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Resumen

Las redes neuronales se han utilizado ampliamente en muchos campos con resulta-
dos impresionantes. La mayoria de las aplicaciones utilizan los datos como tnica fuente
de aprendizaje. Recientemente, los investigadores han propuesto utilizar informacion adi-
cional sobre los datos latentes que da lugar al aprendizaje automatico informado por la
informacion. Una de las aplicaciones recientes ha sido en el campo de las ecuaciones di-
ferenciales, donde queremos que el modelo verifique algunas ecuaciones, condiciones de
contorno y, posiblemente, algunos datos. En este manuscrito, nos sumergiremos en la
familia de las Redes Neuronales Informadas por la Fisica, explorando las propiedades
matematicas relacionadas con su convergencia y error.

Abstract

Neural networks have been used extensively in many fields with impressive results.
Most applications use data as the sole learning source. Recently, researchers have pro-
posed to use additional information about the latent data that gives birth to information-
informed machine learning. One of the recent applications has been in the field of differ-
ential equations where we want the model to verify some equations, boundary conditions,
and possibly some data. In this manuscript, we will dive into the family of Physics-
Informed Neural Networks, exploring mathematical properties relating to its convergence
and error.
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Introduction

In our continuous pursuit of enlightenment, knowledge, and understanding of the world
around us, we turn to the tool of mathematics. For thousands of years, mathematicians
have sought to translate our sensory experiences into a language that captures their
essence in the most abstract, universal, and general form.

“Mathematics is the language in which God has written the universe.”

— Galileo Galilei

Mathematics has provided a unique framework to express many foundational ideas
about the natural world. For example, in 250 BCE, Archimedes proposed a model to
describe the upward force exerted by a fluid on a submerged object, ie., F =p-V - g
where F' is the force, p the density, V' the volume and ¢ the force of gravity. More than
a thousand years later, in the 17th century, Kepler formulated an equation to describe
the motion of the planets around the Sun, i.e., % is constant, where A is the area of the
line connecting a planet and the Sun. Shortly afterward, Newton introduced the three
Laws of Motion, which became the foundation of classical mechanics and later led to more

complex models such as the Naview-Stokes equation.

Most of the equations governing the Universe—though not all—are expressed in terms
of differentials. These problems are studied in the field of differential equations. The
main objective in this field is to describe the solutions of these equations. Unfortunately,
some of them do not have closed-form solutions, requiring us to rely on approximations
provided by numerical methods. A key challenge with numerical methods is ensuring that
the approximations are reliable. This involves analyzing the consistency, stability, and
convergence of the methods. Another significant issue is that numerical computations can
be very resource-intensive.

In recent years, alternative approaches to traditional numerical methods have emerged,
particularly for handling complex geometries or solving ill-posed problems—such as those
with unknown boundary conditions. One such alternative is machine learning, which
has gained significant traction in this context. The leitmotiv of machine learning is the
learn a function from a dataset composed of samples. In our case, our goal may be to
learn a physics phenomenon from a dataset, which is why this approach is often referred
to as data-driven. A key drawback of data-driven methods is their heavy reliance on
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large quantities of data, which may not always be available. Moreover, these methods
often disregard prior knowledge about the physical system. This limitation has led to
the development of physics-informed machine learning Raissi et al. [2017a], Karniadakis
et al. [2021]. The motivation behind physics-informed machine learning is twofold: to
harness the strengths of machine learning while incorporating prior physical knowledge of
the system. Combining these two domains increases the complexity of the problem, and
this is the central focus of our study in this manuscript.

The way in which domain knowledge is incorporated—either before or during train-
ing—varies from method to method. For example, NeuralODEs learn the vector field
rather than the solution itself, using a numerical method to compute the solution. In
contrast, Physics-Informed Neural Networks (PINNs) enforce the governing equations
by including them in the loss function used during training. This approach introduces
two main challenges. First, the loss function must be differentiable in order to apply
gradient-based optimization, which means the physical model must also be differentiable
and computationally inexpensive for gradient evaluation. Fortunately, this challenge is
mitigated by modern automatic differentiation tools. Second, adding multiple terms to
the loss function to better align with the physical model can lead to training instabilities,
and there is no guarantee that training will converge to a physically meaningful solu-
tion. As we will demonstrate throughout this manuscript, minimizing the empirical loss
function an sometimes result in physically implausible solutions—a phenomenon often
referred to as overfitting. However, we will show that incorporating a regularization term
into the training process eliminates these abnormal solutions and ensures the consistency
of the method.

The family of functions use to solve the problem is usually called the hypothesis set or
model class. The most common family of functions are the neural networks. They provide
a good backbone due to the universality principle Cybenko [1989]. Altough we will focus
in the neural networks in this manuscript, there are other popular architetures such as
Transformers, Convolutional Neural Networks, Kolmogorov Arnold Networks, etc.

This manuscript is divided as follows. In the first chapter, we will introduce some
basic concepts in machine learning, some properties of neural networks and we will define
the physics-informed framework. The second chapter provides us with the necessary tools
in stochastic processes to prove the results that follows. The third chapter includes some
of the theoretical results to justify use of the loss function. The forth chapter applies the
same results to the Neural ODEs framework. Finally, in the fifth chapter, we motivate the
theory with some experiments.



CHAPTER 1
Physics-Informed Machine Learning

Advances in machine learning and deep learning have led to significant breakthroughs
across nearly all areas of science and technology. The most popular building block of
machine learning has been the neural networks Rosenblatt [1958]. In this chapter we will
briefly introduce the neural networks and some of its properties such us bounds, Lipschitz
constants, etc.

Next, we introduce Physics-Informed Neural Networks (PINNs), which leverage neu-
ral networks as function approximators while incorporating physical laws directly into the
learning process. These physical constraints—such as initial conditions, boundary condi-
tions, and governing differential equations—are embedded into the loss function, guiding
the training process through gradient descent. Finally, we define both the theoretical
risk and the empirical risk functions, which provide a foundation for understanding the
training and generalization behavior of these models.

1.1. Neural Networks

Neural Networks are a family of parametrizable functions that are a composition of affine
functions combined with a non-linear functions. The goal of the neural network is process
an input x € X and produce an output y € )Y that minimizes a loss function using a
dataset of samples. The process of minimizing the error through the modification of the
parameters is called training and it is usually used the gradient descent method.

Most modern machine learning techniques are based on this very simple concept. For
example, Transformers uses neural networks in composition with the attention layer,
Graph Neural Networks uses neural networks after data aggregation in each node, 1D
Convolutional Neural Networks are a special case of neural networks, etc. The prowess
of neural networks reside in its simplicity and the ability to leverage modern computing
power.

“The biggest lesson that can be read from 70 years of AI research is that
general methods that leverage computation are ultimately the most effective,
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and by a large margin.”
— Rich Sutton, The Bitter Lesson

Despite not being overly complicated, neural networks can produce very complex be-
haviour. As we will see the class of neural networks are dense in the continuous functions.
Let us introduce rigourusly the neural network.

The class of neural networks We will use as our building block the class of fully-
connected feedforward neural networks with H € N hidden layers of sizes (Ly,...,Ly) =
(D,...,D) € N where we assume, for simplicity, a constant size of the hidden layer.
The neural network is a function from R% to R defined by

u@:AH+1O<¢OAH)O"‘O(¢OA1>7

where ¢ is the activation function, in our case, and hereafter, we will use the hyperbolic
tangent applied point-wise in each dimension, which is preferable over other popular
choices, e.g., ReLU, due to being differentiable. Each A; : Ri*-1 — RI* is an affine
function with Wy € M,  «r,(R) and by € R, We use for the first and last layer,
Lo = dy, and Ly, = dy, the size of the input and output of the neural network. The
parameters learned by the neural network uy are expressed as

0:= (Wb blv BRRR WH+17 bH-i—l) € @H7D7

where Oy p = REZo(LiLiti+Lit)  We denote the set of all parametrized neural networks
as NN?I = {UQ,Q S ®H,D}-

1.1.1. Density of NN in Holder spaces

A key reason for using neural networks over other parametrizable and differentiable func-
tion classes is their computational efficiency. The forward and the back-propagation are
computational inexpensive because because neural networks are composition of very sim-
ple functions—namely non-linear activation functions, summations, and matrix prod-
ucts—which are highly parallelizable. However, computational efficiency is useful only if
the function class is expressive enough to arbitrarily approximate any given function. This
is guaranteed by the Universal Approximation Theorem, first proven by Cybenko [1989],
which states that a neural network with a single hidden layer can approximate any con-
tinuous function to any desired degree of accuracy. This foundational result established
neural networks as universal approximators and paved the way for many subsequent the-
oretical advancements in machine learning.

Before stating the theorem, we will need some technical results related to the deriva-
tives of the individual compontents of the neural network with hyperbolic tangent. Firstly,
we will introduce a concept in combinatorics that is useful to calculate the chain-rule of
the composition of functions.
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Definition 1.1 (Bell number). The nth Bell number B,,, corresponds to the number of
partitions of the set {1,...,n}. We denote the set of all partitions as II(n). A partition
of a set S is a family of nonempty, pairwise disjoint subsets of S whose union is S. The
first Bell number is defined as By = 1 and it is defined recursively as follows

By = kz; (Z) By (1.1)

For example, the first three bell numbers can be expressed as

B =1: {{1}}
By =2: {{1}7{2}}7{{172}}
By =5 {{1}.{2}, {3}} {1}, {2, 3}, {{2}, {1, 3}}. {{3}. {1, 2}}, {{1. 2, 3}}

Lemma 1.2 (Bounding the partial derivatives of a composition function). Let d;,ds >
1,K >0, feCERY R), and g € CK(R,R%). Then,

lg o fllox@ay < Brllgllox@ (1 + | fllox @)™
where By is the K-th Bell number.

Proof. Let K1 < K and II(K7) be the set of all partitions of {1,..., K;}. According to
[Hardy, 2006, Proposition 1], for all h € C*1(RE1+d1 R),

O3, (goh) =) g'P'thHKHaj)h]-

Pell(K1) SeP JjES
Let a = (a1, ..., aq,) be a multi-index such that |a| = K;. Setting ap = 0,y; = Tk, +; +
(Tartgaj_y T+ Tayqoga;—1) and letting h(z1, ..., 2k, 41a,) = f(Y1,-..,Ya,), We obtain
=Y Pofx [[oo9r.
PEH K1 SepP

where a(S) = ({b € S,an + -+ a1 <b<ay+ -+ a}|)i<e<q,- Moreover, by the
definition of the Bell number, |II(K;)| = Bg,, and by definition of a partition, |P| < Kj.
Hence,

10°(90 Dlle < B oo ey, s H w1
< BK1H9||CK1(R‘11)(1 + ||f||ci’(1(1Rfll))K1
This inequality is proved for all K; < K and for all |o| = K. O

Lemma 1.3 (Bounding derivatives of tanh). Let K € NU {0}, Then

| tanh®) ||, < 254K +2)!
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Proof. Then tanh is a solution of the equation 4/ = 1—y2. By induction, we can prove that
tanh®) = Pk (tanh) where Pk is a polynomial that can be built by induction. Firstly,
Py(X) = X due to tanh® = tanh = P(tanh). Owing to v/ = 1 — 4?2, P(X) =1 — X2
Assuming it is true for K, i.e., tanh'™) () = Py (tanh(t)),

d d
tanh S+ (1) = Etanh(m i = %(PK o tanh)|,

— Pj.(tanh(t)) tanh'(t) = Pj(tanh(t))(1 — tanh?(t)).

Therefore, we obtain the following recursive formula, Px,1(X) = (1 — X?)P;(X). The
degree of P is 24 (deg(Px_1) — 1) = Px_1 + 1, hence deg(Px) = K + 1. Assume that
Pr(X) = a9+l X +- . 4aEFD XK+ Tt verifies that o/ TV = (z'—i—l)az(fl)—(i—l)az(i{l),
with a') = a%?Q = 0. The largest coefficient M (Pg) = maxo<ij<x+1 \agK)| of Pk satisfies
M (Pxy1) < 2(K+1)M(Pg). Since M(P;) = 1, we see that M (Pg) < 2571K!. We know
that —1 < tanh < 1, therefore,

| tanh™) ||, = || P (tanh)| o < (K 4 2)M (Px) < 281K + 2)!
O

We will not prove the following Lemma as it is mere calculations of derivatives and
do not provide any useful insights. The prove can be found in [Doumeéche et al., 2024,
Lemma C.4 & Corollary C.5]

Lemma 1.4. Let K € N and H € N. Then, for all ¢ > 0

. m oH : —
Jim 67 tanh™ —sign||cx @ (—ee) = 0,

where tanhj” := tanh, oo tanhy where tanhgy(x) := tanh(xz6). Moreover, for all § € R,
I(tanhy™) "o < oo.

We can now state the density theorem for neural networks in Holder spaces. This
theorem generalizes the universal approximation theorem from [De Ryck et al., 2021,
Theorem 5.1|, which is limited to the one-dimensional case.

Proposition 1.5 (Density of NN in Hélder spaces). Let K € N, H > 2, and Q C R% be
a bounded Lipschitz domain. Then, UpeyNNJ is dense in (C%(Q,R%), || - [ ox(q))-

Proof. We want to prove that for any function v € C>=(2,R%), there exists a sequence
of neural networks (uy)neny € NNy such that lim, o |4 — un||cx (o) = 0. The Universal
Approximation theorem [De Ryck et al., 2021, Theorem 5.1] shows that the class of neural
networks with two layers, i.e., NN, is dense in (W +1>([0,1]%,R), || - [ x+1.00((0,1)1))-
Since C*°([0,1]%) € WE+L([0,1]91) and the norms || - [|cx and || - ||k coincide on
C>([0,1]"), then, the class of NNy is dense in (C*°([0, 1]™,R), || - [|ox (0.1 )-

We intend to generalize the previous result to any output dimension d; € N, any
bounded Lipschitz domain €2, and any number of layers H > 2.
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(Step 1) Generalization to any bounded Lipschitz domain 2. We assume that
dy = 1 and we aim to prove that NNy is dense in (C*°(Q,R), ||-||cx(q)). Let f € C*(,R).
Since €2 is bounded, there exists an affine transformation 7 : R# — R% with 2 — A,z +b-
where A, € R* = R“*% (dual space) and b, € R% such that 7(Q) C [0, 1] and that 7
is injective (has null rank) We will compose the inverse of 7 with f and use De Ryck’s

theorem. Firstly, let f f o7t that maps [0,1]% — R. Owing to the extension
theorem for Lipschitz domains [Stein, 1971, Theorem 5, Chapter VI.3.3|, the function can
be extended to a function f € W(|0, l]dl) such that f|,q) = fr). The Universal
Approximation Theorem of Neural Networks [De Ryck et al., 2021, Theorem 5.1] assures
us that for every € > 0, there exists ug € NNy such that ||ue f||WKoo([0 4y <€ And,

since f is an extension of f, f € C(Q) and it follows that [uy — fHCK Q) < €.

Let o be a multi-index such that || = m. Then, 8%(f o 7) = A™ x (9°f)(r) and
0%(ugoT) = A™ x (0%uyg)(7). Therefore, ||ugoT — fOTHCK < emax(l |AX]|), in other
words,

HUQ oT — chK(Q) S emax(l, HA?H)

We note that ug o 7 € NNy due to 7 being an affine transformation. Hence, we have
proven that for any neural network, there exists a function that is arbitrarily close.

(Step 2) Generalization to any number of layers H > 2. We will show that NNy
is dense in (C*(LR), || - ||ox (o)) for all H > 2. Firstly, let f € C*°(Q,R) be an arbitrary
function and let us denote by v a function that is the composition of H — 2 hyperbolic
tangents

vz, ..., xq) = (tanh® @2 (z)), .. tan° =D ()

where tanh®~? is the composition of H — 2 hyperbolic tangents. It is clear that v is
a neural network of H — 2 layers. For any ug € NNy, ug o v € NNy is a neural network
with the first weight matrices (W;)1</<p_o are the identity and the biases (by)1<<p_o are
equal to zero. Since, v is a differomorphism, v(€2) is a bounded Lipschitz domain and
fov™eC(w(Q),R). Lemma 1.2, the composition fov~! must belong to C=(v(Q), R).
Owing to the previous paragraph, there exists a sequence (6,,),en of parameters such that

n—o0

lug, — f o v or e — 0.

In other words, uy, approximates fowv™!, but we want to prove that uy, ov approximates
f. Using Lemma 1.2 we let the first term be uy, — f o v=! and the second v. Hence,

I(up, — fov™") ovlloxi)y = llug, o v = fllew) < Brlluo, — fo v lox) (1 + [[vllex @)™

Since [[v]|ox@))" = || tanh°# 2 |k (@) and Lemma 1.4 bounds || tanh°# HCK ®) < 00.
Therefore, we conclude that ||(ug, — f ov™!) ovlex ) < oo with ug, ov € NNg.
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(Step 3) Generalization to all output dimension d,. We have seen that NNy is

dense in (C®(, R), ||-||cx(q)). We will prove that NNy is dense in (C*°(Q, R?), ||| cx(q))-

Let f=(f1,..., fs,) € C®(Q,R%®) and let (QS))neN for i =1,...,ds, be a sequence of
n—oo

neural networks such that |[u,i) — fillcx@) —— 0. Therefore, the neural network that
results of stacking all the parameters uy, := (u9<1>, o ,uem) satisfies that

n—o0

d2
lug, — fllex@) < Z H%gp — fillex @ —— 0.
=0

1.1.2. Bounding neural networks by its parameters

The next results bound the norm of the neural network by its parameters. Beware that
the results shown are only applicable to neural networks with hyperbolic tangent as acti-
avtion function. However, we can prove the same results for other differentiable activation
functions.

Lemma 1.6 (Bounding the norm of a neural network by the norm of its parameters).
Consider the class of neural networks NN = {uy,0 € Oy p}. Let K € N. Then, there
exists a constant Cx g (depending only on K and H), such that

lugllor gary < Crer(D + 1)L+ [10]12) 7 [16]] V0 € Op,p.

Proof. Recall, that uy is function from R% to R%, defined by uy = Ay 10 (poAg)o---o
(¢po.Ay) where ¢ is the activation function and each Ay : R¥-1 — R+ is an affine function
with Wy, € My, <1, (R) and b, € RE:. We establish Lo =dy, L1 = ..., Ly = D, Ly, =
dy. We let ||[W || be the maximum of the absolute value of each entry in the matrix,
i.e., we view it as a vector. Note that for each layer k, ||Wix|co < Lik—1||Wklool|Z||oo-
Moreover, maxi<g<m1([[Willoos [bllo) < 110]loc < [10]]2-

The constant Ck p is defined recursively over the number of layers H > 1 and the regu-
larity K > 0. Firstly, assume that Cy gy = 1, Ck 1 = 2K*1(K +2)!, and

Crs1 = Bk2K YK +2)! max I cun (1.3)

11,0 K EN
i14-2ig+ -+ Kig=K 1<E<SK

where By is the K-th Bell number, defined in (1.1). Let us start considering the case
H = 1. As we know uy = Wy tanh(A;) + bs, then

[ugl|co < [[Watanh(Ar)[los + [[b2flcc < [[WallooD + [[b2]lc < (D + 1)[|0]]2. (1.4)
Next, for any multi-index o = (a, ..., aq,) such that |a| > 1,
(Wh)§h x -« x (W) x tanh® (A (2));
0“ug(z) = Wy : € R%, (1.5)

(Wh)gy -+ x (W), x tanh® (A () p
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We can note that [(W7);,| < |0, we see that

18%ug oo < D||Walloo]|0]]'2![| tanh @D ||, < D631 || tanh (@D ||, (1.6)

Combining (1.4) and (1.6), we obtain that for any K > 1,

lusllereqgany < (D + 1) max || tanh® oo (1 + [10]]2) 0]

< 27N K £ 2D + 1)L+ [161]2) |10l
—

Cr,1

By induction, assume that for a given H > 1, for any neural network vy € NN?I and any
K >0,

lvallor ey < Crer(D + 1)L+ [160]]2)7]]6]]-. (1.7)
We want to show that for any uy € NNﬁH,
lugll o mary < Crtrea (D + 1) OO 4 0]2) D] .

For a uyg € N Ng, we have, by definition, ug = Ag,o o tanh ovy where vy € NNg. In fact,
the parameter of vy is 0 = (Wq,bq, ..., Wy, byy1) whereas 0 = (Wi, b1, ..., Wy, byia),
so |||z < ||0]|2- Therefore,

[uolloo < [[Wiii2 tanh(vg) + brtzlloo < IWhiallooD + [[brtlle < (D + 1)[|6]]2-

Furthermore, for any multi-index o = (o, ..., aq,) such that |a| > 1,
9*(tanh o(vg(z))1)
O ug(x) = Wi :
9*(tanh o(vy(z))p)
Therefore,
10%uslloc < D[Wirs2lloo max [|(tanh(vp));lo ). (1.8)

Using the bound for partial derivatives of composition of functions (1.2), we obtain

Jtanb(un) ey < Bclltanh oy mas [T 0ol g
1<U<K
We notice that (vg); belongs to NN where dy = 1. Using Lemma 1.3 and inequality

|| tanh(v) | ¢ rar
< BK2K71<K+ 2)! max H (C&H(D—i- 1>1+2H(1 + HeHz)éHHQHQ)w

i1+2i0++ Kipg=K
1<I<K

1+¢H tH i
<Crmpr, ,omax [T ((D+ D0+ (10])16]1) (1.9)
1<t<K
< Crarn (D + 1) (14 10]10) 5 (1 4+ [0]2)

= Cr 1 (D + 1)K (L 4 |0)|) KO+,
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Hence, we can combine the previous equation with (1.8),

10°ug||o0 < D|[WirsallooClremra (D + 1)K (1 4 0]|5) KA+
< Copr (D A+ 1)EEHD (14 |g])o) KEHD g,

1.1.3. Lipschitz dependence of Neural Networks

Lemma 1.7 (Lipschitz dependence of parameters of the Holder norm in NN). Consider
the class NN% = {ug,0 € Oy p}. Fix K € N. Then, there exists a constant Cy z > 0,
depending only on the regularity K and the number of hidden layers H, such that

g = worllor oy < Crer(1+ diM(Q))(D + 1) (L4 [6]]3) 0 — ¢/

where M () 1= sup,cq ||7]|o

Proof. We define recursively the constants C g, starting by Cx, = (K + 2)221(K +
NI(K +3)!, and

OK,H+1 = CK,HJrl[l + (K + 1)BK22K71(K + 3)'(K + 2)'éK,H]

where Cf g is the constant defined in previous lemma. Before embarking on the proof,
we need to show the following remark. Firstly, we note that for two sequences (a;)1<i<n

and (bi>1§z’§n7
n n 1—1
[Tai =T =D (ai—b) (H ) (H@).
i=1 i=1 2:1 j=i+1 j=1

This is true because it is a telescopic series, i.e., for the terms 7 and 7 4+ 1 of the series,

i (Gz —b; ) HJ =i+1 %) H = H;L:z aj H;;ll b] =i+1 "7 : 1b'
. 7 H—
v+ L: ((li_}rl - bi+1) H]:z—‘,—Q a] H]:l :m H] i+2 .7 H b

Therefore, we can bound the difference of the products as follows

n n
[T~ T
=1 i=1

Owing to (1.2), for all u,v € CK(Q,RP) for all 1 <i < D,

M:

Snlngl%);{’ai_bi’}]:[max(’ai|7’bi‘)- (1.10)

0“(tanh(u;) — tanh(v ))

= Z tanh H oS Z [tanh |P| H 9ots

PEI(K) Sep PEI(K) Sep
= > (tanh D)) TT 02 (ws) — [tanh P (w)] TT 02 > . (1.11)
Pell(K) SepP Sep
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Let us denote the summation term A(P), i.e., 0%(tanh(u;) — tanh(v;)) = >-peyyg) A(P)-
We notice that A(P) is the difference of a product of |P| + 1 factors. We can use the
previous result (1.10) to bound it,

| AP e < (IP]+ 1)(|| tanh () — tanh 0 ()| + max |0 u; — 9*))
S

| tanh V(| TT max((|0°ullwc., [0 0]o00)
561; (1.12)
< (|P[+ ([ tanh ™ uiplw = vllsc0 + [lu = vl|cx o)

I tanh D ||o TT max(|0°Fu]l 0. 107 0] .0).
Sep

We notice that the Lipschitz constant is the norm of the derivative, i.e., || tanh ||, =
|| tanh P11 ]| .

With this result, we are equipped to prove the statement by induction on H. We will
begin with the base case H = 1. Assume that K = 0 and then we will generalize to all
K > 1. Let ug = Ay o tanh A; and ugp = A} o tanh o A}. Firstly, we notice that

1AL = Atllsc. < [Ibr = b lloc + A M(Q)[[Wr = Willoo < (10 = 6'[|2(1 + i M (),  (1.13)

where M (Q2) := max,cq ||| Since 1 = || tanh’ ||, = || tanh ||rip, implies that || tanh o4, —
tanh oAl || < |0 —0'||2(14d1 M (€2)). Subsequently, || Az — Ab||oo, 501, |c) < [|0— 0 [|l2(1+
D). Hence,

|lug — ugr||oon < || Az 0 tanh o4y — A} o tanh o A [|oo
< [[(Ag — A}) o tanh oA || o + ||A5 o tanh o4 — A5 o tanh oA} || 0.0
< M2 = Abllo, (11 1oe) T DIIW3lloo|| tanh 0. Ay — tanh oA [| o 0 (1.14)
<110 = 0'l2(1 + D + DI|0]|2(1 + d1 M (1))
< (L4+diM(Q2))(D + 1)1 +[16]]2)[10 — ']

Therefore, it is true for C~’0,1 = 6. We have proven that it is true for H = 1 and K = 0.
We will address when K > 1. Let a be a multi-index such that |a| = K. It follows that

10%(ug — uar)||oon < ||(Wa — W3)0*(tanh oAy ) ||eoq + [|[W30%(tanh 0 A; — tanh oA || .-
(1.15)

Owing to Lemma 1.3, and following a similar argument as in (1.8), we have

1(W2 — W3)0* (tanh oAy [0 < (D + 1)[10 — &/2[10]]2" || tanh || g

1.16
< 25N K +2)UD + 1[0 — 61210115 o

Now we want to bound the right part of (1.15), we use inequality (1.12) and substi-
tuting u,v by Aj, A}, respectively. In this case, the maximum S € P occurs when
P = {{1},...,{K}} because A is a linear function and, hence, higher order derivatives
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annuls. On the other hand, by (1.13), recall that || A; — Alllcco < 16 — 0'||(1 4+ d1 M (R2)).
Moreover, we notice that if |a| = 1,][0%(A; — A} |leoo < W1 — W{||eo < |0 — 0'[|2. We
notice that || A — Ajljcx) = A — Alllcr < |0 —0'||(1 + diM(R2)). Finally, we notice
that 0D A, ||leeo < |02 foralli = 1, ..., K. Therefore, we count bound (1.11) as follows

16°(tanh 0.4y — tanh 0.4} oo < (K + 1)(|| tanh ™™ oo [ AL — Ao + AL = Afllox o)

[I max(o*®Allcq 1077 Afllwg)
Se{{1},..{K}}
< (K + 1) 25 (K +3)10 — 0'||2(1 + di M () + |0 — 0'||2(1 + di M (2)))
max(]|6]]2, [|6]|2)"

< (K + 1|0 —0))2(1 4+ dy M(2)225 (K + 2)!(K + 3)! max(]|0]|2, ||0]|2)*.
Therefore, we can combine the previous equation with (1.15) and (1.16) and obtain
10%(ug — ug) o2 < Crea(L + diM(Q))(D + 1)(1 + max(]|0]]2, 16'[|2))" 16 — 6|2

with C1 = (K + 2)222-1(K + 2)!(K + 3)! Hence, it satisfies the hypothesis for |jus —
'LL@/‘|CK(Q).

By induction, we assume that for a fixed H > 1, all vy, vgr € NNg

lvs — vorllexe(ey < Crear(L+diM(Q))(D + 1)1+ max([6]]2, |6 []2) 716 — ¢/l

(1.17)
Let ug, ug € NN?IH. In other words, ug = Ao o tanh ovy and ug = A} o tanh ovg. Let
us proceed as in aforementioned lemma,

10%(ug = ugr) |00
< |N(Wirgo — Wiy, 5)0%(tanh ovg)||ao,0 + || Wi 20 (tanh ovg — tanh ovy ) [|ee.0 (1.18)
< D||0 — 6']2]| 0" (tanh ovp) || o, + DI|6'[|2[|0 (tanh ovy — tanh ovy)||o o-

We will bound both summation terms. The first one can be bounded by (1.9) in Lemma
1.6,

10°(tanh 0v)||so.00 < Clprn (D + 1) HEEFI(L 4 [|6]]2) <] .
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The right term can be bounded using (1.11) as follows

0°(tanh(vg) — tanh(ve)) < Y (|P|+ 1)(||tanhV || ][vg — vor [l + 11 — 0]l o ()
PETI(K)

| tanh V[l TT max(0° g0, 10° 00 [l)
Sep
< (K +1)25(K + 3)125 71 (K + 2)12||vg — vor||ox (g

S T max(l0°©vpllocg, 1% 09 o)

Pell(K) SeP
S (K + 1)22K(K + 3)'(K + 2)'”7)9 - 7J¢9/||CK(Q)B]C

max [T [Con(D+ 1) max{(L+[[6]|2)"|6]l2, (1 + 16ll2) |16 ]3]

11+2i0+ Kig=K
1 2 K 1<I<K

< (K + 1)22K 7K 4+ 3)/(K + 2)!||vg — vo || ox (0
Cr,m1 (D + 1)1 4+ max(]|6)]|2, [|6']]2) < 5.

We can bound the term |[vg — vy ||cx () using the induction hypothesis (1.17). Hence, we
can combine the previous equations inside (1.18) and obtain the desired result,

g — uer||lox (@) < Croa (1 4+ diM(Q))(D + 1) (H+D+K(HE1)?
(1 -+ max([|0]]a, [|6/[|2)) HFIHEHEED 19 — g,

]

Lemma 1.8 (Lipschitz dependence of input of the Holder norm in NN). Consider the
class NNg = {up,0 € Opgp}. Fix K € N. Then, there exists a constant Cx g > 0,
depending only on the regularity K and the number of hidden layers H, such that

lus(2) = uo@)ll2 < Crrpllw —ylla Yo,y € Q.

where éH79 is a constant that depends on the number of layers H and the parameters
0 e 0.

Proof. We know that the Lipschitz constant of the composition of two functions, e.g.,
f o g with Lipschitz constants Ly and L4 respectively is given by LyL, due to

1£(g(x)) = fg)ll2 < Lyllg(x) — g(y)lla < LyLy.

Since, we have defined the neural network as a composition of funtions uy = Ay, 10 (¢ o

Ap)o---o(poAy). Then,

H+1

luo(2) —ug()ll2 < |l tanh||usy [T IAelLiplle = yll2-
k=1
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We can easily see that for each affine function A; the Lipschitz function is given by the
norm of the matrix

[AR(2) = Ax()ll2 = Wiz + b — Wiy + 0p)[| < [Will2llz — yll2 < 16]l2]l2 — yll2.
On the other hand, tha activation function applied element-wise verifies that

| tanh(x;) — tanh(y,)| < sup | tank’(=)]lz; — y,1.

Since the derivative of tanh is maximized at z = 0 with value 1, then [|¢(z) — ¢(y)|]2 <
1 ||z — y||o. Hence we obtain the intended result

lug(x) — uo(y)ll2 < 1011 |z — yllo.

where we define Cy g := [|6]|2+2. O

1.2. Physics-Informed Neural Networks (PINNs)

While many machine learning models are purely data-driven, their performance can be
significantly enhanced by incorporating domain knowledge. This is particularly true in
scientific applications where data may be scarce, but the underlying physical principles
are well understood. For instance, a system might be governed by known differential
equations, be subject to physical invariants, or have other structural constraints. Ignoring
such valuable information is inefficient and can harm the model’s predictive accuracy.
This prior knowledge can be integrated into a model in several ways, often categorized as
different types of biases Watson et al. [2024], Hao et al. [2022].

Observational bias is introduced through the data itself. By collecting data from a
system that inherently follows certain physical laws, a model trained on this data will
learn to mimic the underlying structure.

Inductive bias refers to the prior assumptions built into a model’s architecture. Spe-
cific architectures are chosen because they are guaranteed to respect certain properties.
For example: Convolutional Neural Networks are designed with translation equivariance,
making them ideal for image processing; Graph Neural Networks incorporate permu-
tation equivariance, suitable for unstructured data like molecular graphs; Neural Ordi-
nary Differential Equations use an architecture that inherently respects the structure of
continuous-time dynamical systems.

Learning bias is embedded during training, typically by customizing the loss function
to penalize solutions that violate known physical properties. A prominent example of this
approach is the Physics-Informed Neural Network (PINN). PINNs are neural networks
that are trained not only to fit observed data but also to obey the laws of physics described
by a set of differential equations. This is achieved by adding a term to the loss function
that measures how well the network’s output satisfies these equations.
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In this section, we define the learning framework for Physics-Informed Neural Networks
(PINNs). We present the associated error formulation and examine some pathological
behaviors that motivate the use of alternative loss functions.

Notation The PINN framework is typically formulated as an empirical risk minimiza-
tion problem constrained by a partial differential equation (PDE). Throughout this manuscript,
let 2 C R% denote a bounded Lipschitz domain with boundary 992. Let (X,Y) €  x R%

be a pair of random variables. A function h : E C R® — R% encodes the initial and/or
boundary conditions of the PDE. The differential operator § : C*(,R%) x O — R
characterizes the PDE itself.

Example 1.9 (Poisson equation). Let Q@ = B(0,1) CR? f: Q =R, h: E =00 — R.
Then, our goal is to find u : {2 — R such that

—Au=f inQQ
u=h in 092.

In this case, the differential operator is defined as F(u,x) := Au(x) + f(x) = 0f ju(x) +
03 yu(x) + f(x).

In hybrid modeling, we build upon a classical regression framework to estimate an
unknown function v* The underlying statistical model is given by:

Y =u*(X)+e

where Y is the response variable, X is the vector of input variables and ¢ is a random
noise term with a conditional mean of zero, i.e., E[¢|X] = 0. The novelty of PINNs
lies in constraining the function «w* with a prior physical or theoretical knowledge. This
knowledge is incorporated as a set of M > 1 PDE constaints of order at most K. The
function u* is assumed to satisfy these constraints, at leas approximataly

Se(u,z)~0 fork=1,..., M.

A direct consequence of this is that the function «* must be at least K times differentiable.

Furthermore, the function is subject to initial or boundary conditions. On a given
subset of the domain’s boundary, £ C 02, the function’s values are approximated by a
known function h : & — R. This is expressed as:

u*(z) = h(z) for all z € E.

The next section will focus on measuring the error of a solution to a problem like
the Poisson equation. We want to quantify how well a proposed solution performs. A
challenge with the true loss function is that it often cannot be calculated in practice.
Therefore, instead of the true error function, we will use an empirical version.
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1.3. Empirical Risk Function

One of the most common ways to measure error is with the mean squared error (MSE)
function or its variants. The MSE is widely used because it’s convex and differentiable,
allowing for gradient-based optimization methods like gradient descent. Furthermore,
both the function and its derivative are computationally efficient.

To define the empirical risk for a partial differential equation (PDE) problem, we aim to
minimize a loss function composed of three parts: (i) Data error: This component ensures
the solution fits any available measurement data. (ii) Boundary error: This enforces the
solution’s adherence to the specified boundary conditions. (iii) PDE residual error: This
component penalizes deviations from the PDE itself, ensuring the solution satisfies the
governing equation. Hereafter we define in detail each one of the compontents:

(i) A collection of n; € N ii.d. random variables (X1, Y1), ..., (X,,,Y,,) distributed as
(X,Y) € Q x R, where the distribution is unknown. The partial risk function is
defined by

~ 1 &
Ly (ug) := o D lug(X:) = Yill3. (Data Conditions)
=1

(ii) A collection of ny € Ni.i.d. random variables X f2), o ,X,(é) distributed according to
some known distribution up on E where is the set of the boundary /initial conditions.
Using the Dirichlet boundary condition, the partial risk function is defined by

~ 1
Ly(ug) = — > " up(X§?) — (XP)|2. (Initial/Boundary Conditions Type I)

~ 1 &
LQ(U@) = n— Z
2 “—

(iii) A sample of n3 € N i.i.d. random variables Xl(g), -, XY uniformly distributed on
Q). The partial risk function is defined by

M ns

- 1

Ls(ug) := o S Filug, X2 (PDEs Equation)
k=1 (=1

The solution w is estimated by minimizing the empirical risk function, which is a linear
combination of the individual risk functions defined above.

R, npms (t1g) = M Ly (ug) + Ao Lo (ug) 4+ AsLs(ug). (1.19)
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Here, A1, Ay, A3 establishes a trade-off between the three terms. In practice, we usually
set A\; = 1 to avoid redudancy. And sometimes, one may encounter the case where A3 = 0
(data + PDEs) or Ay = 0 (PDEs + initial/boundary condition). Our goal is to find
a minimizer of the empirical risk function 1.19, however, it does not necessarily exist.
Instead, we use a minimizing sequence, which we denote {é(n, ni,na,ng, D) bnen € Op p,
that is,

nh_{lgo R”l ,n2,n3 (uﬁ(n n1,n2,n3, D)) 9€l®r11£ Rnl ,M2,M3 (Ug)

1.4. Theoretical Risk Function

Theoretical Risk Function We use the theoretical risk function to measure the gen-
eralization of the solution. This function does not use samples, instead, it uses the con-
tinuous counterpart, e.g., the expected value and the integral.

(i) The theoretical risk function for the data is defined similarly to the empirical risk
function counterpart

1«
=2 llue(X) = Yill3 (Data Conditions)
=1

The rationale for holding n; fixed is that we usually have a limited ability to measure
the number of samples.

(ii) The theoretical risk function for the initial /boundary condition uses the expectation
value instead and is defined by

La(ug) = Expupllue(X) — h(X)|)5. (Initial /Boundary Conditions Type I)

This regime corresponds to letting no — oo, which can usually be sampled freely up
to computational resources. Likewise, the Neumann boundary condition is expressed
as

2

8U9

Lo(up) :==Exp, (9_n(X) — h(X) (Initial/Boundary Conditions Type II)

2

(iii) The theoretical risk function for the PDE equation is defined by

ug) |Q\ Z/ Fn(ug, x)dz. (PDEs Equation)

Similarly, we let ng — oo and, because it is uniformly distributed, we use the
integral.
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The solution w is estimated by minimizing the empirical risk function, which is a linear
combination of the individual risk functions defined above.

Rm(“@) = )\1L1 (UQ) + )\QLQ(UQ) + /\3L3(U9). (120)

Remark 1.10. We can note that for a fixed ug € NNy p, the expectation of empirical
risk is equal to the expectation of the theoretical risk function, i.e.,

]E[Rnl,m,ns (UJ@)] = ]E[Rm (u9>]
Proof. We will see that each one of the components verifies that the expectation is centered

E[L;(up)] = E[L (ug)]
E[L(up)] = Exmplluo(X) — h(X)||3 = La(ug) = E[Ly(up)]

Mo

E[L(u0)] = > Bxevonf@ulus, X)) = Y- & / S (g, 2)dx = Ly (ug) = E[Ls(ug)].
k=1 k=1 &

]

The cornerstone in PINNs that differs from other learning frameworks is the error
function.



CHAPTER 2
Stochastic Processes

In this section, we present several results used to establish the consistency of the reg-
ularized loss for PINNs. Most of these results are drawn from Van Handel [2014] and
Doumeéche et al. [2024].

Let us recall the definitions of some key concepts and clarify the notation. We denote
(Q, A, P) as a probability space. A random or stochastic process is a collection of random
variables {X; : ¢ € T} indexed by some set 7. In most cases, the index set T" is some
subset of the real line, such as the natural numbers or an interval, giving the set T the
interpretation of time. However, T" can take more general forms, such as a metric space.
In this manuscript, we will consider both cases. When T is an ordered set, we say that the
random process { X, }ier is adapted to a filtration {F; }scr when that the random variable
X, is measurable with respect to F; where the filtration is formed by a monotone chain
of sub-oc—algebras, i.e., F; C F; C A when s < t. The natural filtration is defined as the
o—algebra generated the previous random variables, i.e., F; = 0({X;}s<t)-

We will study the family of random variables whose tail behavior and concentra-
tion properties resemble those of a Gaussian distribution—mnamely, the sub-gaussian ran-
dom wvariables. The moment-generating function of a centered normal distribution X ~

N(0,0?) is
Mx(\) = B[] = e/,

Subgaussian random variables are the class of random variables whose moment-generating
function is bounded by that of a normal distribution. This leads to the following definition.

2.1. Subgaussian Random Variables

Definition 2.1 (Subgaussian random variable). Let X be a random variable, we define
the log-moment generating function 1 of X as

P(N) = log E[eMX XD

17
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and we say that X random variable is 02 —subgaussian if its log-moment generating func-
tion satisfies () < A202/2 for all A € R, and the smallest ¢ for which that holds is
called the variance proxy of X.

The following result is a variant of the Markov’s inequality written in terms of the
log-moment generating function.

Lemma 2.2 (Chernoff bound). Let X be a 0?—subgaussian random variable. Then, the
following inequality holds

In particular, P[|X — EX| > a] < 2exp{—a?/20?}.
Proof. We exponentiate inside the probability before appliying Markov’s inequality. For
any A > 0, we have

]P)[X —EX Z a] _ IP)[G/\(X—IEX) Z ez\a] S G_AGE[B)\(X_EX)] — ew()\)—)\a‘

Since this holds for every A € R, we can choose A to obtain the best bound. The optimal
choice is A = %. Substituting this into the inequality and using the bound 1(\) < A\?0?/2,

we obtain
a\? , a —a?

]
Lemma 2.3 (Maximal inequality). Let {Xj}1<r<n be a collection of o*-subgaussian ran-
dom variables with the same variance, satisfying E[X;] = 0 for all k = 1,...,n. Then
E { sup Xk} < V/20%logn.
1<k<n

Proof. Since —log x is convex, by Jensen’s inequality, we have for any A > 0

1 1
E |:Sup Xk:| =K |:X 1Og(6>\supk Xk):| < X 1Og]E[e>\supk Xk]
k

! A o 1 BN
< XIOg Z Ele*™] < Xlog(ne )

1<k<n
_logn+ (N < logn + \20?/2
N A - A '

Since this holds for every A > 0, we can now optimize over A on the right hand side. Differ-
entiating and setting it equal to zero, we obtain the minimum at A = —VQ;Og”. Substituting
this value into the equation, we obtain the desired result

E { sup Xk} < V/20%logn.

1<k<n
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Lemma 2.4 (Hoeffding lemma). Let X be a random variable such that a« < X <b a.s.

for some a,b € R. Then,
E[eMX-EXD] < A2 (b-)?/8

In other words, X is a (b — a)?/4-subgaussian random variable.

Proof. Let us define the Igean—centered random variable Y := X —E[X], thena <Y < b
where @ := a —E[X] and b := b — E[X]. By definition, log-moment generating function of
X is given by ¥(A\) = log E[e*Y], along with its derivatives

o E[YeN] b BN (E[YeM]\?
v =S =Sy - ()

We can interpret 1" () as the variance of the random variable Y under another probability
measure. We define anew probability measure QQ by setting dQ := %d]}”. The definition

is well-posed because the Radon-Nikodym derivative % is positive and integrates to 1.

From this, we deduce that
E[g(Y)eM]
Eolo(¥)] =~

Therefore,

2\ AV
Varg(Y) = EQ[XQ] _ (]EQ[Y])Z _ E[Y ] B (E[Y ]

Eo] E[ew) =y

We can bound the variance of Y as follows
Varg(Y) = Varg(Y — z) < Eg[(Y — 2)?].

Since z can be any real number, we let z = (@ + b)/2. Given that a <Y < b a.s., we
obtain

1 . b—a)? b—a)?
Bol(y - =) = {Bal2y —a -y < LS = Co
4 4 4
Next, since ¥(A\) < A0?/2, we observe that 1/(0) = (0) = 0. Using the bound that

') < @ along with the Fundamental Theorem of Calculus, we obtain

v = [ [ oo < X o,

Moreover, X is a 0?—sbugaussian variable with o2 = (b — a)?/4. O

Lemma 2.5 (Azuma). Let {X};}1<k<, be a stochastic process adapted to the natural
filtration {Fg b1<k<n, i.e., Fr = 0(X1, ..., X). Assume that the random variables satisfy:

E[eM*|Fy] < X902 as, k=1,...,n (2.1)

where o7 is the variance of X. Then, E[X}] = 0 and the sum Y _,_, X}, is a 0?—subgaussian
with variance proxy % := Y ,_, o7.
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Proof. The tower property of expectation assures that E[X] = E[E[Y|F,_;]]. For any
1 < k <n the random variables X7, ..., X;_; are Fj_;—measurables. Then, it follows

E[e* Zim %] = E[E[} Zimt Xie? X | Fy )] = E[e* Zimi SR | F ]
ed: éQ.l) ekzai/QE[eAZ?;l Xi].
By induction, it yields E[e*Zizi Xi] < X Zitio?/2 = X0°/2 Therefore, assuming that
E[X})] = 0, it follows
P(A) = log Ble* == Xi] < \67/2.

Let us prove that E[X;|Fr_1] = 0 (which, by the tower property, implies that E[X}] = 0).
We observe that equality holds in (2.1) when A = 0. Differentiating both sides with respect
to A and evaluating at A = 0 must yield the same result. This leads to the condition:

d

\252/2 —
d)\‘/\:o e k% = E[Xy|Fy-1] = 0.

E [ F ] £ E { AXk|f,€_1]

i’ _ i‘
d\ ,\:oe ~d)\ =0

]

Corollary 2.6 (Azuma-Hoeffding inequality). Let {Fi}i<k<n be a filtration, and let
X, Ay, By, be stochastic processes satisfying that Ay, By are F,_;—measurable and A; <
Xy < Bpas. fork=1,...,n. Then, >;_, X is 0?—subgaussian with 62 = 1 >/, || Be—
Ag||%. In particular, for every ¢ > 0 the tail bound

n 2t2
P X >t <exp (— - ) :
[Z ] 2 k=1 1Br — Al

k=1

Proof. Applying Hoeftding’s Lemma 2.4 to X}, conditionally on Fj_; yields
E[e)\Xk’./—'.kfl] < N (Bi—Ag)?/8

In other words, X}, is o7—subgaussian with o7 = 1(Bj, — A;)?. This follows because
Ap and By are Fj_; measurable, allowing us to treat them as constants. On the other
hand, applying Azuma’s Lemma 2.5 to X}, implies that E[X}] = 0 and that > ;_, X} is
o?—subgaussian with o =Y} of = >/, 2(Bp — Ap)%

To establish the second part, note that EX; = 0, therefore, invoking Chernoff Bound
Lemma 2.2 leads to the desired tail bound. ]

2.2. Covering and Packing number

We will define the covering and packing number of a metric space (E, d). Intuitively, the
covering number is the minimum number of balls required to completely cover the space,
while the packing number is the maximum number of disjoint balls that can be placed
within the space without overlapping (see Figure 2.1).
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C O

(a) The ellipse represents the 7" and the dots in

red are the the elements in N, i.e., the e—net. (b) The optimal packing problem in a
The circles around the dots are the balls of e square using the blue balls.

radius that should cover the metric space.

Figure 2.1: Packing vs Covering number

Definition 2.7 (e—net and covering number). A set N C E is called a e—net for (E, d) if
for every x € E, there exists m(x) € N such that d(z,7(z)) < e. The smallest cardinality
of an e—net for (F,d) is the called the covering number

N(E,d,€) ;== inf{|N| : N is an e—net for (E,d)}.

Definition 2.8 (e—packing and packing number). A set N C FE'is called an e—packing of
(E,d) if d(z,z") > € for every x,2" € N, x # /. The largest cardinality of an e—packing
of (E,d) is called the packing number

D(E,d,€) :=sup{|N| : N is an e—packing of (E,d).}.

In the literature, the binary logarithm of the covering number of a set F is commonly
referred to as the e—entropy of F, denoted by

HG(E) = lOgZ N(Ev || ' ||7€)'

Similary, the binary logarithm of the packing number is typically called the e—capacity
of F, defined as
Ce(E) :=logy D(E, || - [|, €).

The logarithm is usually taken with base 2 because it used in the context of Computer
Science to measure the transmission properties of certain channel.

The following lemma illustrates the relationship between the covering number and the
packing number.
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Figure 2.2: distance between x and z’.

Lemma 2.9 (Duality between covering and packing number). For every € > 0

D(E,d,2€) < N(E,d,e) < D(E,d,e).

Proof. (1) Let D be a 2e—packing and let N be an e—net. For every z € D, choose
m(x) € N such that d(x,n(x)) < e. Then, for every 2’ € D such that x # 2/, we have

% < d(x,2") < d(z,7(z)) + d(n(z), n(z") + d(n(a'),2") < 2+ d(n(x), 7 (")),

which implies that 7(z) # 7w(2') (see Figure 2.2). Thus, the function 7 : D — N is
injective, and thus, |D| < |N|. In other words, D(E,d,2¢) < N(E,d,¢).

(2) Let D be a mazimal e—packing with |D| = D(E,d,e). We claim that D is
necessarily an e—net. Indeed, suppose for contradiction that there exists a point x € F
such that d(x,z’) > € for every ' € D. This would imply that D U {z} is a larger

e—packing, contradicting the maximality of D. Therefore, every point in £ must be
within a distance at most of € from some point in D, confirming that D is an e—net. [

We are now ready to establish an upper bound on the covering number of the Euclidean
ball B} with respect to the Euclidean distance. The proof of this fundamental result
employs a clever technique known as a volume argument.

Lemma 2.10. Let B} be the n—dimensional euclidean ball centered at zero with radius
1, ie., BY :={x € R": ||z||2 < 1}. Then, we have that N(B%, || -|,e) =1 for ¢ > 1 and

1 n n
<—) <N(B3, |-l e) < (§) for 0 <e<1.
€ €

Proof. Case € > 1: It is clear that for e > 1, N(BZ, || - ||,€) = 1 since N := {0} is a e—net,
ie., ||t — 0] <1< efor every z € BY.

Case 0 < € < 1: Let us begin with the upper bound. Let D be a 2e—packing of Bj.
Since d(z,2") > 2¢ for all x # 2’ in D, the balls {B(x,€) : x € D} must be disjoint. On
the other hand, every ball B(x,¢) for € B} must be cointained in a larger ball centered
in zero with radius 1+, i.e., B(x,e) C B(0,1+¢). Therefore, the sum of volumes of the
balls satisfy

> AB(z,€) = A <U B(x,e)) < AMB(0,1+¢))
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where A denotes the Lebesgue measure on R". Using that the Lebesgue measure is
homogeneous and that A(B(0,«)) = AM(aB(0,1)) = a”A(B(0,1)), then

€"|D|B(0,1) = [D|B(0,¢) = > _ M(B( A(B(0,1+¢€)) = (1+¢€)"B(0,1).

zeD

Therefore, dividing both sides by B(0, 1), we obtain that

1 n
’D‘§< —i—e)
€

We have established that for every 2e—packing D, we obtain an upper bound for D(E, d, 2¢).
This leads to the following chain of inequalities

Lemma 2.9 1 n 3 n
NGB 120 S DB - | 20) < (1+-) < (—) for 2 < 1.
€

2¢

Relabeling 2¢ as € completes the proof.
We proceed similarly to obtain the lower bound. Let N be an e—net for BY. Then,

ABF) <A (U (2,€ ) <> XB — |N|e"A(BY).

zeN zeN

Hence, dividing by A(B%), we obtain
A(BY) 1\"
NI >2—"—=|-] .
1= 3o~ (o)
This inequality holds for every e—net N, so we conclude that N(BY, || -|,e) > (1/e)". O

The following Lemma finds a bound for the growing rate of the e—entropy of the
Sobolev space H™*1. The proof can be found in [Nickl and Pétscher, 2007, Corollary 4].

Lemma 2.11 (e-Entropy of H™ (2, R%)). Let Q@ C R% be a Lipschitz domain. For
m > 1, one has

log N(Bym+(e)(1), || - [l rms1(0), €) = Ocso€ /™4,

2.3. Subgaussian Process

Definition 2.12 (Subgaussian process). A random process {X;};cr on a metric space
(T,d) is called subgaussian if E[X;] =0 for all £ € T and

E[eMXi—Xe)] < AdE9)*/2 forallt,s € T, > 0. (2.2)
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Notice that for every s,¢ € T, the random variable X; — X, is a d(t, s)?-subgaussian
random variable.

Definition 2.13 (Separable process). A random process {X;}ier is called separable if
there exists a countable set T, C T such that

X; € thl% X, forallt €T a.s.
seTy

Here, lim sy X, = {X; : 3{sn}nen such that X, 7% X, as.)
s€lp

Remark 2.14. The assumption of separability is almost always satisfied. For example,
assuming that ¢ — X, is continuous and 7T is a separable metric space (as is the case in
this manuscript), then we can take Tj to be any countable dense subset of 7', allowing us
to verify the separability assumption.

For the next theorem, we must prove that sup,.; X; is measurable. In fact, if T is
uncountable, the supremum is not necessarily measurable. However, under the assumption
of separability, we have sup,.p X; = sup;cq, X;. Since the supremum of a measurable
function is always measurable, it follows that sup,. X; must be measurable.

Theorem 2.15 (Dudley). Let {X;}ier be a separable subgaussian process in the metric
space (T,d). Then,

E {SupXt} < 622_k\/log N(T,d,27F).

teT keZ

Proof. We begin by proving the result for the case where |T'| < oo. Let kg € Z be
the largest integer such that 27% > diam(7T). It is clear that for every ¢, € T, the set
Ny := {to} forms a 27 —net and m(t) = to.

For k > ko, let Ny be a 27F—net such that |Ny| = N(T,d,27%). We denote m.(t) as

the element in N that satisfies d(¢, mx(t)) < 27%. Using a chaining argument up to the
scale 27", we proceed as follows

sup {Xﬁo(t) + < Y Xew — Xm_l(w) + X = Xo, (t)}]

teT k=ko+1

E [sup Xt} =E

teT

<E[X,]+ Y E {Sup{Xw) - Xml(t)}] +E EE%?{Xt - th)}} :

k=ko+1 teT

By definition of subgaussian process, E[X;,] = 0. Since |T| < oo, we can choose n suffi-
ciently large so that IV, = T, and hence m,(t) = t, meaning that the third term vanishes.
Next, we bound the second term. By definition, X, o) — X, ,(t) is a d(m(t), m—1(t))-
subgaussian random variable. We can readily estimate the variance,

d(m(t), me—1 () < d(me(t),t) + d(t, me_q(t)) < 278 427D = 3 5 27k,
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Moreover, we can control the number of terms in the sum, note that {X. ) — Xr, @) :
t € T} contains at most |Ni||N_1| which is bounded by |Ni|? terms. Applying Maximal
Inequality Lemma 2.3 to these terms, we obtain

E{supXt} < > V2d(mi(t), i (5)?1og N2 <6 ) 275 /log [N
teT fe—ko+1 k=ko+1

<6 Y  IogN(T,d 2%).

k=ko+1

To prove the result when |T'| is infinite, we can use separability to approximate the general
case by the finite case. Indeed, by separability, there is a countable set T C T” such that
SuUp;er X = supep Xt a.s. Let us denote T}, the first £ elements of 7”. Then, by monote
convergence of expectations

E {sup th =E {sup Xt} =E

teT teT’

sup Xt] )

sup sup Xt] =supE
teTy,

k>1 teT] k>1

And, applying the chaining inequality to each finite maximum and using that N (T}, d, €) <
N(T,d,e) yields the same result.

O

Corollary 2.16 (Entropy integral). Let {X;}er be a separable subgaussian process on
the metric space (7, d). Then,

E [supXt} < 12/ V1og N(T,d, €)de.
0

teT

Proof. Since N(T,d,-) is decreasing, we obtain the following chains of inequalities

o~k
> 27"\ log N(T,d,27%) =2 / V1og N(T, d, 2-%)de
2—k—1

k€EZ keZ

322/ V1og N(T, d, €)de
kEZ 2

:2/ V01og N(T,d, €)de.
0

92—k

k—1

]

Definition 2.17 (Discrete derivative). Let f € C(R™,R). We define the discrete deriva-
tive of f with respect to variable xj at the point x € R as follows:

Drf(x) :=sup f(x1,. .., Tp_1, 2, Thy1y - - Tn) — irzlff(m, e Ty 2y Tg s e ey L)
z
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Theorem 2.18 (McDiarmid). Let Xi,..., X, be independent random variables, f €
C(R™,R). Then, f(Xy,...,X,) is o®—subgaussian with 0® = >/, [|Dxf||% where
Dy.f is the discrete derivative (see Definition 2.17).

Proof. Let us define the following random processes for k =1,....n
Y = EIf(Xq, ..., Xo)|Fi] — E[f( X1, ..., Xn)| Fril.

where Fj, is the natural filtration. We observe that it satisfies E[Y;|Fr_1] = 0 due to the
tower property. Moreover, we see that

d Yi= (X1, X)) —BA(X, LX), (2.3)
k=1
On the other hand, let us denote gi(z) := f(X1,..., Xp_1,2, Xka1,- .., Xy). Since Xy is

indpendent from Xy,..., Xp_1, Xiy1,..., X, it follows that
E[inf gy (2)[Fr-1] = Elinf g, (2)|Fk] < Elge(Xe)|Fi] < Elsup gi(2)[F4] = Elsup gi(2)[Fr].

Hence, A, <Y} < By, a.s. where

Ap := Efinf g(2) — g (Xe)[Fr1],

By, := E[sup gx(2) = gr(Xi)| Fr—1]-
We notice that Ay, By are Fp_;—measurables. Then, the Azuma-Hoeffding inequality
(Corollary 2.6) assures us that y_,_; Y} is o> —subgaussian with o® = + >/, || By — Ax /%
Moreover, by the above identity (2.3), f(Xi,...,X,) is also a 0?—subgaussian. We note

that
|Br — Ai| = [E®,f(X)| X1, ..., X1 <Dk f]oo-

Therefore, f(Xi,...,X,) is 0?—subgaussian with o = 1 > || Dif|%.

2.4. Uniform Approximation of Integrals

Theorem 2.19 (Uniform approximation of integrals). Let Q@ C R% be a bounded Lips-
chitz domain, let a; > 0 and let { X} }ren be a sequence of i.i.d. random variables in Q,
with distribution u. Let f: C%°(Q,R%) x Q — R% be an operator, and we assume that
the following two requirements are satisfied:

(i) there exists C; > 0 and f; € (0,1/2) such that for alln > 1 and all ,60" € By(0,n),

Hf(ut‘)a ) - f(u9’7 )HOO,Q < Clnﬁl”e - HIHQ' (Hl)
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(i) there exist Cy > 0 and Sy € (0,1/2) satisfying B > «; + f; such that for all n > 1,
and all € By(0,n*),

1 (o, Yo < Can™. (12)
Then, almost surely, there exists N € N such that for all n > N,

1 n
2 D00 %) = [ Jln

sup < log%(n)nf2~1/2,

0€By(0,n°1)

2

Notice that N is itself a random variable because it depends on Xj, ..., X,,. Moreover,
note that for B, € (0,1/2), lim,,_,o, log®(n)n?~1/2 = 0. This theorem assures us that the
empirical mean approximates the integral under certain assumptions over the operator f.

Proof. Let us first analyze the particular case where dy = 1 before generalizing. Consider
0 € By(0,n*), and we let

Zuo =1 > F 0, X) = [ o, Yo
i=1

Our objective is to establish an upper bound for the random variable

Zp = sup |Z,gl
0€ B2(0,n°1)
Let M(€2) := max,cq ||z||2. For every k =1,...,n we define the random variable W}, as
follows
1 1
Win == — (f(ue,Xk) - [ [ (uq, -)du> - — (f(“6’7Xk> - / f(uo, ')dﬂ) :
n Q n Q
Then, using hypthesis (H.1), we obtain that for any 6,6 € By(0,n*'),
1 Jé; / B / Jo dp=1 B1—1 /
|Wz,n| S E Cl’l'L 1”9 —0 ||2 + ~ C’ln 1||0 —0 ||2d,u = 20172 ! ||0 —0 ||2
Q

In other words, we have found a,b € R such that a < W, < b. By Hoeffding’s Lemma
2.4, we know that W, is a o7 —subgaussian random variable with

1 _ , - /
of = 30— a)* = LUC 16— ¢ = ACE 20 — 0/

1
4
On the other hand, we note that Z, 9 — Z,, o = ZZZI Wi and since the random variables
{Wi.n}tr<n are independent, we can invoke Azuma’s Lemma 2.5 to deduce that Z,, p — Z,, o
is a subgaussian random variable with parameter > ,_, 07 = noj = 4Cn*" 710 — 0|3
We observe that E[Z,, g] = 0. Therefore, by definition, for all n > 1, the family {Z, s }oer
is a subgaussian process on the metric space (T, d), where

T = By(0,n*),  d(6,0) =200 "Y2||0 — 0.
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Furthermore, the mapping 6 — Z, y is continuous with respect to the topology induced
by the metric d. Consequently, by Remark 2.14, the process (Z, 9)scp,(0,ne1) is separable.
Applying Dudley’s Corollary 2.16, we obtain

=E[Z,] <12 /OO V01og N(T,d,r)dr. (2.4)

We can now establish the following relation
N(T,d,r) = N(Bz(0,n*"),d(0,6'),r)
= N(Ba(0,n), || - [la, n/* P17/ (2C1)) (2.5)
= N(B(0,1), || - [l2, 0>/ (2Cy)).

E sup  Zng

#eB3(0,n%1)

Combining (2.4) and (2.5), we obtain

B(Z,) <12 [ \flog N(Ba(0, 7). | oot 20r/(2C)
0

= 21Cy 52 [ og N(B0, 1), [ s s)ds
0

1
240yt / 108 N(BE. | - o, 8)ds.
0

In the second term, we performed a change of variable given by s = n'/2=%1y/(20}), while
the third term follows from the fact that N(By, || - ||2,7) = 1 ¥r > 1. Since 0 belongs to
the parameter space OF := RGHNDHH-DDID+HN+H(D+1)d2 e can apply Lemma 2.10 to
bound the covering number as follows

log N(BY, || - ll2,8) < [(dy + 1)D + (H — 1)D(D + 1) + (D + 1)dy] log(3/s).

Observing that fol Vlog(3/s)ds < 3/2 and noting that, by definition, a; + 1 < B2 < 1/2,
we observe that

E[Z,] < 36C,n“ =12, /(dy +1)D + (H — 1)D(D + 1) + (D + 1)d, =25 0.  (2.6)

Note that Z,, = Z,(X1,...,X,), so applying the definition of the discrete derivative
of Z, (Definition 2.17) along with the hypothesis (H.2), we obtain
D2, = sup Zn(Xla ooy X, i, X, - aXn) — inf Zn(Xla ooy X1, Ty X, - 7Xn)

xz;€ER%M z;€RL
<2n ' sup ||f(us, )| < 2Con”N
0eB2(0,n%1)
Applying McDiarmid’s Theorem 2.18, we conclude that Z, (X7, ..., X,,) is 02—subgaussian
variable with ¢? = in(2Cyn®1)? = C3n?~1. In particular, by the Chernoff bound
(Lemma 2.2), for all t,, > 0, we obtain

P(|Zy — BZy| > t,) < 2¢7/27% = 2exp{—t2n'~2%2 202}
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We will now show that the events E, = {|Z, — EZ,| < t,} satisfy the Borel-Cantelli
Lemma when the sequence {t,}, is given by t, := 2C,n®>~1/2 logl/ %(n). Indeed,

D P(E)) <) 2exp{—(2Cen” " 1og!?(n?))*n' 7 /2C5} < oo.

neN neN

Therefore, using the fact that E[Z,] — 0 (2.6) and applying Borel-Cantelli Lemma yields
the desired result

0 < Z, <log"?(n)n®~12 <log*(n)n*Y?* as.  ¥n>N.

for some sufficiently large N.

The generalization to the case dy > 1 is straightforward. Let f = (f1,..., f4,). Since

|- 1l2 < Vda| - ||, then
1 n
0 2 flu X)) - / P |
Zf] u9> /fj Ug, d/L

sup
0€B2(0,n°1)

< +/dy max sup
1<J<n geBy(0,n01)

2.5. Empirical Processes

Lemma 2.20 (Empirical Process). Let Xi,..., X, €,...,€, be independent random
variables, such that X is distributed along px and ¢; is distributed along . with E[e;] = 0.
Then, there exists a constant C'g > 0, depending on €2 such that

n

Bl s DS W0G) -Ef@)()]G)| < ZEe,

H“HH7n+1(Q)<1 n j=1

where I is the Sobolev embedding in Theorem A.1.

Proof. Firstly, we note that H™"!(Q) is separable and the function

n

(s T s 0n) % S ((w)(;) — ElF) (X)), )

is continuous for all u € H™(Q R%). Then, we can define the supremum Z :=

SUD w1 ) <1 1 > i ((u) (X5) —E[MI(u)(X)], ¢;) is a random variable. Moreover, using
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Theorem A.1 that assures us that ||TI(u)||e.0 < Cqllu||zm(9), We obtain

n

|Z|S%Z sup [[T1(u)(X;) = ELI(u)(X)]]| - [le]

j,l HuHHm+1(Q)§1

s—z swp V&I lees + ETW)]|eg) - o]

j=1 HuHHm"rl(Q)

| /\

—Z sup  (Callullam @) + E[Callull am@)) - ll&l]

j=1 ”“”Herl(Q)

200/ dy
< =222 el

If € has finite second moment, then E[Z?] < co. Define, for any u € H™(Q, R%),

= —Z (T (u — E[II(w)(X)]. ¢;)

Ly = sup L

||“HHm+1(Q)§1

For any u,v € H™(Q, R%®), we have

—(I1(X;) — EMI(u)(X)], &) — %(ﬂ(v)(Xi) — B[ (u)(X)], )
200/ dy

— (i — 0)(X5) — Elfi(u - 0)(X)], )] <

[ = vl[ o ll€il2-

Using that € is independent of X, we can apply Hoeffding’s, Azuma’s and Dudley’s The-
orem as in the previous proof to show that

n

24Co/dy
| el | 108 N By ), sy ] 2

E[Z,le1, ... €] <

Hence, according to Lemma 2.11, there exists a constant Cf, > 0, depending only on €2
such that E[Z, e, ..., 6] < Con~t\/da > 1 ||€|3. Hence, we obtain

E 2

and
Ellell3
Var(E[Z,|e1, ..., e.]) < E[E[Z,]e, ..., n] | < (C’Q) ds )
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Applying McDiarmid’s inequality (Theorem 2.18) as in the previous theorem shows that

1 n
2 2
Var(Z,le1, ..., €n) < 1609(12”2 E ll€: |5

i=1
Therefore,

dzEHd‘%

Var(Z,) = Var(E[Z, €1, ..., €,]) + E[Var(Z,|e1, ..., e,)] < (CH)* +16C32).

Since E[Z?%] < Var(Z,) + E[Z,]?, we obtain that

dz]EHdg
n

E[Z;] < ((CQ)* + 16G3).






CHAPTER 3
Consistency of PINNs

In this section, we show that standard PINNs can lead to overfitting problems. The ideas
are mainly brought from Doumeche et al. [2023] and Mohri et al. [2012]. This means that
while you can achieve a low empirical risk function, the theoretical risk function does not
necessarily stay low. In fact, will give some examples where we can obtain zero empirical
risk function, while the theoretical risk function tends to infinity.

3.1. Risk-Consistency

In machine learning, we minimized the empirical risk and hope that it translates to the
theoretical risk. This concept is described in the following definition and it is usually
named after risk-consistency.

Definition 3.1. Fix n; € N. Let {A(n, ny,n3)}nen be a minimizing sequence for the
empirical risk, i.e.,

lim R 5 = inf R .
oo Rm,nz,ns (uen (ng,ng,)) 0cOu.p Rm,nz,m (uO)

We say that {én(ng, n3) }nen satisfies the risk-consistency with respect to the theoretical
risk R, if

im lm Ry, (g, 05 py) = Inf Ry (u). (3.1)

n2,N3—00 N—+00 ueNNg

This condition means that the sequence minimizing the empirical risk also asymp-
totically minimizes the theoretical risk. Risk consistency is a desirable property, since
training procedures typically minimize empirical risk. Without this property, there is no
guarantee that minimizing the empirical risk results in a low theoretical risk. In fact, we
will see a counterexample down below.

33
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3.2. Counterexample

We will show theoretically and empirically that standard PINNs fail to be risk-consistent,
though a counterexample.

Example 3.2 (Dynamic friction model). Considering the following ODE defined on the
domain 2 := (0,7) by

F(u,z) = mu"(z) + yu' (), (3.2)

where v € C?(Q,R) and x € Q. In this case, we assume that there are not boundary
samples, i.e., no = 0. We can prove that, whenever D > n — 1, for all ny,n3 € N, there
exists a minimizing sequence {ug , ..y bnen C NNZE such that

nlggo By iz ms (uén(nl,m)) =0

lim ﬁnl (ug(

n—o0

TL1,’I’L3)) = Q.

Therefore, we can say that PINN estimator is not risk-consistent.

Proof. This example assumes that we have data availability and the equation (3.2). We
assume that the observations (X1,Y7),. .., (X,,,Y,,) € R? are ordered in increasing values
of the X;, ie., X <--- < X,. Let G(ny,n3) = {X;,1 <i<n}U {X;S), 1 <j <ns}.
Consider the neural network u; ., € N N defined by

ny1—1

E/i B Y; d )
ug(x) = Y1 + Z % {tanhZ,H (az - X; — w> + 1] ,
i=1

where §(n1,n3) = MiN,, .,eg(nng) |21 — 22| and where tanhg” := tanhg 0.2, o tanhy, and
2172

tanhg(x) := tanh(z0). Let us fix e = d(n1,n3)/4 and define the set of discontinuities

" 1 3
G = R\ U (Xz + L—lé(nl,ng),Xi + Zé(nl,ng)) .

=1

By Lemma 1.6, for all K, limg_,q ||ty — Uso||cx () = 0, where

n—1
Yign — Y
uoo(-’£) = le + Z +T [1:B>Xi+5(n1,n3)/2 - 1x<Xi+5(n1,n3)/2 + 1]
=1

n—1
=Y+ ) [Yier = Yillas Xt o(mims)/2-
=1

Therefore, us(X;) = Y;. Since u/ (x) = 0 for all z € G, and ngs) € G, we deduce that
uld (X]@) = 0. Thus, we conclude that lim,, Em,O,ng (us ) = 0 when 0, 22 .
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We will prove that it is not risk-consistent, in particular, we will prove that R,,, (uén) LN

oo. Indeed,

1
Ry (us ) > = S(ug 2dx
3,)2 7 [ 80,00

1 i Xi+6(n1,n3)/2—e€ )
> = / § (U4, (ng)» )" dx.
T i—1 Y Xi+d(n1,n3)/2—€ (n3)

We notice that

e [ ar) ( | mf”+7f> — ml(6) — /() +1(F() - S~

—€

Therefore, using this inequality and the fact that € < §(ny,n3)/4,

/
Y 0, 2 Ji 3, (5 B 75) X, 20

1y, (X +0(n1,n3)/2 + €) = g, (X + 8(m, m3)/2 — €)))]°

Yot Y
’Ynlfl
> LN (Vi - Y02
> 3 Y 0= 1)

Since, we assume that Y;,1 # Y; and that for any € < d(ny,n3)/4, there exists a sequence
of parameters such that lim, . Ry, (ug ) = 0o. n

As shown in the previous section, training PINNs is not straightforward, it can lead
to unintended results when minimizing the risk in the form of overfitting. To avoid such
problems, there is a popular approach among machine learning practitioners that consist
of using ridge regularization. The regularization consists of the empirical risk by the L?
norm of the parameters 6. This technique has shown consistently that it improves the
generalization and training process Mohri et al. [2012]. In this section, we will study and
formalize the ridge PINNs framework and prove the risk-consistency.

3.3. Ridge PINNSs

We will intorduce a regularization term in the empirical risk function to incentivize the
solutions that are less complexr. As we have seen in the second chapter, there is a rela-
tionship between the norm of the parameters and the Lipschitz constant of the neural
networks. We want to avoid training a complex model that can essentially memorize the
training data, including the noise and idiosyncrasies. This phenomenon, is known as over-
fitting. Intuitively, likewise the Occam’s Razor principle, we are advocating for simplicity,
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favouring simpler models that are more likely to generalize well to new, unseen data, and
in particular, that reduce the theoretical risk function. There are two common regular-
ization techniques, ¢! and ¢? regularization, beware that they are also usually name L,
and Lo regularization. Despite been similar, they produce different results in most cases:

o (! Regularization (Lasso): (! regularization adds a penalty proportional to the
absolute value of the weights. A key feature of ¢! regularization is that it can
force some of the weights to become exactly zero. This has the effect of switching
off certain connections in the network, leading to a sparser, and therefore simpler,
model.

e (? Regularization (Ridge): This technique adds a penalty proportional to the
square of the magnitude of the weights. This encourages the network to use smaller
weights, effectively "smoothing out" the function it learns and preventing it from
making sharp, complex decisions based on small fluctuations in the training data.

We will focus hereafter on the Ridge regularization. We begin by introducing a slightly
modified version of the empirical risk function.

Definition 3.3 (Ridge PINNs). The ridge empirical risk function is defined by

~

é(ridge) (ug) = Ry nans (UG) + A(ridge)HeH%» (3.3)

ni,n2,n3

where Agidgge) > 0 is the ridge hyperparameter. We denote by {éﬁfidge) (ng,n3, D) }nen the
minimizing sequence of the ridge risk, that is,

: D(ridge) . o H(ridge)
nh—>nc}o o aiams (u951rldgc) (nz,n&D)) B 96%1}5 D Brms (o).

We will restrict the family of functions § that can be used for the PDE. Polynomial
operators are general enough that allow almost any physical problem to be described
using this family of functions.

Example 3.4 (Navier-Stokes equations). Let Q = Q x (0,7T'), where ; C R? is bounded
Lipschitz domain and 7" > 0 is finite time horizon. The incompressible Naiver-Stokes
system of equations id defined for all v = (u,v,w,p) € C*(Q,R?*) by

V.-v=0,
pZ = —Vp+ pViv.

This can be written using our notation as

§1(u, ) = Oyu + Oyv + O,w

F2(u, ©) = p(Opu + udpu + vOyu + wd,u) + pp — (07 ,u + 05 Ju + 07 ,u) — pys
Fs(u, x) = p(Opv + udpv + vy + wA,V) + Ayp — (02 v + 02 v + 07 V) — pg,
Sa(u, x) = p(Ow + ud,w + voyw + wd,w) + O.p — (9 ,w + 92w + 92 w) — pg.
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where p, > 0 and g1, g2, g3 € C=(2,R). We notice that §; for ¢ = 1,2, 3,4 are polyno-
mials in u and its derivatives, with coefficients in C*°(€2, R). For example,

Ss(u, ) = Py(u, v, w, 0, Oyv, Oyv, 0,v, Oyp, 82 0,02 0,0 v),

1 Oy yUs U2V

where the polynomial Py € C%(Q,R)[Z,, ..., Z11] is defined by
Py(Zy,....Z20n) = p(Zs+ Z1 Zs + ZyZs + ZsZ7) + Zs — (Zg + Zio + Z11) — pgy.

This example gives rise to the family of functions named polynomial operators.

Definition 3.5 (Polynomial Operatori). Let s € N and multi-indexes (v ;)1<i<dy1<j<s
where a; ; € N, An operator § : C*(Q,R%) x Q — R is a polynomial operator of order
K € N is a function that can be written as

S<u7 ) = P(<aam‘ui>1Si§d271SJSS>7 Vu = (uh SR 7ud2) S CK(§7 Rd2)?
where P € C®(Q,R)[Z,1, ..., Za,s) is a polynomial with smooth coefficients.

This can be defined in other ways by

N(P) s

Z¢kXHH aa”u I(z]k

=1 j=1

where N(P) € N, ¢, € C*(Q,R), and I(4,7, k) € N. This formula can be expressed as a
polynomial

P(Z1a,. .., Zays) = Z dp X HHZ (k)

i=1 j=1

The degree of the polynomial operator § is

deg(3) := (1 + |ag k).
cg(F) 1<£ga}vx(PZZ + i) 1(, 5, k)

=1 j5=1

Using example 3.4, deg(F3) = 3 and its degree is reached in the terms u;0;u; and 8§iuj
for i,j € {x,y,z}. Tt is noteworthy that this class of functions includes a large number
of PDEs. This constraint allows us to establish the risk-consistency of the ridge PINNs
when ny, n3 — oo.

3.4. Risk-consistency of ridge PINNs

Proposition 3.6. Let 2 be a bounded Lipschitz domain, let E be a closed subset of
09, and let h € Lip(E,R%®). Then, the operator 5 (u, ) = 1,ep|lu(z) — h(x)||? satisfies
inequalities (H.1) and (H.2) from Theorem 2.19 with oy < (3+ H)™'/2, 81 = (1 + H)ay,
and 1/2 > 5y > (3+ H)ay.
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Proof. Since Lip(E,R%) C C°(E,R%), then ||h||o < oo. Observe that for any v, w €
RE, [ vl = lwl3 | = [(v +w,v —w)| < [lv+wlla]lv —wllz < daf|v+ wl]|o||v = w]le. Thus,
we obtain, for all 6,60’ € By(0,n*') and = € E,
| (ug, )= (ugr, )| < (luo()ll2 + [luer (@)l2 + 2[|h(z)|2)|luo(x) — uo (x)]|2

< da([[ugllco.02 + el o0 + 2[|2lloc) [luo — o]l oo

< do(2(D + 1) + 2 l|oe) Cor (1 + d M(Q))(D + 1) (1 -+ 016 — ]

nf1
B e N
< 274y (D + 1+ ||h|oo) Co.r (1 + di M (Q))(D + 1) n 0+ |19 — ¢/,
o

= Cln’Bl HQ — 0’“2.

The third inequality is given by (1.4) in Lemma 1.6 and due to Lemma 1.7. Next, using
again (1.4), for all 8 € By(0,n*),

17 (o, ) o0 < da([[tuglloc0 + [1ll)* < do((D + 1)n™ + [[h] o) < Con™™

Recall, that we must verify the inequality: oy + 51 < B2 < 1/2. This is true for fy :=
2(2 + H)ay, which completes the proof. m

Proposition 3.7. Let 2 be a bounded Lipschitz domain, let E be a closed subset of 052,
and let § € Z,,. Then, the operator 1,cqF(ug, z)? satisfies inequalities (H.1) and (H.2)
from Theorem 2.19 with ay < [2+H(1+(2+ H) deg(F))] ™', 81 = H(1+(2+ H) deg(F)) a1,
and 1/2 > 3y > 2+ H(1 + (2+ H)deg(:F))|y

Proof Let § € &,,. By definition, there exists a polynomial P E C®R",R)[Z11, ..., Zay s

S0 xW2, 1l xJ >

u € C>®(Q Rd2) 5( U, ) = ((8O‘lﬂul)1<l<d2 1<j<s) In other Words the polynomlal can be

__7__

expressed as P(Z11,...,24,5) = Zk:l o [122 - Z 3% where N(P) € N. Recall,
by Definition 3.5, that deg(§) := max; 3%, > 1+ ]041]]) (1,7, k).
According to Proposition 1.6, there exists a constant Cgeg(g),m such that

2
N(P) s

15 (ug, )2l < Z ||¢k||ooQHH||aa~u [

i=1 j=1

I(z k
< N*P)| sup H@HmHHHu et

1<k<N(P) i1 o1

2H i (1 Qg I i, ',k
< NA(P)[|_max | 18] 0] Chegn [(D + 1)(1+ [ 2203105

A\

< NP, max  [[9lloc,a)* Clogs (D + 1) 57 (1 + [|6]]) 2 de=s

[\ J/
-~

Ca

< Gol9l5™ .
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Therefore, for any 6 € By(0,n*), [|F(ug, )*||lsc.a < Con™ for any 8, > 2Hay deg § for
some sufficiently large n.

On the other hand, notice that |u? — v? | = |(u + v)(u — v)| < |u + v||u — v| for any
u,v € R. Therefore,

(g, 2)* — F(ug, 2)*| < (1§ (ug, 2)| + [ (ug, )|)[F(uo, 2) — F(ug, z)|
< 20L2pHerdesd| Ty, o) — Flug, 2).

Let us bound the right hand side. We notice that H - Z (:7K) has less than deg §
terms different from 1. Using (1.10) over § the right hand side ylelds

N(P) do s N(P) s

‘S"(UQ, ) U,gl x ’ < Z QﬁkHH aa” I(z]k Z(kaH aa” UQI 1(3,5,k)

=1 j=1 =1 j=1

< NP) max | ¢klen H(@a”( 9);)LE3k) H(aai,j(ua,)i)l(mk)

1<k<N(P) > L

< N(P) | nax 161|002 deg(F) |1t — g || s s (e
/ I(i,5,k)
1<ga<ajg<P)Hmax{||u9||c.w o 100l 1y 69,

From Lemma 1.6, we deduce that

1(3,5,k
| nax Hmax{HueHCm”\Q),Hua/HC\w Sa

< Clegz(D + 1) 4T (1 4+ max(|0]|o, [|6']|2)) ™ 483,

Combining the last two inequalities with Lemma 1.7 to bound ||ug —ugr|| caes5(q), We obtain

[ (ug, ©) — §(ug, 2)| < N(P) max ||¢k||oo 0 deg(F) Caeg g1 (1 + i M ()16 — &'

1<k<N(P
(D—|— 1)H(1+(1+H)deg&')(1 —|—maX<”(9”2, H0/|’2)H(1+(1+H)deg3'

Hence, for all 0,0" € By(0,n),

1§ (ug, ©)* — F(ugr, 2)*| < O |0 — 0|2,

where 51 = H(1+ (2 + H) deg §)a,.

Recall that it must verify that oy + 51 < [ < 1/2. And this is true for f, =
2+ H(1+ (2+ H)degF)]ay and oy < [2+ H(1+ (2 + H) degF)]~!/2

]
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Theorem 3.8 (Risk-consistency of ridge PINNs). Let the number of hidden layers be
H > 2. Assume that the initial/boundary condition A is Lipschitz and that §1,...,8n
are polynomial operators. Assuming that the ridge parameter is of the form

. 1
h = '
, where K 12+ 4H(1+ (2 + H) maxy deg(Fx))

)\ri e) ‘&— — .
(i98e) " 1nin(ng, ng)*

Then, almost surely,

inf R, (u).

hm hm Rnl (Ué(ridge)
n u€NNP

ng,n3—00 N—00 (”%nS,D)) -
In other words, this theorem assures us that minimizing the ridge empirical risk (3.3)
over Oy p amounts to minimizing the theoretical risk (1.20) over Oy p in the asymptotic
regime where ng, nz tends to infinity. The following results ensure that the class of neural
networks NN% C C*(), R%) does not introduce any asymptotic bias in the width D.

Proof. Since each §j, is a polynomial operator (see Definiton 3.5), it takes the form

Z¢ZkHH (O“iik (0 K (6:5:6)

=1 j=1

Let ug 0

rldge

= NN% be a neural network with parameters § = (0,...,0). Obviously,
nl ,T12,13 (UO)

€
Ryy iy ms(Uo). Moreover,

N Ay
Ry s (110) < = Z V]I + o[ o]|oo + —3 Z Z 55 (g, X2

m k=1 (=1 (3.4)
A1
< EZHYHNL)\thHooJF—ZZWMH%Q = 1.
=1 k=1 /(=1

We notice that I does not depend on A iage), 12, 13-

Let {égidge)(nQ,ng,D)}neN be any minimizing sequence of the empirical risk of the

ridge PINN, i.c., lim, .o RS9 = infyeon Rt (ug). Let Nog 1=

(U/é’slridgc) (TLQ,TLg,D) )
min(ng, n3). Let us define the following three sets:

E1(Nog) :={0 € ©F : [|]2 > Nys}
Ex(Nog) = {0 € ©F : NyL* < |||, < N33}
E3(Naz) = {0 € O : N, “/4 < [19]l2}-

Notice that ©F = & L&, LUE,. The proof relies on the argument that for any ny, ns, given

a sufficiently large n, 6 rldge)(

large, then Rnrf?fjng is close to the theoretical risk R. Let us divide the proof in four steps.

ng,n3, D) € & U E;. Furhtermore, when N, 3 is sufficiently
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Step 1. We start by observing that, for any 0 € & (Ny3), we have Rnrfdﬁg;)m(ue) >
Aridge)|10]13 > )\(ridge)NQQ”g = Ny;. Assuming that Ny 3 is sufficiently large to verify Ny, —

~

(3.
1>1 > Ry, nyns(uo). Therefore,

inf R0 () < RUidee) () < N© —1< inf RY9e) (y) —1.

ni,n2,n3 ni,n2,n3 ni,n2,n3 n1,n2,n3
9653(]\[2,3) e 9€51 (Nz,g) e

This shows that, for all Na3 and n large enough, 5% (ng, ng, D) & & (Nas).

Step 2. Invoking Proposition 3.6 and Proposition 3.7 with oy = xk and 5 = (2+ H(1+
(2 4+ H) maxy, deg §))a1, then by Theorem 2.19, we know that, almost surely, there exist
N € N such that for all, Ny3 > N,

= Z lea(X ) = (X3 = Ellua(X®) = h(X)3

< log (N2,3)N§§ 1/2

9652(1\72 3)U53(N2 3 (35)

and, for each 1 < k < M,

] — . 1
Sup _ng(UGsz( )2 - @/Sk(ue,$)2d$
i=1 Q

< log®(Ny s )N27V2 (36
Des (N Es (N | € > og( 2,3) 2,3 ( )

Then, almost surely, for all N3 large enough and all § € E(Na3),

’R (ridge) ( 0) _ /\(ridge)Heug _R(ue)’ < (M + 1) 10g2(N2,3>N5§—1/2 (37)

ni,n2,n3

-~

R’ﬂ1 ,n9,ns3 (UO)

But, for all § € & (Nas), Apide 10113 > Aiagey Nag = Naa’?. We conclude that, for all

Ny 5 large enough and for all 6 € £(Ny3),

~

| Ry (tg) — Ry g ms (19)| < (M + 1) log?(Na) N~/

|
= I (ug) > R(ug) — (M + 1) log®(No ) Np3 '/

ni,n2,n3 - 73 2’3
= RO (ug) > R(ug) + Apage) 10113 — (M +1) log*(No3) Ny5 ™/
= Rglld”g;”‘i( 0) = R(ug) + N2—§/2 (M +1) logQ(N2,3)N£§_1/2 .

J/

-~

Assuming that —x/2 > 5 — 1/2, then the right hand side is positive for N 3 sufficiently
large, and we obtain

RUME) (ug) > Ry, (ug).

ni,n2,n3
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Step 3. For all 6 € E(Nas), Ariage 1015 < N£§/2. Using inequalities (3.5) and (3.6), we
deduce that, almost surely, for all N, 3 large enough

| R, () — Ry (ug)| <[RS, (u6) — AviagellOl13 — Ry (u6)| + Aviago) 10113

< (M +1)log?(Nog) Ny3 /2 + Ny 577
< (M +2)log®(Nys) Ny 572,

Step 4. Fixe > 0. Let (6,,)nen be a minimizing sequence of the theoretical risk function
Ry, ie., limy oo Ry, (up,) = infgeen Ry, (ug). By definition, there exists some P, € N
such that [Rn, (ug,) — infyeen Ry, (ug)| < €.

For some fixed N 3, according to Step 1, we have for all n large enough, f{ridee) (ng,n3, D) €
&y U &3. According to Step 2 and Step 3,

H(ridge —K/2
R(uégidge)(ng,ng,D)) S Rﬁnfiri,)ng) (ué%ridge)(ng,ng,nDQ + (M + 2) lOgQ(N273)N2,3/ . (38)

Now, by definition of the minimizing sequence (é,’?(a, b, ¢))nen, for all n large enough,

D(ridge 3 p(ridge
7(11,7%2,)713 (ué,(fidgc)(nz,ns,D)) S Gle%fg R£L17§2’)n3 (U@) t+e. (39)
Moreover, according to Step 3,
inf E(ridge) wn) < inf E(ridge) U
0€&2(N2,3)UE3(N2,3) n17n2’n3( 0) - 0€€s(N23) "17”2vn3< 9) (3 10)
< inf  R(ug) 4+ (M + 2)log?(Nys) Ny s>,
03 (N2,3) 7

Observe that for all Ny 3 large enough, 0p, € E3(Na3). Therefore, infgce, (v, ) Bni (ug) <
Ry, (ugp, ). Combining the previous inequalities, we conclude that, almost surely, for all
Ny 3 large enough for all n large enough,

38) ridge —Kk/2
R’I’Ll (Uéglridge) (nz,’l’bg,D)> >~ 511?7’%2,)713 (uéglridge) (nz,ng,D)> + (M _'_ 2) 10g2(N2,3)N2,3/
(3.9 =(1id 9 —r/2
< inf Rﬁfll ff?e)ng(ue) +e+ (M +2)log”(Na3) Ny 4
96@2 e ’
(3.10) ) 2
< alré)fD Ry, (ug) + €+ 2(M + 2)log™(Na3) Ny 3"~
€Ox

Since € is arbitrary and N, 3 is arbitrarily large, then, almost surely,

= inf R, (up).

lim lim R, (
veoh

U 4(ridge)
ng,Mm3—00 N—+00 On (n2»n37D))
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Corollary 3.9. The ridge is asymptotically unbiased almost surely,

lim lim lim R, (%;¢idge = inf R, (u).
D—r00 n2,ng3—»00 n—00 nl( O 5 (”2’"3’D)) ueC>(Q,R%) nl( )

Proof. The result is a direct consequence of Theorem 2.19, Proposition 1.5 and of the
continuity of R with respect to the C¥(2) norm. O

3.5. Strong convergence of regularized PINNs

This section proves the strong consistency of Physics-Informed Neural Networks (PINNs).
To this end, we augment the empirical risk function with a Sobolev norm to control the
solution and prevent singularities.

Definition 3.10 (Affine operator). The operator § is affine of order K if there exists

Ay € C*(,R%) and B € C*(Q,R) such that for all x € Q and all u € H¥(Q, R%),
§(u, ) = §" (u, 2) + B(x),

where U™ (u, x) = 37, < g (Aa(2), 0%u()) is linear.

Note that affine operators of order K are polynomial operators of degree K + 1 that
are extended from smooth functions to the whole Sobolev space HX (2, R%).

Definition 3.11 (Regularized PINNs). The regularized theoretical risk function is

R (u) := R, (u) + A(reg)HuH%{mH(Q)a (3.11)

where R, is the original theoretical risk as defined in (1.20), Ao € R™ is a importance
factor, and m € N is the regularity of the Sobolev norm. The correspoding empirical risk
function is

D(re 5) A re S ot 3
B s (40) = B s () + Meago 013 + =2 30 D7 [10°us(X) 5 (312)

(=1 |o|<m+1

where }A%mmm is the empirical risk function defined in (1.19).

Note that the regularization term intentionally uses the same variables as in 23. This
choice allows us to treat the regularization as an integral part of the objective function in
the subsequent analysis.

The next proposition is used to characterize the unique minimizer of the theoretical
risk as the unique minimizer that satisfies an equality of the type A(u,v) = B(v) for all
ve Hm,
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Proposition 3.12 (Characterization of the unique minimizer of R7). Fix n; € N.
Assume that §1, ..., $ are affine operators of order K, Ay > 0 and m > max{|d,/2], K}.

Then, the regularlzed theoretical risk R\ (defined in (3.11)) has a unique minimizer ,
over H™t1(Q, R%). Moreover, i, is the unique element of H™*(Q), R%) that satisfies

Vv S Hm+1 (Q, Rd2); Anl (anlvv) = Bnl (U)’

where
Ay (i, , 0) = %Z(ﬁ(ﬂm)(&),ﬁ(?ﬁ)(&» + B (T (1, ) (X @), TI(0) (X @)
mn (lin )\reg o le}
MZ/SI (s )35 (0, ) + |(Q|)a|<§n;+1/“<a i, (2), 8%0(2)) d,
and
B, () =3 S )O0) + MBI A = 25 [ Bt

where I : H™1(Q,R%) — C(Q,R%) is the Sobolev embedding (Theorem A.1) and By,
is the intercept of the affine operator (Definition 3.10).

Proof. To define the pointwise evaluation u(X;) for a function u € H™(Q, R%), we
leverage the Sobolev embedding theorem. As () is a bounded Lipschitz domain and m +
1 > d;/2 holds, Theorem A.l guarantees that u has a unique continuous representative,
denoted TI(u). The pointwise evaluation of u at X; is therefore defined as the evaluation
of this continuous representative: u(X;) := II(u)(X;).

By assumption, §(u,-) = " (u,-) + By, where 3™ (u,-) = > jaj<k (Ak,ar 0%u) and
Apo € C®(Q,R™M). Next, consider the symmetric bilinear form A,, (u,v) defined for
u,v € H™(Q,R%), along with the linear form B, (u) defined for all u € H™1(Q, R%).
Observe that

ni

Ay, (u,u) — 2B, (u) = M Z<U(X@) — 2V;, u(X;)) + ME(u(XP), u(X®) — 2n(X@)

n
111

IQ\Z/SM L 2) [V (u, 2) — 2By (x))da + 558 reg > /a* (z))

[A|I<m+1

= Rreg Z HY'H2 )‘2E||h ||2 |Q| Z/ Bk dz.

In addition, A, (v, %) > A(reg)
normed space (H™(Q), |||

uH%ImH(Q), where A(yeg) > 0, so that A, is coercive on the

am+1(0)). Now, let us prove that the operators A, and B, are
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continuous. Indeed, we can prove that they are bounded, since m + 1 > max{d;/2, K},
one has that

2

M
Ay (,0)] < [ 1+ 22)C8+ XD [ D MAkallson |+ Awer) | Nullzmer@lloll e
i=k \|o|<K
and
A n1 M
1
B (@] < Ca | 723 1¥illz+ Aallblloe + 25 D | 1Belloosr D IAnallca | | Nl
i=1 k=1 la] <K

and due to linearity of the operators, they are continuous. Therefore, we can apply the
Lax-Milgram theorem, which guarantees that there exists a unique & € H™1(Q, R%) such
that Ay, (4, 4) — 2B, (4) = min,egm+1(qrdz) An, (4, u) — 2By, (u). This, along with the
above expression of A, (u,u) — 28, (u), directly implies that « is the unique minimizer of

R over H m+L(Q, R%). Futhermore, Lax-Milgram states that @ is the unique element
of H™1(Q, R%) such that A,, (i, v) = B, (v) for all v € H™1(Q, R%). O

Proposition 3.13. Let (u,)nen € C(,R%) be a sequence of smooth functions such
that lim,, e BRI (un) = inf,coiqraz) RS (u) assuming A(reg) > 0 and m > max{|d; /2|, K'}.

Then, lim, o ||ttn—10||gm (@) = 0, where 4 is the unique minimizer of R over H™ ! (92, R9%2).

Proof. Let 4 be the unique minimizer of RY® over H mHL(Q), R%) given by Proposi-
tion 3.12. We note that C°°(Q, R%) is dense in H™*1(£2, R%2), together with the continuity
of the function R : H™+(€, R%) — R with respect to the norm H™() yields

inf  RU®)(y) = inf RU®) (y) = R, (). (3.13)

ueC=(QRd2) ueHm+1(QR2)
Next, we will rewrite the theoretical regularized risk using a different formulation. Observe

that
RU®) () = F(u) + =1 (u),

ni

where

Mo - N
F(u) = n—i Z ITL(w) (X;) — Yi|I3 + AE[[I(u)(X®) — h(X®|3,
=1

I(u) = / L@, w(@))izn, iz (), 2)de.
Q

.....

The function L satisfies

2
m+1

L™, e©2) =3 | Bil2) + Y (Ara(2),20) | 4+ Mg S 1202
j=0

k=1 la|<K
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Here, we concatenate all the derivatives of order 7, i.e., (651 () 1<iy,...i;<a, and denote

seensly
. di+j—1

it by 20 € R( ER )d2. Clearly, L > 0, and since, m + 1 > K, there is no dependence

on z*+1 hiding inside the square-sum part and hence L is convex. According to Lemma

A5, the function I must be weak lower-semi continuous on H™1(2, R%) (see Definition

Ad).

Let us assume that the oppositive and proceed by contradiction. Assume that there is a
Sequence {t }nen of functions such that u, € C*°(Q, R%), such that lim,, ., Rn, (reg) () =
R (4) and that it does not converge to @ with respect to the H™(2) norm. Upong
passing to a subsequence, there exist € > 0 such that for all p > 0 with |[u,, — 0|/ gm) > €.

Since RY () > Areg) ||| i), A > 0 and {u,}pen is a minimizing sequence,
then {u,}nen is bounded in H™F(Q). Therefore, we can pass to a subsequence that
converges to a limit, denoting it by .., both weakly in H™1(Q, R%) and with respect
to the H™(2) norm. Since [ is weakly lower-semi continuous, we deduce that

lim I(u,) > I(ts). (3.14)
n—oo

Recall the definition of Il in Theorem A.1, we know that there exists a constant Co > 0
such that ||u, — I(tu)|loc,0 = [[TI(1p — Uso)||ece < Callty — Uso||m(a). We deduce that
lim, o0 F(u,) = F(us). Therefore, combining result (3.13) and (3.14), we deduce that

limy oo RY) (u,) > R (us). However, recalling that limy, e Re® (u,) = RY™(4)
and that @ is the unique minimizer of R'°® we conclude that u., = @. This contradicts
our assumption. O

The next theorem asserts that under some mild conditions, that our minimizing se-
quence of the regularized empirical risk converges to the real solution of the PDE.

Theorem 3.14 (Strong convergence of regularized PINNs). Assume that §1,..., 3§y are
affine operators of order K. Assume, in addition, that Aqeg) > 0, m > max(|d; /2], K) and
the condition function h is Lipschitz. Let {é(reg (ng,n3, D) }nen be a minimizing sequence

of the regularized empirical risk function Rvgf’%?%n?,(u@) over the class NNP = {uy : 0 €

Op.p} where H > 2. Then,
1
124+4H(1+ 2+ H)(m +2))’

. —K
A(ridge) = min(ng, nz) ™", where k=

one has, almost surely,

lim lim  Tim |ugee

— || gm@) =0
D—00 n2,n3—00 n—00 (ng,ng,D) H () )

where 7 is the unique minimizer of R{® over H mHL(Q, R%).

In particular, if we consider the case where n; = 0 or A\; = 0 and assume that the

PDE system admits a unique solution u* € H™1(£2, R%). Then, almost surely, we have
lim lim lim lim Hue(reg)( —u*|| gm() = 0.

A(reg) =0 D—00 n2,m3—00 n—00 172,13, D,A(reg) )
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Proof. The Sobolev regularization can be viewed as a specific form of PINN regularization
where the penalty term is a polynomial differential operator of degree m + 2. According
to Theorem 2.19, the risk associated with a minimizer of the Sobolev-regularized loss
converges to the minimum theoretical risk. Furthermore, Proposition 3.12 guarantees that
the regularized risk Rgf g), has a unique minimizer. Proposition 3.13 then assures that
any sequence of minimizers of the empirical loss must converge to this unique minimizer.
This convergence completes the proof of the theorem.

For the second part, we denote the regularized risk by R("® instead of Rsle ¢ because
there is no data involved. Moreover, we denote the unique minimizer @(Ayeg)) to make
clear the dependence in the hyperparameter Aeg). Notice that u* due to being a solution

of the PDE, satisfies R(u*) = 0.

We proceed by contradiction, assume that limy o |4( Areg)) — ©*|| m o) # 0. Then,
there exists a subsequence {)\(reg),n}neN such that lim, o Ageg),n = 0 such that n > 0,
[6(Areg)n) — w*llmm () = €

Note that [|[@(Aqeg)n) || @) < R (W) /Aeg)n = |0 || srm+1(). Rellich-Kondrachov
compactness Theorem A.3 ensures that upon passing to a subsequence {G(A(reg)n)}nen
converges with respect to the H™(Q) norm to a function u,, € H™1(Q,R%). Since
m > K, the theoretical risk R is continuous with respect to the H™(€2) norm (Theorem
A.1) and we have that R(uu) = limy, 00 R(0(Areg),n)). By the definition of %(A(reg)n) and
since R(u*) = 0, we have

R(u(Aeg),n)) + Aweg)nll@(Aqreg), HH’"+1 <M+ A(reg),n||U* ||Hm+1
*

Therefore, taking the limit, R(us) = 0 when Ageg)n 27 0. Hence, by unicity e = u*.
This contradicts the assumption that ||u(Aqeg)n) — w*||am) > € for all n > 0. O

The following property measures how well the initial /boundary conditions, encoded
by h, and the PDE system, encoded by §}, describe the function w.

Definition 3.15 (Physics inconsistency). For any u € H™(Q, R%) the physics incon-
sistency of u is defined by

PI(u) := AE[I(u)(X®) — A(X@)|2 + T Z/sk u, )

In particular, PI(u) measures the modeling the error, i.e., the the better the model,
the lower PI(u). On the other hand, note that R,,, (u) = 2—1 ot I (u) (X;) = Yill3+PI(w).

Proposition 3.16 (Strong convergence of hybrid modeling). Assume that the conditions
of Theorem 3.14 are satisfied. Then @,, = U, (X1, ..., Xu,, €1, ..., €y, ) is arandom variable
such that E|[d, [|7pm gy < oo.

Suppose that u* € H™+1(Q,R%) that the noise ¢ is independent from X and that e
has the same distribution as —e. Then, there exists a constant Cq > 0 depending only on
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() such that

1 *
B I, 0l < 3-(PH) + A o)

Cody/? ( ) PI(u*)) = SE|le[f3 Y A2
ny? DT N m * e Mg

In particular, with the choice Ao = 1, A3 = 1, Aeg) = (logn1) ™" and /n1/logny, one has

Alog®ny

(U, —u”)||3dux <
B [ 1, — o) < S

where A = 24d§/QCQ(PI(u*) + ||u* || gm+1) + Elle]3).

Theorem 3.17 (Strong convergence of regularized PINNs). Under the same assumptions
3.14 and Proposition 3.16 with the choice Ay = 1,A3 = 1, and Ayeg) = (logni)™! and

A1 = /n1/logny, one has
Alog®n,
\/ M1 )

llm llm llm E/ ||Uéglreg)(nl na 3 D) — u*H%dl’LX S
Q ,12,N3,

D—00 n2,n3—00 n—00
Moreover,

lim lim lim E[PI(u

D—00 ng,n3—00 n—00

églreg)(nl7n2’n37D))] S PI(U*) + 0n1—>00(]‘)

Proof. The proof is divided into two parts. The first part proves the bound on the
difference between the empirical error and the true solution of the PDE. The second
part shows that the physical inconsistency of the minimizing sequence is bounded by the
physical inconsistency of the solution u*, plus a diminishing constant.

(reg)

(Step 1) Let us denote {uces D) }nen be a minimizing sequence of Ry, ons-

Since Uee® (11 1y s, D)

(n1,n2,n3,

€ 0=(Q,R%), then

II(u

ésey(nhm,ns,D)) - uégeg) (n1,n2,n3,D)"

Since

E/Q ‘|Ué7(1rcg)(n17n27n37D) - U*Hgd,U/X

< [ i = i +E [ gy ) = o By

Proposition 3.16 assures us that the first part is less than AIL\/%"I and Theorem 3.14

assures as that when we take the limit limp_,o limy,, 5500 lim,, o it tends to zero the
second part. And this concluces the first part of the theorem.
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(Step 2) We will proceed proving that E[PI(4,, )] < PI(u*) 4+ 0n—00(1).

Recall that @, minimizes R over H™ (2, R%). So R'® (u*) > R (di,,). One
has

L, )(X3) = Yill3 = [TL(@n, — w*)(Xs) + eill3
= [T, — ") (X013 — 20T, — ") (X0), &) + [les]l3.

On the other hand, the second term can be further expanded using the dual norm of the
coefficient space

<ﬁ(an1 - u*)<Xi)’ €i> = <ﬁ<ﬂn1 - U’*)<X) E[ﬂ(ﬂ - u*)(X)]v 6i> + <E[ﬁ(an1 —u* (X)]7 €i>
< iy — u'llgmir)  sup (H(u)(X;) — E[I

||“||Hm+1(g)

Then, arranging all together, one has

— E H n -Y;
ny H u 1 HZ
ni

> = 2([[an, | mer@) + [0 [[mer (@)  sup - > (H(u)(X;) — E((w)(X)), ;)

Hu||Hm+1(Q)§1 ny j=1

—2<An<un1 —U d,uXa ZH€1H2>+_ZHEZH2

In the proof of Theorem 3.16 (Steps 4 and 5), we obtain the following inequality
B[, [5m+10y < 2B, [ Fms1 (@) + 2EN 857 | Fmsr g

PI(u) , 8A2
<2 “|pm ——C3doE
<2 (S i ) + 75— CREIFIE

(reg)

Using Lemma 2.20 and the Cauchy-Schwarz inequality E(XY)? < E(X?)E(Y?), we show
that

[, [mr)  sup - 2_ (M) (X;) - E(Iw)(X)), 6j>] O <mi<1reg>) '

H“HHmﬁ-l(Q)Sl n j=1

By Proposition 3.16,

~ 1 = € 2 )\1 1/2
II ATL —u*)d y § j < \/E * = An 2 = On o |\ 5y .
/Q (o = )dp, = )| = VB = g v (n%/\(reg)>

Combining these result with the previous, we conclude that

A1
= DG )50 < V| 2 Bl + O (5).

E
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By assumption, A3 /n1 Areg) — 0 for ny — oo and since R (4,,) = :‘L—i Sy T, ) (X3) —
Yil[3 + PI(dn,) + Agregy ||ty HHm+1

BIRSS (dn,)] 2 ME[e] + B[P, )] + 00, oc(1).

As before, we obtain

ni
S - ¥ = 3l
o | I3 = s €ill2

Hence,
E[R® (u")] = MEle]l3 + PIU") + Mgy 0| Fms1(0

ni

Since B[RS (i1, )] < (RS (u*) and since Ajegy — 0, we are lead to

E[PI(y,, )] < PI(u*) 4+ 0p, 500 (1). (3.15)
Due to the continuity of the Physics inconstistency (PI) and Theorem 3.14, we have that

lim lim lim E[PI(u

D—00 n2,n3—00 n—00

églreg) (n17n27n3,D) )] = E[Pl(ﬁnl )] .

Then, using (3.15), we obtain

lim lim lim E[PI(u U (ree)

D—00 ng,n3—00 n—00

O] < PI(u) + 00 soe(1)

(n1,n2,n3,D



CHAPTER 4

Risk-Consistency of Regularized Neural
ODEs

Neural Ordinary Differential Equations (NeuralODEs) are a class of deep learning models
that generalize traditional neural networks by interpreting the transformation of hid-
den states as a continuous dynamical system governed by ordinary differential equations
(ODEs). Introduced by Chen et al. [2019], NeuralODEs replace discrete layers in a neural
network with an ODE solver, modeling the evolution of features over continuous time.

To formalize this concept, NeuralODEs define the system’s dynamics using an initial
value problem based on a neural network representation of the time derivative Chen et al.
[2019], Karniadakis et al. [2021], Hao et al. [2022]. Specifically, the system is described
by:

%(t) = uy(t,y(t)), with an initial state of y(0) = yo. (4.1)

In this formulation, (t,40) € Q C R%, y(t) represents the hidden state of the system as a
dy—dimensional vector at time ¢. The function uy : R® — R is a neural network, wihth
learnable parameters 6, that outputs the time derivative of the state. Here, dy = d; — 1
and we assume the wug is the standard neural network defined in Section 1.1 with tanh
activation function.

Here, we introduce the Neural ODE framework and establish original results regarding
its risk-consistency of ridge NeuralODEs. Using the tools and results presented in previous
sections, we establish findings analogous to those for PINNs.

Since the tanh is Lipschitz continuous, the resulting neural network wug is also Lipschitz
continuous, and according to Picard-Linderl6f theorem, this property guarantees that for
any given initial state yo, a unique and differentiable solution y(t) exists over a given time
interval. This solution defines a continuous trajectory through the ds-dimensional state
space, which is shaped by the learned parameters 6 of the neural network. We will denote
this unique solution by y(t, yo; ug) € R% for t € [0, T] to highlight its dependence on these
parameters.

51
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Let us introduce the empirical and theoretical risk functions within the Neural Or-
dinary Differential Equation (Neural ODE) framework. These definitions are analogous
to those in a classical regression problem Chen et al. [2019], Kidger [2022], Gwak et al.
[2020], Massaroli et al. [2021].

Theoretical Risk Function The theoretical risk measures the expected prediction
error over the entire data distribution. It is defined as the continuous version of the
empirical risk function:

R(up) = Exnpy [ly(Xs5us) — h(X)|3,

where y(X; ug) represents the output of the NeuralODE for a given input X, parametrized
by 6. Here, h(X) is the true outcome of the NeuralODE defined above. The goal is to find
an optimal set of parameters 8* that minimizes this risk, such that the resulting function

y(,ug) = h(-).

Empirical Risk Function In practice, the true data distribution x is unknown. There-
fore, we approximate the theoretical risk using a finite dataset. Given a collection of
n1 € N independent and identically distributed data pairs {(X;,Y;) }1<i<n, distributed as
(X,Y) € Q x R where the distribution px is unknown, the empirical risk function is
defined as:

~ 1 &
Ry, (ug) = - > Iy (Xi; ug) — Vi3,
=1

where X; := (t,90); can be considered the point at which we are evaluating and y(X;; up)
is the unique solution of the NueralODE at a specific time ¢ and initial condition g
guaranteed by the Picard-Lindel6f theorem. We assume that the observed outcomes Y;
are related to a true underlying function h(X) corrupted by some noise ¢;, such that
Y; = h(X;) + €;, where we assume that the noise is zero mean, i.e., Ele;| X;].

Ridge Risk Function Training NeuralODEs can be tricky, similar to PINNs, it can
lead to the type of pathological situations highlited in previous Section. To avoid such an
overfitting behaviour, we resort again to the ridge regularization applied to the empirical
risk minimization where we penalize the ¢? norm of the parameter 6

RUE) (4g) := Ry, (1) + Ariae) 1012 (4.2)

ni

Analogously to the PINNs framework, we define risk-consistency for the Neural ODE’s
risk function as the condition that a minimizing sequence of the empirical risk converges
to the infimum of the theoretical risk.

Definition 4.1 (Risk-Consistency of NeuralODEs). Let {0,(n1)}nen be a minimizing
sequence of the empirical risk, i.e.,

lim Enl (ué(n,n1)> = inf Enl (UQ)

n—o00 0€Oy,p
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We say that {0, (n1)}nen verifies the risk-consistency condition if

lim lim R(ug ) = inf R(u). (4.3)
n1—00 N—00 u(;IQPJ%}
Proposition 4.2 (Continuous Dependence on Neural ODEs). Let uy and uy be two
NeuralODEs with the same initial value:
dy
Wi = up(t®). w0 =u

dz
%(t) = up (t, 2(1)), 2(0) = wo

where ug, ug : R x R — R% are two different parametrized neural networks. Then for
all t € [0, 7]

_ T
ly(t) —z()[l2 < L||0 — 9’!\26”/ e "ds (4.4)
0
for some constants L and L.

Proof. Let us denote the difference between the solutions y(t) and z(t) as e(t) := y(t) —
2(t). Lemma 1.7 assures that there exists a constant L := v/dyCo (1 + dy M(Q))(D +
DA (1 4 n)" that satisfies [lug — ug |20 < L[|6 — ]|5. Lemma 1.8 assure us that there
exists a constant L that satisfies ||ug(x) — ug(y)||2 < L||z — y||2 for all z,y € Q. We can
bound the derivative of e(t) as follows

d
|50 = a0 - w001
2
< [lug(t, y(t)) = uo(t, 2(1))|l2 + lua(t, 2()) = uer (£, 2(2))l2
< Ll y(®) = 2(0) [la + L)|0 = O'll2 < Llle(t)[|2 + LI — &'l
—_——
e(t)
Let w(t) := ||e(t)]]2. Then, we obtain the following chain of inequalities

d

_d (t)7é(t)
Z(t) = ()] =

le()]l2 ’_H()!

A le(®)ll2lle()]l2

d
== L L0 — .
Hdte@)Z w(t) + Lo =o',
That is d
Zw(t) = Lu(t) < L]0 =0l

Multiplication by the integrating factor e~ yields

e M(e)) < L0~ 0]
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Integrate from 0 to T to get

T _
e Hw(t) — |lyo — 20| < / e BL||0 — 6'||2ds.
0

That is equivalent to (4.4) and finishes the proof. O

Proposition 4.3. Let  be a bounded Lipschitz domain, and let h € Lip(E, R%). Then,
the operator S (u, ) = 1,cq||ly(z;u) — h(z)||3 satisfies inequalities (H.1) and (H.2) from
Theorem 2.19, with oy < (3+ H)™'/2,61 = (1+ H)ay, and 1/2 > 85 > (3+ H)y.

Proof. First note, since Lip(Q, R%) C C(2,R%), then ||h||o < 0o. Observe also that for

any v,w € R% [ o]3—[[w]3 | = [{(v+w, v—w)| < [[v+wl2lo—wllz < doflv+w]laffv—w]>.

Thus, we obtain that for all 8,0 € By(0,n*) and x € (2,

|7 (ug, ) — A (ugr, )| < (ly(z; uo)ll2 + [ly(z; uo)ll2 + 201l 1y (2; uo) — y(w; uo) |2

< do( [ly(; uo)lloo. + ly (2 uo)lloon + 20Pllc.0) 9 (25 ue) — y(z; up)ll w0
< dy(2(D + 1)nt + 2| Al o 0) Cs[|0 — ']
< O |0 — 6|,

where $; = (1 + H)ay. Therefore it satisfies (H.1)

Next, for all 8 € By(0,n*),

17 (o, ) lc.0 < do(lly(u0) o0 + [1Plloc)* < da((D + DM (0 + [[h]lo)® < Con®

Recall that for inequality (H.2), 8 must satisfy oy + 61 < By < 1/2. This is true for
Ps = (3 4+ H)ay, which completes the proof. O

Theorem 4.4 (Risk-consistency of ridge NeuralODEs). Let the number of hidden layers
be H > 2. Assuming that the ridge parameter is of the form

1
Alridee) = N1 ", h =
(ridge) 1= M1 where K 51

Let {éﬁfidge) (n1) }nen be a minizing of the ridge risk function (4.2). Then, almost surely,

lim lim R(Ué(ridge)(nl)): inf R(u).

n1—>00 N—+00 uENNg

Proof. Let ug = 0 € NN be a neural network with parameters 6 = (0, ...,0). Obviously,

Eglidge) (ug) = ém (up). Moreover,

N 1 ni 1 ni
Runfu0) = 3 Iy(Xss o) = hXDIB < 3 IXB+ il = 1. (45)
i=1 i=1

We notice that I does not depend on A idge)-
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Let {é,&ridge) (n1) }nen be any minimizing sequence of the empirical risk of the ridge
PINN, i.e., lim, o Rgfdge)(ué(ridge)(m)) infpeon R (). Let N; := min(ny). Let us
define the following three sets:

E1(Ny) :=1{0 € O |02 > N}
&(N1) = {6 € O : NY* < ] < N}
E(N1) = {6 € O : NY* < 6]}

Notice that ©8 = & U & LU &,. The proof relies on the argument that for any n;, given a

rldge( 1)

sufficiently large n, ) € & U &;. Furhtermore, when N is sufficiently large, then

R i5 close to the theoretical risk R. Let us divide the proof in four steps.

Step 1. We start by observing that, for any 6 € & (Ny),
R (1) > Asiage 16113 > Aviage) NT™ = NT'-

(4.5) ~
Assuming that N; is sufficiently large to verify Ny —1>1 > R, (ug). Therefore,

inf E(ridge) < é(ridge) < Nfi —1< f R(rldge —1.
B L SR i () inf (up)

This shows that, for all Ny and n large enough, 6 (n1) & E1(Ny).

Step 2. Invoking Proposition 4.3 with oy = k and 82 = (3 + H)ay, then by Theorem
2.19, we know that, almost surely, there exist N € N such that for all, Ny > N,

ob - Z 1y(Xi; ug) — h(X)I5 = Expuy [u(X) = (X3

9652(N1)U53 Na (46)
< Tog (NP
Then, almost surely, for all V7 large enough and all 8 € £(N,),
\R(“dge (16) = Atiage) 10115 — R(ug)| < (M + 1) log?(Ny) Ny*~'/2. (4.7)

-~

Rnl (ug)

But, for all § € E(N1), Aidge) 10113 > A(ridge) N”/2 =N, /2 We conclude that, for all Ny

large enough and for all 6 € & (Ny),

| R(ug) — R, ()] < (M + 1) log?(Ny) N>~/
= Ry, (ug) > R(ug) — (M + 1) log*(Ny) N> /2
= R (ug) > R(up) + Asiage [10]13 — (M + 1) log®(Ny) N> /2
= RE)(ug) > R(ug) + Ny ™% — (M + 1) log>(N)N{* /2.

-
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Assuming that —k/2 > 5 — 1/2, then the right hand side is positive for N; sufficiently
large, and we obtain
R (ug) > R(up).

Step 3. For all 0 € E(N1), Aridge)|10]13 < N;*%. Using inequalities (4.6), we deduce
that, almost surely, for all N, large enough

| B3 (ug) — R(u)| < | RS (1g) = Asiagell6]13 — R(uo)| + Aiage) 16113
< (M + 1) log>(Ny)NP>7V2 4 N2
< (M + 2)log®(Ny) N, ™72,

Step 4. Fixe > 0. Let (6,,)nen be a minimizing sequence of the theoretical risk function
R, ie., lim, o0 R(ug,) = infyegp R(up). By definition, there exists some P € N such that
|R(u9n) - inf9€®D R(u@)‘ < €.

For some fixed N;, according to Step 1, we have for all n large enough, A4 (n1) €
&y U &3. According to Step 2 and Step 3,

Rluggiaen ) < B (uggiaen ) + (M +2) log® (Ny) Ny ™2 (4.8)

ni

Now, by definition of the minimizing sequence {0 (n;)}nen, for all n large enough,

ﬁgjdge) (Uégidgc)( )) < Gle%fD R{ (ridee) (144 + €. (4.9)

Moreover, according to Step 3,

inf R () < nf R ()
0€E2(N1)UES(N1) €& (N1) (4 10)
< inf R M +2) log?(Ny) N2, ‘
< eeé?(Nl) ( ) + ( + ) og ( 1)

Observe that for all N large enough, 0p, € £3(N1). Therefore, infgeg,(n,) R(ug) < R(ugp, ).
Combining the previous inequalities, we conclude that, almost surely, for all N; large
enough for all n large enough,

(4.8) -, . .
R(Uéglridge)(nl)) S R;rlldge) (Uésidge)( ) (M =+ 2) log (N]_)N /2
“9) d K/2
< inf R(“ &) (ug) + € + (M + 2) log?(N,) N,
0Oy
(4.10)

< inf R(ug) + €+ 2(M + 2)log?(Ny) Ny /2.
96@
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Since € is arbitrary and N is arbitrarily large, then, almost surely,

)= inf R(up).

lim lim R(u
bcoh

5(ridge)
N1 —00 N—+00 On =" (n1)






CHAPTER 5

Experiments

This chapter addresses the computational realization of Physics-Informed Neural Net-
works (PINNs). The practical implementation of the described algorithms introduces a
variety of details that have hitherto been taken for granted. For instance, a foundational
assumption in many of the theoretical results presented in this manuscript is the existence
of a parameter sequence that minimizes the empirical risk function. In practice, however,
the identification of this minimizing sequence is a non-trivial task.

To connect the preceding theory with practical application, this chapter begins with
two illustrative examples designed to motivate the theoretical framework. We then pro-
ceed to a more demanding case study involving the Navier-Stokes equations (Example 3.4)
to probe the limitations of the PINN approach. The resulting PINN solution is then sys-
tematically compared against a conventional numerical solution to evaluate its accuracy
and effectiveness.

5.1. First-Order ODE

To begin, we will analyze a first-order Ordinary Differential Equation (ODE) with a known
explicit solution to better understand the Physics-Informed Neural Network (PINN)
framework. Consider the following problem:

u'(z) = 2(1 — u(z)?). (5.1)

We assume we are given a dataset of ny points, {(z1,v1),. .-, (Tny, Yn, )} € Q2 X R, repre-
senting the konwn values of the solution. For simplicity, we will not enforce any boundary
or initial conditions, which corresponds to settings their associated loss weight, Ao, to
zero. Figure 5.1a illustrates a potential dataset.

We approximate the solution u*(x) using a simple neural network, uy(z), with a single
neuron:

up = tanh(wx + B) € NNJ,

99
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(a) A sample dataset consisting of five data o
points, with the curve representing a possible ap-
proximate solution.

(b) The empirical risk function plotted
against different parameter values, il-
lustrating the optimization landscape.

Figure 5.1: Hlustrative results for the ODE PINN.

where w, 8 € R are the learnable parameters of the network.The empirical risk (or loss
function) to be minimized is a weighted sum of the data fidelity loss and the PDE residual
loss:

~

)\1 ni )\3 ns
Ry iy (ug) = - D lug(a:) — wil3 + - D Juplws) = 2(1 = ug(a:)),
i=1 =1

n3

where {xf’) 721 is a set of nz collocation points sampled within the domain (2.

The corresponding theoretical risk is the expectation of this loss over the underlying
probability distributions:

A\ A
Ry, (ug) = n—i > fug(xs) — wil3 + gEluém —2(1 —ug(X)
=1

Finding the global minimum of the non-convex empirical risk function is a significant
challenge. Optimization is typically performed using gradient-based methods, such as
Gradient Descent or its variants. However, even for this simple problem, the algorithm
can easily become trapped in a local minimum, as illustrated in Figure 5.1b.

The gradient descent method, when applied to the problem of Physics-Informed Neural
Networks (PINNs), can be expressed as a consecutive loop:

~

0 < 0 — uVo(Rnns)s

where g is the step size, or learning rate, of the method. Figure 5.2b illustrates the
gradient descent method on a two dimensional parameter space. In this case, calculating
the gradient with respect to both parameters is straightforward. However, when consi-
dering more complex risk functions and neural networks, such as those required for the
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(a) The exact solution of the problem given (b) The surface of the empirical risk func-
by Eq. (5.1), which is u*(z) = tanh(2z). tion, illustrating the iterative steps of the

gradient descent optimization.

Figure 5.2: Results for the ODE PINN.

Navier-Stokes problem discussed in the following section, this calculation can become
computationally expensive.

To overcome this issue, software has been developed that automatically calculates the
derivatives of functions, some examples include PyTorch', Jaz?, or Tensorflow®. This
automatic differentiation software calculates the exact derivative of the risk function and
the neural network at each point without any numerical approximation. Moreover, these
libraries include advanced optimization algorithms that improve the numerical stability
and convergence of the gradient descent method.

5.2. Counterexample: Dynamic friction model

In Example 3.2, we considered the differential operator § on the domain Q := (0,7,
defined by

S(u, ) = mu"(z) + yu'(x). (5.2)

In this example, we demonstrated that a sequence of functions minimizing the empirical
risk can exhibit a diverging theoretical risk. We will now provide experimental evidence
that gradient descent can generate such a sequence, where the empirical risk is minimized,
but the theoretical risk fails to decrease.

First, we consider the case where m = 1 and v = 1. Here, the equation can be solved
analytically, and the unique solution is determined by two boundary conditions. We use

PyTorch: https://github.com/pytorch/pytorch
2Jax: https://github.com/jax-ml/jax
3Tensorflow: https://github.com/tensorflow/tensorflow


https://github.com/pytorch/pytorch
https://github.com/jax-ml/jax
https://github.com/tensorflow/tensorflow
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Figure 5.3: The left figure displays the solution uy versus the reference solution u*. The
right figure shows the corresponding values of §(ug) vs §(u*). The red dots represent the
data used for training.

the conditions {(0,0), (1,1)}, which yiled the exact solution

u*(z) = . i 1(1 —e 7).

To train the network on the differential equation itself, we use a set of 10 collocation
points equally spaced within the interval [—2,2]|. By training a neural network with two
hidden layers of five neurons each using gradient descent, we obtain a solution uy with
an empirical risk approaching zero. Nonetheless, the solution generated by the neural
network is far from the true solution u*. As shown in Figure 5.3, while the network’s
solution uy accurately approximates u* on the training data, it fails to generalize. Outside
this training set, uy deviates significantly from the true solution. The right panel of the

SR — Empirical Risk —— Empirical Risk

Theoretical Risk Theoretical Risk

1.2 0.6 4
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0.5 1
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Training steps Training steps
(a) Standard training. (b) Training with ridge regularization.

Figure 5.4: Comparison of empirical and theoretical risk during the training of a PINN.



5.3 Navier-Stokes: Lid-Driven Cavity Flow 63

Figure 5.4 further illustrates this failure: the term §(ug), which should be zero everywhere,
oscillates wildly outside the collocation points.

The divergence between the theoretical and empirical risks is also evident in Figure
5.4a. This figure shows that as the gradient descent method progresses, the empirical risk
converges to zero, while the theoretical risk fails to converge. In contrast, when using
the ridge risk (defined in Definition 3.3), both the empirical and theoretical ridge risks
converge smoothly. Note that they do not converge to zero, which can be attributed to the
limited representational capacity of the neural network. While a deeper network D could
better approximate any function, there is no guarantee of reaching the optimal solution
using gradient descent.

5.3. Nayvier-Stokes: Lid-Driven Cavity Flow

This study investigates the use of Physics-Informed Neural Networks (PINNs) to solve the
2D Navier-Stokes equations under specific boundary conditions. The governing equations
are identical to those presented in Example 3.4, adapted for a two-dimensional spatial
domain.

The problem is defined on the spatio-temporal domai = (0, 2)*x [0, 5], where (z,y) €
(0,2)? is the spatial domain and ¢ € [0,5] is the time interval. The objective is to find
the state variables—velocity components (u,v) and pressure p—as a continuous function
v = (u,v,p) € C(Q,R3) that satisfies the following initial and boundary conditions:

(u(z,7,0) =v(x,y,0) = p(z,y,0) =0 Vaz,y €0,2]
v(x,0,t) = v(z,2,t) =0 Vo €[0,2] Vte|0,5]
u(0,y,t) =0 Yy €10,2] Vte|0,5]
< w(2,y,t) = Yy €10,2] Vte|0,5]
P (3,0,t) = 2(z,2,t) =0 Yz €0,2] Vtelo,5]
L 22(0,y,t) = 22(2,4,1) = 0 Vy €[0,2] Vte|[0,5]

A PINN was trained without reliance on simulation data (A; = 0). The network
architecture consists of an input layer for spatio-temporal coordinates (x,y, t), two hidden
layers with 100 and 500 neurons, and an output layer predicts the solution (u, v, p). This
configuration contains a total of 52,403 parameters.

Figure 5.5 presents a comparison between the PINN-derived solution and a conven-
tional numerical simulation after 1000 training epochs. While the PINN accurately cap-
tures the qualitative behavior of the flow, a noticeable deviation from the numerical
solution appears at ¢ = 5 seconds. Furthermore, the model exhibits inaccuracies in the
regions corresponding to the upper-left and upper-right corners of the domain.



64 Experiments
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Figure 5.5: Comparison between methods for the Navier-Stokes equation.



Conclusions

This manuscript began by introducing dense neural networks with tanh activation layers,
establishing their fundamental properties. We demonstrated their denseness with respect
to the Sobolev norm and their continuous Lipschitz dependence on both parameters and
inputs. We then formally defined Physics-Informed Neural Networks (PINNs), detailing
the empirical and theoretical risk functions that guide their training and evaluation.

After reviewing key results from stochastic processes, particularly concerning sub-
Gaussian variables and covering and packing numbers, we investigated the critical prop-
erty of risk-consistency. Through a counterexample, we proved that standard PINNs fail
to satisfy risk-consistency. To address this limitation, we proposed a ridge regularization
technique that constrains the minimization sequence, thereby ensuring risk-consistency.

Furthermore, we introduced a Sobolev regularizer that imposes stronger constraints
on the solution space. This advanced regularization not only achieves strong consistency
for PINNs but also establishes their order of convergence as the sample size increases.
The applicability of these regularization techniques was then extended to the NeuralODE
framework, where we similarly proved the risk-consistency of the ridge-regularized model.

Finally, the theoretical contributions were substantiated with numerical experiments,
providing illustrative examples that corroborate our findings and highlight the practical
implementation of the proposed methods.
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APPENDIX A

Functional Analysis

In this section, we present several well-known results in functional analysis that will be
used in future sections. Most of the results are gathered from Evans [2022], Stein [1971],
Brezis [2011], Doumeéche et al. [2024].

The Sobolev embedding of H™(£2) in C(Q2) |Evans, 2022, Chapter 5.6, Theorem 6|. It
is used to operate in the continuous space and been able to do pointwise evaluations of
functions.

Theorem A.1 (Sobolev embedding). Let  C R% be a bound Lipschitz domain and let
m € N. If m > dy /2, then there exists an operator IT : H™(Q, R%) — C/(€, R%) such that
for any u € H™ (2, R%), TI(u) = u almost everywhere. Moreover, there exists a constant
Cq > 0, depeding only on © such that ||TI(u)]|c0 < Collt||zm(0)-

The Lax-Milgram theorem can be found in [Brezis, 2011, Corollary 5.8|.

Theorem A.2 (Lax-Milgram). Assume that A(u,v) is a continuous coercive bilinear for
on ‘H a Hilbert space. Then, given any ¢ € H*, there exists a unique element u € H such
that

A(u,v) = (p,v) Vv e H.

Moreover, if A is symmetric, then u € H is characterized by the property

A(u7 ’LL) - 2(907 u> = E}Iél?? {A(U’ U) - 2(907 U>} :

The next theorem is used to find a convergent subsequence of a bounded sequence.
The proof can be found in [Douméche et al., 2023, Theorem B.4].

Theorem A.3 (Rellich-Kondrachov compactness). Let © C R% be a bounded Lips-
chitz domain and let m € N. Let {u,}nen € H™H(Q,R%) be a sequence such that
{llwnll frm+1(0) bnen is bounded. Then, there exists a function us € H™(Q,R%) and
a subsequence of {u, },en that converges to u., both weakly in H™+1(Q, R%) and with
respect to the H™ () norm.
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The next result is a generalization of [Evans, 2022, Theorem 1, Chapter 8.2| that can
be found in [Doumeéche et al., 2024, Lemma C.11|. Before introducing the theorem we
will define the concept of weak lower semi-continuity.

Definition A.4 (Weak lower semi-continuity). A function / : H™(€2) — R is weakly lower
semi-continuous on H™ () if for any sequence {u,},en € H™(£2) that weakly converges
t0 Us € H™(2), one has that I(us) < liminf, o I(uy).

Lemma A.5 (Weak lower semi-continuity with convex Lagrangia). Let the Lagrangian
L e COO(RG%M)‘[? x -+ x R% x R% R) be such that for any (™, ... () and z, the
function 2™ s L(x™m*+D 20 2)is convez and nonnegative. Then, the function

I:ur / @Tfllmﬂ (@) 1<is imar<dis - - - u(2), x)dx

is lower-semi continuous for the weak topology on H™™1(Q, R9%).



APPENDIX B

(zeneralization

Theorem B.1 (Uniform approximation of integrals II). Let (7, d) be a metric space and
let 2 C T be a doubling space and relatively compact set, let a; > 0 and let { X} }ren be a
sequence of i.i.d. random variables in €, with distribution u. Let f: C(Q,R%) x O — R
be an operator, and we assume that the following two requirements are satisfied:

(i) there exists C; > 0 and f; € (0,1/2) such that for all n > 1 and all u,v €
B(0,n%) N L-Lip(Q, R¥%),

1£ () = (0o < Crn™ flu = vl (H.1)

(i) there exist Cy > 0 and Sy € (0,1/2) satisfying B > «; + f; such that for all n > 1,
and all u € By (0,n) N L-Lip(Q2, R%),

1S (Yoo < Con'™ (H.2)

Then, almost surely, there exists N € N such that for all n > N,

sup
u€B(0,n*1)NL-Lip(Q,R%2)

> pwX) = [

< log®(n)n™~/?
2

Notice that N is itself a random variable because it depends on X;,...,X,,. Moreover,
note that for B, € (0,1/2), lim,,_,o log®(n)n?~1/2 = 0. This theorem assures us that the
empirical mean approximates the integral under certain assumptions over the operator f.

Proof. Let us first analyze the particular case where dy = 1 before generalizing. Consider
u € B(0,n*) N L-Lip(Q, R%®), and we let

1
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Our objective is to establish an upper bound for the random variable

Ly = sup | Znu]
u€B(0,n*1)NL-Lip(Q2,R%2)
Let M () := max,cq ||z||2. For every k =1,...,n we define the random variable Wy, as
follows

W i= 1 (#0200 = [ ) =+ (50,30 = [ f(oa)

Then, using hypthesis (H.1), we obtain that for any u,v € By(0,n%) N L-Lip(£2, R%),
1 - du=1
Wl < 3 (G = ot [ Cun® = o) P2 20005~ ol
n Q

< 20 nPIp™
In other words, we have found a,b € R such that a < W, < b. By Hoeffding’s Lemma
2.4, we know that W}, is a a,%—subgaussian random variable with

1 1
7} = (b= ) = TACWP O — o] )2 = 40— o]

On the other hand, we note that Z,, , — Z,,, = ZZ=1 Wi and since the random variables
{Wi.n}tr<n are independent, we can invoke Azuma’s Lemma 2.5 to deduce that Z,, , — Z,,,
is a subgaussian random variable with parameter >_,_, 07 = noj = 4C%n*~|u — v||%.
We observe that E[Z,, ,] = 0. Therefore, by definition, for all n > 1, the family {Z,, , }uer
is a subgaussian process on the metric space (T, CZ), where

T = BQ<07 noq) N L—Llp(Q, Rd2>7 J(U, U) = 201n6171/2‘|u - UHOO

Furthermore, the mapping u +— Z, , is continuous with respect to the topology induced
by the metric d. Consequently, by Remark 2.14, the process (Zn.u)uep,(0,n%1)nL-Lip(2,R%2)
is separable. Applying Dudley’s Corollary 2.16, we obtain

=E[Z,] < 12 /OO \/log N(T,d,r)dr (B.1)

We can now establish the following relation
N(T,d,r) = N(B(0,n*) N L-Lip(€, R®), d(u, v), )
= N(B(0,n), || - [loo, n'*~ P17/ (2C1)) (B2)
= N(B(0,1), || - [loo, 0> 1707/ (201))
Combining (B.1) and (B.2), we obtain

E[Z,] < 12 / /108 N(Ba(0,1%0), | - [les n1/2-17/(2C1) )i
0

E sup Zno

0€ B2(0,n*1)NL-Lip(Q2,R%2)

— 24O e +H-1/2 / 108 N(By(0, 1), | - [l s)ds

0

1 .
= 240 pr A1/ / \/ (16L/s)™ ™D 6g(4M(Q) /5)dss
0
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In the second term, we performed a change of variable given by s = n'/2=%1y/(20}), while
the third term follows from the fact that N(By, || - ||2,7) = 1 ¥r > 1. Since 0 belongs to
the parameter space OF := RGEHNDHH-DDID+N+H(D+1)d2 e can apply Lemma 2.10 to
bound the covering number as follows

log N(BY, || - |l2,8) < [(di + 1)D + (H — 1)D(D + 1) + (D + 1)ds] log(3/s)

Observing that fol V/10g(3/s)ds < 3/2 and noting that, by definition, oy + 81 < 2 < 1/2,
we observe that

E[Z,] < 36Cn* =12\ /(d, + 1)D + (H — 1)D(D + 1) + (D + 1)dy =% 0 (B.3)

Note that Z, = Z,(X1,...,X,), so applying the definition of the discrete derivative
of Z, (Definition 2.17) along with the hypothesis (H.2), we obtain

@iZn = sup Zn(le---aXi—lyl'ini—i—la---;Xn)_ inf Zn(Xla---aXi—laxini—i—la---an)

xz;€ER41 z;€R1

<2n7 '  sup | f(ug, )| < 205n%2 1
0€ B2 (0,n1)

Applying McDiarmid’s Theorem 2.18, we conclude that Z, (X7, ..., X,,) is 02—subgaussian
variable with o2 = in(2Cyn™ )% = C3n®”~1. In particular, by the Chernoff bound
(Lemma 2.2), for all ¢, > 0, we obtain
P(|Zy, — EZy| > t,,) < 2¢7/27 = 2exp{—12n' "2 /2C3}

We will now show that the events E, := {|Z, — EZ,| < t,} satisfy the Borel-Cantelli
Lemma when the sequence {t,}, is given by t, := 2Cyn*~1/2 logl/Q(n). Indeed,

ZIP)(EN) < Z 2 exp{—(2Cyn*2 72 1og"?(n?))*n! 2% /202} < 0o

neN neN
Therefore, using the fact that E[Z,] — 0 (B.3) and applying Borel-Cantelli Lemma yields
the desired result

0 < Z, <log"?(n)n”~12 <log*(n)n”~ % a.s. Vn > N

for some sufficiently large N.

The generalization to the case dy > 1 is straightforward. Let f = (fi,..., fs,). Since
|- ll2 < Vdal| - |, then

D200 = [t

sup
0€B2(0,n1)

2

< /ds max sup
L=J=n ge B, (0,no1)

1
E;fj(ue,xi)—/gfj(ue,')dﬂ

2
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