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Resumen
Las redes neuronales se han utilizado ampliamente en muchos campos con resulta-

dos impresionantes. La mayoría de las aplicaciones utilizan los datos como única fuente
de aprendizaje. Recientemente, los investigadores han propuesto utilizar información adi-
cional sobre los datos latentes que da lugar al aprendizaje automático informado por la
información. Una de las aplicaciones recientes ha sido en el campo de las ecuaciones di-
ferenciales, donde queremos que el modelo verifique algunas ecuaciones, condiciones de
contorno y, posiblemente, algunos datos. En este manuscrito, nos sumergiremos en la
familia de las Redes Neuronales Informadas por la Física, explorando las propiedades
matemáticas relacionadas con su convergencia y error.

Abstract
Neural networks have been used extensively in many fields with impressive results.

Most applications use data as the sole learning source. Recently, researchers have pro-
posed to use additional information about the latent data that gives birth to information-
informed machine learning. One of the recent applications has been in the field of differ-
ential equations where we want the model to verify some equations, boundary conditions,
and possibly some data. In this manuscript, we will dive into the family of Physics-
Informed Neural Networks, exploring mathematical properties relating to its convergence
and error.
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Introduction

In our continuous pursuit of enlightenment, knowledge, and understanding of the world
around us, we turn to the tool of mathematics. For thousands of years, mathematicians
have sought to translate our sensory experiences into a language that captures their
essence in the most abstract, universal, and general form.

“Mathematics is the language in which God has written the universe.”
— Galileo Galilei

Mathematics has provided a unique framework to express many foundational ideas
about the natural world. For example, in 250 BCE, Archimedes proposed a model to
describe the upward force exerted by a fluid on a submerged object, i.e., F = ρ · V · g
where F is the force, ρ the density, V the volume and g the force of gravity. More than
a thousand years later, in the 17th century, Kepler formulated an equation to describe
the motion of the planets around the Sun, i.e., dA

dt
is constant, where A is the area of the

line connecting a planet and the Sun. Shortly afterward, Newton introduced the three
Laws of Motion, which became the foundation of classical mechanics and later led to more
complex models such as the Naview-Stokes equation.

Most of the equations governing the Universe—though not all—are expressed in terms
of differentials. These problems are studied in the field of differential equations. The
main objective in this field is to describe the solutions of these equations. Unfortunately,
some of them do not have closed-form solutions, requiring us to rely on approximations
provided by numerical methods. A key challenge with numerical methods is ensuring that
the approximations are reliable. This involves analyzing the consistency, stability, and
convergence of the methods. Another significant issue is that numerical computations can
be very resource-intensive.

In recent years, alternative approaches to traditional numerical methods have emerged,
particularly for handling complex geometries or solving ill-posed problems—such as those
with unknown boundary conditions. One such alternative is machine learning, which
has gained significant traction in this context. The leitmotiv of machine learning is the
learn a function from a dataset composed of samples. In our case, our goal may be to
learn a physics phenomenon from a dataset, which is why this approach is often referred
to as data-driven. A key drawback of data-driven methods is their heavy reliance on
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large quantities of data, which may not always be available. Moreover, these methods
often disregard prior knowledge about the physical system. This limitation has led to
the development of physics-informed machine learning Raissi et al. [2017a], Karniadakis
et al. [2021]. The motivation behind physics-informed machine learning is twofold: to
harness the strengths of machine learning while incorporating prior physical knowledge of
the system. Combining these two domains increases the complexity of the problem, and
this is the central focus of our study in this manuscript.

The way in which domain knowledge is incorporated—either before or during train-
ing—varies from method to method. For example, NeuralODEs learn the vector field
rather than the solution itself, using a numerical method to compute the solution. In
contrast, Physics-Informed Neural Networks (PINNs) enforce the governing equations
by including them in the loss function used during training. This approach introduces
two main challenges. First, the loss function must be differentiable in order to apply
gradient-based optimization, which means the physical model must also be differentiable
and computationally inexpensive for gradient evaluation. Fortunately, this challenge is
mitigated by modern automatic differentiation tools. Second, adding multiple terms to
the loss function to better align with the physical model can lead to training instabilities,
and there is no guarantee that training will converge to a physically meaningful solu-
tion. As we will demonstrate throughout this manuscript, minimizing the empirical loss
function an sometimes result in physically implausible solutions—a phenomenon often
referred to as overfitting. However, we will show that incorporating a regularization term
into the training process eliminates these abnormal solutions and ensures the consistency
of the method.

The family of functions use to solve the problem is usually called the hypothesis set or
model class. The most common family of functions are the neural networks. They provide
a good backbone due to the universality principle Cybenko [1989]. Altough we will focus
in the neural networks in this manuscript, there are other popular architetures such as
Transformers, Convolutional Neural Networks, Kolmogorov Arnold Networks, etc.

This manuscript is divided as follows. In the first chapter, we will introduce some
basic concepts in machine learning, some properties of neural networks and we will define
the physics-informed framework. The second chapter provides us with the necessary tools
in stochastic processes to prove the results that follows. The third chapter includes some
of the theoretical results to justify use of the loss function. The forth chapter applies the
same results to the NeuralODEs framework. Finally, in the fifth chapter, we motivate the
theory with some experiments.



CHAPTER 1

Physics-Informed Machine Learning

Advances in machine learning and deep learning have led to significant breakthroughs
across nearly all areas of science and technology. The most popular building block of
machine learning has been the neural networks Rosenblatt [1958]. In this chapter we will
briefly introduce the neural networks and some of its properties such us bounds, Lipschitz
constants, etc.

Next, we introduce Physics-Informed Neural Networks (PINNs), which leverage neu-
ral networks as function approximators while incorporating physical laws directly into the
learning process. These physical constraints—such as initial conditions, boundary condi-
tions, and governing differential equations—are embedded into the loss function, guiding
the training process through gradient descent. Finally, we define both the theoretical
risk and the empirical risk functions, which provide a foundation for understanding the
training and generalization behavior of these models.

1.1. Neural Networks

Neural Networks are a family of parametrizable functions that are a composition of affine
functions combined with a non-linear functions. The goal of the neural network is process
an input x ∈ X and produce an output y ∈ Y that minimizes a loss function using a
dataset of samples. The process of minimizing the error through the modification of the
parameters is called training and it is usually used the gradient descent method.

Most modern machine learning techniques are based on this very simple concept. For
example, Transformers uses neural networks in composition with the attention layer,
Graph Neural Networks uses neural networks after data aggregation in each node, 1D
Convolutional Neural Networks are a special case of neural networks, etc. The prowess
of neural networks reside in its simplicity and the ability to leverage modern computing
power.

“The biggest lesson that can be read from 70 years of AI research is that
general methods that leverage computation are ultimately the most effective,

1



2 Physics-Informed Machine Learning

and by a large margin.”
— Rich Sutton, The Bitter Lesson

Despite not being overly complicated, neural networks can produce very complex be-
haviour. As we will see the class of neural networks are dense in the continuous functions.
Let us introduce rigourusly the neural network.

The class of neural networks We will use as our building block the class of fully-
connected feedforward neural networks with H ∈ N hidden layers of sizes (L1, . . . , LH) =
(D, . . . , D) ∈ NH , where we assume, for simplicity, a constant size of the hidden layer.
The neural network is a function from Rd1 to Rd2 , defined by

uθ = AH+1 ◦ (ϕ ◦ AH) ◦ · · · ◦ (ϕ ◦ A1),

where ϕ is the activation function, in our case, and hereafter, we will use the hyperbolic
tangent applied point-wise in each dimension, which is preferable over other popular
choices, e.g., ReLU, due to being differentiable. Each Ak : RLk−1 → RLk is an affine
function with Wk ∈ MLk−1×Lk

(R) and bk ∈ RLk . We use for the first and last layer,
L0 = d1, and LH+1 = d2, the size of the input and output of the neural network. The
parameters learned by the neural network uθ are expressed as

θ := (W1, b1, . . . ,WH+1, bH+1) ∈ ΘH,D,

where ΘH,D = R
∑H

i=0(LiLi+1+Li+1). We denote the set of all parametrized neural networks
as NND

H := {uθ, θ ∈ ΘH,D}.

1.1.1. Density of NN in Hölder spaces

A key reason for using neural networks over other parametrizable and differentiable func-
tion classes is their computational efficiency. The forward and the back-propagation are
computational inexpensive because because neural networks are composition of very sim-
ple functions—namely non-linear activation functions, summations, and matrix prod-
ucts—which are highly parallelizable. However, computational efficiency is useful only if
the function class is expressive enough to arbitrarily approximate any given function. This
is guaranteed by the Universal Approximation Theorem, first proven by Cybenko [1989],
which states that a neural network with a single hidden layer can approximate any con-
tinuous function to any desired degree of accuracy. This foundational result established
neural networks as universal approximators and paved the way for many subsequent the-
oretical advancements in machine learning.

Before stating the theorem, we will need some technical results related to the deriva-
tives of the individual compontents of the neural network with hyperbolic tangent. Firstly,
we will introduce a concept in combinatorics that is useful to calculate the chain-rule of
the composition of functions.



1.1 Neural Networks 3

Definition 1.1 (Bell number). The nth Bell number Bn, corresponds to the number of
partitions of the set {1, . . . , n}. We denote the set of all partitions as Π(n). A partition
of a set S is a family of nonempty, pairwise disjoint subsets of S whose union is S. The
first Bell number is defined as B0 = 1 and it is defined recursively as follows

Bn+1 :=
n∑
k=0

(
n

k

)
Bk. (1.1)

For example, the first three bell numbers can be expressed as

B1 = 1 : {{1}}
B2 = 2 : {{1}, {2}}, {{1, 2}}
B3 = 5 : {{1}, {2}, {3}}, {{1}, {2, 3}}, {{2}, {1, 3}}, {{3}, {1, 2}}, {{1, 2, 3}}

Lemma 1.2 (Bounding the partial derivatives of a composition function). Let d1, d2 ≥
1, K ≥ 0, f ∈ CK(Rd1 ,R), and g ∈ CK(R,Rd2). Then,

∥g ◦ f∥CK(Rd1 ) ≤ BK∥g∥CK(R)(1 + ∥f∥CK(Rd1 ))
K

where BK is the K-th Bell number.

Proof. Let K1 ≤ K and Π(K1) be the set of all partitions of {1, . . . , K1}. According to
[Hardy, 2006, Proposition 1], for all h ∈ CK1(RK1+d1 ,R),

∂K1
1,2,...,K1

(g ◦ h) =
∑

P∈Π(K1)

g(|P |) ◦ h×
∏
S∈P

[(∏
j∈S

∂j

)
h

]
.

Let α = (α1, . . . , αd1) be a multi-index such that |α| = K1. Setting α0 = 0, yj = xK1+j +
(xα1+···+αj−1

+ · · ·+ xα1+···+αj−1) and letting h(x1, . . . , xK1+d1) = f(y1, . . . , yd1), we obtain

∂α(g ◦ f) =
∑

P∈Π(K1)

g(|P |) ◦ f ×
∏
S∈P

∂α(S)f,

where α(S) = (|{b ∈ S, α1 + · · · + αℓ−1 ≤ b ≤ α1 + · · · + αℓ}|)1≤ℓ≤d1 . Moreover, by the
definition of the Bell number, |Π(K1)| = BK1 , and by definition of a partition, |P | ≤ K1.
Hence,

∥∂α(g ◦ f)∥∞ ≤ BK1∥g∥CK1 (Rd1 ) max
i1+2i2+···+K1iK1

=K1

K1∏
j=1

∥f∥ij
Cj(Rd1 )

≤ BK1∥g∥CK1 (Rd1 )(1 + ∥f∥CK1 (Rd1 ))
K1 .

(1.2)

This inequality is proved for all K1 ≤ K and for all |α| = K.

Lemma 1.3 (Bounding derivatives of tanh). Let K ∈ N ∪ {0}, Then

∥ tanh(K) ∥∞ ≤ 2K−1(K + 2)!
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Proof. Then tanh is a solution of the equation y′ = 1−y2. By induction, we can prove that
tanh(K) = PK(tanh) where PK is a polynomial that can be built by induction. Firstly,
P0(X) = X due to tanh(0) = tanh = P (tanh). Owing to y′ = 1 − y2, P1(X) = 1 − X2.
Assuming it is true for K, i.e., tanh(K)(t) = PK(tanh(t)),

tanh(K+1)(t) =
d

dt
tanh(K) |t =

d

dt
(PK ◦ tanh)|t

= P ′
K(tanh(t)) tanh

′(t) = P ′
K(tanh(t))(1− tanh2(t)).

Therefore, we obtain the following recursive formula, PK+1(X) = (1 − X2)P ′
K(X). The

degree of PK is 2 + (deg(PK−1)− 1) = PK−1 + 1, hence deg(PK) = K + 1. Assume that
PK(X) = a

(K)
0 +a

(K)
1 X+· · ·+a(K+1)XK+1. It verifies that a(K+1)

i = (i+1)a
(K)
i+1−(i−1)a

(K)
i−1 ,

with a(K)
−1 = a

(K)
K+2 = 0. The largest coefficient M(PK) = max0≤i≤K+1 |a(K)

i | of PK satisfies
M(PK+1) ≤ 2(K+1)M(PK). Since M(P1) = 1, we see that M(PK) ≤ 2K−1K!. We know
that −1 ≤ tanh ≤ 1, therefore,

∥ tanh(K) ∥∞ = ∥PK(tanh)∥∞ ≤ (K + 2)M(PK) ≤ 2k−1(K + 2)!

We will not prove the following Lemma as it is mere calculations of derivatives and
do not provide any useful insights. The prove can be found in [Doumèche et al., 2024,
Lemma C.4 & Corollary C.5]

Lemma 1.4. Let K ∈ N and H ∈ N. Then, for all ϵ > 0

lim
θ→∞

θm∥ tanh◦H
θ −sign∥CK(R\(−ϵ,ϵ)) = 0,

where tanh◦H
θ := tanhθ ◦

H· · · ◦ tanhθ where tanhθ(x) := tanh(xθ). Moreover, for all θ ∈ R,
∥(tanh◦H

θ )(K)∥∞ ≤ ∞.

We can now state the density theorem for neural networks in Hölder spaces. This
theorem generalizes the universal approximation theorem from [De Ryck et al., 2021,
Theorem 5.1], which is limited to the one-dimensional case.

Proposition 1.5 (Density of NN in Hölder spaces). Let K ∈ N, H ≥ 2, and Ω ⊂ Rd1 be
a bounded Lipschitz domain. Then, ∪D∈NNND

H is dense in (C∞(Ω,Rd2), ∥ · ∥CK(Ω)).

Proof. We want to prove that for any function u ∈ C∞(Ω,Rd2), there exists a sequence
of neural networks (un)n∈N) ⊆ NNH such that limn→∞ ∥u− un∥CK(Ω) = 0. The Universal
Approximation theorem [De Ryck et al., 2021, Theorem 5.1] shows that the class of neural
networks with two layers, i.e., NN2, is dense in (WK+1,∞([0, 1]d1 ,R), ∥ · ∥WK+1,∞((0,1)d1 )).
Since C∞([0, 1]d1) ⊆ WK+1,∞([0, 1]d1) and the norms ∥ · ∥CK and ∥ · ∥WK,∞ coincide on
C∞([0, 1]d1), then, the class of NN2 is dense in (C∞([0, 1]d1 ,R), ∥ · ∥CK([0,1])d1 ).

We intend to generalize the previous result to any output dimension d2 ∈ N, any
bounded Lipschitz domain Ω, and any number of layers H ≥ 2.
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(Step 1) Generalization to any bounded Lipschitz domain Ω. We assume that
d2 = 1 and we aim to prove that NN2 is dense in (C∞(Ω,R), ∥·∥CK(Ω)). Let f ∈ C∞(Ω,R).
Since Ω is bounded, there exists an affine transformation τ : Rd1 → Rd1 with x 7→ Aτx+bτ
where Aτ ∈ R∗ ≡ Rd1×d1 (dual space) and bτ ∈ Rd1 such that τ(Ω) ⊆ [0, 1]d1 and that τ
is injective (has null rank). We will compose the inverse of τ with f and use De Ryck’s
theorem. Firstly, let f̂ := f ◦ τ−1 that maps [0, 1]d1 → R. Owing to the extension
theorem for Lipschitz domains [Stein, 1971, Theorem 5, Chapter VI.3.3], the function can
be extended to a function f̃ ∈ WK,∞([0, 1]d1) such that f̃ |τ(Ω) = f̃τ(Ω). The Universal
Approximation Theorem of Neural Networks [De Ryck et al., 2021, Theorem 5.1] assures
us that for every ϵ > 0, there exists uθ ∈ NN2 such that ∥uθ − f̂∥WK,∞([0,1]d1 ) ≤ ϵ. And,
since f̃ is an extension of f̂ , f̃ ∈ C∞(Ω) and it follows that ∥uθ − f̃∥CK(τ(Ω)) ≤ ϵ.

Let α be a multi-index such that |α| = m. Then, ∂α(f̂ ◦ τ) = Amτ × (∂αf̂)(τ) and
∂α(uθ ◦ τ) = Amτ × (∂αuθ)(τ). Therefore, ∥uθ ◦ τ − f̂ ◦ τ∥CK(Ω) ≤ ϵmax(1, ∥AKτ ∥), in other
words,

∥uθ ◦ τ − f∥CK(Ω) ≤ ϵmax(1, ∥AKτ ∥).

We note that uθ ◦ τ ∈ NN2 due to τ being an affine transformation. Hence, we have
proven that for any neural network, there exists a function that is arbitrarily close.

(Step 2) Generalization to any number of layers H ≥ 2. We will show that NNH

is dense in (C∞(Ω,R), ∥ · ∥CK(Ω)) for all H ≥ 2. Firstly, let f ∈ C∞(Ω,R) be an arbitrary
function and let us denote by v a function that is the composition of H − 2 hyperbolic
tangents

v(x1, . . . , xd1) := (tanh◦(H−2)(x1), . . . , tan
◦(H−2)(xd1))

where tanh◦(H−2) is the composition of H − 2 hyperbolic tangents. It is clear that v is
a neural network of H − 2 layers. For any uθ ∈ NN2, uθ ◦ v ∈ NNH is a neural network
with the first weight matrices (Wℓ)1≤ℓ≤H−2 are the identity and the biases (bℓ)1≤ℓ≤H−2 are
equal to zero. Since, v is a differomorphism, v(Ω) is a bounded Lipschitz domain and
f ◦ v−1 ∈ C(v(Ω),R). Lemma 1.2, the composition f ◦ v−1 must belong to C∞(v(Ω),R).
Owing to the previous paragraph, there exists a sequence (θn)n∈N of parameters such that

∥uθn − f ◦ v−1∥CK(v(Ω)
n→∞−−−→ 0.

In other words, uθn approximates f ◦ v−1, but we want to prove that uθn ◦ v approximates
f . Using Lemma 1.2 we let the first term be uθn − f ◦ v−1 and the second v. Hence,

∥(uθn − f ◦ v−1) ◦ v∥CK(Ω) = ∥uθn ◦ v − f∥CK(Ω) ≤ BK∥uθn − f ◦ v−1∥CK(Ω)(1 + ∥v∥CK(Ω))
K .

Since ∥v∥CK(Ω))
K = ∥ tanh◦(H−2) ∥CK(Ω) and Lemma 1.4 bounds ∥ tanh◦(H−2) ∥CK(R) <∞.

Therefore, we conclude that ∥(uθn − f ◦ v−1) ◦ v∥CK(Ω) <∞ with uθn ◦ v ∈ NNH .
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(Step 3) Generalization to all output dimension d2. We have seen that NNH is
dense in (C∞(Ω,R), ∥·∥CK(Ω)). We will prove that NNH is dense in (C∞(Ω,Rd2), ∥·∥CK(Ω)).

Let f = (f1, . . . , fd2) ∈ C∞(Ω,Rd2) and let (θ(i)n )n∈N for i = 1, . . . , d2, be a sequence of
neural networks such that ∥u

θ
(i)
n
− fi∥CK(Ω)

n→∞−−−→ 0. Therefore, the neural network that
results of stacking all the parameters uθn := (u

θ
(1)
n
, . . . , u

θ
(1)
n
) satisfies that

∥uθn − f∥CK(Ω) ≤
d2∑
i=0

∥u
θ
(i)
n
− fi∥CK(Ω)

n→∞−−−→ 0.

1.1.2. Bounding neural networks by its parameters

The next results bound the norm of the neural network by its parameters. Beware that
the results shown are only applicable to neural networks with hyperbolic tangent as acti-
avtion function. However, we can prove the same results for other differentiable activation
functions.

Lemma 1.6 (Bounding the norm of a neural network by the norm of its parameters).
Consider the class of neural networks NND

H = {uθ, θ ∈ ΘH,D}. Let K ∈ N. Then, there
exists a constant CK,H (depending only on K and H), such that

∥uθ∥CK(Rd1 ) ≤ CK,H(D + 1)1+KH(1 + ∥θ∥2)KH∥θ∥2 ∀θ ∈ ΘH,D.

Proof. Recall, that uθ is function from Rd1 to Rd2 , defined by uθ = AH+1 ◦ (ϕ ◦AH) ◦ · · · ◦
(ϕ◦A1) where ϕ is the activation function and each Ak : RLk−1 → RLk is an affine function
with Wk ∈ MLk−1×Lk

(R) and bk ∈ RLk . We establish L0 = d1, L1 = . . . , LH = D,LH+1 =
d2. We let ∥W∥∞ be the maximum of the absolute value of each entry in the matrix,
i.e., we view it as a vector. Note that for each layer k, ∥Wkx∥∞ ≤ Lk−1∥Wk∥∞∥x∥∞.
Moreover, max1≤k≤H+1(∥Wk∥∞, ∥bk∥∞) ≤ ∥θ∥∞ ≤ ∥θ∥2.
The constant CK,H is defined recursively over the number of layers H ≥ 1 and the regu-
larity K ≥ 0. Firstly, assume that C0,H = 1, CK,1 = 2K−1(K + 2)!, and

CK,H+1 = BK2
K−1(K + 2)! max

i1,...,iK∈N
i1+2i2+···+KiK=K

∏
1≤ℓ≤K

Cℓ,H (1.3)

where BK is the K-th Bell number, defined in (1.1). Let us start considering the case
H = 1. As we know uθ = W2 tanh(A1) + b2, then

∥uθ∥∞ ≤ ∥W2 tanh(A1)∥∞ + ∥b2∥∞ ≤ ∥W2∥∞D + ∥b2∥∞ ≤ (D + 1)∥θ∥2. (1.4)

Next, for any multi-index α = (α1, . . . , αd1) such that |α| ≥ 1,

∂αuθ(x) = W2

 (W1)
α1
1,1 × · · · × (W1)

αd1
1,d1
× tanh(α)(A1(x))1

...
(W1)

α1
D,1 × · · · × (W1)

αd1
D,d1
× tanh(α)(A1(x))D

 ∈ Rd1 . (1.5)
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We can note that |(W1)i,j| ≤ ∥θ∥∞, we see that

∥∂αuθ∥∞ ≤ D∥W2∥∞∥θ∥|α|∞ ∥ tanh(|α|) ∥∞ ≤ D∥θ∥1+|α|
2 ∥ tanh(|α|) ∥∞. (1.6)

Combining (1.4) and (1.6), we obtain that for any K ≥ 1,

∥uθ∥CK(Rd1 ) ≤ (D + 1)max
k≤K
∥ tanh(k) ∥∞(1 + ∥θ∥2)K∥θ∥2

≤ 2K−1(K + 2)!︸ ︷︷ ︸
CK,1

(D + 1)(1 + ∥θ∥2)K∥θ∥2.

By induction, assume that for a given H ≥ 1, for any neural network vθ ∈ NND
H and any

K ≥ 0,
∥vθ∥CK(Rd1 ) ≤ CK,H(D + 1)1+KH(1 + ∥θ∥2)KH∥θ∥2. (1.7)

We want to show that for any uθ ∈ NND
H+1,

∥uθ∥CK(Rd1 ) ≤ CK,H+1(D + 1)1+K(1+H)(1 + ∥θ∥2)K(H+1)∥θ∥2.

For a uθ ∈ NND
H , we have, by definition, uθ = AH+2 ◦ tanh ◦vθ where vθ′ ∈ NND

H . In fact,
the parameter of vθ′ is θ′ = (W1, b1, . . . ,WH+1, bH+1) whereas θ = (W1, b1, . . . ,WH+2, bH+2),
so ∥θ′∥2 ≤ ∥θ∥2. Therefore,

∥uθ∥∞ ≤ ∥WH+2 tanh(vθ) + bH+2∥∞ ≤ ∥WH+2∥∞D + ∥bH+2∥∞ ≤ (D + 1)∥θ∥2.

Furthermore, for any multi-index α = (α1, . . . , αd1) such that |α| ≥ 1,

∂αuθ(x) = WH+2

∂α(tanh ◦(vθ(x))1)
...

∂α(tanh ◦(vθ(x))D)

 .

Therefore,
∥∂αuθ∥∞ ≤ D∥WH+2∥∞ max

1≤j≤D
∥(tanh(vθ))j∥CK(Rd1 ). (1.8)

Using the bound for partial derivatives of composition of functions (1.2), we obtain

∥ tanh(vθ)j∥CK(Rd1 ) ≤ BK∥ tanh ∥CK(R) max
i1+2i2+···+Kik=K

∏
1≤ℓ≤K

∥(vθ)j∥iℓCℓ(Rd1 )
.

We notice that (vθ)j belongs to NND
H where d2 = 1. Using Lemma 1.3 and inequality

(1.7),

∥ tanh(vθ)j∥CK(Rd1 )

≤ BK2
K−1(K + 2)! max

i1+2i2+···+Kik=K

∏
1≤ℓ≤K

(
Cℓ,H(D + 1)1+ℓH(1 + ∥θ∥2)ℓH∥θ∥2

)iℓ
≤ CK,H+1 max

i1+2i2+···+Kik=K

∏
1≤ℓ≤K

(
(D + 1)1+ℓH(1 + ∥θ∥2)ℓH∥θ∥2

)iℓ
≤ CK,H+1(D + 1)K+KH(1 + ∥θ∥2)KH(1 + ∥θ∥2)K

= CK,H+1(D + 1)K(1+H)(1 + ∥θ∥2)K(1+H).

(1.9)
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Hence, we can combine the previous equation with (1.8),

∥∂αuθ∥∞ ≤ D∥WH+2∥∞CK,H+1(D + 1)K(1+H)(1 + ∥θ∥2)K(1+H)

≤ CK,H+1(D + 1)1+K(1+H)(1 + ∥θ∥2)K(1+H)∥θ∥2.

1.1.3. Lipschitz dependence of Neural Networks

Lemma 1.7 (Lipschitz dependence of parameters of the Hölder norm in NN). Consider
the class NND

H = {uθ, θ ∈ ΘH,D}. Fix K ∈ N. Then, there exists a constant C̃K,H > 0,
depending only on the regularity K and the number of hidden layers H, such that

∥uθ − uθ′∥CK(Ω) ≤ C̃K,H(1 + d1M(Ω))(D + 1)H+KH2

(1 + ∥θ∥2)H+KH2∥θ − θ′∥2

where M(Ω) := supx∈Ω ∥x∥∞

Proof. We define recursively the constants C̃K,H , starting by C̃K,1 := (K + 2)22K−1(K +
2)!(K + 3)!, and

C̃K,H+1 := CK,H+1[1 + (K + 1)BK2
2K−1(K + 3)!(K + 2)!C̃K,H ]

where CK,H is the constant defined in previous lemma. Before embarking on the proof,
we need to show the following remark. Firstly, we note that for two sequences (ai)1≤i≤n
and (bi)1≤i≤n,

n∏
i=1

ai −
n∏
i=1

bi =
n∑
i=1

(ai − bi)

(
n∏

j=i+1

aj

)(
i−1∏
j=1

bj

)
.

This is true because it is a telescopic series, i.e., for the terms i and i+ 1 of the series,

i : (ai − bi)
∏n

j=i+1 aj
∏i−1

j=1 bj =
∏n

j=i aj
∏i−1

j=1 bj −
hhhhhhhhhh

∏n
j=i+1 aj

∏i
j=1 bj

i+ 1 : (ai+1 − bi+1)
∏n

j=i+2 aj
∏i

j=1 bj =
hhhhhhhhhh

∏n
j=i+1 aj

∏i
j=1 bj −

∏n
j=i+2 aj

∏i+1
j=1 bj

Therefore, we can bound the difference of the products as follows∣∣∣∣∣
n∏
i=1

ai −
n∏
i=1

bi

∣∣∣∣∣ ≤ n max
1≤i≤n

{|ai − bi|}
n∏
i=1

max(|ai|, |bi|). (1.10)

Owing to (1.2), for all u, v ∈ CK(Ω,RD) for all 1 ≤ i ≤ D,

∂α(tanh(ui)− tanh(vi))

=
∑

P∈Π(K)

[tanh(|P |)(ui)]
∏
S∈P

∂α(S)(ui)−
∑

P∈Π(K)

[tanh(|P |)(vi)]
∏
S∈P

∂α(S)(vi)

=
∑

P∈Π(K)

(
[tanh(|P |)(ui)]

∏
S∈P

∂α(S)(ui)− [tanh(|P |)(vi)]
∏
S∈P

∂α(S)(vi)

)
. (1.11)
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Let us denote the summation term A(P ), i.e., ∂α(tanh(ui)− tanh(vi)) =
∑

P∈Π(K)A(P ).
We notice that A(P ) is the difference of a product of |P | + 1 factors. We can use the
previous result (1.10) to bound it,

∥A(P )∥∞,Ω ≤ (|P |+ 1)(∥ tanh(|P |)(ui)− tanh(|P |)(vi)∥+max
S∈P
∥∂α(S)ui − ∂α(S)∥)

∥ tanh(|P |) ∥∞
∏
S∈P

max(∥∂α(S)u∥∞,Ω, ∥∂α(S)v∥∞,Ω)

≤ (|P |+ 1)(∥ tanh(|P |) ∥Lip∥u− v∥∞,Ω + ∥u− v∥CK(Ω))

∥ tanh(|P |) ∥∞
∏
S∈P

max(∥∂α(S)u∥∞,Ω, ∥∂α(S)v∥∞,Ω).

(1.12)

We notice that the Lipschitz constant is the norm of the derivative, i.e., ∥ tanh(|P |) ∥Lip =

∥ tanh(|P |+1) ∥∞.

With this result, we are equipped to prove the statement by induction on H. We will
begin with the base case H = 1. Assume that K = 0 and then we will generalize to all
K ≥ 1. Let uθ = A2 ◦ tanhA1 and uθ′ = A′

2 ◦ tanh ◦A′
1. Firstly, we notice that

∥A1 −A′
1∥∞,Ω ≤ ∥b1 − b′1∥∞ + d1M(Ω)∥W1 −W ′

1∥∞ ≤ ∥θ − θ′∥2(1 + d1M(Ω), (1.13)

whereM(Ω) := maxx∈Ω ∥x∥∞. Since 1 = ∥ tanh′ ∥∞ = ∥ tanh ∥Lip, implies that ∥ tanh ◦A1−
tanh ◦A′

1∥∞ ≤ ∥θ−θ′∥2(1+d1M(Ω)). Subsequently, ∥A2−A′
2∥∞,B(1,∥·∥∞) ≤ ∥θ−θ′∥2(1+

D). Hence,

∥uθ − uθ′∥∞,Ω ≤ ∥A2 ◦ tanh ◦A1 −A′
2 ◦ tanh ◦A′

1∥∞,Ω

≤ ∥(A2 −A′
2) ◦ tanh ◦A1∥∞,Ω + ∥A′

2 ◦ tanh ◦A1 −A′
2 ◦ tanh ◦A′

1∥∞,Ω

≤ ∥A2 −A′
2∥∞,B(1,∥·∥∞) +D∥W ′

2∥∞∥ tanh ◦A1 − tanh ◦A′
1∥∞,Ω

≤ ∥θ − θ′∥2(1 +D +D∥θ∥2(1 + d1M(Ω)))

≤ (1 + d1M(Ω))(D + 1)(1 + ∥θ∥2)∥θ − θ′∥2.

(1.14)

Therefore, it is true for C̃0,1 = 6. We have proven that it is true for H = 1 and K = 0.
We will address when K ≥ 1. Let α be a multi-index such that |α| = K. It follows that

∥∂α(uθ − uθ′)∥∞,Ω ≤ ∥(W2 −W ′
2)∂

α(tanh ◦A1)∥∞,Ω + ∥W ′
2∂

α(tanh ◦A1 − tanh ◦A′
1)∥∞,Ω.

(1.15)
Owing to Lemma 1.3, and following a similar argument as in (1.8), we have

∥(W2 −W ′
2)∂

α(tanh ◦A1)∥∞,Ω ≤ (D + 1)∥θ − θ′∥2∥θ∥K2 ∥ tanh ∥CK(R)

≤ 2K−1(K + 2)!(D + 1)∥θ − θ′∥2∥θ∥K2 .
(1.16)

Now we want to bound the right part of (1.15), we use inequality (1.12) and substi-
tuting u, v by A1,A′

1, respectively. In this case, the maximum S ∈ P occurs when
P = {{1}, . . . , {K}} because A1 is a linear function and, hence, higher order derivatives
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annuls. On the other hand, by (1.13), recall that ∥A1 −A′
1∥∞,Ω ≤ ∥θ− θ′∥(1 + d1M(Ω)).

Moreover, we notice that if |α| = 1, ∥∂α(A1 − A′
1)∥∞,Ω ≤ ∥W1 −W ′

1∥∞ ≤ ∥θ − θ′∥2. We
notice that ∥A −A′

1∥CK(Ω) = ∥A −A′
1∥C1(Ω) ≤ ∥θ − θ′∥(1 + d1M(Ω)). Finally, we notice

that ∥∂α(i)A1∥∞,Ω ≤ ∥θ∥2 for all i = 1, . . . , K. Therefore, we count bound (1.11) as follows

∥∂α(tanh ◦A1− tanh ◦A′
1)∥∞,Ω ≤ (K + 1)(∥ tanh(K+1) ∥∞∥A1 −A′

1∥∞,Ω + ∥A1 −A′
1∥CK(Ω))∏

S∈{{1},...,{K}}

max(∥∂α(B)A1∥∞,Ω, ∥∂α(B)A′
1∥∞,Ω)

≤ (K + 1)(2K(K + 3)!∥θ − θ′∥2(1 + d1M(Ω)) + ∥θ − θ′∥2(1 + d1M(Ω)))

max(∥θ∥2, ∥θ′∥2)K

≤ (K + 1)∥θ − θ′∥2(1 + d1M(Ω))22K−1(K + 2)!(K + 3)!max(∥θ∥2, ∥θ′∥2)K .

Therefore, we can combine the previous equation with (1.15) and (1.16) and obtain

∥∂α(uθ − uθ′)∥∞,Ω ≤ C̃K,1(1 + d1M(Ω))(D + 1)(1 + max(∥θ∥2, ∥θ′∥2))K+1∥θ − θ∥2

with C̃K,1 = (K + 2)22K−1(K + 2)!(K + 3)! Hence, it satisfies the hypothesis for ∥uθ −
uθ′∥CK(Ω).

By induction, we assume that for a fixed H ≥ 1, all vθ, vθ′ ∈ NND
H

∥vθ − vθ′∥CK(Ω) ≤ C̃K,H(1 + d1M(Ω))(D + 1)H+KH2

(1 + max(∥θ∥2, ∥θ′∥2)H+KH2∥θ − θ′∥2.
(1.17)

Let uθ, uθ′ ∈ NND
H+1. In other words, uθ = AH+2 ◦ tanh ◦vθ and uθ′ = A′

2 ◦ tanh ◦vθ′ . Let
us proceed as in aforementioned lemma,

∥∂α(uθ − uθ′)∥∞,Ω

≤ ∥(WH+2 −W ′
H+2)∂

α(tanh ◦vθ)∥∞,Ω + ∥W ′
H+2∂

α(tanh ◦vθ − tanh ◦vθ′)∥∞,Ω

≤ D∥θ − θ′∥2∥∂α(tanh ◦vθ)∥∞,Ω +D∥θ′∥2∥∂α(tanh ◦vθ − tanh ◦vθ′)∥∞,Ω.

(1.18)

We will bound both summation terms. The first one can be bounded by (1.9) in Lemma
1.6,

∥∂α(tanh ◦vθ)∥∞,Ω ≤ CK,H+1(D + 1)1+K(H+1)(1 + ∥θ∥2)K(H+1)∥θ∥2.
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The right term can be bounded using (1.11) as follows

∂α(tanh(vθ)− tanh(vθ′)) ≤
∑

P∈Π(K)

(|P |+ 1)(∥ tanh(|P |) ∥Lip∥vθ − vθ′∥∞,Ω + ∥u− v∥CK(Ω))

∥ tanh(|P |) ∥∞
∏
S∈P

max(∥∂α(S)vθ∥∞,Ω, ∥∂α(S)vθ′∥∞,Ω)

≤ (K + 1)2K(K + 3)!2K−1(K + 2)!2∥vθ − vθ′∥CK(Ω)∑
P∈Π(K)

∏
S∈P

max(∥∂α(S)vθ∥∞,Ω, ∥∂α(S)vθ′∥∞,Ω)

≤ (K + 1)22K(K + 3)!(K + 2)!∥vθ − vθ′∥CK(Ω)Bk

max
i1+2i2+KiK=K

∏
1≤ℓ≤K

[Cℓ,H(D + 1)1+ℓH max{(1 + ∥θ∥2)ℓH∥θ∥2, (1 + ∥θ′∥2)ℓH∥θ′∥2}]iℓ

≤ (K + 1)22K−1(K + 3)!(K + 2)!∥vθ − vθ′∥CK(Ω)

CK,H+1(D + 1)K+KH(1 + max(∥θ∥2, ∥θ′∥2)K+KH .

We can bound the term ∥vθ − vθ′∥CK(Ω) using the induction hypothesis (1.17). Hence, we
can combine the previous equations inside (1.18) and obtain the desired result,

∥uθ − uθ′∥CK(Ω) ≤ C̃K,H+1(1 + d1M(Ω))(D + 1)(H+1)+K(H+1)2

(1 + max(∥θ∥2, ∥θ′∥2))(H+1)+K(H+1)2∥θ − θ′∥2.

Lemma 1.8 (Lipschitz dependence of input of the Hölder norm in NN). Consider the
class NND

H = {uθ, θ ∈ ΘH,D}. Fix K ∈ N. Then, there exists a constant C̃K,H > 0,
depending only on the regularity K and the number of hidden layers H, such that

∥uθ(x)− uθ(y)∥2 ≤ C̃H,θ∥x− y∥2 ∀x, y ∈ Ω.

where C̃H,θ is a constant that depends on the number of layers H and the parameters
θ ∈ Θ.

Proof. We know that the Lipschitz constant of the composition of two functions, e.g.,
f ◦ g with Lipschitz constants Lf and Lg respectively is given by LfLg due to

∥f(g(x))− f(g(y))∥2 ≤ Lf∥g(x)− g(y)∥2 ≤ LfLg.

Since, we have defined the neural network as a composition of funtions uθ = AH+1 ◦ (ϕ ◦
AH) ◦ · · · ◦ (ϕ ◦ A1). Then,

∥uθ(x)− uθ(y)∥2 ≤ ∥ tanh ∥Lip

H+1∏
k=1

∥Ak∥Lip∥x− y∥2.
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We can easily see that for each affine function Ai the Lipschitz function is given by the
norm of the matrix

∥Ak(x)−Ak(y)∥2 = ∥Wkx+ bk − (Wky + bk)∥ ≤ ∥Wk∥2∥x− y∥2 ≤ ∥θ∥2∥x− y∥2.

On the other hand, tha activation function applied element-wise verifies that

| tanh(xj)− tanh(yj)| ≤ sup
z
| tanh′(z)||xj − yj|.

Since the derivative of tanh is maximized at z = 0 with value 1, then ∥ϕ(x) − ϕ(y)∥2 ≤
1 · ∥x− y∥2. Hence we obtain the intended result

∥uθ(x)− uθ(y)∥2 ≤ ∥θ∥H+1
2 ∥x− y∥2.

where we define C̃H,θ := ∥θ∥H+1
2 .

1.2. Physics-Informed Neural Networks (PINNs)

While many machine learning models are purely data-driven, their performance can be
significantly enhanced by incorporating domain knowledge. This is particularly true in
scientific applications where data may be scarce, but the underlying physical principles
are well understood. For instance, a system might be governed by known differential
equations, be subject to physical invariants, or have other structural constraints. Ignoring
such valuable information is inefficient and can harm the model’s predictive accuracy.
This prior knowledge can be integrated into a model in several ways, often categorized as
different types of biases Watson et al. [2024], Hao et al. [2022].

Observational bias is introduced through the data itself. By collecting data from a
system that inherently follows certain physical laws, a model trained on this data will
learn to mimic the underlying structure.

Inductive bias refers to the prior assumptions built into a model’s architecture. Spe-
cific architectures are chosen because they are guaranteed to respect certain properties.
For example: Convolutional Neural Networks are designed with translation equivariance,
making them ideal for image processing; Graph Neural Networks incorporate permu-
tation equivariance, suitable for unstructured data like molecular graphs; Neural Ordi-
nary Differential Equations use an architecture that inherently respects the structure of
continuous-time dynamical systems.

Learning bias is embedded during training, typically by customizing the loss function
to penalize solutions that violate known physical properties. A prominent example of this
approach is the Physics-Informed Neural Network (PINN). PINNs are neural networks
that are trained not only to fit observed data but also to obey the laws of physics described
by a set of differential equations. This is achieved by adding a term to the loss function
that measures how well the network’s output satisfies these equations.
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In this section, we define the learning framework for Physics-Informed Neural Networks
(PINNs). We present the associated error formulation and examine some pathological
behaviors that motivate the use of alternative loss functions.

Notation The PINN framework is typically formulated as an empirical risk minimiza-
tion problem constrained by a partial differential equation (PDE). Throughout this manuscript,
let Ω ⊂ Rd1 denote a bounded Lipschitz domain with boundary ∂Ω. Let (X, Y ) ∈ Ω×Rd2

be a pair of random variables. A function h : E ⊂ Rd1 → Rd2 encodes the initial and/or
boundary conditions of the PDE. The differential operator F : C∞(Ω,Rd2) × Ω → R
characterizes the PDE itself.

Example 1.9 (Poisson equation). Let Ω = B(0, 1) ⊂ R2, f : Ω → R, h : E = ∂Ω → R.
Then, our goal is to find u : Ω→ R such that{

−∆u = f in Ω

u = h in ∂Ω.

In this case, the differential operator is defined as F(u,x) := ∆u(x) + f(x) ≡ ∂21,1u(x) +
∂22,2u(x) + f(x).

In hybrid modeling, we build upon a classical regression framework to estimate an
unknown function u⋆ The underlying statistical model is given by:

Y = u∗(X) + ϵ

where Y is the response variable, X is the vector of input variables and ϵ is a random
noise term with a conditional mean of zero, i.e., E[ϵ|X] = 0. The novelty of PINNs
lies in constraining the function u⋆ with a prior physical or theoretical knowledge. This
knowledge is incorporated as a set of M > 1 PDE constaints of order at most K. The
function u⋆ is assumed to satisfy these constraints, at leas approximataly

Fk(u
⋆, x) ≈ 0 for k = 1, . . . ,M.

A direct consequence of this is that the function u⋆ must be at least K times differentiable.

Furthermore, the function is subject to initial or boundary conditions. On a given
subset of the domain’s boundary, E ⊆ ∂Ω, the function’s values are approximated by a
known function h : E → R. This is expressed as:

u⋆(x) ≈ h(x) for all x ∈ E.

The next section will focus on measuring the error of a solution to a problem like
the Poisson equation. We want to quantify how well a proposed solution performs. A
challenge with the true loss function is that it often cannot be calculated in practice.
Therefore, instead of the true error function, we will use an empirical version.
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1.3. Empirical Risk Function

One of the most common ways to measure error is with the mean squared error (MSE)
function or its variants. The MSE is widely used because it’s convex and differentiable,
allowing for gradient-based optimization methods like gradient descent. Furthermore,
both the function and its derivative are computationally efficient.

To define the empirical risk for a partial differential equation (PDE) problem, we aim to
minimize a loss function composed of three parts: (i) Data error: This component ensures
the solution fits any available measurement data. (ii) Boundary error: This enforces the
solution’s adherence to the specified boundary conditions. (iii) PDE residual error: This
component penalizes deviations from the PDE itself, ensuring the solution satisfies the
governing equation. Hereafter we define in detail each one of the compontents:

(i) A collection of n1 ∈ N i.i.d. random variables (X1, Y1), . . . , (Xn1 , Yn1) distributed as
(X, Y ) ∈ Ω × Rd2 , where the distribution is unknown. The partial risk function is
defined by

L̂1(uθ) :=
1

n1

n1∑
i=1

∥uθ(Xi)− Yi∥22. (Data Conditions)

(ii) A collection of n2 ∈ N i.i.d. random variables X(2)
1 , . . . , X

(2)
n2 distributed according to

some known distribution µE on E where is the set of the boundary/initial conditions.
Using the Dirichlet boundary condition, the partial risk function is defined by

L̂2(uθ) :=
1

n2

n2∑
i=1

∥uθ(X(2)
j )− h(X(2)

j )∥22. (Initial/Boundary Conditions Type I)

Likewise, if we consider the Neumann boundary condition

L̂2(uθ) :=
1

n2

n2∑
i=1

∥∥∥∥∂uθ∂n
(X

(2)
j )− h(X(2)

j )

∥∥∥∥2
2

(Initial/Boundary Conditions Type II)

(iii) A sample of n3 ∈ N i.i.d. random variables X(3)
1 , . . . , X

(3)
n3 uniformly distributed on

Ω. The partial risk function is defined by

L̂3(uθ) :=
1

n3

M∑
k=1

n3∑
ℓ=1

Fk(uθ, X
(3)
ℓ )2. (PDEs Equation)

The solution u is estimated by minimizing the empirical risk function, which is a linear
combination of the individual risk functions defined above.

R̂n1,n2,n3(uθ) := λ1L̂1(uθ) + λ2L̂2(uθ) + λ3L̂3(uθ). (1.19)
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Here, λ1, λ2, λ3 establishes a trade-off between the three terms. In practice, we usually
set λ1 = 1 to avoid redudancy. And sometimes, one may encounter the case where λ3 = 0
(data + PDEs) or λ2 = 0 (PDEs + initial/boundary condition). Our goal is to find
a minimizer of the empirical risk function 1.19, however, it does not necessarily exist.
Instead, we use a minimizing sequence, which we denote {θ̂(n, n1, n2, n3, D)}n∈N ⊆ ΘH,D,
that is,

lim
n→∞

R̂n1,n2,n3(uθ̂(n,n1,n2,n3,D)) = inf
θ∈ΘH,D

R̂n1,n2,n3(uθ).

1.4. Theoretical Risk Function

Theoretical Risk Function We use the theoretical risk function to measure the gen-
eralization of the solution. This function does not use samples, instead, it uses the con-
tinuous counterpart, e.g., the expected value and the integral.

(i) The theoretical risk function for the data is defined similarly to the empirical risk
function counterpart

L1(uθ) :=
1

n1

n1∑
i=1

∥uθ(Xi)− Yi∥22. (Data Conditions)

The rationale for holding n1 fixed is that we usually have a limited ability to measure
the number of samples.

(ii) The theoretical risk function for the initial/boundary condition uses the expectation
value instead and is defined by

L2(uθ) := EX∼µE∥uθ(X)− h(X)∥22. (Initial/Boundary Conditions Type I)

This regime corresponds to letting n2 →∞, which can usually be sampled freely up
to computational resources. Likewise, the Neumann boundary condition is expressed
as

L2(uθ) := EX∼µE

∥∥∥∥∂uθ∂n
(X)− h(X)

∥∥∥∥2
2

. (Initial/Boundary Conditions Type II)

(iii) The theoretical risk function for the PDE equation is defined by

L3(uθ) :=
1

|Ω|

M∑
k=1

∫
Ω

Fk(uθ, x)
2dx. (PDEs Equation)

Similarly, we let n3 → ∞ and, because it is uniformly distributed, we use the
integral.
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The solution u is estimated by minimizing the empirical risk function, which is a linear
combination of the individual risk functions defined above.

Rn1(uθ) := λ1L1(uθ) + λ2L2(uθ) + λ3L3(uθ). (1.20)

Remark 1.10. We can note that for a fixed uθ ∈ NNH,D, the expectation of empirical
risk is equal to the expectation of the theoretical risk function, i.e.,

E[R̂n1,n2,n3(uθ)] = E[Rn1(uθ)].

Proof. We will see that each one of the components verifies that the expectation is centered

E[L̂1(uθ)] = E[L1(uθ)]

E[L̂2(uθ)] = EX∼µE∥uθ(X)− h(X)∥22 = L2(uθ) = E[L2(uθ)]

E[L̂3(uθ)] =
M∑
k=1

EX∼U(Ω)[Fk(uθ, X)] =
M∑
k=1

1

Ω

∫
Ω

Fk(uθ, x)dx = L3(uθ) = E[L3(uθ)].

The cornerstone in PINNs that differs from other learning frameworks is the error
function.



CHAPTER 2

Stochastic Processes

In this section, we present several results used to establish the consistency of the reg-
ularized loss for PINNs. Most of these results are drawn from Van Handel [2014] and
Doumèche et al. [2024].

Let us recall the definitions of some key concepts and clarify the notation. We denote
(Ω,A,P) as a probability space. A random or stochastic process is a collection of random
variables {Xt : t ∈ T} indexed by some set T . In most cases, the index set T is some
subset of the real line, such as the natural numbers or an interval, giving the set T the
interpretation of time. However, T can take more general forms, such as a metric space.
In this manuscript, we will consider both cases. When T is an ordered set, we say that the
random process {Xt}t∈T is adapted to a filtration {Ft}t∈T when that the random variable
Xt is measurable with respect to Ft where the filtration is formed by a monotone chain
of sub-σ−algebras, i.e., Fs ⊆ Ft ⊆ A when s ≤ t. The natural filtration is defined as the
σ−algebra generated the previous random variables, i.e., Ft = σ({Xs}s≤t).

We will study the family of random variables whose tail behavior and concentra-
tion properties resemble those of a Gaussian distribution—namely, the sub-gaussian ran-
dom variables. The moment-generating function of a centered normal distribution X ∼
N (0, σ2) is

MX(λ) = E[eλX ] = eσ
2λ2/2.

Subgaussian random variables are the class of random variables whose moment-generating
function is bounded by that of a normal distribution. This leads to the following definition.

2.1. Subgaussian Random Variables

Definition 2.1 (Subgaussian random variable). Let X be a random variable, we define
the log-moment generating function ψ of X as

ψ(λ) := logE[eλ(X−E[X])]

17
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and we say that X random variable is σ2−subgaussian if its log-moment generating func-
tion satisfies ψ(λ) ≤ λ2σ2/2 for all λ ∈ R, and the smallest σ2 for which that holds is
called the variance proxy of X.

The following result is a variant of the Markov’s inequality written in terms of the
log-moment generating function.

Lemma 2.2 (Chernoff bound). Let X be a σ2−subgaussian random variable. Then, the
following inequality holds

P[X − EX ≥ a] ≤ exp

{
−a2

2σ2

}
.

In particular, P[|X − EX| ≥ a] ≤ 2 exp{−a2/2σ2}.

Proof. We exponentiate inside the probability before appliying Markov’s inequality. For
any λ ≥ 0, we have

P[X − EX ≥ a] = P[eλ(X−EX) ≥ eλa] ≤ e−λaE[eλ(X−EX)] = eψ(λ)−λa.

Since this holds for every λ ∈ R, we can choose λ to obtain the best bound. The optimal
choice is λ = a

σ2 . Substituting this into the inequality and using the bound ψ(λ) ≤ λ2σ2/2,
we obtain

P[X − EX ≥ a] ≤ exp

{( a
σ2

)2
σ2/2−

( a
σ2

)
a

}
= exp

{
−a2

2σ2

}
.

Lemma 2.3 (Maximal inequality). Let {Xk}1≤k≤n be a collection of σ2-subgaussian ran-
dom variables with the same variance, satisfying E[Xk] = 0 for all k = 1, . . . , n. Then

E
[
sup

1≤k≤n
Xk

]
≤
√
2σ2 log n.

Proof. Since − log x is convex, by Jensen’s inequality, we have for any λ > 0

E
[
sup
k
Xk

]
= E

[
1

λ
log(eλ supkXk)

]
≤ 1

λ
logE[eλ supkXk ]

≤ 1

λ
log

∑
1≤k≤n

E[eλXk ] ≤ 1

λ
log(neψ(λ))

=
log n+ ψ(λ)

λ
≤ log n+ λ2σ2/2

λ
.

Since this holds for every λ > 0, we can now optimize over λ on the right hand side. Differ-
entiating and setting it equal to zero, we obtain the minimum at λ =

√
2 logn
σ

. Substituting
this value into the equation, we obtain the desired result

E
[
sup

1≤k≤n
Xk

]
≤
√

2σ2 log n.
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Lemma 2.4 (Hoeffding lemma). Let X be a random variable such that a ≤ X ≤ b a.s.
for some a, b ∈ R. Then,

E[eλ(X−E[X])] ≤ eλ
2(b−a)2/8.

In other words, X is a (b− a)2/4-subgaussian random variable.

Proof. Let us define the mean-centered random variable Y := X −E[X], then ã ≤ Y ≤ b̃
where ã := a−E[X] and b̃ := b−E[X]. By definition, log-moment generating function of
X is given by ψ(λ) = logE[eλY ], along with its derivatives

ψ′(λ) =
E[Y eλY ]
E[eλY ]

, ψ′′(λ) =
E[Y 2eλY ]

E[eλY ]
−
(
E[Y eλY ]
E[eλY ]

)2

.

We can interpret ψ′′(λ) as the variance of the random variable Y under another probability
measure. We define anew probability measure Q by setting dQ := eλY

E[eλY ]
dP. The definition

is well-posed because the Radon-Nikodym derivative eλY

E[eλY ]
is positive and integrates to 1.

From this, we deduce that

EQ[g(Y )] =
E[g(Y )eλY ]

E[eλY ]
.

Therefore,

VarQ(Y ) = EQ[X
2]− (EQ[Y ])2 =

E[Y 2eλY ]

E[eλY ]
−
(
E[Y eλY ]
E[eλY ]

)2

= ψ′′(λ).

We can bound the variance of Y as follows

VarQ(Y ) = VarQ(Y − z) ≤ EQ[(Y − z)2].

Since z can be any real number, we let z = (ã + b̃)/2. Given that ã ≤ Y ≤ b̃ a.s., we
obtain

EQ[(Y − z)2] =
1

4
EQ[(2Y − ã− b̃)2] ≤

(b̃− ã)2

4
=

(b− a)2

4
.

Next, since ψ(λ) ≤ λ2σ2/2, we observe that ψ′(0) = ψ(0) = 0. Using the bound that
ψ′′(λ) ≤ (b−a)2

4
along with the Fundamental Theorem of Calculus, we obtain

ψ(λ) =

∫ λ

0

∫ µ

0

ψ′′(ρ)dρdµ ≤ λ2(b− a)2

8
.

Moreover, X is a σ2−sbugaussian variable with σ2 = (b− a)2/4.

Lemma 2.5 (Azuma). Let {Xk}1≤k≤n be a stochastic process adapted to the natural
filtration {Fk}1≤k≤n, i.e., Fk = σ(X1, . . . , Xk). Assume that the random variables satisfy:

E[eλXk |Fk−1] ≤ eλ
2σ2

k/2 a.s. k = 1, . . . , n (2.1)

where σ2
k is the variance ofXk. Then, E[Xk] = 0 and the sum

∑n
k=1Xk is a σ2−subgaussian

with variance proxy σ2 :=
∑n

k=1 σ
2
k.
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Proof. The tower property of expectation assures that E[X] = E[E[Y |Fk−1]]. For any
1 ≤ k ≤ n the random variables X1, . . . , Xk−1 are Fk−1−measurables. Then, it follows

E[eλ
∑k

i=1Xi ] = E[E[eλ
∑k−1

i=1 XieλXk |Fk−1]] = E[eλ
∑k−1

i=1 XiE[eλXk |Fk−1]]

eq. (2.1)
≤ eλ

2σ2
k/2E[eλ

∑k−1
i=1 Xi ].

By induction, it yields E[eλ
∑n

i=1Xi ] ≤ eλ
2
∑n

i=1 σ
2
i /2 = eλ

2σ2/2. Therefore, assuming that
E[Xk] = 0, it follows

ψ(λ) = logE[eλ
∑n

i=1Xi ] ≤ λ2σ2/2.

Let us prove that E[Xk|Fk−1] = 0 (which, by the tower property, implies that E[Xk] = 0).
We observe that equality holds in (2.1) when λ = 0. Differentiating both sides with respect
to λ and evaluating at λ = 0 must yield the same result. This leads to the condition:

d

dλ

∣∣∣
λ=0

E
[
eλXk |Fk−1

] DCT
= E

[
d

dλ

∣∣∣
λ=0

eλXk |Fk−1

]
=

d

dλ

∣∣∣
λ=0

eλ
2σ2

k/2 ⇒ E[Xk|Fk−1] = 0.

Corollary 2.6 (Azuma-Hoeffding inequality). Let {Fk}1≤k≤n be a filtration, and let
Xk, Ak, Bk be stochastic processes satisfying that Ak, Bk are Fk−1−measurable and Ak ≤
Xk ≤ Bk a.s. for k = 1, . . . , n. Then,

∑n
k=1Xk is σ2−subgaussian with σ2 = 1

4

∑n
k=1 ∥Bk−

Ak∥2∞. In particular, for every t ≥ 0 the tail bound

P

[
n∑
k=1

Xk ≥ t

]
≤ exp

(
− 2t2∑n

k=1 ∥Bk − Ak∥2∞

)
.

Proof. Applying Hoeffding’s Lemma 2.4 to Xk conditionally on Fk−1 yields

E[eλXk |Fk−1] ≤ eλ
2(Bk−Ak)

2/8.

In other words, Xk is σ2
k−subgaussian with σ2

k = 1
4
(Bk − Ak)

2. This follows because
Ak and Bk are Fk−1 measurable, allowing us to treat them as constants. On the other
hand, applying Azuma’s Lemma 2.5 to Xk implies that E[Xk] = 0 and that

∑n
k=1Xk is

σ2−subgaussian with σ2 =
∑n

k=1 σ
2
k =

∑n
k=1

1
4
(Bk − Ak)2.

To establish the second part, note that EXk = 0, therefore, invoking Chernoff Bound
Lemma 2.2 leads to the desired tail bound.

2.2. Covering and Packing number

We will define the covering and packing number of a metric space (E, d). Intuitively, the
covering number is the minimum number of balls required to completely cover the space,
while the packing number is the maximum number of disjoint balls that can be placed
within the space without overlapping (see Figure 2.1).
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(a) The ellipse represents the T and the dots in
red are the the elements in N , i.e., the ϵ−net.
The circles around the dots are the balls of ϵ
radius that should cover the metric space.

(b) The optimal packing problem in a
square using the blue balls.

Figure 2.1: Packing vs Covering number

Definition 2.7 (ϵ−net and covering number). A set N ⊆ E is called a ϵ−net for (E, d) if
for every x ∈ E, there exists π(x) ∈ N such that d(x, π(x)) ≤ ϵ. The smallest cardinality
of an ϵ−net for (E, d) is the called the covering number

N(E, d, ϵ) := inf{|N | : N is an ϵ−net for (E, d)}.

Definition 2.8 (ϵ−packing and packing number). A set N ⊆ E is called an ϵ−packing of
(E, d) if d(x, x′) > ϵ for every x, x′ ∈ N , x ̸= x′. The largest cardinality of an ϵ−packing
of (E, d) is called the packing number

D(E, d, ϵ) := sup{|N | : N is an ϵ−packing of (E, d).}.

In the literature, the binary logarithm of the covering number of a set E is commonly
referred to as the ϵ−entropy of E, denoted by

Hϵ(E) := log2N(E, ∥ · ∥, ϵ).

Similary, the binary logarithm of the packing number is typically called the ϵ−capacity
of E, defined as

Cϵ(E) := log2D(E, ∥ · ∥, ϵ).
The logarithm is usually taken with base 2 because it used in the context of Computer
Science to measure the transmission properties of certain channel.

The following lemma illustrates the relationship between the covering number and the
packing number.



22 Stochastic Processes

Figure 2.2: distance between x and x′.

Lemma 2.9 (Duality between covering and packing number). For every ϵ > 0

D(E, d, 2ϵ) ≤ N(E, d, ϵ) ≤ D(E, d, ϵ).

Proof. (1) Let D be a 2ϵ−packing and let N be an ϵ−net. For every x ∈ D, choose
π(x) ∈ N such that d(x, π(x)) ≤ ϵ. Then, for every x′ ∈ D such that x ̸= x′, we have

2ϵ < d(x, x′) ≤ d(x, π(x)) + d(π(x), π(x′)) + d(π(x′), x′) ≤ 2ϵ+ d(π(x), π(x′)),

which implies that π(x) ̸= π(x′) (see Figure 2.2). Thus, the function π : D → N is
injective, and thus, |D| ≤ |N |. In other words, D(E, d, 2ϵ) ≤ N(E, d, ϵ).

(2) Let D be a maximal ϵ−packing with |D| = D(E, d, ϵ). We claim that D is
necessarily an ϵ−net. Indeed, suppose for contradiction that there exists a point x ∈ E
such that d(x, x′) > ϵ for every x′ ∈ D. This would imply that D ∪ {x} is a larger
ϵ−packing, contradicting the maximality of D. Therefore, every point in E must be
within a distance at most of ϵ from some point in D, confirming that D is an ϵ−net.

We are now ready to establish an upper bound on the covering number of the Euclidean
ball Bn

2 with respect to the Euclidean distance. The proof of this fundamental result
employs a clever technique known as a volume argument.

Lemma 2.10. Let Bn
2 be the n−dimensional euclidean ball centered at zero with radius

1, i.e., Bn
2 := {x ∈ Rn : ∥x∥2 < 1}. Then, we have that N(Bn

2 , ∥ · ∥, ϵ) = 1 for ϵ ≥ 1 and(
1

ϵ

)n
≤ N(Bn

2 , ∥ · ∥, ϵ) ≤
(
3

ϵ

)n
for 0 < ϵ < 1.

Proof. Case ϵ ≥ 1: It is clear that for ϵ ≥ 1, N(Bn
2 , ∥ · ∥, ϵ) = 1 since N := {0} is a ϵ−net,

i.e., ∥x− 0∥ < 1 ≤ ϵ for every x ∈ Bn
2 .

Case 0 < ϵ < 1: Let us begin with the upper bound. Let D be a 2ϵ−packing of Bn
2 .

Since d(x, x′) > 2ϵ for all x ̸= x′ in D, the balls {B(x, ϵ) : x ∈ D} must be disjoint. On
the other hand, every ball B(x, ϵ) for x ∈ Bn

2 must be cointained in a larger ball centered
in zero with radius 1+ ϵ, i.e., B(x, ϵ) ⊆ B(0, 1+ ϵ). Therefore, the sum of volumes of the
balls satisfy ∑

x∈D

λ(B(x, ϵ)) = λ

(⋃
x∈D

B(x, ϵ)

)
≤ λ(B(0, 1 + ϵ))
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where λ denotes the Lebesgue measure on Rn. Using that the Lebesgue measure is
homogeneous and that λ(B(0, α)) = λ(αB(0, 1)) = αnλ(B(0, 1)), then

ϵn|D|B(0, 1) = |D|B(0, ϵ) =
∑
x∈D

λ(B(x, ϵ)) ≤ λ(B(0, 1 + ϵ)) = (1 + ϵ)nB(0, 1).

Therefore, dividing both sides by B(0, 1), we obtain that

|D| ≤
(
1 + ϵ

ϵ

)n
.

We have established that for every 2ϵ−packingD, we obtain an upper bound forD(E, d, 2ϵ).
This leads to the following chain of inequalities

N(Bn
2 , ∥ · ∥, 2ϵ)

Lemma 2.9
≤ D(Bn

2 , ∥ · ∥, 2ϵ) ≤
(
1 +

1

ϵ

)n
≤
(

3

2ϵ

)n
for 2ϵ < 1.

Relabeling 2ϵ as ϵ completes the proof.

We proceed similarly to obtain the lower bound. Let N be an ϵ−net for Bn
2 . Then,

λ(Bn
2 ) ≤ λ

(⋃
x∈N

B(x, ϵ)

)
≤
∑
x∈N

λ(B(x, ϵ)) = |N |ϵnλ(Bn
2 ).

Hence, dividing by λ(Bn
2 ), we obtain

|N | ≥ λ(Bn
2 )

λ(B(0, ϵ))
=

(
1

ϵ

)n
.

This inequality holds for every ϵ−net N , so we conclude that N(Bn
2 , ∥ · ∥, ϵ) ≥ (1/ϵ)n.

The following Lemma finds a bound for the growing rate of the ϵ−entropy of the
Sobolev space Hm+1. The proof can be found in [Nickl and Pötscher, 2007, Corollary 4].

Lemma 2.11 (ϵ-Entropy of Hm+1(Ω,Rd2)). Let Ω ⊆ Rd2 be a Lipschitz domain. For
m ≥ 1, one has

logN(BHm+1(Ω)(1), ∥ · ∥Hm+1(Ω), ϵ) = Oϵ→0(ϵ
−d1/(m+1)).

2.3. Subgaussian Process

Definition 2.12 (Subgaussian process). A random process {Xt}t∈T on a metric space
(T, d) is called subgaussian if E[Xt] = 0 for all t ∈ T and

E[eλ(Xt−Xs)] ≤ eλ
2d(t,s)2/2 for all t, s ∈ T, λ ≥ 0. (2.2)
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Notice that for every s, t ∈ T , the random variable Xt −Xs is a d(t, s)2-subgaussian
random variable.

Definition 2.13 (Separable process). A random process {Xt}t∈T is called separable if
there exists a countable set T0 ⊆ T such that

Xt ∈ lim
s→t
s∈T0

Xs for all t ∈ T a.s.

Here, lim s→t
s∈T0

Xs ≡ {Xt : ∃{sn}n∈N such that Xsn
n→∞−−−→ Xt a.s.}

Remark 2.14. The assumption of separability is almost always satisfied. For example,
assuming that t → Xt is continuous and T is a separable metric space (as is the case in
this manuscript), then we can take T0 to be any countable dense subset of T , allowing us
to verify the separability assumption.

For the next theorem, we must prove that supt∈T Xt is measurable. In fact, if T is
uncountable, the supremum is not necessarily measurable. However, under the assumption
of separability, we have supt∈T Xt = supt∈T0 Xt. Since the supremum of a measurable
function is always measurable, it follows that supt∈T Xt must be measurable.

Theorem 2.15 (Dudley). Let {Xt}t∈T be a separable subgaussian process in the metric
space (T, d). Then,

E
[
sup
t∈T

Xt

]
≤ 6

∑
k∈Z

2−k
√

logN(T, d, 2−k).

Proof. We begin by proving the result for the case where |T | < ∞. Let k0 ∈ Z be
the largest integer such that 2−k0 ≥ diam(T ). It is clear that for every t0 ∈ T , the set
N0 := {t0} forms a 2−k0−net and π0(t) ≡ t0.

For k > k0, let Nk be a 2−k−net such that |Nk| = N(T, d, 2−k). We denote πk(t) as
the element in Nk that satisfies d(t, πk(t)) ≤ 2−k. Using a chaining argument up to the
scale 2−n, we proceed as follows

E
[
sup
t∈T

Xt

]
= E

[
sup
t∈T

{
Xπ0(t) +

(
n∑

k=k0+1

Xπk(t) −Xπk−1(t)

)
+Xt −Xπn(t)

}]

≤ E[Xt0 ] +
n∑

k=k0+1

E
[
sup
t∈T
{Xπk(t) −Xπk−1(t)}

]
+ E

[
sup
t∈T
{Xt −Xπn(t)}

]
.

By definition of subgaussian process, E[Xt0 ] = 0. Since |T | < ∞, we can choose n suffi-
ciently large so that Nn = T , and hence πn(t) = t, meaning that the third term vanishes.
Next, we bound the second term. By definition, Xπk(t) − Xπk−1

(t) is a d(πk(t), πk−1(t))-
subgaussian random variable. We can readily estimate the variance,

d(πk(t), πk−1(t)) ≤ d(πk(t), t) + d(t, πk−1(t)) ≤ 2−k + 2−(k−1) = 3× 2−k.
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Moreover, we can control the number of terms in the sum, note that {Xπk(t) −Xπk−1(t) :
t ∈ T} contains at most |Nk||Nk−1| which is bounded by |Nk|2 terms. Applying Maximal
Inequality Lemma 2.3 to these terms, we obtain

E
[
sup
t∈T

Xt

]
≤

n∑
k=k0+1

√
2d(πk(t), πk−1(t))2 log |Nk|2 ≤ 6

n∑
k=k0+1

2−k
√
log |Nk|

≤ 6
n∑

k=k0+1

√
logN(T, d, 2−k).

To prove the result when |T | is infinite, we can use separability to approximate the general
case by the finite case. Indeed, by separability, there is a countable set T ⊆ T ′ such that
supt∈T Xt = supt∈T ′ Xt a.s. Let us denote T ′

k the first k elements of T ′. Then, by monote
convergence of expectations

E
[
sup
t∈T

Xt

]
= E

[
sup
t∈T ′

Xt

]
= E

[
sup
k≥1

sup
t∈T ′

k

Xt

]
= sup

k≥1
E

[
sup
t∈T ′

k

Xt

]
.

And, applying the chaining inequality to each finite maximum and using thatN(Tk, d, ϵ) ≤
N(T, d, ϵ) yields the same result.

Corollary 2.16 (Entropy integral). Let {Xt}t∈T be a separable subgaussian process on
the metric space (T, d). Then,

E
[
sup
t∈T

Xt

]
≤ 12

∫ ∞

0

√
logN(T, d, ϵ)dϵ.

Proof. Since N(T, d, ·) is decreasing, we obtain the following chains of inequalities

∑
k∈Z

2−k
√

logN(T, d, 2−k) = 2
∑
k∈Z

∫ 2−k

2−k−1

√
logN(T, d, 2−k)dϵ

≤ 2
∑
k∈Z

∫ 2−k

2−k−1

√
logN(T, d, ϵ)dϵ

= 2

∫ ∞

0

√
logN(T, d, ϵ)dϵ.

Definition 2.17 (Discrete derivative). Let f ∈ C(Rn,R). We define the discrete deriva-
tive of f with respect to variable xk at the point x ∈ R as follows:

Dkf(x) := sup
z
f(x1, . . . , xk−1, z, xk+1, . . . , xn)− inf

z
f(x1, . . . , xk−1, z, xk+1, . . . , xn).
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Theorem 2.18 (McDiarmid). Let X1, . . . , Xn be independent random variables, f ∈
C(Rn,R). Then, f(X1, . . . , Xn) is σ2−subgaussian with σ2 = 1

4

∑n
k=1 ∥Dkf∥2∞ where

Dkf is the discrete derivative (see Definition 2.17).

Proof. Let us define the following random processes for k = 1, . . . , n

Yk := E[f(X1, . . . , Xn)|Fk]− E[f(X1, . . . , Xn)|Fk−1].

where Fk is the natural filtration. We observe that it satisfies E[Yk|Fk−1] = 0 due to the
tower property. Moreover, we see that

n∑
k=1

Yk = f(X1, . . . , Xn)− Ef(X1, . . . , Xn). (2.3)

On the other hand, let us denote gk(z) := f(X1, . . . , Xk−1, z,Xk+1, . . . , Xn). Since Xk is
indpendent from X1, . . . , Xk−1, Xk+1, . . . , Xn, it follows that

E[inf
z
gk(z)|Fk−1] = E[inf

z
gk(z)|Fk] ≤ E[gk(Xk)|Fk] ≤ E[sup

z
gk(z)|Fk] = E[sup

z
gk(z)|Fk−1].

Hence, Ak ≤ Yk ≤ Bk a.s. where

Ak := E[inf
z
gk(z)− gk(Xk)|Fk−1],

Bk := E[sup
z
gk(z)− gk(Xk)|Fk−1].

We notice that Ak, Bk are Fk−1−measurables. Then, the Azuma-Hoeffding inequality
(Corollary 2.6) assures us that

∑n
k=1 Yk is σ2−subgaussian with σ2 = 1

4

∑n
k=1 ∥Bk−Ak∥2∞.

Moreover, by the above identity (2.3), f(X1, . . . , Xn) is also a σ2−subgaussian. We note
that

|Bk − Ak| = |E[Dkf(X)|X1, . . . , Xk−1]| ≤ ∥Dkf∥∞.
Therefore, f(X1, . . . , Xn) is σ2−subgaussian with σ2 = 1

4

∑n
k=1 ∥Dkf∥2∞.

2.4. Uniform Approximation of Integrals

Theorem 2.19 (Uniform approximation of integrals). Let Ω ⊆ Rd1 be a bounded Lips-
chitz domain, let α1 > 0 and let {Xk}k∈N be a sequence of i.i.d. random variables in Ω̄,
with distribution µ. Let f : C∞(Ω̄,Rd2)× Ω̄ → Rd2 be an operator, and we assume that
the following two requirements are satisfied:

(i) there exists C1 > 0 and β1 ∈ (0, 1/2) such that for all n ≥ 1 and all θ, θ′ ∈ B2(0, n
α1),

∥f(uθ, ·)− f(uθ′ , ·)∥∞,Ω̄ ≤ C1n
β1∥θ − θ′∥2. (H.1)
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(ii) there exist C2 > 0 and β2 ∈ (0, 1/2) satisfying β2 > α1 + β1 such that for all n ≥ 1,
and all θ ∈ B2(0, n

α1),
∥f(uθ, ·)∥∞,Ω̄ ≤ C2n

β2 . (H.2)

Then, almost surely, there exists N ∈ N such that for all n ≥ N ,

sup
θ∈B2(0,nα1 )

∥∥∥∥∥ 1n
n∑
i=1

f(uθ, Xi)−
∫
Ω̄

f(uθ, ·)dµ

∥∥∥∥∥
2

≤ log2(n)nβ2−1/2.

Notice that N is itself a random variable because it depends on X1, . . . , Xn. Moreover,
note that for β2 ∈ (0, 1/2), limn→∞ log2(n)nβ2−1/2 = 0. This theorem assures us that the
empirical mean approximates the integral under certain assumptions over the operator f .

Proof. Let us first analyze the particular case where d2 = 1 before generalizing. Consider
θ ∈ B2(0, n

α1), and we let

Zn,θ :=
1

n

n∑
i=1

f(uθ, Xi)−
∫
Ω̄

f(uθ, ·)dµ.

Our objective is to establish an upper bound for the random variable

Zn := sup
θ∈B2(0,nα1 )

|Zn,θ|.

Let M(Ω) := maxx∈Ω̄ ∥x∥2. For every k = 1, . . . , n we define the random variable Wk,n as
follows

Wk,n :=
1

n

(
f(uθ, Xk)−

∫
Ω̄

f(uθ, ·)dµ
)
− 1

n

(
f(uθ′ , Xk)−

∫
Ω̄

f(uθ′ , ·)dµ
)
.

Then, using hypthesis (H.1), we obtain that for any θ, θ′ ∈ B2(0, n
α1),

|Wi,n| ≤
1

n

(
C1n

β1∥θ − θ′∥2 +
∫
Ω̄

C1n
β1∥θ − θ′∥2dµ

) ∫
Ω̄ dµ=1
= 2C1n

β1−1∥θ − θ′∥2.

In other words, we have found a, b ∈ R such that a ≤ Wk,n ≤ b. By Hoeffding’s Lemma
2.4, we know that Wk,n is a σ2

k−subgaussian random variable with

σ2
k =

1

4
(b− a)2 = 1

4
(4C1n

β1−1∥θ − θ′∥2)2 = 4C2
1n

2β1−2∥θ − θ′∥22.

On the other hand, we note that Zn,θ−Zn,θ′ =
∑n

k=1Wk,n and since the random variables
{Wk,n}k≤n are independent, we can invoke Azuma’s Lemma 2.5 to deduce that Zn,θ−Zn,θ′
is a subgaussian random variable with parameter

∑n
k=1 σ

2
k = nσ2

k = 4C2
1n

2β1−1∥θ − θ′∥22.
We observe that E[Zn,θ] = 0. Therefore, by definition, for all n ≥ 1, the family {Zn,θ}θ∈T
is a subgaussian process on the metric space (T, d), where

T = B2(0, n
α1), d(θ, θ′) = 2C1n

β1−1/2∥θ − θ′∥2.
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Furthermore, the mapping θ 7→ Zn,θ is continuous with respect to the topology induced
by the metric d. Consequently, by Remark 2.14, the process (Zn,θ)θ∈B2(0,nα1 ) is separable.
Applying Dudley’s Corollary 2.16, we obtain

E

[
sup

θ∈B2(0,nα1 )

Zn,θ

]
≡ E[Zn] ≤ 12

∫ ∞

0

√
logN(T, d, r)dr. (2.4)

We can now establish the following relation

N(T, d, r) = N(B2(0, n
α1), d(θ, θ′), r)

= N(B2(0, n
α1), ∥ · ∥2, n1/2−β1r/(2C1))

= N(B2(0, 1), ∥ · ∥2, n1/2−β1−α1r/(2C1)).

(2.5)

Combining (2.4) and (2.5), we obtain

E[Zn] ≤ 12

∫ ∞

0

√
logN(B2(0, nα1), ∥ · ∥2, n1/2−β1r/(2C1))dr

= 24C1n
α1+β1−1/2

∫ ∞

0

√
logN(B2(0, 1), ∥ · ∥2, s)ds

= 24C1n
α1+β1−1/2

∫ 1

0

√
logN(Bn

2 , ∥ · ∥2, s)ds.

In the second term, we performed a change of variable given by s = n1/2−β1r/(2C1), while
the third term follows from the fact that N(B2, ∥ · ∥2, r) = 1 ∀r ≥ 1. Since θ belongs to
the parameter space ΘD

H := R(d1+1)D+(H−1)D(D+1)+(D+1)d2 , we can apply Lemma 2.10 to
bound the covering number as follows

logN(Bn
2 , ∥ · ∥2, s) ≤ [(d1 + 1)D + (H − 1)D(D + 1) + (D + 1)d2] log(3/s).

Observing that
∫ 1

0

√
log(3/s)ds ≤ 3/2 and noting that, by definition, α1+β1 < β2 < 1/2,

we observe that

E[Zn] ≤ 36C1n
α1+β1−1/2

√
(d1 + 1)D + (H − 1)D(D + 1) + (D + 1)d2

n→∞−−−→ 0. (2.6)

Note that Zn = Zn(X1, . . . , Xn), so applying the definition of the discrete derivative
of Zn (Definition 2.17) along with the hypothesis (H.2), we obtain

DiZn := sup
xi∈Rd1

Zn(X1, . . . , Xi−1, xi, Xi+1, . . . , Xn)− inf
xi∈Rd1

Zn(X1, . . . , Xi−1, xi, Xi+1, . . . , Xn)

≤ 2n−1 sup
θ∈B2(0,nα1 )

∥f(uθ, ·)∥∞ ≤ 2C2n
β2−1.

Applying McDiarmid’s Theorem 2.18, we conclude that Zn(X1, . . . , Xn) is σ2
z−subgaussian

variable with σ2
z = 1

4
n(2C2n

β2−1)2 = C2
2n

2β2−1. In particular, by the Chernoff bound
(Lemma 2.2), for all tn ≥ 0, we obtain

P(|Zn − EZn| ≥ tn) ≤ 2e−t
2
n/2σ

2
z = 2 exp{−t2nn1−2β2/2C2

2}.
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We will now show that the events En := {|Zn − EZn| ≤ tn} satisfy the Borel-Cantelli
Lemma when the sequence {tn}n is given by tn := 2C2n

β2−1/2 log1/2(n). Indeed,∑
n∈N

P(En) ≤
∑
n∈N

2 exp{−(2C2n
β2−1/2 log1/2(n2))2n1−2β2/2C2

2} <∞.

Therefore, using the fact that E[Zn]→ 0 (2.6) and applying Borel-Cantelli Lemma yields
the desired result

0 ≤ Zn ≤ log1/2(n)nβ2−1/2 ≤ log2(n)nβ2−1/2 a.s. ∀n ≥ N.

for some sufficiently large N .

The generalization to the case d2 > 1 is straightforward. Let f = (f1, . . . , fd2). Since
∥ · ∥2 ≤

√
d2∥ · ∥∞, then

sup
θ∈B2(0,nα1 )

∥∥∥∥∥ 1n
n∑
i=1

f(uθ, Xi)−
∫
Ω

f(uθ, ·)dµ

∥∥∥∥∥
2

≤
√
d2 max

1≤j≤n
sup

θ∈B2(0,nα1 )

∥∥∥∥∥ 1n
n∑
i=1

fj(uθ, Xi)−
∫
Ω

fj(uθ, ·)dµ

∥∥∥∥∥
2

.

2.5. Empirical Processes

Lemma 2.20 (Empirical Process). Let X1, . . . , Xn, ϵ1, . . . , ϵn be independent random
variables, such thatXi is distributed along µX and ϵi is distributed along µϵ with E[ϵi] = 0.
Then, there exists a constant CΩ > 0, depending on Ω such that

E

[
sup

∥u∥Hm+1(Ω)≤1

1

n

n∑
j=1

⟨Π̃(u)(Xj)− E[Π̃(u)(X)], ϵj⟩

]2
≤ d2E∥ϵ∥22

n
CΩ,

where Π̃ is the Sobolev embedding in Theorem A.1.

Proof. Firstly, we note that Hm+1(Ω) is separable and the function

(x1, . . . , xn, e1, . . . , en) 7→
1

n

n∑
j=1

⟨Π̃(u)(xj)− E[Π̃(u)(X)], ej⟩

is continuous for all u ∈ Hm+1(Ω,Rd2). Then, we can define the supremum Z :=
sup∥u∥Hm+1(Ω)≤1

1
n

∑n
j=1⟨Π̃(u)(Xj)−E[Π̃(u)(X)], ϵj⟩ is a random variable. Moreover, using
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Theorem A.1 that assures us that ∥Π̃(u)∥∞,Ω ≤ CΩ∥u∥Hm(Ω), we obtain

|Z| ≤ 1

n

n∑
j=1

sup
∥u∥Hm+1(Ω)≤1

∥Π̃(u)(Xj)− E[Π̃(u)(X)]∥ · ∥ϵj∥

≤ 1

n

n∑
j=1

sup
∥u∥Hm+1(Ω)≤1

√
d2(∥Π̃(u)∥∞,Ω + E∥Π̃(u)∥∞,Ω) · ∥ϵj∥

≤
√
d2
n

n∑
j=1

sup
∥u∥Hm+1(Ω)≤1

(CΩ∥u∥Hm(Ω) + E[CΩ∥u∥Hm(Ω)]) · ∥ϵj∥

≤ 2CΩ

√
d2

n

n∑
j=1

∥ϵj∥2.

If ϵ has finite second moment, then E[Z2] <∞. Define, for any u ∈ Hm+1(Ω,Rd2),

Zn,u :=
1

n

n∑
j=1

⟨Π̃(u)(Xj)− E[Π̃(u)(X)], ϵj⟩

Zn := sup
∥u∥Hm+1(Ω)≤1

Zn,u.

For any u, v ∈ Hm+1(Ω,Rd2), we have∣∣∣∣ 1n⟨Π̃(Xi)− E[Π̃(u)(X)], ϵi⟩ −
1

n
⟨Π̃(v)(Xi)− E[Π̃(u)(X)], ϵi⟩

∣∣∣∣
=

1

n

∣∣∣⟨Π̃(u− v)(Xi)− E[Π̃(u− v)(X)], ϵj⟩
∣∣∣ ≤ 2CΩ

√
d2

n
∥u− v∥Hm+1(Ω)∥ϵi∥2.

Using that ϵ is independent of X, we can apply Hoeffding’s, Azuma’s and Dudley’s The-
orem as in the previous proof to show that

E[Zn|ϵ1, . . . , ϵn] ≤
24CΩ

√
d2

n

√√√√ n∑
i=1

∥ϵi∥22
∫ ∞

0

[logN(BHm+1(Ω)(1), ∥ · ∥Hm+1(Ω), r)]
1/2dr.

Hence, according to Lemma 2.11, there exists a constant C ′
Ω > 0, depending only on Ω

such that E[Zn|ϵ1, . . . , ϵn] ≤ C ′
Ωn

−1
√
d2
∑n

i=1 ∥ϵi∥22. Hence, we obtain

E[Zn] ≤ C ′
Ω

√
d2

E∥ϵ∥22
n

and

Var(E[Zn|ϵ1, . . . , ϵn]) ≤ E[E[Zn|ϵ1, . . . , ϵn]2] ≤ (C ′
Ω)

2d2
E∥ϵ∥22
n

.



2.5 Empirical Processes 31

Applying McDiarmid’s inequality (Theorem 2.18) as in the previous theorem shows that

Var(Zn|ϵ1, . . . , ϵn) ≤ 16C2
Ωd2

1

n2

n∑
i=1

∥ϵi∥22.

Therefore,

Var(Zn) = Var(E[Zn|ϵ1, . . . , ϵn]) + E[Var(Zn|ϵ1, . . . , ϵn)] ≤
d2E∥ϵ∥22

n
((C ′

Ω)
2 + 16C2

Ω).

Since E[Z2
n] ≤ Var(Zn) + E[Zn]2, we obtain that

E[Z2
n] ≤

d2E∥ϵ∥22
n

((C ′
Ω)

2 + 16C2
Ω).





CHAPTER 3

Consistency of PINNs

In this section, we show that standard PINNs can lead to overfitting problems. The ideas
are mainly brought from Doumèche et al. [2023] and Mohri et al. [2012]. This means that
while you can achieve a low empirical risk function, the theoretical risk function does not
necessarily stay low. In fact, will give some examples where we can obtain zero empirical
risk function, while the theoretical risk function tends to infinity.

3.1. Risk-Consistency

In machine learning, we minimized the empirical risk and hope that it translates to the
theoretical risk. This concept is described in the following definition and it is usually
named after risk-consistency.

Definition 3.1. Fix n1 ∈ N. Let {θ̂(n, n2, n3)}n∈N be a minimizing sequence for the
empirical risk, i.e.,

lim
n→∞

R̂n1,n2,n3(uθ̂n(n2,n3)
) = inf

θ∈ΘH,D

R̂n1,n2,n3(uθ).

We say that {θ̂n(n2, n3)}n∈N satisfies the risk-consistency with respect to the theoretical
risk Rn1 if

lim
n2,n3→∞

lim
n→∞

Rn1(uθ̂n(n2,n3,D)) = inf
u∈NND

H

Rn1(u). (3.1)

This condition means that the sequence minimizing the empirical risk also asymp-
totically minimizes the theoretical risk. Risk consistency is a desirable property, since
training procedures typically minimize empirical risk. Without this property, there is no
guarantee that minimizing the empirical risk results in a low theoretical risk. In fact, we
will see a counterexample down below.

33
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3.2. Counterexample

We will show theoretically and empirically that standard PINNs fail to be risk-consistent,
though a counterexample.

Example 3.2 (Dynamic friction model). Considering the following ODE defined on the
domain Ω := (0, T ) by

F(u, x) = mu′′(x) + γu′(x), (3.2)

where u ∈ C2(Ω,R) and x ∈ Ω. In this case, we assume that there are not boundary
samples, i.e., n2 = 0. We can prove that, whenever D ≥ n − 1, for all n1, n3 ∈ N, there
exists a minimizing sequence {uθ̂n(n1,n3)

}n∈N ⊆ NND
H such that

lim
n→∞

Rn1,n2,n3(uθ̂n(n1,n3)
) = 0

lim
n→∞

R̂n1(uθ̂(n1,n3)
) =∞.

Therefore, we can say that PINN estimator is not risk-consistent.

Proof. This example assumes that we have data availability and the equation (3.2). We
assume that the observations (X1, Y1), . . . , (Xn1 , Yn1) ∈ R2 are ordered in increasing values
of the Xi, i.e., X1 ≤ · · · ≤ Xa. Let G(n1, n3) := {Xi, 1 ≤ i ≤ n1} ∪ {X(3)

j , 1 ≤ j ≤ n3}.
Consider the neural network uθ̂n(c) ∈ NND

H defined by

uθ(x) = Y1 +

n1−1∑
i=1

Yi+1 − Yi
2

[
tanh◦H

θ

(
x−Xi −

δ(n1, n3)

2

)
+ 1

]
,

where δ(n1, n3) = minz1,z2∈G(n1,n3)
z1 ̸=z1

|z1 − z2| and where tanh◦H
θ := tanhθ ◦ H. . . ◦ tanhθ, and

tanhθ(x) := tanh(xθ). Let us fix ϵ := δ(n1, n3)/4 and define the set of discontinuities

G := R\
n1⋃
i=1

(
Xi +

1

4
δ(n1, n3), Xi +

3

4
δ(n1, n3)

)
.

By Lemma 1.6, for all K, limθ→∞ ∥uθ − u∞∥CK(G) = 0, where

u∞(x) = Y1 +
n−1∑
i=1

Yi+1 − Yi
2

[
1x>Xi+δ(n1,n3)/2 − 1x<Xi+δ(n1,n3)/2 + 1

]
= Y1 +

n−1∑
i=1

[Yi+1 − Yi]1x>Xi+δ(n1,n3)/2.

Therefore, u∞(Xi) = Yi. Since u′∞(x) = 0 for all x ∈ G, and X
(3)
j ∈ G, we deduce that

u
(K)
∞ (X

(3)
j ) = 0. Thus, we conclude that limn→∞ R̂n1,0,n3(uθ̂n) = 0 when θ̂n

n→∞−−−→∞.
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We will prove that it is not risk-consistent, in particular, we will prove thatRn1(uθ̂n)
n→∞−−−→

∞. Indeed,

Rn1(uθ̂n) ≥
1

T

∫
[0,T ]

F(uθ̂n(n3)
, x)2dx

≥ 1

T

n1∑
i=1

∫ Xi+δ(n1,n3)/2−ϵ

Xi+δ(n1,n3)/2−ϵ
F(uθ̂n(n3)

, x)2dx.

We notice that

2ϵ

∫ ϵ

−ϵ
(mf ′′ + γf ′)2

C−S
≥
(∫ ϵ

−ϵ
mf ′′ + γf ′

)2

= [m(f ′(ϵ)− f ′(−ϵ)) + γ(f(ϵ)− f(−ϵ))]2.

Therefore, using this inequality and the fact that ϵ < δ(n1, n3)/4,

lim
n→∞

Rn1(uθ̂n) ≥ lim
n→∞

1

T

n1∑
i=1

1

2ϵ
[m(

(((((((((((((
u′
θ̂n
(Xi + δ(n1, n3)/2 + ϵ)−

(((((((((((((
u′
θ̂n
(Xi + δ(n1, n3)/2− ϵ))

γ(uθ̂n(Xi + δ(n1, n3)/2 + ϵ)︸ ︷︷ ︸
Yi+1

−uθ̂n(Xi + δ(n1, n3)/2− ϵ)︸ ︷︷ ︸
Yi

))]2

≥ γ

2ϵ

n1−1∑
i=1

(Yi+1 − Yi)2.

Since, we assume that Yi+1 ̸= Yi and that for any ϵ < δ(n1, n3)/4, there exists a sequence
of parameters such that limn→∞Rn1(uθ̂n) =∞.

As shown in the previous section, training PINNs is not straightforward, it can lead
to unintended results when minimizing the risk in the form of overfitting. To avoid such
problems, there is a popular approach among machine learning practitioners that consist
of using ridge regularization. The regularization consists of the empirical risk by the L2

norm of the parameters θ. This technique has shown consistently that it improves the
generalization and training process Mohri et al. [2012]. In this section, we will study and
formalize the ridge PINNs framework and prove the risk-consistency.

3.3. Ridge PINNs

We will intorduce a regularization term in the empirical risk function to incentivize the
solutions that are less complex. As we have seen in the second chapter, there is a rela-
tionship between the norm of the parameters and the Lipschitz constant of the neural
networks. We want to avoid training a complex model that can essentially memorize the
training data, including the noise and idiosyncrasies. This phenomenon, is known as over-
fitting. Intuitively, likewise the Occam’s Razor principle, we are advocating for simplicity,
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favouring simpler models that are more likely to generalize well to new, unseen data, and
in particular, that reduce the theoretical risk function. There are two common regular-
ization techniques, ℓ1 and ℓ2 regularization, beware that they are also usually name L1

and L2 regularization. Despite been similar, they produce different results in most cases:

• ℓ1 Regularization (Lasso): ℓ1 regularization adds a penalty proportional to the
absolute value of the weights. A key feature of ℓ1 regularization is that it can
force some of the weights to become exactly zero. This has the effect of switching
off certain connections in the network, leading to a sparser, and therefore simpler,
model.

• ℓ2 Regularization (Ridge): This technique adds a penalty proportional to the
square of the magnitude of the weights. This encourages the network to use smaller
weights, effectively "smoothing out" the function it learns and preventing it from
making sharp, complex decisions based on small fluctuations in the training data.

We will focus hereafter on the Ridge regularization. We begin by introducing a slightly
modified version of the empirical risk function.

Definition 3.3 (Ridge PINNs). The ridge empirical risk function is defined by

R̂(ridge)
n1,n2,n3

(uθ) := R̂n1,n2,n3(uθ) + λ(ridge)∥θ∥22, (3.3)

where λ(ridge) > 0 is the ridge hyperparameter. We denote by {θ̂(ridge)
n (n2, n3, D)}n∈N the

minimizing sequence of the ridge risk, that is,

lim
n→∞

R̂(ridge)
n1,n2,n3

(u
θ̂
(ridge)
n (n2,n3,D)

) = inf
θ∈ΘH,D

R̂(ridge)
n1,n2,n3

(uθ).

We will restrict the family of functions F that can be used for the PDE. Polynomial
operators are general enough that allow almost any physical problem to be described
using this family of functions.

Example 3.4 (Navier-Stokes equations). Let Ω = Ω1×(0, T ), where Ω1 ⊆ R3 is bounded
Lipschitz domain and T ≥ 0 is finite time horizon. The incompressible Naiver-Stokes
system of equations id defined for all v = (u, v, w, p) ∈ C2(Ω,R4) by{

∇ · v = 0,

ρDv
Dt

= −∇p+ µ∇2v.

This can be written using our notation as
F1(u, x) = ∂xu+ ∂yv + ∂zw

F2(u, x) = ρ(∂tu+ u∂xu+ v∂yu+ w∂zu) + ∂xp− µ(∂2x,xu+ ∂2y,yu+ ∂2z,zu)− ρgx
F3(u, x) = ρ(∂tv + u∂xv + v∂yv + w∂zv) + ∂yp− µ(∂2x,xv + ∂2y,yv + ∂2z,zv)− ρgy
F4(u, x) = ρ(∂tw + u∂xw + v∂yw + w∂zw) + ∂zp− µ(∂2x,xw + ∂2y,yw + ∂2z,zw)− ρgz
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where ρ, µ > 0 and g1, g2, g3 ∈ C∞(Ω,R). We notice that Fi for i = 1, 2, 3, 4 are polyno-
mials in u and its derivatives, with coefficients in C∞(Ω,R). For example,

F3(u, x) = P3(u, v, w, ∂tv, ∂xv, ∂yv, ∂zv, ∂yp, ∂
2
x,xv, ∂

2
y,yv, ∂

2
z,zv),

where the polynomial P3 ∈ C∞(Ω,R)[Z1, . . . , Z11] is defined by

P3(Z1, . . . , Z11) = ρ(Z4 + Z1Z5 + Z2Z6 + Z3Z7) + Z8 − µ(Z9 + Z10 + Z11)− ρgy.

This example gives rise to the family of functions named polynomial operators.

Definition 3.5 (Polynomial Operators). Let s ∈ N and multi-indexes (αi,j)1≤i≤d2,1≤j≤s
where αi,j ∈ Nd1 . An operator F : CK(Ω,Rd2)×Ω→ R is a polynomial operator of order
K ∈ N is a function that can be written as

F(u, ·) = P ((∂αi,jui)1≤i≤d2,1≤j≤s), ∀u = (u1, . . . , ud2) ∈ CK(Ω,Rd2),

where P ∈ C∞(Ω,R)[Z1,1, . . . , Zd2,s] is a polynomial with smooth coefficients.

This can be defined in other ways by

F(u,x) =

N(P )∑
k=1

ϕk ×
d2∏
i=1

s∏
j=1

(∂αi,jui(x))
I(i,j,k),

where N(P ) ∈ N, ϕk ∈ C∞(Ω,R), and I(i, j, k) ∈ N. This formula can be expressed as a
polynomial

P (Z1,1, . . . , Zd2,s) =

N(P )∑
k=1

ϕk ×
d2∏
i=1

s∏
j=1

Z
I(i,j,k)
i,j ,

The degree of the polynomial operator F is

deg(F) := max
1≤k≤N(P )

d2∑
i=1

s∑
j=1

(1 + |αi,j|)I(i, j, k).

Using example 3.4, deg(F3) = 3 and its degree is reached in the terms ui∂juj and ∂2i,iuj
for i, j ∈ {x, y, z}. It is noteworthy that this class of functions includes a large number
of PDEs. This constraint allows us to establish the risk-consistency of the ridge PINNs
when n2, n3 →∞.

3.4. Risk-consistency of ridge PINNs

Proposition 3.6. Let Ω be a bounded Lipschitz domain, let E be a closed subset of
∂Ω, and let h ∈ Lip(E,Rd2). Then, the operator H (u, x) = 1x∈E∥u(x)− h(x)∥2 satisfies
inequalities (H.1) and (H.2) from Theorem 2.19 with α1 < (3 +H)−1/2, β1 = (1 +H)α1,
and 1/2 > β2 ≥ (3 +H)α1.
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Proof. Since Lip(E,Rd2) ⊆ C0(E,Rd2), then ∥h∥∞ < ∞. Observe that for any v, w ∈
Rd2 , | ∥v∥22−∥w∥22 | = |⟨v+w, v−w⟩| ≤ ∥v+w∥2∥v−w∥2 ≤ d2∥v+w∥∞∥v−w∥∞. Thus,
we obtain, for all θ, θ′ ∈ B2(0, n

α1) and x ∈ E,

|H (uθ, x)−H (uθ′ , x)| ≤ (∥uθ(x)∥2 + ∥uθ′(x)∥2 + 2∥h(x)∥2)∥uθ(x)− uθ′(x)∥2
≤ d2(∥uθ∥∞,Ω̄ + ∥uθ′∥∞,Ω̄ + 2∥h∥∞)∥uθ − uθ′∥∞,Ω̄

≤ d2(2(D + 1)nα1 + 2∥h∥∞)C̃0,H(1 + d1M(Ω))(D + 1)H(1 + nα1)H∥θ − θ′∥2

≤ 2H+1d2(D + 1 + ∥h∥∞)C̃0,H(1 + d1M(Ω))(D + 1)H︸ ︷︷ ︸
C1

nβ1︷ ︸︸ ︷
nα1(1+H) ∥θ − θ′∥2

≡ C1n
β1∥θ − θ′∥2.

The third inequality is given by (1.4) in Lemma 1.6 and due to Lemma 1.7. Next, using
again (1.4), for all θ ∈ B2(0, n

α1),

∥H (uθ, ·)∥∞,Ω̄ ≤ d2(∥uθ∥∞,Ω̄ + ∥h∥∞)2 ≤ d2((D + 1)nα1 + ∥h∥∞)2 ≤ C2n
2α1 .

Recall, that we must verify the inequality: α1 + β1 < β2 < 1/2. This is true for β2 :=
2(2 +H)α1, which completes the proof.

Proposition 3.7. Let Ω be a bounded Lipschitz domain, let E be a closed subset of ∂Ω,
and let F ∈ Pop. Then, the operator 1x∈ΩF(uθ, x)2 satisfies inequalities (H.1) and (H.2)
from Theorem 2.19 with α1 < [2+H(1+(2+H) deg(F))]−1, β1 = H(1+(2+H) deg(F))α1,
and 1/2 > β2 ≥ [2 +H(1 + (2 +H) deg(F ))]α1.

Proof. Let F ∈Pop. By definition, there exists a polynomial P ∈ C∞(Rd1 ,R)[Z1,1, . . . , Zd2,s]
with degree s ≥ 1, and a sequence (αi,j)1≤i≤d2,1≤j≤s of multi-indexes such that, for any
u ∈ C∞(Ω̄,Rd2), F(u, ·) = P ((∂αi,jui)1≤i≤d2,1≤j≤s). In other words, the polynomial can be
expressed as P (Z1,1, . . . , Zd2,s) =

∑N(P )
k=1 ϕk

∏d2
i=1

∏s
j=1 Z

I(i,j,k)
i,j where N(P ) ∈ N. Recall,

by Definition 3.5, that deg(F) := maxk
∑d2

i=1

∑s
j=1(1 + |αij|)I(i, j, k).

According to Proposition 1.6, there exists a constant Cdeg(F),H such that

∥F(uθ, ·)2∥∞,Ω̄ ≤

N(P )∑
k=1

∥ϕk∥∞,Ω̄

d2∏
i=1

s∏
j=1

∥∂αi,juθ∥I(i,j,k)∞,Ω̄

2

≤ N2(P )

[
sup

1≤k≤N(P )

∥ϕk∥∞,Ω̄

d2∏
i=1

s∏
j=1

∥uθ∥I(i,j,k)
C|αij |(Rd1 )

]2
≤ N2(P )[ max

1≤k≤N(P )
∥ϕ∥∞,Ω̄]

2C2
deg F,H [(D + 1)(1 + ∥θ∥2)]2H

∑
i

∑
j(1+|αij |)I(i,j,k)

≤ N2(P )[ max
1≤k≤N(P )

∥ϕ∥∞,Ω̄]
2C2

deg F,H(D + 1)2H deg F︸ ︷︷ ︸
C2

︷ ︸︸ ︷
(1 + ∥θ∥2)2H deg F

≤ C2∥θ∥2H deg F
2 .
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Therefore, for any θ ∈ B2(0, n
α1), ∥F(uθ, ·)2∥∞,Ω̄ ≤ C2n

β2 for any β2 ≥ 2Hα1 degF for
some sufficiently large n.

On the other hand, notice that |u2 − v2 | = |(u + v)(u − v)| ≤ |u + v||u − v| for any
u, v ∈ R. Therefore,

|F(uθ, x)2 − F(uθ′ , x)
2| ≤ (|F(uθ, x)|+ |F(uθ′ , x)|)|F(uθ, x)− F(uθ′ , x)|
≤ 2C

1/2
2 nHα1 deg F|F(uθ, x)− F(uθ′ , x)|.

Let us bound the right hand side. We notice that
∏d2

i=1

∏s
j=1 Z

I(i,j,k)
i,j has less than degF

terms different from 1. Using (1.10) over F the right hand side yields

|F(uθ, x)− F(uθ′ , x)| ≤

N(P )∑
k=1

ϕk

d2∏
i=1

s∏
j=1

(∂αi,j(uθ)i)
I(i,j,k) −

N(P )∑
k=1

ϕk

d2∏
i=1

s∏
j=1

(∂αi,j(uθ′)i)
I(i,j,k)


≤ N(P ) max

1≤k≤N(P )
∥ϕk∥∞,Ω̄

[∏
i,j

(∂αi,j(uθ)i)
I(i,j,k) −

∏
i,j

(∂αi,j(uθ′)i)
I(i,j,k)

]
≤ N(P ) max

1≤k≤N(P )
∥ϕk∥∞,Ω̄ deg(F)∥uθ − uθ′∥Cdeg F(Ω)

max
1≤k≤N(P )

∏
i,j

max{∥uθ∥C|αi,j |(Ω)
, ∥uθ′∥C|αi,j |(Ω)

}I(i,j,k).

From Lemma 1.6, we deduce that

max
1≤k≤N(P )

∏
i,j

max{∥uθ∥C|αi,j |(Ω)
, ∥uθ′∥C|αi,j |(Ω)

}I(i,j,k)

≤ Cdeg F(D + 1)H deg F(1 + max(∥θ∥2, ∥θ′∥2))H deg F.

Combining the last two inequalities with Lemma 1.7 to bound ∥uθ−uθ′∥Cdeg F(Ω), we obtain

|F(uθ, x)− F(uθ′ , x)| ≤ N(P ) max
1≤k≤N(P )

∥ϕk∥∞,Ω̄ deg(F)C̃deg F,H(1 + d1M(Ω))∥θ − θ′∥2

(D + 1)H(1+(1+H) deg F)(1 + max(∥θ∥2, ∥θ′∥2)H(1+(1+H) deg F.

Hence, for all θ, θ′ ∈ B2(0, n
α1),

|F(uθ, x)2 − F(uθ′ , x)
2| ≤ C1n

β1∥θ − θ′∥2,

where β1 = H(1 + (2 +H) degF)α1.

Recall that it must verify that α1 + β1 < β2 < 1/2. And this is true for β2 =
[2 +H(1 + (2 +H) degF)]α1 and α1 < [2 +H(1 + (2 +H) degF)]−1/2
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Theorem 3.8 (Risk-consistency of ridge PINNs). Let the number of hidden layers be
H ≥ 2. Assume that the initial/boundary condition h is Lipschitz and that F1, . . . ,FM
are polynomial operators. Assuming that the ridge parameter is of the form

λ(ridge) :=
1

min(n2, n3)κ
, where κ :=

1

12 + 4H(1 + (2 +H)maxk deg(Fk))
.

Then, almost surely,

lim
n2,n3→∞

lim
n→∞

Rn1(uθ̂(ridge)
n (n2,n3,D)

) = inf
u∈NND

H

Rn1(u).

In other words, this theorem assures us that minimizing the ridge empirical risk (3.3)
over ΘH,D amounts to minimizing the theoretical risk (1.20) over ΘH,D in the asymptotic
regime where n2, n3 tends to infinity. The following results ensure that the class of neural
networks NND

H ⊆ C∞(Ω̄,Rd2) does not introduce any asymptotic bias in the width D.

Proof. Since each Fk is a polynomial operator (see Definiton 3.5), it takes the form

Fk(u, x) :=

N(Pk)∑
ℓ=1

ϕℓ,k

d2∏
i=1

sk∏
j=1

(∂αi,j,kui(x))
Ik(i,j,ℓ).

Let u0 = 0 ∈ NND
H be a neural network with parameters θ = (0, . . . , 0). Obviously,

R̂
(ridge)
n1,n2,n3(u0) = R̂n1,n2,n3(u0). Moreover,

R̂n1,n2,n3(u0) ≤
λ1
n1

n1∑
i=1

∥Yi∥22 + λ2∥h∥∞ +
λ3
n3

M∑
k=1

n3∑
ℓ=1

∥Fk(uθ, X(3)
ℓ )∥22

≤ λ1
n1

n1∑
i=1

∥Yi∥22 + λ2∥h∥∞ +
λ3
n3

M∑
k=1

n3∑
ℓ=1

∥ϕℓ,k∥∞,Ω̄ := I.

(3.4)

We notice that I does not depend on λ(ridge), n2, n3.

Let {θ̂(ridge)
n (n2, n3, D)}n∈N be any minimizing sequence of the empirical risk of the

ridge PINN, i.e., limn→∞ R̂
(ridge)
n1,n2,n3(uθ̂(ridge)

n (n2,n3,D)
) = infθ∈ΘD

H
R̂

(ridge)
n1,n2,n3(uθ). Let N2,3 :=

min(n2, n3). Let us define the following three sets:

E1(N2,3) := {θ ∈ ΘD
H : ∥θ∥2 ≥ Nκ

2,3}

E2(N2,3) := {θ ∈ ΘD
H : N

κ/4
2,3 ≤ ∥θ∥2 ≤ Nκ

2,3}

E3(N2,3) := {θ ∈ ΘD
H : N

κ/4
2,3 ≤ ∥θ∥2}.

Notice that ΘD
H = E1⊔E2⊔E2. The proof relies on the argument that for any n2, n3, given

a sufficiently large n, θ̂(ridge)
n (n2, n3, D) ∈ E2 ∪ E3. Furhtermore, when N2,3 is sufficiently

large, then R̂(ridge)
n1,n2,n3 is close to the theoretical risk R. Let us divide the proof in four steps.
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Step 1. We start by observing that, for any θ ∈ E1(N2,3), we have R̂
(ridge)
n1,n2,n3(uθ) ≥

λ(ridge)∥θ∥22 ≥ λ(ridge)N
2κ
2,3 = Nκ

2,3. Assuming that N2,3 is sufficiently large to verify Nκ
2,3 −

1 ≥ I
(3.4)
≥ R̂n1,n2,n3(u0). Therefore,

inf
θ∈E3(N2,3)

R̂(ridge)
n1,n2,n3

(uθ) ≤ R̂(ridge)
n1,n2,n3

(u0) ≤ Nκ
n1,n2,n3

− 1 ≤ inf
θ∈E1(N2,3)

R̂(ridge)
n1,n2,n3

(uθ)− 1.

This shows that, for all N2,3 and n large enough, θ̂(ridge)
n (n2, n3, D) ̸∈ E1(N2,3).

Step 2. Invoking Proposition 3.6 and Proposition 3.7 with α1 = κ and β2 = (2+H(1+
(2 +H)maxk degFk))α1, then by Theorem 2.19, we know that, almost surely, there exist
N ∈ N such that for all, N2,3 ≥ N ,

sup
θ∈E2(N2,3)∪E3(N2,3)

∣∣∣∣∣ 1n2

nb∑
i=1

∥uθ(X(2)
i )− h(X(2)

i )∥22 − E∥uθ(X(2))− h(X(2))∥22

∣∣∣∣∣
≤ log2(N2,3)N

β2−1/2
2,3

(3.5)

and, for each 1 ≤ k ≤M ,

sup
θ∈E2(N2,3)∪E3(N2,3)

∣∣∣∣∣1c
c∑
i=1

Fk(uθ, X
(r)
ℓ )2 − 1

|Ω|

∫
Ω

Fk(uθ, x)
2dx

∣∣∣∣∣ ≤ log2(N2,3)N
β2−1/2
2,3 . (3.6)

Then, almost surely, for all N2,3 large enough and all θ ∈ E2(N2,3),

| R̂(ridge)
n1,n2,n3

(uθ)− λ(ridge)∥θ∥22︸ ︷︷ ︸
R̂n1,n2,n3 (uθ)

−R(uθ)| ≤ (M + 1) log2(N2,3)N
β2−1/2
2,3 (3.7)

But, for all θ ∈ E2(N2,3), λ(ridge)∥θ∥22 ≥ λ(ridge)N
κ/2
2,3 = N

−κ/2
2,3 . We conclude that, for all

N2,3 large enough and for all θ ∈ E2(N2,3),

|Rn1(uθ)− R̂n1,n2,n3(uθ)| ≤ (M + 1) log2(N2,3)N
β2−1/2
2,3

⇒ R̂n1,n2,n3(uθ) ≥ R(uθ)− (M + 1) log2(N2,3)N
β2−1/2
2,3

⇒ R̂(ridge)
n1,n2,n3

(uθ) ≥ R(uθ) + λ(ridge)∥θ∥22 − (M + 1) log2(N2,3)N
β2−1/2
2,3

⇒ R̂(ridge)
n1,n2,n3

(uθ) ≥ R(uθ) +N
−κ/2
2,3 − (M + 1) log2(N2,3)N

β2−1/2
2,3︸ ︷︷ ︸ .

Assuming that −κ/2 > β2 − 1/2, then the right hand side is positive for N2,3 sufficiently
large, and we obtain

R̂(ridge)
n1,n2,n3

(uθ) ≥ Rn1(uθ).
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Step 3. For all θ ∈ E3(N2,3), λ(ridge)∥θ∥22 ≤ N
−κ/2
2,3 . Using inequalities (3.5) and (3.6), we

deduce that, almost surely, for all N2,3 large enough

|R̂(ridge)
n1,n2,n3

(uθ)−Rn1(uθ)| ≤ |R̂(ridge)
n1,n2,n3

(uθ)− λridge∥θ∥22 −Rn1(uθ)|+ λ(ridge)∥θ∥22
≤ (M + 1) log2(N2,3)N

β2−1/2
2,3 +N

−κ/2
2,3

≤ (M + 2) log2(N2,3)N
−κ/2
2,3 .

Step 4. Fix ϵ > 0. Let (θn)n∈N be a minimizing sequence of the theoretical risk function
Rn1 , i.e., limn→∞Rn1(uθn) = infθ∈ΘD

H
Rn1(uθ). By definition, there exists some Pϵ ∈ N

such that |Rn1(uθn)− infθ∈ΘD
H
Rn1(uθ)| ≤ ϵ.

For some fixedN2,3, according to Step 1, we have for all n large enough, θ̂(ridge)
n (n2, n3, D) ∈

E2 ∪ E3. According to Step 2 and Step 3,

R(u
θ̂
(ridge)
n (n2,n3,D)

) ≤ R̂(ridge)
n1,n2,n3

(u
θ̂
(ridge)
n (n2,n3,nD)

) + (M + 2) log2(N2,3)N
−κ/2
2,3 . (3.8)

Now, by definition of the minimizing sequence (θ̂λn(a, b, c))n∈N, for all n large enough,

R̂(ridge)
n1,n2,n3

(u
θ̂
(ridge)
n (n2,n3,D)

) ≤ inf
θ∈ΘD

H

R̂(ridge)
n1,n2,n3

(uθ) + ϵ. (3.9)

Moreover, according to Step 3,

inf
θ∈E2(N2,3)∪E3(N2,3)

R̂(ridge)
n1,n2,n3

(uθ) ≤ inf
θ∈E3(N2,3)

R̂(ridge)
n1,n2,n3

(uθ)

≤ inf
θ∈E3(N2,3)

R(uθ) + (M + 2) log2(N2,3)N
−κ/2
2,3 .

(3.10)

Observe that for all N2,3 large enough, θPϵ ∈ E3(N2,3). Therefore, infθ∈E3(N2,3)Rn1(uθ) ≤
Rn1(uθPϵ

). Combining the previous inequalities, we conclude that, almost surely, for all
N2,3 large enough for all n large enough,

Rn1(uθ̂(ridge)
n (n2,n3,D)

)
(3.8)
≤ R̂(ridge)

n1,n2,n3
(u

θ̂
(ridge)
n (n2,n3,D)

) + (M + 2) log2(N2,3)N
−κ/2
2,3

(3.9)
≤ inf

θ∈ΘD
H

R̂(ridge)
n1,n2,n3

(uθ) + ϵ+ (M + 2) log2(N2,3)N
−κ/2
2,3

(3.10)
≤ inf

θ∈ΘD
H

Rn1(uθ) + ϵ+ 2(M + 2) log2(N2,3)N
−κ/2
2,3 .

Since ϵ is arbitrary and N2,3 is arbitrarily large, then, almost surely,

lim
n2,n3→∞

lim
n→∞

Rn1(uθ̂(ridge)
n (n2,n3,D)

) = inf
θ∈ΘD

H

Rn1(uθ).
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Corollary 3.9. The ridge is asymptotically unbiased almost surely,

lim
D→∞

lim
n2,n3→∞

lim
n→∞

Rn1(uθ̂(ridge)
n (n2,n3,D)

) = inf
u∈C∞(Ω,Rd2 )

Rn1(u).

Proof. The result is a direct consequence of Theorem 2.19, Proposition 1.5 and of the
continuity of R with respect to the CK(Ω) norm.

3.5. Strong convergence of regularized PINNs

This section proves the strong consistency of Physics-Informed Neural Networks (PINNs).
To this end, we augment the empirical risk function with a Sobolev norm to control the
solution and prevent singularities.

Definition 3.10 (Affine operator). The operator F is affine of order K if there exists
Aα ∈ C∞(Ω̄,Rd2) and B ∈ C∞(Ω̄,R) such that for all x ∈ Ω and all u ∈ HK(Ω,Rd2),

F(u, x) = F(lin)(u, x) +B(x),

where F(lin)(u, x) =
∑

|α|≤K⟨Aα(x), ∂αu(x)⟩ is linear.

Note that affine operators of order K are polynomial operators of degree K + 1 that
are extended from smooth functions to the whole Sobolev space HK(Ω,Rd2).

Definition 3.11 (Regularized PINNs). The regularized theoretical risk function is

R(reg)
n1

(u) := Rn1(u) + λ(reg)∥u∥2Hm+1(Ω), (3.11)

where Ra is the original theoretical risk as defined in (1.20), λ(reg) ∈ R+ is a importance
factor, and m ∈ N is the regularity of the Sobolev norm. The correspoding empirical risk
function is

R̂(reg)
n1,n2,n3

(uθ) = R̂n1,n2,n3(uθ) + λ(ridge)∥θ∥22 +
λ(reg)
n3

n3∑
ℓ=1

∑
|α|≤m+1

∥∂αuθ(X(3)
ℓ )∥22, (3.12)

where R̂n1,n2,n3 is the empirical risk function defined in (1.19).

Note that the regularization term intentionally uses the same variables as in L̂3. This
choice allows us to treat the regularization as an integral part of the objective function in
the subsequent analysis.

The next proposition is used to characterize the unique minimizer of the theoretical
risk as the unique minimizer that satisfies an equality of the type A(u, v) = B(v) for all
v ∈ Hm+1.
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Proposition 3.12 (Characterization of the unique minimizer of R(reg)
n1 ). Fix n1 ∈ N.

Assume that F1, . . . ,FM are affine operators of order K, λt > 0 and m ≥ max{⌊d1/2⌋, K}.
Then, the regularized theoretical risk R(reg)

n1 (defined in (3.11)) has a unique minimizer ûn
over Hm+1(Ω,Rd2). Moreover, ûn1 is the unique element of Hm+1(Ω,Rd2) that satisfies

∀v ∈ Hm+1(Ω,Rd2), An1(ûn1 , v) = Bn1(v),

where

An1(ûn1 , v) :=
λ1
n1

n1∑
i=1

⟨Π̃(ûn1)(Xi), Π̃(v)(Xi)⟩+ λ2E⟨Π̃(ûn1)(X
(2)), Π̃(v)(X(2))⟩

+
λ3
|Ω|

M∑
k=1

∫
Ω

F
(lin)
k (ûn1 , x)F

(lin)
k (v, x)dx+

λ(reg)
|Ω|

∑
|α|≤m+1

∫
Ω

⟨∂αûn1(x), ∂
αv(x)⟩dx,

and

Bn1(v) :=
λ1
n1

n1∑
i=1

⟨Yi, Π̃(v)(Xi)⟩+ λ2E⟨Π̃(v)(X(2)), h(X(2))⟩ − λ3
|Ω|

M∑
k=1

∫
Ω

Bk(x)F
(lin)
k (v, x)dx,

where Π̃ : Hm+1(Ω,Rd2) → C(Ω,Rd2) is the Sobolev embedding (Theorem A.1) and Bk

is the intercept of the affine operator (Definition 3.10).

Proof. To define the pointwise evaluation u(Xi) for a function u ∈ Hm+1(Ω,Rd2), we
leverage the Sobolev embedding theorem. As Ω is a bounded Lipschitz domain and m+
1 > d1/2 holds, Theorem A.1 guarantees that u has a unique continuous representative,
denoted Π̃(u). The pointwise evaluation of u at Xi is therefore defined as the evaluation
of this continuous representative: u(Xi) := Π̃(u)(Xi).

By assumption, Fk(u, ·) = F
(lin)
k (u, ·) + Bk where F

(lin)
k (u, ·) =

∑
|α|≤K⟨Ak,α, ∂αu⟩ and

Ak,α ∈ C∞(Ω̄,Rd1). Next, consider the symmetric bilinear form An1(u, v) defined for
u, v ∈ Hm+1(Ω,Rd2), along with the linear form Bn1(u) defined for all u ∈ Hm+1(Ω,Rd2).
Observe that

An1(u, u)− 2Bn1(u) =
λ1
n1

n1∑
i=1

⟨u(Xi)− 2Yi, u(Xi)⟩+ λ2E⟨u(X(2)), u(X(2))− 2h(X(2)⟩

+
λ3
|Ω|

M∑
k=1

∫
Ω

F
(lin)
k (u, x)[F

(lin)
k (u, x)− 2Bk(x)]dx+

λ(reg)
|Ω|

∑
|λ|≤m+1

∫
Ω

⟨∂λu(x), ∂λu(x)⟩

= R(reg)
n1

(u)− λ1
n1

n1∑
i=1

∥Yi∥22 − λ2E∥h(X(e))∥22 −
1

|Ω|

M∑
k=1

∫
Ω

Bk(x)
2dx.

In addition, An1(u, u) ≥ λ(reg)∥u∥2Hm+1(Ω), where λ(reg) > 0, so that An1 is coercive on the
normed space (Hm+1(Ω), ∥·∥Hm+1(Ω)). Now, let us prove that the operators An and Bn are
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continuous. Indeed, we can prove that they are bounded, since m + 1 > max{d1/2, K},
one has that

|An1(u, v)| ≤

(λ1 + λ2)C
2
Ω + λ3

M∑
i=k

∑
|α|≤K

∥Ak,α∥∞,Ω

2

+ λ(reg)

 ∥u∥Hm+1(Ω)∥v∥Hm+1(Ω)

and

|Bn1(u)| ≤ CΩ

λ1
n1

n1∑
i=1

∥Yi∥2 + λ2∥h∥∞ + λ3

M∑
k=1

∥Bk∥∞,Ω

∑
|α|≤K

∥Ak,α∥∞,Ω

 ∥u∥Hm+1(Ω).

and due to linearity of the operators, they are continuous. Therefore, we can apply the
Lax-Milgram theorem, which guarantees that there exists a unique û ∈ Hm+1(Ω,Rd2) such
that An1(û, û) − 2Bn1(û) = minu∈Hm+1(Ω,Rd2 )An1(u, u) − 2Bn1(u). This, along with the
above expression of An1(u, u)−2Bn1(u), directly implies that û is the unique minimizer of
R

(reg)
n1 over Hm+1(Ω,Rd2). Futhermore, Lax-Milgram states that û is the unique element

of Hm+1(Ω,Rd2) such that An1(û, v) = Bn1(v) for all v ∈ Hm+1(Ω,Rd2).

Proposition 3.13. Let (un)n∈N ∈ C∞(Ω̄,Rd2) be a sequence of smooth functions such
that limn→∞R

(reg)
n1 (un) = infu∈C(Ω̄,Rd2 )R

(reg)
n1 (u) assuming λ(reg) > 0 andm ≥ max{⌊d1/2⌋, K}.

Then, limn→∞ ∥un−û∥Hm(Ω) = 0, where û is the unique minimizer ofR(reg)
n1 overHm+1(Ω,Rd2).

Proof. Let û be the unique minimizer of R(reg)
n1 over Hm+1(Ω,Rd2) given by Proposi-

tion 3.12. We note that C∞(Ω̄,Rd2) is dense inHm+1(Ω,Rd2), together with the continuity
of the function R(reg)

n1 : Hm+1(Ω,Rd2)→ R with respect to the norm Hm+1(Ω) yields

inf
u∈C∞(Ω̄,Rd2 )

R(reg)
n1

(u) = inf
u∈Hm+1(Ω,Rd2 )

R(reg)
n1

(u) = Rn1(û). (3.13)

Next, we will rewrite the theoretical regularized risk using a different formulation. Observe
that

R(reg)
n1

(u) = F (u) +
λ3
|Ω|

I(u),

where

F (u) :=
λ1
n1

n1∑
i=1

∥Π̃(u)(Xi)− Yi∥22 + λ2E∥Π̃(u)(X(2))− h(X(2)∥22,

I(u) :=

∫
Ω

L((∂m+1
i1,...,im+1

u(x))1≤i1,...,im+1≤d1 , . . . , u(x), x)dx.

The function L satisfies

L(x(m+1), . . . , x(0), z) :=
M∑
k=1

Bk(z) +
∑
|α|≤K

⟨Ak,α(z), x(|α|)α ⟩

2

+ λ(reg)

m+1∑
j=0

∥x(j)∥22.
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Here, we concatenate all the derivatives of order j, i.e., (∂ji1,...,iju(x))1≤i1,...,ij≤d1 and denote

it by x(j) ∈ R(
d1+j−1

j−1 )d2 . Clearly, L ≥ 0, and since, m + 1 > K, there is no dependence
on x(i+1) hiding inside the square-sum part and hence L is convex. According to Lemma
A.5, the function I must be weak lower-semi continuous on Hm+1(Ω,Rd2) (see Definition
A.4).

Let us assume that the oppositive and proceed by contradiction. Assume that there is a
sequence {un}n∈N of functions such that un ∈ C∞(Ω̄,Rd2), such that limn→∞R

(reg)
n1 (un) =

R
(reg)
n1 (û) and that it does not converge to û with respect to the Hm(Ω) norm. Upong

passing to a subsequence, there exist ϵ > 0 such that for all p ≥ 0 with ∥un− û∥Hm(Ω) ≥ ϵ.

Since R(reg)
n1 (un) ≥ λ(reg)∥un∥Hm+1(Ω), λt > 0 and {un}p∈N is a minimizing sequence,

then {un}n∈N is bounded in Hm+1(Ω). Therefore, we can pass to a subsequence that
converges to a limit, denoting it by u∞, both weakly in Hm+1(Ω,Rd2) and with respect
to the Hm(Ω) norm. Since I is weakly lower-semi continuous, we deduce that

lim
n→∞

I(un) ≥ I(u∞). (3.14)

Recall the definition of Π̃ in Theorem A.1, we know that there exists a constant CΩ > 0
such that ∥un − Π̃(u∞)∥∞,Ω = ∥Π̃(up − u∞)∥∞,Ω ≤ CΩ∥up − u∞∥Hm(Ω). We deduce that
limn→∞ F (un) = F (u∞). Therefore, combining result (3.13) and (3.14), we deduce that
limn→∞R

(reg)
n1 (un) ≥ R

(reg)
n1 (u∞). However, recalling that limn→∞R

(reg)
n1 (un) = R

(reg)
n1 (û)

and that û is the unique minimizer of R(reg)
n1 , we conclude that u∞ = û. This contradicts

our assumption.

The next theorem asserts that under some mild conditions, that our minimizing se-
quence of the regularized empirical risk converges to the real solution of the PDE.

Theorem 3.14 (Strong convergence of regularized PINNs). Assume that F1, . . . ,FM are
affine operators of orderK. Assume, in addition, that λ(reg) > 0, m ≥ max(⌊d1/2⌋, K) and
the condition function h is Lipschitz. Let {θ̂(reg)n (n2, n3, D)}n∈N be a minimizing sequence
of the regularized empirical risk function R̂

(reg)
n1,n2,n3(uθ) over the class NND

H = {uθ : θ ∈
ΘH,D} where H ≥ 2. Then,

λ(ridge) = min(n2, n3)
−κ, where κ =

1

12 + 4H(1 + (2 +H)(m+ 2))
,

one has, almost surely,

lim
D→∞

lim
n2,n3→∞

lim
n→∞

∥u
θ̂
(reg)
n (n2,n3,D)

− û∥Hm(Ω) = 0,

where û is the unique minimizer of R(reg)
n1 over Hm+1(Ω,Rd2).

In particular, if we consider the case where n1 = 0 or λ1 = 0 and assume that the
PDE system admits a unique solution u⋆ ∈ Hm+1(Ω,Rd2). Then, almost surely, we have

lim
λ(reg)→0

lim
D→∞

lim
n2,n3→∞

lim
n→∞

∥u
θ̂
(reg)
n (n2,n3,D,λ(reg))

− u⋆∥Hm(Ω) = 0.
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Proof. The Sobolev regularization can be viewed as a specific form of PINN regularization
where the penalty term is a polynomial differential operator of degree m + 2. According
to Theorem 2.19, the risk associated with a minimizer of the Sobolev-regularized loss
converges to the minimum theoretical risk. Furthermore, Proposition 3.12 guarantees that
the regularized risk R

(reg)
n1 , has a unique minimizer. Proposition 3.13 then assures that

any sequence of minimizers of the empirical loss must converge to this unique minimizer.
This convergence completes the proof of the theorem.

For the second part, we denote the regularized risk by R(reg) instead of R(reg)
n1 because

there is no data involved. Moreover, we denote the unique minimizer û(λ(reg)) to make
clear the dependence in the hyperparameter λ(reg). Notice that u⋆ due to being a solution
of the PDE, satisfies R(u⋆) = 0.

We proceed by contradiction, assume that limλ(reg)→0 ∥û(λ(reg))− u⋆∥Hm(Ω) ̸= 0. Then,
there exists a subsequence {λ(reg),n}n∈N such that limn→∞ λ(reg),n = 0 such that n ≥ 0,
∥û(λ(reg),n)− u⋆∥Hm(Ω) ≥ ϵ.

Note that ∥û(λ(reg),n)∥Hn+1(Ω) ≤ R(reg)(u⋆)/λ(reg),n = ∥u⋆∥Hm+1(Ω). Rellich-Kondrachov
compactness Theorem A.3 ensures that upon passing to a subsequence {û(λ(reg),n)}n∈N
converges with respect to the Hm(Ω) norm to a function u∞ ∈ Hm+1(Ω,Rd2). Since
m ≥ K, the theoretical risk R is continuous with respect to the Hm(Ω) norm (Theorem
A.1) and we have that R(u∞) = limn→∞R(û(λ(reg),n)). By the definition of û(λ(reg),n) and
since R(u⋆) = 0, we have

R(u(λ(reg),n)) + λ(reg),n∥û(λ(reg),n)∥Hm+1(Ω) ≤��
��R(u⋆) + λ(reg),n∥u⋆∥Hm+1(Ω)

Therefore, taking the limit, R(u∞) = 0 when λ(reg),n
n→∞−−−→ 0. Hence, by unicity u∞ = u⋆.

This contradicts the assumption that ∥u(λ(reg),n)− u⋆∥Hm(Ω) ≥ ϵ for all n ≥ 0.

The following property measures how well the initial/boundary conditions, encoded
by h, and the PDE system, encoded by Fk, describe the function u.

Definition 3.15 (Physics inconsistency). For any u ∈ Hm+1(Ω,Rd2) the physics incon-
sistency of u is defined by

PI(u) := λ2E∥Π̃(u)(X(2))− h(X(2))∥22 +
λ3
|Ω|

M∑
k=1

∫
Ω

Fk(u, x)
2dx.

In particular, PI(u) measures the modeling the error, i.e., the the better the model,
the lower PI(u). On the other hand, note that Rn1(u) =

λ1
n1

∑n1

i=1 ∥Π̃(u)(Xi)−Yi∥22+PI(u).

Proposition 3.16 (Strong convergence of hybrid modeling). Assume that the conditions
of Theorem 3.14 are satisfied. Then ûn ≡ ûn1(X1, . . . , Xn1 , ϵ1, . . . , ϵn1) is a random variable
such that E∥ûn1∥2Hm+1(Ω) <∞.

Suppose that u⋆ ∈ Hm+1(Ω,Rd2) that the noise ϵ is independent from X and that ϵ
has the same distribution as −ϵ. Then, there exists a constant CΩ > 0 depending only on
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Ω such that

E
∫
Ω

∥Π̃(ûn1 − u⋆)∥22dµX ≤
1

λ1
(PI(u⋆) + λ(reg)∥u⋆∥2Hm+1(Ω))

+
CΩd

1/2
2

n
1/2
1

(
2∥u⋆∥2Hm+1(Ω) +

PI(u⋆)
λ(reg)

)
+

8E∥ϵ∥22
n1

(
1 + CΩd

3/2
2

(
λ1
λ(reg)

+
λ21

λ2(reg)
√
n1

))
.

In particular, with the choice λ2 = 1, λ3 = 1, λ(reg) = (log n1)
−1 and

√
n1/ log n1, one has

E
∫
Ω

∥Π̃(ûn1 − u⋆)∥22dµX ≤
Λ log2 n1√

n1

,

where Λ = 24d
3/2
2 CΩ(PI(u⋆) + ∥u⋆∥Hm+1(Ω) + E∥ϵ∥22).

Theorem 3.17 (Strong convergence of regularized PINNs). Under the same assumptions
3.14 and Proposition 3.16 with the choice λ2 = 1, λ3 = 1, and λ(reg) = (log n1)

−1 and
λ1 =

√
n1/ log n1, one has

lim
D→∞

lim
n2,n3→∞

lim
n→∞

E
∫
Ω

∥u
θ̂
(reg)
n (n1,n2,n3,D)

− u⋆∥22dµX ≤
Λ log2 n1√

n1

.

Moreover,

lim
D→∞

lim
n2,n3→∞

lim
n→∞

E[PI(u
θ̂
(reg)
n (n1,n2,n3,D)

)] ≤ PI(u⋆) + on1→∞(1).

Proof. The proof is divided into two parts. The first part proves the bound on the
difference between the empirical error and the true solution of the PDE. The second
part shows that the physical inconsistency of the minimizing sequence is bounded by the
physical inconsistency of the solution u⋆, plus a diminishing constant.

(Step 1) Let us denote {u
θ̂
(reg)
n (n1,n2,n3,D)

}n∈N be a minimizing sequence of R̂(reg)
n1,n2,n3 .

Since u
θ̂
(reg)
n (n1,n2,n3,D)

∈ C∞(Ω̄,Rd2), then

Π̃(u
θ̂
(reg)
n (n1,n2,n3,D)

) = u
θ̂
(reg)
n (n1,n2,n3,D)

.

Since

E
∫
Ω

∥u
θ̂
(reg)
n (n1,n2,n3,D)

− u⋆∥22dµX

≤ E
∫
Ω

∥ûn1 − u⋆∥22dµX + E
∫
Ω

∥u
θ̂
(reg)
n (n1,n2,n3,D)

− ûn1∥22dµX ,

Proposition 3.16 assures us that the first part is less than Λ log2 n1√
n1

and Theorem 3.14
assures as that when we take the limit limD→∞ limn2,n3→∞ limn→∞ it tends to zero the
second part. And this concluces the first part of the theorem.
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(Step 2) We will proceed proving that E[PI(ûn1)] ≤ PI(u⋆) + on→∞(1).

Recall that ûn1 minimizes R(reg)
n1 over Hm+1(Ω,Rd2). So R(reg)

n1 (u⋆) ≥ R
(reg)
n1 (ûn1). One

has

∥Π̃(ûn1)(Xi)− Yi∥22 = ∥Π̃(ûn1 − u⋆)(Xi) + ϵi∥22
= ∥Π̃(ûn1 − u⋆)(Xi)∥22 − 2⟨Π̃(ûn1 − u⋆)(Xi), ϵi⟩+ ∥ϵi∥22.

On the other hand, the second term can be further expanded using the dual norm of the
coefficient space

⟨Π̃(ûn1 − u⋆)(Xi), ϵi⟩ = ⟨Π̃(ûn1 − u⋆)(Xi)− E[Π̃(ûn1 − u⋆)(X)], ϵi⟩+ ⟨E[Π̃(ûn1 − u⋆)(X)], ϵi⟩
≤ ∥ûn1 − u⋆∥Hm+1(Ω) sup

∥u∥Hm+1(Ω)≤1

⟨Π̃(u)(Xi)− E[Π̃(u)(X)], ϵi⟩+ ⟨E[Π̃(ûn1 − u⋆)(X)], ϵi⟩.

Then, arranging all together, one has

1

n1

n1∑
i=1

∥Π̃(ûn1)(Xi)− Yi∥22

≥− 2(∥ûn1∥Hm+1(Ω) + ∥u⋆∥Hm+1(Ω)) sup
∥u∥Hm+1(Ω)≤1

1

n1

n1∑
j=1

⟨Π̃(u)(Xj)− E(Π̃(u)(X)), ϵj⟩

− 2

〈∫
Ω

Π̃(ûn1 − u⋆)dµX ,
1

n1

n1∑
i=1

∥ϵi∥22

〉
+

1

n1

n1∑
i=1

∥ϵi∥22.

In the proof of Theorem 3.16 (Steps 4 and 5), we obtain the following inequality

E∥ûn1∥2Hm+1(Ω) ≤ 2E∥û⋆n1
∥2Hm+1(Ω) + 2E∥û(noise)

n1
∥2Hm+1(Ω)

≤ 2

(
PI(u⋆)
λ(reg)

+ ∥u⋆∥2Hm+1(Ω)

)
+

8λ2

n1λ2(reg)
C2

Ωd2E∥ϵ∥22.

Using Lemma 2.20 and the Cauchy-Schwarz inequality E(XY )2 ≤ E(X2)E(Y 2), we show
that

E

[
∥ûn1∥Hm+1(Ω) sup

∥u∥Hm+1(Ω)≤1

1

n

n∑
j=1

⟨Π̃(u)(Xj)− E(Π̃(u)(X)), ϵj⟩

]
= On1→∞

(
λ1

n1λ(reg)

)
.

By Proposition 3.16,

E

∣∣∣∣∣
〈∫

Ω

Π̃(ûn1 − u⋆)dµX ,
1

n1

n1∑
j=1

ϵj

〉∣∣∣∣∣ ≤√E∥u⋆ − ûn1∥2L2(µX)

E∥ϵ∥22√
n1

= On1→∞

(
λ1

n2
1λ(reg)

)1/2

.

Combining these result with the previous, we conclude that

E

[
1

n1

n1∑
i=1

∥Π̃(ûn1)(Xi)− Yi∥22

]
≥ E∥ϵ∥22 +On→∞

(
λ1

n1λ(reg)

)
.
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By assumption, λ21/n1λ(reg) → 0 for n1 →∞ and sinceR(reg)
n1 (ûn1) =

λ1
n1

∑
i=1 ∥Π̃(ûn1)(Xi)−

Yi∥22 + PI(ûn1) + λ(reg)∥ûn1∥2Hm+1(Ω),

E[R(reg)
n1

(ûn1)] ≥ λ1E∥ϵ∥22 + E[PI(ûn1)] + on1→∞(1).

As before, we obtain

1

n1

n1∑
i=1

∥Π̃(u⋆)(Xi)− Yi∥22 =
1

n1

n1∑
i=1

∥ϵi∥22.

Hence,
E[R(reg)

n1
(u⋆)] = λ1E∥ϵ∥22 + PI(u⋆) + λ(reg)∥u⋆∥2Hm+1(Ω)

Since E[R(reg)
n1 (ûn1)] ≤ E(R(reg)

n1 (u⋆) and since λ(reg) → 0, we are lead to

E[PI(ûn1)] ≤ PI(u⋆) + on1→∞(1). (3.15)

Due to the continuity of the Physics inconstistency (PI) and Theorem 3.14, we have that

lim
D→∞

lim
n2,n3→∞

lim
n→∞

E[PI(u
θ̂
(reg)
n (n1,n2,n3,D)

)] = E[PI(ûn1)].

Then, using (3.15), we obtain

lim
D→∞

lim
n2,n3→∞

lim
n→∞

E[PI(u
θ̂
(reg)
n (n1,n2,n3,D)

)] ≤ PI(u⋆) + on1→∞(1).



CHAPTER 4

Risk-Consistency of Regularized Neural
ODEs

Neural Ordinary Differential Equations (NeuralODEs) are a class of deep learning models
that generalize traditional neural networks by interpreting the transformation of hid-
den states as a continuous dynamical system governed by ordinary differential equations
(ODEs). Introduced by Chen et al. [2019], NeuralODEs replace discrete layers in a neural
network with an ODE solver, modeling the evolution of features over continuous time.

To formalize this concept, NeuralODEs define the system’s dynamics using an initial
value problem based on a neural network representation of the time derivative Chen et al.
[2019], Karniadakis et al. [2021], Hao et al. [2022]. Specifically, the system is described
by:

dy

dt
(t) = uθ(t, y(t)), with an initial state of y(0) = y0. (4.1)

In this formulation, (t, y0) ∈ Ω ⊆ Rd1 , y(t) represents the hidden state of the system as a
d2−dimensional vector at time t. The function uθ : Rd1 → Rd2 is a neural network, wihth
learnable parameters θ, that outputs the time derivative of the state. Here, d2 = d1 − 1
and we assume the uθ is the standard neural network defined in Section 1.1 with tanh
activation function.

Here, we introduce the NeuralODE framework and establish original results regarding
its risk-consistency of ridge NeuralODEs. Using the tools and results presented in previous
sections, we establish findings analogous to those for PINNs.

Since the tanh is Lipschitz continuous, the resulting neural network uθ is also Lipschitz
continuous, and according to Picard-Linderlöf theorem, this property guarantees that for
any given initial state y0, a unique and differentiable solution y(t) exists over a given time
interval. This solution defines a continuous trajectory through the d2-dimensional state
space, which is shaped by the learned parameters θ of the neural network. We will denote
this unique solution by y(t, y0;uθ) ∈ Rd2 for t ∈ [0, T ] to highlight its dependence on these
parameters.
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Let us introduce the empirical and theoretical risk functions within the Neural Or-
dinary Differential Equation (Neural ODE) framework. These definitions are analogous
to those in a classical regression problem Chen et al. [2019], Kidger [2022], Gwak et al.
[2020], Massaroli et al. [2021].

Theoretical Risk Function The theoretical risk measures the expected prediction
error over the entire data distribution. It is defined as the continuous version of the
empirical risk function:

R(uθ) := EX∼µX∥y(X;uθ)− h(X)∥22,

where y(X;uθ) represents the output of the NeuralODE for a given input X, parametrized
by θ. Here, h(X) is the true outcome of the NeuralODE defined above. The goal is to find
an optimal set of parameters θ⋆ that minimizes this risk, such that the resulting function
y(·, uθ) = h(·).

Empirical Risk Function In practice, the true data distribution µ is unknown. There-
fore, we approximate the theoretical risk using a finite dataset. Given a collection of
n1 ∈ N independent and identically distributed data pairs {(Xi, Yi)}1≤i≤n1 distributed as
(X, Y ) ∈ Ω × Rd2 , where the distribution µX is unknown, the empirical risk function is
defined as:

R̂n1(uθ) :=
1

n1

n1∑
i=1

∥y(Xi;uθ)− Yi∥22,

where Xi := (t, y0)i can be considered the point at which we are evaluating and y(Xi;uθ)
is the unique solution of the NueralODE at a specific time t and initial condition y0
guaranteed by the Picard-Lindelöf theorem. We assume that the observed outcomes Yi
are related to a true underlying function h(X) corrupted by some noise ϵi, such that
Yi = h(Xi) + ϵi, where we assume that the noise is zero mean, i.e., E[ϵi|Xi].

Ridge Risk Function Training NeuralODEs can be tricky, similar to PINNs, it can
lead to the type of pathological situations highlited in previous Section. To avoid such an
overfitting behaviour, we resort again to the ridge regularization applied to the empirical
risk minimization where we penalize the ℓ2 norm of the parameter θ

R̂(ridge)
n1

(uθ) := R̂n1(uθ) + λ(ridge)∥θ∥22. (4.2)

Analogously to the PINNs framework, we define risk-consistency for the NeuralODE’s
risk function as the condition that a minimizing sequence of the empirical risk converges
to the infimum of the theoretical risk.

Definition 4.1 (Risk-Consistency of NeuralODEs). Let {θ̂n(n1)}n∈N be a minimizing
sequence of the empirical risk, i.e.,

lim
n→∞

R̂n1(uθ̂(n,n1)
) = inf

θ∈ΘH,D

R̂n1(uθ).
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We say that {θ̂n(n1)}n∈N verifies the risk-consistency condition if

lim
n1→∞

lim
n→∞

R(uθ̂n(n1)
) = inf

u∈NND
H

R(u). (4.3)

Proposition 4.2 (Continuous Dependence on Neural ODEs). Let uθ and uθ′ be two
NeuralODEs with the same initial value:

dy

dt
(t) = uθ(t, y(t)), y(0) = y0

dz

dt
(t) = uθ′(t, z(t)), z(0) = y0

where uθ, uθ′ : R × Rd2 → Rd2 are two different parametrized neural networks. Then for
all t ∈ [0, T ]

∥y(t)− z(t)∥2 ≤ L∥θ − θ′∥2eL̃T
∫ T

0

e−L̃sds (4.4)

for some constants L and L̃.

Proof. Let us denote the difference between the solutions y(t) and z(t) as e(t) := y(t) −
z(t). Lemma 1.7 assures that there exists a constant L :=

√
d2C̃0,H(1 + d1M(Ω))(D +

1)H(1 + nα1)H that satisfies ∥uθ − uθ′∥2,Ω ≤ L∥θ − θ∥2. Lemma 1.8 assure us that there
exists a constant L̃ that satisfies ∥uθ(x) − uθ(y)∥2 ≤ L̃∥x − y∥2 for all x, y ∈ Ω̄. We can
bound the derivative of e(t) as follows∥∥∥∥ ddte(t)

∥∥∥∥
2

= ∥uθ(t, y(t))− uθ′(t, z(t))∥2

≤ ∥uθ(t, y(t))− uθ(t, z(t))∥2 + ∥uθ(t, z(t))− uθ′(t, z(t))∥2
≤ L̃∥ y(t)− z(t)︸ ︷︷ ︸

e(t)

∥2 + L∥θ − θ′∥2 ≤ L̃∥e(t)∥2 + L∥θ − θ′∥2

Let w(t) := ∥e(t)∥2. Then, we obtain the following chain of inequalities

d

dt
w(t) =

d

dt
∥e(t)∥2 =

∣∣∣∣e(t)⊺ė(t)∥e(t)∥2

∣∣∣∣ ≤ 1

∥e(t)∥2
∥e(t)∥2∥ė(t)∥2

=

∥∥∥∥ ddte(t)
∥∥∥∥
2

≤ L̃w(t) + L∥θ − θ′∥2.

That is
d

dt
w(t)− L̃w(t) ≤ L∥θ − θ′∥2.

Multiplication by the integrating factor e−L̃t yields

d

dt
(e−L̃tw(t)) ≤ eL̃tL∥θ − θ′∥2.
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Integrate from 0 to T to get

e−L̃Tw(t)− ∥y0 − z0∥ ≤
∫ T

0

e−L̃sL∥θ − θ′∥2ds.

That is equivalent to (4.4) and finishes the proof.

Proposition 4.3. Let Ω be a bounded Lipschitz domain, and let h ∈ Lip(E,Rd2). Then,
the operator H (u, x) = 1x∈Ω̄∥y(x;u)− h(x)∥22 satisfies inequalities (H.1) and (H.2) from
Theorem 2.19, with α1 < (3 +H)−1/2, β1 = (1 +H)α1, and 1/2 > β2 ≥ (3 +H)α1.

Proof. First note, since Lip(Ω̄,Rd2) ⊆ C(Ω̄,Rd2), then ∥h∥∞ <∞. Observe also that for
any v, w ∈ Rd2 , | ∥v∥22−∥w∥22 | = |⟨v+w, v−w⟩| ≤ ∥v+w∥2∥v−w∥2 ≤ d2∥v+w∥2∥v−w∥2.
Thus, we obtain that for all θ, θ′ ∈ B2(0, n

α1) and x ∈ Ω̄,

|H (uθ, x)−H (uθ′ , x)| ≤ ( ∥y(x;uθ)∥2 + ∥y(x;uθ′)∥2 + 2∥h∥2)∥y(x;uθ)− y(x;uθ′)∥2
≤ d2( ∥y(x;uθ)∥∞,Ω̄ + ∥y(x;uθ′)∥∞,Ω̄ + 2∥h∥∞,Ω̄)∥y(x;uθ)− y(x;uθ′)∥∞,Ω̄

≤ d2(2(D + 1)nα1t+ 2∥h∥∞,Ω̄)C3∥θ − θ′∥2
≤ C1n

β1∥θ − θ′∥2.

where β1 = (1 +H)α1. Therefore it satisfies (H.1)

Next, for all θ ∈ B2(0, n
α1),

∥H (uθ, ·)∥∞,Ω̄ ≤ d2(∥y(·;uθ)∥∞,Ω̄ + ∥h∥∞)2 ≤ d2((D + 1)M(Ω)nα1 + ∥h∥∞)2 ≤ C2n
2α1

Recall that for inequality (H.2), β2 must satisfy α1 + β1 ≤ β2 < 1/2. This is true for
β2 = (3 +H)α1, which completes the proof.

Theorem 4.4 (Risk-consistency of ridge NeuralODEs). Let the number of hidden layers
be H ≥ 2. Assuming that the ridge parameter is of the form

λ(ridge) := n1
−κ, where κ :=

1

3 +H
.

Let {θ̂(ridge)
n (n1)}n∈N be a minizing of the ridge risk function (4.2). Then, almost surely,

lim
n1→∞

lim
n→∞

R(u
θ̂
(ridge)
n (n1)

) = inf
u∈NND

H

R(u).

Proof. Let u0 = 0 ∈ NND
H be a neural network with parameters θ = (0, . . . , 0). Obviously,

R̂
(ridge)
n1 (u0) = R̂n1(u0). Moreover,

R̂n1(u0) =
1

n1

n1∑
i=1

∥y(Xi;u0)− h(Xi)∥22 ≤
1

n1

n1∑
i=1

∥Xi∥22 + ∥h∥∞ := I. (4.5)

We notice that I does not depend on λ(ridge).
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Let {θ̂(ridge)
n (n1)}n∈N be any minimizing sequence of the empirical risk of the ridge

PINN, i.e., limn→∞ R̂
(ridge)
n1 (u

θ̂
(ridge)
n (n1)

) = infθ∈ΘD
H
R̂

(ridge)
n1 (uθ). Let N1 := min(n1). Let us

define the following three sets:

E1(N1) := {θ ∈ ΘD
H : ∥θ∥2 ≥ Nκ

1 }
E2(N1) := {θ ∈ ΘD

H : N
κ/4
1 ≤ ∥θ∥2 ≤ Nκ

1 }
E3(N1) := {θ ∈ ΘD

H : N
κ/4
1 ≤ ∥θ∥2}.

Notice that ΘD
H = E1 ⊔ E2 ⊔ E2. The proof relies on the argument that for any n1, given a

sufficiently large n, θ̂(ridge)
n (n1) ∈ E2 ∪ E3. Furhtermore, when N1 is sufficiently large, then

R̂
(ridge)
n1 is close to the theoretical risk R. Let us divide the proof in four steps.

Step 1. We start by observing that, for any θ ∈ E1(N1),

R̂(ridge)
n1

(uθ) ≥ λ(ridge)∥θ∥22 ≥ λ(ridge)N
2κ
1 = Nκ

1 .

Assuming that N1 is sufficiently large to verify Nκ
1 − 1 ≥ I

(4.5)
≥ R̂n1(u0). Therefore,

inf
θ∈E3(N1)

R̂(ridge)
n1

(uθ) ≤ R̂(ridge)
n1

(u0) ≤ Nκ
1 − 1 ≤ inf

θ∈E1
R̂(ridge)
n1

(uθ)− 1.

This shows that, for all N1 and n large enough, θ̂(ridge)
n (n1) ̸∈ E1(N1).

Step 2. Invoking Proposition 4.3 with α1 = κ and β2 = (3 + H)α1, then by Theorem
2.19, we know that, almost surely, there exist N ∈ N such that for all, N1 ≥ N ,

sup
θ∈E2(N1)∪E3(Na)

∣∣∣∣∣ 1n1

n1∑
i=1

∥y(Xi;uθ)− h(Xi)∥22 − EX∼µX∥u(X)− h(X)∥22

∣∣∣∣∣
≤ log2(N1)N

β2−1/2
1 .

(4.6)

Then, almost surely, for all N1 large enough and all θ ∈ E2(Na),

| R̂(ridge)
n1

(uθ)− λ(ridge)∥θ∥22︸ ︷︷ ︸
R̂n1 (uθ)

−R(uθ)| ≤ (M + 1) log2(N1)N
β2−1/2
1 . (4.7)

But, for all θ ∈ E2(N1), λ(ridge)∥θ∥22 ≥ λ(ridge)N
κ/2
1 = N

−κ/2
1 . We conclude that, for all N1

large enough and for all θ ∈ E2(N1),

|R(uθ)− R̂n1(uθ)| ≤ (M + 1) log2(N1)N
β2−1/2
1

⇒ R̂n1(uθ) ≥ R(uθ)− (M + 1) log2(N1)N
β2−1/2
1

⇒ R̂(ridge)
n1

(uθ) ≥ R(uθ) + λ(ridge)∥θ∥22 − (M + 1) log2(N1)N
β2−1/2
1

⇒ R̂(ridge)
n1

(uθ) ≥ R(uθ) +N
−κ/2
1 − (M + 1) log2(N1)N

β2−1/2
1︸ ︷︷ ︸ .



56 Risk-Consistency of Regularized Neural ODEs

Assuming that −κ/2 > β2 − 1/2, then the right hand side is positive for N1 sufficiently
large, and we obtain

R̂(ridge)
n1

(uθ) ≥ R(uθ).

Step 3. For all θ ∈ E3(N1), λ(ridge)∥θ∥22 ≤ N
−κ/2
1 . Using inequalities (4.6), we deduce

that, almost surely, for all Na large enough

|R̂(ridge)
n1

(uθ)−R(uθ)| ≤ |R̂(ridge)
n1

(uθ)− λridge∥θ∥22 −R(uθ)|+ λ(ridge)∥θ∥22
≤ (M + 1) log2(N1)N

β2−1/2
1 +N

−κ/2
1

≤ (M + 2) log2(N1)N
−κ/2
1 .

Step 4. Fix ϵ > 0. Let (θn)n∈N be a minimizing sequence of the theoretical risk function
R, i.e., limn→∞R(uθn) = infθ∈ΘD

H
R(uθ). By definition, there exists some Pϵ ∈ N such that

|R(uθn)− infθ∈ΘD
H
R(uθ)| ≤ ϵ.

For some fixed N1, according to Step 1, we have for all n large enough, θ̂(ridge)
n (n1) ∈

E2 ∪ E3. According to Step 2 and Step 3,

R(u
θ̂
(ridge)
n (n1)

) ≤ R̂(ridge)
n1

(u
θ̂
(ridge)
n (n1)

) + (M + 2) log2(N1)N
−κ/2
1 . (4.8)

Now, by definition of the minimizing sequence {θ̂λn(n1)}n∈N, for all n large enough,

R̂(ridge)
n1

(u
θ̂
(ridge)
n (n1)

) ≤ inf
θ∈ΘD

H

R̂(ridge)
n1

(uθ) + ϵ. (4.9)

Moreover, according to Step 3,

inf
θ∈E2(N1)∪E3(N1)

R̂(ridge)
n1

(uθ) ≤ inf
θ∈E3(N1)

R̂(ridge)
n1

(uθ)

≤ inf
θ∈E3(N1)

R(uθ) + (M + 2) log2(N1)N
−κ/2
1 .

(4.10)

Observe that for allN1 large enough, θPϵ ∈ E3(N1). Therefore, infθ∈E3(Na)R(uθ) ≤ R(uθPϵ
).

Combining the previous inequalities, we conclude that, almost surely, for all N1 large
enough for all n large enough,

R(u
θ̂
(ridge)
n (n1)

)
(4.8)
≤ R̂(ridge)

n1
(u

θ̂
(ridge)
n (n1)

) + (M + 2) log2(N1)N
−κ/2
1

(4.9)
≤ inf

θ∈ΘD
H

R̂(ridge)
n1

(uθ) + ϵ+ (M + 2) log2(N1)N
−κ/2
1

(4.10)
≤ inf

θ∈ΘD
H

R(uθ) + ϵ+ 2(M + 2) log2(N1)N
−κ/2
1 .
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Since ϵ is arbitrary and N1 is arbitrarily large, then, almost surely,

lim
n1→∞

lim
n→∞

R(u
θ̂
(ridge)
n (n1)

) = inf
θ∈ΘD

H

R(uθ).





CHAPTER 5

Experiments

This chapter addresses the computational realization of Physics-Informed Neural Net-
works (PINNs). The practical implementation of the described algorithms introduces a
variety of details that have hitherto been taken for granted. For instance, a foundational
assumption in many of the theoretical results presented in this manuscript is the existence
of a parameter sequence that minimizes the empirical risk function. In practice, however,
the identification of this minimizing sequence is a non-trivial task.

To connect the preceding theory with practical application, this chapter begins with
two illustrative examples designed to motivate the theoretical framework. We then pro-
ceed to a more demanding case study involving the Navier-Stokes equations (Example 3.4)
to probe the limitations of the PINN approach. The resulting PINN solution is then sys-
tematically compared against a conventional numerical solution to evaluate its accuracy
and effectiveness.

5.1. First-Order ODE

To begin, we will analyze a first-order Ordinary Differential Equation (ODE) with a known
explicit solution to better understand the Physics-Informed Neural Network (PINN)
framework. Consider the following problem:

u′(x) = 2(1− u(x)2). (5.1)

We assume we are given a dataset of n1 points, {(x1, y1), . . . , (xn1 , yn1)} ⊆ Ω× R, repre-
senting the konwn values of the solution. For simplicity, we will not enforce any boundary
or initial conditions, which corresponds to settings their associated loss weight, λ2, to
zero. Figure 5.1a illustrates a potential dataset.

We approximate the solution u⋆(x) using a simple neural network, uθ(x), with a single
neuron:

uθ = tanh(ωx+ β) ∈ NND
H ,

59
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(a) A sample dataset consisting of five data
points, with the curve representing a possible ap-
proximate solution.

(b) The empirical risk function plotted
against different parameter values, il-
lustrating the optimization landscape.

Figure 5.1: Illustrative results for the ODE PINN.

where ω, β ∈ R are the learnable parameters of the network.The empirical risk (or loss
function) to be minimized is a weighted sum of the data fidelity loss and the PDE residual
loss:

R̂n1,n3(uθ) =
λ1
n1

n1∑
i=1

|uθ(xi)− yi|22 +
λ3
n3

n3∑
ℓ=1

|u′θ(xi)− 2(1− u2θ(xi)|2,

where {x(3)j }
n3
j=1 is a set of n3 collocation points sampled within the domain Ω.

The corresponding theoretical risk is the expectation of this loss over the underlying
probability distributions:

Rn1(uθ) =
λ1
n1

n1∑
i=1

|uθ(xi)− yi|22 +
λ3
Ω
E|u′θ(X)− 2(1− u2θ(X)|2.

Finding the global minimum of the non-convex empirical risk function is a significant
challenge. Optimization is typically performed using gradient-based methods, such as
Gradient Descent or its variants. However, even for this simple problem, the algorithm
can easily become trapped in a local minimum, as illustrated in Figure 5.1b.

The gradient descent method, when applied to the problem of Physics-Informed Neural
Networks (PINNs), can be expressed as a consecutive loop:

θ ← θ − µ∇θ(R̂n1,n3),

where µ is the step size, or learning rate, of the method. Figure 5.2b illustrates the
gradient descent method on a two dimensional parameter space. In this case, calculating
the gradient with respect to both parameters is straightforward. However, when consi-
dering more complex risk functions and neural networks, such as those required for the
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(a) The exact solution of the problem given
by Eq. (5.1), which is u⋆(x) = tanh(2x).

(b) The surface of the empirical risk func-
tion, illustrating the iterative steps of the
gradient descent optimization.

Figure 5.2: Results for the ODE PINN.

Navier-Stokes problem discussed in the following section, this calculation can become
computationally expensive.

To overcome this issue, software has been developed that automatically calculates the
derivatives of functions, some examples include PyTorch1, Jax 2, or Tensorflow 3. This
automatic differentiation software calculates the exact derivative of the risk function and
the neural network at each point without any numerical approximation. Moreover, these
libraries include advanced optimization algorithms that improve the numerical stability
and convergence of the gradient descent method.

5.2. Counterexample: Dynamic friction model

In Example 3.2, we considered the differential operator F on the domain Ω := (0, T ),
defined by

F(u, x) = mu′′(x) + γu′(x). (5.2)

In this example, we demonstrated that a sequence of functions minimizing the empirical
risk can exhibit a diverging theoretical risk. We will now provide experimental evidence
that gradient descent can generate such a sequence, where the empirical risk is minimized,
but the theoretical risk fails to decrease.

First, we consider the case where m = 1 and γ = 1. Here, the equation can be solved
analytically, and the unique solution is determined by two boundary conditions. We use

1PyTorch: https://github.com/pytorch/pytorch
2Jax: https://github.com/jax-ml/jax
3Tensorflow: https://github.com/tensorflow/tensorflow

https://github.com/pytorch/pytorch
https://github.com/jax-ml/jax
https://github.com/tensorflow/tensorflow
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Figure 5.3: The left figure displays the solution uθ versus the reference solution u⋆. The
right figure shows the corresponding values of F(uθ) vs F(u⋆). The red dots represent the
data used for training.

the conditions {(0, 0), (1, 1)}, which yiled the exact solution

u⋆(x) =
e

e− 1
(1− e−x).

To train the network on the differential equation itself, we use a set of 10 collocation
points equally spaced within the interval [−2, 2]. By training a neural network with two
hidden layers of five neurons each using gradient descent, we obtain a solution uθ with
an empirical risk approaching zero. Nonetheless, the solution generated by the neural
network is far from the true solution u⋆. As shown in Figure 5.3, while the network’s
solution uθ accurately approximates u⋆ on the training data, it fails to generalize. Outside
this training set, uθ deviates significantly from the true solution. The right panel of the

(a) Standard training. (b) Training with ridge regularization.

Figure 5.4: Comparison of empirical and theoretical risk during the training of a PINN.
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Figure 5.4 further illustrates this failure: the term F(uθ), which should be zero everywhere,
oscillates wildly outside the collocation points.

The divergence between the theoretical and empirical risks is also evident in Figure
5.4a. This figure shows that as the gradient descent method progresses, the empirical risk
converges to zero, while the theoretical risk fails to converge. In contrast, when using
the ridge risk (defined in Definition 3.3), both the empirical and theoretical ridge risks
converge smoothly. Note that they do not converge to zero, which can be attributed to the
limited representational capacity of the neural network. While a deeper network D could
better approximate any function, there is no guarantee of reaching the optimal solution
using gradient descent.

5.3. Navier-Stokes: Lid-Driven Cavity Flow

This study investigates the use of Physics-Informed Neural Networks (PINNs) to solve the
2D Navier-Stokes equations under specific boundary conditions. The governing equations
are identical to those presented in Example 3.4, adapted for a two-dimensional spatial
domain.

The problem is defined on the spatio-temporal domai Ω = (0, 2)2×[0, 5], where (x, y) ∈
(0, 2)2 is the spatial domain and t ∈ [0, 5] is the time interval. The objective is to find
the state variables—velocity components (u, v) and pressure p—as a continuous function
v = (u, v, p) ∈ C(Ω,R3) that satisfies the following initial and boundary conditions:



u(x, y, 0) = v(x, y, 0) = p(x, y, 0) = 0 ∀x, y ∈ [0, 2]

v(x, 0, t) = v(x, 2, t) = 0 ∀x ∈ [0, 2] ∀t ∈ [0, 5]

u(0, y, t) = 0 ∀y ∈ [0, 2] ∀t ∈ [0, 5]

u(2, y, t) = 1 ∀y ∈ [0, 2] ∀t ∈ [0, 5]
∂p
∂n
(x, 0, t) = ∂p

∂n
(x, 2, t) = 0 ∀x ∈ [0, 2] ∀t ∈ [0, 5]

∂p
∂n
(0, y, t) = ∂p

∂n
(2, y, t) = 0 ∀y ∈ [0, 2] ∀t ∈ [0, 5]

A PINN was trained without reliance on simulation data (λ1 = 0). The network
architecture consists of an input layer for spatio-temporal coordinates (x, y, t), two hidden
layers with 100 and 500 neurons, and an output layer predicts the solution (u, v, p). This
configuration contains a total of 52, 403 parameters.

Figure 5.5 presents a comparison between the PINN-derived solution and a conven-
tional numerical simulation after 1000 training epochs. While the PINN accurately cap-
tures the qualitative behavior of the flow, a noticeable deviation from the numerical
solution appears at t = 5 seconds. Furthermore, the model exhibits inaccuracies in the
regions corresponding to the upper-left and upper-right corners of the domain.
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(a) Solution given by a PINN uθ trained
over 1000 epochs.

(b) Numerical Solution using finites differ-
ences and nx = ny = 41.

Figure 5.5: Comparison between methods for the Navier-Stokes equation.



Conclusions

This manuscript began by introducing dense neural networks with tanh activation layers,
establishing their fundamental properties. We demonstrated their denseness with respect
to the Sobolev norm and their continuous Lipschitz dependence on both parameters and
inputs. We then formally defined Physics-Informed Neural Networks (PINNs), detailing
the empirical and theoretical risk functions that guide their training and evaluation.

After reviewing key results from stochastic processes, particularly concerning sub-
Gaussian variables and covering and packing numbers, we investigated the critical prop-
erty of risk-consistency. Through a counterexample, we proved that standard PINNs fail
to satisfy risk-consistency. To address this limitation, we proposed a ridge regularization
technique that constrains the minimization sequence, thereby ensuring risk-consistency.

Furthermore, we introduced a Sobolev regularizer that imposes stronger constraints
on the solution space. This advanced regularization not only achieves strong consistency
for PINNs but also establishes their order of convergence as the sample size increases.
The applicability of these regularization techniques was then extended to the NeuralODE
framework, where we similarly proved the risk-consistency of the ridge-regularized model.

Finally, the theoretical contributions were substantiated with numerical experiments,
providing illustrative examples that corroborate our findings and highlight the practical
implementation of the proposed methods.
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APPENDIX A

Functional Analysis

In this section, we present several well-known results in functional analysis that will be
used in future sections. Most of the results are gathered from Evans [2022], Stein [1971],
Brezis [2011], Doumèche et al. [2024].

The Sobolev embedding of Hm(Ω) in C(Ω) [Evans, 2022, Chapter 5.6, Theorem 6]. It
is used to operate in the continuous space and been able to do pointwise evaluations of
functions.

Theorem A.1 (Sobolev embedding). Let Ω ⊆ Rd1 be a bound Lipschitz domain and let
m ∈ N. If m ≥ d1/2, then there exists an operator Π̃ : Hm(Ω,Rd2)→ C(Ω,Rd2) such that
for any u ∈ Hm(Ω,Rd2), Π̃(u) = u almost everywhere. Moreover, there exists a constant
CΩ > 0, depeding only on Ω such that ∥Π̃(u)∥∞,Ω ≤ CΩ∥u∥Hm(Ω).

The Lax-Milgram theorem can be found in [Brezis, 2011, Corollary 5.8].

Theorem A.2 (Lax-Milgram). Assume that A(u, v) is a continuous coercive bilinear for
on H a Hilbert space. Then, given any φ ∈ H∗, there exists a unique element u ∈ H such
that

A(u, v) = ⟨φ, v⟩ ∀v ∈ H.

Moreover, if A is symmetric, then u ∈ H is characterized by the property

A(u, u)− 2⟨φ, u⟩ = min
v∈H
{A(v, v)− 2⟨φ, v⟩} .

The next theorem is used to find a convergent subsequence of a bounded sequence.
The proof can be found in [Doumèche et al., 2023, Theorem B.4].

Theorem A.3 (Rellich-Kondrachov compactness). Let Ω ⊆ Rd2 be a bounded Lips-
chitz domain and let m ∈ N. Let {un}n∈N ⊆ Hm+1(Ω,Rd2) be a sequence such that
{∥un∥Hm+1(Ω)}n∈N is bounded. Then, there exists a function u∞ ∈ Hm+1(Ω,Rd2) and
a subsequence of {un}n∈N that converges to u∞ both weakly in Hm+1(Ω,Rd2) and with
respect to the Hm(Ω) norm.
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The next result is a generalization of [Evans, 2022, Theorem 1, Chapter 8.2] that can
be found in [Doumèche et al., 2024, Lemma C.11]. Before introducing the theorem we
will define the concept of weak lower semi-continuity.

Definition A.4 (Weak lower semi-continuity). A function I : Hm(Ω)→ R is weakly lower
semi-continuous on Hm(Ω) if for any sequence {un}n∈N ⊆ Hm(Ω) that weakly converges
to u∞ ∈ Hm(Ω), one has that I(u∞) ≤ lim infn→∞ I(un).

Lemma A.5 (Weak lower semi-continuity with convex Lagrangia). Let the Lagrangian
L ∈ C∞(R(

d1+m
m )d2 × · · · × Rd2 × Rd1 ,R) be such that for any x(m), . . . , x(0), and z, the

function x(m+1) 7→ L(x(m+1), . . . , x(0), z) is convez and nonnegative. Then, the function

I : u 7→
∫
Ω

L((∂m+1
i1,...,im+1

u(x))1≤i1,im+1≤d1 , . . . , u(x), x)dx

is lower-semi continuous for the weak topology on Hm+1(Ω,Rd2).



APPENDIX B

Generalization

Theorem B.1 (Uniform approximation of integrals II). Let (T, d) be a metric space and
let Ω ⊆ T be a doubling space and relatively compact set, let α1 > 0 and let {Xk}k∈N be a
sequence of i.i.d. random variables in Ω̄, with distribution µ. Let f : C(Ω̄,Rd2)× Ω̄→ R
be an operator, and we assume that the following two requirements are satisfied:

(i) there exists C1 > 0 and β1 ∈ (0, 1/2) such that for all n ≥ 1 and all u, v ∈
B(0, nα1) ∩ L-Lip(Ω,Rd2),

∥f(u, ·)− f(v, ·)∥∞,Ω̄ ≤ C1n
β1∥u− v∥∞ (H.1)

(ii) there exist C2 > 0 and β2 ∈ (0, 1/2) satisfying β2 > α1 + β1 such that for all n ≥ 1,
and all u ∈ B2(0, n

α1) ∩ L-Lip(Ω,Rd2),

∥f(u, ·)∥∞,Ω̄ ≤ C2n
β2 (H.2)

Then, almost surely, there exists N ∈ N such that for all n ≥ N ,

sup
u∈B(0,nα1 )∩L-Lip(Ω,Rd2 )

∥∥∥∥∥ 1n
n∑
i=1

f(u,Xi)−
∫
Ω̄

f(u, ·)dµ

∥∥∥∥∥
2

≤ log2(n)nβ2−1/2

Notice that N is itself a random variable because it depends on X1, . . . , Xn. Moreover,
note that for β2 ∈ (0, 1/2), limn→∞ log2(n)nβ2−1/2 = 0. This theorem assures us that the
empirical mean approximates the integral under certain assumptions over the operator f .

Proof. Let us first analyze the particular case where d2 = 1 before generalizing. Consider
u ∈ B(0, nα1) ∩ L-Lip(Ω,Rd2), and we let

Zn,u :=
1

n

n∑
i=1

f(u,Xi)−
∫
Ω̄

f(u, ·)dµ
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Our objective is to establish an upper bound for the random variable
Zn := sup

u∈B(0,nα1 )∩L-Lip(Ω,Rd2 )

|Zn,u|

Let M(Ω) := maxx∈Ω̄ ∥x∥2. For every k = 1, . . . , n we define the random variable Wk,n as
follows

Wk,n :=
1

n

(
f(u,Xk)−

∫
Ω̄

f(u, ·)dµ
)
− 1

n

(
f(v,Xk)−

∫
Ω̄

f(v, ·)dµ
)

Then, using hypthesis (H.1), we obtain that for any u, v ∈ B2(0, n
α1) ∩ L-Lip(Ω,Rd2),

|Wi,n| ≤
1

n

(
C1n

β1∥u− v∥∞ +

∫
Ω̄

C1n
β1∥u− v∥∞dµ

) ∫
Ω̄ dµ=1
= 2C1n

β1−1∥u− v∥∞

≤ 2C1n
β1−1nα1

In other words, we have found a, b ∈ R such that a ≤ Wk,n ≤ b. By Hoeffding’s Lemma
2.4, we know that Wk,n is a σ2

k−subgaussian random variable with

σ2
k =

1

4
(b− a)2 = 1

4
(4C1n

β1+α1−1∥u− v∥∞)2 = 4C2
1n

2β1−2∥u− v∥2∞

On the other hand, we note that Zn,u−Zn,v =
∑n

k=1Wk,n and since the random variables
{Wk,n}k≤n are independent, we can invoke Azuma’s Lemma 2.5 to deduce that Zn,u−Zn,v
is a subgaussian random variable with parameter

∑n
k=1 σ

2
k = nσ2

k = 4C2
1n

2β1−1∥u− v∥2∞.
We observe that E[Zn,u] = 0. Therefore, by definition, for all n ≥ 1, the family {Zn,u}u∈T
is a subgaussian process on the metric space (T̃ , d̃), where

T̃ = B2(0, n
α1) ∩ L-Lip(Ω,Rd2), d̃(u, v) = 2C1n

β1−1/2∥u− v∥∞
Furthermore, the mapping u 7→ Zn,u is continuous with respect to the topology induced
by the metric d̃. Consequently, by Remark 2.14, the process (Zn,u)u∈B2(0,nα1 )∩L-Lip(Ω,Rd2 )

is separable. Applying Dudley’s Corollary 2.16, we obtain

E

[
sup

θ∈B2(0,nα1 )∩L-Lip(Ω,Rd2 )

Zn,θ

]
≡ E[Zn] ≤ 12

∫ ∞

0

√
logN(T̃ , d̃, r)dr (B.1)

We can now establish the following relation

N(T̃ , d̃, r) = N(B(0, nα1) ∩ L-Lip(Ω,Rd2), d̃(u, v), r)

= N(B(0, nα1), ∥ · ∥∞, n1/2−β1r/(2C1))

= N(B(0, 1), ∥ · ∥∞, n1/2−β1−α1r/(2C1))

(B.2)

Combining (B.1) and (B.2), we obtain

E[Zn] ≤ 12

∫ ∞

0

√
logN(B2(0, nα1), ∥ · ∥∞, n1/2−β1r/(2C1))dr

= 24C1n
α1+β1−1/2

∫ ∞

0

√
logN(B2(0, 1), ∥ · ∥∞, s)ds

= 24C1n
α1+β1−1/2

∫ 1

0

√
(16L/s)ddim(Ω) log(4M(Ω)/s)ds
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In the second term, we performed a change of variable given by s = n1/2−β1r/(2C1), while
the third term follows from the fact that N(B2, ∥ · ∥2, r) = 1 ∀r ≥ 1. Since θ belongs to
the parameter space ΘD

H := R(d1+1)D+(H−1)D(D+1)+(D+1)d2 , we can apply Lemma 2.10 to
bound the covering number as follows

logN(Bn
2 , ∥ · ∥2, s) ≤ [(d1 + 1)D + (H − 1)D(D + 1) + (D + 1)d2] log(3/s)

Observing that
∫ 1

0

√
log(3/s)ds ≤ 3/2 and noting that, by definition, α1+β1 < β2 < 1/2,

we observe that

E[Zn] ≤ 36C1n
α1+β1−1/2

√
(d1 + 1)D + (H − 1)D(D + 1) + (D + 1)d2

n→∞−−−→ 0 (B.3)

Note that Zn = Zn(X1, . . . , Xn), so applying the definition of the discrete derivative
of Zn (Definition 2.17) along with the hypothesis (H.2), we obtain

DiZn := sup
xi∈Rd1

Zn(X1, . . . , Xi−1, xi, Xi+1, . . . , Xn)− inf
xi∈Rd1

Zn(X1, . . . , Xi−1, xi, Xi+1, . . . , Xn)

≤ 2n−1 sup
θ∈B2(0,nα1 )

∥f(uθ, ·)∥∞ ≤ 2C2n
β2−1

Applying McDiarmid’s Theorem 2.18, we conclude that Zn(X1, . . . , Xn) is σ2
z−subgaussian

variable with σ2
z = 1

4
n(2C2n

β2−1)2 = C2
2n

2β2−1. In particular, by the Chernoff bound
(Lemma 2.2), for all tn ≥ 0, we obtain

P(|Zn − EZn| ≥ tn) ≤ 2e−t
2
n/2σ

2
z = 2 exp{−t2nn1−2β2/2C2

2}

We will now show that the events En := {|Zn − EZn| ≤ tn} satisfy the Borel-Cantelli
Lemma when the sequence {tn}n is given by tn := 2C2n

β2−1/2 log1/2(n). Indeed,∑
n∈N

P(En) ≤
∑
n∈N

2 exp{−(2C2n
β2−1/2 log1/2(n2))2n1−2β2/2C2

2} <∞

Therefore, using the fact that E[Zn]→ 0 (B.3) and applying Borel-Cantelli Lemma yields
the desired result

0 ≤ Zn ≤ log1/2(n)nβ2−1/2 ≤ log2(n)nβ2−1/2 a.s. ∀n ≥ N

for some sufficiently large N .

The generalization to the case d2 > 1 is straightforward. Let f = (f1, . . . , fd2). Since
∥ · ∥2 ≤

√
d2∥ · ∥∞, then

sup
θ∈B2(0,nα1 )

∥∥∥∥∥ 1n
n∑
i=1

f(uθ, Xi)−
∫
Ω

f(uθ, ·)dµ

∥∥∥∥∥
2

≤
√
d2 max

1≤j≤n
sup

θ∈B2(0,nα1 )

∥∥∥∥∥ 1n
n∑
i=1

fj(uθ, Xi)−
∫
Ω

fj(uθ, ·)dµ

∥∥∥∥∥
2
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