
Chapter 1

Mathematical foundations of finite
elements

Lecture contract

Question: how can a finite vector represent a solution of a differential equation? By the
end, derive a weak equation, say precisely what a finite element is, build a conforming
Pk space for any degree k, assemble one small system by hand, read the assumptions
behind the refinement rates, and turn a time-dependent problem into a sequence of the
steady problems you already solve. The principal outputs are the weak formulation, the
four-element hand calculation, and the observation that degree, dimension and time all
reuse one assembly loop. Notebook: 01_fem_foundations.ipynb. Outcomes: O1–O3.

Minutes Activity

00–08 Motivation and Benchmark A; S01–S02
08–21 Strong to weak form; L1-T1; S03–S06
21–32 Spaces and well-posedness; S07–S09
32–45 Mesh, the element triple, and the Galerkin system; S10–S14
45–55 Admissibility check L1-T2 and element families; S15–S16
55–60 Break
60–72 Element contributions and P2; L1-T3; S17–S20
72–82 Four-element assembly L1-T4; S21
82–92 Two and three dimensions; S22–S24
92–103 Orthogonality, rates, and failed hypotheses; S25–S27
103–113 Energy, and evolution by time discretisation; S28–S31
113–120 Synthesis and exit ticket; S32

The appendix slides L1-A01–L1-A12 carry the material that does not fit the contact hour: the
Ciarlet triple in full, Bramble–Hilbert, quadrature error, isoparametric geometry, mass lumping,
and the pure-Neumann case. They are outside both the timetable and the required homework.

1.1 What problem is FEM solving?

L1-N01 What is given, and what remains unknown?

A steady diffusion model balances a flux with a source. With unit diffusivity, the diffusive flux in
one dimension is j = −u′. Conservation j′ = f gives −u′′ = f . Boundary data are part of the
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Chapter 1. Mathematical foundations of finite elements

problem: the differential equation alone does not determine a unique solution. In this lecture
the interval is a one-dimensional instance of Poisson’s equation, also called a boundary value
problem.

Benchmark A: the main course problem

Find a scalar field u : (0, 1) → R satisfying

−u′′(x) = π2 sin(πx), u(0) = u(1) = 0. (1.1)

Set u⋆(x) = sin(πx). Then

u′
⋆(x) = π cos(πx), u′′

⋆(x) = −π2 sin(πx).

Consequently −u′′
⋆ = f , and both endpoint values vanish. This verifies the manufactured

solution; it is not a numerical solution algorithm.

The domain specifies where the unknown lives. The operator −d2/dx2 specifies how it enters
the equation. The forcing f and endpoint values are prescribed data. The output is an entire
function, not just a vector of interior samples. Later, FEM will represent that function by
coefficients in a chosen basis. Only after the basis has been defined does a coefficient vector
acquire spatial meaning.

Why not enforce the equation at every point? A finite collection of coefficients usually cannot
satisfy infinitely many independent pointwise equations. We need a finite, mathematically
justified way to select an approximation. The Galerkin approach asks the equation to hold
against all tests from a finite-dimensional test space. This is not the same as testing a strong
differential equation at a few nodes.

The special sine example is smooth, but the method should not depend on guessing its formula.
Manufactured solutions give us controlled checks of signs, boundary conditions, and convergence.
In Lecture 4, the same analytic formula will be kept out of the training objective: supplying f is
not equivalent to supplying labeled values of u.

This chapter uses five further benchmarks, all with closed-form solutions, so that every claim
about rates can be measured rather than asserted.

Label Domain Problem Exact solution

A (0, 1) −u′′ = π2 sin(πx) sin(πx)
B (0, 1) −u′′ = 2 x(1 − x)
C (0, 1)2 −∆u = 2π2 sin(πx) sin(πy) sin(πx) sin(πy)
D (0, 1) ut = uxx, u0 = sin(πx) e−π2t sin(πx)
E (0, 1)2 ut = ∆u, u0 = sin(πx) sin(πy) e−2π2t sin(πx) sin(πy)
F L-shape −∆u = 0, exact trace r2/3 sin(2θ/3)

A three-dimensional variant of C, with forcing 3π2 sin(πx) sin(πy) sin(πz) on the unit cube, is
used for the tetrahedral experiments.

Check your understanding

Question. What could the unknowns be in a continuous piecewise-linear approximation?
Answer. Its values at the interior mesh nodes, provided the endpoint values are fixed.
The piecewise-linear interpolation rule then defines values everywhere between nodes.
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Chapter 1. Mathematical foundations of finite elements

1.2 From the strong equation to a weak equation

L1-N02 How can we lower the derivative order?

Start temporarily with sufficiently smooth u and a smooth test function v. Multiplication,
integration, and integration by parts give three distinct steps:

−u′′v = fv, (1.2)

−
∫ 1

0
u′′v dx =

∫ 1

0
fv dx, (1.3)∫ 1

0
u′v′ dx − [u′v]10 =

∫ 1

0
fv dx. (1.4)

If v(0) = v(1) = 0, the boundary term vanishes. Notice that it is the test function, not the
derivative of the solution, that is set to zero. The boundary values prescribed for the solution
determine the allowed variations. For homogeneous Dirichlet data, the trial and test spaces are
the same zero-trace space.

Define a bilinear form a and a linear functional ℓ by

a(w, v) =
∫ 1

0
w′v′ dx, ℓ(v) =

∫ 1

0
fv dx. (1.5)

The weak problem is: find u ∈ V = H1
0 (0, 1) such that

a(u, v) = ℓ(v) for every v ∈ V. (1.6)

The next section defines this space. The important change is already visible: only first derivatives
occur in the integrals. Once the weak problem is defined, it makes sense without a globally
existing classical second derivative.

For a sufficiently regular domain Ω ⊂ Rd, the corresponding identity is∫
Ω

(−∆u)v dx =
∫

Ω
∇u · ∇v dx −

∫
∂Ω

(∇u · n)v ds. (1.7)

Let ΓD and ΓN denote the Dirichlet and Neumann parts of the boundary. Tests vanish on ΓD.
If q = ∇u · n is prescribed on ΓN , moving the remaining term to the right gives∫

Ω
∇u · ∇v dx =

∫
Ω

fv dx +
∫

ΓN

qv ds.

This sign convention matches the later FEniCSx formulation [R03].

Nothing in (1.7) refers to a dimension-specific construction. The same two objects a and ℓ will
be discretised in one, two and three dimensions in this chapter, and the assembly code will differ
only in the reference element.

One natural endpoint

Suppose u(0) = 0 and u′(1) = q. Then the tests satisfy only v(0) = 0, and (1.4) gives∫ 1

0
u′v′ dx =

∫ 1

0
fv dx + qv(1).

For u = x, f = 0, q = 1, the left side is
∫ 1

0 v′ dx = v(1) − v(0) = v(1), which verifies the
sign directly.
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Check your understanding

Question. Does zero Dirichlet data imply zero outward derivative?
Answer. No. For the exact sine, u′

⋆(0) = π and u′
⋆(1) = −π, although both solution

values are zero. Essential values and natural derivatives are different data.

1.3 The spaces H1 and H1
0

L1-N03 Which nonsmooth functions are admissible?

For a scalar function on Ω, define

∥v∥2
L2(Ω) =

∫
Ω

|v|2 dx, |v|2H1(Ω) =
∫

Ω
|∇v|2 dx,

∥v∥2
H1(Ω) = ∥v∥2

L2(Ω) + |v|2H1(Ω) .

The gradient expression alone is a seminorm: a nonzero constant has zero gradient. Calling it
the full H1 norm would hide the missing function-value term. More generally, for an integer
m ≥ 0,

|v|2Hm(Ω) =
∑

|α|=m

∥∂αv∥2
L2(Ω) , ∥v∥2

Hm(Ω) =
m∑

j=0
|v|2Hj(Ω) ,

with α a multi-index. The spaces Hm and their seminorms are the exact vocabulary in which
the refinement rates of Section 1.11 are stated, so it is worth fixing the notation now.

A function g ∈ L2(0, 1) is the weak derivative of v if∫ 1

0
vφ′ dx = −

∫ 1

0
gφ dx for every smooth compactly supported φ.

This definition encodes integration by parts without requiring classical differentiability at every
point. The Sobolev space H1(0, 1) contains the square-integrable functions whose weak first
derivative is also square-integrable. The space H1

0 (0, 1) consists of functions with zero boundary
trace. On this interval an H1 function has a continuous representative, so endpoint values have
their usual meaning.

Consider a continuous hat function that rises linearly and then falls linearly. Its classical slope
jumps at the peak, but its weak derivative is the ordinary piecewise-constant slope, which is
square-integrable. Boundary contributions from adjacent subintervals cancel because the function
itself is continuous. Thus the hat belongs to H1, and a zero-endpoint hat belongs to H1

0 .

A discontinuous step s(x) = 0 for x < 1/2, s(x) = 1 for x > 1/2, behaves differently. For a
compactly supported smooth φ,

∫
sφ′ = −φ(1/2). Its distributional derivative is a point mass,

not an L2 function. The step does not belong to H1(0, 1). The problem is a jump in the function,
not merely a jump in its slope.

Two further facts are used repeatedly and are quoted without proof [R05, R06]. The trace
theorem says that on a Lipschitz domain the restriction map v 7→ v|∂Ω, defined first for smooth
functions, extends to a bounded map H1(Ω) → L2(∂Ω); this is what makes “zero boundary values”
meaningful for a function that has no pointwise values. The Poincaré–Friedrichs inequality says
that on a bounded domain there is a constant CP with ∥v∥L2 ≤ CP |v|H1 for all v ∈ H1

0 (Ω); this
is what makes the gradient seminorm a genuine norm on that space.

Nonhomogeneous Dirichlet data require a lift. Choose an admissible glift with the desired trace
and write u = glift + w, w ∈ V0, where V0 has zero Dirichlet trace. Then

a(w, v) = ℓ(v) − a(glift, v) ∀v ∈ V0.
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The trial set is affine; the space of variations is linear. On the interval, glift(x) = (1 − x)g0 + xg1
is a simple choice.

A distinction that matters

In one dimension every H1 function is continuous. In two or more this fails: on the unit
disc, v(x) = log log(1 + 1/|x|) belongs to H1 but is unbounded at the origin. Boundary
conditions are therefore interpreted through traces rather than pointwise values, and “nodal
interpolation” of a general H1 function is not even defined. The continuous finite element
functions used here form a convenient conforming subclass, not a characterisation of every
H1 function.

Check your understanding

Question. Classify a zero-endpoint hat, x, a jump at 1/2, and x(1 − x).
Answer. The hat and quadratic are in H1

0 . The function x is in H1 but not H1
0 . The

discontinuous jump is not in H1. This is exercise L1-T2.

1.4 Existence, uniqueness, and stability

L1-N04 Why is the weak problem well posed?

Let V be a real Hilbert space with norm ∥·∥V . A bilinear form is continuous if some M < ∞
satisfies

|a(w, v)| ≤ M ∥w∥V ∥v∥V ∀w, v ∈ V.

It is coercive if some α > 0 satisfies

a(v, v) ≥ α ∥v∥2
V ∀v ∈ V.

Continuity says the form cannot amplify its arguments without bound. Coercivity says no
nonzero admissible direction has arbitrarily small energy relative to the chosen norm. Both
statements depend on the space and norm, not just on the formula for a.

Theorem 1.1 (Lax–Milgram, the form used here). If V is Hilbert, a is continuous and coercive,
and ℓ is a continuous linear functional on V , there is a unique u ∈ V satisfying a(u, v) = ℓ(v)
for every v ∈ V . Moreover ∥u∥V ≤ ∥ℓ∥V ′ /α.

The theorem supplies existence as well as uniqueness and continuous dependence on the data;
a proof of the general functional-analytic theorem is not required in this course [R05]. For
homogeneous Poisson, set ∥v∥V = |v|H1 = ∥v′∥L2 . Poincaré’s inequality ∥v∥L2 ≤ CP ∥v′∥L2 on
H1

0 makes this a genuine norm equivalent to the full H1 norm. Cauchy–Schwarz gives continuity
with M = 1, and a(v, v) = ∥v∥2

V gives coercivity with α = 1.

For f ∈ L2,
|ℓ(v)| ≤ ∥f∥L2 ∥v∥L2 ≤ CP ∥f∥L2 ∥v∥V .

Testing the weak equation with u also yields the direct energy estimate ∥u∥V ≤ CP ∥f∥L2 . This
is a stability statement: changing the forcing by a small amount in L2 changes the solution by a
controlled amount in the energy norm.
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Direct uniqueness argument

If u1 and u2 solve the same homogeneous-Dirichlet problem, their difference e = u1−u2 ∈ V
satisfies a(e, v) = 0 for all v ∈ V . Choosing v = e gives

∫
|e′|2 = 0, so e is constant. Its

zero endpoint trace forces the constant to be zero. This proves uniqueness but, by itself,
not existence.

Under pure Neumann conditions, constants have zero energy and are admissible. The solution is
therefore determined only up to a constant, and the data must satisfy a compatibility condition.
The optional appendix derives this distinction.

Coercivity is sufficient but not necessary, and it is worth recording the general statement, because
the discrete theory of Section 1.10 depends on which of the two hypotheses one actually has.

Theorem 1.2 (Banach–Nečas–Babuška). Let V be a Banach space, W a reflexive Banach space,
and a : V × W → R a bounded bilinear form. Suppose

inf
v∈V \{0}

sup
w∈W \{0}

a(v, w)
∥v∥V ∥w∥W

≥ β > 0, (1.8)

and that a(v, w) = 0 for all v ∈ V implies w = 0. Then for every ℓ ∈ W ′ there is a unique u ∈ V
with a(u, w) = ℓ(w) for all w ∈ W , and ∥u∥V ≤ β−1 ∥ℓ∥W ′.

The proof is the closed-range theorem applied to A ∈ L(V, W ′), ⟨Av, w⟩ = a(v, w): the first
hypothesis makes A injective with closed range, and reflexivity of W turns the second into the
statement that the adjoint has trivial kernel, so the range is all of W ′ [R19, R20]. Lax–Milgram
is the case V = W Hilbert with a coercive, where both hypotheses follow by taking w = v and
β = α.

Only one of the two hypotheses is inherited by subspaces

Coercivity restricts to any Vh ⊂ V unchanged: the inequality a(v, v) ≥ α ∥v∥2
V holds

in particular for v ∈ Vh. The inf–sup condition does not: the inner supremum in (1.8)
is taken over the smaller set Wh and therefore shrinks, and the outer infimum running
over the smaller set Vh need not compensate. A discrete inf–sup constant βh ≥ β0 > 0,
uniform in h, has to be proved separately for the pair (Vh, Wh), and it then yields
∥u − uh∥V ≤ (M/βh) infvh

∥u − vh∥V [R23]. The standard tool is Fortin’s criterion: if there
is a linear Πh : W → Wh with a(vh, w−Πhw) = 0 for all vh ∈ Vh and ∥Πhw∥W ≤ CΠ ∥w∥W

uniformly, then βh ≥ β/CΠ [R22]. This is the entire content of the compatibility rules
attached to mixed methods: equal-order P1/P1 Stokes elements admit a nonzero discrete
pressure orthogonal to every discrete divergence – the checkerboard mode – and so have
βh = 0, while Taylor–Hood P2/P1 admits a Fortin operator [R21]. Poisson never poses the
question, and that is the only reason this chapter can proceed as it does.

Check your understanding

Question. Which step in the uniqueness proof fails for pure Neumann data?
Answer. The constant difference is no longer forced to vanish by endpoint values. A
normalization such as zero mean is needed after compatibility is checked.

1.5 What a finite element actually is

L1-N05 Why is a basis not the whole story?
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Chapter 1. Mathematical foundations of finite elements

It is tempting to define the method by its basis functions. The standard definition, due to Ciarlet,
is more useful because it separates three independent choices and makes the construction reusable
across degrees and dimensions.

Definition 1.3 (Finite element). A finite element is a triple (K, P, Σ) in which K ⊂ Rd is
a closed cell with nonempty interior, P is a finite-dimensional space of functions on K, and
Σ = {σ1, . . . , σn} is a set of linear functionals on P, the degrees of freedom, that is unisolvent:
the map p 7→ (σ1(p), . . . , σn(p)) is a bijection from P to Rn.

Unisolvence is the whole content. It says the degrees of freedom determine a member of P
uniquely and that every list of values is attainable. Equivalently n = dim P and the only p ∈ P
with all σi(p) = 0 is p = 0. Given unisolvence, the nodal basis {N1, . . . , Nn} ⊂ P defined by
σi(Nj) = δij exists and is unique, and any p ∈ P expands as p =

∑
i σi(p)Ni. The basis is a

consequence of the triple, not an independent ingredient.

Unisolvence can fail

On a triangle, take P = P2, which has dimension six, and choose as degrees of freedom the
values at the three vertices together with the values at three points placed on one single
edge. The count is right. But a quadratic that vanishes at three points of a line vanishes
identically on that line, so it is divisible by the affine function defining that edge; requiring
it also to vanish at the third vertex forces it to zero only after further argument, and in
fact the map is singular. Counting degrees of freedom is necessary and not sufficient; their
placement is part of the definition.

For Lagrange elements, P = Pk(K) is the space of polynomials of total degree at most k, and
each σi is evaluation at a point of a lattice on K. The dimension is

dimPk(Rd) =
(

k + d

d

)
, (1.9)

which gives the familiar counts below. On boxes one instead takes Qk, the polynomials of degree
at most k in each variable separately, of dimension (k + 1)d.

Element d = 1 d = 2 d = 3 Where the degrees of freedom sit

P1 2 3 4 vertices
P2 3 6 10 vertices, edge midpoints
P3 4 10 20 vertices, 2 per edge, 1 per face (2D: interior)
Q1 2 4 8 vertices of a box
Q2 3 9 27 vertices, edges, faces, interior

The pattern in the last column is the one that matters for assembly: degrees of freedom are
attached to mesh entities – vertices, edges, faces, cell interiors – and two neighbouring cells share
exactly the degrees of freedom attached to the entities they share.

That assignment is exact rather than approximate. On a d-simplex the Lagrange lattice point
indexed by α ∈ Nd+1

0 with |α| = k lies in the relative interior of the face spanned by {i : αi > 0},
so the number of degrees of freedom interior to an m-dimensional face is the number of α ∈ Nm+1

>0
with |α| = k, namely

(k−1
m

)
. Summing over faces reproduces (1.9),

d∑
m=0

(
d + 1
m + 1

)(
k − 1

m

)
=
(

k + d

d

)
, (1.10)

which is Vandermonde’s identity. So the entity assignment is a genuine partition of the local
degrees of freedom, with none left over and none counted twice.
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Why entity association gives conformity

Two cells meeting along a common facet F share the degrees of freedom attached to F
and to its sub-entities. On F , the restriction of a Pk function is a Pk polynomial in d − 1
variables, and the shared degrees of freedom are exactly unisolvent for that space. So the
two cells’ polynomials agree on F whenever the shared coefficients agree. The global space
is therefore continuous, hence contained in H1, hence conforming. This one argument
covers every degree and every dimension.

The converse is instructive. The Crouzeix–Raviart element puts a single degree of freedom at
each edge midpoint with P = P1. Two neighbouring triangles then agree at one point of their
shared edge, not along it: the global space is discontinuous and not contained in H1. Such
nonconforming elements are useful, but every estimate in this chapter that begins “assume
Vh ⊂ V ” has to be redone for them.

Not every useful element is Lagrange. Hermite elements take derivative values as degrees of
freedom and give C1 continuity, needed for fourth-order problems. Raviart–Thomas and Nédélec
elements are vector valued and take fluxes through facets, or tangential components along edges,
as degrees of freedom; they are conforming in H(div) and H(curl) respectively rather than in H1,
and they are the right choice for mixed Darcy flow and for Maxwell’s equations. This chapter
stays with Lagrange elements, but the triple is the reason the same software can host all of them.

Check your understanding

Question. Why are two basis functions associated with distant nodes uncoupled?
Answer. Their supports do not overlap in a cell, so the integral of the product of their
derivatives is zero. This local support creates sparse matrices.

1.6 Lagrange elements of any degree on an interval

L1-N06 What changes when k grows, and what does not?

Take the reference cell K̂ = [0, 1], the space P = Pk(K̂) of dimension k + 1, and the degrees
of freedom σa(p) = p(ξa) at the equispaced points ξa = a/k, a = 0, . . . , k. Unisolvence is the
statement that a polynomial of degree k vanishing at k + 1 distinct points is zero, so the nodal
basis is the Lagrange basis

Na(ξ) =
∏
b ̸=a

ξ − ξb

ξa − ξb
.

For k = 1 this recovers N0 = 1 − ξ, N1 = ξ. For k = 2 the three functions, with the midpoint
node ξ = 1/2 listed last, are

N0(ξ) = (1 − ξ)(1 − 2ξ), N1(ξ) = ξ(2ξ − 1), N2(ξ) = 4ξ(1 − ξ). (1.11)

Each is one at its own node and zero at the other two; the two vertex functions dip negative in
the interior, which a hat function never does.

On a physical cell of width he the affine map x = xe + heξ gives d/dx = h−1
e d/dξ and dx = he dξ.

Two derivative factors and one integration factor leave one factor h−1
e in the stiffness matrix; the

mass matrix, with no derivatives, carries one factor he:

Ke = 1
he

K̂, Me = heM̂, K̂ab =
∫ 1

0
N ′

aN ′
b dξ, M̂ab =

∫ 1

0
NaNb dξ. (1.12)
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Figure 1.1: Reference shape functions for P1, P2 and P3 on [0, 1]. Higher degree adds interior
nodes to the same cell rather than adding cells, and the negative lobes of the higher-degree
functions are why nodal values of a P2 field do not interpolate it in the naive piecewise-linear
sense. Generated by tools/make_advanced_figures.py.

Getting those powers of he wrong is the most common assembly bug, and it is invisible on a
mesh with he = 1. For k = 1 and k = 2, in the ordering (left vertex, right vertex, interior node),
exact integration gives

KP1
e = 1

he

(
1 −1

−1 1

)
, MP1

e = he

6

(
2 1
1 2

)
, (1.13)

KP2
e = 1

3he

 7 1 −8
1 7 −8

−8 −8 16

 , MP2
e = he

30

 4 −1 2
−1 4 2
2 2 16

 . (1.14)

Both stiffness matrices annihilate the constant vector, as they must: a constant field has zero
energy. The P2 mass matrix has a negative entry coupling the two vertices, so it is not a
nonnegative matrix, and its positive off-diagonal entries mean it is not an M -matrix either. It
is still symmetric positive definite and strictly diagonally dominant, and nothing in the theory
required more; but a scheme that relies on a discrete maximum principle cannot simply be
handed a P2 mass matrix and assumed to keep it.

The global degrees of freedom are numbered along the interval, so that cell e owns the contiguous
block {ek, ek + 1, . . . , ek + k} and neighbouring cells share exactly their one common endpoint.
With N cells there are Nk + 1 unknowns.

def dof_map(n_elements, degree):
"""Cell e owns dofs [e*degree, ..., e*degree + degree]."""
left = np.arange(n_elements) * degree
offsets = np.concatenate(([0, degree], np.arange(1, degree)))
return left[:, None] + offsets[None, :] # vertex-first ordering

Everything else in the assembly loop is unchanged from the P1 case. That is the practical
payoff of the triple: degree is a parameter, not a rewrite. The module code/l1/lagrange1d.py
implements exactly this and is what produced Table 1.4.

Check your understanding

Question. A student assembles P2 but keeps the P1 two-node local-to-global map. What
goes wrong, and would a symmetry check catch it?
Answer. Each cell would write its 3 × 3 block into a 2 × 2 index set, silently dropping the
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midpoint coupling and overwriting neighbours. The result stays symmetric, so a symmetry
check passes. A convergence study does not: the observed rate collapses.

1.7 From a variational equation to a matrix

L1-N07 Where do the entries of AU = b come from?

Let Vh ⊂ V be the conforming space built from any of the elements above, with global nodal basis
{ϕj}n

j=1 after the constrained degrees of freedom have been removed. The Galerkin approximation
requires

uh ∈ Vh, a(uh, vh) = ℓ(vh) ∀vh ∈ Vh.

It suffices to use each basis function as a test, because every test in Vh is a linear combination of
those functions. Substituting uh =

∑
j Ujϕj ,

∑
j

Uja(ϕj , ϕi) = ℓ(ϕi), i = 1, . . . , n.

Thus define the row index by the test function and the column index by the trial basis:

Aij = a(ϕj , ϕi), bi = ℓ(ϕi), AU = b. (1.15)

For this form, Aij = Aji. For a nonzero coefficient vector z, set vh =
∑

j zjϕj . Linear independence
and coercivity imply zT Az = a(vh, vh) > 0. Therefore the constrained matrix is symmetric
positive definite. Before endpoint constraints, the full stiffness matrix has the constant vector in
its nullspace; positivity must not be asserted at that stage.

For implementation it is often convenient to assemble all degrees of freedom first, including the
constrained ones. Partition the indices into free I and constrained B. The prescribed vector gB

gives (
AII AIB

ABI ABB

)(
UI

gB

)
=
(

bI

bB

)
,

where only the free equations are enforced as unknown equations. The reduced system is

AIIUI = bI − AIBgB. (1.16)

The constrained rows of the unconstrained problem should not be interpreted as extra conditions
on a solution whose trace has already been prescribed.

free = np.setdiff1d(np.arange(n_dofs), dirichlet)
u = np.zeros(n_dofs)
u[dirichlet] = boundary_values
rhs = b[free] - A[free][:, dirichlet] @ u[dirichlet]
u[free] = spsolve(A[free][:, free], rhs)

Replacing constrained rows by identity rows while leaving their columns unchanged can destroy
symmetry. Reduced elimination preserves the symmetric free-block matrix. Production codes
use consistent lifting and constraint procedures; they also exploit sparsity. The dense arrays in
the one-dimensional examples are deliberately restricted to small teaching meshes, and the two-
and three-dimensional modules switch to sparse storage for the reason quantified in Section 1.9.
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The basis is local but badly scaled

Sparsity is not the only property of A that matters. On a quasi-uniform family, norm
equivalence on the reference cell and the scaling of Section 1.8 give the inverse inequality

∥∇vh∥L2(K) ≤ Cinvh−1
K ∥vh∥L2(K) ∀vh ∈ Vh, (1.17)

which is false on V and holds here only because Vh is finite dimensional and generated by
scaling one fixed cell. It forces λmax(A) ≃ Chd−2, while λmin(A) ≃ chd, so

κ2(A) ≃ Ch−2. (1.18)

The measured constant for P1 on the square is κ2(A)h2 = 0.729, 0.790, 0.805, 0.809, 0.810
on the five meshes of Table 1.1. Conjugate gradients therefore need O(h−1) iterations,
and an unpreconditioned solve costs O(N1+1/d). What a multigrid or BPX preconditioner
supplies is an operator B with κ(BA) = O(1) uniformly in h – that is, a discrete realisation
of the H−1 inner product. The h−2 is not a defect of the matrix; it is the mismatch between
the Euclidean inner product on coefficients and the energy inner product on functions.
Degree makes it worse, and how much worse depends on the basis rather than on the
space. The inverse inequality gives λmax(M−1A) ≲ k4h−2 for Pk. The Euclidean condition
number of A behaves like k3h−2 for a Gauss–Lobatto nodal basis in one dimension, but
grows exponentially in k for the equispaced lattice used in Section 1.6: measured in two
dimensions, κ2(A)h2 = 0.73, 4.2, 14, 40, 114 for k = 1, . . . , 5. This is why high-order codes
place their nodes at Gauss–Lobatto points, and it is a property of the chosen basis, not of
Vh.

Check your understanding

Question. Why can setting only UB = gB after solving the zero-boundary problem be
wrong?
Answer. Nonzero boundary data contribute −AIBgB to the free right-hand side. Changing
the boundary entries alone omits their effect on the interior field.

1.8 Reference cells, quadrature, and assembly

L1-N08 How does one cell contribute to the whole system?

The reference-cell idea generalises directly. Let FK : K̂ → K be the affine map from the reference
cell, FK(x̂) = xK +JK x̂, with constant Jacobian JK ∈ Rd×d. Gradients transform contravariantly
and volumes by the determinant:

∇xN = J−T
K ∇x̂N̂ , dx = | det JK | dx̂. (1.19)

Consequently

(Ke)ab =
∫

K
∇Na · ∇Nb dx = | det JK |

∫
K̂

(
J−T

K ∇N̂a
)

·
(
J−T

K ∇N̂b

)
dx̂. (1.20)

Because the map is affine, JK does not depend on x̂ and can be pulled out of the quadrature
loop. Curved cells lose exactly this property, which is the subject of Section 1.12.

In one dimension JK = he and (1.20) reduces to (1.12). Working the P1 case by hand: the local
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basis is N1(ξ) = 1 − ξ, N2(ξ) = ξ, physical derivatives are ∓1/he, and

(Ke)11 =
∫ 1

0

1
h2

e

he dξ = 1
he

, (1.21)

(Ke)12 =
∫ 1

0

−1
h2

e

he dξ = − 1
he

, (1.22)

Ke = 1
he

(
1 −1

−1 1

)
. (1.23)

The local vector (1, 1)T represents a constant field and is annihilated by Ke. A singular local
matrix is exactly what we expect.

For a general forcing,

(Fe)a = he

∫ 1

0
f(xe + heξ)Na(ξ) dξ.

For constant f = 2, each P1 reference basis function has integral 1/2, giving

Fe = he

(
1
1

)
. (1.24)

For the sine forcing, numerical quadrature is convenient. If zq, wq are Gauss–Legendre points
and weights on [−1, 1], the physical points and weights are

xq = xe + 1
2he(zq + 1), Wq = 1

2hewq.

Then (Fe)a ≈
∑

q Wqf(xq)Na((zq + 1)/2). The factor he/2 is not optional: without it, the
discretized right-hand side has the wrong scaling.

z, w = np.polynomial.legendre.leggauss(order)
xi = (z + 1)/2
xq = x_left + h*xi
weights = h*w/2
Fe = np.array([np.sum(weights*forcing(xq)*(1-xi)),

np.sum(weights*forcing(xq)*xi)])

The local-to-global map for a P1 interval element is Ie = (e, e + 1). Assembly is addition:
AIe(a),Ie(b) += (Ke)ab and bIe(a) += (Fe)a. Shared degrees of freedom receive contributions from
every adjacent cell. Overwriting instead of adding destroys those contributions.

How accurate must the quadrature be?

An n-point Gauss–Legendre rule integrates polynomials of degree 2n − 1 exactly. The
stiffness integrand for Pk on an affine cell is a polynomial of degree 2(k − 1), so ⌈k − 1

2⌉
points suffice and the stiffness matrix is then computed exactly, not approximately. The
load integrand involves f , which is usually not a polynomial at all, so the load vector is
genuinely approximate. This asymmetry is worth noticing: the matrix can be exact while
the right-hand side is not.

Using inexact quadrature means the computed solution solves a slightly different discrete problem
than the one analysed. This is a variational crime, and the error it introduces is quantified by
Strang’s first lemma: the total error is bounded by the best-approximation error plus terms
measuring how far the computed forms ah, ℓh sit from a, ℓ. In practice the rule is simple – choose
a quadrature degree that would integrate the stiffness exactly and one order higher for the load –
and the effect disappears below the discretisation error. It does not disappear if the rule is too
crude, and an under-integrated stiffness matrix can even become singular.
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Benchmark B: assemble four elements

Take −u′′ = 2, u(0) = u(1) = 0, with u⋆ = x(1 − x) and h = 1/4. The maps are
(0, 1), (1, 2), (2, 3), (3, 4). Before constraints,

Afull = 4


1 −1 0 0 0

−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1

 , bfull =


1/4
1/2
1/2
1/2
1/4

 .

For example, global entry A11 receives the bottom-right entry of element 0 and the top-left
entry of element 1, hence 4 + 4 = 8. Boundary coefficients are zero, so the interior system
is

4

 2 −1 0
−1 2 −1
0 −1 2


U1

U2
U3

 =

1/2
1/2
1/2

 .

Symmetry gives U1 = U3 = a. The middle equation gives −8a + 8U2 = 1/2, while the first
gives 8a − 4U2 = 1/2. Solving yields

(U0, U1, U2, U3, U4) =
(

0,
3
16 ,

1
4 ,

3
16 , 0

)
.

These are the exact quadratic’s nodal values, but the P1 reconstruction is not the quadratic
between nodes. The agreement tests assembly, not equality of functions. Repeat the
exercise with P2 and the result is different in kind: u⋆ lies in the P2 space, so the computed
field equals it everywhere, to round-off. A method reproduces exactly what its space
contains.

On one cell [a, b], the interpolation error for this quadratic is u⋆ − Ihu⋆ = (x − a)(b − x). It
is positive inside the cell and zero only at its ends. On a uniform mesh, direct elementwise
integration gives

∥u⋆ − uh∥L2 = h2
√

30
, |u⋆ − uh|H1 = h√

3
.

These exact identities provide useful tests of error integration.

Check your understanding

Question. Which operation assembles two elements sharing a node: assignment or
addition?
Answer. Addition. In NumPy use A[np.ix_(ids,ids)] += Ke; using ordinary paired
indexing A[ids,ids] selects only diagonal entries, not the full local block.

1.9 Two and three dimensions

L1-N09 What genuinely changes, and what only looks different?

Everything in Sections 1.5, 1.7 and 1.8 was written for Rd. What a two- or three-dimensional code
adds is not new mathematics but new bookkeeping: a mesh is now a list of vertex coordinates
plus a list of cells, and the degrees of freedom of a higher-degree element are attached to edges
and faces that must be given global numbers.
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Figure 1.2: Benchmark B: the exact quadratic and its four-element P1 solution have identical
nodal values but different interior traces on each cell. This is a genuine NumPy FEM calculation.

Barycentric coordinates. On a simplex with vertices a0, . . . , ad, the barycentric coordinates
λi are the unique affine functions with λi(aj) = δij . They satisfy

∑
i λi = 1, so

∑
i ∇λi = 0 and

every simplex stiffness matrix annihilates the constant vector. They are also the P1 nodal basis,
and every higher-degree simplex basis is a polynomial in them. On the reference triangle with
â0 = (0, 0), â1 = (1, 0), â2 = (0, 1),

λ0 = 1 − ξ − η, λ1 = ξ, λ2 = η,

∇x̂λ0 = (−1, −1), ∇x̂λ1 = (1, 0), ∇x̂λ2 = (0, 1).

The P1 element stiffness matrix follows from (1.19) in one line, because the gradients are constant
on the cell:

(KT )ij = |T | ∇λi · ∇λj , |T | = 1
2 | det JT |. (1.25)

The P2 triangle. Six degrees of freedom: the three vertices and the three edge midpoints.
The nodal basis in barycentric form is

Ni = λi(2λi − 1) (vertex i), Nij = 4λiλj (midpoint of edge ij). (1.26)

Checking that these are nodal is a two-line calculation: at vertex i we have λi = 1 and the
others zero, so Ni = 1 and every other function vanishes; at the midpoint of edge ij we have
λi = λj = 1

2 and λk = 0, so Ni = 1
2 · 0 = 0 while Nij = 4 · 1

4 = 1. The gradients are no longer
constant, so the stiffness integral now needs a quadrature rule; a seven-point rule exact to degree
five is ample for P2.

Meshes and their quality. A cell K has diameter hK and contains a largest inscribed ball
of diameter ρK ; this is Ciarlet’s convention, and it is what makes the equilateral triangle the
minimiser with hK/ρK =

√
3. A family of meshes is shape regular if hK/ρK ≤ γ uniformly over
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Figure 1.3: Degrees of freedom on the same 3 × 3 mesh, and two of the six P2 shape func-
tions on the reference triangle. A vertex function is zero at the other two vertices and
at all three edge midpoints, which is what makes the six functions nodal. Generated by
tools/make_advanced_figures.py.

the family. (Some authors take ρK to be the inscribed radius, which doubles every number below;
check which convention a quoted constant uses.) This is not a cosmetic condition: γ enters
the interpolation constant of Section 1.11 directly, and a mesh generator can violate it. Raw
Delaunay triangulation of random points produces slivers with hK/ρK above 60; a few sweeps of
Lloyd relaxation bring the same point count down to about 3. A mesh graded in one coordinate
only is worse still and remains perfectly valid as a mesh.

Figure 1.4: Four triangulations coloured by shape regularity hK/ρK . The equilateral triangle
attains the minimum

√
3. Panel (d) is a legal mesh on which the method runs and the interpolation

constant is ruined. Generated by tools/make_advanced_figures.py.

Sparsity is the whole point. A row of the stiffness matrix has a nonzero entry only where
two basis functions share a cell. On a two-dimensional triangulation a vertex typically has six
neighbours, so a P1 row has about seven entries regardless of how fine the mesh is; a P2 row has
about twelve. Refining makes the matrix larger, not denser. Dense storage of the finest mesh
below would need 42252 ≈ 1.8 × 107 numbers where the sparse form needs about 4.7 × 104.

The measured two-dimensional rates. Solving Benchmark C confirms the rates and, more
usefully, the cost comparison.

Three dimensions. A tetrahedron has four barycentric coordinates, |T | = 1
6 | det JT |, and

(1.25) holds verbatim with that volume. The unit cube can be meshed conformingly by splitting
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Figure 1.5: Stiffness sparsity for P1 and P2 on the same mesh, and the bounded nonzero count
per row under refinement. Generated by tools/make_advanced_figures.py.

Figure 1.6: Benchmark C: a coarse P1 surface, a fine solution, and the signed nodal error. The
error is not symmetric under exchanging x and y, because the mesh cuts every square along
the same diagonal while the continuous problem has no preferred direction. Generated by
tools/make_advanced_figures.py.

Table 1.1: Benchmark C on the unit square: measured two-dimensional rates for P1 and P2
triangles on structured meshes. Compare the unknown counts across the two blocks: P2 on the
coarsest mesh, with 81 unknowns, is more accurate in both norms than P1 with 289, and P2
with 289 beats P1 with 1089. Produced by tools/make_advanced_figures.py.

Degree h cells dofs ∥u − uh∥L2 rate |u − uh|H1 rate

P1 0.3536 32 25 7.909 × 10−2 – –
P1 0.1768 128 81 2.113 × 10−2 1.90 0.96
P1 0.08839 512 289 5.377 × 10−3 1.97 0.99
P1 0.04419 2048 1089 1.350 × 10−3 1.99 1.00

P2 0.3536 32 81 3.783 × 10−3 – –
P2 0.1768 128 289 4.760 × 10−4 2.99 1.96
P2 0.08839 512 1089 5.958 × 10−5 3.00 1.99
P2 0.04419 2048 4225 7.451 × 10−6 3.00 2.00
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each voxel into six tetrahedra with the Kuhn subdivision, which uses the same cube diagonal in
every voxel so that neighbours agree on their shared face. The rates are identical to one and

Figure 1.7: The Kuhn subdivision of one voxel into six tetrahedra, the assembled mesh, and a
cutaway. Generated by tools/make_advanced_figures.py.

Figure 1.8: The three-dimensional benchmark: the solution on a cut through the cube, a mid-
plane slice, and measured rates. Generated by tools/make_advanced_figures.py.

two dimensions. The cost is not. A uniform mesh of Ω ⊂ Rd with N unknowns has h ∼ N−1/d,
so an accuracy ε in the H1 seminorm with Pk elements needs

N ∼ ε−d/k (1.27)

unknowns. Halving h in three dimensions multiplies the unknown count by eight and the cost of
a direct sparse solve by considerably more. Equation (1.27) is also the sharpest statement of
why raising k is attractive: the exponent improves, provided the solution is regular enough to
earn the higher rate. It is worth keeping in mind in Lecture 4, where the competing methods
make very different claims about how their cost scales with d.

Check your understanding

Question. On a triangular mesh, why does the P2 global dof count equal (vertices) +
(edges), and how would you compute the number of edges?
Answer. Each vertex and each edge carries exactly one degree of freedom. The edges are
the distinct sorted vertex pairs over all cells; in code, np.unique on the sorted pairs both
counts them and gives each one a global index. A facet occurring once rather than twice
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Table 1.2: The same P1 method on tetrahedra in the unit cube, with forcing
3π2 sin(πx) sin(πy) sin(πz). The rates are the same as in one and two dimensions; the
cost is not. Halving h multiplies the unknown count by roughly eight. Produced by
tools/make_advanced_figures.py.

h cells dofs ∥u − uh∥L2 rate |u − uh|H1 rate

0.866 48 27 2.325 × 10−1 – –
0.433 384 125 8.677 × 10−2 1.42 0.74
0.2165 3 072 729 2.451 × 10−2 1.82 0.93
0.1083 24 576 4 913 6.335 × 10−3 1.95 0.98

lies on the boundary, which is also how boundary degrees of freedom are found without
any geometric test.

1.10 Orthogonality and best approximation

L1-N10 Why is the Galerkin solution a good choice in its space?

Assume a conforming space Vh ⊂ V , the same exact bilinear and linear forms in the continuous
and discrete problems, and an exact algebraic solution. The continuous solution satisfies the
weak equation for every vh ∈ Vh, so subtracting the discrete equation gives

a(u − uh, vh) = 0 ∀vh ∈ Vh. (1.28)

This is Galerkin orthogonality. It is orthogonality in the energy inner product a, not generally in
the Euclidean inner product of nodal values.

For symmetric coercive Poisson, ∥v∥a =
√

a(v, v) is a norm. Given any vh ∈ Vh, write u − vh =
(u − uh) + (uh − vh). Since the second term lies in Vh,

∥u − vh∥2
a = ∥u − uh∥2

a + 2a(u − uh, uh − vh) + ∥uh − vh∥2
a (1.29)

= ∥u − uh∥2
a + ∥uh − vh∥2

a . (1.30)

Consequently,
∥u − uh∥a ≤ ∥u − vh∥a ∀vh ∈ Vh. (1.31)

The FEM solution is the closest member of the space in the energy norm. The result does not
say it interpolates the exact solution at every node, nor that it is best in every other norm. Note
also what (1.31) does not depend on: the degree, the dimension, and the shape of the cells never
entered. All of the approximation-theoretic work is therefore isolated in the single question of
how well Vh can approximate u – which is the subject of the next section.

For a general continuous coercive form, symmetry is not needed for Céa’s estimate. Let e = u−uh.
Orthogonality implies

α ∥e∥2
V ≤ a(e, e) = a(e, u − vh) ≤ M ∥e∥V ∥u − vh∥V .

Dividing when e ̸= 0 and taking the infimum gives

∥u − uh∥V ≤ M

α
inf

vh∈Vh

∥u − vh∥V .

For the symmetric energy norm the stronger constant-one statement already follows from the
Pythagorean identity [R06].
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What the theorem does not certify

This is an approximation theorem for exact forms and a conforming space. Actual software
introduces quadrature, finite-precision arithmetic, geometry approximation, and possibly
algebraic solver errors. A wrong forcing or omitted boundary term changes the problem and
is not repaired by quoting Céa’s lemma. Verification is how we check that the implemented
problem matches the intended one.

Check your understanding

Question. In which space must uh − vh lie in the Pythagorean proof?
Answer. It must lie in the finite element test space Vh, where Galerkin orthogonality is
available. Conformity and matching trial/test spaces make this step valid.

1.11 Interpolation and the O(hk) estimates

L1-N11 Where do the exponents come from?

Céa’s lemma replaced the error by a best-approximation quantity. To turn that into a rate we
need one concrete competitor, and the nodal interpolant Ihu is the natural choice. Everything
then rests on a single local estimate, proved on the reference cell and transported by scaling.

Lemma 1.4 (Bramble–Hilbert, the form used here). Let K̂ be a fixed bounded Lipschitz domain
and L a bounded linear map from Hk+1(K̂) into a normed space that annihilates every polynomial
of degree at most k. Then there is a constant C(K̂) with ∥Lv̂∥ ≤ C |v̂|Hk+1(K̂) for all v̂ ∈ Hk+1(K̂).

The lemma rests on the Deny–Lions inequality infp∈Pk
∥v̂ + p∥Hk+1(K̂) ≤ C |v̂|Hk+1(K̂), that

is, on the equivalence of the quotient norm of Hk+1(K̂)/Pk with the top seminorm. That is
proved by contradiction: a normalised sequence with vanishing top seminorm has, by Rellich
compactness of Hk+1 ↪→ Hk, a subsequence converging in Hk+1 to a limit with zero top seminorm,
hence to a polynomial on the connected cell K̂, contradicting the normalisation [R24]. Then
∥Lv̂∥ = ∥L(v̂ + p)∥ ≤ ∥L∥ ∥v̂ + p∥Hk+1 for every p ∈ Pk, and one takes the infimum.

Take Lv̂ = v̂− Î v̂, the reference interpolation error. It kills Pk exactly, because the interpolant of a
polynomial in the space is that polynomial. So on the reference cell

∣∣∣v̂ − Î v̂
∣∣∣
Hm(K̂)

≤ C |v̂|Hk+1(K̂)
for 0 ≤ m ≤ k + 1. Transporting this through the affine map with the standard scaling bounds
∥JK∥ ≤ hK and

∥∥∥J−1
K

∥∥∥ ≤ ρ−1
K gives the local estimate

|v − IKv|Hm(K) ≤ C
(hK

ρK

)m
h k+1−m

K |v|Hk+1(K) . (1.32)

This is where shape regularity earns its keep: it is the factor (hK/ρK)m that must stay bounded,
and it is the only place the mesh geometry enters.

Nodal interpolation is not always defined

The step above needs Î bounded on Hk+1(K̂), which requires a continuous representative,
that is Hk+1(K̂) ↪→ C0(K̂), that is k + 1 > d/2. For d ≤ 3 and k ≥ 1 this always holds, so
nothing is lost here; but P1 in d ≥ 4, and more importantly any attempt to interpolate a
function that is only in H1, fall outside it. Both the a posteriori theory of Section 1.12 and
the analysis of nonsmooth data therefore use a quasi-interpolation operator – Clément’s
local averaging, or the Scott–Zhang variant that preserves boundary values – which is
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defined on H1 and satisfies the same local estimates with a patch in place of a single cell
[R29].

Summing (1.32) over cells and inserting the result into Céa’s lemma yields the theorem that the
rest of the chapter measures.

Theorem 1.5 (A priori error estimate for Pk Lagrange elements). Let Ω ⊂ Rd be a polytope,
let {Th} be a shape-regular family of simplicial meshes, let Vh ⊂ H1

0 (Ω) be the conforming Pk

space, and let u ∈ H1
0 (Ω) ∩ Hk+1(Ω) solve the weak Poisson problem. Then there is a constant

C, independent of h, with
|u − uh|H1(Ω) ≤ Chk |u|Hk+1(Ω) . (1.33)

If in addition the domain is convex or otherwise admits the elliptic regularity estimate ∥z∥H2 ≤
C ∥g∥L2 for the dual problem, then

∥u − uh∥L2(Ω) ≤ Chk+1 |u|Hk+1(Ω) . (1.34)

The extra power in L2 is the Aubin–Nitsche duality argument. Write e = u − uh, and let z
solve the homogeneous-boundary dual problem −∆z = e. Then, using Galerkin orthogonality to
subtract any vh,

∥e∥2
L2 = a(e, z) = a(e, z − Ihz) ≤ Ch |e|H1 ∥z∥H2 ≤ Ch |e|H1 ∥e∥L2 ,

so ∥e∥L2 ≤ Ch |e|H1 , and (1.34) follows from (1.33). Notice the two distinct hypotheses. Estimate
(1.33) needs regularity of the solution, u ∈ Hk+1; estimate (1.34) needs, in addition, regularity
of the dual problem on this domain. Section 1.12 exhibits a problem where both fail.

If E(h) ≈ Chp, halving h reduces the error by approximately 2p. Consecutive measured rates are

pobserved = log(Ecoarse/Efine)
log(hcoarse/hfine)

. (1.35)

A log–log plot of error against h has positive slope p. A plot against 1/h has negative slope −p.
Always inspect the horizontal variable before interpreting the sign of a slope.

Elements L2 error H1 seminorm error L2 rate H1 rate

8 9.92092e-03 2.51182e-01 – –
16 2.48650e-03 1.25833e-01 1.9964 0.9972
32 6.22018e-04 6.29469e-02 1.9991 0.9993
64 1.55529e-04 3.14772e-02 1.9998 0.9998

Table 1.3: Executed NumPy P1 refinement study for Benchmark A. Errors are integrated with
elementwise Gauss quadrature. Rates are calculated from the actual output CSV.

The tables are obtained from elementwise Gauss integration of the reconstructed function and
its cellwise derivative, not from nodal comparison. Panel (c) of the figure deserves a second
look. With 65 unknowns P1 reaches 1.56 × 10−4 in L2; with fewer unknowns, 49, P3 reaches
3.49 × 10−7, which is smaller by a factor of 446. Even one step of degree is worth a great deal: at
33 unknowns P1 gives 6.22 × 10−4 and P2 gives 3.08 × 10−5, a factor of 20. That is the practical
argument for higher degree, and (1.27) is the reason it grows stronger as d grows. It comes with
two conditions – the solution must be smooth enough, and the geometry must be represented
accurately enough – and both are the subject of the next section.
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Table 1.4: Measured errors and observed rates for Lagrange elements of degree one, two and
three on Benchmark A. Errors use elementwise Gauss quadrature of the reconstructed field, not
nodal differences. The observed rates match hk+1 in L2 and hk in the H1 seminorm. Produced
by tools/make_advanced_figures.py.

Degree h dofs ∥u − uh∥L2 rate |u − uh|H1 rate

P1 0.25 5 3.928 × 10−2 – 4.985 × 10−1 –
P1 0.125 9 9.921 × 10−3 1.99 2.512 × 10−1 0.99
P1 0.0625 17 2.487 × 10−3 2.00 1.258 × 10−1 1.00
P1 0.03125 33 6.220 × 10−4 2.00 6.295 × 10−2 1.00
P1 0.01562 65 1.555 × 10−4 2.00 3.148 × 10−2 1.00

P2 0.25 9 1.952 × 10−3 – 5.062 × 10−2 –
P2 0.125 17 2.457 × 10−4 2.99 1.274 × 10−2 1.99
P2 0.0625 33 3.076 × 10−5 3.00 3.190 × 10−3 2.00
P2 0.03125 65 3.847 × 10−6 3.00 7.978 × 10−4 2.00
P2 0.01562 129 4.809 × 10−7 3.00 1.995 × 10−4 2.00

P3 0.25 13 8.868 × 10−5 – 3.365 × 10−3 –
P3 0.125 25 5.573 × 10−6 3.99 4.229 × 10−4 2.99
P3 0.0625 49 3.488 × 10−7 4.00 5.294 × 10−5 3.00
P3 0.03125 97 2.181 × 10−8 4.00 6.620 × 10−6 3.00
P3 0.01562 193 1.363 × 10−9 4.00 8.276 × 10−7 3.00

Figure 1.9: Measured rates for P1, P2 and P3 on Benchmark A. Panel (c) plots the same errors
against the number of unknowns, which is the comparison a practitioner actually faces. Generated
by tools/make_advanced_figures.py.
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Check your understanding

Question. A plot is labeled “full H1 error” but contains only
√∫

|u′ − u′
h|2. What is

wrong?
Answer. It is the H1 seminorm error. The full norm additionally contains

∫
|u − uh|2

under the square root. This labeling error matters when comparing results.

1.12 When the hypotheses fail

L1-N12 What actually limits the rate in practice?

The theorem of the previous section has three hypotheses that a real computation can violate:
the solution may not be in Hk+1, the domain may not be represented exactly, and the forms may
not be integrated exactly. Each caps the rate independently, and the observed rate is governed
by whichever cap is lowest.

A space that is not inside V . Every estimate so far began “assume Vh ⊂ V ”. Dropping that
is the third kind of variational crime, and it has its own lemma. Let ∥·∥h be the broken norm
and ah(w, v) =

∑
K

∫
K ∇w · ∇v the broken form, assumed coercive on Vh uniformly in h.

Theorem 1.6 (Strang’s second lemma).

∥u − uh∥h ≤ C
[

inf
vh∈Vh

∥u − vh∥h + sup
wh∈Vh\{0}

|ah(u, wh) − ℓ(wh)|
∥wh∥h

]
.

The proof is three lines: with wh = uh − vh, α0 ∥wh∥2
h ≤ ah(wh, wh) = [ℓ(wh) − ah(u, wh)] +

ah(u − vh, wh); divide by ∥wh∥h and use the triangle inequality [R27]. The second term is the
consistency error. It vanishes identically precisely when Vh ⊂ V , so the theorem contains Céa’s
lemma rather than competing with it.

For the Crouzeix–Raviart element named in Section 1.5 the consistency error can be computed.
Integrating by parts cellwise, with u ∈ H2,

ah(u, wh) − ℓ(wh) =
∑
F

∫
F

∂nu [[wh]] ds =
∑
F

∫
F

(
∂nu − ∂nu

F )[[wh]] ds,

the second equality because the defining degree of freedom – the edge average – forces
∫

F [[wh]] = 0,
so any constant may be subtracted from ∂nu free of charge. Bramble–Hilbert on the facet with
k = 0 then supplies one power of h, and the method converges at O(h) in the broken norm
despite not being conforming [R28]. The element was designed so that this term is small: the
choice of degree of freedom is what does it.

A solution that is not in H2. Take the L-shaped domain Ω = (−1, 1)2 \
(
(0, 1) × (−1, 0)

)
,

whose re-entrant corner at the origin has interior angle 3π/2. In polar coordinates measured
from the positive x-axis, Benchmark F is

u(r, θ) = r2/3 sin
(2θ

3
)
, θ ∈ [0, 3π/2].

This function is harmonic, so f = 0, and it vanishes on the two edges meeting at the corner. Its
gradient behaves like r−1/3, which is square integrable, so u ∈ H1. Its second derivatives behave
like r−4/3, and

∫ 1
0 r−8/3 r dr diverges, so u /∈ H2. The hypothesis of (1.33) with k = 1 fails.
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This is not an accident of the chosen function. The general structure is due to Kondrat’ev, and
in the form used here to Grisvard [R30]: near a corner of interior angle ω of a plane polygon,
with homogeneous Dirichlet data and f ∈ Hs−2, the solution splits as

u =
∑

0<λj<s−1
cj rλj sin(λjθ) + ureg, λj = jπ

ω
, ureg ∈ Hs(Ω), (1.36)

so u ∈ H1+π/ω−ε, and for a re-entrant corner with c1 ̸= 0 no better. A convex corner has ω < π,
hence λ1 > 1, hence no singular term below H2 and the full rates; indeed for ω = π/2 the
exponents λj = 2j are even integers and the “singular” terms r2 sin 2θ = 2xy are harmonic
polynomials, so there is no singularity at all. A re-entrant corner has λ1 < 1 and loses the rates.
For the L-shape ω = 3π/2 and λ1 = 2/3, so u ∈ H5/3−ε, the H1 rate is 2/3 rather than 1, and
the L2 rate is 4/3 rather than 2 – the duality argument of Section 1.11 is degraded too, since the
dual problem on this domain is not H2-regular either. Panel (b) of the figure is the beginning

Table 1.5: Benchmark F on the L-shaped domain, with zero forcing and the exact trace as
Dirichlet data. The solution is harmonic and in H1 but not in H2. Uniform refinement gives
roughly h2/3 in the H1 seminorm and h4/3 in L2, not the h and h2 of the smooth case. Produced
by tools/make_advanced_figures.py.

h dofs ∥u − uh∥L2 rate |u − uh|H1 rate

0.3536 65 1.598 × 10−2 – 1.853 × 10−1 –
0.1768 225 6.622 × 10−3 1.27 1.193 × 10−1 0.64
0.08839 833 2.713 × 10−3 1.29 7.625 × 10−2 0.65
0.04419 3 201 1.102 × 10−3 1.30 4.849 × 10−2 0.65
0.0221 12 545 4.451 × 10−4 1.31 3.073 × 10−2 0.66
Theory for a 3π/2 corner predicts 2/3 and 4/3 respectively.

Figure 1.10: Benchmark F. The measured H1 rate settles at 0.66 against the square’s 1.00,
matching the predicted 2/3. Panel (b) shows why uniform refinement is the wrong response:
87% of the squared H1 error sits in the 3% of cells within r < 0.2 of the corner. Generated by
tools/make_advanced_figures.py.

of adaptivity. If almost all of the error lives in a few cells, refining everywhere spends almost all
of the new unknowns where they buy nothing. Two standard cures exist.

Grading. For Pk fix µ ∈ (0, λ1/k) – below, k = 1 – and build a mesh with hK ≃ h1/µ in the corner
layer rK ≲ h1/µ and hK ≃ h r1−µ

K outside it. The local interpolation errors are then balanced
across cells and |u − uh|H1 ≤ Chk ≃ CN−k/2: the same asymptotic rate in the unknown count
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as on a convex domain [R31]. The strict inequality µ < λ1 is what keeps the corner layer
subdominant. Note what such a mesh gives up – quasi-uniformity – and what it keeps – shape
regularity. Only the second was needed for (1.32), and that is exactly why the cure is available.

Adaptivity. Estimate the local error from the computed solution alone. The residual estimator

η2
K = h2

K ∥f + ∆uh∥2
L2(K) + hK

∥∥[[∂nuh]]
∥∥2

L2(∂K\∂Ω) (1.37)

is reliable, |u − uh|H1 ≤ Crel(
∑

K η2
K)1/2, and efficient, ηK ≤ Ceff(|u − uh|H1(ωK) + oscK(f)). Its

two terms are the bulk and facet parts of the residual of uh as a distribution. The reliability
proof needs an interpolant defined on H1, which is why the Clément and Scott–Zhang operators
exist. Marking cells so that

∑
K∈M η2

K ≥ ϑ
∑

K η2
K – Dörfler marking – and refining gives a

convergent loop, and with a complexity-controlled refinement rule, optimal rates in the unknown
count [R32]. These results are named here, not proved.

Raising the degree does not help on this domain: the limitation is the regularity of u, not the
richness of the space, and P3 on uniform meshes still converges at 2/3.

A domain that is not a polytope. Every estimate above assumed Ω is exactly the union of
the cells. Replace a disc by an inscribed polygon and the boundary is displaced by a distance
1 − cos(π/n) ≈ h2/8. This geometric error enters the solution error additively and at second
order, whatever the polynomial degree. So on a curved domain, P3 on straight-sided cells still
converges at second order: the geometry, not the basis, is the binding constraint. The cure is

Figure 1.11: Straight-sided versus isoparametric P2 cells on a disc. Placing each edge node on
the true boundary and mapping the cell quadratically drops the geometry error from O(h2)
to O(h4) here. The generic bound for a quadratic edge is O(h3); on a circle the three nodes
are symmetric about the arc midpoint, the cubic term cancels, and the exact deviation is
1 −

√
1 − s2/4 ≈ s2/8 = h4/512 with s = 1 − cos(π/n) the chord sagitta. Generated by

tools/make_advanced_figures.py.

isoparametric mapping: represent the geometry with the same polynomial degree used for the
solution, which raises the geometry error to O(hk+1) in general, by letting FK(x̂) =

∑
a xaN̂a(x̂)

with the xa the physical positions of the element nodes, placed on the true boundary. The map is
then no longer affine, JK varies within the cell, and (1.19) must be evaluated at every quadrature
point rather than once per cell. That is the real cost of curved elements, and it is a bookkeeping
cost rather than a conceptual one.
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Forms that are not integrated exactly. This is the variational crime of Section 1.8; the
space is still conforming, Vh ⊂ V , and only the forms are perturbed. Quantitatively, Strang’s
first lemma bounds the error by the best approximation plus a consistency term measuring the
quadrature perturbation; keeping the quadrature degree at or above the polynomial degree of the
integrand keeps that term below the discretisation error. The practical failure mode to recognise
is a convergence study that starts at the right slope and then flattens onto a plateau: something
in the pipeline – the quadrature, the geometry, or the algebraic solver tolerance – has become
the dominant error.

Reading a convergence table honestly

A single observed rate close to the theoretical one is weak evidence; three consecutive
consistent rates, with the errors spanning several decades, is strong evidence. Conversely a
rate that is better than theory on coarse meshes is usually pre-asymptotic and will fall
back. Report the mesh sizes, the norm, the quadrature used for the error, and whether
the error was computed against an exact solution or a fine-mesh surrogate. Tables 1.1, 1.2,
1.4 and 1.5 all state these.

Check your understanding

Question. A convergence study on a disc with P2 elements gives an L2 rate of 2.0 instead
of 3.0. Name the most likely cause and the test that would confirm it.
Answer. Straight-sided cells: the geometry error is O(h2) and caps the rate. Rerun the
identical code on a polygonal domain, where the geometry is exact. If the rate becomes
3.0 there, the geometry was the cap.

1.13 Poisson as energy minimization

L1-N13 What will remain when the linear basis is replaced by a network?

On the admissible space V = H1
0 , define

J(v) = 1
2a(v, v) − ℓ(v) =

∫ 1

0

[1
2(v′)2 − fv

]
dx. (1.38)

For an admissible perturbation w ∈ V , symmetry of a gives

J(u + εw) = J(u) + ε
(
a(u, w) − ℓ(w)

)
+ ε2

2 a(w, w).

The first variation vanishes at a minimizer:
d
dε

J(u + εw)
∣∣∣∣
ε=0

= a(u, w) − ℓ(w) = 0 ∀w ∈ V.

This is exactly the weak equation. Conversely, if the weak equation holds, then J(u+w)−J(u) =
1
2a(w, w) ≥ 0, with equality only for w = 0. Thus the weak solution is the unique energy
minimizer on the admissible space.

For any finite element expansion – any degree, any dimension – the functional becomes the
quadratic

Jh(U) = 1
2UT AU − bT U, ∇U Jh(U) = AU − b.

Its Hessian is A, which is positive definite after essential constraints. Solving the linear system is
therefore equivalent to minimizing a strictly convex coefficient energy. A linear solver exploits
this structure directly; it need not imitate a generic iterative training process.
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For Benchmark A, direct integration gives∫ 1

0
u2

⋆ dx = 1
2 ,

∫ 1

0
(u′

⋆)2 dx =
∫ 1

0
fu⋆ dx = π2

2 ,

so J(u⋆) = π2/4 − π2/2 = −π2/4, whereas J(0) = 0. A negative energy is not an error. The
relevant minimum is not zero.

Deep Ritz will retain this energy and the admissible trace, but replace
∑

j Ujϕj with a neural
function uθ. Two things change at once. The approximation set is no longer a linear space, so
(1.31) – whose proof used that uh − vh lies in Vh – no longer applies; and although J is convex in
an admissible function, the composed map θ 7→ J(uθ) need not be convex in the parameters. A
linear coefficient space and a nonlinear parameterized family are different approximation objects,
and the finite element error orders of Section 1.11 do not transfer merely because both methods
minimise the same energy.

1.14 Evolution equations: discretise in time first

L1-N14 How much new machinery does a time-dependent problem need?

None, is the short answer. Consider the heat equation with homogeneous Dirichlet data,

∂tu − ∆u = f in Ω × (0, T ), u = 0 on ∂Ω, u(·, 0) = u0. (1.39)

The right functional setting is the Gelfand triple V ↪→ H ↪→ V ′ with V = H1
0 (Ω) and H = L2(Ω),

and the space

W (0, T ) = {v ∈ L2(0, T ; V ) : v′ ∈ L2(0, T ; V ′)} ↪→ C([0, T ]; H),

the embedding being what gives the initial condition a meaning.

Theorem 1.7 (Lions). For u0 ∈ H and f ∈ L2(0, T ; V ′) there is a unique u ∈ W (0, T ) with

⟨u′(t), v⟩ + a(u(t), v) = ⟨f(t), v⟩ ∀v ∈ V, for a.e. t, u(0) = u0, (1.40)

and the energy identity 1
2 ∥u(T )∥2

H +
∫ T

0 a(u, u) dt = 1
2 ∥u0∥2

H +
∫ T

0 ⟨f, u⟩ dt holds.

The identity needs d
dt

1
2 ∥u∥2

H = ⟨u′, u⟩ for u ∈ W (0, T ), which is the Lions–Magenes lemma; it is
the reason the Gelfand triple rather than H1(0, T ; V ) is the natural setting, since it admits data
merely in L2(0, T ; V ′) [R33]. Note that the test function does not depend on time: (1.40) is a
statement in V ′ for almost every t. Now restrict to Vh and expand uh(t) =

∑
j Uj(t)ϕj . The two

spatial integrals produce the two matrices we already know how to assemble:

Mij =
∫

Ω
ϕjϕi dx, Aij =

∫
Ω

∇ϕj · ∇ϕi dx, (1.41)

and (1.40) becomes a system of ordinary differential equations for the coefficients,

MU̇(t) + AU(t) = F (t), MU(0) = (projection of u0). (1.42)

This is the semi-discrete, or method-of-lines, system. The mass matrix M is the only new object,
and it comes from the same element loop as A – see (1.13) and (1.14) for the one-dimensional P1
and P2 versions. It is symmetric positive definite, so (1.42) is a well-posed linear ODE system.
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The elliptic projection: why the semi-discrete error is clean

The natural way to estimate u − uh is not through the interpolant but through the elliptic,
or Ritz, projection Rh : V → Vh defined by a(Rhw − w, vh) = 0 for all vh ∈ Vh – which
is exactly the Galerkin solution operator of the steady problem, so the elliptic theory of
Section 1.11 applies to it unchanged and gives ∥w − Rhw∥L2 ≤ Chk+1 ∥w∥Hk+1 . Split

u − uh = (u − Rhu)︸ ︷︷ ︸
ρ

+ (Rhu − uh)︸ ︷︷ ︸
θ

.

Subtracting the two problems, θ satisfies (θ′, vh) + a(θ, vh) = − (ρ′, vh): the stiffness
contribution of ρ has cancelled exactly, by the definition of Rh. Testing with vh = θ and
discarding a(θ, θ) ≥ 0 gives d

dt ∥θ∥L2 ≤ ∥ρ′∥L2 directly – no Gronwall is needed – and
integrating yields Wheeler’s estimate

∥u(T ) − uh(T )∥L2 ≤ ∥uh(0) − Rhu0∥L2 + Chk+1
(
∥u0∥Hk+1 +

∫ T

0
∥ut∥Hk+1 dt

)
. (1.43)

With the nodal interpolant in place of Rh the cancellation does not happen and the
remaining term is not of a form Gronwall can absorb. This is the standard argument of
the parabolic theory [R33].

The θ-scheme turns evolution into repeated elliptic solves

Discretise (1.42) with step ∆t and parameter θ ∈ [0, 1]:(
M + θ∆t A

)
Un+1 =

(
M − (1 − θ)∆t A

)
Un + ∆t

(
θF n+1 + (1 − θ)F n). (1.44)

The matrix on the left is a mass-shifted stiffness matrix. It is symmetric positive definite,
sparse, and assembled once. Each time step is therefore exactly one elliptic solve of the kind
this chapter has been building, for the operator Id + θ∆t(−∆) rather than −∆. Nothing
about the mesh, the element, the assembly loop or the boundary treatment changes.

Three choices of θ have names: θ = 0 is forward Euler, θ = 1 backward Euler, and θ = 1
2

Crank–Nicolson. Note that even θ = 0 requires solving with M ; the scheme is explicit in the
stiffness term only. Replacing M by a diagonal lumped mass matrix – for P1, the row sums,
which distribute each cell’s volume to its vertices – makes the step genuinely explicit at the cost
of one order of consistency in some settings. Lumping is standard in explicit wave and transport
codes and is rarely worth it for diffusion, for the reason that follows.

Stability. Let λ and w solve the generalised eigenproblem Aw = λMw; the eigenvalues are
real and positive. Applying (1.44) with F = 0 to the mode w multiplies its coefficient by the
amplification factor

g(λ) = 1 − (1 − θ)∆t λ

1 + θ∆t λ
. (1.45)

Requiring |g| ≤ 1 for every λ > 0 gives the classical result: for θ ≥ 1
2 the condition holds for

every ∆t, so the scheme is unconditionally stable; for θ < 1
2 it holds only when

∆t ≤ 2
(1 − 2θ)λmax

. (1.46)

For P1 elements on a uniform one-dimensional mesh the largest generalised eigenvalue is λmax =
6

h2 · 1−cos(π−πh)
2+cos(π−πh) → 12/h2, so the forward-Euler limit is ∆t ≤ h2/6. This is the parabolic step-size

restriction, and it is severe: halving h quarters the admissible step and doubles the number of

From finite elements to neural PDE solvers 27



Chapter 1. Mathematical foundations of finite elements

unknowns, so the work to reach a fixed final time grows by a factor of eight in one dimension
alone.

Figure 1.12: Forward Euler on Benchmark D’s operator with h = 1/24, at 0.90 and 1.08 times
the critical step. The initial state is a triangular pulse, chosen because it excites every mesh
frequency; the smooth benchmark state is exactly the slowest eigenmode and would hide the
instability entirely. Panel (c) confirms the h2 law against the predicted h2/6. Generated by
tools/make_advanced_figures.py.

Accuracy. Taylor expansion of (1.44) shows the local truncation error is O(∆t) unless θ = 1
2 ,

where the scheme is symmetric about tn+1/2 and the leading term cancels, giving O(∆t2). The
total error combines the spatial and temporal contributions,

∥∥∥u(T ) − UN
∥∥∥ ≤ C1hk+1 + C2∆t p, p =

{
2 θ = 1

2
1 otherwise,

(1.47)

which is why measuring a temporal rate requires a mesh fine enough that the first term is
negligible. The experiment below uses P2 on 256 cells for exactly that reason.

Table 1.6: Benchmark D: temporal order of the θ-scheme, measured at t = 0.1 with P2 elements on
256 cells so that the spatial error stays far below the temporal error. Backward Euler is first order;
the midpoint choice θ = 1/2 is second order. Produced by tools/make_advanced_figures.py.

Scheme steps ∆t maxx |uh − u⋆| rate

Backward Euler 5 0.02000 3.357 × 10−2 –
Backward Euler 10 0.01000 1.744 × 10−2 0.94
Backward Euler 20 0.00500 8.893 × 10−3 0.97
Backward Euler 40 0.00250 4.492 × 10−3 0.99
Backward Euler 80 0.00125 2.257 × 10−3 0.99

Crank–Nicolson 5 0.02000 1.199 × 10−3 –
Crank–Nicolson 10 0.01000 2.989 × 10−4 2.00
Crank–Nicolson 20 0.00500 7.467 × 10−5 2.00
Crank–Nicolson 40 0.00250 1.866 × 10−5 2.00
Crank–Nicolson 80 0.00125 4.666 × 10−6 2.00
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Figure 1.13: Benchmark D. The space-time carpet, snapshots against the exact e−π2t sin(πx),
and the measured temporal orders. Generated by tools/make_advanced_figures.py.

Figure 1.14: Benchmark E: the same θ-scheme on a triangulated square, using the mass and
stiffness matrices produced by the two-dimensional assembly of Section 1.9 with no modification.
Generated by tools/make_advanced_figures.py.
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A-stability is not L-stability

For θ = 1
2 , g(λ) → −1 as λ → ∞: the highest modes are neither amplified nor damped,

they are negated each step. The scheme is A-stable – |g| ≤ 1 on the whole relevant half-line
– but not L-stable, which additionally requires g(λ) → 0 at infinity. Rough initial data or
boundary data incompatible with the initial state therefore produce persistent oscillations
that the scheme is under no obligation to remove. Backward Euler has g → 0 and damps
them at once, at the price of one order of accuracy. The standard compromise is Rannacher
time stepping: take a few backward-Euler steps to annihilate the unresolved modes, then
switch to θ = 1

2 and keep the second-order rate thereafter [R33]. Unconditional stability
and good qualitative behaviour are different properties, and the distinction is precisely
what rough data detect.

Two ways to order the two discretisations. What we did – discretise in space first, then
in time – is the method of lines. Reversing the order gives Rothe’s method: discretise in time
first, obtaining at each step the elliptic boundary value problem

un+1 − θ∆t ∆un+1 = un + (1 − θ)∆t ∆un + . . . ,

posed in V , and only then discretise each of those in space. For a fixed mesh the two orders
produce the same algebraic scheme (1.44), so the distinction looks pedantic. It stops being
pedantic as soon as the mesh changes from step to step, which is the natural thing to do when a
front moves: Rothe’s view makes it clear that each step is a fresh elliptic problem that may be
posed on a fresh space, and that a transfer operator between the old and new spaces is then part
of the method.

Lecture 4 will take a third position. A PINN treats t as simply another input coordinate of
uθ(x, t) and enforces the residual on space-time collocation points, with the initial condition an
extra penalty term. There is then no time step, no M , no λmax, and no condition like (1.46) –
which sounds like pure gain until one asks what replaced them. The answer is that the stability
question has not been removed, only made harder to state: there is no analogue of (1.45) to
check, and no guarantee that the optimiser finds the minimiser whose existence the formulation
assumes. Keep (1.46) and (1.47) in mind as the things a classical method tells you in advance
and a trained one does not.

Check your understanding

Question. You solve Benchmark E with θ = 1, refine the mesh from h to h/2, and observe
that the error barely improves. What is the most likely cause?
Answer. The temporal error dominates. With θ = 1 the error is O(h2) + O(∆t) in L2;
refining only the mesh shrinks the first term while the second is unchanged. Halve ∆t as
well, or switch to θ = 1

2 and pair ∆t ∼ h.

Exit ticket and consolidation

Write the weak form with its space; state what makes (K, P, Σ) a finite element and why
unisolvence matters; explain why the matrix is sparse; state the Pk L2 and gradient-error
rates with their hypotheses, and name one problem in this chapter where a hypothesis fails
and what the rate becomes; and write down one step of the θ-scheme and say why it is an
elliptic solve. Required homework is L1-T5 (best approximation), L1-P1 (NumPy solver),
and L1-P2 (integrated convergence), approximately 70 minutes. Optional L1-X1 treats a
natural endpoint. The next lecture asks software to assemble the same mathematics on a
triangular mesh, and everything in Sections 1.5 and 1.9 about element families and mesh
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entities is what that software is managing on your behalf.
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