ € Cy(R), we have

lim @ dpin :/cpdu.
R R

n—-+oo

See [37, Chapter 8].
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5.1. A priori estimates

Before presenting our key a priori estimates, let us recall the following stability result of the
nonlocal conservation law ([5.0.1]) with respect to the initial datum.

LEMMA 5.1.1 (Stability of the nonlocal term with respect to the initial datum). Let po1, po2 €
LY(R) be given and denote by Wy, Wo € L>®((0,T); WH°(R)) the nonlocal terms associated with
the corresponding solutions of (5.0.9). Then, the following stability result holds: for allt € [0,T],
[Wi(t, ) = Wa(t, )l e @) < CA, pollzee s 1002l Lo m)s lpo,1 L), P02l 1))l po,1 — po 2l 21wy
where C' is a suitable constant that depends only on the quantities mentioned above.

PROOF. From the results in [167] (see also CHAPTER [2)), we know that the solution of (5.0.9)
can be written as

P1 (t,.%') = pPo,1 (§W1 (tw%'Q 0)) D2&w, (t,a:;O) and pg(t,:lj') = Po,2 <£W2 (t,l‘;O)) D2éw, (t,a};O),
where £y, and &y, solve the characteristic ODEs

Ew, (tyz;7) =2 + /T Wi (s, éw, (t,x;8))ds, 7€ [0,T],
(5.1.1) ¢

Ew, (ty ;1) =2 + /tT Wal(s, Ew,(t,x;8))ds, 7€ [0,T).

In particular, we recall that the nonlocal terms corresponding to the initial data pg 1 and pg o satisfy
the following fixed-point equations for (t,z) € (0,7") x R:

Wi(t,x) = )\/_x exp(Ay — x))p1(t,y) dy
— A/_x exp(A(y — ) po.1 (Ew, (t, 53 0)) e, (t, 4;0) dy

€W1 (tﬂ:;O)
3 [ e (MEwa 0.258) — 1)) oa2)

— 00

€W2 (tv'r;D)
Wy(t,z) = /\/ exp ()\(§W2(O, zyt) — x))pgg(z) dz.

Taking the absolute value of the difference, we have
AWt 2) — Walt,z)|

Ewy (t,230)
—_ ' /_ exp ()\(gwl (O,Z;t) —fL‘))PO(Z) dz

Ew, (t,30)
-/ exp (Méws (0, 238) — 2)) poa(2) dz

—0o0

(5.1.2)

maX{le (tvx§0)7£W2 (tvm;o)}
</ (0.1 + l0.2)]) dy

min{&w, (¢,2;0),Ewy (£,2;0)}

min{£W1 (t’z;0)7£W2 (t,LB;O)}
+f (exp (A&, (0, ) = ) o, (2)

— exp (Méws (0, 1) — 7)) po(2) ) d2
< |&w, (8, 250) = Ewy (t, 25 0)| (Il po, 1]l oo m) + ll00.2]] oo (m))
+ MEw, (0,58) — Ewy (0, 5 )| oo ) (lpo,1 1 1) + P02l L1 ®)) + [lP0a — po2llLr(r)-

To conclude, we need to study the stability of the characteristics with respect to W; and Was. For
(t,z,7) € (0,T) x R x (0,T), we compute

\w, (2 7) — Ew (t, 2 7) | =

/T Wi(s, Ew, (t,x;8)) — Wal(s, &w, (t, 25 5)) ds
¢
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/T Wi(s, Ew, (t,x;8)) — Wals, &w, (¢, z;s)) ds
t

+ /T Wa(s, Ew, (t, x5 8)) — Wals, &w, (t, x; s)) ds
t

max{t,7}
</ IWils,) — Wals, )| ooy ds

min{¢,7}
max{t,7}
+ 10 Wall oo 0,7y m)) | " [€wr (¢, 5 8) — Ewn (¢, 1 8) || Lo (r) ds-
Gronwall’s inequality yields
H€W1 (tv E T) - §W2(t7 E T)HLOO(R)
max{t,7}
§/ . } [Wi(s,-) — Wa(s, )|l o (r) ds exp (|t = 7[[|0:Wall Loo ((0,7); . (R))) -
min{t,7
Plugging this into , we get
WA (t 7') — Wa(t, )l Loo ()
max{t,7}
< A(llpoillzoe )y + P02l o (m)) / . [Wi(s,-) — Wa(s, )| Lo (r) ds

x exp ([t = 7[[|0:Wall Lo ((0,1);L (R)))
M+Mﬂwm/HM@»4%@wm®@
t

X exp (|75 -7 H8wW2||L°°((O,T);L°°(R)))

R)-
Applying again Gronwall’s inequality on W7 — W5 and recalling that

+ 2%(

(5.1.3) 0Wa = Mp2 = W2) = [[0aWallLec((0,7);L0®)) < 2Allp0,2]| Lo (R)
(thanks to the maximum principle in Theorem [5.0.2)), we conclude the proof. O

As a first step, we prove an Oleinik-type inequality on the nonlocal term W). The result is
essentially contained in CHAPTER [4] We present the proof below for the sake of completeness.

THEOREM 5.1.1 (Oleinik-type inequality for W)). Given pg such that (5.0.4) holds, the solution
Wy of (5.0.12) satisfies
Walt,z) - Walty) _
r—y

(5.1.4)

w\»ﬂ

t>0, z,yeR, z#y,
for all X > 0.

ProoF OF THEOREM [E.I.1l We consider a smoothed initial datum pf , (for € > 0) and call

the corresponding smooth nonlocal term Wy. We then compute, differentiating the PDE in (5.0.12))
with respect to z,

OEWE = — W02 W — (0, W5)? — \W50, W5
(5.1.5) , . .
+ A / exp(Ay — x)) W5 (t,y)0,Wx(t,y) dy.

For ¢t > 0 fixed, considering m(t) = supc") W)\ (t y) and assuming—without loss of generality—
that m(t) > 0, we estimate the right- hand 81de of ({ as follows:

Of W5 = —W305,W5 — (0.W5)* = AWS0, W5 + >\2/ exp(Ay — 2))WX(t, y)dy WX(t, y) dy

—0o0
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WE02, W5 — (0, W5)? — AW, W
+ A2 /_ N exp(A(y — =) (m(t, y) — Ao, Wit y))ﬁyWAé(t’ y) dy
= —W502, W5 — (0.W5)* — AWK, W5

T

+ A2 /x exp(A(y — ) (8, y) 9y WK (t, y) dy —/\/ exp(Ay — 2))|9, W5 (t, y)|* dy

—0o0 —0o0

~~

<0
< WROLWS — (0P — AWROWE +m(A* [ exp(\y — ) (t,3) dy

—00

=A"1WE (L)

We have that, for every t > 0, there exists a maximum point of 9,W5(t,y) (by choosing, e.g., a
compactly supported pf , and relying on the regularity results of [167]). Using [98, Theorem 2.1],
we consider z(t) € R such that m(t) = 0, W5 (¢, Z(t)), evaluate the previous expression at x = Z(t),
and compute

™ < —m?(t).
Since m(t) = 1/t is a solution of the above Riccati-type differential inequality and m(0) = oo, we
use the comparison principle for ODEs to conclude that m(t) < 1/t and thus

Wi (t, Ws(t
At 2) = Wit y) /8W)\t§ t>0, z,yeR, x#uy.
r—y
Taking the limit ¢ — 0%, thanks to Lemma we conclude the proof. O

As a byproduct of (5.1.4]), we prove (arguing as in [127, Lemma 1.2]) that an L°°-bound holds
for all ¢ > 0 (which blows up as t — 0T).

LEMMA 5.1.2 (L*°-bound on Wy). The following L*°-bounds on Wy and py hold:

2M

(5.1.6) 0 < Wi(t,z) <4/ —~ (t,x) € (0,400) x R,
2M 1

(5.1.7) 0 <pa(t,z) <4/ - + ove (t,x) € (0,400) x R.

PrOOF. The fact that, for all ¢ > 0, Wy(t,-), pa(t,) > 0 holds is contained in point (1) of
Theorem To prove the upper-bound in (5.1.6)), let us fix a time ¢t > 0 and a point Z € R. By
Lemma [5.1.1) we have

1
Wi(t,x) > Wi(t,z) — ;(a‘: —x), forallzx <z,
ie.,
1
Wi(t,x) > E(:z: —(z+Wi(t,z)t)), forall0<xz— (z+Wy(t,z)t) < Wy(t, z)t.

Integrating over R, we deduce

M = / Wi(t,z)dx > / = @+ WA 2)) dz
R RN{z>z+W) (t,Z)t} t

> /OWA(tx)t (t) dz = fWA(t z)t,

[2M
WA(t,f) S T for all ¢t > O, T e R.

which implies
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The bound ({5.1.7)) follows from (5.1.6) and Theorem Indeed, by (5.0.10]), we have
1
0< p)\(ta 'CC) = W)\(ta x) + Xaxw)\(tvx)

< /2M+i
- At
U

As a second corollary, from , we deduce the following BV ,-regularization result (see [38,
Eq. (4.3)] and [39] Lemma 2.2 ( ) & Remark 2.3] and Lemma 4.2.1).

COROLLARY 5.1.1 (BV)yc-regularization effect). The function W(t,-) belongs to BVie.(R) for
every t > 0 and uniformly with respect to X > 0: namely, for every compact interval K € R,

K
(5.18) WAt ey <2 ('t’ W, ->||Loo(K)> >0

PRrROOF. Let K = [a,b] € R be a compact interval of R and fix ¢ > 0. Since W)(t,-) € L®°(K) C
LY(K), we only need to prove, thanks to the characterization of BV functions in [228, Lemma 37.4]
(see also [8, Remark 2.5 & Exercise 3.3] or [184, Corollary 2.17]), that there exists C' > 0 such that

/ ]W,\(x—l—hf)L—W)\(x)\deC’ Vh >0, where K, ={x e K:x+he K}.
Ky,

Taking Lemma into account, we note that
Wi(t,x + h) — Wi(t, x) 1_ (1 W)\(t,$+h)—W)\(t,x)>

(5.1.9) ; =

t h

>0

)

which implies

Wi(t,x + h) — Wi(t, x) 1 <1 W (t, x—l—h — Wi(t,x )
<-4+ (=-
h —t t
Integrating over K} and taking the absolute values on both sides ylelds

/ |[Wx(t,x + h) — Wy(t,z)| da §/ (1 n <1 Wi(t, :L“-f-h — Wi(t,x )
K h K

dx

t t

:2/I<h1dx+/RWA(t,x)<1K<x+h})l L () ) dar
§2/Kh1dx+|’W>\(t")HLw(K)/R<|]1K(l'+hf)b—]lK(l‘)|> e

—TV(Lg)=2
K|
2(1& + WA ) Lo (xy ) -

5.2. Long-time behavior

As a first step toward finishing the proof of Theorem we show that {Wy}>¢ is compact
in the canonical C([to, T]; L},.(R)) topology. We note that the time-interval does not include ¢ = 0
because the L> estimate from Lemma blows up as t — 0.

LEMMA 5.2.1 (Compactness of {Wi}rso in C([to, T); Li..(R))). Let to, T >0 be fized. The set
{Wxtaso € C([to, T]; L, (R)) of solutions to (5.0.1)) is compactly embedded into C([to, T); Li..(R)),
i.€.

{WA € C([to, T); LL(R)) : Wy satisfies (5.0.10), A > o} < C([to, T); L (R)).

PROOF. Arguing as CHAPTER [3| we shall apply the compactness result in [224], Lemma 1]:
given a Banach space B, a set F' C C([to,T]; B) is relatively compact in C([to,T]; B) if
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1. F(t):=={f(t) € B: f € F} is relatively compact in B for all ¢ € [to, T];
2. F'is uniformly equi-continuous, i.e.
Yo>030>0s.t. VfeF \V/(tl,tg) S [to,T]2 : ‘tl - t2| <6 = Hf(tl) — f(tQ)HB <o.
In our case, let us fix a compact interval K € R and define B := L'(K) and F(t) :== {Wy(t,") €
LY(K): X\ > 0}
Thanks to Lemma we know that W)(¢,-) has a uniform total variation bound and, by
Helly’s compactness theorem (see [184], Theorem 13.35]),

F(t) < LYNK),  te€ [to,T).

It remains to show the second point, the uniform equi-continuity. To this end, we again smooth
the initial datum pg ) as pj y, with € > 0, and call the corresponding smooth nonlocal term W7.
Then, we can estimate

t1

HW)‘f(tla) _Wi(tQ’.)HLl(R) = H[ asW)f(S,') ds
2
t1

L (R)

< ‘ Wi (s,-)02W5(s,-)ds

Lo LY(R)

t1 00
+ / A / exp(A(x — )8, W5 (s, ) WS (s, ) dy ds
to *

L'(R)
< (WXl zee (0.1);20 ) WX | Lo (0.1)v (R)) [T — 22
+ WSl oo ((0,7); 200 @) IWA | Lo (0, 1)V (RY) IE1 — t2l,
where we used Fubini—Tonelli’s theorem to exchange the order of integration and estimate the last
term. Thanks to Lemmas and we have that this is a uniform bound in A > 0 and & > 0.

This yields the uniform equi-continuity so that we obtain indeed the claimed compactness.
O

We can now complete the proof of Theorem arguing as in [127], Section 2].

Proor oF THEOREM [E.0.7]. The core of the proof consists in showing that the family {px}x>0
converges to the N-wave defined in . We shall divide the argument of this theorem in several
steps.

Step 1. Compactness of the family {Wx}xso in C([to,T]; L .(R)). For any 0 < to < T, by
Lemma we have that W) converges (up to extracting a subsequence) to a limit point w*
strongly in C([to, T; L. (R)); hence, we also have Wi(t,-) — w*(t,-) in LL _(R) for all ¢ € [to, T]
and Wy — w* pointwise (again up to subsequences) for all ¢ € [ty,T] and a.e. = € R.

Thanks to , we can deduce that py also converges to w* along the same subsequence.

Indeed, first we observe that

IWA(t,) = palt, M @) = A WA, ) v

and thus we also obtain

W llox = wlleq,ry;t, ) = 0-

Step 2a. Tail control and convergence of the family {px}xso in C([to, T], L*(R)). In order to pass
from the convergence py — w* strongly in C([to, T]; Li..(R)) to the convergence in C([to, T]; L' (R)),
we need a uniform bound on the “tail” of the functions {py}r>1. We shall prove that there exists a
constant C' = C'(M) such that

C(M
(5.2.1) / pa(t,z)de < / po(x)dx + Qtlm, t>0.
{la[>2R} {lal>R) R
Since pg € L'(R), the right-hand side of (5.2.1) can be made arbitrarily small choosing R large
enough. Then, from ([5.2.1)), the convergence

oy — w* strongly in C([to, T], L*(R)) as A — +o0



58 5. LONG-TIME CONVERGENCE TO THE LOCAL N-WAVE

follows by considering the splitting

/ pa(t ) — w(t, )] da = / palt ) — w(t, )] da + / At 2) — w*(t, 2)]|de.
R {z<2R} {z>2R}

In order to prove (5.2.1), let us consider a test function ¢ € C°°(R) such that 0 < ¢ < 1,
¢ =1 for |z| > 2, and ¢ = 0 for || < 1; we consider the rescaling pr = ¢(-/R) which satisfies
1020R|| Lo (r) < C/R for some C' > 0. Let us multiply the PDE in by g, integrate in (0, ¢) xR
(for some ¢t > 0), and perform an integration by parts (to rigorously justify this computation, we
can use a smoothing argument based on Lemma :

t
/R oAt 2)eon() do = /R (0, 2)or() dz + / /R (5, 2)W(s, 2)0epr (@) da ds.
0
We remark that

[ noaen@dar= [ g0

{lz|=R}

— [ somdrs [ p00)d
{lz|>AR} {lz|>R}

t t
/0 /R (5, )W (5, 2)0nr(x) dz ds < [|Oe0Rl| L) /0 105, Yl @y [ Wa(8, ) ooy s

t
< g M %dsggiMw%lﬂ,
R 0 S R\/§
where we used Lemma [5.1.2]in the last line.
Step 2b. Tuil control and convergence of the family {Wy}xso in C([to, T], L}(R)). Since

[ oweoae=a [ [ ep(y - oty dyds,
{|z|>2R} {|z|>2R} J—o0

we use Fubini—Tonelli’s theorem to deduce

/ Wi(t, ) dz < / pa(t.x)de, >0,
{]2|>2R} {]z|>2R}
which yields, thanks to (5.2.1]),
M
(5.2.2) / Wi(t,z)dx < / po(x) dz + Mtlﬂ, t > 0.
{]2|>2R} {]z|>R} R

As a byproduct of Steps 1 and 2, we note that the limit point w* satisfies

w* € C((0, +00); LY (R; Rx0)) N L((7, +00); L®(R; Rxg)) for all 7 > 0, / w*(t,z)de = M.
R

Step 3. Identification of the initial condition. We now identify the initial datum taken by
the limit point w*, i.e., we verify that the initial condition MJq is achieved in the weak sense of
non-negative measures on R. We need to prove that, for all p € Cy(R),

lim [ w*(t,x)p(z)de = Mp(0).
t—0t Jr

To this end, arguing as in [127), pp. 52-54], we shall split the argument into two steps. First, we
consider a smaller class of test functions ¢ € C°(R; [0, 1]) and, secondly, ¢ € Cp(R).
We start by estimating, for a test function ¢ € C°(R; [0, 1]),

/ oty 2)pl() da — / (0, 2)p() dz
R R

<

/Ot /R up(z)Wi(s, z)pa(s, x) dz ds

t
< 1m0l ey /0 108, )2 @y (8, ) ey s
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t
< H3x60||Lo<>(R)C(M)/O 572 ds < C(M)||0pp]| Lo (my V-

Then, letting A — +00, we obtain

[ (t.0) = 2000 < CON N0 Vi

which, in turn, goes to zero as t — 0.

As a second step, let us consider the case of a bounded continuous function ¢ € Cy(R). We
shall rely on an approximation argument and on the tail control of p) in . Let us consider
a regularized test function ¢, obtained as . = ¢ * 1. (where 7. denotes a standard mollifier; see
[128, Appendix C.4]), such that [|¢el|zeom) < [|¢ll oo (r); ¥e — ¢ uniformly on compact sets of R as
e — 0%, and |loc||wreom) < C(e). We then write

[ patt.)pta) s - M@(O)' < ‘ [ attsypta) s - Mso<o>]

+

/ oAt ) (p(x) — pe()) da| +
{lz|>2R}

/ oAt ) ((x) — o)) da.
{lz|<2R}

The control of the first term follows by the same argument developed above. For the second and

third term, we estimate
C(M
< 2[[pl| Lo () (/ po(z)dz + (R)t1/2> ’
{l=|>R}

<l = @ell oo (fja)<2RY) /Rpx(f,x) dx

/ palt, 7) (p() — pe(x)) da
{lz|>2R}

/ ot 7) (p() — pe(x)) da
{lz|<2R}

= M|l¢ — @cll oo ({|z|]<2R})>

which can both be made arbitrarily small provided that € > 0 is small enough and R > 0 is large
enough.
A similar argument can be used for {WW)} ~o. Indeed, for ¢ € C(R; [0, 1]), we estimate

/WAtx dm—/WAOx) //GWAsx x)dzds
< / [ 2ul@) Wa(s, ) dds
0 JR

=1
+ A ‘/0 /R ()] /_; exp(My — 2))Wa(s, z) (0:W(s, ) — Wi(s,y)9,Wa(s,v)) dydzds|.

ESP)

For the term I;, we compute
t
I < H(?xsollLoo(R)/o [Wa(ss L@ IWA(s, )|l Loe r) ds

t
< 0apll o C(M) /0 52 ds < C(M)]|0uip| ooy V.

where, in the last line, we used Lemma [5.1.2
For I, using Fubini—Tonelli’s theorem,we compute

/ / )W (s, 2)0:Wi(s,z)dxds

_/\/Ot/ch(x) /;exp()‘(y_x»W)\(Say)ayW)\(s,y)dydxds
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x)Wi(s,2)0:Wy(s,x)dxds

t 00
- / / WA 18, Wa(s0) [ ola) exp(Ay - 2)) dedyds
0 JR Yy
integrating by parts on the term z — exp(A(y — x)) yields

I, =

t 3]
[ 00, Was) [ o) exphy ) dadyds
0 y
integrating by parts on the term y — Wy (s, y)0, W (s, y) and using the fact that lim, 4. Wi(t, ) =
0 (which is a consequence of the fact that W)(t,-) € L'(R) NBVio(R) for t > 0 and A > 0), we then
get

I, =

1 t o]
3 [ [t [T o et - o)dsdyas+ 1 [ [ W Pae) s
Yy
A t 5 00
<510l [ [P [ ey - o) drdyds
0 JR y
1 t 5
el [ [ 1WA 0)Pdyds
0 JR
t
—orelimm [ [ WaGs) P dyds
0 JR
t
< 10upllme) | IWAGs: Mo IWA s, ds

t
< ||3oc<PHLoo(R)C(M)/O 572 ds < C(M)||020 | Lo m) VT,

where, in the last line, we used Lemma Thus, for any € > 0, we can choose 7 > 0 and Ag > 0
such that

/WAt:c x)de —Mp(0)| <e forall0<t<T, A> Ao

The rest of the argument for ¢ € Cy(R) goes through as above.

Step 4. Entropy admissibility of the limit point. The limit point w* is actually the unique
entropy admissible N-wave solution w of the Burgers equation defined in (5.0.7). This
follows immediately from passing to the limit pointwise in the Oleinik inequality (5.1.4)). Owing
to Urysohn’s subsequence principle, from the uniqueness of the entropy solution of ((5.0.6]), we also
deduce that the whole families {py}r>o and {Wy}>o converge to w (not just up to extracting a
subsequence).

Step 5. Conclusion of the proof. From the steps above, we have that
IWa(t, ) —w(t,)llpiw =0 as A — +oo,

where w denotes the N-wave solution entropy of (5.0.6 . For p =1, (5.0.5)) is a consequence of the
fact that

pa(1,z) — w(l,z) = Ap(\2, \z) — w(1, x),

Wi(1,z) —w(l,z) = AW\, Az) — w(l, z),
(and that the same would hold true replacing ¢t = 1 by any fixed ¢ > 0), i.e., letting A\ — +oo for a
fixed time ¢ > 0 is equivalent to fixing A = 1 and letting ¢t — +oo0.

To prove the result also for p € (1, +00), we argue by interpolation. Indeed, we have that, for
t > 0, {patrs0 and {Wy}rso are also uniformly bounded in L4(R) (being in L*(R) N L*°(R) for
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every t > 0) and w € L4(R), with ¢ € (1,400). Then, Holder’s inequality yields

1 2(p—1)
lor(6,) = w(t, N oy < loa(t,) = w(t, N oty (Ir N vy + [0t ey
1 2(p—1)

WAt ) = wlt, Moy < NWaE) = w(t, Y 2y (I Y ongay + ot M cavgey)
from which the result follows. O

5.3. Numerical experiments

In this Section, we showcase the result in Theorem [5.0.1| numerically. For the nonlocal problem,
we rely on a non-dissipative solver based on characteristics (see [173] and [213], Chapter 3]). More
precisely, the simulations illustrate the convergence

p(t,:) = w in LY(R) ast— 4oo,

for the rescaled variables
p=tp, w=+tw, y=z/V1,

in which the N-wave is stationary (i.e., time-independent) and given by

L
w(y):{2 ty € (0,V4M),

0 otherwise.

To start with, in Figure we present the evolution of the solution of (5.0.1) on long time
horizons for the following initial data:

(1) po(x) = Ljg1y(z), (2) po(x) =2z L qy(z),
(3) po(z) = 6x(1 — x)L )y 1)(z), (4) po(z) =221 0.5/(z) + Ljo5,1(2),

for z € R. In all cases, we observe the convergence toward the N-wave profile of the (local) Burgers
equation ([5.0.6]).

For (left) continuous initial data (as is the case in (2),(3), and (4)), the N-wave is also approxi-
mated by left-continuous functions. This is a well-known fact, as nonlocal conservation laws preserve
regularity [167, Corollary 5.3] (see also Theorem [5.0.2)). In particular, for case (4), there are two
jumps downwards in the initial datum and the first one is damped out over time (still observable
for ¢ = 10 at & &~ 1). This can be understood when recalling that around x ~ 1 the velocity of the
dynamics is smaller than for < 1 so that the density increases between both points and the jump
decreases (which is visible in particular for ¢ = 1 and ¢ = 10).

Secondly, in Figure we consider (-) = 1(g1)(-) instead of an exponential weight in ,
i.e. we study

Wil = [ pt)ds ()€ 0.7) xR

The numerical simulation shows that, even in this case (which is not covered by the results of the
present paper or by the ones on the singular limit problem contained in CHAPTERS |3 and , a
convergence result can be observed. However, the convergence seems to occur “less regularly” as the
constant kernel generates more and more points where the solution is not differentiable. Indeed, in
contrast to the exponential kernel case, the regularity of the solution for piece-wise constant kernels
depends points-wise and locally (on the trace of backward characteristics) on initial data, kernel,
and their interplay.

Finally, we present some simulations illustrating the case of a more general power-type velocity:
namely,

(5.3.1) {(%P(t’ z) + 0 (WL (t,2)p(t, ) = 0, (t,x) € (0,+00) X R,

p(O,x) = po(ﬂf), T € R)
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F1GURE 5.1. Convergence to the N-wave profile for the nonlocal regularization
of the Burgers equation. TOP LEFT: po(x) = L 1)(z). TOP RIGHT: po(x) =
2z 1jgq1(7). BOTTOM LEFT: po(z) = 62(1 — )1 1)(z). BOTTOM RIGHT: po(z) ==
22 19,05/ (%) + Ljo.5,1)(2).

for some for ¢ > 2. In this case, the explicit N-wave solution of the corresponding local conservation
law

Op(t,x) + 0, (pl(t,z)) =0, (t,z)€ (0,400) xR,

5.3.2
(532) p(0,2) = po(x), z €R,
is given by
1
r\eat M it
wylt, ) = <qt) ifx € (0, q<q_—1> tq>7
0 otherwise.

that is, in the rescaled variables

Wy = tl/qwq, y = w19,
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FI1GURE 5.2. Convergence to the N-wave profile for the nonlocal regularization
of the Burgers equation with the piecewise-constant weight v(-) := 1o 1)(-). LEFT:

po() = Ly qy(x). RIGHT: po() = 6z(1 — z)1jo ().

q—1

O (O )

0 otherwise.

(see [192] Eq. (2.1)]). In particular, in Figure (for ¢ = 3), the convergence result seems to hold.
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F1cure 5.3. Convergence to the N-wave profile for the nonlocal regularization of
Oip + 0p> = 0 with exponential weight. LEFT: po(z) == Lo, qy(w). RIGHT: po(z) =
6z(1 — x)1jg1y().

In this case, none of the previously established results holds. However, the numerical experiments
point to the fact that we may still observe the L'-convergence to the N-wave profile. The behavior
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of the rescaled solution, which explodes at x = 0 is particularly noteworthy. It can be explained as
follows. For the conservation law

Oip(t, z) + 0 (Wpl(t, 2)p(t, ) =0, (t,x) € (0,T) xR,

we can compute, along characteristics,
d

dt
= —02p(t,€(0, 25 )W p]*(t,£(0, 3 1))
—2p(t, §(0, 25 )W p] (£, £(0, z: 1)) 0. W [p] (¢, £(0, 2 1))
+ Dap(t, £(0, 5 6))W [p]* (¢, £(0, 23 1))
= —2p(t,£(0, ;) )Wp|(t, £(0, ;1)) 02 W [p] (¢, £ (0, 23 7))
As W “looks” to the left and the solution vanishes on the left half space for all time ¢ > 0, we

have that W p|(¢,0) = 0 for all ¢ > 0; thus, the value of the solution at x = 0 never changes, i.e.
lim,_,g+ p(t,z) = po(0) for all ¢ > 0, which yields the long-time behavior at = = 0 observed in Figure

upon rescaling.



CHAPTER 6

Nonlocal-to—local singular limit problem with artificial viscosity

In this Chapter, we consider the nonlocal problem with artificial viscosity

o) {atpa,y<t,x>+@(V(Wa[pa,u](t,x))pw(t,x>>=ua§xpa,y<t,x>, (t.) € (0.T) x R,

pa,V(O7 'T) = pO,V(x)v z € R,

with
1 [ x—y

(6.0.2) Walpay|(t,z) = o exp | —— Parv(t,y)dy, (t,x) € (0,T) x R.
We assume the following natural conditions to be satisfied:
(6.0.3) po € L'(R)NL¥(R), 0<po<1;
(6.0.4) VeWh®R)NC*R), V>0, V' <0
(6.0.5) [ & EV(€) is genuinely nonlinear, i.e. L({(£V(€))"” =0}) =0,

where £ denotes the (one-dimensional) Lebesgue measure.
We smooth initial datum in the following way:

(6.0.6) {poy}v=0 C C(R),

(6.0.7) Po.v Y29 po a.e. and in L (R), pel,00),
(6.0.8) 0<po, <1, v>0,

(6.0.9) lpowllz2m) < C,

where C' > 0 is a constant independent of o, v > 0.
As outlined in CHAPTER [I} the reformulation of the problem as
atWOé,l/ + ax(V(Wa,V)Wa,V)
(6.0.10) = a2 War + V2 War + a0z (V(War)0:Wa o) — avdd  Wa., (t,z) € (0,T) x R,

W (0,2) = [*“exp (£2) po,(y) dy, z € R,

is the key to obtaining the a priori estimates needed in the proof of our main result: we show that,
when the nonlocal term together with the viscosity approaches zero, the family {pa,, }a,v>0 converges
to the entropy solution of the local conservation law

{th(t,:r) + 0, (V(p(t,2))p(t, ) =0, (t,2) € (0,T) x R,

(6.011) 0(0,2) = polz). reR

THEOREM 6.0.1 (Nonlocal-to-local limit). Let {pa}a, be a family of classical solutions of the
Cauchy problem (6.0.1). Then, for all

(6.0.12) (a,v) CRZ, such that (a,v) — (0,0) and g 0,
v
there exists p € L*((0,400) x R) such that

pay — p ae andin LY ((0,T) x R), with p € [1,00),

and p is the entropy solution of the Cauchy problem (6.0.11)).
In Section we prove the well-posedness of (6.0.1)—which, in turn, implies the rigorous
equivalence between (6.0.1)) and (6.0.10)—and the a priori estimates required for the study of the

singular limit. More specifically, we establish L>-bounds on p,, and W, , and an L?-estimate on
Wau(t,-) which also involves the H?-norm of Wy, (¢, ).

65
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In Section we use the previous estimates to prove that the family {pa,u }a,>0 is compact in
LP. To this end, we rely on Tartar’s compensated compactness technique and show that the family
{0m(pa,p)+024(Pa,y) }av>0, for every convex entropy—entropy-flux pair, is compact in ngcl ((0, +00) x
R). Finally, we check that the limit function p is the entropy solution of the local conservation law
. In the compactness estimates and the verification of the entropy condition, the assumption
a = o(v) is crucial.

6.1. A priori estimates

We start by proving the well-posedness of classical solutions of (6.0.1)), their non-negativity, and
an upper-bound in terms of the L* norm of the initial data. This, in turn, implies an L*°-estimate
on Wy ..

LEMMA 6.1.1 (Well-posedness and L*-estimate). For every a,v > 0, there exists a unique
non-negative smooth solution pe, € C*°([0,T) x R)NW?22((0,T) x R) of the Cauchy problem (6.0.1])
such that

0< Pa,vs Way <1

PROOF. Since pg, € W?2(R), the existence and uniqueness of smooth solutions of can
be proven arguing similarly to [90, Theorem 2.1] or [82], [75] [67, 180]: although in our case the
kernel is not smooth and compactly supported, a fixed-point argument based on the Duhamel’s
formula yields the well-posedness result. We focus on showing the L*°-bound on the solutions (these
are well-known in the literature as well; but we present a simple proof for the sake of completeness).
To prove p,,, > 0, we consider the function

n(§) = _5]1(—0070](£)a § ER,

which satisfies

(6.1.1) 7€) = =1 (—o00)(&), 1"(§) = dge—0y >0, §eR.
Multiplying (6.0.1]) by 7/(pa,), integrating over R, and using |27, Lemma 2] yields

d
ar (Pal/ de—/atpaun (Pau)d

_V/ampazﬂ? pau dx_/a ou/ pau))n/(pa,u) dx

= _V/ (a:vpa,V)Qn”(Pa,u) dx + / V(Wa )6wpa v Pa Vn,/(Pa,u) €z
R R ﬁ,—/
>0 =0 (see (6.1.1))

<0.

Integrating over (0,¢) and using (6.0.8)) and (6.1.1]), we compute
0 [ tlposttia)do < [ nipo.(e)ds =0,
R R

Therefore, 7(pa,,) = 0 and thus
(6.1.2) Pay(t,z) > 0.

To prove pa,, < 1, we follow the argument in [172], Corollary 5.9]. For ¢t > 0, let

Xmax(t) = {$ eER: Pa,l/(ta T) = Hpa ()| Lo ]R)}
For x € Xpax(t) and a.e. ¢ > 0, we have (owing to [98, Theorem 2.1])

Depons(t,2) = — Bupa(ts )V (W, 2)) =L E D V17 (1, 2)) W (8, )

[0
=0
2 (t,x
+ %)v%wa,,,a, 7)) + V0iupan(t: 7)
S———

<0
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< LT 1 (1,2)) (o 0. ) — W (.2),

«

<0
where we have used (6.1.2)), (6.0.4), and the fact that, for x € Xax(t),
8acpa,u(t7m) =0,

1 [ T —y
Wault,) = paslte) = - [ exp( - )(pa,yu,y)—pa,yu,x))dyso.

We have thus shown that, for all points = € Xpax (1),
atpa,l/(tax) <0,

which implies

190 (8 )| oo ®) < 10w (05 )l Loy < 1.
The L*°-estimate for W, , then follows from the one for p,, thanks to (6.0.2). O

From the regularity of p,,., we deduce that problems (6.0.1), (1.1.6), and (6.0.10|) are indeed
equivalent and W, , is also smooth.

Relying on ((6.0.10), we obtain an energy estimate for W, ,. In the proof, a key role is played
6.0.12

by the assumption ((6.0.12)) on the ratio a//v.

LEMMA 6.1.2 (Energy estimate). If W, , is the solution of (6.0.10)), then the following estimate
holds:

IWauw (t: )2y + @2 10:Waw(t 72wy

+v /0 10:Wan (s, )72y ds + a’v /0 102, W (s Mgy ds < €,
for some constant C > 0 independent from o and v and for every t > 0. In particular,
{Waptawso, {a0:Waytawso are bounded in L((0,+00); L*(R)),

VYO Wau a0, {aﬁ@%mWa vtawso are bounded in Lz((O, +o0) x R).

ProoF. We differentiate the L2-norm % |[W,, (¢, )|l 2(r) with respect to time and, using (6.0.10)),
we obtain

(6.1.3)

d [ Wau,, WaOWa., d
E e 2 _/ a,vOtWa,w AT
/a Oél/ au)Waudx+a/WaV8mWal,dx
+y/ Wa,udx+a/Wa,yagg(V(Wa,,,)({“)zWa’l,)dx—ow/W 8:6me dz

= / V(W )We0:Wo, dz + a/ We, 02, W, dz
+v / Wo 02 W, dz + a / W 0u(V (W )0:Wa,) dz + av / 0 W, 02, W, d
R R R

_ /R 9, < /0 e V(g)gdg> dz —a /R O W 0s W

=0

— y/(amwa,y)de - a/ V(Wan)(0:Wa,)? da + oa//
R R

R

2
(MY

=0

= —a/ W, 0: W,y d — u/(axwa,y)%x—a/ V(W) (0:Wa,)? da.
R R R
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Using again ((6.0.10)),

dz + V/(&LJ/VO[’,,)2 do
:a/ Do (V (Was) W )0 W da — o /a Wi 02 W da

—au/@W 02 W da — a/@WaV(? Wear)0:Wa,,) da

+ 1//8 W02 Way do — /V(me)(agﬁwa,y)?dx
R

=a / V(War)(0:Wa,)? do + a / V' (Wear ) Wan (0:Wa,,)? da
R R

o2 d (0:Wa)?

dz + a2/ V(W) 0u W02, W, da
dt 2 R ’ ’ ’

— y/(a2 Wa)? dx—a/V W) (0:Wa)? da.

In the computation above, the decay of the solution at infinity and their regularity make the boundary

terms in the integration by parts vanish. Using the L*°-bound established in Lemma [6.1.1] and
Young’s inequality, we obtain

d [ W2, +a?(0:Wa,)?
2

dt
= Ol/ V,(Wa,V)Wa,V(axWa,u)z dz + a2/ V(WQ7V)8IW0<7V8§$W‘X’V dz
R R

dz +v / (8‘70W0l,,,)2 dz + o’v / (Gg%v,cI/Va,,,)2 dz
R R

<a / V' (War)Wau(0:Wa,,)? d
R
a2

2
+ 0 [ (V(Wan)0e W) da + 2 / (2 W) da
2v Jr ’ ’ 2

« 0421/
<a (HV’HLOO(O,U +— Hvuim(o,l)) /R(é)xWa’V)zdx—i- Q/R(aﬁxww)zdx.

Thanks to (6.0.12)), when « and v are small, we have

[[02411 a2(6:c”ozu)2 14 2 9
d s ’ <
775 5 dr + *2 /(8@«” a,zz) de + — ) /(8 ) dx 0.

Finally, due to (6.0.6)), (6.0.7), and (6.0.8), we conclude the proof by integrating over (0,t).
We note that the constant C in (6.1.3) is independent of a,v > 0, because implies
1002 Wa (0, )l L2y = [Waw (0,-) = poullrzm) < C- O

6.2. Compensated compactness framework and proof of the convergence result

In this Section, we use Tartar’s compensated compactness method (see [197, 227] and [116),
Lemma 17.4.1]) to obtain strong convergence of a subsequence of solutions of (6.0.1)) to the unique

entropy solution of (6.0.11]).

LEMMA 6.2.1 (Tartar’s compensated compactness). Let f € C*(R) be a genuinely nonlinear

function, i.e. L{f" =0}) =0, and {ps}s>0 be a measurable family of functions defined on Ry x R
such that

106 oo ((0,7)xR) < M, T, 6 >0,
and the family
{0m(ps) + 9zalps)}s=0
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18 compact in ngcl (Ry x R), for every convex n € C*(R) and ¢’ = f'nf. Then there exist a sequence
{6n}nen C (0,400), 0, — 0, and a map p € L>®((0,T) x R), T > 0, such that

ps, — p a.e. and in L ((0,400) x R), 1 < p < occ.

loc

To check that the family {pq,, }a,v>0 satisfies the assumptions of Lemma we rely on Murat’s
compact embedding (see [200] and [116, Lemma 17.2.2]).

LEMMA 6.2.2 (Murat’s compact embedding). Let Q be a bounded open subset of RN, N > 2. Let
us suppose that a sequence {A,} of distributions is bounded in W~LP(Q), for some 2 < p < oo,
and that

neN

An = Al,n + AZ,TL’
where {A1n}, oy lies in a compact subset of H1(Q) and {Aan}, o lies in a bounded subset of
L .(Q). Then, {An},cy lies in a compact subset of H1(Q).

loc

PROOF OF THEOREM [6.0.1]. First, we observe that

Otpa,y + 8x<V(Pa,u)Pa,u) = Vagxpa,v + az((V(Pa,V) - V(Wa,l/))/’a,u)
(6.2.1) =102, paw + 0: (0(t,2) (paw — Waw)Paw)
= Vaazzxpa,l/ — aldy (b(t7 x)aacWoc,l/pa,u)a

where
(6.2.2) b(t,z) = /1 V'(0pan(t,x) + (1 — 0)Wa,(t,x)) db, (t,z) € (0,T) x R.
0

Let ,q : R — R be a C? convex entropy—entropy-flux pair for the conservation law (6.0.11)), i.e.
n,q € C*(R), n" >0, ' = ¢, where f: &~ V(). Multiplying (6.2.1) by 7 (pa,) yields
81&"7(/)0[,1/) + aa:Q(Pa,u) = Vn,(pa,u)ag%xpa,u - an,(pa,u)ax(b axWa,VPa,y)
= Vagmn(pa,l/) - Vn”(pa,l/)(axpa,l/)Q - aax(n/(pa,u)b azWa,upa,u)
+ a"?”(pa,l/)b axWa,upa,yazpa,u-

To apply Tartar’s compensated compactness, we show that the right-hand side is compact in
H1((0,400) x R). By Lemma and Lemma we have, for T' > 0,

loc

Hm?/(ﬁ’a,l/)awpa,v||L2((0,T)X]R) = ||V"7/(Pa,V)8mWa,u - aVn/(Pa,V)aia:Wa,u L2((0,T)xR)
< \/; Hn/(paﬂ/)HLoo((o,T)xR) H\/;aﬂcWa,V - aﬁaizWaWHLQ((O,T)xR)
< WCT — 0.
Additionally, we obtain
||V77”(pa,l/)(ampa,l/)2||L1((0,T)xR)

Vn//(pa,u) (833Wa,1/ - Olaszoz,u) ’

<cr

L1((0,T)xR)
0" (paw) (l/(éLEWOW)2 — 2auﬁzWa’V8§xWa,y + VaQ(angaW)Q) ‘

L1((0,T)xR)

as well as

‘O‘nl(pa,V)b(ta )0 WawPav ||L2((0,T) xR)
«
< ﬁ H77/(,0a,u)b(t> T)Pay ||L°°((0,T)><]R) [ \/Davaa,u HLQ((O,T) xR)

cr — 0

<O[
_\/;
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and
||a17”(pa,,,)b3xW , )

= ”an//(Pa,u)bpa,vaxWa,v (arWa,l/ - aag:cwaw) ||L1((0,T)xR)
= ||77//(Pa,u)bpa,u (a(@xWa,y)Z - a2axWa,Va§xWa,u) ”Ll((07T)><R)

< 1" (par )b perw (a(arwa,u)z + az|8xWa,va§xWa,V|> ||L1((0,T)XR)

2 2
o [0
;y(@xWaﬂ,)Q + T(agx @ 1/)2 20w 9.2

< ||77”(pa,1/) v(0:Wa 1/)

L1((0,T)xR)
<ecr.

Then, by Lemma we deduce that {0:7(pav) +0:q(Pa,) }aw>0 is compact in Hy L((0, 4+00) x
R). Therefore, by Lemma we conclude that, given (6.0.12), there exists a function p €
L>((0,T) xR), T > 0, such that

P
Pamm — P A0 Ly,

((0,400) x R), p € [1,00), and a.e. in (0, +00) x R.

By Lebesgue’s dominated convergence theorem, we have that p is a weak solution of (6.0.11)). It
remains to show that p is an entropy solution. We start by observing that

0in(Pa ) + 024(Parn) = V02 (Pan ) = V)" (Pan ) (O Pesn )
>0
0 (' (Pag )b (ts )0 Waay 1 Pt )
+ )’ (Pa v )0(t; ©)0eWer 1 Povn m O Porr v
< Unu(Pan ) = O (0 (P )0(t, )0 Wary 1 P )
+ an? (Do )0(t, )0 W, 1, Pevy i O Pty -

Let us consider a non-negative test function ¢ € C2°([0,00) x R;Ry). Then,

/OOO/R (n(pan,un>at§0 +q<pan,yn)ax90) dt dz + /Rn(pw(x))gp(o,w) dz

Z VTL/ /n(pan,l/n)agxwdxdt
0 R

U,(Pan,l/n b(t, x)aIWanyunpan;Vn) Orpdxdt

A
an/ / n//(Pan,Vn)b(t’ x)Pan,VnaxWan,un (8:6Wan,vn - O‘na Wa, Vn)Sde dt

/ / pany”’n stﬂdfﬁ dt

/ / po‘n,Vn) (t x)a Wan,unpan,yn>axg0dl' dt¢

0
On / / n,/(Pan,vn)b(ta w)/)an,vn (8mWan,vn)2 dx
0 R
=13
O 1 2
- 7 n (panﬂ/n>b(t7 m)panaVn V Vnamwanvl’nan \Y Vnal‘xwan:”ngo dx dt .
n J0O R

=1y

iz

Due to the estimates done in the first part of the proof, we have

Iy < vl poo ) 102,01l 21 (m2);
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Q Q@
I < \/%Hnl(panyl/n)bpany’/nHLOO((O,T)XR)HVVnaIWanyl/nHLQ((o,T)XR) < #CT;

n
(e% «
I3 S Tan”(panJ’n)bpan,VnHLOO((O,T)XR) Hyn(amwanyl/n)2HLl((07T)><]R) S 7nCT7
n n

«
I4 S Vn Hn”(panyl/n)bpanﬂ/n HLOO((O,T)XR)H V VnaxWQnJ’nHLQ((O,T)XR)
n

Q
X ||/ V0 Wan wn |l L2((0.7) xR 0| Loo (R2) < *VnCT-
n

Passing to the limit, owing to assumption (6.0.12)) and to Lebesgue’s dominated convergence
theorem, we conclude that p is the entropy solution of the local conservation law .

The fact that, in the statement of the theorem, the family {pq,, }a,v>0 converges to p and not just
up to subsequences follows from the uniqueness of entropy solutions of and from Urysohn’s
subsequence principle, i.e. p,, — p if and only if for all subsequences {pa,, v, }nen, there exists a

subsubsequence {pa,,, v,, }ken such that pa, v, — pask — +oo. O






CHAPTER 7

Boundary controllability and asymptotic stabilization of a nonlocal
traffic model

In this Chapter, we investigate the boundary controllability and stabilization for the following
nonlocal conservation law:

Orp(t, w) + 0 (VWIpl(t, 2))p(t, x)) =0, (t,2) € O,
(7.0.1) p(07$) = po(.’L‘), x e (07 1)a
V(WIpl(t,0))p(t,0) = V(WIpl(t,0))u,(t), ¢ (0,T),

with Qp = (0,7 x (0, 1), supplemented by the nonlocal operator

(7.0.2)  Wl(t,z) = ;/m exp <xa—y> ({Z(t(tg)/) ig - 1) dy, (1,7) € Q.

Here, p : Qp — [0,1] is the traffic density, po : (0,1) — [0, 1] is the initial datum, u, : (0,T) — [0,1] is
the in-flux boundary datum at = = 0, u, : (0,7) — [0,1] is the (nonlocal) right-hand side boundary
datum, V : [0,1] — R is the velocity, and « > 0 is the nonlocal average parameter.

The choice of an exponential weight enables the boundary condition prescribed on the flux in
to be given directly in terms of density, i.e. as

(7.0.3) p(t,0) = u,(t), tel0,T),

provided min{||po||z1((0,1)), . (t)} < 1 for all ¢ € [0, T]. Indeed, in this case, the velocity V' is never
zero at the boundary (or anywhere else), so the boundary datum always enters the domain and is
thus always attained.

In Section we recall some preliminary results on well-posedness for the IBVP (|7.0.1]).

In Section we prove that any end-state can be reached from appropriately defined initial
and boundary datum on a sufficiently small time-horizon.

In Section we discuss the exact controllability to a given end-state or out-flux of the nonlocal
model with boundary controls on the left (in-flux) and on the right (out-flux) of the domain. We
prove that this is equivalent to the existence of a solution of the corresponding backward-in-time
nonlocal conservation law.

Section [7.4] centers on the long-time behavior of solutions when constant boundary conditions
are prescribed and the initial condition is suitably chosen. We show that the solution converges to
the corresponding constant steady state. Some numerical simulations verify our results and suggest
that they should hold for every initial datum.

Finally, in Section[7.5] we state the existence and uniqueness of steady-state solutions for constant
u, and u, .

7.1. Preliminaries

We first recall some well-known results on the existence and uniqueness of solutions to the IBVP
(7.0.1). To this end, we introduce the following (regularity) assumptions.

AssuMPTION 1 (Assumption on the data of the IBVP). For T > 0, we assume
po € L>((0,1);[0,1]);
Vewh®((0,1);Rsg): V<0, V' £0, (V(€=0<+= {=1);
(u,,u,) € L((0,7); [0, 1))

Following [172], Definition 2.4], we adopt the following notion of solution.

73
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F1GURE 7.1. Characteristics in a bounded domain. Cf. [172] Figure 2].

DEFINITION 7.1.1 (Weak solutions for the IBVP) We say that p € C([0,T]; L*((0,1))) N
L>®((0,T); L=((0,1))) is a weak solution to the IBVP (7.0.1)) if, for every o € W1>((0,T) x (0,1))
with (T,-) =0 and ¢(-,1) = 0, we have

0= Op(t,x)p(t,x) + VOV [p|(t, x))p(t, x)0xp(t, z) | dz dt
(7.1.1) //QT )

4 /0 po(2) (0, ) dz + /0 (£, 0V (W[A]) (£, 0)u, (8) dt.

The existence and uniqueness of weak solutions were investigated in [I72]. We recall the principal
well-posedness result in the following theorem.

THEOREM 7.1.1 (Existence, uniqueness, and maximum principle). Gz’ven the
IBVP admits a unique weak solution p € C([0,T]; L*((0, 1))) N L*>®((0,7); L>=((0,1))) in
the sense 0f Definition [7.1.1. Moreover, the solution can be written in terms of characteristics, for
(t,x) € Qp, as
(7.1.2) ot ) = po(&w+ (t, 23 0)) Opur (¢, 23 0), T > &4 (0,0;1),

w(€uwr [t, ]imax (0)) B2€uwr (t, 23 &ur [t 2lnax (0)), - @ < &u (0,051),

where € : [0,T] x [0,1] x [0,T] — R>q is the characteristic curve that satisfies the Volterra-type
integral equation

(7.1.3) Ew (L, ;T —x-i—/ V(w*(s, € (t,x;8)))ds, (t,z,7) € Qp x [0,T),

&L [t,x] denotes the time-inverted characteristics tracing back the pomts (t,x) e{(t,x) € Qr:ax <
&w+(0,0;t)} to the boundary ([172) Definition 2.5, Eq. (2.3)]) and w* € L ((0,T); Wh>((0,1))) is
the unique solution of a fired-point equation on (t x) € Qp gwen in [172, Theorem 3.1, Eq (3.2) ]
In addition, the following maximum principle holds:

(7.1.4) 0 < p(t, ) < max{||pollLo((0,1)): Il o0,y W, L0y}, (@) € Qo

ProoOF. For a compactly supported nonlocal weight that is monotonically decreasing, the proof
can be found in [172 Theorem 3.1, Theorem 4.2, and Corollary 5.9]. The exponential weight
considered in 2|) actually snnphﬁes the analysis and the proof can be obtained analogously. We
omit the detalls. Il
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7.2. Reachability for sufficiently small times

In this Section, we show that, for any given function in L*°((0, 1); [0, 1]), we can select a suitable
boundary and initial datum so that the solution of the corresponding nonlocal conservation law
reaches the target at a (sufficiently small) time 7" > 0. The key idea behind the proof is to consider
the backward-in-time problem, whose solvability is equivalent to the controllability of the given
forward problem. Owing to the results presented in [167], the backward problem is solvable for any
terminal data for a sufficiently small time-horizon. This is because the nonlocal velocity function
is Lipschitz continuous for a small time (independent of the specific nonlocal weight and area of
integration provided the initial datum is essentially bounded).

This result differs from that of local conservation laws, where the attainable set necessarily needs
to satisfy an Oleinik inequality [205], 205], also for an arbitrarily small time.

THEOREM 7.2.1 (Exact controllability on a small time-horizon). For every pges €
L*((0,1);[0,1)) with [|pgeslloe(o,1yy < 1, there ewists a time T > 0, controls u,,u, €

20 'r
L*>((0,7);[0,1)) and initial datum py € L>*((0,1);[0,1)) such that the corresponding weak solu-
tion
p € C([0,T)LY((0,1))) N L% ((0,T); L¥((0, 1))
to the IBVP (7.0.1)) satisfies
p(T, ) == pges(x), x € (0,1).
Here, pges stands for the desired state we want to achieve.

PrROOF. For u, = ¢ € [0,1), as shown in [167, Theorem 2.20], there exists a sufficiently small
time-horizon T" > 0 such that the auxiliary end-value problem

Op(t,x) + Oy (V(W[p] (t,:n))p(t,x)) =0, (t,z) € (0,T) xR,
(7.2.1) p(T,z) = paes(z), z € (0,1),

p(T,z) =c, x e R\ (0,1),
with

(7.2.2) WIpl(t, ) = é /

T

[e o] T —
exp (O[y> p(t,y)dy,

admits a unique solution p € C([0,T]; Li,.(R)). Moreover, by [167, Lemma 2.6, Item 2], there exists

loc

d > 0 (depending on «,pqes,¢, and V') such that

Ip(t, )| oo (r) < max{||paesll Lo ((0,1)) cedT=),

The key idea of interpreting the control problem as a Cauchy problem on R backward in time is
illustrated in Figure [7.2] Thus, for

1 _
T< glog (max{||paesll o= (0,1 » ¢} 1),
we obtain ||p(t, -)|| o (r) < 1 for all ¢ € [0,77]. Consequently, by choosing

ué(t) = p(t,O), te (O7T)a
u, (t) =c, te (0,7),
/00(73) = p(va)a WS (Oa 1)7

the boundary and initial data are admissible and the solution to the corresponding problem ([7.0.1))
satisfies p(T,-) = paes on (0,1). We note that u, is given by p(-,0), which can be evaluated as an L*
function at x = 0 as the backward “velocity” is not zero.

O

REMARK 7.2.1 (Surjectivity of state to control map on a small time-horizon). The statement
in Theorem [7.2.1] amounts to

U U plooy uy, w,)(t,-) = L((0,1); [0, 1)),
te(O,T] uZGLOO((OvT);[Ovl))
u,. €L>°((0,T);[0,1))
pOGLOO((Ovl);[Ovl))
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(0,7%) (1,7%)
p(T%z)=c p(I%2) = paes(z)] p(T*2) =c

u, (1)

|
|
|
|
|
!
1
!
T

T

~1 (0,0)  polx) 1 2

F1GURE 7.2. Transformation of the end boundary value problem into a backward-
in-time Cauchy problem on R. The desired state and the “boundary” data are in

; the corresponding pg and u, are in red, yielding—forward in time—the desired
state pdes-

where plpo, u,,u,] € C([0,T]; L*((0,1))) N L>=((0,T); L>((0,1))) denotes the weak solution of the
IBVP (7.0.1), with initial datum po, left-hand side boundary datum w,, and nonlocal right-hand side
boundary datum w, .

EXAMPLE 7.2.1 (Numerical example for exact controllability on a sufficiently small time-horizon).

We consider a target function
11 1
pas =3 F 3 TG

We verify numerically that we can find suitable py, u,, and u, such that p(T,-) = pges for the
sufficiently small time-horizon T = 0.6 (see Figure . We note that, for local conservation laws,
Oleinik’s entropy condition would prevent the reachability of this state. The important role of the
nonlocal parameter o > 0 can also be observed. The smaller the o in the given example (here
a € {1,0.9,0.8}), the more the solution increases backward in time. This is illustrated in the first
three rows of Figure and, in particular, in the boundary datum; so, for a = 0.8, the backward
solution has already exceeded 1 and is thus not admissible for T = 0.6. The fourth row in Figure
represents the solution and control for a sufficiently small « (namely, « = 0.1). Here, the final
time needs to be chosen to be much smaller, T = 0.05, and even then the backward solution reaches
the bound 1 and would cease to exist if we were to consider it on a larger time-horizon. Due to the
short time-horizon in the fourth row, the significant changes in the desired datum pges are tackled
mainly through the initial datum, while the boundary datum is taken almost constant.

7.3. Exact boundary controllability and time-inverted dynamics

In this Section, we consider two control problems:

1. steering a given initial state toward a prescribed target end-state;

2. achieving a prescribed out-flux on the right-hand side of the road.
In both cases, we show that exact controllability holds if and only if the corresponding backward-in-
time dynamics admit a weak solution satisfying some bounds. This result is essentially due to the
fact that, for nonlocal conservation laws, there is no loss of information (with respect to initial and
boundary data).

Our approach is reminiscent of the strategy used to obtain an exact controllability result for the

linear transport equation (see [104], Section 2.1]):

Oip(t,x) + Oup(t,x) =0, (t,z) € (0,T) x (0,1),
p(0,2) = po(z), z € (0,1),
p(t,0) = u(t), t e (0,7).

Namely, given pg € LP((0,1)) with p € R>; U {oo} and a target profile pges € LP((0,1)), a control
u € LP((0,1)) exists so that p(T,-) = pges if and only if T > 1. The key to the proof is observing
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Ficure 7.3. Ilustration of Example [7.2.1] for different o € {0.8,0.9,1,0.1}. LEFT:
The solution with the proper boundary and initial datum to reach the desired state
Pdes ‘= % + %11(0.25’0.5) — %111(0.5,0.75) for T'=0.6. MIDDLE: Desired state pqes and the
corresponding initial state py to steer the system to pges. RIGHT: Boundary data,
i.e. u, and u,, to steer the system to pges. COLOR BAR: () mmmm - ]

that the solution of the IBVP is given explicitly by

(t2) = po(z — 1), (t,z) € (0,1) x (0,T), t <,
PR = N ut — o), (t,2) € (0,1) x (0,T), t > z;
therefore, if T' > 1, we can choose
— T-1,T
U(t) — pdes(T t)v le ( ’ )7
0, te (0,7 —1),

and the solution then satisfies p(T, x) = u(T — ) = pges(x) for z € (0,1). In other words, after the
initial data (which moves along characteristics) leaves the domain, we can inject the solution of the
backward-in-time problem having pqes as data into the left-hand side boundary. Since the waves of
hyperbolic equations have a finite speed of propagation and the control is applied at the boundary,
an exact controllability result requires that the time-horizon T" must be sufficiently large.

In the study of our nonlocal model, the first crucial step is to know that the initial state leaves
the domain in a finite time as well. This seems very natural when prescribing a density u, € [0,1)
as the right-hand side boundary datum, which “pulls out” the initial data for non-zero velocities.
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However, in contrast to the linear case, for the nonlocal conservation law considered here, the initial
datum—even after leaving the domain—still influences the solution.

The result regarding the initial datum leaving the domain is detailed in the following lemma
and illustrated in Figure [7.4]

LEMMA 7.3.1 (Initial datum leaving domain in finite time). Given |Assumption 1| and a large
enough T > 0, let us assume that ||u, | p~(or)) < 1. Then, the initial datum, evolving with the
dynamics in ((7.0.1), leaves the domain in finite time, i.e. the corresponding characteristics &

emanating from (0,0) (as defined in (7.1.3)) satisfy

1— o -1
(731) AT (0.7) 5. b & (0.0;T7) = 1 with T*§V<1— ”“r”f <<07T>>> |

ProOOF. We show that the zero characteristics move with a positive speed bounded away from
zero. To this end, we use the maximum principle in Theorem and estimate the nonlocal
operator in ([7.0.2)) as follows for (¢,z) € Qp:

= [Ton (32 ({150 050)
i/oooeXp (‘%) ({;(t) i?gj ; 1) d

1 [t y u,(t) [ y
—a/o exp (1) du /1 exp (—) dv
1 — |lu, |l oo (0,

1— t
1-w() | .
e e

IN

=l-e¢tdu(t)e!=1-

Using this estimate, which is uniform in (¢,z) € Qp, and the monotonicity of V', we can bound the
zero characteristics in ([7.1.3)) from below:

t

€0 (0,0;1) = / V(Wg)(5.£(0,0; 8)) ds

0

t 1— - 1— .
(7.3.2) 2/5%@_ . Il muw>ds:tv(1_ HUJL<m¢»)
0 (& e

1—|lu,. |l Loo (0,1)
e

~ I T A
(7.3.3) T=v (1 - " ’ >

e

As V is non-zero at 1 — , we have the upper-bound

on the time when the initial datum has necessarily left the domain Q7. This also explains the
assumption of T' being sufficiently large, as we require T > T. As £,+(0,0;-) € C([0,T]), a time
T* € (0,T] satisfying &,+(0,0; 7*) = 1 indeed exists. As t — &,+(0,0;t) is also strictly monotone,
such a T™ is unique.

O

REMARK 7.3.1 (Improved upper-bounds on T* for linear velocities). In particular, in the case
of the LWR-Greenshields velocity function, i.e. V(§) =1 — &, we obtain an improved estimate on

the bound in (7.3.3). We make the same ansatz as in (7.3.2)) and compute

%gw* (Oa 0; t)
=V (Wip,u,](t,&u~(0,0;))) = 1 = Wip,u,](t, £ (0,0; 1))

[ WW/) plt.y) ify<1)
- a/ﬁw*(o,o;t)exp< @ ({ur(f) Z'fy21>
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taking advantage of the maximum principle (7.1.4) in Theorem
> 1 /Oo exp <§w*(070;t) - y) max{||poll Lo ((0,1)), . (1)} Z:fy <1\ 4
@ gw* (ng;t) o ur‘ (t) lfy 2 1

max{||pol| oo ((0,1)), u, (1)} (1 exp (&m(O,O;t)—y) dy
«a guz*((]vo;t) @

) [ (0000,
e (B )W)l>

(0%

= 1t max(lol o, 0} (e

«

—u,(t)exp (

Ew<(0,0;1) — 1
—exp (SO0 (rmaclnl 0, (0~ 0, 0)
+ 1 — max{||pol| Lo ((0,1))> ., () }
Ew<(0,0;1) — 1
> exp <(a)> maX{HPOHLoo((o,l)) - HUTHLOO((O,T)), 0}

+ 1 — max{]|poll oo ((0,1))> l%, || oo ((0,7)) }-

Recalling that £(0,0;0) = 0 and solving the previous differential inequality in the case of equality, we
obtain the following expression for the corresponding solution:

(7.3.4) Ya(t) =14+bt —aln (a <1 - e%> + beé) + aln(b),

a = max{||pollr=((0,1)) = %, lL>((0,1))> 0}
b=1- maX{HPOHLOO((o,l)): HUTHLOO((O,T))}'
Solving for T* > 0 such that y(T*) =1 gives an upper-bound on T*:

N « a+ bexp (é)
(735) impmved(a) - E In (a—i—b .

Let us compare the results in Lemma |7.5.1] with the improved estimate in this remark. If we let
V) =1-¢, € €10,1], po == %, and u, = 0, then, for the estimate in (7.3.1), we obtain an
upper-bound on T™* (which we call T} ) given by

1

TH=—
(1))

=e.
From ([7.3.5)), we obtain, for a > 0,
) 1 N
improved(a) <2aln 2 (1 + 60¢> )

which is illustrated in Figure for a € (0,2). The improved estimate on T*, i.e. Tj . ..(c) for
a > 0, is sharper. It also depends on the nonlocal parameter a > 0. As the right-hand side boundary
datum is minimal here, it is expected that the nonlocal impact Wp,u,](t,£(0,0;t)) becomes smaller
with larger o as the nonlocal right-hand side datum w, has an increasingly powerful influence on
the nonlocal impact. Thus, the velocity is higher and the upper-bound on the time when the initial
datum has left becomes smaller.

REMARK 7.3.2 (Limit o — 0T). The upper-bound T provea(@) (see (7.3.5)) on T, the time

when the initial datum has left the domain (defined in (7.3.1))), is a function of « > 0. For a — 07,
we formally obtain the local conservation law. Although the results from CHAPTERS [3 and
cannot be easily extended to the IBVP, it is still interesting to calculate the limit for o — 0 of the
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Ficure 7.4. Illustration of the different upper-bounds for the initial datum leaving
the domain as defined in . Here, we chose u, := 0 and pg = % LEFT: The
different upper-bounds for the zero characteristics ¢ — £(0,0;t). The dashed red
line is the—rather coarse—estimate uniform in « given in Lemma The solid
lines, which represent the improved upper-bounds on T™ for the LWR—Greenshields
velocity functions, exhibit higher accuracy. RIGHT: The improved bounds on 7™ for
different values of the parameter c. As « becomes larger, the upper-bound becomes
smaller. This is because we have initialized the right-hand side u, as zero—so, for
larger «, this zero becomes “more and more dominant”, leading to an increased
velocity approaching 1 in the limit. We also have lim,_,o+ 7" () = 1.

upper-bound T, . .i(c). We obtain

bexp(: 1
lim T () = lim Y <a+exp(a)> =—

a0+ P a—0 a+b

(compare also Figure for b= %) This is then an upper-bound for the time the local conservation
law meeds to transport the mass of the initial datum out of the domain.

Having shown that, for a reasonable right-hand side boundary value w,, the initial datum leaves
the domain in finite time, we can state our main result in this Section.

THEOREM 7.3.1 (Equivalence controllability/time-inverted dynamics). Let us suppose that

holds, po € L*((0,1);[0,1]), u, € L>®(Rx0;[0,¢]), ¢ € [0,1), paes € L>=((0,1);[0,1)),
and pr € L*°((0,00);1[0,1]). Let us define

(7.3.6) T*:= T;mur = ar§>rgin {5[00, u,](0,0;t) = 1}7
(7.3.7) Epou, = 1(t,x) € Q- : {[po,u,](0,0;t) <2 < 1},

p(t7 ZC) 7/f (tv l') € Epo,u,,,a
(7.3.8)  v[p,uJ(t,z) =< u (t) ifz>1,
0 otherwise,

o0 B = [ () ([ BRI e

Then, the following two results hold.

(t,z) € SU[0,T"] x Rs1,

(t, .CE) €Qpx.
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(1) There exists u, € L>((0,77);[0,1]) such that p(T*,-) = pges if and only if the backward
nonlocal conservation law
(7.3.10) aup(t, ) = =0 (V(WIp, vlp, u, )|(t, 2)p(t, ), (t,z) € Qre \ Epou, ;
(7.3.11) p(T*, x) = pges(x), x € (0,1),
with vl[p,u,] as in (7.3.8) and W as in (7.3.9), admits a solution satisfying
11l oo ((0,77%); o0 ((0,1))) < 1

(2) There exists T € [T*,00) and u, € L*((0,7);[0,1]) such that p(t,1) = p(t) for a.e.
t € (T*,T) if and only if the backward nonlocal conservation law

(7.3.12) ap(t, x) = —0:(V(WIp, vlp, w,]](t, 2)p(t, z))
(7.3.13) p(t,1) = p(t), te (T%,T),
(7.3.14) p(T,x) =0, x € [0,1],

admits a solution, satisfying ||p||re((0,1);L>((0,1))) < 1-

ProOF. First, we mention that T as in exists and is unique owing to Lemma We
prove only Claim as the second result can be obtained analogously.

Let us assume that we can control the system to the desired end-state/boundary-state. Then,
we can time-invert the dynamics; the solution to the corresponding backward-in-time system exists
and satisfies —.

Conversely, let us assume that the backward system admits a weak solution. Then, we can
evaluate the solution at x = 0 to obtain the proper boundary data, which indeed serves as a
control to steer the system toward the desired state. The regularity required for this to hold is
C ([0, 1];L1((0,T))). Although such regularity is not guaranteed in general (compare also [172]
Remark 5.6]), it does hold provided the corresponding velocity is bounded away from zero. This is
true in the underlying case, as also illustrated in Lemma as long as ||u,. || Lo ((0,r)) < 1.

O

The red lines indicate the data to be fitted, the blue areas illustrate the prescribed initial datum
and the right-hand side nonlocal impact. The backward problem is—in both cases—considered on
the grey area/domain.

REMARK 7.3.3 (Controlling to target state and out-flux simultaneously). It is straightforward
to generalize the previous result to the case where we seek a left-hand side boundary datum u, and
nonlocal right-hand side datum w, such that, for a large time T' > T™, the end-state satisfies

p(T, ) = Pdes
and the boundary value at © =1 is

p(-,1) = pr.
We do not go into details.

As the previous result is not explicit in the sense that we cannot “a priori” determine which
final states we can control the system to, we show in the following that a constant state can always
be reached in a sufficiently large time when also controlling w, .

ProproSITION 7.3.1 (Controllability to constant state). Let pges = ¢ € [0,1) and py €
L>®((0,1);[0,1]) be given. Then, there exists T > 0 and (u,,u,) € L>((0,T);[0,1])? such that
p(T,-) = pdes, where p denotes the solution of the IBVP (7.0.1)) with boundary datum w,, right-hand
side datum u,., and initial datum pg.

>

PRrOOF. We prove this result by introducing different steps in which we control the solution to
a specific target.
Step 1. Control to zero. First, from Lemma there exists T* > 0 such that, if v, () =
u, (t) =0 for all ¢ € [0,7%], then the initial datum leaves the domain:
p(T*,) =0,

i.e. the road is fully evacuated at ¢t = T™.
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t
‘ (1,7)
T p(T*,z) =0
p(t, 1) y (1)
(t)
) Wt (1,T%) ) T
T p(T*,Qj) = pdes(”i’l") ChN
u, (t) /’U[p ] “, (t) U[p ]
o o ;
(0,0) po() i " (0,0) po(x) i "

FiGure 7.5. LEFT: Illustration of the statement in Theorem (Claim ({])).
Red shows the desired end-value we wish to control the system to and blue shows the
known quantities. The green color indicates the boundary controls that we use. The
backward-in-time equation is considered in the grey area. RIGHT: Illustration of the
statement in Theorem [7.3.1] (Claim (2)). Red again indicates (here) the out-flux we
would like to achieve and in blue we have the quantities that are given (in particular,
the end-value can be chosen arbitrarily). Green indicates the quantity we can use
to control the system, i.e. left and right-hand side boundary data. The backward
system is considered on the grey area with explicit boundary conditions from (1,7*)
to (1,7).

Step 2. Control to a small constant target and iteration. Second, we show that the zero initial
state can be controlled in finite time to the steady state ¢ > 0 (for ¢ sufficiently small) and iterate
this process until we have reached the target constant state. We take advantage of Theorem
and consider the following sequences of surrogate backward-in-time problems on (¢,z) €
QT;{ \ Es(n—l),s(n—l):

Opn(t,z) = =0 (V(Wipn, vie(n — 1),e(n — 1)]](¢, z)pn(t, z)),
pn(Tr, x) = ne,
where n € N>y and T} == >}, T(Z—l)s (k—1)c 85 in (7.3.6). As we will stop when we find n* € N>

such that n*e = ¢ (we can always choose ¢ so that this holds), we can immediately provide a uniform
upper-bound on 77 by invoking Lemma [7.3.1

(7.3.15)

* 1 * n
(7316) T(nfl)s,(nfl)s S m and Tn S @, n e NZl,

£

thanks to the monotonicity of V. Now, we show that, for a sufficiently small €, the system ([7.3.15|)

admits a solution on the entire time-horizon W To this end, we examine how at a given space-
time point (t,7) € (T;_1,Ty) \ Ec(n—1),e(n—1) @ maximum evolves backward in time. Assuming that

at such a (¢, x) the solution is maximal, parametrized on the characteristics, i.e., p,(t,&(T*, x;t)) =
[Pn(t; )| oo ) (and thus also Gapy(t,&(T, x;t)) = 0), we estimate (recalling the definition of the

operator v in ([7.3.8]))
d
. Pn t: T*v ;t
on(t, (T 1)

= V'WIpn,vle(n — 1), e(n — D]J(t, §(T;, x51))
x 3WIp, vle(n — 1),e(n — D]t (T, @3t))
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= V’(VNV[pn, v[e(n —1),e(n — 1)]](¢,&(T, x;t))

X = (Wlpn, vle(n = 1),e(n = D]J(¢,€(Ty, 231)) — pa(t, €(T5, 251)))

< LIV e oyt €T 1))
Integrating the previous differential inequality backward in time from 77¥ to ¢ yields the upper-bound
1
— VLo (o, (T — 1)
For admissibility, we need to ensure that ||py(t, )|z ((0,1)) < 1, which is satisfied if

|
1Pn (s )l Lo (0,1)) < 5 <1
3

W 1—ne ST g 1—-x
eV lLeoay — " elVllze(01))

For € > 0 sufficiently small, we obtain the well-posedness of the backward system on every
time-horizon and thus, particularly, on the time-horizon required for the initial datum to leave, i.e.
. As the estimates are uniform in n € N>1, we can then pick as many sequences as needed to
iteratively control the zero initial datum to e, 2¢,...until we have reached the constant state c. [

REMARK 7.3.4 (Extensions of Proposition . Proposition can be generalized. For
instance, the solution can also be steered to a monotonically increasing pges by first controlling it to
the sufficiently large constant state R 3 ¢ > [|paes| z<((0,1)) and then showing that the backward-in-
time system does not blow up (due to the assumed monotonicity). Another extension might consist
of slightly perturbing the constant pges with respect to the L°-norm and still achieving controllability

(compare also Remark . We do not go into details.

t>1Tr

— n

ExAMPLE 7.3.1 (Controllability and lack of controllability in minimal time). We present some
examples related to the state controllability result in Theorem [7.5.1] In Figure we consider

three cases: pges() = %(1 — ), pdes(x) = %x, and pges = %, with initial and right boundary data

given by po(z) = %(1 + ) and u, = % Figure also shows the left-hand side boundary datum
u, to achieve the desired final state pges in minimal time. In the three pictures on the left-hand
side in Figure the initial datum leaves faster. This is due to the fact that « is larger, meaning
that the nonlocal right-hand side boundary datum u, = % has a higher impact on the velocity of the
entire road. Another noteworthy point is that, for smaller o and end-datum pges(x) = %a: (see the
fifth pictures in Figure or the mazximum of the dotted curve in Figure , the solution
actually becomes larger than the desired state and then decreases. This indicates that, in general,
not every end-state can be tracked, as the corresponding control could exceed 1 and therefore would
not be admissible.

Finally, all the images indicate that the solution below the characteristics emanating from (0,0),
i.e. the solution which only depends on the initial datum and the right-hand side nonlocal impact u,.,
stays the same regardless of the boundary datum. Thus, the time when the initial datum has left is
the same.

7.4. Long-time behavior

In this Section, we are concerned with the long-time behavior of the solution to the IBVP ([7.0.1))
when prescribing constant boundary data (u,,u,) € [0,1)%. Under the assumption that the initial
datum is uniformly less than or equal to, or greater than or equal to, u, = u,, we can show that the
solution converges to a given constant.

THEOREM 7.4.1 (Long-time behavior). Let us suppose that k € (0,1) is given, |Assumption 1
holds, a > 0, u, = k, u, = k, and V'(§) <0 for £ € [0,1). In addition, let us assume that

(7.4.1) (,00 >k on (0, 1)) or (po <k on (0, 1))

Then, the corresponding solution p converges exponentially in time to k:

- K
||p<t,->—m|L1<(o,1))ga(exp<””° ’“’“<<°71>>)_1>exp<fj>t), £20

a
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FIGURE 7.6. The three images on the left correspond to @ = 1, the three on the

right to @ = 0.1. In the leftmost images of both triples, pges(z) == %(1 — x); in the

middle, pges(z) = %:L’; and, in the right images, pqes(z) = % In all images, the initial
datum is given by po(x) = %(1 + z) and the right-hand side boundary datum by

u,(t) = 3. COLOR BAR: () mmm - |

0.6

04F

F1GURrE 7.7. Corresponding to Figure in Example we illustrate the left-
hand side boundary datum u, to achieve the desired final state pges in minimal time.
Solid lines represent the boundary datum for o = 1, dashed lines for « = 0.1. The

colors represent the related desired state pqes that we wish to achieve: for = € [0, 1],

we have in red pges(z) = %x, in blue pges(z) = %(1 — ), and in Pdes(T) = %

where

Fi=(1-r)(1—exp(—a)),

K(a):=(1-r)k sup V'(€)exp(—a!) <0,
£e(r,R)

(a,b) == (min{a,b}, max{a,b}), (a,b) € R?.
PROOF. Let us define the difference between p(t,-) and « in the integral sense for ¢ € [0, T]:
1
M(t) = / (p(t,x) — k) dx.
0
As we want to compute the time-derivative of M (t), we first need to show that ¢ — M(t) is

differentiable. This can be achieved by taking advantage of the solution formula in terms of the
characteristics in ((7.1.2]). Assuming that 7% > 0 and £(0,0; T*) = 1, we can write, for ¢ € [0,T%],

£0.0:) B B
M(t) = /0 (€ [t 2] imax (0)) B2 (T, 23§ [t 2] (0)) dz
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1
+ / po(&(t,x;0))0:&(t, x;0)dx — K
£(0,051)

t £(t71§0)
= [w@VOVplE e+ [ me) dz - x
0 0

which is differentiable with respect to t sufficiently small. Taking the time derivative, we obtain

M'(t) = u())V (WIp] (£ 0)) + po&(t, 130))AiE(E, 1;0)
(7.4.2) — KV (WIp(£.0)) — p(t, DV (W[p] (£, 1)),

which actually holds for every time ¢ > 0.
Let us assume for now that pg > . Then, owing to the maximum principle ([7.1.4]),

(7.4.3) p(t,x) > K, (t,z) €10, T] x (0,1),
which yields
(7.4.4) 1>M@t) >0, telo,T).

The upper-bound 1 is a consequence of the maximum principle and the assumption € [0,1]. Then,
we estimate the nonlocal impact as follows:

Wip|(t,0) := ;/Ooo exp <—2) ({Z(t’s> 2 ; 1 > ds,

L e (D e [ () a2 a
= Z/OOO exp (—2) ds + 1?7,{ 11M(t) exp (—2) ds

e (o (1Y) gy (1))
v (L) 0 (e (M) 1),

from which we can continue the estimate on M(¢) in (7.4.2). Recalling that p(¢t,1) > & for all
t € [0, 7] and that V' < 0, we get

M'(t) < V(5 + exp <—;> (1) exp (MOE’”> ~ 1)) - V)p(t,1).
>V )k

Using the mean-value theorem and defining % == (1 — k)(1 — exp(—a~!)) < 1, we deduce

M) < sup V() exp <—i) (1 - r) (exp <Ma(t)> 1))«

£€(K,R)

< (1—r)r sup V'(€)exp <_;> (exp <Moft)> 1),

§€(k,R)

We solve the previous differential inequality for equality, call the solution M_(t), and obtain

110 —atn o (20 1Y (KE2) 11

K(a):=(1—-r)x sup V'(£)exp (—1) < 0.
€€ (k) @

(7.4.5)

From this, we conclude

(7.4.6) 0< M) < M_(t), t>0.
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Using the fact that In(§) < £ — 1 for £ > 0, we compute

= (1= 10 (412)) o (52 )

<a 1 <1<1 ixjxg) ( 0)2>)3XPX£ (K(;)t) <a (exp (MOEO)) - 1) exp <K((Xa)t) :

For initial datum po(z) < k for a.e. z € (0,1), the results follow by performing similar estimates
with the opposite sign.

0

REMARK 7.4.1 (Theorem for k = 0 and k = 1). The previous result does not provide
exponential stability for k € {0,1} as then K(a) =0 for a > 0.

Howewver, for k = 0, the boundary contribution to the solution is zero and, by Lemma
we know that the initial data leaves the domain in finite time T > 0. Afterwards, the solution
remains identically zero so we have the stability to the zero solution in finite time and, in particular,
exponentially.

For k = 1, the situation is slightly more delicate. We look at time-evolution of the L'-norm of
the solution:

d 1
1P o) = —/O A (p(t, )V WIip,u,](t,y))) dy

p(t, O)V(W[p, ur](t7 O)) - p(t, 1)V(W[p, ur](t7 1))
VWlp, w,](t,0))

1 Hﬂ(tv')”Ll((oJ)) 1
/ 1- exp( )dy+exp< >
a Jo o «
—Ip(t, -
(7.4.7) =V <1 — exp ( HP( )O‘JLl((O,l))> + exp (_i>>

using the mean-value theorem, there exists ¢ € (0,1) such that

=V(1)-V'(¢) (exp )<p(t, ‘)a‘Ll((Oal))> — exp <—i>>

—lp(t, -
>~ sup V(€ (eXp< [n( )HLl((O,l))> ~exp (_1>)
€€(0,1) . @
and, consequently,

—1 _1
ot )10,y = 1+ elog (eXP<Hp0”L1((MD >—1> exp [t sup V’(f)M +1).
@ £€(0,1) o

AsIn(€ +1) > €&+ 1)7L for € > —1, we can continue our estimate as

(exp (W) _1> exp [t sup V'(¢ exp
£e(0,1)
lpoll 11 (0.1~ 1 ' exp( )
exp| ——— | —1)exp|t sup V'(¢) 1
£€(0,1)

-1 _1
>1+ @ (exp <‘pOHL1((O’1)) ) — 1) exp |t sup V,(f)iexp( O‘) }
2 (6% 56(0,1) «

This is the exponential convergence to the steady-state solution in the case that k = 1, i.e., in the
case the road is blocked on the right-hand side and u, = 1. For the statement to hold, we require

sup V'(¢) < 0.
£€(0,1)

Y
<

>1+a
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In case this assumption does not hold and only [Assumption 1| applies, we can still show that
the solution converges to the 1 solution for t — oo, but without any order of convergence. The
convergence is then due to the fact that the mapping t — ||p(t,)||1((0,1)) i monotonically increasing
in t and bounded from above by 1. Then, we know that a limit point for this sequence exists, i.e.,
there exists A € (0,1] such that limy_, o ||p(t, )| 11((0,1)) = A. Thanks to (7.4.7), the time derivative
of [lp(t, )lL1(o,1)) s non-negative and only zero for ||p(t, )| L1((0,1)) = 1 which implies A = 1.

EXAMPLE 7.4.1 (Long-time behavior and comparison to steady-state solutions). In Figure
we present some numerical simulations related to Theorem [74.1. We assume that

1 113 1
V(§> =1-¢, u, = 5, u, € {Z, 5, Z_l}’ o€ {01,1}, po = 51(%7%)
One remarkable feature which can be seen in all images is the fact that, after the initial datum has
left, the solution no longer changes substantially and appears to become stationary. Although we are
not able to show this in the general case, it appears that all solutions converge to the corresponding
steady state, anticipating the existence and uniqueness of steady-state solutions in Theorem [7.5.1.
Indeed, this is also illustrated in Figure [7.9: in the image on the left-hand side, the solutions are
plotted at t € {2,4,8}; in the image on the right-hand side, we see the steady-state solution in
comparison to the corresponding solution at time t = 8.
It is worth mentioning the impact of the size of the nonlocal parameter o > 0. As the L'-mass
of the initial datum is smaller than u, = %, in the present case, the initial datum leaves more quickly
when « is larger.

5

4

3

2

| A

0

0 10 10 10

X X X X

FiGURE 7.8. The images are ordered from left to right. FIRST: u, = zlu u, = %,

X X

_ . —1 — 1 _ . _1 — 1 _ .
a=1. SECOND: u, = 3,u, = 5,a =0.1. THIRD: u, = 3, u, = 3, « = 1. FOURTH:
u, = %, u, = %, o = 0.1. FIFTH: u, = %, u, = %, o = 1. SIXTH: u, = %,
u, = %, a = 0.1. The initial datum is pg = %]l(l 2) in every case. COLOR BAR:

3’3
0 - |

7.5. Steady states

In the following theorem, we prove the existence and uniqueness of steady-state solutions on
a bounded domain when prescribing a constant left-hand side boundary datum and a constant
nonlocal right-hand side boundary datum.

THEOREM 7.5.1 (Steady-state solutions on bounded domains). For every u,

m

const € [0,1],u, = const € [0,1), there exists a wunique and monotone p
Wte((0,1); [min{u,, u, }, max{u,,u,}]) satisfying

d oY ~ J—
(7.5.1) — (pa)V Wlpu,)(@)) =0, e o,1],

u, ify>1

(7.5.2) Wi, u,)(x) = é/oo exp (x - y) ({p(y) ity < 1) dy, veo,1],
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0.8 v : T T 0.8

LTEY \
0.6 AN 0.6 \

0.4 0.4

0.3 T 0.3 —

0.2 0.2

FIGURE 7.9. LEFT: Illustrations of the evolution of solutions at different time
snippets ¢t € {2,4,8} (dotted ¢t = 2, dash-dotted t = 4, and dashed ¢t = 8). The
different colors represent the six different cases in Figure for different u, and « (as
described in the legend) and u, = 0.5. RIGHT: Comparison of the different solutions
at ¢ = 8 and the corresponding steady-state solutions as in Theorem

(7.5.3) 5(0) = u,.

In addition, if V.€ C*([0,1]), then p € C*([0,1]). The function p is called the steady state
corresponding to the boundary data u, and u, .

For u, = u, a solution is given by p = u,, which can be checked by substituting it into (7.5.1)—
(7.5.3)). However, we need to prove that this is the only solution and that one and only one solution
exists in the case u, # u,.

PROOF. Step 1. Existence. As a first step, we show the existence of solutions using a Schauder-
type fixed-point argument. A solution of ([7.5.1)—(7.5.3)) can be interpreted as a fixed-point of the
mapping

7.9. : V(W|[p,u,.](0

with a suitable Q C C([0,1]) yet to be defined. We distinguish two different cases: u, > u, and
u, < u,.
If u, > u,, we define

Q={pe whe((0,1)) : (u, < plz) <u,) A (A< P (z) <0) Vo €[0,1]},
(7.5.5) V)V | 2o, u,) (0, — u,)
A= —u, ’
aV(u,)?
and show that F is a self-mapping on , i.e. F[Q2] C Q. To this end, we take p € Q and compute,
for x € [0, 1],

(7.5.6) iF[ﬁ] (z) = —u, ‘Z%K’sa](g))))Q

da V' W[p,u,](2)0.W[p, u,] ().

Since V' < 0, we need to show that 9, W|p,u._| < 0, which we do with the following manipulations,
for x € [0, 1],

@57 oWl ) =i [ Cexp ( - y) p)ay) + 0. (Lu, [~ e (;y) )

1 I r—y\ _ 1 o0 r—y
(7.5.8) = —ap(:ﬂ)JraQ/w eXp( - >p(y) dy+a2ur/1 exp <a> dy
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1 _ _
(7.5.9) =~ (Wl u,)(@) - pla) ).
As p is monotonically decreasing and p > u,, we obtain that W[p, v, | < p and, consequently,
(7.5.10) :W[p,u,] <0

thus 0, F[p] < 0. From the monotonicity, it also follows that F'[p] < u, as, by the very definition in
(7.5.6)), it holds that F[p](0) = u,.

Next, we show that F'[p] > u,. To this end, let us assume, for the sake of finding a contradiction,
that there exists * € (0, 1) such that F[p](z*) < u,. As F[p] is monotonically decreasing, we know
that F[p](x) < u, forallz € (z*,1]. For z = 1, it holds W[F'[p], u,|(1) = u,, but W[F[p],u,](x) < u,
for all z € [z*,1); this is a contradiction to the monotonicity of W[p,u,] as stated in (7.5.10). Thus,
we conclude that

Fp|(z) > u,, xz € [0,1].
Next, we prove the lower-bound on %F [p]. Recalling (7.5.6]), we estimate

4. VOV, 0, OVl o, (1, — Wity 0,](0))

a T Pl@) 2 —u, aV (W, u,](0))?
V(UT)HV/HLOO(ur,uZ)(ué - ur)

o aV (u,)?

Thus, we have shown that F[Q)] C . To prove the existence of solutions, we apply Schauder’s
fixed-point theorem (see [232], Corollary 2.13]), which requires the following assumptions to be
satisfied.

1. F: Q — Q is continuous in a suitable topology. By choosing C([0, 1]) with the natural
maximum norm, F' is indeed continuous.

2. The set Q is closed in C([0,1]) and it is convex. We have closedness as we have uniform
constraints on p in the definition of €2; the convexity is evident.

3. Q is compact in C([0, 1]). We have this as the derivatives of functions in  have 0 as upper-
bound and A as lower-bound, which is uniform. Therefore, the functions in 2 are uniformly
Lipschitz continuous with Lipschitz constant A. Thus, they are also equi-continuous and
we can apply Ascoli-Arzela’s theorem [48] Theorem 4.25], which guarantees the claimed

= A

compactness, i.e. Q <> C([0,1]).
Using Schauder’s fixed-point theorem, we conclude that there exists a solution of (7.5.4) lying in {2
as defined in (7.5.5)).

If u, < wu,, the proof of existence is almost identical to the case u, > u, when exchanging the
monotonicity in € from decreasing to increasing. We do not go into details.

Step 2. Uniqueness. For the uniqueness, we reformulate the steady-state equation in as
a system of ODEs: introducing g = W|p, u,], we write

1 p(x)V'(9(2))(g(x) — p(x))

(75.11) p(z) = ;a V(g(x)) , p(0)=u,, x€(0,1),
g'(@) = ~(g(z) - p(x)), 9(1) =u,,  z€(0,1).
Let us consider now instead the following end-value problem for s € [0, 1]
(7.5.12) P(z) = —ip(x)vl(g(‘fzg(é(;)j) — o). z € (0,1),
(7.5.13) J'(@) = ~(g(x) ~ pla), z € (0,1),
(7.5.14) p(1) =s,
(7.5.15) g(1) =u,.

From the Lipschitz continuity of the right-hand side, we deduce that this end value problem has a
unique solution of corresponding regularity.
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Let us assume that u, < 1 and consider the following end-value problem in p:

_ sV (u,)
(7510 P = W o [0
We claim that the left-hand side boundary datum (which we want to prescribe) is strictly monotone
with respect to s € [0, 1]. The differentiability of ps with respect to s follows by the implicit function
theorem (see [232], Theorem 4.B]); to obtain an expression for the derivative, we differentiate the
fixed-point problem in with respect to s € [0, 1] and deduce, for z € [0, 1],

x € [0,1].

_ . V(u,) _ sV (u,) 0s, U |(x
0e®) = e w @) VW oy w ey (Ve 1)
V(u,) sV (u,)

T V(Wipsu, (@) V(W[ps’ur](x)pv’(W[ﬁs,ur](I))W[asﬁs,0](95).

This is a Volterra integral equation of the second kind in 0sps (where ps is given) and admits a
unique solution by classical fixed-point methods. Moreover, owing to the specific structure of the
right-hand side, we have dsps > 0 on [0, 1]; thus, we can conclude that left-hand side boundary
datum (which we would like to prescribe in our original problem ) is strictly monotone with
respect to s. As we have shown previously (by the Schauder-type argument) that we can achieve
all left-hand side boundary data, we have the existence and uniqueness of steady-state solutions for
u, < 1.

A similar proof can be made for u, > u, by changing the IBVP to the corresponding end-
value problem and again using the existence of solutions as obtained by the previous Schauder-type
argument.

Step 3. Regularity. To establish the higher regularity of solutions, we recall the fixed-point
problem in which has a unique solution by the argument above. Differentiating gives

N e

We know that p € W1°°((0,1)); moreover, as 9, W|[p,u,] is Lipschitz continuous by (7.5.7)—(7.5.9),
the entire right-hand side of ((7.5.17)) is Lipschitz continuous and thus also p’ is. This argument can
be iterated to deduce the claimed regularity. O

REMARK 7.5.1 (The case u, =1 in Theorem [7.5.1)). In Theorem we assumed u, # 1 to
avoid the need to write the boundary condition on the left-hand side in terms of flux and instead of
density (see (7.0.3)) and the original description of the boundary values in (7.0.1)) ). For u,. =1, the
boundary condition for the steady-state solution in (7.5.3)) needs to be formulated in terms of flux,
i.e.

(7.5.18) V(WIp, 1](0))p(0) = V(W[p, 1)(0))u,
(and V (W|p,1](0)) might be zero). In this case, we compute
plx)VWip, 1)(z)) = p(1)V(W[p,1](1)) = p(1)V (1) =0, =z €[0,1].
For this equation to hold, the following needs to be satisfied:
pa)=0 or Wpl@) =1 =€l
As this also has to hold at x = 0, we deduce
pO) =0 o W[5 1)0) =0.

This can only hold if u, = 0 (first case) or p = 1 for all u, € (0,1] (second case, the left-hand
side boundary datum is not necessarily attained, but the flux condition holds). However, in
the first case, u, = 0, the solution p is not uniquely determined on (0,1) and all solutions can be
parametrized, for a € [0,1], by

V'OWI[p, u,](2))0:Wp, u,](x), = €[0,1].

p =11, u, =0, u, =1

In the description of traffic flow, this can be interpreted as a red light at the end of the road and no
entering cars. A traffic jam of any length at the traffic light is then a stationary solution.
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Conservation laws on networks






CHAPTER 8

Controllability of advection-diffusion equations on networks and
singular limits

In this Chapter, we prove the following results.

1. By leveraging the method of characteristics, we control the hyperbolic problem (1.2.2)) to
zero (for sufficiently long times) by acting on the “input” boundary vertices and discuss
the optimal time for which is null-controllable.

2. We estimate the cost of controllability for the parabolic problem , which depends
on the time-horizon: for small times, we prove the (exponential) blow-up of the cost of
controllability; for sufficiently long time horizon, we prove its decay.

In Section 8.1} we introduce some preliminary information on the function spaces used throughout
the Chapter and present the known results on the well-posedness of problems and
and on the convergence of ((1.2.1)) to ((1.2.2]).

In Section [8.2] we state our main theorems and present some pathological cases to illustrate the
sharpness of our results.

In Section we prove the controllability result for the transport equation on a tree-shaped
network by relying on the classical method of characteristics: thanks to the flux conservation
condition in , we are able to argue analogously to the case of a bounded interval, where it
suffices to take zero boundary data as control.

Sections and are dedicated to the singular limit problem. In the first one, we prove the
blow-up of the cost of controllability for the parabolic problem and, in the second one, we
prove the decay (for sufficently long time-horizon).

8.1. Preliminaries

8.1.1. Function spaces on a network and parametrization of the edges. As in [125],
we use the following notation for the space of square-integrable functions:

LX) = L%(e1) x --- x L*(ey) = {w : w® € L*(e), e € £},
m = |€|, with the norm and scalar product
hollagey = S welBay  and  (wn,wa)pagey = S (S, w§) e,
ect ec&

Sometimes, we write also [, wiwa dz == ¢ [ wiwsdz. We also use the (piecewise) Sobolev space
H3 (€) ={w e L*(€) : w® € H(e), e € £},
with

lwllFr, @) = D Il and  (wi,w2)ug () = D (W, w5)ks(e)-
ecf ec&

Similarly, we define the spaces of (piecewise) k-times differentiable functions C{;W (€) and the Sobolev

spaecs ng’f (€). For s > %, the functions in H (€) are continuous on e € £, but may be discontin-
uous across the junction; we then denote by H*(£) the subspace of functions belonging to H;(£)

which are also continuous across the junction. Every w € H'(€) has a unique value w(v) at every
vertex v € V and we use £2()) to denote the set of possible vertex values. That is, for a function

93
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w:V — R, we define the space £2(V) endowed with the norm and scalar product

lwlleey = [ lw@)?  and  (wi,ws)ew) =Y wi(v)ws(v).
veY veY

Also, we define the distance between vertices and layers of a tree-shaped network as follows.

DEFINITION 8.1.1 (Distance and layers on a graph). We define the distance dist(v1,v2) between
two vertices vy and vy in the graph G = (V,E) as the minimum number of edges contained in a path
joining them (if any exists—otherwise, dist(vy,vy) = 00). In addition, if G is a tree-shaped network,
we fix a root vertex v € Vy and call i-th layer of the tree-shaped network (with respect to v) the
subset vertices at a distance © from v.

For future use, let us note that, given a piecewise-continuous function on a tree-shaped network,
we may make it continuous by adding a piecewise-constant function to it.

LEMMA 8.1.1 (Continuity of functions in trees). Let G = (V, &) be a tree-shaped network and g
a piecewise-continuous function. Then, for every e € £, there exists ¢© € R such that the function g,
defined on each edge by g¢ = g° 4+ ¢¢, is continuous on .

PrROOF. We argue by induction on the number of vertices. The base case, a tree-shaped network
with two vertices (i.e., one edge), is trivial. Let us then assume that the property is true for a tree-
shaped network with IV vertices and prove that it holds for a tree-shaped network with IV +1 vertices.
We have that there exists at least one vertex u with degree 1 and with an edge € incident to some
vertex v € V\ {u}. Then the graph (V\ {u}, &\ {€}) satisfies the inductive hypothesis; thus, we can
define the constants ¢© for all e € £\ {€}. It just remains to find a suitable constant in €; to this

end, it suffices to consider i
¢ = —g°(v) + G\ {u}. e\ (&) (V)-
O

8.1.2. Well-posedness of the parabolic and hyperbolic problems. We start by recalling
a well-posedness result for the parabolic problem (1.2.1)) (see [125, Theorem 3]), which follows from
Lumer-Phillips’ theorem (see [210], Chapter 1.4]).

THEOREM 8.1.1 (Well-posedness for the parabolic problem). For any yo € H'(€) N H3, (€) and
ue € C%([0,T); £2(Vy)), the parabolic problem (1.2.1) has a unique classical solution

ye € CH([0,T); L*(€)) N C°([0, T); HY(E) N Hy, (€)).
Similarly, in [125], Theorem 6], a well-posedness result for the transport problem was obtained.

THEOREM 8.1.2 (Well-posedness for the hyperbolic problem). For any yo € ng(é’) and ug €
C2([0,T7]; £2(VI)), the hyperbolic problem (1.2.2)) has a unique classical solution

y € CH([0,T]; L*(£)) N C°([0,T); H}, ().

As the viscosity parameter tends to zero, the solution of (1.2.1)) converges to the one of ([1.2.2])
(see [125, Theorem 10]).

THEOREM 8.1.3 (Error estimate for the vanishing viscosity approximation). For any yo €
HY(&E)N HE)W(E) and u € C%([0,T); £2(Vy)), let

y- € C1([0,T); L*(€)) n C%([0, T} H' (€) N Hp ()
be the solution of the parabolic problem (|1.2.1)) with u. = u and
y € CH([0,T]: L*(€)) N CO([0, T; Hyy (€))
be the solution of the hyperbolic problem with boundary data Uyin Let us suppose that
holds. Then
(8.1.1) 1ve = yll oo 0,7):12(8)) < CVE,

where the constant C' depends on the time-horizon T' but is independent of the diffusion parameter

e € (0,1].
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REMARK 8.1.1 (L? data). If we only assume yo € L*(E) and u. € L?((0,T);3(V)), we can
still define the solution of (1.2.1)) by transposition (as in [104], Section 2.5]), show that it belongs to
CY([0,T); L*(E)), and prove a vanishing viscosity convergence result.

8.2. Main results

8.2.1. Control of the hyperbolic problem. Our first result concerns the null-controllability
of the system on a tree-shaped network: in particular, we are interested in controlling the
flow across the network using controls placed at the inflow vertices Vg“.

To this end, we define an upper-bound and a lower-bound on the time in which information
propagates across the network (i.e., the maximal and minimal travel time of the characteristics
across the network).

DEFINITION 8.2.1 (Propagation time on a network). Let G = (V,€) be a tree-shaped network.
We define recursively the functions T, T :V — R4 as follows:

T(v):=0, T():=0 ifve Vi,
~ ~ atle
T(v) == T (v° if v € VUV,
0= _ (T + ) ifveVouVs
T(v) == min (f(ve) + aege) if v e Vo UVt
o e=(ve,w)eEn(v) be 0 o -

The times f(v) and T(v) are respectively the maximal and minimal propagation time required for
information to reach v € V from a node in Vy'.

Since the graph G has no loops (being a tree), we can prove inductively that T and T are
well-defined.

ExAMPLE 8.2.1 (Propagation times). Let us consider the graph in Figure with vertices
V = {v1, ve, v3, v4} and edges ey = (v1,v3) ~ (0,2), e2 = (ve,v3) ~ (0,1), and e3 = (vs,v4) ~ (0,2).
We consider the system with a®* = a®? = a® =0 =02 =1 and b = 2. We can compute
the mazimal travel time to reach v € V as follows:

T(or) = T(e2) =0, Tlog) = max (Tlvy) +¢) = max{1,2} =2,
€3

(v3)+b—3:2+1:3.

N

T(vs) =

Moreover, we compute the minimal travel time to reach v € V as follows:

T(v1) =T(vg) =0, T(v3)= n{lin} (T'(vi) + £%) = min{1,2} = 1,
ic{1,2

~ ~ €3

T(U4)=T(U3)+b7:1+1:2.

By relying on this notion of propagation time and on the classical method of characteristics, we

can prove the following controllability result.

THEOREM 8.2.1 (Null-controllability for the hyperbolic problem). Let G = (V,&) be a tree-
shaped network and let y be the solution of (1.2.2) for u = 0.

(1) For all T > max, eyt T(v), we have y(T,-) = 0. More precisely, y*(T,z) = 0 for all
z€e=(vi,v2) ~(0,0°) and T > T(v1) + “;f.
(2) ForT < max, eyt T(v), system (1.2.2)) is not null-controllable.

The proof of Theorem [8.2.1]is given in Section [8:3]
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€1

()——
€2

FIGURE 8.1. Star-shaped graph
with edges e1 = (vi,v3), ea =
(v2,v3), es = (v3,v4); inner vertex
Vo = {vs3} (blue), and boundary
vertices Vy = {v1,v2,v4}. We split
the set of boundary vertices into
inflow and outflow vertices: Vi =
{vi,v2} (green) and V3" = {v4}
(red), respectively.

PO,
: ‘/\ €1

e3
FIGURE 8.2. Star-shaped graph
with edges e1 = (vi,v2), ea =
(va,v3), es = (v2,v4); inner vertex
Vo = {wa2} (blue), and boundary
vertices Vy = {v1,v3,v4}. We split
the set of boundary vertices into
inflow and outflow vertices: V)' =

{1} (green) and V™ = {v3,v4}
(red), respectively.

8.2.2. Control of the parabolic problem. Our next theorem provides the controllability of
the parabolic system (1.2.1)) on tree-shaped networks by acting on the external vertices (except at
most one) without any further geometric constraint.

THEOREM 8.2.2 (Controllability of parabolic systems of networks). Let G = (V, &) be a tree-
shaped network and yo € L*(£). Given T > 0, there exists u € L?((0,T);£%2(Vy)) such that the

solution of (1.2.1)) satisfies y(T,-) = 0.
Let us point out that it does not suffice to act on VI to drive the system (1.2.1)) to zero (see

Proposition .

The proof of Theorem essentially follows by using a Carleman inequality similar to [164],
Proposition 3.1]. However, in [164], the authors do not keep track of the viscosity parameter. We
can also prove Theorem [8:2.2) as a direct byproduct of our study on the cost of the controllability

(see Theorem and Remark below).

8.2.3. Cost of controllability in the singular limit. Our final main theorem provides
estimates on the cost of controllability of ((1.2.1)).

THEOREM 8.2.3 (Estimates on the cost of controllability). Let G = (V, &) be a tree-shaped
network and let us assume that (1.2.3|) holds.

(1) There exist T, c > 0 such that, for € small enough and all T < T, the following lower-bound
holds:

(8.2.1) K(e,T,a%,b%,G) > ce/.

(2) There exist Ty, c,C > 0 such that, for € small enough and all T > Ty, the following upper-
bound holds:

(8.2.2) K(e,T,ab°,G) < Ce°/=.

The proof of Theorem [8.2.3]is given in Sections [8.4] and [8.5] and is based on estimating the cost
of observability of the adjoint variable. The duality between the cost of controllability and the cost
of observability is summarized in the following lemma (see [104), Chapter 2.3]).

LEMMA 8.2.1 (Cost of observability). Let G = (V,€) be a tree-shaped network. Let us suppose
that

T
(8.2.3) / > 1Ol v)Pdt £0,  Ver #0,

0 vEVy
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and

~ 1 a
(8.2.4) K(e, T,a% 0% G) = NG sup (EURIIZG s < oo,
2
preL2(£)\{0} (f Eueva 1O (o) 0= (£, )2 dt)
where e is solution of (1.2.4) with datum or. Then 18 null-controllable with cost

(8.2.5) K(e,T,a,b%,G) = f((e,T, a®, b, G).

In addition, if, for some o1 € L*(E), we have

(8.2.6) / > 1Oyl (t,v)* dt =0,

vEVy
then system (1.2.1)) is not approzimately controllable.
We recall that (1.2.1)) is approzimately controllable in L?(E) at time T > 0 if the range of the
application u € U +— y(T,-) € L*(£) is dense in L*(E).
To simplify some computations in what follows, we define the function
(8.2.7) 25(t,3) = gt ) /2

where ¢® the constants given in Lemma that makes the function b€+ ¢¢ continuous on €. This
function satisfies the following symmetrized system (see [26], Section 2.1]):

(—acor28(t, x) — e02,28(t ) + Lot 1) =0, () € (0,T) x e, Veek,
zE(t,v) =0, te (0,7), v e Vs,
(8.2.8) 281 (t,v) = 282(t,v), t€(0,7), vey, Ve, ea € E(v),
> ece(v) E0ne(v) % (t,v) =0, t€(0,7), vely,
28(T,x) = 25(x) = 5 (2)e@+e)/22 x€e, Yeck.

Here, we relied on ([1.2.3) to obtain (8.2.8),.

8.2.4. Pathological examples and further remarks. For particular graphs and choices of
the coefficients in (1.2.1) and ((1.2.2)), we can build several pathological examples to illustrate the
scope of our controllability results.

REMARK 8.2.1 (Counterexample to exact controllability of (1.2.2) to any target state
y(T,-) € CY,(E)). While we are able to prove null-controllability, and thus controllability to trajec-
tories because of linearity, we may not have exact controllability to any y € CO w(E)—namely, when

[Vgue| > |Vi due to symmetry constraints. For example, let us consider the graph in Figure .
made of the vertzces V = {v1, va, v3, va}, the edges ey = (vi,v2) =~ (0,1), e2 = (v2,v3) ~ (0,1),
and e3 = (va,v4) ~ (0,1), and with o = b = 1 for i € {1,2,3,4}. In , we take
a® = a2 = g% = b = 1, b2 = 1/2, and b = 1/2. Then, for any yo € L*(&) and
u € C?([0,T); *(v1)), the solution y of satisfies y°2 (t, ) = y®(t,x) fort > 1.

Next, we illustrate some issues arising from networks with loops.

REMARK 8.2.2 (Networks with loops and controls). Let us consider a graph with vertices V = {v1,
va, v3, V4} and edges e} = (vi,v2), ea = (v2,v3), es = (vs,v4), and eq = (v4,v2) (see the left-side
picture in Figure . In this case, for the free system (i.e., with Dirichlet boundary condition
up =0 at v1), we can prove that the total mass is constant, as

d (& e
dt/gaydx = b Oper (vy)y* (v1) = 0.

Here, the first equality is a consequence of 1 and 4; the second one holds because Yy is
null in a neighborhood of v1 for all t > 0 by the method of characteristics. And yet, we can use the
method of characteristics to prove that the hyperbolic system is null-controllable with a control that
18 MON-2€70.

A similar example consists of the same graph with an additional output vertex vs and e5 = (vs, vs)
(see the right-side picture in Figure . In that case, the mass is not conserved, but the zero-control
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does not take the system to equilibrium. For example, if yo = 1, we can prove by contradiction that
y(t,x) >0 for allt >0 and x € es Ueg Ueyq. Moreover, as in the previous example, we can use the
method of characteristics to prove that the hyperbolic system is null controllable, with a control that
1S NON-ZET0.

(—— @

€4

FIGURE 8.3. Graphs with loops used in Remark- 8.2.2l LEFT: graph with one input
vertex vy (green) and loop made of vertices vy, v3, and vy (gray). RIGHT: graph with
input vertex vy (green), output vertex vs (red) and loop made of vertices vo, v3, and

4 (gray).

We note that system ((1.2.1)) cannot be controlled for any ¢ > 0 by acting on fewer boundary
vertices. In the case without advection, this result can be found in [164], Remark 3.2].

ProposITION 8.2.1 (Lack of null-controllability with fewer controls). Let G = (V, &) be the
graph in Figure-, made of the vertices V = {v1, va, vs, v4} and the edges e; = (v1,v2) ~ (0,1),

ea = (v2,v3) ~ (0,1), and e3 = (v2,v4) =~ (0,1) Then, system (1.2.1)), with coefficients a®* = a®* =
a®® =1 and b = b2 = b = 0, is not approrimately controllable by acting only on vy (i.e., if

u’ =u" =0).

Heuristically, the motivation for such a result is that, by symmetry, the effect of the control on es
and eg is identical, so we cannot control both y°? and y® simultaneously (unless some irrationality
condition on the length of the edges holds; compare [117, Corollary 8.6]).

In a similar way, we can prove the claim also for the system with advection terms.

PRrROPOSITION 8.2.2 (Lack of null-controllability with fewer controls). Let G = (V,&) be the
graph in Figure. made of the vertices V = {v1, va, vs, v4} and the edges ey = (v1,v2) ~ (0,1),
ez = (va,v3) ~ (0,1), and e3 = (v2,v4) >~ (0,1). Then, system (with coefficients bt = a®* =
a®? = a® =1 and b2 = b*3 = %) is not approzimately controllable in L*(E) by acting only on vy
(i.e., if u”® = u" =0) for any ¢ > 0.

PRrROOF. By duality (see [104], Theorem 2.43)), it suffices to show that there are non-zero solu-

tions of (1.2.4)) satisfying ey, (-, v1) = 0. Considering (8.2.7), this is equivalent to showing that
there are non-zero solutions of (8.2.8)) satisfying 9pe(y,)2(+,v1) = 0. From the spectral decomposition
of the Laplacian on the graph, we can construct such a solution as follows:

1 1
20 =0, 2% = exp [<€7r + T6e ) ] sin(mz), 2% = —exp [(&?W + 165> t} sin(7x).
O
Finally, we note the relevance of (1.2.3)) for our results.

REMARK 8.2.3 (On the balance relation (|1.2.3))). Without (1.2.3), we must replace (8.2.8), by
nc(v)b® .
(8.2.9) Z E0ne(v) 26 (t, V) = Z Tza(t,v).

ec€(v e€&(v)
or, equivalently, (1.2.4), by

(8.2.10) D eOneyplltv) =— Y ”e(;’)be@g(t,v).

ec€(v) ec&(v)
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Also, without condition (1.2.3)), the system (1.2.2) may not be dissipative at the junctions. Indeed,
from (1.2.2), we compute

d (&
(8.2.11) T ay Z Z )b |ye 2 (¢, v),
veV ec€(v)

which is not non-positive in general. For example, let us consider a simple 1-to—1 junction modeled
as follows:

Oy~ (t,x) +b 0y (t,x) =0, te€(0,T), z € (-1,0),
Oyt (t, )+b+8xy+(t,x) =0, te(0,7), z€(0,1),
Yy~ (t,—1) = t>0,
(8.2.12) b=y~ (¢,0) = b+ *(t,0), t>0,
y ( )—yo( )? 1'6(—1,0),
(O7x) = y(T(iL'), x € (Oa ]-)a

for b=, b > 0. Here, the term in (8.2.11)) is given by
=) D nWb () (w) = =1-b7 |y (1,0)]* = (=1)b |yt (¢,0)

veV ec€(v)

_b+ + 2_(b+)2 + 2
= by (1, 0)F — 51y (£,0)]

+ bYN 4 2

In the second equation, we have used (8.2.12),. Consequently, if b= > b™, energy is added at the
junctions and the problem is not dissipative.

8.3. Controllability of the transport problem

We prove Theorem by means of the method of characteristics, following [104, Chapter
2.1.2., p. 30]. More specifically, we use an induction argument over the layers of the tree.

PrOOF OoF THEOREM [R.2.1]. Step 1. Null-controllability. The proof of Claim ({1 is based on
an induction of the distance of the vertex v1 to the exterior vertices (see Definition [8.1.1)).

The base case is v; € V3'. The equality y(vi) = 0 is satisfied because of the boundary condition
(recalling that u = 0). Moreover, within each edge e € £°"(v;), the function y® behaves like
the solution to a classical transport equation. Consequently, as in [104, Chapter 2.1.2., p. 30],
ye(t,z) = 0 for all z € e = (v1,v2) =~ (0,¢°) and t > %L, and in particular, y°(t,v2) = 0 for all
t> f(vg), as f(’l)g) > “Z#.

Let us now continue with the inductive case v; € Vy. For all e € £ (vy), the equality y°(¢,v1) =0
is satisfied for ¢ > f(vl) by the inductive hypothesis. From the transmission conditions 3
and (1.2.2)),, we deduce that, for e € £°"(vy), y°(t,v1) = 0 as well, for all ¢ > f(vl). Furthermore,
within the edge e € £°"*(v1), the function ¢ behaves like a transport equation in a segment; thus,
ye(t,z) = 0 for x € (0,£°), where e ~ (0,¢¢) and ¢t > T'(v;) + ";—f, and in particular, y¢(t,vy) = 0 for
all t > T(vs), as T(va) > T(v1) + aZfe. As a byproduct of the same argument, we can also deduce
the claim for v € V"'

Step 2. Minimal propagation time. To prove Claim , we consider the solution of with
initial value yo = 1. Then, an inductive argument (as in the proof of Claim (/1f)) shows that, for any
control u, there exist v € Vo UV§"™ and e € £(v) such that y°(¢,v) > 0 on [0, T(v)).

O

REMARK 8.3.1 (Positivity assumption on a and b when they depend on the space variable).
The proof of Theorem [8.2.1] remains valid when a® and b° depend on the space variable, assuming
a € CL(0,T] x &), minga > 0, b € C3,([0,T] x &), and mingb > 0. The positivity is needed
because, if the transport term vanishes at some point, then the characteristics may not leave the
domain.
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8.4. Blow-up of the cost of controllability
In this Section, we prove Claim of Theorem

8.4.1. Agmon-type inequality. We start by proving an Agmon-type inequality (see [5 The-
orem 5.9]), which gives an exponentially weighted energy estimate.

LEMMA 8.4.1 (Agmon-type inequality). Let G = (V,€) be a tree-shaped network and let us
assume that (L.2.3) holds. Let { € HZ (€) N H(E) satisfy

(8.4.1) a®0yCe 4 b°0,C¢ — |0,¢C)> >0, te(0,T), z€e, Yeck.

Then the solution @. of the adjoint system (1.2.4)) satisfies the following Agmon-type inequality: for
€ (0,7),

Z /|e (B2)/e e (8, )| dx—i—eZ/ /|a (S (m)/e 0 (s, 2))|? dz ds

ecé ecé

<Z /\e (T@)/e e (T, )| da.

ec&
PROOF. Let e € £. Then,

¢ /e 0|2
dt ) / e Pl da
= / €120, 1#] o[ dx + af / X/ 00,0 da

=qf /ece/satece/€|(p§’2 dx + /6246/690:( - beax‘ps - 589335905)

€ €

(=3 e be (=] be e
=t [l ge gt du o [ (R0 e o — (e,

+e /(836@2)262(6/5 dz + 8/8x<p§g0§6x6246/5 dz — e[0, ™ /%),
— 1/€2C8/5((,0§)2 (aeatce + b60,CE — ‘aICeIQ) dz + E/(ax((p§€C6/a))2 dz

13
[)2[(905)2 2502, — elpldppe® /el

Summing up over e € £ and using the continuity of Ce, the Dirichlet boundary conditions, the
junction conditions, and the flux balance condition , we obtain

da [
dtz‘;/|e< e dr = - Z e/t @) (a0 + b0t — 10,C°2)
ec& €

ese

>0

+€Z/ eCe/s 2dx

ecf
> EZ / 723 /%)% du.
ecf
We conclude the proof by integrating this expression on (t,7). (|

8.4.2. Non-degeneracy of the solution. As a second preliminary tool, we show that the
mass of (0, -) is bounded away from zero for small times.

LEMMA 8.4.2 (Non-degeneracy of the solution). Let G = (V,€) be a tree-shaped network and
let us assume that ([.2.3) holds and consider é € £ such that é ~ (0,(°) € €. Let o7 > 0 be a
non-null C55(€) N CY(&) function such that supp(pr) € €. Then, there exists ¢ > 0 such that, for
all e € (0,1] and T small enough,

(8.4.2) e (0, )lp2(ey = ¢
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where @ is the solution of (1.2.4)) with final value @p.

Proor. By Holder’s inequality, there exists C' > 0, depending on the length of the edges of the
graph, such that

100, ) L1y < Cllee(0, )l L2
Therefore, it suffices to prove that there ex1sts ¢ > 0 such that, for all ¢ € (0, 1],

(8.4.3) /\905(0,93)] dz > c.

First, because of [125, Lemma 7], we have that ¢, > 0 for all ¢ € (0,T'). To prove (8.4.3), it suffices
to use a comparison result with the solution of the following PDE posed on the edge €:

—a®0ype(t, x) — b0, @e(t, x) — 02, P (t,x) =0, t€ (0,T), x €€,
(8.4.4) @e(t,0) = @e(t,£¢) =0, te(0,7),
Ge(T, 1) = &(z) x € €.
Indeed, by the non-negativity of ¢., we have, for p. = p — @,

—a®0pe(t, ) — b0, pc(t, x) — 02, p:(t,x) =0, t€ (0,T), x € ¢,
@E(tv 0) Z 07 (0 T
Pe(t,£°) = 0, € (0, T)
@s(Ta$) =0, x € e.

This yields gpﬁ > ¢ in é. Thus, it suffices to prove that there exists some ¢ > 0 such that

/(/35(0,30)de0>0

for all ¢ € (0,1]. Since ¢ + $.(0,-) is continuous from (0,1] to L'(é), it suffices to check that
the limit is not null when ¢ — 0*. This follows from the C°([0,T]; L?(£)) convergence result
stated in Theorem and from the fact that, for the transport equation obtained passing to
the limit in (8.4.4), this holds true by finite speed of propagation as long as 7' is small enough
(T < ‘;—;(ﬁé —inf{z : p5%(z) > 0})).

O

8.4.3. Proof of Claim of Theorem Using the tools developed in the previous
Sections, we complete the proof of Claim of Theorem The main ideas of the proof are
as follows: choosing an initial datum supported away from the boundary vertices, we establish an
exponentially growing lower-bound on the cost of observability in by relying on Lemmas m

and 8.4.2

PrOOF OF THEOREM [8.2.3] CLAIM ({]). Let é ~ (0,°) € £ and let ¢7 be a non-zero smooth
function such that

0% 3¢
(8.4.5) supp(er) C €N <4 1 > € e.

Thanks to Lemma we know that (8.4.2)) is satisfied uniformly in e; thus, it suffices to prove
that the observed mass decays exponentially. To this end, we define the auxiliary function

. 3 e\ 2 )2 } 3
C(t,z) =10b° <x — é) — (Zé) (T —t)(e° + (68)2), (t,z) € (0,T) x e

and ¢, which is its extension by two constant functions outside the edge € (namely, C(t,0) on the
left and by (¢(¢,¢¢) on the right). We then compute

a®O,CE(t, ) + VPO (¢, o) — [0:C5 (1 ) = (°)2(° + (¢
> (b9)2(£° + (£9)2) — (b°)%€° — (b°)2 (£°)

™
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and
(bé)Q & é\2 ~
(4 ()20, (ha) € (0,T) x €\ {2))

Using the assumption (8.4.5)), we deduce the following estimate:
C(Tya) /e 2 b°(£°)? g2
55 op(z)|” do < exp 7| da.
&g é

a®0yCE(t, ) + b°0LCE(t ) — |0:C5(t, 2)|* = a®

8¢

We define a smooth cut-off function x € C*°(€) as follows: for every e = (u,v) ~ (0,¢°) € £

— if u,v € Vy, we define x¢ as a function whose value is 1 in [0, %e] U [78£, ¢¢] and 0 in [%, %];
— if u € Vy and v € Vy, we define x° as a function whose value is 1 in [0, %e] and 0 i [%e,ﬁe];
— if v € Vy and u & Vy, we define x© as a function whose value is 1 in [%Ze,ée] and 0 in [0, %];

— if u,v € Vg, we let x¢ = 0.

n
n

Then, ¢ = Xgogege/ ¢ satisfies the following system:
—a®Oppe(t, @) — b0, (L, x) — €02, E(t, x) = F[x, ¢S, e<’/e], te (0,T), x€e, Ye €k,

Pe(t,v) =0, t€(0,T), veVy, VYee E(v),
YE(t,v) =0, te€(0,7), vel, Vee&(v),
Ye(T,x) =0, reEe Veel,

where we introduced
Fx, ¢S, e8] = — 00, xpe /e — 02, xp2e ) — 20, X0, (Y
a® be 1
= 0Tz = —0aCYE = —(9aC) YL — Oyt
— 258mcp§8$xe<e/5 — 26zce(9x<p§xece/5
= — by xplet /T — 02, xS/ — 20, X0, (L
a® be 1
= 0L — —0pCUE — —(9aC)PE — (YL
+ 26080, (0 x € %) 4 2058, (8,¢x e /%)
— 260, (0E0zx e /F) — 20, (05 pExe " /*).

Moreover, using the Dirichlet boundary conditions and the fact that x = 1 in a neighborhood of Vy,
we deduce
One () Pe(t,v) = eC/aﬁne(v)cpg(t,v), Yv € Vy.
From classical regularity estimates for the heat equation (applied in every edge with an end in
Vy), we obtain

T T
/0 S XD, et v) Pt = / S B oy (1, 0) P

vEVy vEVy

< Ce?||F[x, e, €N 22 0.1 )

T
oxf
ece /0 €

béEéQ 2bé 2T€é 562 T
exp (0 - 2O EED) [0 locetteoPar

2e ate
vEVy

. 2
e B/E et 2) | da dt,

which yields

T
< /0 S X, o v) 2 dt

vEVy

< CZ/T/\eCE(t’I)/Ecpe(t 2)[2 da dt.
— et ecf 0 ¢ o
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Combining these with Lemma we deduce

/ Z |Ope (v) 5 (¢, V) )|? dt

vEVy
cT 3bE(0°)2 2(b)2T(£F + (£°)?

846 < o (L ATCON) e,
5 8¢ a-e

G + 20T + (gé)2)> lerl1Z2e)

= exp <ln(CT) +4In(e ™t — " o

Plugging (8.4.6)) into , we conclude that - ) holds for T" small enough.

8.5. Decay of the cost of controllability

8.5.1. The decay property for the parabolic problem. In order to prove Claim of
Theorem we start by deducing a decay property for the solution of (|1.2.1).

PRrROPOSITION 8.5.1 (Decay property). Let G = (V,E) be a tree-shaped network and let us
assume that (1.2.3)) holds. Then, there exist ¢, C > 0 such that the solution of the parabolic problem

(1.2.4) satisfies the following decay property for all o7 € L*(€), € € (0,1), and t € (0,T):
C—c(T—t)
(8.5.1) et ) e M<m{€)WﬂQa

PROOF. In order to prove (8.5.1)), we first obtain a decay property for the symmetrized system
(8.2.8)). Multiplying the PDEs in (8.2.8)) by z¢, integrating by parts, and summing up over all the

edges, we obtain (by using (8.2.8),) that

d1 b|?
- /a|zg(t,x)|2da: —i—E/\axza(t,x)de—i— u|Zg(t z)*dz = 0.

Consequently,

d 2
T </ alze(t, m)|2d:r:> = —25/ |0y 26 (t, z)|> do — / o |z (t, )|? dz
2 2
/H |z (t,2)|* do = — /Ha|z€ta:|2dx

Then, by using mingcg a® and mineecg b > 0,

d c
% (/ a]zg(t,a:)|2da:> < —g/ga]zg(t,a:)Ide,

for ¢ .= |b | > 0. Using backward Gronwall’s inequality on (¢,7") yields

T—1
minae/zg(t,x)IdeS/a]zg(t,a:)lzd:cgexp (_C(s)> /a!zT(x)\de
£ & &

ec&
T—1
< max a® exp <—C()> / |27 () |?
eck € £

& n <maxeea> >0,

minecg a® ) —

/g |z (t, z)|? dz < exp (S - C(Tg_t)> /g\ZT($)|2dm.

Finally, reverting the change of variables (8.2.7), we obtain the decay property (8.5.1) for ¢ > 0
defined as before and

Defining

we obtain that

C' = maxsup(xb® + ¢®) — min inf (2b° 4 ¢¢) + C.
€€l gee e€t zee
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8.5.2. A Carleman inequality. The main technical tool needed for the proof of the decay
of the cost of controllability is a Carleman inequality. The difficulty in the proof arises from the
boundary terms at the junctions. To suitably deal with them, we define the Fursikov—Imanuvilov
weights (see [136]) with a piecewise C? auxiliary function. Piecewise-C? weights were first used for
proving Carleman inequalities for the heat equation with discontinuous coefficients in [31]; more
recently, similar functions were used to study coupled systems with Kirchhoff-type conditions in [164]
and in [34]. We cannot use the results in [164] Proposition 3.1] directly to deduce Proposition [8.5.2]
because we need to keep track of the dependence of s and 7 on the viscosity parameter €. To this end,
we also propose a more general construction of the auxiliary functions in the Fursikov—Imanuvilov
weights.

We define an auxiliary function n € ng (£)NCP (&) recursively by the edges joining the i-th and
(i + 1)-th layer of the tree. In the construction of 7, a parameter § > 0 intervenes. This parameter
is sufficiently small (depending on (a¢)cce and (b¢)ece), and its exact value will be chosen later on
in Step 2 of the proof of the Carleman inequality. For now, the only assumption is ¢ € (0, 1].

To construct the function, let us start with the base case: the edge e = (v1,v2) ~ (0, £¢), where
v1 1s the root of the tree:

1- 5352.

20¢

As for the inductive case, let us consider & = (01, 72) ~ (2°, ° + £¢) with §; is on the i-th layer and
Uy on the (i + 1)-th layer for i > 1. Given k, the value taken by 7 at 71, we define 1° as follows:

1-90
2¢¢

An example on the construction of n can be found in Figure We highlight that the function 7
satisfies the following properties:

(1) n € C2, () N CY (€); moreover, HWHW;?V’VW(E) is bounded uniformly in ¢ for all 6 € (0, 1);

(2) 02,.n° = —1226‘5 and |9;n| € [§,1] on &; ]

(3) given a vertex v € V), there exists an edge € € £(v) such that O,e(,)n°(v) = & and
One(yn®(v) = =1 for all e € E(v) \ {€}.

This auxiliary function allows us to define usual Fursikov—Imanuvilov weights:

n(z) =1+ -

né(z) =k + (z — z2°) — (z — x°)2.

e87lnlles — o7(6lInlloc+n(2)) eT6lInllcc+n())

(8.5.2) a(t,x) = T =1 , &t o) = TR

where 7 € R is a fixed parameter (and in particular independent of the edge) that will be chosen
later. For future use, we note that there exists C' > 0 such that, for sufficiently large 7,

(853) || ST, 1050 < CTTE, |Ohal < 2% +T7¢%) < AT¢%, |0i8] < TE*.
Now we are ready to state the following Carleman inequality.

PROPOSITION 8.5.2 (Carleman inequality). Let G = (V, &) be a tree-shaped network and let us
assume that (1.2.3)) holds. Let z. be the solution of (8.2.8)). Then, for 6 small enough, there exists
a positive constant C' = C(G,a,b,8) such that, for all zr € L*(£), the solution z. of (8.2.8) satisfies

the following Carleman inequality:

572 // e 250, 2 > dz dt + 5372 // e 2593 2 P da dt
Q Q

T
<O Y ar [ et 0P,

vEVy

(8.5.4)

where @ = (0,T) x &, o, and & are the Fursikov-Imanuvilov weights defined in (8.5.2)), € € (0, 1],
T>C, and s > C(T +T?e"",

Throughout the proof, to simplify the notation, all the constants may change from line to line
and will be denoted by Cs > 0 when they depend on § and by C' > 0 when they do not.
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€1
V4

€2 e & 72 (2)
3

® ® o

=n"(1)

€5 €6
e1(0
! yaz've‘w):l
@ @ 0 el 1 [5) 2

FIGURE 8.4. Construction of the auxiliary function n € C’gw (E)NCO(E). In the tree-
shaped network in the LEFT picture, we distinguish four layers: the first (magenta)
is {v1}; the second ( ) is {v4}, the third (cyan) is {vg,v3,v5}; and the fourth
(brown) is {ve,v7}. Let us identify e; == (v1,v4) >~ (0,1), e2 == (v4,v2) =~ (1,2), €3 ==
(vg,v3) >~ (1,2), eq == (vg,v5) ~ (1,2), e5 := (v5,v6) =~ (2,3), es == (vs,v6) =~ (2,5/2).
The auxiliary function n may be defined as follows: 7! (z) = 1+ x — 125362 n(x) =
1(2) = 1 (o) = 204 (@ — 1) = 55 (0 — 1%, 75 () = 04 (2) + (0 —2) — 152 (2—2)2,
n(z) =n(2) + (z — 2) — (1 - 5)(ac —2)2 As an example, in the RIGHT picture,
we plot #°* and 12 with § = 7. In the proof of Proposition 2l if G is the graph
illustrated above, we observe the vertex v; with vyg; vq with ve, v3, vs; and vs with
vg, V7. S0, by transitivity, we actually only need to observe using v, v3, vg, and vy
(i.e., we do not need the vertex in the 1st layer).

Proor. Step 0. Strategy of the proof and choice of the auziliary functions. The main idea is
to observe the nodes of the i-th layer with the nodes of the (i + 1)-th layer (see Definition [8.1.1)).

With the weights defined in we consider the change of variable ¢ = e™%“z,, for z. given
in - It is important to remark that

(8‘5'5) w(Tvx) = ¢(07 x) = 81‘77Z)(O’ $) = &ﬂ/J(T,SU) = Oa

which will allow us to integrate by parts in the time variable without having to worry about the
boundary terms.

From , we obtain that v satisfies
(8.5.6) Ly + Loy = Lgy,
where
Ly = —25372a*1/2]8 N2y — 2esta=2£0,m01p + a/20up,
(8.5.7) Loty = 52120 Y2|0,n|2¢2) + ea= /202 4 + sa'/?0,a0p — %a‘l/%ﬁ,
L = esta= 202 né — est2a=2|0,m|2E0.

Indeed, from (8.2.8)), we compute
2 b
aatT,ZJ + Samrl) — 47511)

= —asdionp + esTI2 EY + 572 0un|2 e + £5272|0pn|2 €2 + 2e57DpmEe %D, 2.
Combining with the fact that
2e5TOynEE Dz = 2e5TOuNEDY — 26521202620,
we deduce that 1 satisfies .

(8.5.8)
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We now argue as in [26], [150], but paying extra attention to keep track of the boundary terms
at junctions. In what follows, we use the notation (L;1); for the j-th term in the expression of L;1)

given above. From ({8.5.6)), we have
IL19 + Lo |l72(q) = 1 L1972y + L2972y + 2(L1¢h, Lat) 2y = | Lavbl| 72 (g

In the next two steps, we estimate the product

(L1, Lov) p2ig) = D (L), (L)) 20,7y xe) -

ec&

In particular, we show that, for a suitable choice of the parameters 7 and s, the choice of the weights
in makes it positive up to a term depending on the normal derivative.

Step 1. Estimates in the interior. In this step, we perform integrations by parts in the spirit of
[26], 150], but keeping track of the boundary terms appearing at the vertices of the graph.

First, we note that

(8.5.9) (L1o)1s (Lov)1) () e2s3 4// “HOun[* € [y)? da dt.

Secondly, we compute

((L1tp)2, (Lo)1) £2(q)
= —2e2s373 // a”!|0,n|?0unE> Y, da dt
Q
= 32372 // a—1|6xn|4€3|1/)|2d$dt
+E28373// 0p(Dem)®)E3 2 d dt

(8.5.10) Y / ) One ()1 [ One oy (€)°[0° (2, 0) dt

veV ee€(v)

:3525374// a0 |Y|* dx dt

<62337'4 // E3p|? da dt>

37-32 Z / ‘ane(v)ne|2ane(v)ne(€e)3’1/1€|2(t,U)dt.

veEV e (v

=J1

Here, we introduced the 0() notation because, for all € > 0, we have that, if = >
et maxeee{3(a®) " H02:1(921)?| Lo () then

25373 // 0z ((02m)°)E°|9[? da dt < ee?s? 4/ Ey[2 dz dt
Q

Thirdly, integration by parts (with respect to the time variable) yields, using (8.5.5)), for 7 > C
and s > O(T +T?)e~!

(La)s, (L)) o) = £5°7° / Danl2€200p) dar dt

(8.5.11) —es’T // |0,m|20eE€ || da dt

—_ 2.3 4 3 2ddt>
0<557/Q§|¢| T
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Indeed, because of |9,n| € [4,1] and the properties of the weights, we have that s > e '¢~'T and
7> 1 imply

es?r // 10,210, €[ da dt < 26253 4// Sy da dt.

Next, we have

(L), (La)a) 12 = —262s72 / /Q o |0 2002, dar dt
= 2¢%572 // aH0,n|?€| 00 |* da dt

(8.5.12) + 2287 / / 0, (10sm2€) 0Dt dar It

S Y ety / 0) B oy 1P D oy 0 (£, 0)

veV ec€(v)

=:J2

Using Cauchy-Schwarz’ inequality, owing to the properties of 1 and the weights, we obtain that

2e%sT // |3x7]| £)Y0, @Z)dacdt‘ 2e2sT // 1|8;,;77| O0pnéPOptp da dt
+2e%sT // ]&m\ Ew&p@/}dxdt‘
< Ce?r // |0:|? dz dt + Ce?s” 4/ & y[? dz dt;
Q
and thus
2e%sT // O (|0xn|*€)p0,p A dt
(8.5.13)

=0 (52372/ §|8x¢|2da:dt> +o (523374/ 53\¢|2dxdt> )
Q Q

where we have used the fact 1 < T2¢.
In addition, we compute

(L), (L)) 12 = ~26%7 /Q a1 0,mE0%, 00, da dt

= 2572 // a_l\axn\2§|8x¢]2dxdt+o(52572 // §|8x1p|2d:cdt>
(8.5.14) Q
_Z Z € ST/ - ne(v)nege‘ane(v)we|2(tav) dt
veEV ec€ (v
=:J3

Moreover, with (8.5.5)), we can prove that

(L19)3, (L2v)2) 2(q) = 8// 92 opp dz dt

(8.5.15) :_// 0:(10:01%) + > Z / e () V°Op° (£, v) dt

veV ec€ (v

=:J4
= Jy.
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Finally, with analogous computations, using (8.5.3)), we obtain that
(L1t (Lov)s + (L2tb)a) 12(q)

— 2.3 .4 3 Qddt)
0(537//@5]1/}] x

T be 2
+ Z Z 57'/0 £ One (v)n° <358tae - ’4) [ (t,v) dt.
)

veV ec€ (v

(8.5.16)

=J5

Summing up, we have proved that

5
3e?s72 // a=10,m[2€|0,1p | dz dt 4 25371 // a_l\ﬁxn|4£3\w|2dxdt+2<]i
Q Q i=1

— (Lﬂb,LQlﬁ)Lz(Q)—FO<€2837’4//Q§3|¢’2dxdt) +0<52s7'2 //ngawy?dxdt).

From here, we obtain that, for all ¢ > 0, A > Cs, and s > Cs(T + T?)e ™!,

5
(8.5.17) C;* <52872 // €10, > da dt 4 2537 // £3|¢]2dxdt> +) T < (Law, Low)12(g).
Q Q i=1

Step 2. Estimation of the boundary terms. In this part of the proof, we estimate the boundary
terms Ji,...,Js. In particular, we need to make a distinction between exterior vertices, which can
be treated as in [26], 150] (since they correspond to the boundary terms appearing in a classical
IBVP), and junctions, which require new more precise computations. As we are going to see, the
terms corresponding to the exterior vertices v € Vjy either vanish (due to the zero Dirichlet boundary
condition in ) or can be moved to the right-hand side of the Carleman estimate (corresponding
to the “classical” boundary terms that appear in [150]). The interior junction terms at v € Vy are
more critical: they are on the left-hand side of the Carleman estimate and we need to show that
they are non-negative. To this end, we will rely on the properties of the auxiliary function n and
on the Kirchhoff junction condition (8.2.8)4 (which, in turn, was formulated thanks to (1.2.3)). At
the end of the computations, all these boundary terms at the junction can be absorbed into the
expression on the right-hand side of , which is non-negative.

To begin with, let us deal with the boundary term Jj in . If v € Vy, we get that (t,v) =0
from the Dirichlet boundary conditions. Otherwise, for each interior node v € Vjy, we use property
of n and choose ¢ small enough to get

— 257" /T > (@) M One () POne oy | (€ [0° P (t,v) dt
(8.5.18) 0 \eetw)
> C 125373 /OT(§6)3|we|2(t,v) dt.
Taking into account and ¢72 > 1, we obtain
Js =0 <E2S37'3 /()T(§6)3¢e|2(t,v) dt) :

Next, let us study the boundary term Js given in (8.5.14)) for each v € V, i.e.

T
e [Y
0

(ae)—1§eane(v)ne|8ne(v)we |2(t7 U) dt.
ec€(v)

If v € Vy, then there exists only one edge e € £(v) and

T T
e / €9(0) ™ D )1 B oy U P (1, )t > —Ce2s7 / €9 Bpe oy (1, 0) .
0 0
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On the other hand, if v € Vo, by the construction of 7, there exists an edge € € £(v) (the edge
joining the previous layer to v) for which 9,,7°(v) = § and Open®(v) = —1 for all e € E(v) \ {é}.
Then,

—¢ 37'/ Z 1§e e o nelane(v)weP(t,v)dt

ec&(v)

T
=&%or / > @) e Plt) e —desr () [ 0,0 R0

0 ec&( v)\{e}

(8.5.19)

We then have to absorb the boundary term of the edge €; to this end, we use the fact that ¢ = z.e™%¢
to get

T
delst (aé)_l/ €é’ané (v) wé\Q(t,v) dt
< 26e25%r ( / €810,e 0y 0 [2IUP P (1, v) it
(8.5.20) + 2657 (af) / €062 28,0 22 (¢, 0) i
0
T -~ -~
0 (gsw NGRS dt)

T
+2dsT (ae)_l/o gl 250" |€0ne (v)2 282 (t, v) dt.

Since e (y)28 = Ope ()P’ + 80pe(yatpe o we compute (using the fact that o and ¢ are contin-
uous at the junctions)
2

T ~
55257/ o 250" Z (ae)_lane(v)zs (t,v)dt
(8.5.21) ’ e€€(v)\(?}

T
< be ST/ S (0) Y By P (1, v) it + 328 3/ (€316 (t, v) dt
ecE(v \{e} 0

Summing up, taking J small enough, we obtain

T
St st ds > Y 2 3/0 (620 2(t,v) dt

vEVY
(8.5.22) +C Y e ST/ > Oyt v)dt
veVy ecE(W\{&}
-C) e ST/ €1 Ope (uy°[* (¢, v) dt
vEVy

With these considerations, we can also absorb Js, using (8.5.22)) by Cauchy-Schwarz’ inequality, for
s > C(T + T?)e~! large enough and & > 0 small enough. Notably, we have to estimate

T
/0 (%) M One ()N 1PEY e (1) ¥ (¢, v) dt

for all v € V and e € E(v). If v € V), this term is null by the Dirichlet boundary conditions. If
v € Vy, we take into account that, by the property of 1, there exists an edge ¢ € £(v) (the
edge joining the previous layer to v) for which 9,.7°(v) = § and such that 9,en®(v) = —1 for all
e€ &)\ {e}. If e € E(v) \ {€}, as T?¢ > 1, we have

T
2657 [ (@) o P Oyt )
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T
< Cs?r / oy (1) Pt + €257 [ (€ P (1)

T
—, <g237 / €D oy P (1, 0) dt) +o <5233T3 / (€ P0e 2t 0) dt) .
0

Moreover, as 6 € (0, 1], using the continuity at the junctions, we estimate the boundary term of the
edge € as follows:

T T
2e%s7° /0 (aé)il ’axné|2§éwé8né(v)wé(tu v)dt = 20%e%s7° /0 (de)ilgéwéané(v)wé(t’ v)dt

=0 <5283T3/ (€932 (t, v) dt> +ole 57-/ Z £°|Ope v)¢e| (t,v)dt

0 ceew)\{e}

This is done with Cauchy-Schwarz’ inequality, being the normal derivative estimated with the help

of (8.5.20)) and (8.5.21)). Consequently, for § small enough,
(8.5.23)

Jy = o 25233/53|¢ym +o 2557/ S O 2(E, v)
vEVo vEVy 0 ceew)\{e}

To conclude, let us study the boundary term Jy in (8.5.15). If v € Vy, then 0y1p = 0 because of
the Dirichlet boundary conditions. Otherwise, if v € Vy, from (8.2.8),, we obtain

3 Z / One ()Y Orp°(t,v) dt

ec&(v)

—es Y / Dpe () E°€ 5 280, (€75 28) (¢, v) dt

ec€(v)
= —¢5° Z / One(v)§°0race —250% 1 2€12(¢, v) dt
ec&(v)
(8.5.24) +es Z / One ()€€ —25a58t(125| )(t v)dt
ec&(v)
= —gg? Z / One(0)§ 0 oY 3 (t, v) dt
ec€(v)

—es Z / [0:(0 (One)§°) — 250,a° ] W}e‘Q(t v)dt

ec€(v)

_ <5233T3 / <§€>3|w6|2(t,v>dt>-

To sum up the results of this step, we have proved that, for ¢ > 0, 7 > C, s > C(T + T?)e!,
and ¢ small enough, the following estimate holds:

5
>z 0" 25233/ (&P (e, v)

= vEVY

(8.5.25) +C > e ST/ > Oyt v) dt

vEVo 0 cegw)\{e}

—Ce 57/ > Oyt PP (¢, v) dt

vEVy
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Thus, if we fix § = d¢ sufficiently small such that (8.5.25)) holds, combining (8.5.17)) and (8.5.25)), we
get

82837'4// §3|¢|2dxdt+52572/ §|8x1/)|2d:rdt
Q

25233/ (£9)3|e)? tvdt+2537/ > eyt (tv) dt

(8.5.26) = eV cef()\{e}

T
< Csy | (L%, Lay)) 12y + 5287/0 D Oy ° P (t, v) dt

vEVy

Step 3. Conclusion of the proof. From (8.5.26)), it is classical to obtain (8.5.4) as in [26}, 150]: we
add (|| L1912, Q)—i—HLQwH @)) to both sides of (8.5.26); we write ||L1¢—|—L2¢H%2(Q) = ||L3¢H%2(Q),
whose right-hand side can be est1mated as

2
| Ll Z2) = / / lesma™ 2020 — est?a™ 2|0, ey | dudt

(525374 // 3|2 da dt)
and we thus deduce that

523374// |2 dz dt + e2st // €0, dz dt < Cs,e 37-/ Z E%1One (v 1/Je| (t,v)dt

vEVy

From this inequality, by recalling the identity z. = e**1) and the Dirichlet boundary conditions
satisfied by z., we conclude

s34 // e 2593 2 P da dt + 2572 // 6_28a£\6x25]2dxdt+0(52 3 4// T35 |2dxdt>
Q

<x%2km/’*wm%m@%mw

vEVy

which yields (8.5.4)). O

As a consequence of Proposition [8.5.2] we deduce the following observability inequality.

COROLLARY 8.5.1 (Observability inequality in one unit of time). Let G = (V, &) be a tree-shaped
network and let us assume that (1.2.3) holds. Let us fix T > 1. Then, there ezists a constant C' > 0
(independent of T) such that, for all pp € L*(E), the solution ¢. of (L.2.4)) satisfies

(5527 o7 =19y < e S [ ettt o)
vEVyH

ProoF. It suffices to prove that, for all T > 1, there exists C' > 0 (independent of T") such that,
for all zp € L?(€), the solution 2. of (8.2.8) satisfies

(T — WQQWZ/\%UHWM
vEVyH

Indeed, taking into account (8.2.7]) and the Dirichlet boundary conditions of ., we can then compute

= (T — )Hp < €N (T = 1) e

C’1+C )/€ Z / e v)Z t U)|2 dt

vEVy

< e(C1+C+Ca)/e Z/ |Ope (v) et v)* dt.

veEVy
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Let x be a smooth cut-off function supported in (—oo, 3/4] such that x(§) = 1 for all £ < 1/4.
The function 9. (¢, ) = z:(t,-)x(t — T + 1) satisfies

—a* S (t, ) — 02,05 () + BLue(t, @)
=—az(t)X'(t—T+1), t€(0,T), z€e, Vee&,
PE(t,v) =0, te (0, 7)), veVy,
1t v) = Pe2(t,v), t e (0,7), vely, Ve, e € E(v),
D ecs(v) E0ne(wy¥E(t,v) =0, te (0,7), vel,
\YE(T,x) =0, r€e, eck.

Thus, multiplying the first equation by ¥¢ and integrating in (7' — 1,7T") x & yields

1 2
/a|¢€(T—1,x)\2dx+// o2 wadedHe// |00 | da dt
2 Je (T-1,T)xe 4€ (T-1,T)xE
= —// alz X' (t =T +1)x(t — T 4 1) dt dz.
(T—1,T)xE

Consequently, since (T —1,-) = z.(T — 1,-)x(0) = 2.(T — 1, -) and the support of x’ is in [i, %},
we deduce

/ altoo (T — 1,2) 2 dz < —2 // alz (L =T + Dx(t — T+ 1) dz dt
£ (T—3/4,T—1/4)xE

gO// |z | dz dt.
(T—3/4,T—1/4)xE

It thus remains to prove that

// |zs|2dxdt:// lze(t+T —1,z) > dzdi
(T—3/4,T—1/4)xE (1/4,3/4)xE

<0 3 / Oy 22 (F+ T — 1,0)|2 dF

veVy
T
_ Oy / By (1, 0) 2 d,
veEVy T-1
which follows from Proposition used with T' = 1, ¢ sufficiently small, 7 = C ,and s = Ce™!
(where C is a sufficiently large constant). O

8.5.3. Proof of Claim of Theorem Using the observability inequality in Corollary
8.5.1] we now conclude the proof of the main result.

PROOF OF THEOREM [8.2.3] CrAIM (2). This claim is a direct consequence of Corollary
and Proposition In fact, combining the decay estimate (8.5.1) and the observability inequality

(8.5.27]), we conclude that

T
0200, ) Bage) < e© Ve lpulT = 1)y < 3 el [ oyttt
vEVy -

(recalling that the constants C' > 0 may change from term to term). As a consequence, we obtain
that (8.2.2)) holds for a sufficiently large time 7" > 0. O

REMARK 8.5.1 (On the controllability of (1.2.1)). We may prove the controllability of (1.2.1)
as a byproduct of Proposition [8.5.3. Reasoning as Corollary we obtain that there exists a
constant Cp > 0, depending on the time variable, such that

= (0, )HL2 < eCrle Z / |8n5(v pe(t, U)|2dt

veEVy
where ¢ is the of (1.2.4) with o1 € L*(E). With this observability inequality, Lemma yields

the claimed controllability result.
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REMARK 8.5.2 (The case of non-constant coefficients). The same techniques that we have
developed in this Chapter apply to prove analogous results if the coefficients depend on the time and
space variables as long as a € C’éw([O,T] x &), minga > 0, b € C’éw([O,T] x &), mingb > 0, and
Decs(wy ()0 (v) =0 for all v € Vy (see Remark‘for the necessity of the positivity of b). In
fact, the decay property is proved with the transformation

/0 The)de + e
2¢ ’

(8.5.28) 28 = plexp

where ¢ are the right constants given by Lemma so that fom b(&) d§ + ¢° is continuous and we
used the parametrization of each edge e as a segment. With this change of variables, we obtain the
system

(—aeﬁtzS(t, x) + (‘6422 - %) 2E(t, )
=02, 25(t, x), te(0,T), z€e, Veek,
(8.5.29) zE(t,v) =0, t e (0,T), veVs,
281 (t,v) = 282(t,v), t € (0,T), vey, Ve, ea € EM(v),
Decs(v) E0ne(w)#E(t,v) =0 te (0,T), v e,
2:(0,x) = zo(x), x€ce, Vecf.

Then, the computations for decay and Carleman estimates are still valid; indeed, we just get some
lower-order terms that can be easily absorbed.






CHAPTER 9

Controllability of entropy solutions of scalar conservation laws at a
junction via Lyapunov methods

The main result of this Chapter concerns the controllability of entropy solutions of (|1.1.18)) to a
prescribed trajectory by means of a Lyapunov-type approach based on [122].

THEOREM 9.0.1 (Controllability of entropy solutions on star-shaped graphs). Let us assume that
hypotheses (F1)-(F3) are satisfied and let v = (vi,...,Vn+m) be the entropy solutions of (in
the sense of Deﬁmtion with initial data voy € L>®(I;Ry) for € € {1,...,n+m} and boundary
data vp; € L*((0,400);R;) fori e {1,...,n} (v is a target trajectory). Let us consider any other
initial data ugp € L°(I;Ry) for £ € {1,...,n+m}. Then, the entropy solution v = (u1, ..., Untm)
of corresponding to initial data uge and the in-flux boundary data of v, i.e. up; = vy, for all
i€ {l,...,n}, satisfies

up(t,z) = ve(t,x), t> f, a.e. x € Iy, Yl e {l,...,n+m},
where the control time T is given by T = maxieqy,. a{Li/Ci} +maXjc i, npmi{Lj/ci}-

REMARK 9.0.1 (Null-controllability). If we assume >, fi(0) = Zyiﬁl f(0) (or, alternatively,
fe(0) =0 forall £ € {1,...,n+m}), then 0 is an admissible entropy solution of with ug =0
and uy; = fi(0) (or up; = 0, respectively). Then, considering v(t,-) = 0 for all t >0, Theorem[9.0.]]
can be seen as a null-controllability result: we steer the system to the zero state by considering the

boundary control uy; = f;(0) (or upy; = 0, respectively).

REMARK 9.0.2 (Controllability of entropy solutions on tree-shaped graphs). We can prove a
similar result on a tree-shaped network arguing by induction as in CHAPTER [§ In that case, in the
statement of Theorem [9.0.1, we need to introduce a suitable notion of maximal propagation time
required for information to flow out of the tree (similarly to CHAPTER @)

Finally, we prove a stabilization result that provides some robustness estimate for Theorem
9.0.1| and is the first step towards the analysis of the cost of controllability for conservation laws on
networks in the vanishing viscosity singular limit (cf. CHAPTER (8| for the corresponding result in
the linear setting).

THEOREM 9.0.2 (Exponential stabilization for the viscous problem). Let us assume that hypothe-
ses (F1) and (F3) are satisfied andn < m. Let uz = (g1, ..., Uentm) and vz = (Ve 1,. .., Ventm) be
classical solutions of (in the sense of [T9, Theorem 1.2]) with initial data ug . € C(Iy; Ry)
and vy € C(Iy;Ry), respectively, and same boundary data upe = vpp € L>((0,400); Ry) for all
te{l,...,n+m}. Then,

n+m n+m

3 Nuelt, ) = veelt, Mgy < e DN Jugo 0 —vgullpagy, ¢ >0,
/=1 /=1

for any a € (0,1], ¢ == mingeqy  yqmy ¢, and L= maX;eqy . pn) Li + MaXjefni1,. nem) Ly-
We remark that the role of the assumption n < m in the energy dissipation mechanism for
viscous conservation laws at a junction is also discussed in [57].
9.1. Entropy admissible solutions for scalar conservation laws on networks

In this Section, following [19], we review some known results on the entropy formulation for
conservation laws at a junction. We remark that the theory of [I9] was developed in the case of

115
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bell-shaped fluxes; however, the results still apply under the assumption (F3), which is the setting
of the more recent works [202, 129].

Let us start by considering an IBVP on the half-line for a scalar conservation law with Lipschitz
continuous flux:

Ou(t,z) + Opf(u(t,z)) =0, t>0,2>0,
(9.1.1) u(0,x) = ug(x), x>0,
U(t, 0) = ’LLb(t), t>0,

We say that u is an entropy solution of (9.1.1)) if it is a Kruzkov entropy solution in the interior of
the half-plane Ry x R4, i.e.

Orlu — k| + Ox (sign(u — k)(f(u) — f(k))) <0

holds in the sense of distributions for every k € R, and if it satisfies the boundary condition in the
sense of Bardos—LeRour—Nédélec (see [27, 22]), i.e. the strong trace u(t,0+) satisfies

f(u(tv 0+)) = G(ub(t)> u(tv 0+))>

where G denotes the Godunov numerical flux associated to f (see [L61l Eq. (3.8)]), which is given
by

min f(§) ifa <b,
G(a,b) = { €10

max f(§) ifa>b.

¢elbal

Due to the results in [209), [231], for a Lipschitz continuous flux f such that f’ is not identically
zero on any interval (cf. assumptions (F1)—(F2)), the function u(¢,-) possesses one-sided limits; in
particular, we can define the strong trace of u on Ry x {0} which is mentioned above. The Bardos—
LeRoux—Nédélec condition is generally recognized as the correct interpretation of the Dirichlet
boundary condition for hyperbolic conservation laws. This is justified in particular by convergence
of vanishing viscosity or numerical approximations of the boundary value problem: indeed, it may
happen that the limit (hyperbolic) problem satisfies an effective boundary condition that may
differ from the formal boundary condition prescribed for the approximation level due to viscous or
numerical boundary layer effects (see [22], [219] for a more detailed discussion of boundary conditions
for hyperbolic conservation laws).

With these preliminary notions, we can present the notions of entropy-admissible solutions for
conservation laws on networks studied in [19]. We remark that there the authors considered I; = R_
and I; = R4, so we need to extend [19], Definition 1.2] slightly to deal with the case of I, being
segments. On the other hand, we restrict ourselves to the setting of assumptions (F1)—(F3).

DEFINITION 9.1.1 (Entropy admissible solution: formulation using Godunov fluxes at the
junction). Given uge € L>(Ip; Ry) and up; € L>((0,400); Ry ), we say that v = (u1, ..., Unym) 18
an entropy solution of if ug € L®((0,400) x Iy) for all ¢ € {1,...,n+m} and the following
conditions are satisfied.

(1) For all £ € {1,...,n+m}, the function uy is an entropy solution of the conservation law in
the interior of Iy, i.e. for all non-negative test functions ¢y € C°([0,4+00) x I;;Ry) and
for any constant k € R, there holds

/ / (n(we, k)Orpe + qe(ug, k)Orpy) dzdt —I—/ n(uo e, k)e(0,2) dz > 0,
o Ji,

I,

where n(ug, k) = |ug — k| and qp(ug, k) = sign(ug — k)(fe(ue) — fo(k)).
(2) The boundary condition in the exterior vertices of the network is satisfied in the sense of
Bardos—LeRoux—NEédélec, 1i.e.

fi(ui(t, —Lz)) = Gi(ub7¢(t),uz~(t, —Li)), a.e.t>0, 1€ {1, R ,n},

where G; is the Godunov flux associated with f;.
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(3) The junction condition is satisfied in the following sense: there exists a function p €
L>((0,400);Ry) such that
fi(ui(t,0—)) = Gi(u;(t,0—),p(t)), ae t>0, 1€{l,...,n},
[i(uj(t,04)) = Gj(p(t),u;(t,04)), ae t>0, je{n+1,...,n+m},

and the conservativity condition

n n—+m
Z Gi(u;(t,0—),p(t)) = Z G(p(t),u;(t,04)), forae t>0
i=1 j=n+1

holds.
REMARK 9.1.1 (The case of monotone fluxes). Under hypothesis (F3), the flux function is

strictly increasing and the Godunov fluz is given by G;(a,b) = fi(a). As a consequence, in Point
(2) of Definition we cannot impose a boundary condition at x = L;, but only at x = —L; for
i€ {1,...,n}, which is given by
fi(’u,i(t,—Li)) :fi(uw(t)), i€ {1,...,77,}.
We also note that, being the flux invertible, we can equivalently write
ui(t, —Li) :ub7i(t), 1€ {1,...,n}.

Moreover, Point (3) reduces to

fi(ui(t,0+4)) = frt1(unt1(t,0+)), je€{n+1,...,n+m},

n n+m
D Filws(t,0-) = Y fi(u(t,04)).
=1 j=n+1

The second line indicates the conservation of mass; the first one indicates that the entropy-
admissibility condition amounts to requiring an equi-distribution of the flux coming out of the junction.

Definition can be equivalently reformulated in terms of an adapted entropy inequality (see
[19, Definition 2.10]).

DEFINITION 9.1.2 (Entropy admissible solution: formulation using adapted entropies at the
junction). Given uge € L>®(Iy;Ry) and up € L°((0,4+00);Ry), we say that uw = (uy, ..., Upym) S
an entropy solution of if ug € L((0,400) X Ip) for all ¢ € {1,...,n+m} and the following
conditions are satisfied.

(1) Points (1) and (2) of Definition[9.1.1] hold.

(2) For any k = (k1,...,kn+m) € Gvv, ug satisfies the adapted entropy inequality on the
network, i.e. for all non-negative test functions ¢, € C°((0,+00) x Iy;R.) such that
we(t,0) = ¢1(t,0), there holds

n+m

Z / / (ue, ke)Drpe + qe(ug, ke)Dripe) dx dt > 0,
I

where n(ug, ke) = |ug—ke| and qe(ug, k) = sign(ug—ke)(fe(ue) — fe(ke)). Here, Gyy denotes
the vanishing viscosity germ, defined as follows (see [19), Definition 2.1]):

U= (U,...,Untn): Ip >0 such that
Gvy = > i1 Gi (ui,p) = Z?:%LH Gj(p,u;) and
Vie{l,...,n},je{n+1,...,n+m}

Under assumptions (F1)—(F3), it can be proven that such entropy solutions exist and are the
limit of a vanishing viscosity approximation process (see [19, Theorem 4.1]) and Godunov-type
numerical schemes (see [19, Theorem 3.3] and also [229] for a more explicit implementation of
the scheme). Moreover, with this entropy formulation, the following uniqueness result holds ([19],
Proposition 3.1]).
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THEOREM 9.1.1 (L!-stability of entropy solutions). Let us assume that (F1)-(F3) hold and let
u and v be entropy solutions of in the sense of Deﬁm’tion with initial data upe,voe €
L>®(I;;Ry) for £ € {1,...,n+ m}, respectively, and same boundary data up; € L>((0,400);R,)
forie{l,...,n}. Then,

n n+m

Z llwit,-) = vilt, )l prry + Z [[uj(t, ) —v;(t, ')HLl(Ij)

=1 Jj=n+1
n n+m

<D Mui0) =00, gy + D (05 = w300, ) oy
=1 j=n+1

for every t > 0. In particular, at most, one entropy solution exists for given initial and boundary
data.

A comparison principle can also be established following [19], which implies that the inf in
assumption (F3) is actually taken in a bounded interval. Moreover, due to the finite speed of
propagation of the waves of hyperbolic conservation laws, these existence and uniqueness results can
be extended inductively to more general networks (see [138]).

9.2. Proof of the controllability of the hyperbolic problem

Before going into the proof of Theorem [9.0.1] we shall outline the strategy with the following
toy problemﬂ

REMARK 9.2.1 (A case study: the IBVP for the linear transport equation). We consider
Owu(t, z) + copu(t,x) =0, t>0, z € (0,L),
(9.2.1) u(0, ) = up(z), z € (0,L),
u(t,0) =0, t >0,
where L >0, ¢ >0, and ug € L*((0,L)). Let us define the Lyapunov functional

L

(9.2.2) vt >0, J,(t) ::/ wle "% dz,
0

with v > 0, and compute

d d L L L
—Ju(t) = / wle Y dx = / 2udiue " dx = —/ 2cudyue” " dx

L
= —VC/ u?e ™ da —[u?e " |f
0 ——
<0

< —vedy ().

Gronwall’s lemma yields
J,(t) < e ], (0), t>0.
We then observe that
e llult, M 20,0y < Jv(®) < Mlults )7eo,ny)-

Putting these together, we have
e M lult, M7z 0.0y < € lluollza(o,ny);
i.e.

(i)

[Ju(t, ')H%Q((O,L)) < e gl p2go.ny) = € luollz2((0,z))-

Therefore, letting v — 400, we conclude |lu(t, )| r2(0,z)) = 0 fort > L/c.

IThis example was presented by V. Perrollaz in the conference “VIII Partial Differential Equations, Optimal
Design and Numerics”, 2019.
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In order to make the proof of Remark rigorous for conservation laws, we need to rely on
the entropy formulation (see [122]). Moreover, to adapt the argument to the case of networked
systems, we need to take particular care of the transmission of information at the junction.

Proor ofF THEOREM [9.0.7]. Following the strategy in [122], we define, for each edge i €
{1,....,n} and j € {n+1,...,n+ m}, the Lyapunov functionals

0
Vt Z O, Jl,ﬂ'(t) = /

L.
o) =t )l e, og(t) = [ ) = e da,

for a fixed v > 0.

Step 1. Analysis of the incoming edges. Given t > 0, for any i € {1,...,n}, the edge-wise entropy
condition (see Point (1) of Definition [9.1.1)) yields, by a “doubling of variables”-type argument (see
[122]),

t 0
0 S/O /Li |ui(t, ) — vi(t, x)|Oppi(t, x) dz dt
t 0
' /0 /Li sign (ui(t, 2) — vi(t, 2)) (fi(ui(t,x)) = fi(vi(t, 2)))upi(t, x) d dt,
0
+ /Li |u; (0, ) — v;(0,2)|; (0, ) d,

with ; € C°(R?;R,). Here, we used the existence of a strong trace at the boundary to use point

(2) of Definition

We consider a sequence {@;x}, .y C C°([0, +00) x (—=L;,0);R,) such that

—vx

Pik(t,T) = X(—oo,g(t)e strongly in L' as k — 4-oc0.

Then, letting £ — oo, we obtain

9.2.3) Jyald) < Jya(0 _y/ / * sign (us(t, 2) — vilt, 2)) (filus(t, ) — folwi(t, ) da dt.

Here, we needed to use the existence of strong traces at the boundary guaranteed by (F2).
In order to estimate the last term of (9.2.3)), we observe that, for all (a,b) € R,

1
sen(a = 0)(f0) - £i(6) = sien(a ) [ f10+ s(a = 0) (a 1) ds)
0
1
—la=bl [ fitb+ sta - b)) ds
0
1
> la— b|/ ceds > ¢gla — bl,
0
where we used assumption (F3) to bound the f; from below. Therefore, we obtain

t
Toi(D) < Jui(0) — ves / Toa(t) dt.
0

A distributional (differential) Gronwall-type argument along these lines (using @;(t,x) = ¢(t)e="?)
then yields

(9.2.4) Tui(f) < eV 7,,(0).
As t was arbitrarily chosen, we can write, for all t > 0,
(9.2.5) Jui(t, ) = vi(t, My < Jvi(t) < eFllui(t, ) = vilt, ),

Thus, plugging (9.2.5) into (9.2.4]), we compute

Lv
—DCs —ve; | t——=
Justt, ) — st Mgy < Toa®) < @P00,500) < 5 g — woall 1 s,

and, letting v — 400, we conclude that w;(t,-) —v;(t,-) = 0 for t > L;/c;. Therefore, u;(t,-) = v;(t,-)
for all i € {1,...,n} if t > max;ez, {Li/ci}-
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Step 2. Analysis of the outgoing edges. By Definition (and Remark [9.1.1]), the traces of u
and v at the junction satisfy

(9.2.6) fi(u;(t,04)) = fi(vj(t,04)) = fat1(un+1(t,0+)) — fas1(vng1(t,04)),
Vie{n+1,...,n+m},
n n+m
027) S iuilt0-) — F(t0-) = 3 (i (04) — (u5(2,04))
i=1 j=1

From Step 1, for all ¢ € {1,...,n}, we have u;(t,0—) — v;(¢t,0—) = 0 for ¢t > max;ez, {Li/ci}. Then,

from (9.2.7)), we have

n+m

E:(bﬁw@ﬂ+n—:ﬁ@ﬂu0+»)zo.

j=1
By (9.2.6), this yields u;(t,0+) = v;(t,0+) for t > max;cz,, {Li/c;} for all j e {n+1,...,n+m}.
Then, we can repeat the argument of Step 1: we consider the Lyapunov functional

L.
Jus(t) = / st 7) — vyt 2) e da
0

and prove that u;(t,-) = v;(t,-) for all j € {n+1,...,n+m} if t > maxjez,,, {L;/c;}.
Step 3. Conclusion of the argument. Putting Step 1 and Step 2 together, we conclude that, for
any

t>T:= fg%f{L’/Cz} + jréll%ft{Lj/Cj},
it holds
up(t,z) = ve(t,x) forae x€ly, VLe{l,...,n+m}.

9.3. Proof of the exponential stabilization of the viscous problem

In this Section, we prove the stabilization result for the viscous problem. As before, we first
illustrate the strategy with a toy problem.

REMARK 9.3.1 (The effect of viscosity in the toy problem). Let us consider a viscous regular-

ization of the toy problem (9.2.1)):
Opue(t, ) + cOpuc(t, x) = e u-(t,z), t>0, x € (0,L),
ue(0,2) = up(z), x e (0,L),
ue(t70) = uE(ta L) =0, >0,

where e > 0, L >0, ¢ >0, and ug € L*((0,L)). Then, we can estimate the Lyapunov functional

(9.2.2)) as follows:
J(t) <e @y ), t>0.
This yields

_ 2
e ()l 20,0y < €™V lug| 20,1y
which only implies an exponential stabilization result:

—v(c—ev)(t——L— -
lue(t, 20,0y < € E=2) = Crem Jug |l p2(o,0),

with Cy = ™ and Cy := cv — ev? (Cy > 0 for ve < c).
As expected, the effect of viscosity prevents us from controlling exactly the state to zero by simply
using null boundary data; instead, at the time t > L/c, still a small exponential tail remains. More

precisely, we let a € (0,1) and v = =52 and compute

et )2 0.0y < e % =D gl 12 0.1
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_1

Fort > d—ay We deduce

C(!2
lue(t, )lr2(o,0)) < e == Juollr2((0,))-

This estimate is motivated by [10L Lemma 2.1): it is consistent with the decay of the free solution of
advection-diffusion equations first used in [106] to prove a uniform controllability result.

The same point can be made when considering the controllability/stabilization of numerical
approximations of (9.1.1)) that introduce artificial viscosity.

PrOOF OF THEOREM [9.0.2 Let uz = (ue, ..., Uspntm) and vz = (Ve 1, ..., Ve ntm) be classi-
cal solutions of (|1.2.6) and let us consider the following Lyapunov functional:
n 0 n+m L,
Vt>0, J,(t) = Z/ luci(t,x) —vei(t, x)|e” " do + Z / [ue j(t, ) — v (t, x)|e” " da.
i=1 7L j=n+170

Then, as in the proof of Theorem but using the junction condition of (1.2.6|) similarly to [19]
Eq. (89)], we compute

n 0 n+m L,
0<— Z/ [ue i (t, ) — ve i (t, z)|e” " do — Z / lue i(t, ) — v (E, z)|e” " da
i=1 7L j=n+1"0
n 0 n+m L;
+ Z/ |ue,i (0, 2) — ve,3(0,2)|e " dz + Z / lue (0, 2) — v ;(0,2)|e”"* dz
i=1 7L j=nt170

nooE 0
_ y;/o /_Li sign (ue,i(t, @) — vei(t, @) (fi(uei(t, ) — fi(vei(t,2)))e " du dt
n-+m

t rLj
—v Z /0 /0 sign (U§7j(t, «73) - Us,j(t, 1’)) (fj(uaj(t, Hf)) — fj(1)57j(t7 gj)))e*l/x dz dt

j=n+1

n t 0

+5”22// [ue i(t, ) — vei(t, x)|e” "  dr dt
i=170 J=Li
n+m

P oL
+ev? Z /0 / lue j(t, ) — ve (¢, z)|e” " da dt,
0

Jj=n+1

where we got rid of an extra boundary term ev(n — m) fg\ugﬁl(t,()) — v1(t,0)| dt thanks to the
assumption n < m.
From this, we deduce

J, () < J,(0) +ev? /t_Jy(t) dt
0

t.n 0
—1// ZCZ/ luei(t,x) — vei(t,x)|e " dedt
05 J-L;

1=

§ ntm L
— V/ Z cj/ lue j(t, ) — v (¢, z)|e” " da dt.
0 0

Jj=n+1

Taking ¢ :== minge(1,. nym) co, we get

t
J, () < J,(0) — (cv — ev?) / J,(t) dt.
0
Along the same lines, a (differential) Gronwall-type argument then yields

Jy(t_) < e—(cu—aVQ)fJV(O).
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This implies the claimed exponential stabilization result for a sufficiently small v > 0. Indeed, since
t > 0 was arbitrarily chosen, we have, for ¢t > 0,

n

n
_ 2
Z [uee(t, ) = veet, )L,y < e (ev—evyt+Ly Z [te,0.6 = ve 0.l
=1 =1
where L = max;c(1 . n) Li+tmax;cini1,. nym} Lj- Therefore, by choosing v = — % for any a € (0, 1],
we compute

n+m n+m
«

(9.3.1) 3 Nuelt, ) = vee(t, Mgy < € 2 DL S Jug o0 —veglliay.
/=1 (=1

9.4. Numerical experiments

In this Section, we present some numerical simulations to illustrate our main result. We consider
a star-shaped graph with n = 2 incoming edges of length 1 and m = 3 outgoing edges of length
1 and let fy(&§) = &/(14+¢&) for £ € {1,...,5}. We shall apply the Godunov numerical scheme
proposed in [202] (and implemented by Musch in [201]). We simulate the evolution of the dynamics
corresponding to the following sets of initial and boundary data.

Example 1. Oscillatory initial data vs. edge-wise constant entropy solution:
uo(x) == (| sin(16x)|, | sin(16x)|, | cos(16x)|, | cos(16x)|, | cos(16x)|);
vo(x) = (2,1,7/11,7/11,7/11);

Up1 = Vp1 =2, uUp2 =vp2 = 1.

Example II. Initial data containing one shock in an incoming edge vs. edge-wise constant
entropy solution:

up(z) = (211 —0.2)(x) + 3L (_g.2,0)(7),1,1/2,1/2,1/2);
vo(z) = (2,1,7/11,7/11,7/11);
Up1 =Vp1 =2, Up2 =vp2 = 1.

The effect of “numerical viscosity” prevents finite-time exact controllability with these boundary
controls; but, for sufficiently refined meshes, the exponential error tail is not distinguishable and,
after a sufficiently long time, we get u(T,-) = v(T),-) = vo for both examples (vy being an edge-wise
constant entropy-admissible solution, i.e. vy € Gyy).
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Initial Data I: t=0.0 Initial Data I: t=10

Initial Data II: t=0.0 Initial Data II: t=10

FIGURE 9.1. FIRST ROW: Simulation of Example I at times ¢ = 0 and ¢t = 10.
SECOND ROW: Simulation of Example II at times t = 0 and ¢ = 10. In both cases,
the CFL (Courant-Friedrichs-Lewy) number is C' = 0.5 and the space mesh size is
Az = 276 (for each edge). We refer to [201] for the code that can be used to produce
the figures and videos of the evolution.






CHAPTER 10

Conclusions and open problems

The results presented in this thesis open many avenues for future research at the confluence
of nonlocal and viscous regularizations of conservation laws, singular limits, control theory, and
networks. To guide future investigations, we have compiled a set of questions below.

(1)

Nonlocal-to—local convergence for more general weights. In the case of a symmetric weight,
the solution of the nonlocal conservation law does not satisfy a maximum principle (see [168],
Example 7.3 and Figure 9]). From the examples in [90], it is also apparent that we cannot
expect the nonlocal solution to converge in a strong or weak sense to the local entropy
solution; however, numerical experiments (cf. [L68, Example 7.3]) suggest that convergence
in a measure-valued sense may hold. For asymmetric piecewise-constant weights (which
are not covered by the results in [89]), the numerical simulations shown in CHAPTERS
and 4| indicate that a positive result may also be true.

Oleinik-type inequalities for more general velocities. The Oleinik-type inequalities of CHAP-
TER [4 have been obtained for rather specific classes of velocity functions. It remains an
open problem to establish similar inequalities in more general cases. In particular, the
case of a power-type velocity, as in 9;p + 0,(W91p) = 0 (with ¢ > 2), naturally arises in
connection with the long-time convergence of the solution to the local N-wave profiles.

Nonlocality in the velocity. A different type of nonlocal conservation law involves taking a
weighted average of the velocity rather than the solution itself: namely, d;p + 9, ((V (p)
v)p) = 0. A recent contribution on the nonlocal-to—local singular limit problem for this
kind of model with BV data is contained in [132], but Oleinik-type inequalities have not
yet been established.

Non-integrable initial data and long-time asymptotics. Considering initial data merely in
L™ instead of L' N L> would pose a significant issue for the study of long-time asymptotics
carried out in CHAPTER [b} since solutions might then have infinite mass, the compactness
arguments would need to be modified; moreover, the initial mass would no longer govern
the limit profile. We refer to [158] for the study of this problem for the heat equation. In
the periodic setting, further information is available for the long-time behavior of (local)
conservation laws (see, e.g., [182], [61]).

Effect of viscosity on the long-time behavior. In the framework of the study of the long-
time behavior of CHAPTER [f] it would be of interest to analyze the competition between
nonlocal advection and diffusion effects. Currently, the only known results concern the
positive effect of viscosity on the convergence in the nonlocal-to—local limit in the case of
initial data that are uniformly bounded in L with respect to the scaling parameter (as in
CHAPTER [6).

Asymptotic preserving numerical schemes. A rigorous justification of the qualitative repro-
duction of the nonlocal-to-local singular limit and the long-time asymptotics by numerical
schemes (such as the ones presented in [213], Chapter 3] and [I73] or those surveyed in
[134]) appears to be unexplored. In future work, we aim to prove that the counterparts of
the convergence results of CHAPTERS [3] [ and [5] also hold at the discrete level.

Nonlocal-to—local limit for the initial-boundary value problem. The well-posedness of the
IBVP associated with nonlocal conservation laws was studied in [172]. The natural ques-
tion arises of whether the solution converges to the local entropy solution with boundary
data achieved in the sense of Bardos-LeRoux-Nédélec (see [27]) as the nonlocal weight
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approaches a Dirac delta distribution. This problem is also motivated by and strongly
related to the study of the cost of the boundary controls for the nonlocal conservation law
(see CHAPTER [7]) in the nonlocal-to—local singular limit.

Nonlocal-to—local limit for multi-dimensional conservation laws. In the theory of multi-
dimensional nonlocal conservation laws (for which we refer to [171] and references therein),
the study of the convergence of the solution to the entropy-admissible one of the corre-
sponding local model has not yet been addressed. Some related results are available for the
2D incompressible a-Euler system, where the (nonlocal) vorticity equation plays a key role
(see, e.g., [188, 1]).

Controllability for more general weights. The controllability results of CHAPTER [7|focus
on the case of an exponential weight. For suitable classes of more general weights, the
solution to the corresponding nonlocal IBVP still exists, is unique, and satisfies a maximum
principle (see [172], Corollary 5.9]). However, the proofs of some of our controllability and
stabilization results appear to present many more technical difficulties. Similarly, it would
be interesting to remove the assumption on the lower/upper-bound on the initial datum
used in the stabilization results of CHAPTER [7| and consider constant boundary data such
that u, # w,. In this case, we expect the dynamics to converge to the corresponding
steady-state solutions (as suggested by the numerical simulations).

Nonlocal conservation laws on networks. The study of nonlocal conservation laws on net-
works is still at its primordial stage. Namely, in [I55] a class of nonlocal conservation laws
modeling multi-commodity flow was studied and, more recently, some results on nonlocal
traffic models were obtained in [I31]. In the latter reference, the modeling framework
includes suitable coupling conditions at intersections to either ensure maximum flux or
distribution parameters and focuses, in particular, on the cases of 1-to—1, 2-to—1, and
1-to—2 junctions. The study of more general nonlocal models on tree-shaped networks and
the related control and singular limit problems remains open for investigation.

Alternative junction conditions for advection-diffusion equations on networks. In addition
to the continuity condition that we have imposed at the junctions in CHAPTER [8] there are
alternative transmission conditions that are physically relevant for the advection-diffusion
problem. It would be interesting to see if analogous results on the cost of controllability can
be obtained in the framework of the “membrane-type” junction conditions of [148], [78]. The
main challenge to overcome is that, in our analysis, the continuity condition has been pivotal
in estimating the boundary terms arising in the Carleman inequality. For the nonlinear
problem of CHAPTER [9] similar questions arise when considering different realizations of
viscous regularizations and different types of entropy conditions at the junction.

Networks containing loops. In CHAPTER , it is essential to assume that our network
contains no loops in several key points, such as the definition of the auxiliary functions
needed for the Carleman estimate. It would be interesting to characterize the (uniform)
controllability properties of the parabolic problem according to the topology or metric
properties of the network (see, e.g., [23] and [117, Chapters 5 & 8] for some results in this
direction).

Nonlinear conservation laws with vanishing viscosity and cost of controllability. The full
extension of the results of CHAPTER [§ to the case of nonlinear conservation laws (as
done in [141, A83] in the case of a segment) remains to be addressed in the future—
possibly also replacing the monotonicity assumption on the flux used in CHAPTER [J] with
a convexity /concavity condition as in [183].

Dispersive effects and cost of controllability. In CHAPTER [8, we have only considered a
model that includes advection and diffusive phenomena, but we may also want to account
for dispersive effects. In the case of zero dispersion limit, the uniform control properties
of the linearized Korteweg—de Vries equation were studied in [142] (on the real line);
subsequently, in [143], the authors addressed the case of zero diffusion-dispersion; further
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recent works on the KdV equation with a vanishing parameter in the diffusive term include
[63), 54]. In the setting of star-shaped graphs, well-posedness and controllability results
for the KdV equation are also available in the literature (see [56), 59, 58, 12]), but the
uniform controllability problem has not been addressed yet.

Optimal time for the decay of the cost of controllability. Establishing sharp estimates on
the time that separates blow-up and decay for the cost of controllability in the vanishing
viscosity limit from CHAPTER [8is an interesting problem; however, the question, raised in
[106], remains unanswered even on segments (i.e., networks that consist of a single edge).

Controllability on networks under positivity constraints. For physical applications, it is
relevant to drive the dynamics of a system to rest while preserving the non-negativity of the
initial datum along the evolution. Such controllability results under positivity constraints
have been achieved only recently for the heat equation in Euclidean domains (see [193, 216])
and are missing on networks.

Numerical schemes and uniform controllability on networks. A rigorous study of the con-
trollability of semi-discrete advection-diffusion equations on networks and of the cost of
boundary controls in the discrete—to—continuous limit has not yet been carried out. Some
related results in this direction are available in the case of one-dimensional Euclidean
domains (see, e.g., [40}, 41}, [42], 199}, 10, 11}, 9]).
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