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1 Introduction

1 Introduction

Polyconvexity is a useful concept in the field of Calculus of Variations (CoV). Consider
the integral (adapted from [6])

I(u)=f f(x,u(x), Vu(x))dx
Q

where

*  C R"is an open set,
e u:0— RY and hence Vu € RV*", and

s f:iOXRNxRV*" 5 R, f = f(x,u,&) is a measurable in x and continuous in
(u, &). In other words, f is a Carathéodory function.

Associated to the functional I is the minimization problem

m :=min{l(u) : u € X},

where X is the space of admissible functions. In other words, we wish to find i1 € X
such that

m=1(u) <I(u) foreveryu € X.

This minimization problem arises in fields such as nonlinear elasticity and optimal
design [6]. In most cases, the admissible set X is given by

X =uy+ W, P (RY),

where u, is a given function and the notation u € X is a shortcut meaning that u = u,
on 90 and u € WP(Q;RN). The existence of minimizers in the space X relies on
the fundamental property of (sequential) weak lower semicontinuity, which is closely
related to the convexity of the mapping & — f(x,u,&) in the scalar case (N = 1 or
n = 1). In the vectorial case (N,n > 1), the convexity of the same function is only
a sufficient condition for the weak lower semicontinuity of I. A necessary condition
in the vectorial case is the so-called quasiconvexity introduced by Morrey [4]. A Borel
measurable and locally bounded function f : R¥*"* — R is said to be quasiconvex if

1
meas D

f&)< f €+ Ve(x))dx

for every bounded open set D C R", every & € RV*", and every ¢ € W,"*°(D; RY).
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As shown in [6],

f quasiconvex <= I weakly lower semi-continuous.

Since the notion of quasiconvexity is not a pointwise condition, it is hard to verify
if a given function is quasiconvex. Hence a stronger notion called polyconvexity was
introduced by Ball [2]. A function f : R¥*"* — R is said to be polyconvex if f(&) is
a convex function of minors of £. The complete definition is stated in Chapter 2.5.
As stated in [6], the relation between the notions of convexity, polyconvexity and
quasiconvexity can be realised as

f convex = f polyconvex =—> f quasiconvex.
Thus, we can conclude that

f polyconvex =—> I weakly lower semi-continuous.

Checking if a given function f is polyconvex is often simpler than checking quasicon-
vexity, but it still remains difficult in general. Similarly, checking if a given function
is convex is an NP-Hard problem ([11]), even in the case of polynomials. Polynomi-
al optimization techniques such as Sum-of-Squares (SOS) polynomials (reviewed in
Chapter 2.2), i.e. polynomials that can be expressed as sums of squares of other po-
lynomials, allow us to study notions like SOS-convexity. SOS-convexity is a stronger
form of convexity for polynomials (reviewed in Chapter 2.4) that can be formulated
as a semidefinite program (SDP), a tractable optimization problem that can be solved
efficiently using computers.

The aim of this thesis is to explore if it is possible to do the same for polyconvexity
by defining a Sums-Of-Squares strengthening to polyconvexity, which enables us with
a tool to check if a polynomial is polyconvex in a tractable way using Semi-Definite
Programs. The particular goal of the thesis is to show that there are two approaches
to defining a Sums-of-Squares strengthening to polyconvexity, obtained by replacing
non-negativity conditions with sums-of-squares strengthenings in two different cha-
racterizations of polyconvexity. We explore the relationship between these two ap-
proaches, showing that they are not equivalent through a counterexample. This leads
us to select one of our two approaches as the “right” definition of Sums-Of-Squares
polyconvexity.

The thesis is organized as follows: In Chapter 2, we review the necessary background
on sums-of-squares polynomials, convexity, sums-of-squares convexity, and classical
polyconvexity. In Chapter 3, we introduce the two SOS strengthenings of polyconvexity
and begin exploring the relation between them and their relation to Sums-Of-Squares
Convexity. Chapter 4 is devoted to analyzing their relationship and proving that the
two notions of sums-of-squares polyconvexity defined in Chapter 3 are not equivalent.
Chapter 5 summarizes the main points of the thesis and outlines open problems that
deserve further investigation.
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2.1 Polynomials and polynomial ideals

In this section, we recall the definitions of polynomials, homogeneous polynomials
and generated polynomial ideals. These concepts will be used throughout the thesis.
We begin by recalling the definition of polynomials and homogeneous polynomials.

Definition 1 (Polynomials and homogeneous polynomials). A polynomial p in n va-
riables x = (x,...,Xx,) over the real numbers R is a finite linear combination of mo-

nomials:
px) =D pex®= D pxiteeexl,

aeNn aeN"

where each coefficient p, € R, the multi-index a = (a4,...,a,) € N" is a tuple of
non-negative integers. The size of a multi-index a = (a,...,a,) € N" is defined as
la| =a;+ay+...+a,.

A polynomial p of degree d is said to be homogeneous or a form if all monomials
appearing in p have total degree exactly d. In other words,

p(x)= D, pux~

aeN" |a|=d

The ring of all polynomials over R with indeterminate x € R" is denoted by R[x]. We
will henceforth refer to homogeneous polynomials as forms.

We now recall the definitions of ideals in R[x ], real radical ideals and generated po-
lynomial ideals.

Definition 2 (Ideal in R[x], adapted from [5]). An ideal .¢ in the polynomial ring
R[x] is a subset .¢ € R[x] such that:

1. .# is an additive subgroup of R[x]. In other words, for all f,g € .#, the sum
f +gisin #, and for every f € .4, the additive inverse —f is in .£.

2. For every f € # and every h € R[x ], the product hf is in the subset .£. In other
words, £ is closed under multiplication by arbitrary polynomials in R[x].

Definition 3 (Generated polynomial ideal, adapted from [12]). Given hy,h,,...,h, €
R[x],

j(hl,hz,...,hm) = {Zu]'hjlul,uZ,...,um S R[X]}

i=1

is the ideal generated by hy,h,,...,h,,.
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We now define a real radical ideal and an equivalent characteristic, which will be
crucial in Chapter 4.

Definition 4 (Real radical ideal (adapted from [12])). The real radical of .# is defined
as

V¥ ={f eR[x] |f2k+pr€ﬂforsomekZ1,p1,...,pm€R[x]}.

j=1
An ideal .# is called real radical if . = V..

We can also characterize real radical ideals using the The Real Nullstelenzatz [12] as
follows:
# is real radical

—

The only polynomials vanishing at all points of Vi(.#) are the polynomials in .#,

where Vi(#£) :={x € R" | f(x) =0 VY[ € .#} is the real variety associated to .#.

We now state an important theorem relating to generated polynomial ideals. This
defines a set of polynomials that agree on a set of defined polynomial equations. We
use this concept to prove an important Lemma in Chapter 4.

Theorem 1. If #(hy,h,,...,h,,) is a real radical generated polynomial ideal, the follo-
wing statements are equivalent:

e g(x)=f(x)forall x € {x|h,(x)=0Vi={1,2,...,m}}.

* s()=f()+ iui(x)hi(x); u;(x) € R[x].

The proof of Theorem 1 can be found in [12].

We now look at a Lemma from [12] that gives useful criterion to check if an ideal is
real radical. This Lemma will play key role in connecting Sums-Of-Squares polynomials
and real radical generated polynomial ideals.

Lemma 1. Let .# be an ideal in R[x]. Then, .# is real radical if and only if

VPD «sPm € R[X], Zp]z SH :>p1s «sDm €4
j=1

The proof of Lemma 1 can be found in [12].
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2.2 Sums-Of-Squares polynomials

Problems with non-negativity constraints are NP-hard [11]. We will see in the follo-
wing subsections that replacing a non-negativity constraint on a polynomial with a
Sums-Of-Squares constraint makes a problem numerically tractable. So, we look into
Sums-Of-Squares polynomials and some of their properties.

We first recall the definition of Sums-Of-Squares Polynomials.

Definition 5 (Sums of Squares (SOS)). A polynomial o(x) € R[x] is said to be a Sum
of Squares if
o (x) = fA0) + f )+ + f2(x)

for some polynomials f;(x),..., f,(x) € R[x].

The expression f2(x) + f7(x) + ...+ f?(x) is called the SOS decomposition of o. We
denote the subset of degree d SOS polynomials in R;[x] by %[ x].

It is clear that any SOS polynomial o = f2 + f? +... 4+ f> must be an even degree
polynomial. It can also be shown that the polynomials f;, f,,...., f, are of degree d or
less [8]. In other words, if 0 € Ry4[x] then fi, f,...., f, € Ry[x].

We now recall the definition of a SOS polynomial matrix as defined in [1]. We will use
this concept later to define a SOS strengthening to convexity.

Definition 6 (SOS polynomial matrix). A symmetric polynomial matrix U(x),,, iS
said to be a SOS-matrix if there exists a polynomial matrix V(x);,,, for some s € N
such that U(x) = V(x)TV(x).

We define the set of polynomial matrices of dimension m x m in the variable x € R"
as ZR[x]™™.

We now form a connection between SOS matrices and SOS polynomials in the follo-
wing theorem.

Theorem 2. A polynomial matrix U(x) € ZR™™ is SOS if and only if the polynomial
yTU(x)y is SOS for all x € R", y € R™.

Proof. Assume U(x) is an SOS matrix. Definition 6 implies that we can find a polyno-
mial matrix V(x) € R[x]**™ such that U(x) = V(x)TV(x). From this expansion, we
get

YUy =y V() V)y = IVE)yI*.
Hence we can conclude y"U(x)y is SOS.

Similarly, if y"U(x)y is SOS, we can obtain an SOS decomposition that is linear in y
since y"U(x)y is quadratic in y. In other words,

YUy =Vl =y vV() 'V (x)y.
Hence we can conclude that U(x) = V(x)TV(x). O

S5
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We now look into the relationship between non-negative and SOS polynomials. It is
clear from Definition 5 that all SOS polynomials are non-negative. Hilbert’s Theorem
(1888) [9] talks about the degrees and dimensions for which a non-negative polyno-
mial can be expressed as a sum of squares (SOS) of polynomials. The result of the
theorem is as follows.

Theorem 3 (Hilbert’s Theorem (1888)). Every non-negative polynomial is SOS only in
the following cases:

1. n=1,d eN,d is even

2.d=2,neN

3 n=2,d=4

A common counterexample of a non-negative polynomial that is not SOS is the Motz-
kin polynomial [13] given by

plx,y)= x4y2 + y4x2 +1— 3x2y2.

2.3 Semidefinite Programs and SOS polynomials

We will now look at how an SOS constraint can be formulated as a Semidefinite Pro-
gram (SDP). SDPs are tractable can be solved efficiently, hence this formulation of
SOS constraints make a difficult problem tractable. This subsection is adapted from
the lecture notes [8].

For convenience, we define

L:= dlde[X] = (n -(; d))

n+ Zd)
2d )
We fix a basis of R;[x] and collect its elements in the polynomial vector

U:=dimRy[x] = (

p1(x)
p(x):=
pr(x)

Similarly we collect the elements of a basis of R,,;[x] in the polynomial vector
q1(x)

q(x):=
qy(x)

6
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In order to transform a SOS constraint into an SDBE we recall a proposition that defines
a Gram matrix.

Proposition 1. A polynomial o € R,,;[x]is SOS if and only if there exists a symmetric
positive semidefinite matrix S called the Gram matrix such that o = p(x)"Sp(x).

The proof can be realized from the proof of Theorem 2 with U(x) = S,m = L and
¥ = p(x). We can conclude from Proposition 1 that checking if a polynomial o is SOS
reduces to checking if it has a positive semidefinite Gram matrix S.

We can now define a linear operator to have a relation between p(x) and g(x). This
will be important to build the constraint of the SDP In the following Lemma, S’ stands
for the set of L x L symmetric matrices.

Lemma 2. Let p,q, L, U be defined as above. There exists a unique operator A : RY — St
such that

A(g(x)) = p(x)p(x)".

Proof. Since p(x) is defined as a basis of R;[x ], we have that p;p; € R,4[x] for all pairs
of indices (i, j) € {1,2,...,L}2. This implies that there exist coefficients Aij , A;j e Ag
such that p;p; = Aiqul +...+ quU. Since p;p; = p;p; we have that )L;j = Af, SO we
can construct symmetric L X L matrices

AH AIZ . AlL
A’él Alﬁz L AlﬁL
Ai=| & %7 1, k=1,2,...,U.
1,12 gl
Ao A A
We can now define a linear operator A for y € RU by

AY) =My, +...+Ayyy,

which is the desired operator. O

Since A is a linear operator, we can define an adjoint operator A* : S* — RVY. It can be
verified that A* acts on S € S* to give

<A155>
A(S) = S
(AU7S)

where (A, B) denotes the Frobenius inner product between matrices. From the defini-
tion of A and A*, we can infer that
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p(x)"Sp(x) = (S, p(x)p(x)") = (S, A(q(x))) = A*(S) - q(x).

In other words, A*(S) gives us the coefficients of p(x)’Sp(x) with respect to the basis
g(x). From Proposition 1, we can see that the vector A*(S) must match with the coef-
ficients of o when represented in the basis q of R,,;[x]. Defining the coefficients of o
as the vector

01
coeff ()= : |,
Ou

we can define the SDP equivalent to checking if the polynomial o is SOS:

Find sest
such that A*(S) = coeff (o). (D
S=0

If there exists a solution to the SDP (1), then o is SOS. The SDP (1) can be modified
to have different objective functions such as (0,S) or tr(S), which will give different
results for the SOS decomposition of o if there is a solution.

The numerically tractability of SDPs is primarily due to their convexity and strong
duality properties [8], hence allowing the SOS reformulation of NP-hard problems to
be solved in an easier and faster way.

2.4 Convexity and SOS-Convexity

Next, we review a tractable notion of convexity based on SOS polynomials. We begin
by recalling the definition of a convex function.

Definition 7 (Convex function). A function f is said to be convex if

fAx+ (A —=2)y)<Af(x)+(A—=A)f(y) forall x,y e R"and all A € [0, 1].
The next result shows that convexity can be established in a number of equivalent
ways.

Proposition 2 (First order and second order characterization of convexity, adapted
from [1]). Let p := p(x) be a polynomial, Vp := Vp(x) be its gradient, and H(x) :=
V2p(x) be its Hessian. Then the following are equivalent:

1. p is convex.
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2. p lies above the supporting hyperplane at every point. In other words,
p(¥) = p(x)+ Vp(x)'(y —x) for all x,y € R". 2)

3. H(x) is a positive semidefinite polynomial matrix for all x € R". In other words,

y'H(x)y >0 for all x,y € R™. 3)

We denote En,d as the set of convex polynomials of degree d in n variables and C, ; as
the set of convex forms of degree d in n variables. For matrix valued polynomials, we
define the set of convex polynomials of degree d on the matrices in R¥*" as EN’n,d and
Cy n,q for non-homogeneous polynomials and forms respectively.

Convex functions are useful in optimization, but in general it is not computationally
tractable to check if a function is convex. This is also true for functions as "nice” as
polynomials. So, we now define a SOS strengthening of convexity as defined in [1].

Definition 8 (SOS-convexity). A polynomial p(x) is said to be SOS-convex if its Hes-
sian H(x) = V?p(x) is an SOS-matrix.

If we replace the non-negativity constraints in the characterizations of convexity in
(2) and (3) with SOS constraints, we obtain a non-trivial analogue of Proposition 2
for SOS-convexity.

Proposition 3 (Characterization of SOS-Convexity, adapted from [1]). Let p := p(x)
be a polynomial of degree d in n variables with its gradient and Hessian denoted
respectively by Vp := Vp(x) and H := H(x). Let g,, gv, and gy be defined as

g:(x,y)=(1—=2A)p(x)+ Ap(y) —p((1—A)x + Ay), 4
gv(x,¥)=p(y)—p(x)—Vp(x)'(y —x), (5)
gv2(x,y) =y H(x)y. (6)

Then, g,(x,y) is SOS < gy(x,y) is SOS < gy=(x,y) is SOS (i.e., H(x) is an
SOS-matrix).

We denote fl\(j’n,d as the set of SOS-convex polynomials of degree d in n variables and
%.C, 4 as the set of SOS-convex forms of degree d in n variables.

Article [1] talks about the gap between Convexity and SOS-Convexity. It can be shown
that C, ; = XC, 4 for the same values of n and d as in Hilbert’s Theorem 3.

Proposition 4 (Adapted from [1]). The equality fﬁ’n,d = én,d holds if and only if:

* n=1,d € N even (univariate even degree polynomials).

* n€N,d =2 (quadratic polynomials).

9
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* n=2,d =4 (bivariate quartic polynomials).

Unlike Hilbert’s theorem, the values of n are different for forms. This is summarized
as follows.

Proposition 5 (Adapted from [1]). The equality XC, ; = C, 4 holds if and only if:

* n=2,d € N even (bivariate even degree forms).
* n € N,d = 2 (quadratic forms).

* n=3,d =4 (trivariate quartic forms).

For all other values of n and d, it can be shown that the inclusions fl\é’n’d C En,d
and XC,4 C C, 4 are strict. Examples of convex but not SOS-convex polynomials in

52’6\56’2’6, 63’4\56’3’4, C36\XC36 and C,,\XC, 4 can be found in [1]. The same work
also shows that having counter examples in these sets implies the strict inclusion for
higher values of n and d.

2.5 Polyconvexity

We now recall the definition of a polyconvex function and some of its basic properties
as stated in [6].

In the following definition, adj, & stands for the matrix of all s x s minors of the matrix
EeRN*" 2 <s <min{n,N} and

min{N,n}

=)0

s=1

Definition 9 (Polyconvex function). A function f : RN*" — R U {+ 00} is polyconvex
if there exists a convex function g : R*™™" — R U {+ 00} such that

f(&)=g(T (&)

where T : RV*" — R*W-1) js such that

T(&)=(&,adj, &, ..., adjyingy n €)- (8)

We can see from this definition that if we have a convex function f, then taking g = f
gives that f is also polyconvex. Hence every convex function is polyconvex. We now
look at some examples of polyconvex functions that are not convex.

10



2 Background

Example 1. Consider the functions
f:R*? >R,g:R—>R,g(5)=252

f(&) =g(det&) = (det&)>.

It is clear that the function g(5) = 62 is convex, hence f is polyconvex. Considering the
hessian of f evaluated at I, (the 2 x 2 identity matrix), we obtain

2 0 0 —4
) o 0o =2 o
-4 0 0 2

0 -2
We can see that the minor [_2 0 ] has a determinant of —4, which tells us that f is

not convex. Hence f is polyconvex but not convex.

Example 2. Consider the functions
fiR¥? SR, g:R¥?xR >R,

g(X,8) = [IXI* + 5%,
f(&)=g(&,det&) =IE]I* + (det &)*.

It is clear that the polynomial g(X, &) is a convex function as it is a sum of convex po-
lynomials, which tells us that f (&) is polyconvex. Again, computing the hessian of f (&)
evaluated at I,, we obtain

14 0 0 16

0 2 40
2 —
\Y f(£)|§=12 - 0 —4 2 0

16 0 0 14

—4 2
not convex. Hence f is polyconvex but not convex.

We can see that the minor [ ] has a determinant of —12, which tells us that f is

It is also important to note that the convex function g is not always unique for a given
polyconvex function f. For example, consider the function

fR*? SR, f(E) =IE]*

The functions
gl(g)a) = ?1 + giz + 551 + 532 and

82(8,0) = (811 =) +(E12+E21)* +2a

11
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are both convex and satisfy g,(T(&)) = f(&),2,(T(&)) = f(&) but g, # g,. Hence,
the representation of the convex function is not unique.

A polyconvex function can also be defined in the following equivalent way for functi-
ons f that only take finite values.

Proposition 6 (Polyconvex function - first order definition, adapted from [6]). A func-
tion f : RV — R is polyconvex if, for all matrices &,1 € RV*", there exists a vector-
valued function 8 : RV*" — R*®:™ such that

f) = f(E)+(B(E); T(n)—T(&)). (10)

We now look at an important example from [6].

Theorem 4 (The example of Alibert-Dacorogna-Marcellini). Let y € R and let f, :
R2*2 — R be defined as

&)= EIPUIEN? — 2y det &). (11)

Then
f,isconvex < |y| <y, = 23£, (12)
f, is polyconvex < |y|<y,=1. (13)

This example talks about a specific function f, that is dependent on the parameter y.
Having certain bounds on y determines the convexity/polyconvexity of the function
f,- This example will play a key role in our study of SOS-polyconvexity, which will be
discussed in Chapters 3 and 4 below.

12
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3 SOS-polyconvexity

We have seen in Chapter 2 how SOS-convexity was defined by replacing the non-
negativity constraints of convexity in (2) with SOS constraints. The central contri-
bution of this thesis is to define SOS-polyconvexity by repeating the same with the
definitions of polyconvexity. As discussed in subsection 2.3, these SOS strengthenings
will make it more tractable to check if a given polynomial is polyconvex.

Given the two equivalent definitions of a polyconvex function, the standard definition
9 and the first order definition in Proposition 6 , we can define an SOS strengthening
to polyconvexity in two ways. Contrary to the equivalent definitions of SOS-convexity
in Proposition 3, we will see that the two approaches to defining SOS-polyconvexity
are not equivalent.

3.1 Approach 1

The first approach to defining SOS-polyconvex functions is to replace the convexity of
g in Definition 9 with SOS-convexity.

Definition 10 (Type-1 SOS-polyconvexity). A polynomial f (&) : RN*" — R is said to
be Type-1 SOS-polyconvex (Type-1 SOS-PC) if there exists an SOS-convex polynomial
g : R*WM — R such that f(&) = g(T(£)).

We denote ZIPC;],H) 4 as the set of Type-1 SOS-PC polynomials f of degree d. When

N = n, we simplify the notation to £PC] ..

From subsection 2.4, we know that any SOS convex function is also convex. Apply-
ing this to g in Definition 10, we can see that any Type-1 SOS-PC polynomial is also
polyconvex.

It is easy to construct Type-1 SOS-PC polynomials that are not convex. The next ex-
ample shows such a construction.

Example 3. Consider the polynomial f defined as follows:
fiR¥? SR, f(E) = [I€]” + (det &)™ (14

Defining g : R¥* xR - R, g(X,8) = ||IX||*> + 62, we get

V2g(X,8) = 2I; = (V2I)T(V2I5). (15)

From this decomposition of the hessian, we can conclude that g is SOS-convex by (6) in
Proposition 3. Hence f (&) = g(&,det&) € BPC,,.

From (9) in example 1, we can see that (det &)? is not convex. Hence f is Type-1 SOS-PC
but not convex.

13
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We now look into the relationship between SOS-convex and Type-1 SOS-PC polyno-
mials.

Lemma 3. For all N,n,d € Nwith N,n>1,%Cy 4 C ZPCI}, 4 with strict inclusion.

Proof. Itis clear that any polynomial f in ©Cy , 4 can be identified as a polynomial in
%PC, ., by taking g = f in Definition 9.

To show that the inclusion is strict, consider the matrix & € RV*" and consider the
function f (&) = (§11E9, — £1251)%. The only non-zero principal submatrix of V2f is
the 4 x 4 matrix

0O 0 0 1
0 0 -1 0
0O -1 0 0}’
1 0 0 O

which is not PSD. So, one can verify easily that we have that f (&) is not convex and
hence not SOS-convex. In contrast, it is clear that f is Type-1 SOS-PC. Thus we have
a strict inclusion. O]

3.2 Approach 2

We now look at defining an SOS-polyconvexity strengthening using the first order
definition in Proposition 6.

Definition 11 (Type-2 SOS-polyconvexity). A polynomial f (&) : R¥*" — R is said to
be Type-2 SOS-polyconvex (Type-2 SOS-PC) if for all matrices &, € RV*", there exists
a vector-valued polynomial B : RV *" — R*W" such that

fm)=f(&)—(B(E); T(n)—T(&)) (16)

is SOSinm and &.

We denote ZPCﬁ, .4 as the set of polynomials f of degree d that satisfy the definition
of Type-2 SOS-PC. In the case of N = n, we simplify the notation to £PC? ..

From subsection 2.2, we know that any SOS polynomial is non-negative. Applying
this to equation (16), we can see that any Type-2 SOS-PC polynomial satisfies the

first order definition of polyconvexity. Hence, all Type-2 SOS-PC polynomials are also
polyconvex.

We now look at an example of a Type-2 SOS-PC polynomial, using the same polynomial
f from example 3.

14
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Example 4. Consider the Type-1 SOS-PC polynomial f from (14) in Example 3. We
claim that f is Type-2 SOS-PC. We need to show that there exists a polynomial matrix
B1(&) € R**2 — R?**? and a polynomial scalar f,(&) : R***> — R such that

FM)—=fF(E)—(B1(E);n—&) — Bo(&)(detn —det &)

is SOS in n and &.

With 3,(§) = 2& and f,(§) = 2det&, we find that

fF)— f(E)—(B1(8);n — &) — By(&)(detn —det &) = [In — &|I” + (detn — det £)*.

The last expression is evidently SOS, hence f € ZIPCZ2 5

3.3 Relationship between SOS-polyconvex definitions

We have seen in Example 4 that a function can be both Type-1 SOS-PC and Type-2
SOS-PC. So, we now aim to explore the relation between the two definitions of SOS-
polyconvexity.

Theorem 5. £PCy , S EPC; ..

Proof. Consider a polynomial f € ZPC, .. Then, there exists a polynomial g SOS-

convex such that (&) = g(T(&)). We aim to show that there exists a polynomial
vector 3 : RV — R*W:n) sych that

fF)—fE)—(B(E); T(n)—T(&)) is SOS for all &, n € RV

Since g is SOS-convex, we get from (5) in Proposition 3 that

gv(X,Y) is SOS, where X, Y € R*®%:"),

Since the maps £ — T(&) and n — T(n) are polynomial maps, we conclude that
gv(T(&), T(n)) is also an SOS polynomial of £ and 7). This tells us that

gv(T (&), T(n))=g(T(n))—g(T(&)) —(Vglrey T(n)—T(&))
is SOS.

Since f (&) = g(T(&)) and f(n) = g(T(n)), we have

gv(T (&), T(m) = f(n)— f(&) = (Vglre), T(n) — T(&)).

Hence, the definition fo Type-2 SOS-PC holds with (&) := Vg|;). O
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3 SOS-polyconvexity

We have seen that every Type-1 SOS-PC polynomial is also Type-2 SOS-PC. Our next
aim is to determine that this inclusion is strict. We now state the main theorem of this
thesis, which shows that the inclusion is strict at least when N =n =2 and d > 4.

Theorem 6. The inclusion £PC, ; C £PCZ , is strict for all d > 4.

The result of this theorem shows that the two approaches to defining an SOS strengt-
hening of Polyconvexity are not equivalent, illustrating the key difference between
SOS-Convexity and SOS-Polyconvexity. We will prove this theorem by exhibiting that
the function f, defined in (11) is an element of ZPCZZ’ 4\ZIPC21, , in the following chap-
ter.

16



4 Proof of Theorem 6

4 Proof of Theorem 6

Consider the function

£(&) =IEIPUIEI* — 2y det ),

as defined in Theorem 4. We will show that:

« f,eTPCl, =yl <y. =22 ~0.94281 < 1.

, 2
fi€ LPCy,.

Then, f, € £PC;,\LPC,,, proving Theorem 6.

Remark 1. We can observe from [6] that
£,(Q&) = f_,(&) for every & € R*? and Q € O(2) with detQ = —1.

Hence, f, is convex (respectively polyconvex) if and only if f_, is convex (respectively
polyconvex). Thus considering the value of v, we can restrict the value to y > 0 without
loss of generality.

4.1 Defining the structure of g(&,det&)

We first determine the value of y such that

f(&)e ZPCQA.
In other words, we seek y such that

f,(&) = g(&,det &) for an SOS-Convex polynomial g. (17

To do this, we first try to derive a form for g.

Lemma 4. Assume f,(§) = g(&,det&) for g : R?*2 x R — R polynomial. Then, there
exists a polynomial h(&, 6) such that g(&,0) = f,(&) + (det& — 6)h(&, 0).

Proof. Using Theorem 1, the proof follows from the fact g(§,6)—f,(&) € #(det£—5)

if we can show that the polynomial ideal generated by det& — 6 is real radical. To do
this we employ Lemma 1.

Define the ideal generated by det& — 6 as

S(detf —06) ={(det& —06)h(&,6)lh e R[E, 5]}

17



4 Proof of Theorem 6

Let 0(&,0) € #(det& — &) be such that o is SOS. By the Definition of .#(det& —6),

m

o(£,6) =Y p? = (det& — 5)h(£,5). (18)
i=1
Clearly, o(&,06) = 0 for all £, 6. We can also see that o(&, 6) vanishes when 6 = det&.

Substituting 6 = det & in (18), we can infer that
0= > p*(&,det&) > p*(&,detg) > 0
i=1

for all polynomials p;, p,, . . ., p,,- This implies that p?(g, det&) =0, hence p;(&,det&) =
Oforall je{1,2,...,m}.

This tells us that 6 = det & is a root of the univariate polynomial 5 — p;(&, 6) for fixed
&, hence we can write p; in the form (det — &)p; for all j € {1,2,...,m}.

So, we obtain p; € #(detE —6) for all j € {1,2,...,m}, which implies #(det& —6) is
a real radical ideal by Lemma 1.

O

4.1.1 Defining the structure of h(&, )

Now that we have established that g(&,6) = f,(§) + (det& — 6)h(&,5), we aim to
explore the structure of h(&, 5). As we will be comparing the quantities det& and 6,
we will henceforth take & to have a weighted degree of two in comparison to the
entries of &.

So, we define a weight vector w = (1,1,1,1,2) and define d = (w, a) as weighted
degree. With the help of this weighted degree, we split h(&, 6) into homogeneous
parts of fixed weighted degree. Specifically, we write

p
h(g,8) = hy(£,6),
d=0

where

hy(5,8)= Y. EHERERERESh,,. (19)

(w,a)=d
and p € N such that
p < max(deg, g —2,deg; g —1).
In particular, h is defined as a constant, h, is defined as

hi(&,8) = by1&11 + b12& 10 + by &gy + bypés, (20)

18



4 Proof of Theorem 6

and h, is defined as

hy(&,0) = Cugfl + 10811812 T €9&11€01 + €110 + C7§§2+

(21)
6612821 T 5812800 + 04531 + 38080 + 62532 + ;0.

Note that linear terms in 6 do not appear in h, because 6 has a weighted degree of
two. Similar considerations apply to h,. Next, we give a more explicit structure for
hy,h; and h,, which will show that f, is Type-1 SOS-PC only if y < %ﬁ We proceed
in three steps.

4.2 Step ].: hO - hl - O.

According to assumption (17), we have that g(&,0) = f,(&) + (det€ — 6)h(&, ) is
SOS-convex. Since any SOS-convex polynomial is also convex, we can conclude from
(3) in proposition 2 that V2g(&,5) = 0 for all £, 6.

We can now use the structure of h(&, §) to split V2g(&, §) into matrices Moy, My,...,M,,.
In other words,

V?g(&,8) =M, +M,(§,8)+...+ M,(&,6),

where the polynomial matrix M, (&,5) € R[&,5]°° is the homogeneous part of Vg
of weighted degree k for k € {0,1,...,p}. The explicit expressions are complicated
and are not reported for brevity.

Now fix € > 0 arbitrary for a given &, 5. Plugging €&, €25 into V2g(&, §), we obtain

P
V2g(€8,€25) = My + €My (E,8) + €2 My(E,8) + Y €M, (£,6) = H(E,5,€). (22)

d=3

This implies that H(&, 8, €) is positive semidefinite for all £, §, and € > 0. By continuity
of the matrix-valued polynomial € — H(&, 8, €), we must have H(&,5,€) = 0fore = 0.
In other words, H(&, 8,0) = M,, = 0. Written in full, this constraint is

0 0 0 hy, —by;
0 0 —hy 0 —bq,
My=| 0 —hy 0 0 —by | =0.
ho 0 0 0 —by
—byy —byy —by —by —2¢
This requires that
¢, <0. (23)

Moreover, since the first four entries on the main diagonal are zero, we must also have
that
hg = b1; = b1y = by = by, =0,

which, in particular, implies that h; = 0 by equation (20).
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4 Proof of Theorem 6

4.3 Step 2: h, = —a(det& +0)

Now we look at the 4 x 4 top-left block of the hessian V?g, where M, vanishes. Ex-
amining the 4 x 4 top-left block M, we obtain

285,b11 —&51b11 +&02b1 —&12b11 + E50bn 2811b11 + &1ab1a + Ea1bo1 + 2855 by,
* =289 by —&11b11 —2815b1, = 2851 by — Exn by E11b1a—Ea1 by
* * —2&15by E11ba1 — &1abyy
* * * 2&11by,

where * denotes symmetric entries omitted for convenience.

Substituting h, = 0 and h; = 0, we can see that the 4 x 4 top-left block of M; vanishes.
Then, looking at the same 4 x 4 top-left block of H(&, 6, €), we see that

p
[H(E,5,€)]404 = € ([Mz(g, 6)laxa +Zed—2[Md(§, 5)]4X4) >0VE Sande>0

d=3

Again, by continuity of the polynomial mapping ¢ — [H(&, 8, €)]44, We have that
[M5(&,0)]4xs = 0 for all &, 5. Substituting & = 0, we obtain

_2C115 _C105 _C95 C15 - C85
_ —C100 —2c¢,0 —€10 — 60 —C56
[M5(0,0)]4xq = —Ce8  —€,;8 — 6 —2¢,6 —c30 =0
10 —cgd —c50 —C36 —2¢,0

for all values of 6.
As [M,(0, 6)]4x4 is linear in 6, we obtain

Cy=0C3=1C4=1C5=0Cy; =Cyg=Cyp=0Cy; =0and
Cl == _C6 ES CS'
By substituting a = —c; = ¢4 = —¢g, We obtain h, = —a(det & +6), which is the desired

result. We also note from (23) that

a=-—c =0. 24

4.4 Step 3: f, is Type-1 SOS-PC only if |y| < %

Finally, we use the structure of hy,h; and h, obtained above to show that f, Type-1

SOS-PC only if |y| < 23ﬂ By substituting &,, = £,; = 0 and 6 = 0 into [M,(&,6)]4xa
and looking at a specific 2 x 2 minor, we find that

H(E) = [ 125% - 12511522}’_2515%2 +4§§2 _65%7’_4(1511522 + 8511522_6532}’] >0
—65%17/—4“511522+8511€22_6€§2Y —2a€§1+4€§1—12€11€22y+12£§2 -
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4 Proof of Theorem 6

Substituting £,; = r cos %, &,y =rsin %, we obtain

%det(H(g)) =&(0)=Asin’0 +Bsin0+C >0

for all values of 6 € [—m, 7]

A=9y*+6a—2a?
where { B=—12y — 3ay,
C =12—6a—9y2.
Substituting 6 = 0, we obtain that C > 0. In other words,

4 2
c:12—6a—9y220:>y2s§—§a,

y2>0=>a<2.

Thus, we must have

4 2
0<|y|<\|=—2q,
|7l 3
0<a<2

(25)

(26)

(27)

(28)

(29)

We can see from (27) that y? attains its maximum at the smallest value of a. The

bounds in (29) imply
2
|Ymax| <

<7

(30)

From (25), we know that ®(0) > 0 for all values of 0. This is true if and only if

<I>(9A) > 0 for all minimizers 0 of ®. In other words,

(25) < ®(H) >0 V0 such that ¥'(§) =0,

where

®'(0) = cos(0)(2Asin(6) + B).

We now distinguish two cases.

(3D

Case 1: —% > 1. Inthis case, the only 8 satisfying (31) solves cos(6) = 0 or sin(0) =

1, s0 6 = £7. Then, we need

T
@(E)=A+B+CZO,
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4 Proof of Theorem 6

T
CI)(_E) =A—B+C=0.
Adding these two inequalities, we obtain

3
A+C:12—Za220:>a§4,

which is already implied by (29).

From (28) and (29), we see that B = —12y — 3ay < 0. We can also see that the
minimum of A is attained at y = 0, which implies that the minimum of A ranges
between 0 and 9 for a satisfying (29), hence A > 0.

By assumption, we also have that |§| > 1. From B < 0 and A > 0, we obtain that
—-B
51 = 1. Then,

2A+B <0,

or equivalently,

p(y,a) =18y*—y(12+3a) + (12a—§a2) <0. (32)

Since y must be real, this requires that p(y, a) has real roots, which in turn means that
we must have non-negative discriminant. Thus, we must have

13a¢>—88a+16>0

Thus, either

<— ~0.1869,

44— 1728
13

or
44+ V1728
az2———

A 6.5822.
13

Since we know that a € [0, 2] from (29), only the first option is valid and, therefore

a €[0,0.1869]. (33)

We now aim to find the largest root y,(a) of p(y,a) and maximize it over a in the
interval (33). The largest root of p(y, a) is given by

(4+a)+ +13a2—88a + 16

ri(a) = 12

Computing the derivative with respect to a, we obtain
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4 Proof of Theorem 6

13a—44
V13a2—88a + 16

12y (a) =1+

We claim that vy, (a) is decreasing in a, in other words, v, (a) < O foralla € [0,0.1869].
We can see that

13a—
y (@) <0 e 1+ - <o

v/13a2—88a + 16

This is true only if

(i)a< % ~3.384,
(i) 13a —88a +16>0,
(iii) 13a*>—88a + 160 > 0.

From the bounds of a in (33), we can see that (i) and (ii) are true. Computing the
discriminant of (iii), we see that it is negative. Hence for the values of a in the interval
[0,0.1869], y_(a) is decreasing in a. Thus we obtain

1 =7.(0)=

wIN

<2
<=

Case 2: | — %I < 1. In this case, there is an extra stationary point sin(6) = %.
Substituting this choice of 6 in ®, we must have

—B\? —B B2
0<A|l— ] +B|—=|+Cc=——+C
2A 2A 4A
= B2—4AC <0.

Substituting the values of A, B and C from (26), we obtain

—81y* + g(a2 —28a+16)y% + ga(a2 —10a +16) > 0. (34)

The left-hand side of this inequality is a quadratic in y?, and that it opens downwards.
This tells us that the value of y? lies between the two roots of (34). Computing the
two roots and only considering the non-negative one, we obtain

) 1 5 8
r’<—a*—Za+-.
18 9 9

As this is the only non- negatlve root, we can conclude y2 € [0, = 5a §a + 8] Maximi-
zingy = 4/ +5a%— —a +35 3 with respect to a € [0, 2], we obtain that Yy = 2‘/_ ata =0.
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4 Proof of Theorem 6

Conclusion: Combining the two cases considered above, we can conclude that if f, is
Type-1 SOS-PC then

max max

ly| < max{y™,y5™} =7}

_2v2_

3 Ye- (35)

4.5 Proofof f, € ZIPCZZ4

We now show that the function f, as defined in equation (11) is Type-2 SOS-polyconvex
when y = 1. Written in full, we aim to prove that

AE) = EIPUIEN? —2det &) € =PC;,.

By Definition 6, we try to find a polynomial vector 3(£) € R[£]> such that

Fi(m) = (&) = (B(&); T(n) — T (&) (36)

is SOS in & and 7. We can see that equation (36) has the structure of a first or-
der approximation of f;(n) around f;(&). Hence we consider (§) = V¢|; ) where
d(&,6) =IEII*(]IE]|* — 268), and check if (36) is SOS. In other words, substituting

48, (I1E11> — det &) — 2[|E[IE
48, (lIE]17 — det &) + 2[IE]17E 5,

B(E) = | 4Exn(IE]I* —det&) + 2|E[1?E (37)
48, (151> — det &) — 2[|&]|*E 1,
—2[|&|?

in (36) with A =n —&, we can see that

fr(m) = f1(E)—(B(&); T(n)—T(&)) = (Afl - A12A21)2 + (Afz - A11A22)2

(38)
+(A§1 — A AR+ (A§2 — A Ag)

It is clear from (38) that (36) is SOS in 1 and &. Hence we have that f; € Z}PC22 4
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5 Conclusion

In this thesis, we have seen that there are two ways to define an SOS-strengthening to
polyconvexity and explored the relationship between them. We have established that
all Type-1 SOS-PC polynomials are Type-2 SOS-PC but the reverse is not true, at least
in the case of N = n = 2, using the example of Alibert-Dacorogna-Marcellini.

The strict inclusion between these SOS strenthenings remains an open problem for
the general cases of all N,n. An interesting path to prove this strict inclusion for the
general case is investigate a generalized version of the example of Alibert-Dacorogna-
Marcellini. For example, one could consider the function

fy R S Rwith Nyn> 1, f, = IEI2UIENP — 2y (811822 — E12821))-

One can further examine this function to formulate an argument analogous to the
proof in Chapter 4.

Since Type-2 SOS-PC is more general than Type-1 SOS-PC, we suggest to adopt Type-2
SOS-PC as the standard definition of SOS-Polyconvexity and call it SOS-PC for brevity.
As stated before, the SOS strenthening can be used to formulate an SDP that checks if a
polynomial is SOS-PC and hence polyconvex in a numerically tractable way, which can
be useful when solving minimization problems in the field of Calculus of Variations.

The possibility to check computationally if a polynomial is SOS-PC, of course, is only
useful if SOS-PC polynomials are common. It would therefore be interesting to check
how many polyconvex polynomials in literature are in fact SOS-PC. Such computations
can also help investigate if there exist polyconvex polynomials that are not SOS-PC.
We expect such polynomials to exist, just like there are convex polynomials that are
not SOS-Convex [1], but we do not know of explicit examples yet.

The SOS-PC strengthening defined in this thesis can be used in other ways. In nonli-
near elasticity, the stored energy density function W(F) being polyconvex is sufficient
for well-posedness ([2]). Direct modeling of W for composites or biological tissues is
difficult. The definition of polyconvexity by Ball ([2]) has been used to formulate ways
to perform regression to approximate the energy function W. The idea is to parame-
trize the the energy function G of the minors T (F) and enforce convexity on G, while
fitting G to data points {F;, W;}. This results in a polyconvex W with W(F) = G(T(F)).
There have also been neural network based approaches, which can be found in [10].
However, we have also seen that solving a problem with convexity constraints are NP-
Hard ([11]). One possible way could be to build a SOS-PC approximation to a given
function, by the least-squares regression for example, at carefully chosen data points.
This gives a way to construct SOS-PC polynomial energies from data, which could
be useful in the modelling of composite materials. SOS-PC regression from simulati-
on/experimental data gives a principled way to build valid energy models.
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5 Conclusion

The method of using SOS and other polynomial optimization techniques in the fields
of Calculus of Variation (CoV) can be explored further. The minimization of the energy
functional of a body under deformation is the central problem in CoV, i.e.

1
u€H; ()

inf I(u(x))= inf JW(Vu(x))dx. (39)
ueH} ()
Q

If W is bounded from below, then there exist the convex, polyconvex, quasiconvex
envelopes of W, denoted by W¢, WP and W respectively. Correspondingly, under
certain technical assumptions, we can see from [7] that

infI(u) = minJ Wi > minf WPe > minJ we.
u u u u
Q Q Q

Hence, it is clear that one way to overcome the problem of nonexistence of minimizers
of I due to lack of quasiconvexity is to replace E with its quasiconvex envelope W4,
This is in particular useful for numerical discretizations of the variational problem
(39). Unfortunately, computing the quasiconvex envelope W is very hard. Computing
the polyconvex envelope W*¢ is simpler, hence it is commonly used in practice.

Bartels ([3]) provides an algorithm that uses an iterative method to approximate from
above the polyconvex envelope WP¢ of a given function W : R¥*" — R. It utilizes a
linear programming approach to approximate the envelope by discretizing the space
of matrices and evaluating the function at these discrete points. The method ensures
that the resulting approximation is convex in all minors, adhering to the polyconvexity
condition. This approximation from above grows large quickly due to the discretization
of matrix spaces, making it harder to compute. However, it can be used to obtain upper
bounds on the polyconvex envelope, even if the problem itself is intractable.

The PEPCE (Pointwise Evaluation of PolyConvex Envelopes) algorithm provided in [7]
is designed to compute the polyconvex envelope WP¢ of a given function W : RV —
R. It formulates this as a constrained optimization problem, where the goal is to find
a combination of matrices A;,A,, ...,A (v n)+1 such that the convex combination of the
functions W(A;) and the associated polyconvex terms satisfy the constraints, thereby
approximating WP?¢(A°) for a given matrix A°.

An interesting application of SOS and polynomial optimization techniques could be
to use SOS methods to construct polyconvex envelopes. Dacorogna ([6]) provides a
formula for computing the polyconvex envelope W?¢ of a function W : RN*" > R at a
given point F € RVN*" given by
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5 Conclusion

WP(F) = inf W(&)d
(F) ety . (&)du
such that f T(E)du=T(F), (40)

fd,uzl.

Denoting the Lagrange multiplier associated with the first constraint by A and the
Lagrange multiplier associated with the second constraint as y, we obtain the dual of
(40) to be

WP(F)= sup y+(A,T(F))
A€RTN.n) yeR (41)

such that W(E) — (A, T(§)) —y >0 VE e RV*"

Replacing the non-negativity constraint with an SOS constraint results in a tractable
way to compute a lower bound of WP°(F). This is complementary to existing me-
thods, which instead compute upper bounds by discretizing u into sum of Diracs,
p=206,+6, +...+08,  andlooking for the matrices Ay, A;,...,A ;. This results in
an interesting path to explore further.
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