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Abstract

We consider the networks. The network is defined by a metric graph, G = {F,V}, and
state equations on the set of edges F with some compatibility conditions at the vertices.
There are applications of such models in transportation networks as well as for mechanical
structures of beams. The state equations for dynamic problems are the wave equations
on the graphs. The steady state equations are vectorial ordinary differential equations.
The control problems on networks are considered for the system of wave equations. The
optimum design problems for networks are considered for the steady state equations. The
so-called Turnpike Property is shown to hold for the control problems with infinite horizon,
which makes it possible to consider control and design bilevel optimization problems on
networks. The cost for optimum design is the optimal cost for control.

This dissertation focuses on the development and application of the Topological Deriva-
tive Method in shape and topology optimization of networks. The singular perturbation
of the tree graph is obtained, e.g., by nucleation of a small cycle. The size of the cycle
is determined by the shape optimization technique in singularly perturbed domains. The
small cycle changes the structure of the control system for the wave equation. That is
why the small cycle is the singular perturbation of the control system on networks.

The original contribution of the dissertation includes among others:

1) The proof of Turnpike Property for abstract wave equations and the network. The
results are obtained for the optimality system including the state equation, the adjoint
state equation, and the sufficient optimality conditions for the wave equation and the
steady state model.

2) The constructive form of topological derivative for complex networks including the
network of Timoshenko beams with the cost for optimum design defined by the control
problems with steady state equations.

3) The analysis of optimality conditions for nonlinear steady state equations in the
form of local Pontryagin’s maximum principle.

4) Numerical methods for solution of combined control and design problems on net-
works using Matlab with programs presented in Appendix.

Partial Differential Equations (PDEs) are considered on graphs, primarily of the tree
structure. The singular perturbation of the shape is defined by a nucleation of a small
cycle with the size € — 0. The cycle can be called a hole in the network. The location of
the hole in the graph can be determined by the topological derivative method.

Optimal Control Problems (OCPs) are considered in the networks. The state equations
defined on the graph are of evolution type, e.g., the wave equation for the networks. The
steady state of the network is governed by specific Elliptic Boundary Value Problems
(EBVPs).

Optimality conditions for optimal control problems arising in network modeling are
derived. For the nonlinear state equations, we confine ourselves to the steady state net-
work models. Therefore, we consider only control systems described by nonlinear ordinary
differential equations. First, we derive optimality conditions for the nonlinear problem
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for a single beam. These conditions are formulated in terms of the local Pontryagin max-
imum principle and the matrix Riccati equation. Then the optimality conditions for the
control problem for networks posed on an arbitrary planar graph are discussed. Two
simple numerical examples for the single-beam problem are considered.

The optimal control problems for linear state equations are introduced. The optimal
distributed control problems for the Timoshenko beams are considered on networks. We
employ the Steklov-Poincaré operator to convert the beam network model into a linear
system of equations and utilize domain decomposition methods to enable topological
changes. Specifically, the Timoshenko beams are known for their ability to model more
complex mechanical behavior compared to simpler beam models. We present a method
for computing such an optimality system and the topological derivative for tracking type
of cost functionals, thereby enabling effective control and optimization of Timoshenko
beam networks. Numerical examples validate our analytical results.

The optimal boundary control problems for the wave equation are considered on net-
works. Time interval (0,7") for T — +oo is fixed for the dynamic control problems. The
so-called turnpike property is shown for the state equation, the adjoint state equation
as well as the optimal cost. The shape and topology optimization is performed for the
network with the shape functional given by the optimality system of control problem.
The set of admissible shapes for the network is compact in finite dimensions, thus the use
of turnpike property is possible. The topology optimization is analyzed for an example of
nucleation of a small cycle at the internal node of network. The topological derivative of
the cost is introduced and evaluated in the framework of domain decomposition technique.
Numerical examples are provided.

We refer the reader to Lions’ book [53] for optimal control theory, to Lewinski et
al. [50] for optimum design methods, to Novotny et al. [63, 62, (4] for the topological
derivative method in optimum design.
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Chapter 1

Introduction

We consider optimal control problems and optimum design for networks. Such problems
arise for example in gas and water transportation pipelines with compressors. Another
important example could be the network of Timoshenko beams to model a bike. We are
interested primarily in the dynamic control problems which can be reduced to the static
control problems under appropriate conditions.

If we consider beams then we could have:

e Single load case and the elastic energy function;
e Multiply load case.

We use a more sophisticated model, where this cost for optimum design takes into
account a set of parameters which are called controls. Therefore, the multiply load case
is achieved by using the optimal control theory. The cost of design is determined by the
optimality system for the control of networks. A specific choice is to define the design
cost by the optimum value of control problem. For such a general shape functional we
can use shape derivatives and topological derivatives for numerical solutions of design
problems. This approach is new and efficient and combines the theory of optimal con-
trol of distributed parameters system with the modern technique of shape and topology
optimization. We use also the so-called Turnpike Property of dynamic control problems
with infinite horizons in order to use the steady state optimal problems for the numerical
solutions of dynamic control problems.

The literature on control and optimization includes various foundational works and
advancements. Lions’ seminal contribution [53] is important in fundamental principles
within optimal control theory. Furthermore, Leugering and Kogut’s book [37] uses an
optimality system of optimization, enriching our understanding of complex systems. In
shape optimization, Sokolowski and Zolésio’s book [¢8] is devoted to the shape sensitivity
analysis for unilateral problems describing such physical phenomena as contact problems
in elasticity, elasto-plastic torsion problems, and the obstacle problem. In topological
derivatives, the works by Sokolowski and Zochowski [37], Sokolowski and Lewinski [51],
and Sokolowski and Leugering [16] contribute significantly to understanding optimization
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2 CHAPTER 1. INTRODUCTION

in structural design. Asymptotic analysis in singularly perturbed geometrical domains
is needed. Moreover, Novotny’s books [63, 62, (4] recall the classical approach to shape
optimization problems and extend the analysis to some singular perturbations of the
reference domains for elliptic boundary value problems. The topological derivative can
be considered as the singular limit of the classical shape derivative. In our dissertation,
the optimal control theory is combined with the topological derivative method of shape
optimization.

1.1 Motivation

In engineering, the optimum design of mechanical structures under specific loads is a
popular task. To give a representative example, we refer e.g., to [31] for shape optimization
approach in optimum design of prosthetic feet. Common objective functions encompass
compliance, average stress, or structure volume [3], while the range of permissible shapes
may be constrained by design limitations.

Typically, the optimization of a structure’s design or, more broadly, a domain involves
an iterative process marked by incremental enhancements. Although shape optimiza-
tion methods are effective for various modifications, including topology-altering changes
like merging or splitting substructures, they are generally unsuitable for generating new
subdomains [33], such as introducing holes in a structure (See Fig. 1.1). The strategic
determination of where to create openings in the domain stands as a pivotal aspect of
topology design [9, 23].

T {J

Figure 1.1: Topology change by creation of a hole (continuum).

Contrary to the suggestive nature of the term, the term “holes” within this domain
does not necessarily denote emptiness. Depending on the context, these “holes” can
signify material inclusions or variations [0, 83], concealed objects within a medium [12],
or impediments influencing the flow of gases or liquids [15].

The utilization of topological derivatives extends to diverse scenarios, including opti-

mal compliance problems [52, 80], shape functionals within the realm of linear elasticity
[01, 62], as well as applications to semilinear elliptic systems [35], spectral problems [(1],
heat diffusion [62], and Helmholtz problems [30, 69].

Frequently, optimization methods integrate topological derivatives with level-set tech-
niques to address the limitation of the latter, which prohibits the generation of new
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subdomains [3, 1, 60, 92]. Overviews of the fields of use for topological gradients are
given by [12] and [62].

The utilization of topological derivatives within beam networks revolves around op-
timizing the objective functional through vertex splitting, thereby inducing changes in
the graph’s configuration [22, 15, 46]. This process entails initially removing the targeted
vertex and segments of its adjoining edges. In contrast to the situation in continuous do-
mains, where the boundaries of a hole formation are typically enclosed, the altered graph
lacks such a descriptive feature in relation to the void. Consequently, careful consideration
is essential to define the desired structure post-reconnection following this modification
(refer to Fig. 1.2). In Fig. 1.2, (a) is a Network, G is a star graph of the network, and
(G, is a graph in which the central node is replaced by a small cycle of size of ¢.

G

Py
(a) Network (b) Star (c) Star with cycle

Figure 1.2: Topology change by creation of a small cycle .

Indeed, the optimum design of arrays of significant trusses and frames, as well as
Michell Structures is studied in the monograph by Lewiniski et al.[50]. Michell poses the
query of safely and economically transmitting given loads to specified support zones with-
out a priori assumptions on bar layout. The request for volume minimization transforms
into maximizing virtual work, shifting the problem from trusses to optimal design of con-
tinuum bodies. Michell structures, optimal solutions to these problems, have inspired en-
gineers and designers across disciplines, extending into modern fields like mechatronics and
biotechnology in recent years. We refer the reader to [93, 19, 70, 1, 48, 47,85, 7,91, 16, 71]
for modeling and optimum design or/and topology optimization in structural mechanics.

1.2 Main Idea

We consider networks, which are described by partial differential equations (PDEs) on
metric graphs. The first problem to solve is the optimal control problem. We consider
the dynamic state equation, e.g., the wave equation. We perform shape and topology
optimization of a cost functional, i.e., the shape functional. we are interested in problems
with the turnpike property, which allows us to simplify numerical methods. In such a
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case, the dynamic problem could be simply replaced by a static problem, for which we
can use shape derivatives and topological derivatives for numerical solutions for the design
of networks.

We consider state equations for Timoshenko beams and some other models of elastic
structure for networks. We start with the description of shape optimization methods for
networks.

The boundary variations technique in shape optimization is applied to the minimiza-
tion of the functional

Q= J(Q), (1.1)

which means the mapping from the geometrical domain to the scalar cost functional. As
for applications, we will concentrate on equations of mathematical physics and mechanical
engineering. This implies that €2 is representative of a physical body and, as a mathe-
matical object, is the integration domain of a system of ordinary and more importantly
PDEs describing the physical process of interest. In such a case, a composed mapping is
considered. First

Q= y(Q) (1.2)

is the solution of the state equation in the spatial domain, then the value of the cost
function is given by y(€2) — I(y(€2)). Therefore, the composite mapping is given by

Q= y(Q) — I(y(Q)). (1.3)

With (1.1) we associate shape gradients and the shape Hessians with respect to changes in
Q2. The underlying state equations lead to corresponding material and shape derivatives
for (1.2). Finally, with (1.3) we associate a so-called adjoint state equation to simplify
the expression for the shape gradient of the composed mapping.

For regular perturbations of €2, we use boundary variation techniques such that we
restrict the analysis to the case of a family (2. with 7 — 0 and Qy = 2. This approach has
its origin in fluid mechanics. As a result, a function J(-), originally defined as a function
on domains is represented by a function of one variable in the vicinity of 7 = 07,

T J(Q). (1.4)

The case of singular domain perturbations is also investigated. By singular perturba-
tions, we mean the introduction and evolution of holes or cracks. If a hole B.(z) is present
in €., we consider a small parameter ¢ — 0*and the shape functional being parametrized
by

e J(Q).
In such a case, an asymptotic analysis of the state equation is performed and the following

formula is justified

J () = J() + f(e) Zalx) + o(f(e)),

with the function

r — To(x)
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denoted as the topological derivative of J(2) at z € ).

Two methods of shape sensitivity analysis can be used for shape and topology op-
timization. The first method is the so-called wvelocity method originated from the fluid
mechanics [38]. The second is the so-called topological derivative method which is based
on the singular perturbations of the geometrical domains [(4]. The first method replaces
the mapping defined on the sets Q@ — y(z) := y(;z) by the mapping defined on the
interval (—79,7) 2 7 — y-(z) := y(2,;2). Let us note that the function x — y,(x)
is defined on the set €2, only. The second method uses the approximation of the solu-
tion y (z — ;) in the domain with the small hole ¢ — Q. := Q\w. by the solution
r — y(2; z) in the intact domain €. The second method will be considered in particular
for graphs in this dissertation.

1.3 Optimal Control Problems Governed by PDEs

In optimal control problems, we have a state equation and a tracking cost functional
to be minimized. First, we derive the optimality system, which usually contains state
equations, adjoint state equations, and optimality conditions. In the case of linear state
equations, the associated optimality system admits a unique optimal control. In the case
of nonlinear state equations, the solution of the optimality system is not unique. In the
case of static problems of ODEs, Pontryagin’s Maximum Principle is considered.

For the optimal value of cost, the shape and topological optimization of the network
is studied. To this end, the shape and topological derivatives are introduced. We perform
the design concerning the length of the edges. The topological derivatives are computed
with respect to the nucleation of the small cycles.

1.4 Modeling, Control, and Design of Networks

The network structure is defined by a graph G = (V| E), where V represents the set
of nodes, E is the set of edges, and n, := #V, n. := #FE. In the context of planar
graphs, it is crucial to distinguish between one-dimensional “out-of-plane” evolution and
two-dimensional “in-plane” evolution. This distinction necessitates the consideration of a
function y(x), which can be scalar, two-dimensional, or three-dimensional. In the latter
two cases, local coordinate systems (el])il1 ’ZE ,d € {2,3} are required. For instance, in
the 2D case, the expression for y on edge El takes the form:

yi(z) = yu(@)e; + yoi(2)ey,
where e; denotes the local unit vector in the direction of the edge. So yi; describes the
longitudinal part of the displacement, while y; gives the lateral one.

In a network, we distinguish between single and multiple nodes. Multiple nodes inside
the graph are called vy, € V)y C V, while single nodes are 0V = V\V),. They differ in
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their boundary conditions. Dirichlet (clamped) nodes are permitted
vp € Vp :={v; € OV | v; is jammed } C V,
Neumann (free) nodes
vy € Vy :={v; € OV | vj is free } C V,
and controlled nodes
ve € Vo = {v; € OV | v; is controlled } C V.

We have V = Vp UV UV U V). Further, we define the index set €; as the set of indices
for all edges adjacent to the node vy, and d; as the degree of the node v;. So it is

Vi ={veV|dwv)>1}.

Let L; denote the length of the edge 7 and ¢; ; the orientation of the outer normal vector
on the boundary (the nodes of the edge), i.e.,

—1 if the i-th edge starts at node vj,
€,; = § +1 if the i-th edge ends at node vj,

0 otherwise .

Figure 1.3 illustrates a single edge along with its local coordinate system. The coor-

dinate system is centered at the node v, with parameters ¢;; = —1 and ¢; 2 = 1 applied.
62‘2
. J—» €; o > °
& ' U1 (%)

Figure 1.3: The local coordinate system of an edge.

The geometrical set associated with the graph is denoted by €2. We consider a single
edge, a cross of three edges, and a cross with a small cycle of six edges. If the system
of PDEs is defined on the graph we can consider the shape sensitivity analysis of the
state equation with respect to the domain perturbations of €). Thus we have the shape
and material derivatives for regular perturbations and the topological derivatives for the
singular perturbations. On edges, there are given PDEs, with the solutions y; on E;. For
a single edge, the model of interest is a beam or wave equation.

1. Timoshenko Beams model (TB): A linear system of hyperbolic dynamic or elliptic
static equations;

2. Geometrically Exact Beams model (GEB): Nonlinear beam;
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3. Intrinsic Geometrically Exact Beams model (IGEB): A system of semilinear hyper-
bolic equations (weak formulation is used for approximation in space, then ODEs
are solved);

4. Scalar wave equations.

In the vertices, there are two sorts of continuity conditions, the continuity for solutions
and for fluxes which are the Kirchhoff conditions. They are also called transmission
conditions. We consider the boundary optimal control problems for the second-order
hyperbolic problems (wave equations) and distributed optimal control for the TB and
static IGEB. The optimal value of the cost for control problems is subject to design with
respect to the geometry

Q—=G=(E,V)—y— JQ).

We evaluate the shape and the topological derivatives of the shape functional
Q— J(Q).

The singular perturbation of the geometrical domain 2 means e.g. the nucleation of a
small cycle of the size ¢ — 0.

Remark In section 2.3.2 of [39] we have the Timoshenko beam model derived directly from
GEB. We need the steady state models of beams (the models without time derivatives):

- from geometrically exact beams;

- from Timoshenko beams.

This way we could define two optimum design problems for steady state models:
- nonlinear beam or networks of beams by IGEB modeling;
- linear beam or networks of beams by Timoshenko modeling.

The solution of optimization problems will be tested if possible for time-dependent models
of beams or networks.

The shape functional may be given by the optimal value of the cost for OCP in the
case of a specific state equation. In such a case there are two techniques for solving the
optimum design problems. The first strategy is Pontryagin’s Maximum Principle for the
total optimization problem i.e., control and design together. The second possibility is
decomposition into the control problem at the lower level and the design problem at the
upper level. In such a case, a unique optimal control is determined by an optimality
system. In particular, the solution of an optimality system becomes simple in some cases
with quadratic cost and without control and state constraints.
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1.5 Principal Notations

Q a bounded open domain in R

u control

Y the state of the system
SO(3) {S eR¥® . det(S)=1,8"= ST}
C*(Q) space of k-times continuously differentiable functions on €, k integer > 0
2(9Q) space of infinitely differentiable functions in €2, with compact support in 2,

endowed with the inductive limit topology of Schwartz

7'(Q) dual space of Z(f2), space of distributions on 2

L*(Q) space (equivalence class) of functions square integrable on {2
H™(Q) (Sobolev space of order m) space of functions ¢ such that

0
o € L3(Q), a—“’ € L*(Q),..., D € L}Q) Va, |a| <m
€
Hg"($2) {oleeH"(Q),Dp=0o0nT,[af <m—1}
wU a Hilbert space on R

Upa ( set of admissible controls) a closed, convex subset of %
u is the skew-symmetric matrix defined by
0 —Us U9
U= Us 0 —uy | for any u = (uq,us, ug)' € R?
— U9 Ui 0

1.6 Outline and Main Results

We now give a brief description of the contents of the various chapters.

In Chapter 2, we present a list of models under consideration, including the Geomet-
rically Exact Beams model and the Timoshenko Beams model, among others. Then, we
study a detailed analysis of the characteristics of these models and their applications.

In Chapter 3, our analysis of the optimality conditions is performed for the nonlin-
ear steady state models. Such an analysis can be useful for the real systems governed
by the networks of Nonlinear Partial Differential Equations. The practical examples for
our framework include e.g., the Gas and Hydrogen Distribution (GHD) Networks [25],
[27], and the Geometrically Exact Beams (GEB) Networks which lead to the Intrinsic
Geometrically Exact Beams (IGEB) network models [11], [77]. The GHD Networks are
modeled by quasilinear hyperbolic systems. The IGEB Networks are governed by semi-
linear hyperbolic systems under some assumptions on the transformation of GEB models.
The steady state equations for two types of networks are given by ODEs.

In Chapter 4, we present the optimality system for both static and evolution opti-
mization problems. We introduce the network model and provide the exact solution for
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both the 1D and 3D Timoshenko Beams models. Additionally, we employ the domain
decomposition method to facilitate topology changes. Furthermore, we present numerical
examples for both models to demonstrate their effectiveness and applicability in practical
situations.

In Chapter 5, we consider two optimal control problems. The first problem, termed as
optimal control for evolution wave problem (OCE), is governed by an evolution equation.
In order to define the second problem, denoted as optimal control for static problem
(OC'S), the evolution state equation is reduced to the steady state equation. The optimal
controls are given by the appropriate optimality systems, see [53]. In order to justify
the approximation of (OCE) by (OCS), we study the turnpike property of the couple
(OCE)-(OCS). For recent reviews on the turnpike property in optimal control, see [24]
and the references therein. Several forms of the turnpike phenomenon have been studied in
detail, for example, the exponential turnpike property (see [90]) and the interval turnpike
property, see [21]. Numerical issues and the turnpike phenomenon in optimal shape design
with parabolic PDEs have been studied in [11].

Numerical results are presented in Chapter 3,4,5. All programs in Matlab are in the
Appendix A. The numerical results confirm the theoretical results of the dissertation.
The results of the dissertation are published in Control and Cybernetics (2024), a paper
is submitted to the Journal of Geometric Analysis and the third paper is in preparation.
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CHAPTER 1.

INTRODUCTION



Chapter 2

Modeling of Beams

The first part of this dissertation is dedicated to deriving suitable descriptions of thin
structures. These thin structures are commonly modeled as one-dimensional continua,
i.e., the objects themselves and associated quantities are parameterized by only one spatial
variable. All the models here are defined on a single edge.

2.1 Nonlinear Beams

The networks of elastic beams are of primal importance for applications we have in mind.
Thus, we describe in detail the nonlinear models of beams that lead to semilinear state
equations for static and evolution problems. The optimal steady state can be determined
by solving the control problem for the static model. The practical examples for our
framework include e.g., the Geometrically Fzact Beams (GEB) networks which lead to
the Intrinsic Geometrically Exact Beams (IGEB) network models [14], [77]. The IGEB
networks are governed by semilinear hyperbolic systems under some assumptions on the
transformation of GEB models. The steady state equations for two kinds of networks are
given by ODEs. For convenience, we omit the index of edges.

2.1.1 Geometrically Exact Beams Model

The mathematical framework describing geometrically exact beams focuses on the position
of the beam’s centerline and the orientation of its cross sections with a fixed coordinate
system. In the GEB context, the system state is denoted as (p,R). This state includes
the position of the centerline, denoted as p(z,t) € R?, and the orientation of the cross
sections, represented by the columns {b’ }3:1 of the rotation matrix R(z,t) € SO(3). For
visual reference, we could refer to Fig. 2.1. The figure illustrates three pivotal states of
a deformable beam: the unchanged reference beam; the initial beam characterized by a
curvature described as T. = vec (RT L R), where R = [b', b?, b*]; and the beam at time
t, represented by the state variables p and R = [b!, b? b3], where the operator vec is

basically the inverse operation of the operator (-), that is vec(a) = u.

11
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Before deformation

\ ‘\
$2 . .

0, €1 j{?

Figure 2.1: The straight reference beam (bottom), the beam before deformation (upper
left), and the beam at time ¢ (upper right).

For a beam with a length L > 0 positioned within the domain (0, L) x (0,7"), the
governing system is defined as follows:

Lo 1105 R = [ o 1115 R]+ (8] e

given external forces and moments ¢(z,t), 1 (z,t) € R3, the mass matrix M(z) € S&_ (the
set of positive definite symmetric matrices), the flexibility (or compliance) matrix C(z) €
S% ., and the curvature before deformation Y.(z), and where y,, z depend on (p,R) :

_ RTOp _ RT0,p—e _ e
Yo = [ vec (RT&R) } » 57 [ vec (RTaxR) -7, |’ z=C"s (22)

and y,(z,t) € RS represents linear and angular velocities, and z(x,t) € R® represents
internal forces and moment.

2.1.2 Intrinsic Geometrically Exact Beams Model

Consider the Intrinsic Geometrically Exact Beams (IGEB) model for a single beam. The
governing semilinear system consists of twelve equations. The state variable is denoted as

I
=[]
expressed on a moving basis. That is, GEB model (2.1) and IGEB model (2.3) are related
by the nonlinear transformation. We use y/, 2/, ¢!, and 2! to denote the first and last

three components of 3, and z respectively. The notation ®(z,t) and ¥(z,t) € R? is
employed for external forces and moments expressed in the moving basis. Within the
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domain (0, L) x (0,7"), the governing system of IGEB reads:

P
M 0 0 I B My, U
|: 0 C } aty_ []IG 0 } a:z:y_Ay - —B(yv,Z) |: CZ :| + 0 ) (23)
0
where _ _
0 0 Y. O y, 0 0 2
~ 7 P R
A= | 9 0 e Yol gy | W 22 (2.4)
Y. ¢ 0 O 0 0 y yl
0 T. 0 0 00 0 y

and Ig is the identity matrix with the size 6 x 6. The system (2.3) is semilinear because
of the presence on the right-hand side of the quadratic terms

0.2) = Blw2) [ T |.

We introduce the matrix E(x) € R%%5 which contains information about curvature and
twist at rest, and the matrix Q7 (z) € S12_, defined by

) QP = dlag(M,C)

We present in a simple example, that of a single beam clamped at x = 0 and controlled
via velocity free at x = L. The IGEB system with boundary conditions reads

Oy + A(x)0py + B(x)y = g(z,y) in (0,L) x (0,T)

v(0,t) =0 for t € (0,7) (2.5)
z(l,t) =0 for t € (0,7)
y(z,0) = 3°(x) for z € (0, L)

where the coefficients A, B and the source § depend on M, C and R, and y°(z) is the
initial velocity. The governing system is derived by left-multiplying Eq. (2.3) by the
inverse of QF. Specifically, the functions A(x) and B(x) are defined over the interval
[0, L] and map to R12*12,

_ 110 I _ 1] 0 —-E
e I A B GO R el 20
The function g : [0, L] x R? — R!? is defined by

glz,u) = Q% (x) ' G(w)Q” (x)u



14 CHAPTER 2. MODELING OF BEAMS

for all z € [0, L] and u = (uy ,ug , ug, uI)T € R'? with each u; € R?, where the map G is
defined by

u, 0 0 s

Uy Uy U3 Uy

0 0 u

0 0 0 u

For the static problem, the nonlinear transformation results in y, = 0. Denote L(z) :=

G(u) = -

0 f
[ ~ il ] and we have a steady state system:
2zl oz

-0,z =E(z)z — L(2)Cz + f(z)e;, in (0,L)
z(L) = 0.

where 0, = 8%, f(x) is the distributed control and e; = (1,0,0,0,0,0)" € RS.

2.2 Timoshenko Beams

The Timoshenko beam theory allows for cross-sections that are not perpendicular to the
center line of the beam, and is more suitable for short or anisotropic beams. It is also well-
suited for problems with vibrating beams [34, 55]. More information about the modeling
of Timoshenko beams can for example be found in [39, 410].

2.2.1 Notation and Parameters
One can prove the following representation for E;, the so-called Rodrigues formula

E; = Ei(¢p) = cos ¢l + sin ¢e; + (1 — cos ¢)eze;

$i=per | sin ¢ ~ 1—cos¢~2‘ (2.8)
+ 5 ¢+ o Lo}

For dynamic, cross sections’ orientation by the columns {b’ }j.’:l of E;(z,t) € SO(3). The
displacements in the z-, y-, and z-directions are denoted by 7 ;, r,,;, and r, ;, respectively.
These quantities are integrated into the displacement vector for steady state

7nz<x) = Ez(¢) (Tx7i($)v Ty7i($)7 rz,i(x))T
as well as for dynamic model
ri(z,t) = Ei((t)) (r:(z,t),ryi(x,t), rs(, t))T .

Similarly, the rotations in the -, y-, and z- directions are represented by ¢, ;, ¢, and
¢, respectively, and combined into the rotation vector for steady state

pi2) = Ei(@) (02i(), ya(2), paal@))
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as well as for dynamic problem

@i($7 t) = El(‘ﬁ(t)) (@x,i(ia t)v Soy,i(xv t)v @z,i(ia t))T :

External loads, including distributed forces acting along the beam, are assumed to be
piecewise continuous and can be summarized for steady state into the function

fi € PC(0, L), fi(x) :=Ei(@) (fuilz), Jyi(), fz,i(x))—ra

as well as for dynamic problems
Jo € L' (PC(0, L) (0,T))°, filat) = B () (ol ), fys( ), fular, D)
Similarly, distributed moments are combined for steady state into the vector function
m; € PC(0,L;)°, mi(x) := Ei(@) (mai(w), myi(x), m=(x)) ",
as well as for dynamic model
m; € L' (PC (0, L;); (0, 1)), my(x,t) := Ei(p(t)) (mai(z, 1), myi(z,t), m,(x, 1) .

The combined displacement and rotation of a Timoshenko beam can be represented for
steady state by six-dimensional vector functions as follows:

wilz) = ( ri(z) ) and  gi(x) ::( filx) )

i) m; ()

For the dynamic model, we use the notation:

we = (G00) o weo=(000)

These vector functions will be extensively used in the subsequent sections of this study.
The notation and parameters employed in the model are presented 2.1. The coefficients
kE, ki, cf, ¢!, and ¢f are the stiffness and damping coefficients in the i-th edge, which
are beam-specific and depend on the material properties and geometry of the beam. The
internal forces F*, FY, F? : [0, L;] — R? of a Timoshenko beam are given by

Fi(x) = ki, ,(z),
FY(z) =k} (ry:(2) — ¢24(2)) |
Fi(z) =k (. ,(2) + ¢ya(x)

as well as for dynamic problems,

FF(z,t) := k:fr;i(.r,t),

Ey(‘r’ t) = kf (T;,i<m7t) - sz,i(xa t)) )
Fiz(x7 t) = kf (T’;’i(l’,t) + ‘Py,i(xvt)) )
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Table 2.1: Physical parameters of the Timoshenko beam model

Parameter Physical significance Parameter Physical significance

K; shear coeflicient kT = E;A,; axial stiffness

G;(N/m?) shear modulus k? = k;G;A; shear stiffness

A;(m?) cross-section area c; = Giﬁ torsional stiffness

E;(N/m?) elastic modulus & =ElI bending stiffnesses

L (m%) torsion constant (w.r.t. the y-axis)

I/ (m?) second moments of area ¢ = E;I bending stiffnesses
(w.r.t. the y-axis) (w.r.t. the z-axis)

I (m?) second moments of area  p;(kg/m?) mass per unit length

(w.r.t. the z-axis)

and the internal moments M, MY, M7 : [0, L;] — R3 by

M () == ¢ i(x),

1

M (x) == ¢l gy (o),

7

M () = ¢l (),

1

as well as for dynamic problems

~

)
)7
).

These functions can also be represented in global coordinates as:

M (x,t) := ¢, (x,
Mf(]}?t) = Cf@;vi(l’,

M'x(x7 t) = Cfgp‘{p,i(a”v

SRS

Fi(z) : = Ei(@) (F} (2), F (2), F{ (2)) ",
Mi(z) : = Ei() (M (x), M} (x), M (2)) " .
For dynamic, we have
Fix,t) - = E@(t)) (F] (w,t), F (. 8), Ff (1))
Mi(xv t) - = El(d)(t)) (sz(xv t)v sz(xv t)? Mzz(xv t>>T :

These equations show the complex interrelation between internal forces and moments,
providing insightful information about the behavior of Timoshenko beam structures.

2.2.2 Dynamic Modeling of Timoshenko Beams

We use the notation dyr := 7 and 0,,r := r”. The PDE dynamic equations of the
Timoshenko beam model in 3D in local coordinates are described in the following forms
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pilitei(@,t) = kvl (x,t) + foi(z,t), (2.9a)
pilipei(w, t) = il (@, ) + ma (2, 1), (2.9D)
pilkiity (e, t) = k7 (ry (2, 1) — oL y(2, 1)) + fra(z. 1), (2.9¢)
pil\ii, (2, t) = kS (r;’i(a:,t) + gogm-(x,t)) + foi(z, 1), (2.9d)
0By, 1) = () — K (7 0) + il ) + el t) (29
piffgbm(a:, t) = cfgo’;i(x, t) + k] (r;,i(x, t) — @iz, t)) +mi(x, ). (2.9f)

We also call this the full model. This system comprises six equations that govern
the displacements and rotations of the beam. The first two equations relate to the dis-
placements along the x-axis and rotations about the z-axis, respectively. The next two
equations are concerned with the forces acting along the y and z axes, respectively. And
the final two relate to the moments.

When there is no initial shear and either the initial twist is zero or the second moments
of area coincide, the simplified diagonal uncoupled constitutive laws are employed. This
is expressed as:

k0 0 &0 0
CN = 0 kf 0 , CM = 0 C? 0
0 0 Kt 0 0 ¢

The material inertia matrix is defined as follows:

=t

I.

~

0 0
Cir=(0T o
0 0 I

T
The Eq. (2.9) in global coordinates can be written as

szzrz(xa t) = CN(Té/(x? t) + él190;(x> t)) + Fl(x7 t)’

2.10
0iCris = Crrgr( ) + 6, O (@, 8) + e il 1) + Moy 1) o0

Beam models are employed to characterize thin deformable structures, implying that,
according to common understanding, their characteristic dimension is significantly greater
in one spatial direction than in the perpendicular plane. Using the geometrical attributes
of beams facilitates the establishment of a constrained motion, leading to the reduction
of the full three-dimensional unknowns to spatially one-dimensional quantities based on
specific assumptions. For example, we reduce the three-dimensional beam equations to
one-dimension in the following case with governing PDE holding for (z,t) € [0, L;] x [0, T

(See [50]):
piliisi(x,t) =k (rl (x,t) + &, (2, 1) + fra(z,t),

o (x.t) =" (x.1) — k(v (x.t (.t (.t (2.11)
Pi zSDyﬂ(J% ) ngoy,z(x7 ) 7 (TZ,Z(‘r? >+90y,1(x7 )) +myﬂ(‘r7 )
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There is no transformation from local coordinate to global. We only consider the r,; and
¢yi- The Timoshenko beams model of concern is shown in Fig. 2.2 and we call this the
reduced model. At the origin 0, the deflection and the rotational angle are zero for time
t, namely, 7, ,(0,t) = ¢,,(0,t) = 0.

Assumption 1 The axial deformation of the Timoshenko beam is not taken into
account in this model.

Soy,i (.T, t)
S

Figure 2.2: Displacement and bending of a single beam.

2.2.3 Static Modeling of Timoshenko Beams

In addition to the dynamic model, we extend our analysis to the static model, thereby
providing a comprehensive overall perspective on the behavior of the beam under varying
conditions. In 3D, the static Timoshenko beam equation system for a single beam in local
coordinate is represented in Eq. (2.12),

foi(@) + kg (x) =0, (2.12a)

Mai(2) + ¢ oy () =0, (2.12b)

fya@) + K (ry () — ¢ ;(2)) =0, (2.12¢)

feil@) + K (r () + &), ;(x) =0, (2.12d)

myi(x) + gy () — k(1 ,(2) + pya(x)) =0, (2.12€)
mei(x) + cigl () + & (ry:(2) = ¢zi(2)) =0 (2.12f)

Similarly, the static system in the global coordinate is given by,

Cn(ri(z, 1) + &, ¢;(x, 1)) + Fi(z,1) = 0,

~ 2.13
Crpi(z,t) + 6, Cn(ri(x, t) + €, pi(x, b)) + M;i(x,t) = 0. (2.13)
The reduced system is described in the following forms:
fzz(x) + k7 (ng(x) + 80;1(@) =0, (2.14)
myi(x) + oy (@) — k7 (r;(2) + ¢ya(@)) = 0. '
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This static model provides additional insights into the structural response of Timo-
shenko beams and complements the dynamic analysis by considering the beam’s behavior
under equilibrium conditions. The optimal control problem is formulated based on this
static model, thus highlighting its significance in guiding optimization strategies for the
Timoshenko beams systems.
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Chapter 3

Necessary and Sufficient Optimality
Conditions for the Nonlinear Model

Networks are governed by state equations on metric graphs. Evaluation state equations are
of type wave equation, i.e., hyperbolic partial differential equations static state equations
are ordinary differential equations. We consider optimal control problems for evolution
state equations. In such a case, the so-called Turnpike Property occurs, therefore the
static state equation can be used for control and design of the network.

In this chapter, the optimization problems are considered for nonlinear steady state
ordinary differential equations. The results obtained can be applied to control and design
of networks with nonlinear evolution equations. The results are obtained in the framework
of the local Pontryagin maximum principle, see [(5].

The control and shape problems are considered within the same mathematical frame-
work for necessary and sufficient optimality conditions. For numerical methods, two
approaches are possible. The first is approximate then optimize. The second is optimized
and then approximate. Numerical results are obtained for the latter approach.

The results are published in [68].

3.1 Preliminaries

3.1.1 Formulation of the First-Order Necessary Optimality Con-
ditions for an Autonomous Problem on the Interval [0, 1]

Consider the following autonomous problem of optimal control:

J(a,w) = [ F(a(t), u(t))dt — min, } (3.1

#(t) = f(x(t), u(t)) Vt € [0,1], w(x(0), 2(1)) < 0, K (2(0),z(1)) = 0.

21
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Here z : [0,1] — R™ is a continuously differentiable function, u : [0,1] — R™ is a
continuous function, and & = dx/dt. Hence the problem is considered in the space

W= CY([0,1],R") x C([0,1],R™).

A local minimum in this space is called a weak local minimum. We call x the state variable
and u the control. All data F : R™™™ - R, f:R"™™ 5 R", £ : R> — RF, K : R — R®
are assumed to be continuously differentiable.

We say that w = (z,u) € W is an admissible point if it satisfies all the constraints of
the problem. For brevity we set £ = (z(0), z(1)).

Let us formulate first-order necessary optimality conditions for this problem. We
introduce the Hamiltonian (Pontryagin) function and the endpoint Lagrange function:

H(z,u,p,o0) = (p, [)(x,u) + aoF(z,u), L= ar(§)+ BK(S),

where p, a, B are row vectors of the same dimensions as the column vectors f, k, K,
n

respectively, g is a number. By definition, (p, f) = >_ p;f;, where p; and f; are the
i=1

components of the vectors p and f, respectively.

Denote by R"T the space of row vectors of dimension n.

By F, and F,, we denote the partial derivatives 0F'/0z and OF /Ou, respectively, consid-
ered as row vectors, i.e. F, € R"T F, € R™T. Similarly, f, := df/0z and f, := 0f/0u,
which are matrices of order n xn and nxm, respectively. Note that H, € R*T, H, € R™T
are row vectors, and H, = f € R" is a column vector.

We say that at an admissible point w® = (2% u°) € W the local minimum principle
(LMP) is satisfied if there exists a continuously differentiable function p : [0,1] — R"T,
a number agy, and row vectors a € R¥T 3 € R*T such that the following system of

optimality conditions holds:
(a) the nonnegativity conditions: oy > 0, o > 0,
(b) the nontriviality condition: «y + |a| + |8] > 0,

)
(c) the complementary slackness condition: ak(£°) = 0, where £ = (2°(0), 2°(1)),
(d) the adjoint equation: —p(t) = H,(w(t), p(t),an) YVt € [0,1],
e) the transversality conditions: (—p(0),p(1)) = L¢(£°, o, B),

)

(
(f) the stationarity of the Hamiltonian with respect to the control:
H,(w(t),p(t), ap) = 0Vt € [0, 1].
From the equation i = f(w”) and conditions (d) and (f) it follows
(g) the condition for the Hamiltonian to be constant: there exists a constant ¢y such
that H(w'(t), p(t), ap) = cyg Vit € [0, 1].
Indeed, < H(w'(t), p(t), ag) = Hy(w'(t), p(t), ag)i®(t) + Hy,(w®(t), p(t), ap)u(t)

)y dt p
+ p(t) Hp(uw'(1), p(t), a0) = —p(1)a°(t) + p(t)i°(t) = 0. O
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The following theorem is well known, see, for example, [2], [19], [29], [58], [73].
Theorem 1. If w® is a weak local minimum in problem (5.1), then it satisfies the LMP.

The case, when the cost Lagrange multiplier ay is not equal to zero (for any quadru-
ple (ap, o, 8, p(+)) satisfying the LMP conditions), is called normal. Let us formulate a
condition that guarantees the normal case for the point w®. Introduce a set of active
indices

I={ie{l,... k}: ri(£ =0}.
We say that the Mangasyan-Fromowitz constraint qualification (MFCQ) is satisfied for
the point w® = (2° u®) € W if there exists a pair (z,u) € W such that

Ri(E)E<0 Viel, K'(€6=0, ¢=(x(0),2(1), &= f(u)w,

where, for example, f'(w”)w = f,(w®)z + f,(w°)u. In this case, in the LMP conditions,
we can set g = 1.

3.1.2 Formulation of the Second-Order Sufficient Optimality Con-
ditions for an Autonomous Problem on the Interval [0, 1]

Consider again the autonomous problem (3.1). Now we suppose that all data F, f, k, K
are twice continuously differentiable.

Let us formulate sufficient second-order conditions for a weak local minimum at an
admissible point w® = (2°,u°) € W, satisfying necessary first-order conditions with the
adjoint variable p and Lagrange multipliers ag, o, 5. Define the critical cone at the point

w?:

C:={6w = (dz,0u) eW:  bi(t) = f'(w°(t))ow(t), K'(€°)d¢ =0,
KL(E)OE < 0,0 € 1, [} F'(w'(t))dw(t)dt <0},

where 6§ = (§2(0), 6x(1)). The equation §z = f'(w°)dw is called the equation in varia-
tions.

In the normal case, where oy = 1, the inequality fol F'(w°(t))dw(t)dt < 0 can be
excluded from the definition of the critical cone, but then we must add the equalities
a;k5(€°)0€ =0, i € I. Thus, in the normal case, we have

Ci={0w = (6z,0u) eW:  §i(t) = f'(w'(t))dw(t), K'(£2)8€ = 0,
KI(E)SE < 0,0 € I, aurl(€2)56 =0, i € I},

This is easy to prove using the LMP conditions. Later, in Section 3.2, where we consider
the normal case, we will use this critical cone representation.

Define the strengthened Legendre condition: there exists ¢, > 0 such that for all
t € [0,1] we have (H,,(w’(t),p(t),ao)u,u) > crlul* Yu € R™. Here H,, = 0*H/0u?
stands for the second partial derivative of H with respect to the control.
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Next, define a quadratic form:

20(0w) = (Lee(€", a, )€, 6) +/0 (Huw(w"(t), p(t), ao)dw(t), dw(t))dt.

Note that if k(£) and K () are affine functions, then L = ax + SK is also an affine
function of £, and therefore, L¢e = 0. In this case, the endpoint term (Lge(£°, v, 8)0€, 6€)
vanishes, and © reduces to the integral only.

The following theorem holds, see, for example, [67].

Theorem 2. Assume that for the point w°
(a) the strengthened Legendre condition is satisfied,

(b) there exists a constant ce > 0 such that ©(6w) > co(|0z(0)]* + ||6ul|3) Vow e C.

Then there are ¢ > 0 and e > 0 such that J(w)—J(w®) > c<||x—a?0||c2,o+f01 |u(t)—u0(t)|2dt>

0

for all admissible w = (x,u) such that |w — w°|| < &, and hence w° is a weak local

minimum tn the problem.

Remark 1. Since ©(—ow) = O(dw) for all w € W, condition (b) in this theorem is
equivalent to the condition ©(dw) > co(|0z(0)|*> + ||0ul|3) Vdw € 3, where ¥ = C U (=C).
In particular, let C = {dw € T, [(dw) < 0}, where T is a subspace, and [ is a linear
functional. Then, obviously, ¥ =T.

3.1.3 Matrix Riccati Equation

Now we consider a sufficient condition for positive definiteness of the quadratic form ©
on the subspace I'. Assume that I" has the form:

r= {5w = (8z,0u) €W : §i = fo(u)ox + fu(w®)du, E6E = o},

where £ is a constant matrix, 6§ = (dz(0),0x(1)). Let us show that the quadratic form
© could be transformed into a perfect square if the corresponding Riccati equation has
a solution Q(t) defined on [0, 1]. Assume that the strengthened Legendre condition is
satisfied. Define the Riccati matrix equation along (z°(t), u°(¢), p(t)) by

Q+Qfp + fIQ+ Heo — (Hpu + Qf)Hpl (Huo + £ Q) =0, t€[0,1], (3.2)

where Q = Q(t) is a symmetric matrix of order n whose elements belong to C*t, f, =
fo(w®), Hyp = Hpr(w°, p, o), ete., f,7 means the transposed matrix f,.

Theorem 3. Assume that the strengthened Legendre condition is satisfied and there exists
a symmetric solution Q (with the entries belonging to C') of the matriz Riccati equation



3.1. PRELIMINARIES 25

on [0,1]. Then the quadratic form © has the following transformation into a perfect square
on the subspace I':

20(5w) — / H 60, 60)dt + (MOE,6) Vow € T (3.3)
0

where v = (Hyp + fFQ)0x + Hy0u, H! is the inverse matriz of matriz Hy,, and

M = ( onxo + Q(O) Lﬂﬁol‘l ) )
Lxlzo Lxlxl - Q(l)

For the reader’s convenience, we give a proof of this theorem. We follow [67] (see also

[57])-
Proof. Let (0x,0u) € I'. Then

2(Qdi, o) 2(Q(fr0x + f,du),o0x)
(Qf: + [ @)z, 0z) + (Q fudu, éz) + (f,) Qdz, u).

Consequently,

%(an,m = (Qox,6z) + 2(Qdi, )

<Q5$,5I> +((Qfz + [ Q)ox,0z) + (Q fudu, dx) + (f,] Qdx, du)
(Q+Qf, + ] Q)ox,0) + (Qf,du,dz) + (f] Qdx, du).

Integrating over [0, 1], we get
(Q(1)dx(1), 62(1)) — (Q(0)0x(0), 62(0))
= I, ((Q+ Q.+ £7 Q). 62) + (Qfu0u. 62) + (] Qox.bu) ) dt.
Consequently,
Jy ({@+ Qs + ST Q)3w, 82) + (Qf.0u,62) + (£ Qox, 6u) ) dt
+(Q(0)602(0), 62(0)) — (Q(1)dx(1), 6x(1)) = 0.
Adding this zero form to the form 20(dw), we obtain

20(0w) = Jy ((Q+ QL.+ fTQ+ Hau)de, 62)
+(Q(0)0x(0), 6(0)) — (Q(1)dx(1), 6z (1)) + (Leeds, 6€).
Now let @ satisfy the Riccati equation (3.2). Then
200w) = Jy (((How + QP (How + 7 Q)02 02)

+{(Qfu + Hpw)ou, 0x) + ((f, Q + Huwdw, du) + (Hypdu, §u>>dt
+(Q(0)32(0), 62(0)) — (Q(1)dz(1), 6z (1)) + (LecdE, 6€).
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Since (H ., 0u, 6u) = ((Hyy) t Hyydu, Hydu) and (Q(0)0z(0), 6x(0))—(Q(1)dz(1), dz(1))+
(Leed€, 66) = (MO, 06), we obtain

20(0w) =y ({(How + QL) Hpl (oo + 7 Q)3 62)
-H@ﬁ+HMMj@+«ﬂ@+ﬂ@&ﬁm+«m@ﬂm&%mmmﬁt
(M€, 6¢).

Further,

(Hyu + Qfu) Hy (Hye + £,/ Q)02, 02) + ((Qfu + Hyu)du, o)
+{(f,]Q + Hywdz, 6u) + ((Hyw) P HyuOu, Hypou)
((Hyw) tov, 6v),

where 0v = (H,, + f,]Q)dz + H,,o6u. Consequently, 20(dw) = f;((Huu)’lév,év) dt +
(M€, 56). =

Assume that M is non-negative definite. Recall that H,, is positive definite, and then
(H..)™ ! is positive definite too. Hence ©(dw) > 0, Vdw = (dx, du) € T.

Suppose that ©(dw) = 0 for some dw = (dz,du) € I'. Then, given (3.3) both non-
negative terms f01<(Huu)_15U,5U> and (ME,0€) are equal zero. Condition

/1<(Huu)_15v, sv)dt = 0

implies dv = 0, i.e. (Hyy + f, Q)0x + Hydu = 0. Hence du = —(H,,) " (Hue + f,] Q).
It follows that dx is a solution to the homogeneous differential equation d& = f,(w)dz —
Ju(0)(Hy) " H(Hyo+f,] Q)dz. Let us now assume that the conditions £6¢ = 0, (M€, 6¢) =
0 imply that dz(0) = 0 or dz(1) = 0. Then dx = 0 and hence du = 0. Consequently,
O(6w) > 0 for all Jw € T"\ {0}. Since O is a Legendre form, its positiveness on the
subspace I' implies positive definiteness on I'. Thus we obtain the following result.

Theorem 4. Assume that the strengthened Legendre condition is satisfied and there exists
a symmetric solution Q (with the entries belonging to C') of the Riccati matriz equation
on [0,1] such that

(a) the matriz M is non-negative definite;

(b) for all & = (wg,z1) € R?*™ the conditions E€ = 0, (ME,€) = 0 imply that T =
0orx; =0.

Then the quadratic form © is positive definite on the subspace T.
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Other designations

Let I" has the form:

r— {5w — (6z,0u) : 0i(t) = A(t)dz(t) + B(t)du(t), E6¢ = o},

and

20(6w) = (NGE, 5§)+/0 ((R(t)ox(t), 0x(t)) + 2(S(t)du(t), 0x(t)) + (U(t)du(t), ou(t))) dt,

(3.4)
where £ and N are constant matrices, A(t), B(t), R(t), S(t), U(t) are matrices with
continuous entries. Assume that the matrices R(t) and U(t) are symmetric and, moreover,
the matrix U(t) is positive definite for all ¢ € [0, 1], and the constant symmetric matrix

N of the order 2n has the form
Noo Nou
N =
( Nip Nis ) '

where Ny, Noi, Nig, N11 are constant n X n matrices, Ny and Ny; are symmetric, and
Ny = NOTI. Previously, we had A = f,, B= f,, R= H,,, S = H,,, U = H,,. We can
prove similar results for the new quadratic form and subspace in the same way as before.
Now the Riccati equation and the matrix M are:

Q+QA+ATQ+R—(S+QBU(ST+BTQ)=0, (3.5)
[ Noo+Q(0) Noi
M= ( N Ny— Q1) ) | (3.6)

3.2 Statement of Control Problem for Single Beam

Consider the following optimal control problem. Let z(x) be a state variable, f(z) be
a control, where x € [0,1]. Here 2z = (21,...,2,)7 € R*, f € R, [ > 0. We assume
that z(z) is a continuously differentiable function and f(x) is a continuous function. The
control system has the form

dz(x
) _ sl raf@), rell K(E0).:0) =0 (3.7
where ¢ : R® — R" is a twice continuously differentiable function, e; = (1,0,...,0)T €

R", and K : R*" — R® is an affine function of its arguments (o := 2(0) and ¢; := z(I). Set
¢ = (o, (1) The cost that needs to be minimized is:

J:/O Flz, 2(x), f(z))dz. (3.8)
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where F(z,z, f) is a twice continuously differentiable function. In this problem, [ is not
fixed but satisfies the constraint

l € la,b], where 0<a<b. (3.9)

An arbitrary admissible process in this problem is defined by the triple (I, z(+), f(+)),
where z : [0,1] = R", f:]0,]] = R. We will consider a fixed admissible process

(loﬁzo(')7f0('))a (310)

where 2% and f9 are defined on [0, ).

Let us represent this problem as a problem on the interval [0, 1]. To do this, we use
the following change of the independent variable z. Let t € [0, 1] be a new independent
variable. We set

(t)y=1t, te]0,1].
Then Z : [0,1] — [0,1]. We treat Z(t) as a new state variable. We also treat [ = I(t) as
another state variable, constant on [0, 1]. Hence

T
T
di(t) di(t) B
— = ={(t t 1 = 0.
2l=0 S =i, relo) #0)=0
_ To any admissible process (I, z, f) in the original problem, we associate the process
(I,Z,Z, f) in the new problem by the formulas

(=1, zt)=1t, 2(t)==2&)==(t), f(t)=F@W)=/rfU) vtelo,1].
This is one-to-one correspondence. In what follows, we will continue to use the tilde for
variables in the interval [0, 1].

Thus, we obtain an autonomous problem with a new independent variable ¢ € [0, 1]:

%:) =0, di—f) =1i(t), telo1], (3.11)
dzi” — 16 (p((8) + e (1), teo,1], (3.12)
#(0) =0, K(3(0),5(1)) =0, (3.13)
“J(0)+a<0. I(0)—b<0, (3.14)
J= /01 1(t)F(z(t), 2(t), f(t))dt — min. (3.15)
We study the local minimum at the point
(I°(), 2%, 2°(), f°()), (3.16)

such that
P)y=10 ) =10t 2°0)=2"0%), ) =), telo1].

This point corresponds to the process (3.10) in the original problem (3.7)-(3.9). Clearly,
the minimum at (3.10) in problem (3.7)-(3.9) implies the minimum at (3.16) in problem
(3.11)-(3.15) and vice versa.
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Local Minimum Principle for Problem with One Beam

Denote by p*(t) the adjoint variable which corresponds to the equation for Z in the
new problem. We consider p* = (pf,...,p7;) as a row vector. We also introduce one-
dimensional adjoint variables 5°(t) and p'(t). The Hamiltonian and the endpoint Lagrange
function are:

Z 10507, 07, o) = zH‘PZl( ()+€1f)+0601F(5f'7 1)
(—1(0) + a) + ap(I(0) — b) + B,#(0) + BK(2(0), 2(1)).

Note that L is an affine function of the endpoint values 1(0), (0), 2(0), I(1), (1), (1)
of the states [, 7, and Z, since K is an affine function by assumption.

Let us write down the first-order necessary optimality conditions at the point (3.16)
in problem (3.11)-(3.15). The partial derivatives of H with respect to [, #, %, f have the
form

l,

'l mz

z,
Qg

¥
l

H; = 5° + *(0(2) + erf) + aoF (@, 2, f),
f{[g:ﬁ'z[@/(g) —|—CK0ZF5(.%,§, f~)7

H;j = pley + ool Fy(%, %, f).

(a) The nonnegativity conditions: ag >0, «a, >0, ap > 0.
(

)
b) The nontriviality condition: ag + o, + ap + || + | 5] > 0.
(¢) The complementary slackness conditions: a,(I°(0) — a) = 0, o, (1°(0) — b) = 0.
)

(d) The adjoint equations:

- dﬁdiw = 5°(t) + (1) (p(Z°(1)) + e fO1)) + aoF(2°(1), 2°(t), fO(t)),  (3.17)
_ dp(;(t) _ OéOZOFj(fi’O(Q, 20(75)’ ]E0<t)), (3,18)
- dﬁ;gt) = p* () (2°(t)) + aol’ Fx(2°(t), 2°(¢), fO(1)), t € [0, 1]. (3.19)

—p'(0) = —ay + ay, (1) =0,
—p"(0) = B, p*(1) =0,
—p*(0) = BK (2°(0), 2°(1)), p*(1) = BK; (2°(0),2°(1)),
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(f) The condition Hy = 0: p*(t)i%; + aol®F(3°(t), 2°(t), f°(t)) = 0. Since I > 0 and
p*(H)er = pi(t), we get
Bi(8) + ol Fp(°(t), 2°(t), f'(1) = 0, te[0,1].
(g) Finally, the condition H = const has the form: there exists a constant ¢z such that
BOF + 5 (0 (p(2°(0)) + erfO(1) + a0l F(2°(t), 2°(), [(t) = en VT € [0,1).

Denote the left hand side of this equality by H (t). Dividing this equality by I°, we obtain

BE() + 57 (1) (9(Z°(1) + e fO(1)) + aF(2°(1), 2°(1), fO(t)) = i—f vielo,1].

Integrating equation (3.17) over the interval [0, 1] and using the above condition, we get
7(0) — pi(1) = <. This and the transversality conditions —p'(0) = —ag + ap, p(1) =0
give

CH

- = Oy — Op.

[0
This relation means the following.

(1) If @ < I° < b then by the complementary slackness conditions (c) we have o, =
ap = 0 and therefore ¢y = 0.

(2) If I = a, then by (c) we have a, = 0 and, therefore, ¢ = a,l° > 0.
(3) If I = b, then by (c) we have a, = 0 and, therefore, ég = —a,l° < 0.

(4) Moreover, if ¢y > 0, then a, > 0, and, therefore, by (c) = q; if éy < 0, then
ap > 0, and, therefore, by (c) I° = b.

Note that the transversality condition p*(1) = 0 and adjoint equation (3.18) imply
1
7 (t) = aol’ / FG0(), Po(r)dr,  te 0,1, (3.20)
¢
Thus, we obtain the following result. If (3.16) is a local minimum in problem (3.11)-

(3.15), then there exist a number ay > 0, a row vector 3 € R*T, and a continuously such
that the following system of optimality conditions holds:

% =1(0(2°() + e f°1)), teo,1], K(3°(0),2°(1)) =0,
_d(ft = (O (1)) + ol Fx (2" () o), (), te o],
—57(0) = BE; (2°(0),2°(1)), 7 (1) = BK; (2°(0), 2°(1)),
(1) + aol"FR(°(2), 2°(t), f°(1)) = 0, te 0,1].
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These conditions imply the condition of the constancy of the Hamiltonian: there exists
a constant ¢y such that

PO + 5 OP (9(2(1) + e1 ) + aol F@ (1), 20, () = & ¥t € [0,1],

where p*(t) is defined by (3.20).

Moreover, the following is true. If a < [© < b, then ¢y = 0. If I° = a, then ¢y > 0; if
¢y > 0, then I = a. If [° = b, then ¢y < 0; if &y < 0, then I° = b. We now equivalently
represent this system on the interval [0,1°. Introduce a function p* : [0,1°] — R"T such
that p°(t) = p*(#°(t)) = p*(I°), that is p*(z) = p* (%), z € [0,1°]. Then & = 0,
Hence the adjoint equation for p* takes the form

_dp;;m) =p*(2)¢' (2°(2)) + o FL(2°(2), 2°(t), f°(t)), =z €[0,1°.

So, the obtained result has the following formulation on the interval [0,1°]. Below
we replace p* with p, and we also replace (1%, 2°(-), f(-)) with (I, z(-), f()) omitting the
superscript zero.

Theorem 5. If (I, 2(+), f(+)) is a local minimum in problem (3.7)-(3.9), then there exist
a number ag > 0, a row vector f € R*T, and a continuously differentiable function
p:[0,1] = R™T such that the following system of optimality conditions holds:

dZE:) =p(z(x)) +erf(x), x€l0,1], € ab], K(2(0),2(]) =0,
) ) (o) + 0Bl 2(a), f(@), 2 € (0.1
~p(0) = 3K, (2(0), (1),

(D) = B (:(0),2(0),

p(x) + aF(x, z(x), f(x)) =0, =z €]l0,l].

These conditions imply the condition of the constancy of the Hamiltonian: there exists a
constant cy such that

p*(@) + p(x)(p(2(2)) + e1f(2) + aoF (z, 2(2), f(x) = en Yz €[0,1],

where p*(z) = g f; F.(y,2(y), f(y))dy, « € [0,1]. Moreover, the following is true. If
a<l<b, thencyg =0. Ifl =a, thencyg > 0; if cg > 0, thenl = a. If | = b, then
cy <0;ifcyg <0, thenl =b.

Since p*(l) = 0 and ¢y = H(l), we get
et = p(P((0) + e/ 1)) + 0P (L, (D), £1).

This formula does not use the adjoint variable p*.
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In what follows, we consider the case of

1 * 1 *
where |z| = \/(z, 2) and z*(z) and f*(z) are twice continuously differentiable functions

defined on [0, b].

Second-Order Sufficient Conditions for Problem with One Beam

For problem (3.11) -(3.15) on [0, 1] with the function F' defined by formula (3.21), we
formulate sufficient second-order conditions for a weak local minimum at the point @w(-) =
(UC), 2(), 2(), f())-

Now suppose that the normal case holds for this point. Therefore, there are a row
vector 8 € R*T and a continuously differentiable function p : [0,1] — R™" such that
the necessary optimality conditions in Section 3.2 are satisfied with ag = 1. In problem
(3.11)-(3.15) on [0,1], by definition & = (I(0),£(0), 2(0);1(1), Z(1), 2(1)). Since L is an
affine function of &, we have f)éé = 0. Since ap = 1 we have

H(,#,2, f,7, 5% 07) = 5L+ l(p(2) + erf) +IF (2,2, f).

Recall that lflf = p*les + aol(f — f*(Z)). Consequently, ]:Iff — . Since [ =1>a >0, the
strengthened Legendre condition is satisfied. .
Let us write down the definition of the critical cone C. Equations in variations for the
system
dl dz -~ dz - .
FTRC I T L — =Up(z(t) + e f(1))

at the point w have the form

5l=0, o6x(t)=0l, 62(t)=1(¢(Z1)02(t) + erd f(t)) + (p(2(1) + e f(t))dl.

The endpoint conditions Z(0) = 0 and K (2(0), 2(1)) = 0 imply the following conditions
in the critical cone

55(0) =0, K'(C)6C =0,
)

£(0)
where ¢ = (2(0), 2(1)), 6¢ = (62(0), 62(1)).
Further, recall that

|Qz

lN = Qg — Q.
The initial conditions —I(0) 4+ a < 0 and [(0) — b < 0 imply:

oifa <<, Le., these constraints are not active, then ¢y = 0, and we have no
conditions on 01(0),
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o ifa= [ and, therefore, [ < b, then the following conditions are satisfied
31(0) >0, ¢xol(0) =0,

e if [ = b and, therefore, [ > a, then the following conditions are satisfied

51(0) < 0, &461(0) = 0.

Consequently,

= {5@ — (8,67,0%,61) : ol =0, 63(t) = oI, 67(0) = 0, K'(C)6C = 0, cxdl(0) =

0Z(t) = 1(#'(2(1))02(t) + exd f (1)) + (2(3( 1 f(t )
[=a = 6l(0)>0; [=b = 51( ) < o}

As stated in Remark 1, if © is positive definite on C, then it is positive definite on (—C).
Only one of the two condltlons [ = aorl=b could be realized. Therefore, the conditions
l=a = 61(0)>0; [=b = 6I(0) <0 in the definition of C can be ommitted.

More precisely, we can replace C with a subspace

S {5@ — (81,0%,02,6]): 8l =0, §i(t ) — 41, 593( ) =0, K'(C)6¢ = 0, &0l(0) = 0
= i(¢'( )+ ed () + (p(3(0) + en f()d }.

Note that if ¢ # 0, then in the definition of & we have (5l~(0) = 0,which gives 6] = 0, and
this means that 6 = 0. In this case,

- {5@ = (61,6%,02,6) : 81 =0, 6% =0, 65(t) = ' (2(£))2(t) + lerd f(t), K'(C)SC =0 }

Let us write down the quadratic form ©. Since ag = 1,

=
Il
3
B
+
i
Py
pS§
\l\g
+
A
4+
=
=
IS
Ny

Once again we emphasize that we consider z, Z, z* as column vectors, and p*, p?, H:
as row vectors. Therefore, (Z — 2* (:%))T(z*)'(i) =3, (G —21(@)(z) ().
The second-order partial derivatives have the form



34  CHAPTER 3. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS

Hiz = 1[(2) ()] 7 () (%) — (2 — 2"(%)) T (")" (%)
(Y@ = U = @) @), (3.22)
]:[;ié = ~;:«T;5 = _[[(Z*),@)]Ta
Hyp=Hy = —I(f*) (%),
H:: =Pl (3)T +11,
~zf~ = ff; =0,
Hip=1

Here I, is the identity matrix of size n and
~ NN T ~ %[~ N
(Z=2(@) ()'"(@) =) (52 @)(=)"(@)
Denoting w = (lN, 7,2, f), we get
(Huu(l, 2,2, f, 0, 57, 57)0w, 0w) = Hy(81)” + Hza(67)° + (H::02,02) + Hyp(0f)?
+2H}, 0% - 61 + 2Hy:0% - 1 + 2H;0 f - 0L + 2H;20% - 6% + 2H, ;0 f - 6% + 2H 0% - 6 f.
Using the above formulas, we obtain
= i([(z*)’(i“(t))]T(2*)’(56(75)) -
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Thus, we obtain the following result: if there exists a constant ¢ > 0 such that
O(6w) > o ((01)* + [82(0) + [|6f113) Vow € %,

then the quadruple (I(-),Z(-), 2(-), f(-)) is a weak local minimum in problem (3.11)-(3.15)
on [0, 1].

Now let us rewrite the obtained sufﬁcier}t second—grderf:ondition in terms of the in-
dependent variable = € [0,1]. Let dw = (dl,0%,02,0f) € ¥. Introduce dz(x) such that

52(2(1)) = 82(It) = 03(t), that is d2(z) = 55@). Then 85(t) = (52)((t))l, where

of(xr) =0 (%) 6x(x) = 0% (%) . Then the equation 62(t) = i((p’(é(t))&%(t) + 615]?(15)) +
(p(Z(t) + e f(t ))(5[ takes the form

(02)(z) = %= Define 61 such that 6 = 81, that is 6l = ? Similarly, we define

(62)'(z) = ¢ (2(2))d2(2) + e1d f(z) + (p(2(2)) + e1 f(x))dl
and the subspace 3 in the new variables reads as follows

= {5w = (0l,0x,02,6f): (81) =0, (0z)(z) = ol, dx(0) =0, K'(¢)d¢ =0, cyxdl(0) =0,
(02)'(z) = ¢'(2(2))02(2) + 10 f (x) + ((2(2)) + e f(2))dl }

where ¢ = (2(0), 2(1)), 6¢ = (02(0),6z(l)). Recall that éx and §l are one-dimensional,
0l = const and dx = xdl. Therefore,

— {5w = (81,82,62,6f) : (81) =0, da(z) =z - 61, K'(C)6¢ = 0, edl(0) =0,
(62)'(x) = ¢ (2(2))02(x) + 10 f(x) + (p(2(x)) + e1f(x))dl }

Let us rewrite the quadratic form © in the new Varlables Recall that [ = . If z = Z(t)

[t, then dz = Idt and Z(t) = z(x), f(t) = f(x), 6l = 10l, 6z(x) = 02(t), dx(x) = 6@(;
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df(z) = 0f(t). Therefore, we have

Z([(z*)'(f(t))]T(Z*)’(i'(t)) — (2(t) = 2"(&(1)) T (") (&(2))
+ () @@ = (f(t) — f*(if(t)))(f*)”(f(t))) (02 (t))*dt
= ([(Z*)’(@]T(Z*)’(x) = (2(2) = 2" () (") ()
() @) = (f(2) - f*(x))(f*)”(x))(5w($))2d:v,

|
\V]
VS
~—~
QN ~—
~
~
N—
|
N
~
8
—~
~
SN—
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—~
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—
—
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—~
~
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~
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~
—
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—~
~
SN—
SN—
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s
—
—~
=
—
~
S~—
N~—
N2
=g
ISR
—~
~
N—
(o9
<
o,
~

Consequently,

where

V(@) () (@) = (2(x) = (@) () ()

)
fl@) = f(@)(f)" (@) (0x(z))*
(),02(x)) + (3f ()"

p(2(2) )
+ f(w) = f*(2))df (x) - ol
—2[(z")(x)] T 6z(x) - 6x(z) — 2(f*) ()8 f(z) - dx(z) }da.

Below we replace p* with p, omitting the superscript z. Since 6/ € R is a constant,



3.2. STATEMENT OF CONTROL PROBLEM FOR SINGLE BEAM 37

0x = x - 0l, and 0 f is one-dimensional, we obtain

O(dw) 2(51)2/0 (Y @7 () (@) = (2(2) = 2" (2)) T (2%)" (x)
+() @) = (f(@) = f (@) ()" (x))2dx
+/0 <(p(x)g0”(z(a:)) +]n)5z(x),5z(x)>dx+/0 (6f(z))*dx

l
- 2(5l)2/0 (=) = 2" (@) " (=)' (@) + (f(2) = F@)(f) (2))wda

l - 3.23
+ 25[/0 (p(x)@’(z(fc)) + (z(a:) — z*(a;)) )(52(:c)da: (3.23)

281 [ (pa(o) + f12) = £ @) ()
DZ .
—25l/0 ((z")(z)) 6z(z)xdx

!
—251/0 (f) (z)of(z)xdz.

This quadratic form is independent of dz. We can exclude dx from the definition of > as
well. Therefore, the quadratic form © is considered on a subspace, which we still denote
by ¥ (we also keep the notation dw for the shorter collection (§l,6z,0f)):

= {6w = (81,82,0f) = (31) =0, cydl =0, K'(C)8¢ =0,
(02)'(x) = ¢/ (2(2))d2(2) + e1df(x) + (p(2(2)) + er f(x))dl }
Thus, we obtain the following result:

Theorem 6. Let an admissible triple (1, z(-), f(+)) satisfy the first order necessary opti-
mality conditions of Theorem 5 in problem (3.7)-(3.9) with the corresponding multipliers
ag =1,8,p(-). Suppose there exists a constant cg > 0 such that

O(ow) > c@<(5l)2 4 162(0)]? + ywng) Vow e 3.
Then the triple (1, 2(-), f(+)) is a weak local minimum in problem (3.7)-(3.9).

Matrix Riccati equation for One Beam: Case cy # 0

In this case, as we know, the condition cg > 0 implies [ = a, and the condition cg < 0
implies [ = b. Then in the definition of 3, we have dl = 0, so that we can put

Y= {5w = (62,6f) : (02)(2) = ¢ (2(2))02(x) + exd f(x), K'(C)6C =0 }
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Since 0l = 0, the quadratic form reduces to

@(5w)=/0 ((p(x)¢" (2(2)) + In) 52(%)75Z(x)>d93+/0(5f(1‘))2d93-

We study the question of the positive definiteness of © on ¥ in terms of the solution of
the matrix Riccati equation. Obviously, the strengthened Legendre condition is satisfied.

Comparing the differential equation in the definition of ¥ with the equation (§z) =
Adz+ B f (see end of section 3.1.3), we obtain

A=¢((2(x)), B=e =(1,0,...,0)".
Comparing © with (3.4), we get

R=p(x)¢"(z(x))+I1,, S=0, U=1.
Consequently,

Q1
(S+QBUM(ST+BTQ)=Qeie; Q= ... |(Qu ... Qu)
an

QHQH cee Qllan

— = [|QuiQull7;=1-
anQll anan

Thus, the Riccati equation (3.5) reduces to the following

%Q +QA+ATQ+R—Qere] Q=0, x<]0,l]. (3.24)

where

A= ¢((2(x)), R = p(z)¢"(2(x)) + In,
er = (1,0.... 7O>T7 QelelTQ = HQlinjHZj:l-

The matrix M has the form
QO) 0 >
M = )
(%4 _ou

To this Riccati equation, one can add the initial condition

where [, is the identity matrix of order n.
Similarly to Theorem 4 the following theorem holds.
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Theorem 7. Assume that the strengthened Legendre condition is satisfied, cg # 0, and
there exists a symmetric solution Q (with the entries belonging to C1) of the Riccati matriz
equation (3.24) on [0,1] such that

(a) the matriz M is non-negative definite;

(b) for all ¢ = (o, (1) € R*™ the conditions K'(¢)¢ = 0, (M(,¢) = 0 imply that {; =
0 or (1 =0.

Then the quadratic form © is positive definite on the subspace X.

Matrix Riccati equation for one beam: case cyg =0

In this more complicated case, we have

> = {5w = (81,82,0f): (81 =0, K'(C)dC =0,
(52)/(x) = & (2(2))82(x) + 18 () + (=) + 2 ()1}

Consider again the sufficient condition for the positive definiteness of the quadratic
form © on the subspace ¥. Now X is defined by a linear system of differential equations

{ (81 =0,
(02)" = (p((2(2)) + e f(2))0l + ' ((2(x))0z(x) + e1d f(x).
In the sequel, we denote

l ol

X:<l>: A e R 5X:(5l): 0% | gt
z 0z

Zn 0z,

[ ol
w:<)f(): z | e R™™2, 5w:<(§5)]§>: 6z | € R"2

f of

Let us represent the above system in matrix form (§X) = AdX + Bdf, where A is a
(n+1) x (n+ 1) matrix, B is a (n + 1) x 1 matrix such that

A:(wwwﬁwﬁm>¢&%»)’B:(2>’(5:@WWWGWT

It is convenient to present

4= ( 140zl 1(4)171 ) 7 where Azl - gO(Z(JJ)) + elf(x)v AZZ - (p/((z(:r)).
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Compare quadratic form (3.23) with the standard form (see (3.4)):
l
O (sw) = / <(R5X, 5X) +2(6X)TSof + U6 f)2)dt,
0

where R is the symmetric (n + 1) X (n + 1) matrix, S € R""! is the column vector, U is
the number. Let us find the matrix R. Denote

Ry Ry
R =
( Rzl Rzz ’
where Ry, Ri., R, = R, R.. = R} are matrices of orders 1 x 1, 1 x n, n x 1, n x n,
respectively. Then,

(R6X,6X) = Ry(61)* + 2R;.6261 + (R..0z,0%).
Using (3.23), we obtain
(ROX,0X) = | ([ @) () (@) = (2(2) = (@) T ()" (@)
FY @) = () = @)Y ()2
=2 ((2(2) = @) T)(@) + (@) = S @)Y (@) 2] - o1
+((p(@)e" ((2)) + L) 02(2), 82(x))
+2|(p(a)¢ (2(a

Consequently,

R.. = p(@)¢"(2(x)) + In, (3.26)
R. =R = (p(a)¢'(=(2)) + (2(2) — =*(2)) " = a((=")Y (@) "
Further, U = 1, and finally, S has the form

s (8 )

where S; = pi(x) + f(x) — f*(x) — x(f*)'(z). Recall that the Riccati equation has the
form

d%@ +QA+ATQ+R—(S+QBUYST+BTQ)=0, z<€]0,l],
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where
aw=(g & )w

where

Qzﬂ
Qll(l’) € R, Qzl<l’> = .. (.73) < Rn,
anl
Qu(r) = Q4 (1) = ( Qizy, - Qi ) (z) eR"T,
and

anzl e anzn
is n X n symmetric matrix. Since U = 1, we have

(S+QBYU(ST+BTQ)=(S+QB)(S+QB)".

Q21z1 QZ1Zn
sz<:c)( . U )(m)

Further,
Qu Qr 0 Q-1
B = = .
Q < Qzl sz ) ( €1 > ( szel >
Hence S 0 0 S
IS B 1 lzel):( 1261 + l)_
com= () (80 ) - (3L
Consequently,

(S —+ QB)(S -+ QB)T = ( legel ;Sl ) (leel -+ Sl, QIQZZ)

_ ( (Qrzer + 91)*(Qrzer + Si)ef Q- )
szel(leel + Sl) (szel)(e;—sz) .

Moreover,

QA — ( Qll le 0 07—{ — leAzl leAzz ATQ _ leAzl A;?sz

Qzl sz Azl Azz szAzl szAzz ’ A;Qzl A;I;sz .
Here Q. A.;, Qi.A.., Q..A., Q..A,, are matrices of order 1 x 1, 1 X n, n x 1, n X n,
respectively. Consequently,

2leAzl leAzz + ATsz
A T — zl )

Thus, according to (3.5), we obtain the matrix Riccati equation in the form
d [ Qu Q. n 2Q12 A4 QuzAz. + A} Q.. n Ry R

- (Quer +8)*  (Quer +S)e Q. ) _
( (@uer +S)@uer (Que)(efQe) ) =0 T
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where the blocks of the matrix R are determined by formulas (3.25)-(3.27). Further, the

matrix M has the form
Y ( Q) 0 )
0 -QU) )"

We set 5X(0)
08 = ( 5X (1) )
Then
(Md€,68) = (Q(0).X(0),0X(0)) — (Q(1X (1), X (1)),
where

5X(0) = ( 52%) > X (1) = ( 5%) ) (G1) =0, i, 6l = const.

The condition £6¢ = 0 in the definition of ¥ means K,,0z(0) + K,,dz(1) = 0, (81) = 0.
Consequently,

5Xy = 6X(0) = ( 52(5{0) ) GX, = 0X(l) = ( 55&) ) |

The following theorem holds.

Theorem 8. Assume that the strengthened Legendre condition is satisfied, cg = 0, and
there exists a symmetric solution Q (with the entries belonging to C1) of the Riccati matriz
equation (3.28) on [0,1] such that

(a) the matriz M is nonnegative definite;

(b) for all pairs of vectors in R

ol ol
5X0:(520)’ 5Xl:<5zl>

the conditions K, 0z + K., 6z, = 0, 6l € R, (Q(0)6Xy,6Xo) — (Q(1)0X;,6X;) = 0 imply
that 6 Xy = 0 or 0X; = 0. Then the quadratic form © is positive definite on the subspace 3.

3.3 Numerical Examples

In the following examples, we focus on a single edge to show the application of our
methods. In the first example, we construct a semilinear differential equation, specifying
the desired state and control parameters. Subsequently, we derive the optimal state and
control configurations through the optimality system.

For the second example, we consider the static IGEB model, with parameters detailed
in [11]. First, we semi-discretize in space the IGEB model by means of the finite ele-
ment method and using Py (quadratic) elements. For the nonlinear ODE, we use the
Newton-Raphson method.
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3.3.1 Example 1

Consider a steady state scenario involving a single edge, governed by a semilinear differ-
ential equation. The control system has the form

Z(@) = ¢(2(2) + f(z), =el0l], =2()=0,

where z is one dimensional and [ is not fixed. The beam’s behavior is described by the

function

o(z) =z — 22

Set
F=1, 2*2)=-2+x+2% f(2)=7—3z— 42> +22° + 2"

It is easy to check that the triple (I*, z*, f*(x)) defines an admissible process of a given
control system.
The cost functional is expressed as:

13
The parameter [ is constrained [ € [5, 5]

Obviously, (I*, z*, f*(x)) is the solution to this problem. But assume that this solution
is unknown and let us write down the necessary optimality conditions of Theorem 5.

Since fol(x — I*)dz = (I —1*)> — 5(I*)?, we can consider the equivalent problem of
minimizing the functional

l
J:/O F(z,2(x), f(x))dx
with F(z,z, f) = 5((z — 2*(2))* + (f = f*(2))?) + = = I".

Let the triple (I, z(- ), (+)) be a solution to this problem. Then, according to Theorem 5
there are numbers ag > 0, 8, and a continuously differentiable function p : [0,{] — R such
that

Z(x) = p(2(x) + f(z), 2(1)=0

—p'(z) = p(@)¢'(2(x)) + a F.(, 2(x), f(x)), «€[0,]]
p(0) =0, p(l) =5,

p(x) + aFy(x, 2(x), f(x)) =0, = €][0,].

If ap = 0, then p(z) = 0 and § = 0. Therefore, oy > 0, and we put ag = 1. Hence,
taking into account that go(z) =2-—22 0(2) =1-22, F.(x,2,f) = (z — 2*()), and
Fi(z,z, f) = f — f*(z), we get a system

Y(2) = 2(a) — 2(2) + f(2), =) =0,
—p/(2) = p(a)(1 - 22(x)) + 2 — 2*(x), p(0) =0 (3.29)
)+ f(x) = f(x) = 0.

=
g
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Theorem 5 gives one more necessary optimality condition for determining (I, z(+), f(+)).
Recall that we are considering [ close to [* = 1, which means a < [ < b with a = 0.5,
b= 1.5. As we know, in this case cgy = 0. Since o = 1, this condition looks like

cr = p"(x) +p(a) (p(2(2)) + f(2)) + Flz,2(2), f(2)) =0 Yz e[0,1],

where p®(x) = aof F.(y,z(y), f(y))dy, x € [0,1]. Considering that p®(I) = 0, z(I) = 0,
and —p(l) = f(1) — f*(I), we get

0= p0) (p(=(0)) + FD) + F(L =), £(1)
=p()(¢(0) + f(1)) + F(1,0, f(1))
= DS + 5 WP + 5 (FO) — FOP +1-1
= pU)F0) + 5 () + §<p<z>>2 b1
that is ) )
PO+ 5 D) + S0 +1-1=0. (3.30)

Conditions (3.29) and (3.30) constitute a complete system of necessary optimality con-
ditions for determining (I, z(-), f(-)). Obviously, the triple p(z) = 0, f(z) = f*(x),
z(x) = z*(x) is a solution to this system.

We will now show numerical results for this problem. We conducted the computa-
tion using the finite element method and the Newton method to handle the nonlinear
component. Here are the results. Fig. 3.1 illustrates the variation of the cost functional
with respect to the length parameter. It is observed that the cost functional attains its
minimum value at [ = 1 = [*, indicating the optimality of this length. This signifies that
the length [ = 1 is the optimal choice based on the minimization of the cost functional.

0.9

08 -
0.7 -
06 -

05F

J(H

04r

031

021

011

0.5 1
|

Figure 3.1: Cost with respect to [

In Fig. 3.2, we show the optimal control and state under the optimal length.
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Figure 3.2: Optimal control and optimal state

Then, we computed the L? norm error between the numerical solution and the ana-
lytical solution to assess the accuracy of the results:

ferr = ||f(x) — f*(2)|| = 1.6236e — 12, 2z = ||2(x) — 2% (2)|| = 4.5426e — 11.

3.3.2 Example 2

Consider the steady state for a single beam governed by the semilinear differential equation
(Eq. 2.7). We present results from numerical simulations. The cost functional is expressed
the same as before:

J= 5/0 ((z(z) = 2*())* + (f(2) — f*(z))*)dz + %(z — I*)* = min. (3.31)

The flexibility matrix is given by
C = diag (c1, 2, c3, €1, ¢5,¢6) | = diag (10*,10%,10%, 500, 500, 500)*1 .
In Eq. (3.7), setting f*(z) = —1, then the steady state values are zf = —z + 1,25 =
= 0.

0,...,28 For the IGEB model, the function
o(r) = —=E(x)r + L(r)Cr, (3.32)
and its derivative is given by
¢ (r) = —E(x) + (L(r)Cr) := —E(x) + G(r). (3.33)
Here,
; r 0 —2z3 2
(0 i 0;.5 0:.5 i zz 0 —021
B(z)=|-a--c---cd------- L) =[--m-mo oo 2o
8 8 —01 i (0 53 023 _Zzl i 206 026 —22’4
0 1 0 1 —Z9 2 0 =25 24 0
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The optimality system of equations can be written as

Z(x) = —E(z)z(x) + L(2)Cz(z) + e1 f (), z € 10,]
—p/(z) = —p(@)E(z) + p(2)G(2) + 2(z) — 2" (2), z € 0,1]

p(z)+ f(z)— f*=0.

The weak form of this system is given by:

(_/Ol<i_f,z> dx—z(O)w(O)—l—/ol (B, ) dx—/ol (CL(2)2, ) da
—l—/Olel(p,w>d:c:/0l61<f*7¢>dx>V¢€Vl

/Ol <j—z,p> dz — p(1)n(1) + /Ol (Ep,n) do — /Ol (G(pon) da

l l
_/ <Z,77>d£ll':—/ <Z*a77>d$, V77€V2,

0 0
(3.35)

Vi = { € H' (0,,R%) , (1) = 0},

and
Vy:={ne H" (0,;R%) ,7n(0) = 0}.

In numerical discretization, the interval [0, (] is discretized into N, points {z}}r*,, where
1 = 0 and zn, = (. Each subinterval w® := [x9._1, T9.11] fore € {1,2,..., N} constitutes
an element. These elements are defined by the points x9. 1, To., and x9.,1 and have a
uniform length h, = 29,11 — X2._1. It is important to note that N, = 2N, + 1.

We utilize Py (quadratic) elements to define function spaces Vi, and V3, as described
below:

Vip:={v € (0,1;R™) :
Vo= {77 e C? ([O,Z];RN6) i

we € (Py)™ foralle e {1,...,N.},v(1) = 0} 7

e € (P forall e € {1,...,N.},n(0) = O} :
The approximations for z;(x) and p;(x) are represented by the following expressions:
Ny Ny
g() =Y Zigwi(x), pix) = Pimjl),
=1 =1
where Z; ; denotes the value of z; at the P, basis function 1;, which value is 1 at node

x; and 0 at other nodes, and similarly for P, ;. In the discretized system, we define the
following matrices and vectors:

l [ l
A = /0 Wl Ay — /0 ()T, Aglz] = /0 T,
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l l l
Al:/ ', AQZ/ n(n')", Aslz] =/ 2’
0 0 0

where ¥ = (1,19, ,%n,)" and n = (1,72, -+ ,nn,) . The matrix form of system
(3.35) can be written as

~K.1Z — Moy Z + & MP =&, F,

_ . (3.36)
Ko — Mg P—MZ = —Z,
ie.,

K, &M Z Mer () Z\ _(&aF
( M K» ) ( P ) _( Mae )\ P ) \ -2 ) (337)

—Z

where &, = diag(Iy,, On,,On,,Op,,Op,, Oy, ). Oy, is the matrix of zeros. Furthermore,
the vectors Z and P are defined as:

T
Z = (Zl,lv"' 7Zl,Nz>"' 7Z6,1>"' 7Z67Nz> )

P = (P1717"' 7P17N17"' 7P6,17"' 7P6,NZ)T
Similarity,

~ R R ~ ~ T
Z = <Zl,17"' 7ZI,N;C7"' aZG,la"' aZG,Nx> )

A

N R T
j <F1 ,FNI,@NI,@NZ,@NI,@NI,@NJ

)

where 2” represents the value of z; at the basis function ¢; and FJ represents the value
of f* at the basis function ;.

The other matrices are defined by:

A2 AZ
Ay Ay
A A
Ks,l ? A2 ) Ks,2 = 2 AQ >
Al AQ _/_11 AQ
_Al A2 Al AQ
0 ceAs(2) —051213(,25) 0 —c5A3(z3) CGA§(22)
_(;6:’43(26) 9 C4A3(Z4) C4A§(Z3) 70 —CﬁAg(Z])
M _ C5A3(Z5) —C4A3(Z4) 0 B —C4A3(22) C5A3(2;1) 0 B
o= 0 (c3 —c2)A3(23) (c3 — c2)Az(za) 0 (c6 —c5)As(26) (6 —cs5)As(zs) |7
((31 — 03)43(23) 0 B (Cl — 03)143(21) (C4 — Cﬁ)Ag,(Zﬁ) 0 (C4 — Cﬁ)Ag(Z4)
(CQ — Cl)Ag(ZQ) (CQ - Cl)Ag(Zl) 0

(cs — 04)1213(»25) (c5 — 04);13(2’4) 0
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0 0 0 0 —C5A3(Z3> C6A3(22)
0 0 0 C4A3(2’3) 0 —C6A3(21)
M. . 0 0 0 —C4A3(ZQ> C5A3(21> 0
CL(z) = 0 —62A3(Z3) 63A3(22) 0 —C5A3(26) C6A3(Z5)
ClAg(Z’g) 0 —CgAg(Zl) C4A3<2’6) 0 66A3(254)
—01A3<22) CQAg(Zl) 0 —C4A3(Z5) C5A3(Z4) 0

M = diag(Al,Al,Al,Al,Al,Al).

Denote

| K é; M [ Mcy) ([ Z [ er
A_(_M K&Z),NL(z)—( e ) W= (F)F=(5).

So Eq. (3.37) becomes:
AW — Ny ()W =F, (3.38)

where N (z) represents the nonlinear component. The iterative process is governed by
the equation:

AWt _ Ny (Grhp it — (3.39)
where the superscript [n] denotes the n-th iteration. With an auxiliary function S,:
Sn(¢) = AC = Np (") — F, (3.40)

equation (3.38) becomes S, (W+1) = 0. To find an approximate solution to S,(¢) = 0,
we employ the Newton-Raphson method, i.e., find ¢ such that S,(¢) = 0, by means of
the scheme:

Guer = Go = (Jac S, (Ga)) ™ S (Ga) - (3.41)
where Jac S,, = A — Ny (z[").
For our problem, the initial data is set to zero. The following Algorithm 1 outlines
the steps taken to approximate the solution to Eq. (3.35).

Algorithm 1: Solve the obtained ODE for W
Set C, f*, z* ;
Given initial guesses 2° ;
while convergence do

‘ Co1 = Gu — (Jac S, (Cn))_l Sn (Cn) 5

end

W = Cn+1

The results of this iterative scheme are visually presented in Fig. 3.3. These figures
demonstrate that the optimal state and control closely approach z* and f* respectively
when [ = [*.

Furthermore, Fig. 3.4 illustrates that the cost is convex with respect to the length

of the beam with the unique minimizer. The optimal design corresponds to the length
l=1"=1.




3.3. NUMERICAL EXAMPLES

1 1
3" os I o
0 -1
o 02 04 06 08 1 o 02 04 06 08 1
z z
1 1
&7 o 7o
A -1
0o 02 04 06 08 1 0o 02 04 06 08 1
z z
1 1
g7 o £ o
Bl -1
0o 02 04 06 08 1 0 02 04 06 08 1
z x
-0.
-0.9999999999999
-0.99999999999995 -
o~ 1

-1.00000000000005 -

-1.0000000000001 -

-1.00000000000015 - - - - L L L L L
0 0.1 0.2 03 04 05 06 07 08 0.9 1
x

Figure 3.3: Optimal state z(top) and optimal force f(bottom) (I = 1*)

Figure 3.4: Cost with respect to [
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Chapter 4

Static Optimization for Timoshenko
Beams

We start with the static model for Timoshenko beams. The optimal control problem is
solved by using the optimality system. The cost for optimal design of networks is defined
as the optimal cost for control problems.

4.1 Introduction

In this chapter, we investigate an optimal control problem with Timoshenko beams as
an underlying physical model [66]. Optimal control is - roughly speaking - concerned
with minimizing a certain cost functional that includes a partial differential equation as a
constraint or as a design-to-state mapping where the state might be part of the arguments
of the cost functional [13]. Optimum design problems Timoshenko beams are solved in
[38]. Topological derivatives of the energy functional for static problems of Timoshenko
beams are derived in [00].

We present new results on topological derivatives for general shape functionals for TB.
The results are derived by using the domain decomposition techniques combined with the
asymptotic analysis of the Steklov-Pincaré operator. The small parameter of the analysis
is the size of the small cycle introduced in the network at some center nodes. In this way,
the topology optimization of the network can be performed by nucleation of the small
cycles.

Define Q2 = U;c7z£2;. We are interested in control problems defined on G. The controls
are denoted by v := v(z) with z € Q, and by ur := up(z,t) with € Q and ¢t € (0,7).
There are two control problems, the first is the static control problem, and the second is
the evolution control problem. The static state equation gives the state z := z(v; x) = z(x)
that is determined by the state equation for

z€H :a(z,¢) = (L(v),9) +(f,¢) Vo€ H, (4.1)

where z — z(v; x) lives in the Hilbert space H. In the applications usually H is a Sobolev

51
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space. We assume that the bilinear form a(-, -) is symmetric and coercive with a bounded
linear operator L from the space of controls to H and f € H.

We need as well the cost functional, the simplest possibility is the quadratic cost with
the appropriate choice of norms in Hilbert function spaces. That is, we want to use a
simple tracking-type cost functional for the state and velocity of a beam. For the static
problem, it is

1 1
J() = 5llz = 2520y + 5llv = vl L2y (4.2)
2 2

For the evolution problem, it is

1

T T
1
I =5 [ o= 9" + 710 = e+ 5 [ =t (43)

where v € (0, 00). For the sake of simplicity, we consider the control problems without
constraints.

The optimality conditions are necessary and sufficient and can be obtained by using
the Lagrangian formalism. To this end, we need the adjoint states, which simplify the
formulas for the gradients of the cost with respect to controls. We ask two questions
now: the first is the shape and topology optimization for the graph with respect to the
control problem, this results in the bi-level optimization problem for the graph. The
second question is the turnpike property for the two-level optimization problem for the
graph.

4.2 Optimality System for the Static Problem

We denote by (2,0, p) the unique optimal solution of the static control problem. Let us
note that the uniqueness of the optimal control @ follows by the convexity of the variational
problem under consideration with quadratic cost functional and the linear state equation.
The optimal solution is given by the optimality system which depends on the shape, or
design ) of the network as an infinite dimensional factor or parameter to be selected at
the upper level of optimization over the class of admissible shapes. The class of admissible
shapes is denoted by S,4, and the continuous variation of the shape is denoted by €2, € S.4
with the real parameter 7 € (—4,0) for some § > 0 for shape variations. We use as well
the singular perturbations of the shape denoted by 2. € S,; for the topology variations
with e — 0.

Remark 2. In the case of a network, there are at least two possibilities of shape variations.
The first is the change of the lengths of edges, it corresponds to the boundary variations in
the classical shape optimization. The second, which corresponds to the topology variations
i the shape optimization means the presence of a small cycle within the network with the
small size of the cycle e — 0.
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The optimality system for the static control problem is equivalent to the vanishing of
the gradient for the cost, hence

mvin{J(v)} = J(0)

iff the following optimality system is verified

2eH :alZe)=(L0),p)+ (f.9) Ve H, (4.4)
peEH :ap, )= (za—20¢) Vo€ H, (4.5)
(vg — 0,0)y = (L' (0) -v,p) Vo € U . (4.6)

In the linear case we have L'(0)-v = L(v). The optimality system is derived using the
Lagrangian formalism,

1 1
L(v,2,0) = 5]z = 2l72@ + 5llv = Iy + alz, 8) = (L(v), 6) = (£, 9)

Then the adjoint state p € H is introduced
0:L(v, 2,p)(¢) = (2 = 24, 0)a + a(p,¢) =0, Vo € H
and the gradient of the cost is obtained
dI(vin) = 0,L(v, 2,p)(n) = (v — v, n)r = (p,M)r

which leads to the optimality condition

v—vl=pae onl.

In the case of distributed control, we have I' = (.

Proposition There exists the unique solution (0, z,p) to the optimality system (4.4)-
(4.6). The optimal value of the cost J(0) := J(0(Q2)) is defined as a shape functional
over the set S,4. Therefore, we consider the optimum design of the network

Jnf T(0(9). (4.7)

The analysis of such a variational problem requires:

1. The existence of solutions;
2. The necessary optimality conditions;

3. Finally, numerical methods for solution.

In particular, we perform the shape calculus and determine the shape gradient of the
optimal control cost

as well as the topological derivative obtained at e := 0" for the mapping
e — J(0(£2)).

Remark 3. [t is useful for applications to introduce a random right-hand side f := f(w;x)
to the state equation (4.1).
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4.3 Network Model

In this section, we extend the beam model previously defined on a single edge to a network
structure. The model for 3D Timoshenko beams on the network takes the following form:

Eq.(2.10), (0,L;) x (0,7),1 =1:n, (4.8a)

Ug (UD) =0, vp € Vp,d e &p,t e (O,T) (48b)

w; (vy) = uj (vy), Vi,je &yvy €Vt e (0,7) (4.8¢)

> €Fi(vs) =0, vy € Vi UV, t € (0,7) (4.8d)
i€ely

Z €7 M; (UJ) =0, vy € VU VN,t € (0, T) (486)
€€y

ug(x,0) = ul, € (0,0;),i=1:n, (4.8f)

Owui(z,0), = uy z € (0,l;),i=1:n, (4.8g)

The first equation describes the evolution of the system, the third, fourth, and fifth
ones the continuity and balance of Kirchhoff conditions at inner nodes of the network,
the remaining equations constitute the initial and boundary conditions. This system is
well-posed in the space setting

o, ut € H L*(0, L;);
i=1

u,u’ € {u € l_IL2 (0, L;) | u satisfies (4.8b), (4.8¢) } :

=1

(4.9)

In conclusion, the model outlined here provides a comprehensive framework for under-
standing the behavior of 3D Timoshenko beams on networks. By incorporating dynamical
equations, boundary conditions, and continuity constraints, we create a robust foundation
for further analysis and optimization of network structures.

4.4 Domain Decomposition Technique for Topologi-
cal Derivatives

The domain decomposition technique was used for derivation of topological derivatives
for contact problems in linear elasticity [$7].

The domain decomposition technique is applied in the mathematical modeling of dis-
tributed parameter systems that are defined on graphs. In this approach, a subdomain is
employed to isolate the topology change from the primary section of the original domain
(refer to Fig. 4.1). A Dirichlet to Neumann operator operates on the shared boundary
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Figure 4.1: Domain Decomposition, concept[37].

of the respective domains [36]. Additionally, the domain decomposition method has been
incorporated for optimizing the topology of networks, as illustrated in [16].

The graph G is decomposed into two subgraphs Gy and G. (See Fig. 4.2 ), where the
topology variations of the network are governed by the perturbations of G, for ¢ — 0, in
another word, a small cycle is introduced at some interior node Py of the network (Fig.
4.3). We assume that the vertex (); is a boundary vertex and the vertex P; is the interior
vertex for the subgraph . which contains a small cycle.

Figure 4.2: Tripod directed network with a cycle for the Timoshenko beam.

Domain decomposition technique allows us to replace the singular domain perturbation
of €2 by a regular perturbation of the bilinear form for the elliptic problem considered on
Qo. The perturbation of bilinear form is given by the Dirichlet-to-Neumann operator
which is also called the Steklov-Poincaré operator. In the case considered the nonlocal
operator is represented by a matrix which can be determined explicitly. In this way, the
evaluation of topological derivatives for the shape functional becomes simple and does not
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QPQ

Ey Es

P1 P3

Figure 4.3: The three-star graph.

require the compound asymptotics method. The domain decomposition technique and
the Steklov-Poincaré nonlocal boundary operators are used in the topological sensitivity
analysis of nonlinear variational problems. Roughly speaking, Steklov-Poincaré operator
for G. means the Dirichlet-to-Neumann operator for G\G., is a definition by Steklov-
Poincaré operator for G.. It gives the energy of exterior domain.

4.5 Steklov-Poincaré Operator for a Subgraph . with
a cycle

We are going to use the domain decomposition method for a graph G = GoUG,. For exam-
ple, we have Go = {Ep, Vo} and G. = {E.,V.} in Fig. 4.2. Here, Ey = {P1Q1, P,Q, P3Q3}
and EE = {leg,, Q2P6, Q3P4, P4P5, P5P6, P6P4}. The edges in E() are defined by lengths
Lo; == |Eoi| = Li — emax (i = 1,2,3), where L;(i = 1,2,3) is the length of E; in Fig.
4.3, while the edges in E. are characterized by lengths |E. ;| = emax — € (1 = 1,2,3), and
|E.i| = (i = 4,5,6). It’s crucial to clarify that ey, represents the maximum value of
g, serving as a constant offset in Ey. Meanwhile, ¢ denotes the perturbation magnitude
in E., distinguishing the two states. In this way the dependence of the solutions to the
state equation with respect to the small parameter ¢ — 0 is explicitly given in the weak
form of the state equation.

First, we give the weak form for the full model in one beam. We introduce the test
functions v;, which are given by ¥; = (Guis Gy.is Pris Nais My.is 77272-)T, where 7 is the beam
index. The bilinear form for a single beam can be obtained by integrating the strong
system (2.12) by parts. All functions in the weak form are considered to be in the space
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H'(0, L;). Thus, the resulting equation for a single beam is given by:
L; L; L;
a(ui, ;) = / er;1¢;z + / Cﬁ@;,inlx,i + / k? (Tgl/z - @z,z’) (¢;z - 77z7i)
0 0 0

L; L; L;
+ / k2 (1l s+ ©y) (0 4 nya) + / Col s+ / ol i
0 0 0

For the distributed loading on the right-hand side, it follows the linear form

@)= [ 6wt [ wnt [ pto [Cmtnas [ [ min
0 0 0 0 0 0

Hence, the weak form of a beam is given by the equation: find u; € H'(0, L;), such that
alug, i) = (g,), Vb € H'Y(0, Ly). (4.10)

Thus, on the graph G = {E, V'} the total bilinear form is defined,

1=6

a(u, ¥) = a(Qu, ¢) = Z%‘(Ei; Ui, ¥i).

=1

We are able to determine explicitly the solution u. of the Dirichlet problem on ). with
the small cycle for b € R?, where u.;(Q;) = u, = b; for i = 1,2,3. The Steklov-Poincaré
operator A, on G, is defined by the equality

ac (e, ue) == a(Qe;ue,u) = —b' A, - b.
where a. = (£;-,-) is the symmetry bilinear form on subgraph G..

Proposition 1. The matriz A, is only negative semidefinite because the energy vanishes
for constant solutions of the Dirichlet problem.

Let us return to Green’s formula for the bilinear form associated with the system
(4.10). We have

L;
a;(u;, ;) = / Agu - + (N - %)lﬁié% (4.11)
0
where u; — N;u; is the Neumann operator N; on F;.
Proposition 2. The Neumann operator N; is given by the following vector

Proof. We have the expressions

Li Li
r=L;
/ kﬁ;zqﬁfm = _/ kfrgl(:c)qﬁu + (kfr:/):z(bwl) ‘$:01
0 0
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L.
k3 x:LZ

L;
k; (Tg,;z - SDz,i) ¢;;z = _/0 k; (Tg,//z - Splzz) Gy, + (kf (T;z - Sﬁz,z‘) ¢y1) ‘xzo

L
K3 CEZLZ

=0

/
L;
/ k; (T;z + %Dy,i) ¢lzz = _/ k; (r,,z/z + 90;“) G2+ (k?f (7’;Z + gOy,i) qb“)’
0 . oLi .
| vt = [ i@ + (@m
0
L L L.
/0 Cf%dz,m;,i = _/0 Cfsf)’z’z(x)nzz + (Cf(p;,inz,i)‘xzol

L»L' Li L

y ! / . y N y ! T=1Lsg

/ CiPyillyi = _/ G ‘Py,z'(x)ny,i + (Ci SOy,my,i) ‘x:o
0 0

Thus we find six components of N;u; given by

(Niug - w%)’iigl = (kfr/xz@:z) |ii§z =+ (kf (T;z - SOZ,i) ¢yz)zi§7 + (kzs (T;z + Spy,i) ¢u) Eigl

+ (cF@ mea) [y + (Vi) [y + (el me) |y

This leads to the result on the Steklov-Poincaré operator, we should use the exact
solution from Theorem 2.2 in the Ogiermann Dissertation, as well as replace the traces of
test functions at x = 0 by the Dirichlet conditions. O

Proposition 3. If we know the exact solution wy, for the Dirichlet problem on the graph
G. with the polynomials on the edges col(ry, Ty, 72, Pu, Py, ©2), it follows that the associated
energy for such a solution takes the form a(uy, up) = —b'" A, - b, thus the energy functional
for the graph G reads

w = CL(Q; 1/}7 w> = OJ(QO; 2/)7 w) - w(L - Emax)TAs : w(L - 8max)a (412>

where 0 < & < emax. 1he restriction of the state equation to €y is considered under the
assumption that the control is supported in 2y and the state is observed in €)y. Thus, the
state equation becomes: Find u € H(S) such that

CL(QO; u, w) - U(L - 5max)TA(8) ' w(L - 8max) = <Q7 w>Qov Vi/’ € H(QO) (413)

In this way, the dependence of the state equation on the small cycle in G is replaced
by the dependence of A. on the cycle.

For the new state equation, the optimality system is defined in the same way as before,
on the domain {2y. The topological derivative of the optimal cost is defined as the limit
of derivatives for ¢ — 0%,
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4.6 Explicit Solution to the Static Timoshenko Beams
Model

4.6.1 Solution to the 1D Timoshenko Beams Model

Then we derive the solution to the static model. Assume f;(z) = m;(z) = 0. We will
show the explicit solution for both reduced and full models. First, it’s the solution for
the reduced model.

Proposition 4. Assume that f7(z) =0 and m{(x) = 0. Let us consider the system

fi(x) + k

P (@) + 9y,4(2) = f7 (@) + B (u] (@) + uy(2)) =0,
my () + ¢/ @y () — k]

(i (@) + @yi(2)) = mi(z) + clus(z) — k] (u} (2) + ua(2)) = 0,

of two linear differential equations for u(z) = (uy(x),us(x))" with the Dirichlet boundary
conditions u(0) = (u1(0),u2(0))" and u(L;) = (u1(L;),us(L;)) . The solution is given by

A 1 1 1
ui(x) = —ix — —y)\lx3 - —y)\ga:2 — 53T + Ay,
k: 6c; 2c¢; c; 114
1 1 1 (4.14)

UQ([IZ’) )\1.’13'2 + C—y)\gx + C—y>\3 ,

=5y
2ci 7 7

where ;i = 1,2,3,4, are determined in terms of the nonhomogeneous Dirichlet condi-
tions

" . (r(Le) = (0)) + 6—03(112([/@) + u2(0))
L2k + 1D 12c/k; + L ,
12¢7,
Ag = Lik:(1263;/k:8_1.1 112 (ug(L;) — u2(0))
= | (4.15)

* i T OO ()~ 2Lan(0) ~ (L),

)\3 = CZZ/UQ(O) s
/\4 = Uy (0) .

Proof. Set u(z) = (r.,¢,)". The Dirichlet problem for u(0) = (u1(0),u2(0))" = (r.(0), p,(0))7,

u(L;) = (uy(Ly),uz(L;))" = (r.(Ls), p,(L;)) " are given. The equation becomes

k; (ng(x) + 90;,1(75)) =0,
cf oy () = & (rl () + pyi(2)) = 0

Hence k5 (1] ;(x) + ¢yi(x)) = A thus ¢/¢)(x) = Ay, therefore ¢/ ;(z) = Az + Ay and
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1
C?@y,i(l’) = 5)\11’2 + Xox + A3. It leads to

1 1 1
QDy’Z'(I') = . /\1.T2 + C—y)\Zx + C_y/\3 )
A A 1 1 1
rlq(z) = k;i pyi(T) = k:_i - @Mfﬁ? — T s,
D VS R |
TZ’Z‘(QJ) = k_fx - 6—Czy)\1£C — 2—0?)\237 — C—?)\gﬂf -+ )\4 .

Henceforth, the constants \; are determined from the Dirichlet boundary conditions

7’272'(0) = )\4 = U1 (0) y

1
©yi(0) = C—y)\s = uy(0),
A
rei(Li) = k_iLi 6c y)‘lL3 2! L} - /\3Li + A = (L),
pyill) = 5, it /\2L + Ag us (L) -

l

Thus we determine the unique solution Eq. (4.15) of the model in function of Dirichlet
conditions. n

Remark 4. The passage to the limit L; — 0 in the solution given by Proposition 4 can
be performed if the singular terms vanish, i.e., u(L;) —u1(0) = 0 and us(L;) —us(0) = 0,
otherwise boundary layers appear.

Now, we give the matrix notation for exact solutions of Dirichlet boundary value
problems. We define the matrix functions Q;, R; : [0, L;] — R**? by

o) = (G0 )

agy () gy (x)
with the coefficient functions

= pf (L — ) (L7 + Liz — 22° + 12k} c}) ,

S, 71

@11(9‘3) 4

a22(ac) =u! (L; — )(L2—3Lx+12/<:sz Z),
au( ):

a21( ):

x Vo (L — @) (L — Liz + 6k} c!)

S’LZ

—p; T
x) = 6pjx (L — ),

where
ks

L3412k VL) = i
pl = (L 2kiell) = T oy
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and the singular term at L; = 0. Furthermore

R = () a0 (116

az (z) az'(x)

0V (@) o= ple (3L — 207 + 12k}
ah (x) = pla (<207 + BLex + 12k} c!)
ayy (z) = plx (L; — x) (Liz + 6k} c?)
ayt(r) = —6ple (L — x)

Then, the exact solution of the Dirichlet problem for a single beam takes the form

wi(®) = Qi(2)ui(0) + Ri(w)ui(Ly). (4.17)

4.6.2 Solution to the 3D Timoshenko Beams Model

For the 3D full model, we refer to the explicit solution presented in [66]. These findings
will be unified into a single six-dimensional vector, which will inherently depend on the
boundary conditions at the global coordinate level. Here, we define the matrix functions

Qi;Ri : [0, Lz] — R6X6 by

ayy(z) 0 0 0 0 0
0 a%y () 0 0 0 abe(x)
Qi) = E; O; 0 0 ay(z) 0 ad(x) 0 E O3
o B 0 0 0 af® 0 0 0; E/
0 0 @) 0 @) 0
0 agl® 0 0 0 ag)
(4.18)
with the coefficient functions
apy(x) = L7 (L — x)
ayy (x) = pf (L — x) (L} + Liw — 22° + 12k cf) |
aé’g(x) =u! (L; — x) (LZ2 + Lz —22% + 12k Zlcf) ,
agy(x) = L7 (L; — ) ,
ags(z) == p! (Ly — ) (L] — 3Lz + 12k} c¥) |
aé’g(ac) = (L; — x) (Lf —3L;x + 12]{;82 7J) ,
a;’g(as) :ufa:(Li—x)(L La:+6k:“ Z),
aé’g(x) = —ulx (L; — x) (L — Lz + 6ksz1 Zy) ,
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agy (x) = 6pjx (L — ),
agy (x) = —6pjx (L — ),
where
1y (L3 + 12k 1P L ) = i
s C Li(k3L? 4 12¢%)
as well as
L
apy(z) 0 0 0 0 0
0 ask(x) 0 0 0 aby (x)
E; O3 0 0 ab¥(x) 0 alk (x) 0 E] O3
Ri(z) = iL o omT
0; E 0 0 0 ay(z) 0 0 03 E,;
0 0  agy(z) 0  ag(z) 0
0 ag(x) 0 0 0 ag(x)

with the coefficient functions

Similarly to the reduced model, the exact solution for the homogeneous full model could

also be written as

ayy (x) = L; 'z,

asy (x) == pie (3Lix — 22° + 12k, cf)
ab(x) == pla (3Lix — 22° + 12k c})
ajy (x) = L'z,

att(z) = plx (—2L7 + 3Lz + 12k} ) ,
abh(x) = pia (—2L; + 3Lz + 12/{;“ G),
ags (x) = piw (L; — x) (L + 6k} F) |
ast(x) == —plz (L; — ) (Liz + 6]{:“ ),
azy (x) = —6px (L — x),

agy (x) = 6pjx (L — ).

wi(®) = Qi()ui(0) + Ri(w)u; (Li) .

(4.19)

)
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4.7 Dirichlet-to-Neumann Operator Subgraphs for Net-
works

We start with the single beam. For the reduced model, we introduce the notation for
matrix functions depending on the length L; of the beam

Dl —12¢7 ! 6c! ! L;
o\ 6L — (L7 3ufLE) e )

DI .— 12¢f pif 6ci s L
i —6c/p?L; (L' —=3ulL)c! )°
(2 1 (2 (2 7 1 (420)
DU . —12¢i i 6ci i Li
o=\ e (3w 17 )
DIV .— 12¢] i} 6 i Li
CT L (L 3 LE) &
Then, for the full model, we define the matrices
L7k 0 0
Df :=E, 0 12¢u; 0 E/,
0 0 12¢ 1Y
Li'ct 0 0
D :=E; 0 (L' +3ulL?) 0 E/,
0 0 (L7 + 3uz L2
- (L + 3L (4.21)
L cf 0 0
D; =E; 0 (L7 +3ulL?) 0 E/,
0 0 (L = 3piL?)
0 0 0
0 —6cip;L; 0
and F T F QT
DF _g DF &S
I._ i i Ir._ i i
D! (_Si i >,Dl . (_Si D;)’
(4.22)

DF 8T DF g7
mr._ i i v ._ i i
D™= (S,- D; )’Dl : (S,- D*)'

)

We use the same notation for both models. With this notation, we could obtain the
following representation of the Dirichlet-to-Neumann (DtN) mapping for the single beam,
i.e., the Dirichlet boundary conditions w;(0),w; (L;) to the vectors F;(0), M;(0), F; (L;)
and M; (L;).

Theorem 9. The Dirichlet-to-Neumann operator of a single beam with zero distributed
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loads fi,m; : [0, L;] — RY(d = 1,3) is given by
(4.23)

where D}, DX DDV are (4.20) and (4.22) for 1D and 3D, respectively. And f;(z) =
f7(x), mi(x) = mi(x), Fi(x) = FF(x), Mj(x) = M (x) for reduced model.

Then the elastic energy for the beam is evaluated
e () = w)” (0 ) —we (7))
= —1;(0) " Dl (0) — us(0) " D'y (L)
—u; (L) DM (0) — wy (Li) " DN wy (L) .

T

There is the negative semidefinite matrix A such that

(s (0, u; (L)) = ( ul:i((g) )TA ( ufi((g) ) | (4.95)

The Steklov-Poincaré operator for the Timoshenko beam maps the Dirichlet boundary
conditions u;(0), u; (L;) to the vectors F;(0), M;(0), F; (L;) and M; (L;), which are the
Neumann boundary conditions for the remaining part of the network connected to the
specific beam.

4.8 Steklov-Poincaré Operator for the Cross with Small
Cycle

We obtain the exact solution for the 1D and 3D Timoshenko beam model on the cross
with the cycle. In this way, the Steklov-Poincaré operator is identified for the purposes
of domain decomposition technique for modeling and design of the network.

This leads to the matrix representation of the Steklov-Poincaré operator for the cross
G = {E,V} with the small cycle G. = {E.,V.} at the center, of the size ¢ — 0. Such
a system is called a network and its model includes a graph G' = {V, E'} along with the
state equations on edges E. Such a model is used e.g., in analysis of real life large scale
gas networks with quasilinear hyperbolic equations on the edges. At the interior nodes
of the graph there are prescribed transmission conditions, the continuity of solutions as
well as the continuity of fluxes. There is no external force at GG.. So the transmission
conditions at the joint verticals on G. becomes
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(569 Yo (50 )~ (59 ) =0, o =i

(4.26a)
( %(6?2;_—% ) * ( ﬁ;% ) - ( AF§§<03> ) =0, o (Emax — &) = us(e) = us(0),

(4.26b)
(56 )+ (59)-(50)) =0 wems =)= )= wa0)

(4.26¢)

Here, F;, M;,u; (i = 1,2,3) is the defined on the edge E. ;. Using the formula Eq. (4.23),
where the length of edge is eyax — €, the first balanced equation in (4.26a) can be written
as

D{Hlbl (0) + D{Vul (5max - 5) + DZIIHU4(O> + DZIIVU4(€) — DéU@(O) — D?U5(€) =0.
By the continuity, we have

D1 (0) + DNV uy (epax — ) + Dmu3 €max — €
1 1 4

+ DUy (Emax — €) — Ditg (Emax — €) — Diua(max — €) = 0,
namely,
(DY + DY — D)y (emax — €) — Dy (Emax — €) + DM us(emax — €) = — DMy (0). (4.27)
Similarly, from Eq. (4.26b) and Eq. (4.26¢), we get the following equations,

Di'uy (emax — ) + (DY 4 D:Y — D§)ua(emax — €) — Dz (emax — €) = —D3Mus(0), (4.28)

—D}ful (Emax —€) + DéHuQ(gmaX —€)+ (D:Isv + Dév — Di)ug(gmax —€) = —Dg,,Hug,(O). (4.29)

Combine Eq. (4.27), Eq. (4.28) and Eq. (4.29), we have

DYV + DY — D} —DI! D U1 (Emax — €)
DI DYV + DY — D} — D} ( Ug(Emax — €)
—DI D DY + DIV — D} u3(Emax — €) (4.30)
Dm0 0 1 (0)
——| o pm o us(0)
0 0 DY)\ u0)
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That is, we could use u;(0) to present u;(emax — €). The Eq.(4.23) will be

F.1(0)
M. (0
P ,1((0)) U571(0)
-2 :Ae ua2(0) 5
M 5(0) ’
£,2 'ngg(O)
FE73(O) ’
M. 4(0)
where
DI 0 0 D' 0 0
A.=( o DY o |- o DI' o
0 0 D} 0 0 DY
DY + DY - D} — DY D /Dm0 o
DI DYV + DIV — D] —D{! 0 DI 0
—Dj}! D! DYV + Dy¥ — D} 0 0 Di"
= D1 — DQA_1D3
(4.31)

is an operator with respect to €.

In both 1D and 3D model, the structure of the matrix A, remains uniform. We dis-
tinctly utilize the matrix D{ (1=1,2,---,6,7 = LILIII,IV) to denote the corresponding
cases accordingly. Obviously, in 1D, the operator A, is a 6 x 6 matrix while in 3D, it
assumes dimensions of 18 x 18.

Our goal now is to identify such a matrix ¢ — A., as well as its derivative at gy for the
cross with a small cycle of size ¢ — 0. This leads us to the topological derivative of shape
functionals with respect to nucleation of the cycle. The matrix A, is a representation of
the so-called Steklov-Poincaré operator for the network at consideration.

4.9 Topological Derivative of Optimal Control Cost
for Static Problem

In this section, a new result of the topological derivative for Timoshenko beams is pre-
sented.

We use the standard technique for shape [38] and topology optimization [03]. Namely,
the material derivatives are employed in the shape sensitivity analysis in the framework
of speed method [35].

Let us construct the prescribed state (z,v) on the graph with a small cycle that e = ¢
first. Control v; is applied to beams £j;. Then we can obtain the corresponding state
z; from the network modeling. In this way, we evaluate the Topological Derivative of the
Optimal Cost for the singular perturbation of the graph by a small cycle. The control
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problem’s cost functional can be represented as follows:

J(Q) = %Z /0 T = 5 4 (g — i) (4.32)

The weak form on G is

CLQ(U, 90) - U(L - Emax)TAsSO(L - €max) = (Q> 90) VSO S V>

where the space V' is defined as

V={p=(p1,00,03) | s € H (0,L;), 0, (P) = 0,i = 1,2,3} . (4.33)

The Lagrangian is defined as

1 3 Li—€max
can) =53 [ ) gy

+ aglu, p) — p(L - 5maX)TA6u(L - 8maX) - (Q7p)7

(4.34)

where p is the adjoint variable, p(L —max) = (P1(L1 — €max), P2 (Lo — Emax), P3(L3 — Emax))

and u(L —max) = (1 (L1 —Emax); Uz(Lo — Emax), Us( L3 —Emax)) | . The optimality system is
derived by applying the calculus of variations to the Lagrangian and solving the resulting
Euler-Lagrange equations. Specifically, the adjoint state equation is obtained by solving

% = 0, which yields
ou
3 Li—emax
S ) m ) =0l = ) ADL = ) =0 (435)
=1
ie.,
(u— 2, 77)Q0 + ao(n,p) — n(L — 5maX)TA6p(L — Emax) = 0, (4.36)

where 1(L — enax) defined is similar to p(L — epax)-

Similarly, solving Frie 0 leads to the optimal control,
q

gq=p-+tuv.
The optimality system is given by the following coupled equations:

(u’ (’0)90 + aO(p? 77) - p(L - €maX)TA€g0(L - 5max) = (Z, 90)90
{ ao(u, ©) — (p, ©)ay, — U(L — €max) " Aep(L — €max) = (v, ©)q, (4.37)

Then we get the topological derivative of cost functional,

dJ

oo = (Wi =z ti)g, + (¢ = i di)g, - (4.38)
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The derivative of the system (4.37) is

{ (4, ), + ao(p,n) — p(L — 5maX)TAE‘p(L — €max) — P(L — EmaX)TAESO(L — €max) = 0,
ao(t, 9) = (D P)ag — WL — Emax) " Aep(L — €max) = U(L — Emax) "Acp(L — €max) = 0.

(4.39)
The second order topological derivatives [75], [70], [1 7] can be also identified.

Since it’s not easy to get the inverse of a 18 x 18 symbolic matrix, we could use
the matrix decomposition trick. For matrix A in (4.31), we use LU decomposition, i.e.,
A = LU, where the L matrix is a lower triangular matrix, with all diagonal elements
equal to 1 and all elements above the diagonal equal to 0. The U matrix is an upper
triangular matrix, with all elements below the diagonal equal to 0. Since A~ = U1 L7,
we have

A, =Dy — DU 'L7'D;,

therefore,
. d\. dDy dDs-_,-_, dU—1 - = dL™! — 1-_,dDs
A= = — U L "D;—D L U Ds — DU 'L —=.
de de de 3 2 de + de )Ds 2 de

4.10 Numerical Results

We consider a full model and a reduced model in the network structure, obtaining optimal
state and shape functionals with respect to the parameter ¢.
The following material and geometric parameters apply to the beams considered. The

elastic modulus is taken to be E; = 2.1 x 10""Nm~2. The Poisson ratio v; is defined as
E; _

v; = ——1, and we set v; = 0.3, which results in a shear modulus of G; = 8.1x 10''Nm 2.
These values correspond to the material properties of steel, as stated in [18]. The cross-
iectional area is A; = 0.0111@2. The torsion constant and second moments of area is
[, = 1.41 x 10~°m* and T;’ = If = 8.33 x 107%m?*, respectively, which are appropriate for
a quadratic cross-section of the specified area. The shear coefficient that corresponds to
10(14+v) 0.850

12+ 11y;

See Fig. 4.4 for the exact structure of the network. The vertex set consists of a

small cycle with homogeneous Neumann boundary conditions, and three vertices (P, P,
and P;) with homogeneous Dirichlet conditions. For this particular network, we have
¢; = (0,0,0;)7, where the angle 6; is defined as the angle from the z-coordinate to the
edge E.; in the counter-clockwise direction. By (2.8), we have

the chosen Poisson ratio and cross-sectional area is given by xk =

cosf; —sinf; 0
E; =E;(¢;) = | sin; cost; 0]. (4.40)
0 0 1

1 1 5) 1 1
Specifically, 6; = 67?,92 = §7r,03 = 67T794 =7, 05 = §7r,06 = -3 Set L; =2 (i =

1,2,3), g = 0.5 and epax = 1. For v, there is a given distributed load in Ej,, i.e.,
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Figure 4.4: Timoshenko beams with cycle.

vy = —10% x (0,2,0,0,0,0)". Then, we could get the exact expression of z by (4.19). Fig.
4.5 shows the z of the full model in local coordinates.

Now we will introduce the Hermite Finite Element Method. It is a high-order finite
element method that can accurately solve the Timoshenko beam system. It employs
Hermite polynomials as basis functions, which are polynomial functions with the property
of having matching function values and derivatives at specified points.

On the unit interval [0, 1], there exist four Hermite Shape Functions with cubic order,
denoted by hoo, ho1, hio, and hy; in Eq. (4.41). These functions are referred to as hat
functions on the reference unit, and they are graphically displayed in Fig. 4.6.

hoo = 21'3 — 3CC2 + 1, h01 = —2£C3 + 31’2, th = iL'S — 2172 +x, h11 = SCS — 1'2. (441)

Let 0 =9 < z1 < --- < xn, = Lo, be a local mesh on one edge interval [0, Ly ;] which
consisting of NV; subintervals of length h;. After mapping from the reference unit to the
local interval, the hat function can be given by H;,; and H,; as follows:

" . 3 o 2
_9 (xh—fll) +3 <fo21> if v € [zi—1, 24

Hy o — N3 — 2\ 2
1, < (:C hzml) _3(3: hlmz) _|_1 lfxE[xzaxZ'f‘l]’

otherwise.

2
0
r — ;1 3 r — ;-1 2
() () ek
0

Hy; =

2
W ) —2 ( B ) + W if x € [z, x441];

otherwise.

Each hat function is continuous, piecewise cubic. For H; ;, it takes a unit value at its own
node z;, while being zero at all other nodes. For Hj;, its derivative takes a unit value at
its own node x;, while being zero at all other nodes (See Fig. 4.7).
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Figure 4.5: Displacements and angles of rotation of the full model in local coordinate.

Figure 4.6: The four Hermite basis functions on the unit interval [0, 1].
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Y

Ti—1 Z; Li+1

Figure 4.7: Illustration of shape functions (red: H,;, blue: Hs;)

The ansatz function uy(z) is constructed as a linear combination of two sets of basis
functions, Hy ;(z) and Hs j(x), that are defined over the set of nodes z;.

u@) ~ () = SO U H @) + S U3 s ()

At the j-th node x;, there are two degrees of freedom U; and Uj, where U is the value of
up(x) at z; and U; is the corresponding derivative value. The discrete counterpart of the
optimization control in Eq. (4.37) takes the form: find u, € V}, and p, € V}, such that

{ (uh790>§20 + a()(plwn) _ph(L - 1>TA€§0(L - 1) = (Z7 90)907 V(p S Vh (4 42)
a0<uh7 90) - (ph> SO)QO - uh(L - 1)TA6§0(L - 1) = (U7 90)907 V(,O € Vi ‘

where u;, and pj, are the approximations of the solution and Lagrange multiplier, respec-
tively. The function space V}, is defined as a set of cubic functions that satisfy certain
conditions at the nodes and inner vertices.

Vi ={¢ = (p1, -+ ,v6) | @i is cubic on eachlx;, z;1],i =1,--- ,6,¢; (P) =0,i=1,2,3,

continuity and Kirchhoff conditions at the inner vertices Py, Ps, Ps}.

All subscripts h represent discrete forms. Denote by Hy = (Hy1, Hi2, -+, Hin,) ', Hy =
(Ha1,Hao,+ -, Han,)" be column vectors. The stiffness matrix K; and mass matrix M,
could be written as

K:< o H(H])T OLO’iHé(H{)T> M:< o H(Hy)T OL‘“HQ(Hl)T)

OLO’i H{(Hé)T OLo,i Hé(Hé)T OLo,z' H1<H2)T OLo,i H2(H2)T

We introduce another two matrix K7 and K:

KE( o H(H) 0L°viH2<H1>T) K;;( o ()T OLO’Z‘H4<H1>T>
0,i ) 3 .

i Lo Lo, Lo,
0 Hl(Hé)T 0 ” Hé<H§)T 0 ’ H{(H2)T 0 ’ HQ(HZ)T
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Then we assemble the matrix

K, 0 0 0 0 0
0 KK, 0 0 0 — kKT
a_| o 0 KK 0 kKT 0
N 0 0 K, 0 0 ’
0 0 kK 0 kM+dK, 0
0 —kK 0 0 0 k*M; + K,

and
B; = diag(MZ-, M;, M;, M;, M;, Mz)

is a block diagonal matrix. The matrix form of the Eq. (4.42) can be written as

A —B Uy (01, H)

B, A D1 (Z1,H)
= f , (4.43)

As —DBg Ug (06, H)

Bs A Do (Zs, H)

_ (ul,Hl) _ (Ul,Hl) .. oy,
h = , (0, H) := d lar to others. In addition,
where ( (. Hy) (01, H) (v H) and similar to others. In addition, we

impose the coupling continuity and Kirchhoff condition.

Fig. 4.8 shows the state u in Fy;, Fyo and Ej3 in local coordinate for different e
comparing the desired state z.

Fig. 4.9 depicts the functional shape with respect to € for the full and reduced models,
respectively. It’s easy to see that topological derivative is negative as € — 0%. So the cost
functional is in fact reduced by the creation of a hole. The minimum value of J is when
E=2¢&yp.

We refer e.g., to [32], [31] for numerical methods in more complex geometry.
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Figure 4.8: The state u for different ¢ = 0.1,0.3,0.7,0.9
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Chapter 5

Turnpike Property for Dynamic
Optimization and Applications

The Turnpike Property for abstract wave equation is shown in [31]. The state equation is
a scalar hyperbolic equation. The cost for control problems contains two components for
the position y and the velocity ¥, of the wave equation. The constant in the inequality
(5.68) is uniform on compact sets of designs of the network. Therefore, the turnpike
property holds for an admissible family of the networks. In such a way, the existence of
optimum designs assured our control and shape optimization problems of the network by
writing the static state equation.

In the proof, it is supposed that y,(7') = 0, for the sake of simplicity. The turn-
pike property holds for the abstract control problem for the wave equation under the
assumption that y,(7') = 0.

5.1 Optimality System for Evolution Problem
We introduce the Lagrangian for the state y € L?(0,T; H'(Q),y; € L*(0,T; L*(Q)),

y:(0) = y' and the adjoint state p € L*(0,T; H'(Q),p; € L*(0,T; L*(Q)). Hence y,p €
C(0,T; L*(€2) and the integration by parts

/oT (%(ﬂ’p(w)mm "
T /oT (%(t)’ %(ﬂ) 12(9) e <%(T)’p(T))L2(Q) - (%(O)W(O))LQ(Q)

— /0 ' (%(t), %(t)) o dt + (%(T)m(T)) = (¥,0(0) 120

L2(Q)

Now, we assume p(7") = 0 which leads to the integration by parts formula

/OT (%(t>’p(t)>Lz<m dt = — /OT (%(t)’ %@)Lzm) O

75
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Remark 5. If we add the state constraint y,(T) = 0 then the integration by parts for-
mula is the same but the terminal condition for p(T') becomes undetermined, i.e., we lose
homogeneous condition for the terminal adjoint state.

We derive the optimality system for the optimal control problem with the evolution
state equation. To this end, we introduce the Lagrangian with y € L*(0,T; HY(Q),y; €
L*(0,T;), y(0) = ¢°, and ¢ € L*(0,T; H'(Q), ¢, € L*(0,T59), o(T) =0

e d|2 e d2
L(u,y,p) = b ; ly —y ||L2(Q)dt+§ ; lu—u HL?(F)dt
v T
3 [ 10y =yl
T T
dy Dy ) 1
— —(t), =(t dt — (y-, ¢(0 —i—/ayt,gpdt
[ (5o 5m) =6+ [ ot

_ /0 (L(u) (), @) L2 (rydt — /0 (F(t), ) 12(@dt.

The adjoint state p = p(u; x,t) is obtamed by differentiation of Lagrangian with respect
to the state, thus with Q(7") = (0,7") x

(Pees ©)ary + / alp, o) dt = (4" — 4, D)o+ By’ — 1), oo Ve € HQ(T))
p(T) =0,p(T) = vy (T) .

The gradient of the cost with respect to the control is obtained by differentiation of the
Lagrangian with respect to the control

<(cil_i(U),77> = /OT(u — ud,n)L2(F)dt — /OT(L(n)(t),p(t))Lg(F)dt
= /OT(u — u®,n)rdt — /OT(L(U)(t),p(t))pdt.

The following lemma contains the necessary optimality conditions for the dynamic prob-
lem where Jp(u) as defined in (4.3) is minimized.

Lemma 1. The optimality system for the optimal control of the evolution control problem
is verified for a.e. t € (0,T):
T T
G + [ ala0. 0= [ (L@O P d+ FOpor G
0 0

Vi € H(Q(T))
§(0) = 4", 9.(0) = y' (5.2)
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T
(ﬁtt, SD)H(Q(T)) + / a(ﬁ, 90) dt = (yd — Y+ Yu, SD)Q(T) (5-3)
0

Vo € H(Q(T))
p(T) =0, p(T) = v (T) (5.4)
(@ —u®,n)r — (L(n)(t),p(t))r = 0 Vn € L*(0,T;T)

The optimality system (5.1)-(5.5) admits a unique solution (@, 7, p).

5.2 The difference of the Static and the Dynamic Op-
timality Systems for Distributed Control

In this section, we study a system that is satisfied by the ordered pair that has the
difference between the optimal dynamic state for the time horizon 7' and the optimal
static state as the first component and the difference between the optimal dynamic adjoint
state for the time horizon T and the optimal static adjoint state as the second component.
The question of long time versus steady state optimal control has already been studied
in [741] where the focus is on the turnpike property of the state and the control without
the adjoint state. The turnpike phenomenon for optimal boundary control problems with
first order hyperbolic systems is considered in [20].

We assume that I' = Q and the operators L(v) and L(u) are identity operators in
L*(Q) and F(t) = f, ud(t) = vq, y¢ = 24 for t € [0, T] almost everywhere. The optimality
system for the static problem reads

22 eH : a(éCT?SO) = (@07 90)L2(Q) + (f7 (,O)LQ(Q) VQD €H, (56)
P7€H : a(f”,6) = (24— 27, ) 120 V6 € H, (5.7)
07 —vg = p° a.e. in. (5.8)

The optimality system for the evolution problem implies for ¢ € [0, T'] almost everywhere
(with F'(t) = f)

~T

(G (1), ©) 120 + al@” (1), ) = (@7 (£), ) o) + (F(£), )2y Vo € H (5.9)
97(0) =", 5/ (0) =y (5.10)

(Bl(t), ©) 20y + a(d” (1), ) = (y* — 97 () + ¥ Gut, ©) 12(0) Vo € H (5.11)
pH(T) =0, p/(T) = v9:(T) (5.12)

a’(t) —u’ = p'(t) ae. in Q x (0,7). (5.13)

Define the differences

T

_ AT L0 T _ AT ~o T T ~Oo
w =Yy -2, =p —

p’, v =u —0°.
Then for all ¢ € H we have the initial condition
Wwh(0) =y = 27, W (0) =y, (5.14)
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the terminal conditions
p'(T) = —p7, p (T) =y (T), (5.15)

the dynamics

(Wit (1), P) () +a(w’ (1), 9) = (W (1), )20y = (1" (1), @) 20 (5.16)

and with the assumption that y¢ = z; and u? = vy

(ut (1), @) o) + alp” (1), 0) = —(W (1), ©) L2 + 7 (W), ©) 2@ (5.17)

Note that for the difference system, the existence of a solution is implied by the construc-
tion as the difference between two systems, for which solutions exist.
Note that for the energy
(wi (1), wi (1)) 12(0) + alw! (), w'(t))  (uf (t), 1 (8))12() + alp” (1), p (2))

E(t) = ; + .

due to (5.16) and (5.17) for v = 0 we have

E"(t) > (W (), w" (1)) 2@ + (" (1), p" (1)) 20 = 0.

Thus E is convex on [0, T7.
Now we perform a spectral analysis to show the exponential turnpike property.

Assume that there exists a complete orthonormal sequence ()72, of eigenfunctions
with a(yr, ¢) = \e(VYr, ©)r2(o) for all k € {0,1,2,3,..} where

M >y >0 (5.18)
is a real number.

Remark 6. In the case of optimal design, the bilinear form depends on 2. In the case
of a graph, this means the dependence of the lengths of the edges. In this case, the
eigenvalues and eigenfunctions depend on these parameters that we denote by €. Therefore
a meaningful analysis has to take into account the sensitivity with respect to .

Our assumption on the feasible designs is that the smallest eigenvalues are greater
than or equal to the given strictly positive lower-bound v > 0 uniformly on the set of
admissible designs. In this way, we ensure that the turnpike property is valid for the
bilevel optimization problem that we consider in this paper.

It is well known that the smallest eigenvalue that can be characterized as the Rayleigh
quotient depends smoothly on the parameters, see [72]. In our analysis, the particular
structure of the spectrum is not relevant.

Then we can use the representations

O =3 at)nle), @ =3 b(t) (o) (5.19)

k=0
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to show that w’ and u’ have the turnpike property.

It is clear that the functions a; and b, depend on T as a parameter, so a more precise
notation would be ag r(t) and by r(t). However, in order to make the text more concise
we continue with the shorter notation a; and by.

From (5.16) and (5.17) we obtain a,(f) = — M\ a; + b, and b,(f) = -\ by —ay + ’ya,(f).
Here, (n) means the n-th order derivative. Thus we have the sequence of differential
equations

agl) + (2 s —7) a,(f) + (A +1)ax =0,

b+ (20— )0 + (O + 1) b = 0. (5.20)

Define the characteristic polynomial
pe(2) =24+ 2N\ — ) 22+ (AL +1).

Since py, is a polynomial in 22, for the roots z,&” of pr we obtain

i
(%) = % — Ap £ 5\/4+4)\k’7 —7?
for [ € {1,2,3,4} which implies ‘(zg])Q‘ = /1 + AZ. Thus there are two pairs of complex
conjugate roots and we have the representation

pr(2) = (2 = 2) (2 — ) (2 + 210) (2 + ).

We have |2|* = A2 4+ 1, Re((z1)2) = 1 — )\ and [Im((z1)3)| = —W. Moreover,

we have

1
Re(2)| = Z+
[ Re(z)l \/4 20\ + /1 +X2)

and

| Re(21)| > g (5.21)
The initial condition (5.14) yields the values for ax(0) and a},(0). The terminal condition
(5.15) yields the value for by (T") and b},(T") = v a}(T). Note that (5.15) implies that the
value of bi(T') is independent of T

For the sake of conciseness, in the sequel we use the notation z, = z,E}].

5.2.1 Representation of the Solution
Since
, 1

Q. = Th7 0, (=00 + (v = Xe)br] (5.22)
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the solution of the optimality system means that for the coefficients by 7 of u” as defined
in (5.19) we solve a boundary value problem with the ODE of order four (5.20) i.e.

(o + M=) B+ (A2 4+ )b = 0
brr(T) = Br
bor(T) = o [0 (T) + (v = M) 0, ()]
=03 (0) + (v — M) br,r(0) = (1 +7Ak) arr(0)
=0 (0) + (v — M) b, (0) = (1 +7v k) @y, 1(0).

\

(5.23)
where the value of S, is determined by the terminal condition u”(T) = —p” in (5.15). We
represent the solution in the form

bk’T(t) = Fk,T(t) ﬁk + (1 + Y )\k)[Gk,T(t) akj(O) + Hk’T(t) CL;’T(O)]. (524)

The following Lemma contains explicit representations of Fyr, Gy and Hy . In the
representation, the numbers d(k,T) appear as multipliers, therefore it is important that
for T sufficiently large we have d(k,T") # 0. Since in the study of the turnpike phenomenon
we are interested in large time horizons, the assumption that the time horizon 7' is large
is not restrictive for us. We introduce the notation

1
=k :zy—Ak—zg:%:F§\/4+4)\k7—72. (5.25)
Lemma 2. Define
YE—29A,—1
dx = .
Y

For k €{0,1,2,...} and T sufficiently large define the numbers

d(k,T)

= —2Re( = (5.26)

2
2 k 2
Zi—qk Zi—qk 2k 262 —qk

)+2\Ek|2Re< 1| cosh?(z4T)| — Z —h |sinh2(sz)|).

Then we have

A(k. T) Frr(t
= 2Re [_7521@ + zEkPk cosh(z; T') Cosh(z_kT)] cosh(z(t — T)))

Zr”—qk k2—q

+ 2Re % cosh(ZT") sinh (2 T") sinh (2 (t — T))>
k
— 2Re M% sinh(Z;T") [sinh(z; T') cosh(zx(t — T')) + cosh(z,T) sinh(zy(t — T))]) .

2
24k ?

Furthermore, it holds

d(kv T) CE,T(t)
= 2Re (=— cosh(z;T) [cosh(z(t — T')) — cosh(Z(t — T))]) (5.27)

2
2k"—dk

+ 2Re (= | ZE, sinh(7T) — 5 sinh(sz)] sinh(z(t — T)))

3 —
2k“—dk 2k
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and

d(k, T) Hy.r(t)
= —2Re(—-Z— sinh(zT) [cosh(z(t — T)) — cosh(Zg(t — T))])

2k (22 —qk)
+2Re m cosh(z;T) sinh(zx(t —T)) — ﬁ cosh(zgT) sinh(Zg (t — T))> :

Proof: Due to the properties of the hyperbolic functions that can be found for example
in [10, 11] we have

—2
d(k,T) = —2 Re <z2“_’qu> (5.28)
k

_ Re ((z1,2 — 2|2 — 22
H:k]Q ( ( k|22| éig(’_kqlkl k») cosh(2 Re(z) T)
k

= 2 (Re((z’ —Qk)(|2k|2+2;3)))
+|Zg)? cosh(2 Im(zx)T).
= (g ——
This implies limy_,, |d(k, T)| = oo, hence for all sufficiently large T we have d(k,T) #
0. In the remaining part of the proof, we assume that d(k,T") # 0. Moreover, we see that
d(k,T) grows exponentially fast with 7" with the growth rate

2Re(z) > /7 (5.29)

due to (5.21).

To be more precise, note that |=;|? = 1 + v A, grows with the order .

At this point, elementary computations show that Fy r(t), Gy.r(t) and Hy 7(t) satisfy
the differential equation and the boundary conditions where (8, ax,r(0), @, (0)) have the
values (1,0,0), (0,1,0), (0,0, 1) respectively. Now we present details of the verification of
these basic functions.

Since by’ (T) = qi by, +(T), we can make the ansatz

brr(t) = A} cosh(z,(t — T)) + Bf cosh(z(t — T)) (5.30)
r i - — ! sinh(Z;(t —
+CY, P P sinh(zx(t — 7)) e h(zg(t —1T))

Now we return again to the sloppy notation ay, bx. Then
Al 4+ BF = b (7).

We have

0+ (7 = M) by
= . 5.31
1+ y )\k ( )

Hence we obtain
(I +yA) ax(t) =
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AT ((’y — ) — 2,3) cosh(z(t — T)) + B ((’y — ) — z_kQ) cosh(Zx(t —T))

V=M T

+CT [A—’“_Z’% sinh(z;(t — T)) —
g * Z (% — ar)

2k (Zk2 - Qk)

Therefore, we have

sinh(Z(t — T))] .

(147 Ak) ax(0) =
AL ((v = M) — 27) cosh(z, T) + B ((v — M) — Z°) cosh(z; T)

Y=\ — 22

Y — Ak
+CT {——Smh 2, T) + ——
k ( k ) = (ZkQ_qk)

=) sinh(z_kT)] .

Due to (5.22) we have
(147 Ae) g, (t) = =By (1) + (v = M)y (1)

= AL (=2 + (v = M) z) sinh(z(t — 1)) + By (=2 + (v — M) Z) sin(z(t — 1)

(=2 + (v = \)zn) oy CEE (= A)F)
o 2= cosh(zx(t —1T)) = 5 — ar)

Hence we have

+Cy [ cosh(Zx (t — T))} :
(147 ) @i (0) = =By (0) + (7 = Ax)bi, (0)

= AL (2} — (v — M) z) sinh (2. T) + BF(Z2 — (v — M) Zx) sin(Z7T)

(v

- + - )\k)zk
+CT |:( Zk
: 2 (2 — @)

_z —\)E
) cosh(z; T') — ( zk_—i__(;y £)Z) COSh(Z_kT>:| :
zr (Z — qr)
In order to obtain a unique solution for the vector of coefficients (A7, Bf,CF) we
investigate the determinant of the corresponding 3 x 3 matrix M (7). For this purpose,
we introduce the notation

man(T) = (v— A — ;) cosh(z.T),
men(T) = (y— A — z_kQ) cosh(z;T),
Y= M=z V= A — _

mos(T) = smhzT—{——smhzT

23( ) (Zk _Qk> ( : ) (Zk _Qk) ( : )
ms1(T) = —z (7 e — zk) sinh(z,T) = —mb(T),
mso(T) = —Zx (7 e — 2k ) sinh(Z;T) = —mia,(T),

(v = M) — 22) (v =) —Z3) _ ;

mas (T cosh(z, T) — cosh(ZgT) = —mao.(T).

33( ) (le _Qk’) ( k ) (Z—kQ _Qk) ( k ) 23( )
Note that we have the equations

1 1

ma3(T) = mg (T) — maa(T).

Zi (22 — @) ZRe (Z_k2 — qx)
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1 1

mas(T) = mmzl(T) - mm22(T)7
We have the matrix
1 1 0 1 1 0
M(T) = | mor(T) moa(T) mos(T) | = | maa(T) moa(T)  mos(T)
ma1(T) maz(T) mas(T) —miyy (T)  —miy(T)  —mipg(T)
and the right-hand side
bi(T)
r(T) = | (1 +7v ) ar(0)
(147 Ax) a;,(0)

that is in fact independent of T', as stated earlier.

5.2.2 Computation of the characteristic determinant and an in-
verse matrix

For the determinant of M (7T') we obtain

det M(T) =192 (T)m33 (T) — M39 (T)m23(T> — mgl(T)m;;g (T) + ms3 (T)mgg (T)

' 1
= ———mo(T)mu(T) — m

(Zk2 —1%)
_ mm:sQ(T)mgl (T) + m
1 1
N mmﬂ(T)m?l(T) + mmm(T)mm(T)

1 1
- - T T — — —
22 (sz—qk>m3l< Jmai(T) = == (Z2 — qx)

Mo (T )maoa(T)

ma(T)msa(T) (5.32)

ms1 (T)m32 (T) .

We have mgl(T)2—%m31(T)2 — (v =M\, —22)% and Moo (T')? 5 (T)? = (v — A — Z2)%.
This yields

e — 22)? N — 52)?

2 ——2
2k — 4k 2k — 4k

+( L 21 >m22(T)m21(T> (5.33)

22— IRt — G

_(sz( ! + — = >m32(T)m31(T)-

22 —qr) 7k (ﬁz — Q)

We introduce the notation
Ek =7 — >\k — ZZ.
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Since
1
cosh(z,T") cosh(z,T') = 5 [cosh((zx + Zx)T") + cosh((z — Zx)T)] (5.34)
and |
sinh (2, T) sinh(Z,T) = 5 [cosh((z + Z5)T') — cosh((zx — Zx)T)] (5.35)
we obtain the equation

=2

= = 1 1
det M(T) = — ko _ k +< + ) Zx|? cosh(2,T) cosh(ZT
@) E—an T — G 22— T — 2 (zT) (&T)
(s * ooy ) 4 B sinb(aT)sinh )
— 212k | Zk|” sinh (2, T") sinh(Z,T).
a2 (22 =) T (Z — an) S ‘ :
This yields the representation
52
det M (T) = —2Re< —* > (5.36)
2k — 4k
+2\Ek]2Re< 1 > | cosh?(z,T)| — 21542 Re <§+> | sinh?(2,T)].
% — an 2k (2% — qu)

Due to (5.34) and (5.35) this can also be written in the form

—2 =2
det M(T) = ———+  — _=*
( ) Z;% — 4k Zet — dk

=Tk { L (1 % ) P (1 @’ )} h((z +7)T)
— — cosh((zr +Z
2 |z — |2k |2 R — gk | 21| bR
S B o )
+ 1+ + — 1+ cosh((zr — zx)T
2 La® — ax |2k | 2~ |21, |? (& ==)T)

We have ) )

1 Zr 1 z
e (i) e ()

Zr° — qk |Zk’ 2K — gk ’Zk’

_ 2 Re((=® — ar)(|2l” — 25))
27| |2k — q]

It follows that
Re (2 —an)(|2]* = 27)) = Re (2> + @)z — @ |2f* — 22)

=Re ((|zk]> + @ +2 M —7) 22 + A2 + 1 — ai | 2]*)

1
= Re ((|zk|2 — ;) z,% + )\i +1—q |zk|2)
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2 1 Y 2 1 2
= (/A +1—— (E—Ak)+Ak+1+(2>\k+——v),/Ak+1
gl Y
1 v 1 1
S RV2. T N (D VA R VT mp
Pl (;ML7 2)+7k+k+2>0

1 Z_kz ) 1 ( Zk2 )
1+ + = 1+
22 — qk ( |Zk|2 Zk2 — 4k |Zk|2

_ 2 Re((=” — ) (|2]” + #7))
27| [26% — q]

and

Y

Hence we have

2

=2
det M(T) = — 2 Re( "k )

Zi — gk
1Zkl? 2 Re ((2e® — ) (|2]* — 27))
cosh(2 Re(z:) T 5.37
2 AT — 0 @R B
12kl 2 Re ((z° — qu) (|2 + 27))

cosh(2 Im(z;) T').
> e 2 e
This implies limy_, |det M(T)] = oo, hence for all sufficiently large 7' we have
det M(T) # 0. Moreover, we see that det M(T') grows exponentially fast with 7" with

the growth rate
MRe() > 7 (5.38)

due to (5.21). Hence for all sufficiently large T' the coefficients (AT, BI', CF') are uniquely
determined.
For the computation of the inverse of M (T') we use the representation

X Bu(T) Ba(T) Brs(T)
det(M(T) [M(T)]"" = | Bor(T) Boa(T) Pas(T)
B31(T) Bs2(T) Bss(T)

mQQ(T)mgg (T) — Ma3 (T)mgg(T) —mgg(T) ng(T)
= m23(T)m31 (T) — M2 (T)m33(T) m33(T) —m23(T)
ma1(T') maa(T) — maa(T) mai (T') mz1(T) — maa(T) mag(T) — ma(T)

The element 311(T) in the top-left corner of det(M(T')) M(T)~! is given by the minor

Bi1(T) = maa(T) maz(T) — maz(T) maa(T)
= =, cos 2k i cosh(zg - =
=S ) { s o T) -~

— Q) COSh(Z_kT)}

(Z

—_

. {_% sinh(z, T) + ——F—— sinh(aT)} % Sk sinh(z7T) }
k

262 — Qi) Zk (Zk” — Qi)
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— =2
% _|Z sinh(z;T") sinh(Zx1")

h?(z;T)—sinh® (7)) —
[cosh®(Z,T")—sinh*(ZxT")] P S

=2

2

_
=

cosh(z,T) cosh(z,T) — —5
2k — 4k

B Z;g — gk
- — = + =i cosh(2;T") cosh(zT) — & sinh(zT") sinh(zT") (539)
Z_kz — ZkQ . k k Z k k . .

Due to (5.34) and (5.35) this yields

e 1 5P [(1 _ §> cosh((z + Z)T) + <1 * 2:) cosh{(z — Z_’“m] '

Sk
fu(Tl) = —= =
u(T) e — Qe 2 22— qr 2y,

The second element 315(T) in the top row of det(M(T)) M(T)~! is given by

cosh(zgT).

512(T) = —77’L33(T) = —ﬁ COSh(Zk T) + ﬁ

The third element (3(7") in the top row of det(M (T)) M(T)~! is given by
Fis(T) = maa(T) zi, (217 — qx) sinh(z T) + 7, (%% — ax) sinh(z 1)

Now we consider the entries in the second row. For the first element in the second row

of the matrix det(M (7)) M(T)~! we obtain
Ba1(T) = —[mar (T)ma3(T) — maz(T)mzi (T)]

=2 = |2
Sk 2 = _
———cosh“(z; T) + — cosh(zg T') cosh(z; T
(Zz_qk) (k ) (2k2_Qk) (k ) (k )
=2 = |2
;k sinh?(z, T') — _Zk_|;k| sinh(Z; T) sinh(z,T)
(Zk - Qk> 2k (Zk - Qk>

+

—9 — 12 = 12
Sk = _ 2 |2k N
+ — cosh(z, T) cosh(Z; 1) — —————sinh(Z; 1) sinh(z;,1T").
(Z]%_Qk) (Zk2_C_Ik) ( k ) ( k ) Zk(ZkQ_C]k) ( k ) ( k )
(5.40)

Due to (5.34) and (5.35) this yields

Bor(T) = NEETH)

! !:_|> {(1 - :) cosh((z + 7)T) + (1 + :) cosh((zx —7)T)

+5 =
2 (ze* — @ Zk
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—_

—

o k
( 2

The second element in the second row of the matrix det(M (7)) M (T)™! is
Baa(T') = mg3(T) =

cosh(z, 1) — -
7o) (2 T)

Sk _
——5———— cosh(zT).
-
For the third element in the second row of the matrix det(M (7)) M(T)~" we obtain
T) = —mgs(T) = =k =
Bos(T) = —mas(T) o (22
obtain

—

sinh(z, T) —
2% — k) (=T) % (%
Finally, let us look at the elements in the third row.

sinh(z; T').
Zk — qr) &)
For the first element in the third row B3 (T) of the matrix det(M(T)) M(T)™* we

Bs1 (T) = m21(T) mgz(T) - m22(T) m31(T)

For the hyperbolic functions, we have the general identity
and

= |Z|? [~Zx cosh(z;, T) sinh(z;T) + 2; cosh(zT) sinh(z;, T)] .
cosh(z,T) sinh(z,T) = 3 [sinh((zx + Zx)T") — sinh((z, — 2zx)T)]

Using (5.41) and (5.42) we obtain

(5.41)
sinh(z;T) cosh(ZxT) = 5 [sinh((zx + Zx)T") + sinh((zx, — z)T)] -

(5.42)

= |22 [—z_k— [sinh((zx + Zx)T') — sinh((z, — zp)T)] + zkl [sinh((zx + Zx)T) + sinh((z, — Z¢)T)]
_ |Ek|2 { k; k

Ba1(T) = |Z4|* [=Zk cosh(z, T') sinh(ZT) + 2 cosh(ZT) sinh(z, T)]

sinh((z, +2)T) + 5

5 sinh((zx, — Zx)T)
The second element in the third row fs5(T") of the matrix det(M(T)) M(T)™! is

Baa(T) = —mao(T) + ms1(T) = Z =, sinh(ZT) — 21, =5, sinh(2,T).
Finally the element 333(7) of the matrix det(M (7)) M(T)! is

—_

B33(T) = maa(T) — maoy (T) = =, cosh(z;T) — = cosh(z,T)
=k

We summarize the entries of det(M(T)) M(T)™! in a table:
1 |Z)?
An(T) = — 2

2 =
bt 12k
2 22— q

2k

=2
Rk — gk

142

=) cosh( (1~ 0)7)

)mm@+zﬁw(

87
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—_— —_
—

—
—

T) = —— =% osh(zT 4+ —= cosh(zgT).
512< ) (Zi_qk) (k ) (Zkz_qk) (k )
T) = —Lsinhz T —i—isinh zZe ).
Pis(T) 2 (262 — qi) (2T) zr (Z% — @) (1)
=2
By (T) = —— =k
a(T) (zi — @)
+ ! E—k|2 1k cosh((zx +2x)T) + | 1 + k cosh((zx — zx)T)
2 (%" — ) % e % S
T) = icos.h 2z T) — = cosh(z,T').
522< ) (Zz_qk> ( k ) (Z_kQ_Qk) ( k )
T) = Lsmh zT) — = sinh(z; T).
Bn(T) 2z (2% — ) (1) Z: (7 — ar) 1)
— —Zr . _ +Zr . _
B (T) = |Z)? {Zk 5 “k sinh((zx + Zx)T') + kT sinh((zx — zk)T)} .
B3a(T) = 7z = sinh(zT) — 21 2 sinh(z,7T).

Ps3(T) = Z cosh(ZT) — = cosh(ziT).

For

b p(t) = AT cosh(z4(t—T)) + B cosh(ZH(t—T)) +CT [Sinh(zk(t —T))  sinh(Z(t - T))}

2 (27 — a) % (%% — i)
we have
Al 1 Bui(T) Pra(T) Frs(T) bi(T)
VIT)= B, | = Tt (T Bor(T)  Baa(T) Bas(T) (1+~vyM)ar(0) | . (5.43)
cf)  EMTI\ g (1) 8o(T) Bu(T)) \(1+7 M) d(0)

S

Due to (5.30) we have

where the terms that are multiplied with by, (7") and come from the first column of M (T)~*
are collected in Fj r(t), and analogously for Gy r(t) and Hy ().
Thus we have

Fer(t) = dfgl—]\% cosh(zx(t —T)) + (1551—]\% cosh(zz(t — T))
Bs1(T)  [sinh(z(t —T)) sinh(Z(t —T))

det M(T) |z (22— qi) Z (32 =) |

(5.45)
+

Grr(t) = deﬁf—]\% cosh(zx(t —T)) + deﬁi?—]\% cosh(zZx(t — T)) (5.46)
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N B32(T) {sinh(zk(t — 1)) sinh(Z(t — T))]
det M(T) | 2 (27 — @) Z (@ —an) ]
Hyr(t) = dili\;j;;> cosh(zi(t —1T)) + di2§\(47£;) cosh(Z(t —T)) (5.47)
N B33(T) [sinh(zk(t —T)) sinh(Z(t - T))] '
det M(T) | 2 (22 — qx) Z (7" — Q)
Hence (with det M (T') as in (5.36) )
det M(T)ij(t)
— | _ E_’f? 1 Sl — cosh((zx + zx
_[ Z_kQ_Qk+2Zk2_Qk {(1 b{(e +2)T)

cosh((z, — z_k)T)” cosh(z,(t — T))

— — ) cosh((z + zx)T)

) cosh((ex — 0)7) || cosh (e - 7)

2k + e sinh(24(t — 7))  sinh(Z(t — T))]

2k (22— qr) Zr (Z62 — i)

+ [k [Z’f S sinh((z, + 7)T) +

sinth((z —z_k)T)] [

zZ

:k 1 |~k|2 {( _k:> _
- cosh((zx + zg)T
- g 2 262 — qk 2, (2 +20)T)

Z) cosh((zy, — z—k)T)H cosh(z(t =T )))
sinh(z(t — 7))  sinh(Z(t — T))] ‘

ze (27— qi) zZr (Z2 — @)

2k + 2k
2

+ = [Z’“; ® sinh((z + 2z0)T) +

sinh((zy, — z_k)T)} [
Whence we have
det M(T)F]@T (t)

=2

= = 12 =
R 2 {cosh(sz) cosh(sz)—zksinh(sz)sinh(sz)]

= 2Re —
( 2 Qe 2k — 2

cosh(zx(t — T)))

sinh(z,(t — 7))  sinh(z(t —T))
2k (213 - Qk) 2k (7k2 - Qk)

+|Z4|? [z, sinh(2;T) cosh(z5T) — Z cosh(z,T) sinh(Z5T)]

:2Re< —

+|Zk/*2Re (sinh(sz) cosh(zxT)

=2 —_
Ek 2k /?

a2 — G

[cosh(zk T) cosh(zZT) — ke sinh(zg T') sinh(Zg T)]
%k

cosh(zx(t — T)))

) |

inh t—T Zk
S (’gk( ) _Zk cosh(z;T') sinh(zT)
(2 — a) “k

sinh(zx(t — 7))
(= — ar)
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Verification of the Basis Function Fj r(f) We start with the function Fj r(¢) from
(5.24) that is multiplied with Sy, i.e. we consider the product d(k,T) Fyr(t). We will
show that Fj, r(t) satisfies the boundary conditions

Fer(T) = 1,
2 9y, — 1
Fip(T) = TSR ),
—EF7(0) + (v = M) Frr(0) = 0,
—Fir(0) + (v = M) Fp(0) =
We have
d(k,T) Fpr(t) = 2Re ( cosh(z(t — T)))
77—
= |2
< |2 = cosh(z;T) cosh(zy, T') cosh(z(t — T)))
kT — 4k
= |2
+2Re ( ’2 = cosh(Z;T) sinh (2, T") sinh (2 (t — T)))
2k — 4k

—2Re (Lu—ﬂzﬁ sinh(ZzT") [sinh(z; T') cosh(zx(t — T')) + cosh(z,T) sinh(zy (t — T))]) :
2k — 4k 2k

Hence for ¢t = T we have

,_—2
M&Tﬂ%ﬂT%zM%(—_;k )

2k — 4k

|Ek’2 — |Ek’2 Zk . . .
+ 2R h(z: T h(z, T) — Z¢ ginh h
e (z;ﬂ o cosh(z;T') cosh(z, T) p— sinh(%;T) sinh(z, T)

=d(k,T).
Since d(k,T') # 0, this implies Fj, r(T") = 1. For the derivative we obtain

cosh(ZgT') cosh(z, T') sinh(z(t — T)))

(=
(

2Re (52 cosh BT sinh ) cosh(at - 7))
(

Thus we have

= |2
d(k,T) F;,+(T) = 2Re (zk |;k|q cosh(zxT") sinh(sz)>
— Gk
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= 12
— 2Re < =1 Z, sinh(z 7)) cosh(sz)).
P

Therefore we have Fy (1) = 0. For t = 0 we have

=2

d(k, T) Fr(0) = 2 Re (—_f’“ cosh(sz))

kT — 4k
= 12
+2Re ( |;k’ cosh(z;T") cosh(z, T) cosh(sz)>
k" — 4k
—2Re ( 2:k| cosh(Z;T) sinh(z,T) sinh(sz))
2 — 4k
=12 ==
—2Re ( |;k| Zk sinh(Z;T") [sinh(z; T') cosh(z;T") — cosh(z;T") sinh(sz)]>
R — 4k 2k

=2 = 12
= 2Re —_Hk cosh(z,T) + = cosh(z:T) | .
( Z — () 22— gk )

For the second derivative, we have
d(k,T) Fy 7 (t)
=2
= 2Re (—zk —k cosh(z(t — T)))
7R —
=k

22 — qk

L 9Re ( cosh(zT) cosh(z T) cosh(zk<t—T>>)

= 2
+2Re (zg |2 = cosh(ZT") sinh(21") sinh (2 (t — T)))
%k — 4k

—2Re ( |2 il | 21| ? sinh (25T [sinh(2; T') cosh(zy,(t — T')) 4 cosh(z,T') sinh (2 (t — T))]) :
2 — 9k

For t = 0 this yields

=2
d(k, T) F{'p(0) = 2Re (—zg_;’“ cosh(sz)>

cosh(Z;T) cosh(z, T) cosh(sz))

= |2
—2Re (zg L"“' cosh(z;T) sinh(z,T) sinh(sz))>
q

= 12
—2Re ( 2 |2|? sinh(Z;T) [sinh(z;, T) cosh(z,T) — cosh(2,T) sinh(sz)])

=2 = |2
=2Re (z,? [—Z_k;k_ ” cosh(z;T) l;k| COSh(Z_kT)>

2k — gk
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Hence we have

d(k,T) [—FIQI,T(O) + (v = M) Frr(0)] = 0.

Thus we have —F}/7.(0) + (v — A) Fi.7(0) = 0.

To proceed, let us observe that

=2

d(k,T) F|;(0) = 2Re <zk_;’“ sinh(sz)>
’ ZET — Gk

= 12
—2Re (zk |;k| cosh(zzT") cosh(z, T') sinh(sz))
26" — Gk

| 2

+2Re (zk = cosh(zxT") sinh(z,T) cosh(sz)>

_Qk

= |2
—2Re ( |2 = Zx sinh(ZT') [— sinh(z;, T') sinh (2, T) + cosh(z,T) cosh(sz)])
R — 4k
=2 ENE
=2Re (zk — —k smh(sz)> —2Re (zk 5 —k smh(z_kT)> .
— gk 2 — 4k

For the third derivative, we have

d(k,T) Fyr(t)

=2
= 2 Re (—zk  sinh(z(t — T)))

Zk — 4k

2
+2 Re 2l cosh(Z;T') cosh(zy T') sinh (2 (t — T)))

Zk — gk

r — 4k

(4
#2 Re (S cosh(7) snba ) coshatt — 7))
(

| 2|? 21 sinh (Z;T) [sinh (2 T') sinh(2; (t — T')) + cosh(z,T") cosh(z(t — T))]) .
(5.48)
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This yields

d(k,T) Fyr(0)

=2
= 2 Re (z,i’_;k sinh(sz)>
q

+2 Re (—z,i’ ;kl cosh(z;T") cosh(z, T) sinh(sz))

cosh(Zx1") sinh(z, 1) cosh(sz)>

= 12
—2Re ( 21 |2|? 21, sinh (2 T) [~ sinh(z;, T) sinh(2,T) + cosh(z;,T) cosh(sz)])

=2 = |2
= 2 Re (Z,?;_;k sinh(sz)> —2Re ( Luk’ Z,fz_ksinh(z_kT)) .
2 — 4k

(5.49)
Hence we have

d(k, T) [~ F7(0) + (v = \e) F.1(0)]

=2 =, |2
=2Re <—22_;k sinh(sz)> +2Re ( |;k| Zzz_ksinh(z_kT))
2k — gk fr — 4k
=2 ENE
+ (v — &) |2Re (zk_;k sinh(sz)> —2Re (z_k ;k sinh(z_kT)>
2k — 4k 2k — 4k

=2

= 2Re <zk Ek_;—k sinh(sz)) —2Re (

2T — qk

Skl
=

Eizk sinh(zx 1) | = 0.
S () )

We have

= |2
d(k,T) F"-(T) = 2Re <z,§ |;k| cosh(zxT") sinh(sz)>
' 2k — 4k

= |2
—2Re ( ;k’ | 2?21, sinh (2, T) cosh(sz)> :
2l — 9k

Whence we have

2

m

|

— 4k
2
—2Re ((le — qk)Zk ’2 i sinh(zZ,T) cosh(sz)) =0.

Rp — 9k
(5.50)

d(k,T) [F{'(T) = qi Fi.p(T)] = 2 Re ((z,% — Q) 2k cosh(z,T) sinh(sz))

z

[I] TN

Thus we have shown that F}, ;- satisfies the required boundary conditions.
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Verification of the Basis Function Gy r(t)
that is multiplied with (1 4+~ ) arr(0) , i.e

1

d(k, T) Gy, r(t) = 2 Re (

We continue with Gy r(t) from (5.24)

cosh(z;T') cosh(z(t — T)))
k- — Ak
—2Re ( —k

cosh(zZ;T) cosh(Z(t — T)))
Zk — gk
Rk Sk .
1 2Re (—
Zk(2k2 — )

sinh(z;T) sinh(zx(t — T )))
—2Re (_;”‘ i

RE" — Yk
Moreover, for t =T we have

—

=

(k,T)Grr(T) = 2Re (

sinh(z;T) sinh(Z (t — T)))
Due to the definition of zj, the function Gy r(t) satisfies the ODE (5.20)
d(k,

—

Zk — qk
In addition, for the derivative, we obtain

cosh(Z_kT)) —2Re (

cosh(z_kT)> =0
75— G
d(k,T) Gl r(t) = 2Re (

=2

—_

cosh(z,T) sinh(z(t — T
kT — 4k
— 2Re (_Zf =

cosh(zxT) sinh(Zg(t — )
k- — 4k
+2Re < Zf = sinh(z;T') cosh(zy(t — T >
2k — Qk
—2Re (_Zf =k sinh(z;T") cosh(Zg(t — T )
kT — Gk
Hence for t =T, we have the derivative
d(k, T) Gy (T = QRe( k= sinh(z_kT)) —2Re (_22’“ =k sinh(z_kT)) .
’ 2k — gk 2" — gk
For the second derivative, we obtain
% Bk
d(k,T) Gy r(t) = 2Re | =

2k — gk

cosh(zZ;T) cosh(z(t — T)))
%’ Zx
—2Re | = cosh(z,T') cosh(Zg(t — T'))
kT — 4k
+2Re ( Zk;_k Sk g

2k” — 4k

sinh(ZgT') sinh(zy (t — T)))
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=2

—2 =
. 2Re( =k inh(zT) sinh(z_k(t—T))>.
2k — 4k

For t = 0, equation (5.27) implies

= =2 =
d(k,T)Gy +(0) = 2Re (_Z]; =~ cosh(zT) cosh(sz)) —2Re (_Z]; =k cosh2(z_kT)))
’ k"~ dk Zk" — QK

== =25
—2Re (ijk —* sinh(zT) sinh(sz)) + 2Re (_z,; —k sinhQ(z_kT)> :
k" — 4k k" — 4k

For t = 0, equation (5.27) implies

—_
—

cosh(ZgT) Cosh(sz)) —2Re (_;k COShZ(Z_kT))

—_

=2

2k — Qqk

d(k,T)Grr(0) = 2R,
(5. T) Gur(0) = 2e S

Sk T
—2Re | —————sinh(Zz;7T) sinh(z,T) | + 2Re | — sinh ZT).
(Zk(2k2 _Qk) ( g ) ( g )) <Zk2 — gk ( g )

Hence in view of (5.25) we obtain

—_

d(k,T) [— pr(0) + (v — )\k)Gk,T(O)]
2 = =2 =
= —2Re (_ZZ —*_ cosh(zT) cosh(sz)) +2Re (_ZI; —k cosh2(5T)))
k" — 4k k" — Gk
2k2k S
2

+2Re<
2k — gk

+ (Zx + 22)d(k, T) Gy.1(0)

— =
sinh(zZ; 1) sinh(sz)) —2Re (_z;; —k sinhQ(z_kT)>
kT — 4k

=5 1 zr 1
= —2Re ( —t ) + 2|Z4)? Re ( 5 | cosh?(2,T)| — “k 5 |sinh2(sz)|)
k — 4k 2k — 4k T

=d(k,T)
due to the definition (5.26). Since d(k,T") # 0, this yields
—Gpr(0) + (v = A) Grr(0) = 1.

For t = 0, the derivative satisfies the equation

d(k,T) G +(0) = —2Re (_Zg =k cosh(ZT) sinh(sz)) + 2Re (_Z;c =k cosh(ZT) sinh(z_kT))
' 2K — Qk 2k — gk

ZkE

262 — Qi

sinh(zzT") cosh(sz)> —2Re (_ng =k sinh(zzT") cosh(z_kT)>
2k — qk

+2Re(

Zr =

2% — qk

=2

= —2Re ( Sl cosh(zZ;T) sinh(sz)) +2Re (
kT — 4k

sinh(z7T) cosh(sz)) .
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For the third derivative, we obtain

3=
d(k,T)GYr(t) = 2Re (_z]; cosh(zzT) sinh(zx(t — T

cosh (ZxT') sinh(Z (t — )

212 —Qk

+2Re < % S sinh(Z; 1) cosh (2 (t — ))

smh (zxT") cosh(Zx(t — T )

Hence for ¢ = 0 we have

3= =

d(k,T)G}r(0) = —2Re (_Z]; =k cosh(zT) sinh(sz)) +2Re < ]; =% cosh(zT) sinh(z_kT))
kT — 4k kT — 4k
25— T >3 =

+ 2Re (w sinh(zZ,T) cosh(sz)) —2Re (_]; —k sinh(zZ,T) cosh(z_kT)>
k" — 4k “k- — A4k
2% B 2°Zk g

= —2Re (_2 cosh(zZ;T) sinh(sz)) + 2Re (2— sinh(zZ; 1) Cosh(sz)) .

kT — 4k kT — Gk

In order to verify the fourth boundary condition in (5.23), in view of (5.25) we obtain
the equation

d(k, T) [_ /k//T(O) + (7 - )\k) ZT(O)}

35 20— =
=2Re (_Z]; =k cosh(z;T) sinh(sz)> — 2Re (m sinh(Z;T) cosh(sz)>
k" — 4k k" — 4k

+ Gk + 21) <—2 Re <_sz =k cosh(z;T") sinh(sz)))

2k — Qqk

+ (S + 22)2Re ( =N sinh(zT) cosh(sz))
2k° — gk

= 0.

We have

25— = =3 =
d(k, T) G}'(T) = 2Re (msinh(z_kT)) —2Re (_Z’;—“’“smh(z—kT)) .

22 — qk 2T — 4k



5.2. THE DIFFERENCE SYSTEMS 97

Hence we have

d(k,T) | k(D) — aG, (1))

= 2Re (zkzk smh (zT)
Zk:

) 2Re ( _f’“ sinh (z_kT))
2k — 4k

— 2Re <qkzk 5 sinh (zzT ) + 2Re (qkz =k ginh (z_kT))
21 — gk k — 4k

= 2Re (z_kuk sinh (sz)) — 2Re (zk_k sinh (sz))

Thus we have shown that

Grr(T) = 0,
2
" v = 2 Y A
(1) = . G (D),
vr(0) + (v — X&) Gr.r(0) L,
ZfT(O) + (7 - /\k) ;C,T(O) = 0.

Verification of the Basis Function Hj r(t). Now we consider Hj r(t) from (5.24)
that is multiplied with (1 4+~ ) aj +(0) , i.e.

d(k, T) Hyp(t) = —2 - h(z.T) cosh(zp(t — T
(k,T) Hy.r(t) Re (Zk(ZkQ_Qk) sinh(z,T") cosh(zy( )
+2Re Sk Gnh(z T cosh(zz(t — T )
(%(%2 — qr) (2T) K
+ 2Re - cosh(zZ;T) sinh(z(t — T
(Zk(zk2 - qr) (&) Kl )

—_
—

—2Re | —=% __ cosh(zZT sinh(Zg(t = T )
(z—k@?—qm () sinb(z{

Due to the definition of 2, the function Hy r(¢) satisfies the ODE (5.20). Moreover,
for ¢ =T we have

—_
—

—_

d(k,T) Hyr(T) = —2Re ( : sinh(sz)> +2Re ( sinh(sz)> ~0.

Zk(Zk - C_Ik) 2

Zk(Zk - C_Ik)

For the derivative we have

—_—

2

d(k,T) Hy, 1(t) = —2Re (
’ ZK° — qk

sinh(z,T') sinh(z(t — T)))

Zh=k ) o
4+ 2Re | —————sinh(2,7T) sinh(zg(t — T )
(oo s sinh (e~ 7)
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+ 2Re ( ;k cosh(Z;T") cosh(z(t — T)))
k" — 4k

—2Re <_;k cosh(zZ;T) cosh(Z(t — T))) :
kT — Gk

Hence for t = T we obtain

d(k,T) H, +(T) = 2Re (Zf—kq cosh(z_kT)) —2Re ( =k
k- — Yk

cosh(zT) | .
e — Gk G ))

For t = 0, we have
d(k, T) HkyT(O)
— —92Re | —=% §inh(z.T) cosh(z.T ) + 2Re (Lsinh 2. T) cosh(ZZT )
(2 or o st eoshla) S siub(aT) cosh(T)

2

— 2Re ¢coshz_T sinhzT)—i—ZRe(
(S ot snb ()

k e
—cosh ze 1) sinh(z,T) | .
For the second derivative, we have

d(k,T) HY () = —2Re ( ;’“f’“qk sinh(z,T") cosh(z(t — T)))

+2Re smh(sz) cosh(Zg(t — T)))
Zk — qx)

(e
(Zk i cosh(Z5T) sinh (2, (t — T)))
one (3

cosh(zzT") sinh(Zx (t — T))) .
7 — Gk
For t = 0 this implies

= 2=
d(k,T) H/+(0) = —2Re (z; iqu sinh(z,T) cosh(sz)) +2Re < “k =k

——————sinh(z,T) cosh(zZ; T

s cosh(T)

—2Re < zk:k cosh(zzT') sinh(sz)) +2Re < k=
2T — gk

R cosh(zT) sinh(zT)) .
k- — Gk
Hence in view of (5.25) we obtain

—d(k,T) Hy 7(0) 4 (v — A) det(M(T)) Hy2(0) = 0.
Now we verify that the fourth boundary condition in (5.23) is satisfied
For the third derivative, we have

2=
d(k,T) H/'r(t) = —2Re (ZZ§ HZ sinh(z,T") sinh(zy(t — T)))
K~ Gk
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+2Re ( % S sinh(z,T") sinh(Zx(t — T)))
zk(21° — Qi) ; ‘
2=
+ 2Re ( 22 —— cosh(z;T') cosh(z(t — T)))
k" — 4k
Sk
—2Re | = cosh(z;T) cosh(z(t — T)) | .
k- — 4k
For ¢ = 0 this yields
d(k,T)H!7(0) =2Re S sinh(z;T") sinh(2xT) | — 2Re ﬂsinh(z T) sinh(Z;T)
’ S 22— ¢ ‘ z(21° — q) ’ ‘
2= =
+2Re ( z; — cosh(z;T) cosh(sz)) —2Re (_Zf =% cosh(z:T) cosh(z_kT)> .
26" — qk 2k — qk

Using again the definition (5.25) of Z it follows that
—d(k,T) Hi'r(0) + (v = Ae) d(k, T) Hy, £(0) = d(k, T)

by the definition (5.26) of d(k,T).
Using again the definition (5.25) of Z it follows that

Lk T) HYR(0) + (v — Ay) d(k, T) H1(0) = d(k. T)
by the definition (5.26) of d(k,T). We have

Zk2:

Sk _
h(zT) ) — 2R
2 cosh(Z )) ¢ (

T2 cos(a) )
cosntiz .
2 — i "

d(k,T) H"+(T) = 2Re <

Hence, we have

d(k’,T) [Hllc/,/T(T) - QkH/{c,T(T)]

9= o=
= 2Re ( 25 —k cosh(z_kT)) —2Re (_25 —k cosh(z_kT)>
2k — 4k 2k — 4k
+ 2Re ( qu:k cosh (z_kT)> —2Re (_%k:k cosh (ﬁT))
2k — 4k Zk" — 4k
= 0.
Thus we have shown that
Hk;p(T) 0,
2924\ —1
HYp(T) = =22 (7).
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—Hy 7(0) + (v — M) Hr o (0) = 0,
- Ilﬁl,/T(O) + (7 - /\k:> Hl/c,T(O) = L

The proof of Lemma 2 is complete.

In the next section, it is shown that each of the functions Fjr, Gir, Hyr in the
representation (5.24) of the solution by r that are provided in Lemma 2 satisfies an expo-
nential turnpike inequality on the interval [0, 7] in the sense that for I € {F, G, H} for
all t € [0, T the following inequality holds:

[Irr(t)] < Ca [exp (-?t) + exp (—?(T — t))} :

Here (g is a constant that is independent of T" and k.

The turnpike inequality that we have obtained is used for the applications in shape
optimization as described in the subsequent sections. An important point is that the
inequality is independent of the properties of the sequence of eigenvalues A\, as long as
(5.18) holds. Therefore the inequality is valid over a compact set of perturbations of the
state equation (see Theorem 10 and also Remark 7).

5.3 The Turnpike Property by the Spectral Method
for Trees

In this section, we continue our analysis of the structure of the optimal solutions, in
particular for the adjoint states. We have in mind the shape optimization problems for
the trees. Therefore, we restrict our analysis to the networks in the form of trees. The case
of small cycles for the purposes of topology optimization is considered separately. In the
latter case, the spectrum is of a specific structure with the branch supported exclusively
on the cycle.

We show that the difference between the static optimal adjoint state and the dynamic
optimal adjoint state satisfies an exponential turnpike inequality as explained above. Our
method is to show that all three basis functions in the representation of the difference
between the static optimal adjoint state and the dynamic optimal adjoint state that we
have obtained from the respective optimality systems satisfy such an exponential turnpike
inequality. More precisely, we show that the basis function with a non-zero value at the
time ¢ = 0 (namely Gy and Hj ) decay exponentially fast with ¢. The basis function
with a non-zero value at the time t = T' (namely Fj ) decay exponentially fast as a
function of T — t, that is backward in time.

5.3.1 The Turnpike Inequalities for the Basis Functions

Exponential Turnpike Inequality for the Basis Function Fj, r(¢f) In order to verify
the turnpike property we use the following representation where the hyperbolic tangent
appears:
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d(k,T) Fyr(
= 2Re ( 25_ m cosh(zx(T — t)))
+ 2Re (z|2 f’; cosh(zzT') cosh(z,T) [1 — tanh(z;T') tanh(zx (T — t))] cosh(zx (T — t)))
+2Re ( '2 S cosh(z;T) tanh (z;T) cosh(z, T) [tanh(zy (T — t)) — tanh(z;, T)] cosh(z,(T — t))) .
fr — 4k 2k

For our analysis, we define the auxiliary functions

2Re ( ; cosh(zx (T — t)))

Shalt) = i |
, 2Re ( = cosh(sz) cosh(z,T) [1 — tanh(zxT) tanh(zx (T — t))] cosh(zx (T — t)))
Surt) = d(k,T) :
and
Ser(t)
2 Re ( |2 Zk cosh(sz) tanh(z;T') cosh(z, T) [tanh(z, (T — t)) — tanh(zy, T')] cosh(zx (T — t)))
- d(k, 1) :
Then we have
Fir(t) = Spr(t) + Ser(t) + Sir(t). (5.51)

Define I — Re(Gian (=l ~=)) s Re( (22 —q) (|2 [2+22))

122|122 —ax 271 |27 —ax|
The numbers d(k,T') can be represented as

—2

d(k,T) = -2 Re( —t

2k — 4k

)—|—|Ek|2l_ cosh(2 Re(z) T)+|=x 21 cosh(2 Tm(z;) T). (5.52)
Hence we obtain the upper bound

‘2 Re (ﬁ%qk cosh(zx (T — t))) ‘
|I_|cosh(2Re(z;) T') — )Lr cosh(2 Im(z,) T) — 2Re (%> ‘

[Skr(®)] <

This implies the inequality

|Skr(t)] < My exp(—|Re(2,)|(T — 1)) (5.53)
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with a constant M; > 1 that is independent of k and T'. We have

2[exp(2 2, T) + exp(2 zx (T — t))]
(exp(22;T)+ 1) (exp(22 (T'—t)) + 1)
2

1 — tanh(z; T') tanh(z, (T —t)) =

2
T U+ exp(—2% D)) (expa (T—D) + 1) | (1+exp(—22 (I — 1) (expZzT) + 1)

Hence for T" — oo this term converges to zero exponentially fast. More precisely, due
o (5.21) for all k € {0,1,2,..} for T sufficiently large we have the inequality

11 — tanh(z; T) tanh(z (T — 1))] < 16 exp(—2 | Re(zy)| (T — 1)) (5.54)

Thus we have

32 Re (3
k

L | cosh(z4T)[? cosh(z (T — 1))|) exp(~2 | Re(z4)| (T — )|

|Skr(t)] < =
|]_| COSh(2 Re(zk) T) — 14 COSh(2 Im(zk) T) 2Re ( (zk (Ik)> ‘

This implies the inequality
Sz (t)] < My exp(—| Re(z)[(T — 1)) (5.55)

with a constant M > 1 that is independent of k& and T
In addition, we have

2[exp(22, T) — exp(2 2, (T — t))]

tanh( (1= 10) = (30 = (0@ o) + 1) (exp@ e (T — ) + 1

so as above for T sufficiently large, we obtain the inequality
| tanh(zy, (T — t)) — tanh (21| < 16 exp(—2 | Re(zy)| (T — t)). (5.56)

This yields the bound
[Sir(t)] <

32|Re< % cosh(z4T) cosh(zT) cosh(z, (T—t))tanh(z_kT)> lexp(—2 | Re(z)| (T — 1))

|I_| cosh(2 Re(z;) T') — |14 cosh(2 Im(z;) T') — 2 Re (%))
k
Thus we obtain the inequality
|Skr(t)] < My exp(—|Re(z,)|(T — 1))

with a constant M3 > 1 that is independent of & and T'. Together with (5.53) and (5.55)
due to (5.51) and (5.21) this implies that for F r(¢) we have

B ()] < (0 + M+ 200 exp (~4L(0 1)) (5.57)
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Exponential Turnpike Inequality for the Basis Function G, r(t) Now we derive
the turnpike inequality for Gy r(t). Again we use a representation with the hyperbolic
tangent. We have
d(k,T)Grr(t)
= —2Re (= cosh(zT)[L + tanh(sz) tanh(z,(t — )] cosh(z; (t — T)))
+2Re ?j cosh(z,T) |1 — 2= % tanh(zT) tanh(z,(t — T))] cosh(z(t — T))) :

—ak =k
(5.58)
and L, . B
lim [1 _ B T dkZE tanh(zz T') tanh(zx(t — T))} =1+ sz — k2
T—o00 Zk — qk 2k kT — qk 2k
Similarly, we have
Tlim [1 + tanh(2,T") tanh(zx(t — 7))} =0
—00
and for the absolute value we have the bound (5.54).
For our analysis, we define the auxiliary functions
o —2Re ( - cosh(2,T) [1 + tanh(z;,T") tanh(z (¢t — T'))] cosh(zx(t — T)))
t
Sk,T( ) d(k’ T) )
o 2Re ( S - cosh(z;T) |1 — zkz_gk z’“ tanh(Z; 1) tanh(z (t — T))] cosh(zg(t — T))>
t
Sk’,T( ) d(k, T)
Then we have
Grr(t) = Sio(t) + Si (). (5.59)

Due to (5.54) we obtain the inequality
32’R6<F37———7
|I_|cosh(2Re(zx) T') — |14 cosh(2 Im(z;) T') — 2Re (:—i) ‘

=% 12 (22 —qx)

cosh(z,T") cosh(z(t — T))) ’ exp(—2| Re(zx)| (T —t))

[Sir()] <

This implies the inequality

[Ser(t)] < M1 exp(—|Re(zx) (T — 1)) (5.60)

[I]

with a constant A, > 0 that is independent of k and T. Moreover, we have
32 ‘Re <% cosh(Z; T) cosh(z(t — T))) ‘
2k

[Shr(t)] < =2 '
|I_| cosh(2Re(z) T) — )Lr cosh(2 Im(z;,) T') — 2Re (W) ‘
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This implies the inequality

= e lexp(-  Re(a0)| )+ expl—| Re(a)|(T )] (G.00)

|SEr()] <

with a constant M, > 0 that is independent of k and T.
With (5.60) and (5.61) due to (5.59) and (5.21) this implies that for G r(t) we have

Gut) < s (0 + 08 [exp(= 7 0) + exp(= L1 (T = )]

= 5 (5.62)

Exponential Turnpike Inequality for the Basis Function Hy r(¢f) Finally, we show
the exponential turnpike inequality for the third basis function Hy 7. We have

(i(kh jﬁ) ]Jizl“( )
= 2Re

— 2Re

[1]
=~

ﬁ sinh(ZgT') cosh(zx(t — T')) +
# sinh(2;,T) cosh(zx(t — T)) +

t\‘)

e
s cosh(z,T) sinh(zi (t - T))> .

For our analysis, we define the auxiliary functions

PR e cosh(z;T') sinh(z(t — T)))

S0 2Re (_k cosh(zT) [(— tanh(zT) + — b= tanh(z(t - T))] cosh(zu(t — T)))

d(k, T)

and

. 2Re (Zkz— cosh(z,T) [tanh(z,T) + tanh(zx(t — T"))] cosh(zx(t — T)))
§2(t) = &7
BRIV T d(k, T)

Then we have

Hir(t) = Sir(t) = SEr(t). (5.63)
For T sufficiently large (uniformly with respect to k£ due to (5.21)) we have the bound

1 1 4
————tanh(Z, 1) + ———tanh(z,(t = T))| <
zk(z;f — Q) &T) 26(2k? — qr) (za ))‘

(e = a)|
This yields

=] # |cosh(Z;T") cosh(z,(t — T))]
|I_|cosh(2Re(z;) T') — |1+ cosh(2 Im(z;) T') — 2Re (%> ‘ :
This implies the inequality

[Sir(t)] <

Sz (t)] < |~1 2 M [exp(—| Re(z)[ £) + exp(—| Re(zi) [(T — 1))] (5.64)
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with a constant M; > 0 that is independent of & and T.
For T sufficiently large (uniformly with respect to k due to (5.21)) we have the bound
|tanh(zxT") + tanh(zx(t — T'))| < 4. This yields the bound

1

1 cosh(z;T) cosh(zx(t — T))‘

1$22(0)] < R =
|I_|cosh(2Re(zx) T) — |14 cosh(2 Im(zx) T') — 2Re (m) ‘
= k
Hence we obtain the inequality
A 1 ~
|Shr(t)] < EAE My [exp(—| Re(zk)| t) 4 exp(—| Re(z¢)[(T — 1))] (5.65)

with a constant M, > 0 that is independent of k and 7.
With (5.64) and (5.65) due to (5.63) and (5.21) this implies that for Hy r(t) we have

Her ()] < 2 (O + 08) Jexp(- YT 0) 4 exp(- L@ 1|, (5.66)

ek

5.3.2 Theorem on Turnpike Property Between the Dynamic and
Static Optimality Systems

We have unique solutions for the optimality systems governed by static and dynamic state
equations. Now, we compare the elements of optimality systems and obtain the turnpike
inequalities for the Optimality Systems.

Indeed, the turnpike inequalities that we have derived lead to the useful for applications
Turnpike Theorem which means that :

The difference vT of the optimal dynamic control and the optimal static control and the
corresponding differences w? for the state and p* the adjoint state admits an exponential
turnpike property.

To this end, we need some additional regularity assumptions.

Theorem 10. Assume that (5.18) holds and that the initial state satisfies the reqularity
condition

> Nelar(0)]* + Jag,(0)]” < oo, (5.67)
k=0

that is the initial state belongs to the energy space of the elliptic problem defined by the
bilinear form a(-, ). If Q = ' then there exists a constant D = D(yo, y1, p°) that is
independent of T and t such that for allt € [0, T

" @112 + 17 )12y + 11" (|72 < D [e7Y7t +eVTEI]. (5.68)

Moreover, the constant D depends on Q only as a function of the energy norm for the
initial state that is determined by 2 as in (5.67).
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Remark 7. In the case of boundary control problems on networks, the Turnpike Property
for optimality systems can be shown. The difference between the boundary control and
the distributed control is the appearance of a linear operator in the optimality conditions.
In the optimality conditions of the boundary control problem, a linear operator maps the
adjoint state into the optimal control.

For the optimal cost the exponential turnpike inequality (5.68) implies the so-called
integral turnpike property (see e.g. [20])

T
;1113/0 lo” (D122 + 17 (Dl 2@y + 1" (D122 dt < oo

This implies in turn
lim —Jp(a') = 1(0), (5.69)

see for example [29].

In shape sensitivity analysis [38] we avoid, if possible, the dependence of the shape
gradient of the cost with respect to given data including e.g., the given initial conditions.
Thus, we define the initial conditions, say yo(z) and y;(z), = € €, for variable domains
7 — €, used for the derivation of shape gradient of the cost. If €, is e.g., the cross
with variable length of the edges, we select the elements 1, y; as the restrictions to €2, of
functions Yy(x), Y1(x) defined on the cross with the edges of maximal lengths. The shape
derivatives of the restrictions are zero. Therefore, there is no contribution from the initial
conditions to the shape gradient of the cost.

Remark 8. We use the material derivative method [55] for the purposes of shape sensitiv-
ity analysis for networks. The general rule for the data of initial-boundary value problems
15 to select the given functions by the restriction to actual domain of some functions de-
fined everywhere. The shape gradients of such initial data are simply zero and the material
derivatives are given by the gradients, thus some reqularity is required. In this way the
shape gradient of the cost is independent of the initial data. In our case, this selection
can be used for the initial conditions of the displacement and the velocity. The material
derivatives of such initial conditions Y =Y (x) take the form Y'(x)V(0, ), where V(7, )
18 the velocity field of the material derivative method. In other words, the initial condi-
tions are selected in such a way that there is no contribution of the initial conditions to
the shape gradient of the cost function.

The following corollary states a shape-turnpike result. It is a relation between the
optimal values of a dynamic optimal shape problem for large time horizons and the optimal
values for the static optimal shape problem. For the proof, we suggest to proceed by
contradiction.

Assumption 1. Let us consider a tree G = {E,V'} with the set of edges E; = [0, L;],
i=1,...,N, and denote by ¢ = col (L1, ...,Ly). The set of admissible trees Q(f) € A
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is defined by the conditions M™" < L; < M™® where 0 < My < M™" < M <
My < oo. The set of admissible trees is convex and compact, therefore, for the minimizing
sequence £, of optimization problem, there is a subsequence, still denoted by the same
symbol such that we have {,, — ls in RN and in addition Q) € A.

Corollary 1. Let Assumption 1 hold. Let a sequence of shape parameters (¢,), and a
bounded sequence of controls (i), with i, (t) € L*(Q(4,)) for alln € {1,2,3,...} be given.
Let y,, denote the generated state and p,, the corresponding adjoint state. Assume that for
alln € {1,2,3,...} we have

Hw;{(t)H%Q(Q(fn)) + HVg(t)H%%Q(en)) + |’u£<t)”%2(9(£n)) <D[eVTt e VI (5.70)

. - — 07 and (On, Zn, Dn) 5 optimal for Q(€,,)
Assume that limy, oo Lopt(T),) = ¢ and that 1, converges weakly to Uopt.
Assume that the optimal shape problem with (OCE) has a solution (Lopt, Uopt). Then
Ugpt 15 @ solution of (OCE).
Let U denote the solution of (OCS) for €op.
Then we have

T _+T 30 , T _ 2T 25 T _ »T
where w,, =Y, — 20, W, =Dp, — DoV, = U

||w(7);3t(t)||%2(ﬂ(éopt)) + ||V0Tpt(t)||%2(sz(1zopt)) + ||MZpt<t)||%2(Q(£opt)) <De VTt e VAT

(5.71)
Assume that for a subsequence we have limy, o0 Lope(15,) = L.
Then we have |
i (i L (T,)) = 100, ) 512

n

and v 18 the optimal control for the network defined in Q(é), the limit shape pammete'ré

is optimal for the static problem ¢ — (OCS)({), the optimal shape reads 2(€). In general,
an optimal shape is not unique but it does exist for the compact set of admissible shapes.

Remark 9. Under Assumption 1 the set of admissible shapes is convex and compact in
RY. Denote by { an optimal shape for the static problem, note that the optimal shape is
not unique, and let the admissible sequence of shapes £, be convergent to an optimal shape
for n — oo,

by, — L
then
A D . 1 ~T . 1 ~Th A 7
[(Ua g) = nll—{& EJTn (uopt7 gn) Z nh—>r{olo EJTn (uopt7 EOPt(Tn)) = I<U7 f) (573)
therefore

Proof of the corollary.
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The constant control with the value ¢ can be considered as an element of L?(Q (€, (T},)))-
We have the inequality

|4 opt( opt(Th)) — ud||%2(ﬂ(éopt(Tn))) — 1o — Ud||%2(9(eopt(Tn)))

< || Opt( Opt<Tn)) /UHLZ Zopt(Tn (”uopt(gopt(Tn)) ud||L2 Zopt(Tn + ||f0 - ud||L2(Q(€opt(Tn)))) :

Integration from 0 to 7}, and division by 7}, yields

T, i ( 2
f() || opt Opt )) - U’dHLZ(Q(Eopt(Tn))) dt o ||U —u ||22
Tn Al L2(QLopt (Th)))

T, . N .
" Huopt( DPt(T"))fv”L?(Q(eopt(Tn))) (”“th(ZOPt(Tn))*Ud”L2(Q(gopt(Tn))>+H’U*“dHLQ(Q(gopt(Tn)))) dt

~ T
T | ~ T, .
< f I Zpt(gopt(Tn)) - UHiz(Q(eopt(Tn))) dt
< T
. T (AT, R
N 2(10 — wall 2oy Jo " Ndm Copt(Tn)) = 0| L2020y (1))

1,

For the state we obtain a similar inequality, namely

Tn ATn
fo [ Gope (Lopt (1)) — de%?(Q(ZOPt(Tn))) dt 12 = yall%
Tn allL (Q2(lopt (Tn)))

Tn || ~ T A
< Jo " Nope (Cop(T)) — ZH%Q(Q(E(,W(TTL))) dt
< T,

Tn
+ 2||Z - deL2 Q(Zopt Tn f() ||y0pt( Opt(Tn)) - Z”L2 Zopt(Tn))) dt
T, '

For the optimal cost the exponential turnpike inequality (5.68) implies the integral
turnpike property (see e.g. [20])

T
supsup [ [l () ey + 17 @)y + 107 () i < o0,
0

Moreover, we have
T
supsup [ [lo? ()20 + I @2y + 17 ()2 < oc.
> 0

Thus adding up the inequalities for the control and the state and taking the limit for
T, — oo yields (5.72).
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Remark 10. For tree-shaped graphs often the system is exactly controllable in some fi-
nite time tn. Recently it was shown that if there is also control action at the inte-
rior nodes of the graph, exact controllability is also possible for a graph with cycles, see
[0]. In this case, we can choose for all n € {1,2,3,...} a control function ul(m)t(t) €
L2 (0, twin; L*(Qlope(T})))) that steers the system to the constant state y(twin, ©) = ¥,
Yt (tmin, ) = 0 and satisfies

max US| 220, s L2 (@t () < OO (5.74)

Such a control can be determined using the classical method of moments as described for
example in [75].
i u()(t)tE(Ot ),
We define the control 9™ (t) = init . min

Then ©™ is feasible for (OCE)(T,, Q(Eopt(Tn))) and thus we have

I, (Al Lop(T0)) < I, (8, Lo (T3)). (5.75)

opt?
Moreover, (5.72) implies that for all e > 0 if T,, > 0 is sufficiently large we have

1
lim 2, (0, e (T2)) < T, (053 Lpe(T2)) + = (5.76)

Tp—00 1y T

This can be seen as follows. Since lim,, o T,, = 0o due to (5.74) the contribution of the
integral on the time interval (0, tyin) vanishes in the limit, that is we have

i Jomm @ ™) = 1320y + 7 10:(y(B™) = y) 1720y + 157 — w132y di _
n—oo T’VL

and since Umy, o0 lopt(T0,) = ¢ we have

) . )
lim 20 () Io = twin 15 0. () = 1(6, ).

n—o00 T, n—o0 T,

Assuming the exact controllability of the system in the finite time #,,;, allows to choose
for all n € {1,2,3,...}, a control function ugm)t( t) € L? (0, tmin; L*(Qlopi(T)))) that steers
the system to the constant state y(tmin, -) = U, Yi(tmin, -) = 0 and satisfies

maX ||uZnZtHL2 min;LQ(Q(Zopt(Tn)))) < . (577)

Such a control can be determined using the classical method of moments as described for
example in [78].

Q) ,
We define the control 5 () = { “nit @ t € (0, tumin),
v, t Z Zfmin-
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For all n € {1,2,3, ...} this implies the inequality

1 R 1 ~(n
TJTTL(UZSt»fopt(Tn)) < 7TJTH(U( ) Lopt(T0)).-

This yields (5.75).

Assume that the optimal shape problem with (OCE) has a solution (£, tept). Then
Uopt 18 & solution of (OC'E). Let 04, denote the solution of (OC'S) for £,,;. Then Theorem
10 implies that (5.71) holds.

Proof of Theorem 10. Define My = M+ Mo+ M, Mg = My+ My, My = M+ Ms.

Due to (5.24), (5.57), (5.62) and (5.66) for all k € {0,1,2,3,...} we have

_ N
|bk7T(t>| S MF€ 2 (T-1) |bk,T(T)| (578)

VT M fan(0) + Ml O] [exp(~ 57 1) + exp(~ (7~ 1)
For the square, this yields the bound
b (8)* < 3MEe VT |y, 1 (T)
61+ 7A) ME [ak(0)” + 6M3 [ (0) ] [exp(—/t) + exp(—y/A(T — 1))

Due to Parseval’s equation this implies for all ¢ € [0, T

o

" (N2 = D 1bx(0)?

k=0

<D 3MpeVT I b (T)P
k=0

+[6(1+ 7 ) ME |ax(0)[* + 60 |ai (0) ] [exp(—/7't) + exp(—/F(T = 1))].

Since the initial state (y", y') satisfies
> Mular(0)]® + i, (0)* < oo,
k=0

this yields an exponential turnpike property for the adjoint state. To be precise, we have
for all t € [0, T

11" ()220 < Clyos v, p°) [exp(=y/7t) + exp(—y/7 (T —1))] (5.79)

with a real number C(yo, y1, p°) that is independent of T and k.
For the optimal controls, for I' = Q we have v = u?, hence we have a similar
inequality as (5.79) for [[v"()[|72q-
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Note that in proof of (5.57), (5.62) and (5.66) in the estimates, we did not take
advantage of the real part that appears in the representations. In fact, we have always
used upper bound for the modulus of the complex number whose real part appears in the
expressions. In the representation of the second order derivatives, the only change is that
the factor z? appears in the complex variable representations compared to the original
expression. Therefore our proof also yields the inequality

b, (0)[* < 3|24 MEe T by, (T2 (5.80)

2 2[6(1 + 5 M) ME |ar(0)[* + 6M 4}, (0)]%] [exp(—y/7 t) + exp(—y/A(T = 1))].
We have

—by + (v — k) b

5.81
1+ ( )
Define
2 V1+ A2 Ak —
M, ::sup—’Zk’ :sup—jL k< oo, Mg :zsup—]’C 7 < 00
PR RV Y kLA
and

M, := Mg |brr(T)| + /1 4+ v A\ Mg |ag(0)] + My |ai,(0)].

Due to (5.81) we also have the following exponential inequality for the coefficients in the
expansion of the optimal state:

al Nl
2

lap(t)] < (Mo + Mg) M, |e 2 b e 72 T

This yields the turnpike inequality for the state w’:

lo” (®)1Z20) < Cyo. w1, p7) [exp(—y/7t) + exp(—/A(T — t))] (5.82)

with a real number C(yo, 1, p°) that is independent of 7.

Note that in proof of (5.57), (5.62) and (5.66) in the estimates, we did not take advan-
tage of the structure of the spectrum. In fact, the constants in the turnpike inequalities
(5.57) and Mg = M, + M, in (5.62) and My = M, + M, in (5.66) are independent of k.

Remark 11. From the mathematical point of view, it is of interest to analyze the nu-
cleation of a cycle at the internal node of network. This means that the internal node
15 replaced by a small cycle, see Figures 5.11, 5.12. The question which internal node is
selected can be solved in the steady state case, the topological derivative of the cost is intro-
duced to this end. The domain decomposition method is applied to derive the topological
derivative’s form. The associated Steklov-Poincaré operator is represented by a matrix
e — A(e) which is semidefinite positive and differentiable at ¢ = 0%, the derivative is
denoted N'(0) for the sake of simplicity. In the case of wave equation such a result is not
known, however, the numerical experiments show that dependence is reqular. Therefore,
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we assume that for a given initial conditions the solution of wave equation enjoys the
properties of the steady state boundary value problem for the nucleation of the small cycle.
Let us note that for ¢ > 0 the wave equation is well defined and the regularity of initial
conditions required for the turnpike property is already given. Here we assume that the
limit of the cost for e — 07 is well defined and the value of the cost is continuous € = 0.
This assumption does not imply the differentiability of the cost at € — 0.

Assumption 2. Let us consider the wave equation on network and let J(£2) be the cost
for given initial conditions yy,y1 and given time horizon T > 0. At the internal node P,
of the network a cycle of size € > 0 is introduced, which leads to the cost J(2.). The
topological variation of the network is admissible provided we have

lim J(2) = J(Q).

e—0+

5.4 Control Problem for a Single Edge

Let real numbers L > 0, T'> 0, ¢ > 0 and v > 0 be given. Let yo € H'(0, L) with
y0(0) =0 and y; € L*(0, L), z € H'(0, L) with ¢ = /(L) be given. Consider the problem

T L
wmin / / y(t) — 2(2)* + [yl 2) e+ u(t) — ¢[2

subject to
y(O,I) = y0($>7 MRS (07 L)?
y:(0,2) = y1(z), x € (0, L),
Yt (t, 1) = Pyee(t, ), (t,z) € (0,T) x (0, L), (5.83)
y(t,0) =0,t e (0,7),
belt, L) = u(t), t € (0,T).

The solution to the initial boundary value problem for a control u € L?(0, T') is stated
in [25], Theorem 2.3, p. 17 in the form

y(t,2) =) an(t) pul2) (5.84)

with the eigenfunctions ¢, (x) = \/i% sin (2 +nm) £),n € {0,1,2,...}. For the eigenvalues

1 /7 2
)\n—ﬁ<§+n7r>

we have

and the minimal eigenvalue is \g = %2 # For n € {0,1,2,...}, let

ol = / yo(2) @ul() da, ol = / 11(2) ou() do. (5.85)
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We have

t t t
an(t) = al cos ((g + mr)%) + 04711% +On7r sin ((g + mr)%> (5.86)
V2t t 77 t—s
12 X2 i Z
+(—1)"¢c \/zg+n7r/0u(s) sm((2+n7r) i )ds,

where ty = % Since Parseval’s identity states that almost everywhere on [0, 7], we have

L 00 L 00
/ y(t,o)d =3 Jan (B and / y(t,2)2de = 3 ol (O
0 n=0 0 n=0

We can represent the objective functional in the form
T L
| tte) = 2@ + v e ) de o+ fute) = e
0o Jo
T o© T L e’}
:/ S fan(? + 1o (1) + () - §|2dt+/ / 2(@) + Y 200(t) (@) (x) dudt
0 n=0 0 0 n=0

If the control space L?(0,T) is replaced by a finite dimensional space of piecewise constant
control functions, this yields a finite dimensional quadratic optimization problem. Since
in this case, the necessary optimality conditions are a finite dimensional system of linear
equations, this can be used to obtain numerical approximations of the optimal control.

5.4.1 Numerical Solutions

In this section, we discuss the numerical solutions for three examples. We consider the
following problem data:

c:=1;, v:=0.1; T:=1,10,100; L := 1;
We choose yi(z) :==0 (x € (0,L)).
1. yo(x) =2, 2=0,( =0 (Example 1);
2. yo(z) :== 7 tsin(mx), 2 = 0,¢ = 0 (Example 2);
3. yo(z) ;== nlsin(mx), 2 = x,( = 1 (Example 3);

The coefficients a® and « in (5.85) are obtained as the Fourier coefficients of the
chosen functions yo(z), y1(z).

In order to solve the optimal boundary control problem numerically, a finite-dimensional
approximation is used on two sides of (5.83) simultaneously:

First, the series expansion in the objective functional has to be cut after N terms
which leads us to the consideration of the problem (OPT)(v, N). Second, we compute
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approximations for the optimal controls u € L*(0, T') in the space of piecewise constant
functions. Let a grid 0 =ty < t; <ty < .. <ty =T be given. For i € {1,..., M} let

Uj(t) — { 1 lft € [tj—latj>7

0 elsewhere,
and, define the finite dimensional space X, (7T) by
Xu(T) :=span{v;(-): j=1,...,M}.

For any u € X/ (T) we use the representation

u(t) = Zu(tj_l)vj(t), telo,7),

J=1

where v;(t) stands for the characteristic function xp,_,,)(¢) of the interval [t;_1,;) and
the approximation of control is defined by the vector U = col(Uy, ..., Uy) € RM. Hence,
we are finally led to solve the problem
M
(Dopt) (v, N, M) min > “(t; — t;1) (u(t;1)” + 2ult;-1)¢ + ¢%)

UEXJM(T) .
Jj=1

e 00 [l + o) (557

7j=1 n=0
M N t; L
+ Z Z/ / 20, (1) o (1) 2(7) + 2° () dwdt
j=1 n=0 7 t-1 0
with o;(t) as defined in (5.86). Problem
(Dopt)('% N, M)
can be equivalently formulated as a quadratic programming problem in RM

min U'QU +q' U+ W

UeRM
where the matrix Q(N)us«as, depending on the fixed number N, and the vector ¢ € R
are to be assembled for fixed N from the cost as stated in (5.87). The assemblage is
described below. We use the notation U; = u(t;—1), (j € {1,...,M}) and take into
account a constant term W that is independent of U. We have

M
UTQU +q U+ W =) (t; —t;-1) (ulty-1)* + 2ult;1)¢ + ¢%)

j=1
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+ ZZ (O + ylal(8) de

j1n0t11

+ ZZ/ / 200, (t)pn(2)2(2) + 2°(2) ddt.

7j=1 n=0

For the convergence of the approximation, it is important to increase both N and M
simultaneously. Otherwise, if only M — oo convergence to the optimal control in general
does not occur (due to a possible spillover effect). For t € (¢;_4,t;) we have

NG ¢
5 +nm Jo
+ Z / sm —i— nm)(t — s)) ds
Z+nm
v2 V.'u,

5+nm?

an(t) = al cos ((g + mr)t) + (=1)" u(s) sin ((g + nm)(t — s)) ds

= a? cos ((g + mr)t) + (-

= a? cos ((g + mr)t) +(=1)"
where ‘/; = COl(‘/}',ly ‘/},27 e 7‘/},j7 Oa e 70)7

j;ik 1 sin ((% + nm)(t — s)) ds if k < j,
Vik = fttk _sin (3 +nm)(t—s))ds if k=j,

0 it k> j.
and )
2 02 2T AR VAVl
an()f = (@) cos® (G +mm)t) + 7 U TVVTU .
2\/§ 0 T T ’
+ (=) —= - s<(§+n7r)t>vj U.

This implies

>3 [ s

j:1 n=0 71—

.Mi
M=

<
I
_
S
Il
o

(al)? /ttj cos® ((g + mr)t) dt

j—

qu
] =

2 L
U’ V.V dtU
) g Y

(5 +nm)?

2v/2a0 [t
V20, /t cos <(g + n7r)t> Vdet U

T
5 +nm

TQU+ ¢ U (5.89)

0 J—

<.
Il
—

n

(="

'DZ:
WE

<
Il
—
3

I
<
Ll

1
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Moreover, for the derivatives o, (t), we have for t € (t;_1,¢;)

al (t) = —(g + nr)al sin ((g + nm)t ) 1)"V2 Z Uk/ v (s) cos ((% + nm)(t — s)> ds

0

= —(z + nm)al sin ((g + mr)t> + (=1)" \/§V]-TU>

2
- _ 3 (5.90)
where V; = col(V;1, V2, -+ ,V;;,0,---,0),
[iF cos (5 +nm)(t—s))ds (k<j),
Vie =94 [, cos ((§ +nm)(t—s))ds (k=7j),
0 (k> )
This yields
o, ()2 = (ag)Z(g + nr)? sin? ((g v mr)t) + 20TV U
+ (=1)"12v2a° ( + nm) sin ((g + n7r)t> VU
Hence we obtain
t.
)2 Y
WZZ/ la] (¢ —WZZ —I—mr /t sin <(2+n7r)t>dt
j=1 n=0 j=1 n=0 j—1
t]
+7222UT/ ViV dtUu
7=1 n=0
M N tj T -
43S C1r2vEa (2 +n7r)/t sin ((5 4 nm)t) Va0
j=1 n=0 J—1
=7(Wa + U QU + g5 U).
And we have
M N L
ZZ/ n(t)p ZZ/ al cos +n7r) )dt/ z(z)p(x)dx
j=1 n=0 tj—1 j=1 n=0 tj-1 0
t) (5.91)
+ )" V.idtU
; ; 5 +nm t1 J

=W+ g3 U.
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For the objective function, this implies
M
D (= tj) (w(t)* + 2ut;1)C + ¢7) == U QsU +2¢] U + W,

M N t]
ZZ/ o ()2 + Ao, (02 dt == U + ¢ U+ Wi +1(UT Q2 U + ¢3 U + Wa),
t

j=1 n=0""%-1

ZZ/tj /0 2an(t)90n( )Z(:L')+z ( )de‘dt_Qq U+ Ws.

U'QU+q " U+W =UT(Q1+vQa+Q3)U+ (1 +vqa+q3+q7) " U+W, +yWo+ W+ W,

Here we use the notation

t;
S e [ e

gan

h-3 3 /’ AR

7=1 n=0 tj—1
Qs = dlag(tl —to, st —t—1, 0 st — tv—t),

Z Z %{Zﬂ / coS ((g + mr)t> Vidt,

7j=1 n=0

¢ = ii(_ )"+124/20° ( + nm) /ttj sin <(g +n7r)t) V;dt,

j 1 n=0 i-
tj
Sy [y
j=1 n=0 —+TL7T ti-1
qr :(tl_t0>t2_t cet —tve1) |
T
ZZ / cos <(§+n7r)t>dt,
j=1 n=0
St /’sm (& + ) at,
7j=1 n=0 -

Ws3 = ZZ ad COS —|— nm)t ) dt /OL z(z)p(z)dx.

]1n0t71
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We employ Matlab for the computational analysis of all examples. Fig. 5.1 and Fig.
5.2 illustrate the optimal control and state, respectively, for varying values of 7" in Example
1. Notably, as T increases significantly, the control variable u converges to (. Moreover,
with the increment in 7', there is a discernible trend towards stabilization in the norms
of both v and y, as evidenced in Fig. 5.3. Fig. 5.4-5.6 present the results obtained from
Example 2, whereas Fig. 5.7 to 5.9 depicts the outcomes of Example 3. Additionally,
Fig. 5.10 presents the quotient of the optimal value of (Dept)(y, IV, M), which adheres to
the turnpike property, thereby providing valuable insights into the behavior of the system
concerning varying 1" values.

control
control
°

control
o

10 20 30 40 50 60 70 80 90 100
t

(c) T'=100

Figure 5.1: Optimal control for different values of 7" in Example 1
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Figure 5.4: Optimal control for different values of T' in Example 2
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Figure 5.7: Optimal control for different values of 7" in Example 3
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Figure 5.10: Convergence for different examples

5.5 Topological Derivatives for Network Optimal Con-
trol Problems

The topology of network for the purposes of optimal control problems is selected in the
framework of the topological derivative method for static problems, we refer to [30] for
an elementary example. It turns out, that that the topological derivatives for a class of
cost functions can be determined by using the domain decomposition technique for the
state equation [37]. We describe in detail the topological derivative method and present
numerical results for examples.

Let us consider the network static problem. We define the topological derivatives
for optimal cost of network control problems with respect to nucleation of a small cycle.
We present also numerical examples. The simplest example of a network is the three-
star graph with one central vertex Fy and three boundary vertices P;, P, P3, thus V =
{Py, P1, Py, P3} (See Fig. 5.11). There are three edges £ = {Ey, Es, E3}.
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I:lg l':lg

Figure 5.11: The three-star graph

For the steady state problem, singular domain perturbations of the shape are con-
sidered. The topological derivatives of the shape functional are defined. The shape and
topology optimization is performed. The network is singularly perturbed by a small cycle
of the size ¢ — 0 (See Fig. 5.12). In such a case the domain decomposition technique
is used and the Steklov-Poincaré operator is introduced. The topological derivative tech-
nique is employed in order to decide if a small cycle is useful for the topology optimization
of the network.

Figure 5.12: Nucleation of a cycle of size ¢ in three-star graph

We introduce multiple perturbations of network represented in Figure 5.13. The
Steklov-Poincaré operator A, replaces the subgraph G. in the state equation of the net-
work. In this way, the topological derivative of the cost for optimal control problem on
the perturbed network is obtained for the nucleation of multiple cycles in the three-star
graph.

5.5.1 Shape and Topology Optimization on Networks

We recall briefly the shape and topological derivatives of a given cost for the network.
We restrict ourselves to static problems however the shape and topology optimization can
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o P,

.Pg

EE,3

Figure 5.13: Multiple perturbations of the three-star graph for domain decomposition
technique.

also be performed for dynamic optimal control problems on networks. For the optimal
control problems with the turnpike Property the analysis of static problem is useful for
the solution of dynamic problem. In particular, the topology of the network is designed
using the static problem.

The shape €2 of the network for fixed topology is governed by the finite dimensional
vector ¢, which contains the lengths of edges, ¢ = col (Ly,...,Ly) where N = #E =
{E;|li € I}. Therefore, Q := Q(¢), and the cost ¢ — Z({) := J(Q¥)) is defined by
the optimal cost of control problem J(2) := J(u(2)) for evolution problem. For the
steady state problem the optimal cost of control problem is denoted by ¢ +— J(0(£2(¢))),
where 0(£2(¢)) is steady state optimal control in the domain defined by the shape 2(¢). We
consider the Neumann control in the numerical examples presented for the wave equation.

5.5.2 Examples of Topological Derivatives for Networks

Two examples are presented of singular network perturbation by nucleation of a small
cycle. In the first example, the topological derivative is evaluated for the optimal control
problem with the static state equation, and then for the dynamic state equation, the
optimal size of the cycle is determined. In the second example, the topological derivative
is evaluated for multiple singular perturbations of the three-star network.

Example 4 (for one cycle): In this example the optimal control u is computed for the
geometry depicted in Figure 5.14. The variables z and ( satisfy

—z! =0,z €[0,L;],i=1,---,6,
21(0) = ¢, 22(L2) = 23(L3) = 0, (5.92)
Continuity and Kirchhoff Condition.

Set ( =1, Ly = Ly = L3 = 2,60 = 0.5, enay = 1, and 0 < & < g, Here, G, =
{Eaa Vz—:} contains a small Cy(ﬂe' Es - {Es,h E5,27 T 7E5,6}7 ‘/8 = {Qla Q27 Q?n P47 P57 PG}a
|Ecq| = |Eea|l = |Ees| = emax —€ =1 —¢, |E.4| = |E-5| = |E- 6| = . The cost functional
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Figure 5.14: Domain decomposition for tripod directed network with an elementary small
cycle.

under consideration is defined as:
1 3 L'L_Emax 9 1 9
=53 [ w0 G- P
i=1 70

By the Lagrange method, the optimality system is given by

3 i —€max 3 i —E€max
; foLZ yz¢z + a(QO;p7 ¢) - ¢(Lz - 5max)TAsp(Li - 8max) - Z fOL Zi¢i;

=1

a9 ,6) ~ pr(0)61(0) — y(Li — ) TAH(Li — mas) = —(61(0),
where
o€ H={¢;¢;€L*0,L;), ¢2(0) = ¢3(0) = 0, continuity at interior vertices.}
and
2 -1 -1

-1 2 -1 . (5.93)
1 -1 2

B 1
° 2:-3

Fig. 5.15 shows the shape functional with respect to €. The derivative of J with respect
to € is consistently negative as € approaches 0. This is the information that allows for
the topology variations by nucleation of a small cycle at an interior vertex of the graph.
Another observation emerges: as € approaches gg, the cost functional (J) converges to
0, indicating an optimal length for the introduced cycle. This implies that at ¢ = ¢,
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Figure 5.15: The shape functional for € € [0, 1] in Example 4
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the network experiences an optimal configuration, emphasizing the critical nature of this
parameter in shaping the network.

Example 5 (for multiple cycles): In this example, the geometry is depicted in Figure
5.13. Here, G. = {E.,V.} contains a small cycle. E. = {E.1,E.2,---,E.9}, V. =
{Q1,Q2,--- ,Qs, Py, Ps, Fs}, |Q1P5| = |Q2Fs| = |Q3Ps| = emax—¢ = 1—¢, |E.5| = |E.| =
|E.o| = €2, |E.4| = |E.7| = ¢ — &2 |E.s| = ¢, and |P,Q;| = L; — emax (i = 1,2,3). The
parameters, cost functional, and optimality system remain consistent with the Example
for one cycle (static), with the sole distinction being the form of A.. The Steklov-Poincaré
operator for the small, double cycle is:

—2 1 1
1 ) —5e2 420 —18 32 —10e+9
Ae=—5—3 22— 10:+9 22— 10e+9

3¢2—-10e +9  —5e?2+ 20 — 18
2e2 —10e +9 2¢2 —10e +9

For numerical results, refer to Fig. 5.16. The topological derivative at ¢ = 07 is negative.
And the optimal size of the cycle is € = ¢y = 0.5.

All in all, we exploit the properties of shape and topology optimization problems in
one space dimension. The optimal control problems are considered in static and dynamic
cases. For the tree network, we show the Turnpike Property for the wave equation and
consider the geometric shape optimization. The new case is the tree with a small cycle.
In such a case the topology of network is determined by using the topological derivatives
obtained in static case. Numerically, the case of the cycle also does not pose a problem.
This is new: Also here shape optimization works!

This also holds for a graph with multiple cycles as long as in the shape optimization
no topology change occurs, that is no cycle vanishes. The Turnpike property also holds
if a cycle disappears. We have shown this under the assumption that the initial state is
not supported on the cycle. We expect that this condition is not sharp.

The convergence of gradient flow for shape optimization is also relevant to networks.
The modeling of shapes of animals is another possibility for the spectral methods. We refer
to [72], and [14] for the related results. Further research will concern the corresponding
shape optimization problems in the general three dimensional case.
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Figure 5.16: The shape functional for the size of cycle € € [0, 1] in Example 5.
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Chapter 6

Conclusions and Further Research

The complete results, considering Turnpike Property, on control and design of network
with scalar wave equation are presented. The topological derivatives are derived for shape
functional on networks. The necessary and sufficient optimality conditions are obtained
for control and designed networks with nonlinear ODEs. In the linear case, the topological
derivatives are used for singular geometric perturbations of network in order to perform
the topology optimization. Numerical examples show that this strategy is efficient in
improving the cost of optimal control problems.
Further research and open problems:

Turnpike Property for linear state equations of Timoshenko beams of networks
Turnpike Property for nonlinear state equations of geometrically exact beams
Topological derivatives for network of geometrically exact beams in static setting

Shape and topology optimization of control problems for networks of Timoshenko
beams

Shape optimum design of networks with geometrically exact beams for optimal
control problems

Shape and control of nonlinear state equations in fluid mechanics on networks.
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Appendix A

Program

The topological derivative method can be used for the numerical solutions of optimum
design problems for networks. The examples with Matlab codes show the constructive
way to proceed.

A.1 Nonlinear Beams

This section provides the MATLAB implementation for the nonlinear beam example dis-
cussed in Example 2 in section 3.3.2. The objective is to optimize control problems for a
nonlinear beam system, using the Newton method to handle the nonlinear terms efficiently
and achieve optimal control.

o\

-

This is a contruct example for nonlinear beam

2 5+ +
3 % | phi(r) = -E(x)r + L(r)Cr;

4 % | zlhhat = -x+1;

5 % | zihat = 0; i=2,3,4,5,6

6 % | flohat = -1; |

7 % | fihat = 0; 1=2,3,4,5,6

s % ||

o % | z'(x) = phi(z) + e.l(fhat - p), |

10 % | -p'(x) = p(x)phi'(z(x)) + z(x) -z hat, |

1n % | z(l) =0, p(0) = 0;

12 % | P2 element

13 %+ +

=
IS

function J = optControl (L)
if nargin == 0

L =1; % L \in [1/2,3/2]
end

e
© 0w N O

[)

% Define optimization parameters
Lopt = 1; % Optimal beam length
Imax = 3/2; % Maximum allowable beam length

NN N
N o= O
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23 hmax = 0.01;

24 NO1 = ceil ((L)/hmax);

25 Nx = 2«NO1 + 1;

26

27 % Calculate number of nodes for optimal and maximum beam lengths
28 Nopt = Lopt/hmax;

20 Nmax = Lmax/hmax;

30

31 % Generate node coordinates for different beam lengths
32 x01 = linspace(0,L,NO01+1);

33 xopt = linspace (0, Lopt,Nopt+l)"';

34 xmax = linspace (0,Lmax,Nmax+1)"';

35

36 % Compute stiffness matrices and mass matrix for finite element analysis
37 [Pb,Al,A2] = graphlDmatirx P2 (NO1l,x01);

38 [Pbmax,Almax, ] = graphlDmatirx_P2 (Nmax,xmax) ;
39

40 [Ksl,Ks2] = deal(cell(6,6));

41

42 for i =1 : 6

43 for 3 =1 : 6

44 Ksl{i, j} = zeros(size(Al));

45 Ks2{i, j} = zeros(size(Al));

46 end

47 end

48

49 for i =1 : 6

50 Ksl{i,i} = A2;

51 Ks2{i, i} = A2;

52 end

53
54 Ksl{5,3} = Al;
55 Ksl{6,2} = —-Al;
56

57 Ks2{5,3} = -Al;
ss Ks2{6,2} = Al;
59

60 for 1 =1 : 6

o1 Ks1{i,1}(1,1) = Ks1{i,i}(1,1) + 1;

62 Ks2{i, i} (end,end) = Ks2{i,i}(end,end) - 1;
63 end

64
65 M = deal(cell(6,6));
1

66 for 1 = : 6

67 for =1 : 6

68 M{i, j} = zeros(size(Al));
69 end

70 end

71

72 for 1 =1 : 6

73 M{i,i} = Al;
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74 end

75

76 % Convert cell arrays to numerical matrices

77 Kslmatrix = cell2mat (Ksl);

78 Ks2_matrix cell2mat (Ks2);

79 Mmatrix = cell2mat (M) ;

80

81 A = [-Kslmatrix Mmatrix;-Mmatrix Ks2_matrix];
82

83 %% Dirichlet condition
g4 bdyL = (1:12) * Nx;

85 bdy0 = 1 + (0:11) *Nx;
86

87 %% control

g8 xopt = Pbmax';

89

90 fhat = -ones(size(xopt))=*1l; % Desired force distribution
91 zhat = —-xopt+1l;

92
93 % Calculate force and state distributions
94 Fhat = Almaxxfhat;

95 Zhat = Almax=xzhat;

96

97 Fhat (Nx+l:end) = [];

98 Zhat (Nx+1:end) [1;

99

100 % Construct control force vector F
100 F = zeros (12xNx,1);

102 F(bdyO(1l) :bdyL(1l)) = Fhat;

103 F(bdy0(7) :bdyL (7)) = —-Zhat;

104

105 C = diag([1074,1074,1074,500,500,50071) " (-1);

106

% Initialization of the state

Consistent structural linearisation in flexible-body dynamics with
large rigid-body motion

109 % Henrik Hesse, Rafael Palacios, 2012

110 EA = 1074; GAs = 1074;

111 EI = 500; GJ = 500;

112 rhoA = 1; rhoJd = diag([20, 10, 101]);

113 massMat = blkdiag(rhoAxeye(3), rhoJ); % the MASS matrix

107

<)
<
<)

<

108

151

114 flexMat = inv(diag([EA, GAs, GAs, GJ, EI, EI])); % the FLEXIBILITY matrix

115

116 GammaO = [0; 0; 0]; % there is no initial shear

117 WOhat = [0, -1/sqgqrt(2), O0; 1/sgrt(2), 0, 1/sqrt(2); 0, -1/sgqrt(2), 0];
118 UpsilonO0 = func_vec (WOhat);

119

120 z0 = [GammaO; UpsilonO]; % strains

121 z0 = flexMat\zO; % corresponding stresses
122
123 YO = zeros (6%Nx, 1);




152

124
125
126
127
128
129

131
132
133
134

136
137
138
139
140
141
142
143
144
145
146
147
148
149

151
152
153
154
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156
157
158
159
160
161
162
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165
166
167

169
170
171
172
173
174
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p0 = zeros (6xNx,1);

wm = [Y0;p0]; % initialize wm

[oN

isp('Solving the semilinear system..');
%% M.A. code %%%
olzero=le-12;
reltolX=1le-6;
tolF le— 15

+ oe

iter = 0;

while 1
%$%% Newton method: the scheme reads %%%
$ wml = wm — (JacFk (wm )A{—l} Fk (wm) $%

ML_martix = MCL (wm,Nx,C, L, NOl)
MG.martix = MG (wm,Nx,C,L,N01);

NL = blkdiag(ML.martix,MGmartix);
Fkowm = Axwm — NL*xwm — F;

% boundary condition
Fk_wm(bdyL(1:6),1) = 0;

Fk_wm (bdy0(7:12),1) = 0;

JacFk.wm = A - NL;
for 1 =1 : 6

o\

JacFk_wm (bdyL (1), = 0;
JachJmn(bdyL(l),bdyL( i)) = 1;
JacFk_wm (bdyO0 (1i+6),:) = 0;
JacFk_wm (bdyO0 (i+6) ,bdy0 (i+6)) = 1;
end
wnl = wm - JacFk_wm\Fk_wm;
$%% M.A. code $%%%%%5%5%5%5%5%5%5555%555%5%5%55%5%5%55%5%5%5555%5%5%5%5%5%55%%5%5%5%%%%%
rel_err = (wml - wm)./wm; %
nan_or_inf = find( isnan(rel_err) + isinf (rel_err) %
+ (abs (wm)<=tolzero) ); %
rel_err (nan_or_inf) = 0; %
if (norm(rel_err,inf) <= reltolX) && (norm(Fk_wm,inf) <= tolF)%
break %
end %

wm = wml;

iter = iter + 1;
end
z_.exp = wml;

z_solu = cell(6,1);
for i =1 : 6
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175 z_solu{i, 1} = zeros(Nx,1);
176 z_soluf{i, 1} z_exp (bdyO (i) :bdyL(i));
177 end

178
179 p-solu = cell(6,1);
180 for i =7 : 12

181 p-solu{i-6,1} = zeros(Nx,1);
182 p-solu{i-6,1} = z_exp (bdy0 (i) :bdyL (i));
183 end

184
185 f_solu = cell(6,1);

186 for 1 =1 : 6

187 fsolu{i, 1} = zeros(Nx,1);

188 f_solu{l,1} = fhat (1:Nx)-p_solu{l,1};

189 end

190

191 f_err = trapz(Pb,(f,solu{l,l}ffhat(lsz)).A2);
192 z_err = trapz(Pb, (z_solu{l,l}-zhat (1:Nx))."2);

193
194 J = ferr + zerr + (L-Lopt) "2 ;
195 J = J/2;

196 disp(['ferr = ', num2str(f_err)]);
197 disp(['z.err = ', num2str(z_err)]);
198 disp(['J = ', num2str(J)]);

199

200 end

153

A.2 Timoshenko Beam

In this section, we present the exact solution and the optimal control code for both the

1D and 3D Timoshenko models.

The first file contains the MATLAB code implementing the exact solution for the 1D
Timoshenko model in section 4.6.1. This solution enables precise calculation of displace-
ments and stresses within the structure under specified loading and boundary conditions.
The OptControl function presents the optimal control problem code shown for the 1D/3D

Timoshenko model in section 4.10.

% This is to get the exact solution of the 1D model
clear

parameters
elastic modulus
em = 2.1lell;

% shear modulus
sm = 8.1%1el0 ;

% cross—-section area
cs = 0.01 ;

© 0 9 s W N
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o\

torsion constant
or = 1.41x1e-5 ;

second moments
ecm = 8.33xle-6 ;
% axial stiffness

11

+

12

o\

13
14

9]

15
kx = cs*em ;

[)

% shear stiffness
kappa = 0.850 ;
ks = kappa*smxcs ;

[)

% torsional stiffness

16
17
18
19
20

0 o0 o° o O O A A° O A° O O o° oe

21 cx = smxtor ;
22 % bending stiffness
23 cy = secmxem ;
24 cz = secmxem ;

25

26 ks = 688500000;

27 CY 1749300;

28

209 epsVal = 0.5;

30

31 Len = 2;

32

33 L = [Len—-epsVal,Len—-epsVal,Len—-epsVal,epsVal,epsVal,epsVal];
34

35 Syms X;

36 £ = piecewise(x <= Len-1.00000, 2e6, x > Len-1.00000 & x <= L(2), 0);
37 fz = [0,-£,0,0,0,07];

38 my = [0,0,0,0,0,07;

39 rz = [0,0,0,0,0,07;

40 phiy = [0,0,0,0,0,0];

41 for 1 =1 : 3

42 a{i} = [fz(i);my(i)];

43 uO{i} = [rz(i);phiv(i)1;

44 end

45

46 for i =1 : 6

a7 D1E{i} = D1 (ks,L(i),cy);

48 DZE{i} = D2 (ks,L(1),cy);

49 D3E{i} = D3(ks,L(i),cy);

50 D4E{i} = D4(ks,L(1),cy)'

51 de{i} = (1) ,my(i),cy,L(1));

52 we{i} = ( (') (l),kS cy,L(1));

53 RE{i} = (cy,ks L(i));

54 QE{i} = Q(cy,ks,L(i));

55 end

56

57 A = [DAE{1}+D4E{4}-D1E{5}, -D2E{5}, D3E{4};
58 D3E{5}, D4E{2}+D4E{5}-D1E{6}, -D2E{6};
59 -D2E{4}, D3E{6}, D4E{3}+D4E{6}-D1E{4}]; %symmertic

60
61 b = sym(zeros(6,1));
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62
63

64
65
66

67
68
69

70
71
72
73
74
75
76
T
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102

104
105
106
107

109

b(1:2,1) = - g{1} - D3E{1}xu0{1} ...
- D4E{1}xsubs (wE{1},L (1)) - D4E{4}+subs (wE{4},L(4)) +
D2E{5}*subs (wE{5}, L (5))
+ subs (dE{1},L(1)) + subs(dE{4},L(4));
b(3:4,1) = - g{2} - D3E{2}*u0{2} ...
- D4AE{2}xsubs (wE{2},L(2)) - D4E{5}*subs (wE{5},L(5)) +
D2E{6}*subs (wE{6},L(6))
+ subs (dE{2},L(2)) + subs(dE{5},L(5));
b(5:6,1) = - g{3} - D3E{3}*u0{3} ...
- D4E{3}xsubs (wE{3},L(3)) - DAE{6}+subs (wE{6},L(6)) +
D2E{4}*subs (wE{4}, L (4))
+ subs (dE{3},L(3)) + subs(dE{6},L(6));

solu = A\b;

uL{l} = subs(solu(l:2),L(1));
uL{2} = subs(solu(3:4),L(2));
uL{3} = subs(solu(5:6),L(3));

uo{4} = uL{3};
uo{5} = uL{1};
uo{6} = ur{2};

uL{4} = uL{l};
ulL{5} = uL{2};
ul{6} = ul{3};

i=11:686
u{i} = QE{i}*u0{i} + RE{i}* (subs (uL{i}, L (1)) +subs (wE{i}, L(i)))-wE{i};

save ('u.data.mat', 'u',"Len");
save('fz.mat', 'fz');
my');

save ('my.mat"', '

close all

figure

subplot (2,1,1)

fplot (u{1} (1), [0 L(1)1)
hold on

fplot (uf{2} (1), [0 L(2)1])
hold on

fplot (u{3} (1), [0 L(3)1)
legend ('u.1','u2','u3")
title('r_z")

% figure

subplot (2,1,2)

fplot (u{1}(2), [0 L(1)1)
hold on

fplot (u{2}(2), [0 L(2)])
hold on

155
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110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135

137
138
139
140

142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158

160

fplot (u{3}(2), [0 L(3)1])
legend('u.l','u2','u3")
title('phiy")

figure

subplot (2,1,1)

fplot (u{4} (1), [0 L(4)1)
hold on

fplot (u{5} (1), [0 L(5)1])
hold on

fplot (u{6} (1), [0 L(6)1)
legend('uéd','ub','u6")
title('r.z")

% figure

subplot (2,1,2)

fplot (u{4}(2), [0 L(4)])
hold on

fplot (u{5}(2), [0 L(5)1)
hold on

fplot (u{6}(2), [0 L(6)])
legend('ud','ub','u6")
title('phiy")

function muy = mu(ks,L,cy)

muy = ks/ (ks+xL"3+12*cy=*L);
% muz = ks/ (ks*xL"3+12xcz*L);
end

function Eil = E(t)
Eil = [cos(t) sin(t);
-sin(t) cos(t)];
end

function D1i = D1 (ks,L,cy)

muy = mu(ks,L,cy);
Dl1i = zeros(2,2);
D1i(1,1) = —-12%cyxmuy;
D1i(2,2) = —cy* (1/L+3*muy*L"2);
D1i(2,1) = 6*cy*muyxL;
D1i(1,2) = 6*cy*muyxL;
end

function D2i = D2 (ks,L,cy)
muy = mu(ks,L,cy);

D2i = zeros(2,2);

D21 (1,1) = 1l2xcy*muy;

D2i(2,2) = cy* (1/L-3xmuy*L~2);
D2i(2,1) = —6*xcyxmuy+*L;
D2i(1,2) = 6*cy*muyxL;

APPENDIX A. PROGRAM
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161
162 function D3i = D3(ks,L,cy)

163 muy = mu(ks,L,cy);

164 D31 = zeros(2,2);

165 D3i(1,1) = —-12xcy=xmuy;

166 D31i(2,2) = —-cy* (1/L-3xmuy*L~2);
167 D3i(2,1) = —-6*xcyxmuy=*L;

168 D3i(1,2) = 6*cy*muyxL;

169 end

170
171 function D4i = D4 (ks,L,cy)

172 muy = mu(ks,L,cy);

173 D4i = zeros(2,2);

174 D4i(1,1) = 1l2xcyx*muy;

175 D4i(2,2) = cy* (1/L+3xmuy*L~2);
176 D4i(2,1) = 6%cy*muyxL;

177 D41i (1,2) = 6*cy*muyxL;

178 end

179
180 function [fInt,fInt2,fInt3] = Int(f,L)

181 syms Xx;

182 fInt = int (f,x,0,x);

183 fInt2 = int (fInt,x,0,x);
184 fInt3 = int (fInt2,x,0,x);
185 end

186
187 function gyi = gy (fz,my,cy,L)

188 [fzIntl,”,”] = Int(fz,L);
189 gyi = 1/cy* (my+fzIntl);

190 end

191

192 function wi = w(fz,my,ks,cy,L)
193 wi = sym(zeros(2,1));

194 gyi = gy (fz,my,cy,L);

195 [7,fzInt2,"] = Int(fz,L);
196 [",gyInt2,gyInt3] = Int(gyi,L);
197 wi(l) = 1/ks*fzInt2 - gyInt3;
198 wi(2) = gyInt2;

199 end

200

201 function di = d(fz,my,cy,L)

202 di = sym(zeros(2,1));

203 gyi = gy (fz,my,cy,L);

204 [fzIntl,”,” ] = Int(fz,L);
205 [gyIntl,~, "] = Int(gyi,L);
206 di(l) = fzIntl;

207 di(2) = cyxgyIntl;

208 end

209
210 function Qi = Q(cy, ks, L)
211 muy = mu(ks,L,cy);
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158

212
213
214
215
216
217
218
219
220
221
222
223
224

APPENDIX A.
Qi = sym(zeros(2,2));
syms x
Qi(1,1) = muy* (L-x)* (L 2+L*x-2*x"2+12/ks*cy) ;
Qi(2,2) = muy* (L-x)* (L"2-3*L*x+12/ksxcy) ;
Qi(1,2) = —muy*x* (L-x)* (L "2-L*x+6/ksxcy) ;
Qi(2,1) = 6*muy*x* (L-Xx);
end

function Ri = R(cy, ks, L)

muy = mu(ks,L,cy);

Ri = sym(zeros(2,2));

sSyms x

Ri(1,1) = muy*x* (3xL*x-2xx"2+12/ks*cy) ;

PROGRAM

)
225 Ri(2,2) = muy*x* (=2+xL"2+3xL*x+12/ks*cy) ;
226 Ri(1,2) = muy*x+* (L-x)* (Lxx+6/ks*cy) ;
227 Ri(2,1) = —6*muyxx* (L-X);
228 end
1 function [J,urz,uphiy,vz,vy] = OptControl (eps)
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29
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32

o0 o0 o° o° o o° o° o° o

o\

Optcontrol: Solves an optimization problem
of the Reduced Timoshenko beam

with boundary conditions

for a given epsilon value.

Input:

- eps: Value of epsilon. Default is 0.5.
Output:

— J: Cost function value.

- urz, uphiy, vz, vy: Solution vectors.

Default value for epsilon if not provided

if nargin == 0

eps = 0.5;

end

<)
°

Load data files

load ("u_data.mat");

load (
load("fz.mat");
(

"LAMBDA .mat") ;

load("my.mat") ;

<)
<

ksv

material coefficient
688500000;

cyv = 1749300;

u0

[)

oo

°

= zeros (6,1);

epsO0 = 0.5;
epsmax = 1;
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33
3¢ % The length of each edge.
35 L = Len;

36 hmax = 0.01;

37

383 1 = L — epsmax;

39 NO1 = ceil (1/hmax)

40 x01 = linspace(0,1,NO1+1);
41

42 % number of basis functions
43 Nfy = 2% (NO1+1);

44
45 %% FEM matrices

46 [Al,A2,A3,A4] = graphlDmatirx_Hermite (NO1l,x01);
47

48 AA = cell(4,4);

49 for i =1 : 4

50 for j =1 : 4

51 AA{i, j} = deal(zeros (Nfy,Nfy));
52 end

53 end

54
55 AA{l,l} = A4;
s6 AA{2,2} = RA4;

57 AA{3,3} = -A4;

s AA{4,4} = -A4;

59 AA{1,3} = ksvxAl;

60 AA{1,4} = ksvxA2;

61 AA{2,3} = ksvxA3;

62 AA{2,4} = ksvxAd+cyvxAl;
63 AA{3,1} = ksvxAl;

64 AA{3,2} = ksvxA2;

65 AA{4,1} = ksvxA3;

66 AA{4,2} = ksvxAd+cyvxAl;

67
68 AA = cell2mat (AA);

69

70 A = blkdiag (AA,AA,AR);
71

72 Nf = [repmat (Nfy,1,12)];
73 index = cumsum(Nf) ;

74 index = [0 index];

75 for 1 =1 : 3

76 % index of [y (0),y(L),y"(0),y"(L)];

7 urz_bdy{i} = index (4xi-3)+[1,Nf (2+i-1)/2,Nf (2%i-1)/2+1,Nf (2i-1)];
78 uphiy bdy{i} = index (4%i-2)+[1,Nf (2%1i)/2,Nf (2%1)/2+1,Nf (2*1)1;

79 % index of [p(0),p(L),p"'(0),p'(L)];

80 prngdy{i} = index (4*i-1)+[1,Nf(2+1i-1)/2,Nf (2+i-1)/2+1,Nf(2%«1-1)1;
81 pphiygbdy{i} = index (4x1)+[1,Nf (2%1)/2,Nf (2x1)/2+1,Nf(2*1)];

82 end

83 syms epsVal ks cy
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160

84

85

86

87

88

89

90

91

92
93

94

95

96

97

98

99
100

101

102

103

104

105

106
107

108

109

110

111

Lval =
A(urz bdy{l} 2)
Lval(l,1
A(urz bdy{l}
Lval(2,1
A(urz bdy{l}
Lval (3,1
A(urz bdy{l}
Lval(4,1
A(urz bdy{l}
Lval(5,1
A(urz bdy{l}
Lval (6,1

SRR RS

~.

A (uphiy bdy{1}(2)

Lval(l,2);

A (uphiy bdy{1}(2)
- Lval(2,2);
A (uphiy-bdy{1l}(2)

Lval(3,2);

A (uphiy bdy{1}(2)
- Lval(4,2);
A (uphiy_bdy{1}(2)

Lval(5,2);

A (uphiy-bdy{1}(2)
- Lval(6,2);

A(urz bdy{2}(2)
Lval(l,3);
A(urz bdy{2}(
Lval(2,3);
A (urz bdy{Z}(
Lval(3,3);
A (urz bdy{Z}(
Lval(4,3);
A(urz bdy{Z}(
Lval(5,3);
A (urz bdy{Z}(
Lval(6,3);

4

A (uphiy-bdy{2}(2)

Lval(1l,4);

A (uphiy bdy{2} (2)
- Lval(2,4);
A (uphiy bdy{2}(2)

Lval(3,4);

A (uphiy-bdy{2}(2)
- Lval(4,4);
A(uphiybdy{Z} (2

Lval(5,4);

subs (Lambda,

) ,prz_bdy{1}(2))

) ,pphiy bdy{1}(2))

), prz_bdy{2}(2))

) ,pphiy bdy{2}(2))

) »prz_bdy{3}(2))

), pphiy bdy{3}(2))

,prz_bdy{1}(2))

,pphiy bdy{1}(2))

przbdy{Z} (2))

,pphiy bdy{2}(2))

,prz_bdy{3}(2))

, pphiy bdy{3}(2))

) ,prz_bdy{3}(2))

,prz.bdy{1}(2))

,prz_bdy{2}(2))

,prz_bdy{3}(2))

,przbdy{1}(2))

,prz_bdy{2}(2))

[epsVal, ks, cy],

A (urzbdy{l} (2)

A (urzjbdy{l} (2)

A (urzbdy{l} (2)

,pphiy bdy{1}(2))

,pphiy bdy{2}(2))

,pphiy bdy{3}(2))

A (urzbdy{2} (2)

A (urzbdy{Z} (2)

A(urz bdy{2}(2)

,pphiy bdy{1}(2))

,pphiy bdy{2} (2))

A(urz bdy{1l}(2

A(urz bdy{1l}(2)

A(urz bdy{1l}(2

A (uphiy bdy{1}(2)
= A(uphiy bdy{1}(2)
A (uphiy bdy{1} (2)
= A(uphiy_bdy{1}(2
A (uphiy bdy{1}(2)

= A(uphiy_bdy{1}(2)

A(urz bdy{2} (2

A(urz,bdy{Z} (2)

A (urz,bdy{2} (2

A (uphiy bdy{2} (2)
= A(uphiy_bdy{2}(2)
A (uphiy bdy{2} (2)
= A(uphiybdy{2} (2

A (uphiy bdy{2} (2

[eps, ksv,cyv]);
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,prz,bdy{l} (2))
), pphiy bdy{1}(2))
,przbdy{2}(2))
»pphiy bdy{2}(2))
,prz_bdy{3}(2))

) ,pphiy bdy{3}(2))

, przjody{l} (2))
) ,pphiy-bdy{1}(2))
,prz_bdy{2}(2))
,pphiy bdy{2}(2))
,przbdy{3}(2))

) ,pphiy bdy{3}(2))

) ,prz_bdy{3}(2))

,prz_bdy{1}(2))
,pphiy bdy{1}(2))
,prz_bdy{2}(2))
) »pPhiy-bdy{2} (2))
,prz_bdy{3}(2))

,pphiy bdy{3}(2))

,przlody{1}(2))

,pphiy bdy{1}(2))

,prz_bdy{2}(2))

) ,pphiy bdy{2} (2))
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1

=
[

113
114

115

116

117

118

119

120
121

122

123

124

125

126

127

128

129

130

131

132

133

134

135
136

137

138

A(urz bdy{3

A(urz bdy{3

A(urz bdy{3

A(urz bdy{3

}
}
A(urz bdy{3}
}
}
}

A(urz bdy{3

A(uphiyjody{Z} (2)
- Lval(6,4);

(2)
Lval(1l,5);
(2
Lval(2,5);
(2
Lval(3,5);
(2
Lval(4,5);
(2
Lval(5,5);
(2
5);

Lval (6

4

A (uphiy_bdy{3} (2)

Lval(l,06);

A (uphiy bdy{3}(2)
- Lval(2,06);
A (uphiy bdy{3}(2

Lval(3,6);

A (uphiy bdy{3}(2)

- Lval(4,0);

A (uphiy-bdy{3}(2)

Lval(5,6);

A(uphiyjody{3} (2)
- Lval(6,06);

A(prz bdy{l} 2)
Lval (

A(prz bdy{l}
Lval (2

A (prz_bdy{1}
Lval (3

A(prz bdy{l}
Lval (4

A (prz_bay{1}
Lval (5

A(prz bdy{l}

Lval (6

(
1)
(2
1);
(2
) 4
(2)
1);
(2
1);
(2
1)

4

A (pphiy bdy{1}(2)

Lval(l,2);

A (pphiy bdy{1}(2)
- Lval(2,2);

A (pphiy-bdy{1}(2

Lval(3,2);

A (pphiybdy{1}(2)
- Lval(4,2);

,prz_bdy{1} (2
,pphiy bdy{1} (2
) ,prz_bdy{2} (2
,pphiy bdy{2} (2

) ,prz_bdy{3} (2

,pphiy-bdy{3}(2))

,prz_bdy{1}(2))

) rprzbdy{2}(2))

pphiy bdy{2} (2

,urz bdy{1}(2))

,prz_bdy{3}(2))

) »uphiy bdy{1}(2))

) ,urz_bdy{2} (2

,uphiy bdy{2} (2

) ,urz_bdy{3}(2))

) »uphiy-bdy{3}(2))

,urz bdy{1}(2))

) ,urz_bdy{2}(2))

,pphiy bdy{3}(2))

,pphiy bdy{1}(2))

,pphiy bdy{3}(2))

,uphiy bdy{1}(2))

,uphiy bdy{2} (2))

A(urz-bdy{3}(2

A (uphiy_bdy{2} (2)

A (urz,bdy{S} (2

A(urz_bdy{3}(2)
A(urz bdy{3}(2)

A(urz bdy{3}(2)

A(urz-bdy{3} (2

A (uphiy_bdy{3}(2)

A (uphiy bdy{3} (2

A (uphiy bdy{3}(2)

A(przbdy{l} (2
A(przbdy{1}(2)
A(przbdy{1}(2)
A(prz_bdy{l}(2)

A(prz bdy{l} (2

A (uphiy bdy{3}(2)

A (uphiy bdy{3}(2

A (uphiy_bdy{3}(2)

A(prz-bdy{1l}(2

A (pphiy bdy{1}(2)

A (pphiy bdy{1} (2

A (pphiy bdy{1}(2)

A (pphiy-bdy{1}(2

), prz-bdy{1}(2))
) »pPhiy-bdy{1}(2))
,prz_bdy{2} (2))
,pphiy bdy{2}(2))

,prz_bdy{3}(2))

, pphiy bdy{3}(2

) ,przbdy{2} (2)

pphiy bdy{2} (2

) ,urz_bdy{1}(2))
,uphiy bdy{1}(2))
surz_bdy{2}(2))
,uphiy bdy{2}(2))
) ,urz_bdy{3}(2))

) yuphiy bdy{3}(2))

) ,urz_bdy{2}(2))

,prz_bdy{1}(2))

,prz_bdy{3}(2))

,urz_bdy{1}(2))

,pphiy bdy{3}(2))

,pphiy bdy{1}(2))

,pphiy bdy{3}(2))

,uphiy bdy{1}(2))

) , uphiy bdy{2} (2))

161
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140 A (pphiy-bdy{1}(2),urzbdy{3}(2)) = A(pphiybdy{1}(2),urzbdy{3}(2)) - ...
Lval(5,2);

141 A (pphiybdy{1}(2),uphiy bdy{3}(2)) = A(pphiybdy{l}(2),uphiybdy{3}(2))
- Lval(6,2);

142

143 A(prz bdy{Z
Lval(l

144 A(prz bdy{2
Lval (2

145 A(prz bdy{2

}(2 urngdy{l}(Z)) = A(prngdy{Z}(Z),urngdy{l}(Z)) -
3);
}(2)
3);
}(2)
Lval(3,3);
}(2)
3);
}(2)
3);
}(2)
3);

uphiy,bdy{l}(Z)) = A(prz,bdy{Z}(Z),uphiyJody{l}(Z)) - ...

,urz_bdy{2}(2)) = A(przbdy{2}(2),urzbdy{2}(2)) -

146 A(prz bdy{2 uphiy,bdy{Z}(2)) = A(prz,bdy{2}(2),uphiyjody{2}(2))

Lval (4
147 A(prz bdy{2 ,urz_bdy{3}(2)) = A(prz-bdy{2}(2),urz_bdy{3}(2)) -
Lval (5
148 A(prz bdy{2 ,uphiy bdy{3}(2)) = A(przbdy{2}(2),uphiybdy{3}(2)) - ...

Lval (6 ;

149

150 A(pphiy,bdy{Z}(Z),urz,bdy{l}(Z))
Lval(l,4);

151 A (pphiy-bdy{2}(2),uphiybdy{1}(2)) = A(pphiybdy{2}(2),uphiybdy{1}(2
- Lval(2,4);

152 A(pphiy-bdy{2}(2),urzbdy{2}(2)) = A(pphiybdy{2}(2),urzbdy{2}(2)) - ...
Lval(3,4);

153 A (pphiybdy{2}(2),uphiy.bdy{2}(2)) = A(pphiybdy{2}(2),uphiybdy{2}(2))
- Lval(4,4);

154 A (pphiy-bdy{2}(2),urzbdy{3}(2)) = A(pphiybdy{2}(2),urzbdy{3}(2)) - ...
Lval(5,4);

155 A (pphiy bdy{2}(2),uphiy bdy{3}(2)) = A(pphiybdy{2}(2),uphiybdy{3}(2))
- Lval(6,4);

A(pphiy.bdy{2}(2),urz_bdy{1}(2))

156

157 A(przbdy{3}(2),urzbdy{1}(2)) = A(prz_bdy{3}(2),urzbdy{1}(2)) -

158 <pj§it1;{3})< ) ,uphiybdy{1}(2)) = A(prz-bdy{3}(2),uphiybdy{1}(2)) -

159 <pfzviz(y{3})( ) ,urz_bdy{2}(2)) = A(prz-bdy{3}(2),urzbdy{2}(2)) -

160 <prLZi%iy{3})< ) ,uphiybdy{2}(2)) = A(prz-bdy{3}(2),uphiybdy{2}(2)) -

161 (pj;liééﬁ})( ) ,urz_bdy{3}(2)) = A(prz_bdy{3}(2),urzbdy{3}(2)) -

162 <prLZiii(y{3})( suphiy-bdy{3}(2)) = A(przbdy{3}(2),uphiybdy{3}(2)) -
Lval (6,5);

163

164 A(pphiy;bdy{3}(2),urz,bdy{l}(Z))
Lval(l,06);

165 A (pphiy-bdy{3}(2),uphiybdy{1}(2)) = A(pphiybdy{3}(2),uphiybdy{1}(2))
- Lval(2,06);

166 A (pphiy-bdy{3}(2),urzbdy{2}(2)) = A(pphiybdy{3}(2),urzbdy{2}(2)) - ...
Lval(3,06);

167 A (pphiy bdy{3}(2),uphiy bdy{2}(2)) = A(pphiy bdy{3}(2),uphiybdy{2}(2))

A (pphiy bdy{3}(2),urz bdy{1}(2))
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- Lval(4,06);

A(pphiy.bdy{3}(2),urz_bdy{3}(2)) = A(pphiybdy{3}(2),urzbdy{3}(2)) -
Lval(5,06);

A(pphiy-bdy{3}(2),uphiybdy{3}(2)) = A(pphiy-bdy{3}(2),uphiybdy{3}(2))
- Lval(6,6);

syms X
for 1 =1 : 3

z{i} = u{i};

zNum{i} = double (subs (z{i}, x01));

dz{i} = diff(z{i},x);

dzNum{i} = double (subs (dz{i}, x01));

dzNum{i} (:,end) = double (subs(dz{i}, x, 0.999999));

dzNum{i}(:,1) = double(subs(dz{i}, x, 0.000001));

dfz{i} = diff(fz(i),x);

dfzNum{i} = double (subs (dfz{i}, x01));

dfzNum{i} (:,end) = double(subs(dfz{i}, x, 0.999999));
dfzNum{i}(:,1) = double(subs(dfz{i}, x, 0.000001));

dmy{i} = diff (my (i), x);
dmyNum{i} = double (subs (dmy{i}, x01));
dmyNum{i} (:,end) = double (subs (dmy{i}, x, 0.999999));

dmyNum{i} (:,1) = double (subs (dmy{i}, x, 0.000001));
end
b = zeros(size(A,1),1);
b(l:Nfy) = A4*[2Num{1}(l,:) dZNum{l}(l,:)*hmax]';
b(Nfy+1:2xNfy) = Adx[zNum{1l}(2,:) dzNum{l}(2,:)~*hmax]"';
b (2xNfy+1:3+«Nfy) = Adx[double (subs (fz(1l),x01)) dfzNum{l}+xhmax]"';
b (3*Nfy+1:4+Nfy) = Adx[double (subs (my(2),x01)) dmyNum{2}+~hmax]"';
b (4+«Nfy+1:5«Nfy) = A4*[2Num{2}(l,:) dzNum{Z}(l,:)*hmax]';
b (5xNfy+1:6xNfy) = Adx[zNum{2}(2,:) dzNum{2} (2, :) *xhmax]"';
b (6xNfy+1:7xNfy) = Adx[double(subs(fz(2),x01)) dszum{2}*hmax]';
b (7*Nfy+1:8+Nfy) = Adx[double (subs (my(2),x01)) dmyNum{2}+~hmax]"';
b (8*Nfy+1:9+Nfy) = Ad«[zNum{3}(1,:) dzNum{3}(1,:)*hmax]';
b (9xNfy+1:10xNfy) = Adx[zNum{3}(2,:) dzNum{3}(2, :) *hmax]"';
b(10xNfy+1:11xNfy) = Adx[double (subs(fz(3),x01)) dszum{3}*hmax]';
b(11*Nfy+1:12+Nfy) = Adx[double (subs (my(3),x01)) dmyNum{3}+xhmax]"';

[

% bounday condition

for i =1 : 3

A(urzbdy{i}(1),:) = 0;
A(urzbdy{i}(1),urzbdy{i} (1)) = 1;
b(urzbdy{i} (1)) = u0(i);

A(uphiybdy{i}(1),:) = 0;
A(uphiybdy{i} (1), uphiy bdy{i} (1)) = 1;

163
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APPENDIX A.
b (uphiybdy{i} (1)) = u0(i);
A(przbdy{i}(1),:) = 0;
A(przlbdy{i}(1),przbdy{i} (1)) = 1;
b(przbdy{i} (1)) = u0(i);
A(pphiybdy{i}(1),:) = 0;
A(pphiyddy{i}(1),pphiybdy{i} (1)) = 1;
b (pphiy bdy{i} (1)) = u0(i);
end

for i =1 3
urz{i} = solu(urz.bdy{i} (1) :urz-bdy{i}(2));
uphiy{i} = solu(uphiybdy{i} (1) :uphiy-bdy{i}(2));
prz{i} = solu(prz-bdy{i} (1) :prz_bdy{i}(2));
pphiy{i} = solu(pphiy-bdy{i} (1) :pphiy.bdy{i}(2));

vz{i} = prz{i} + subs(fz(i),x01)"';
pphiy{i} + subs(my(i),x01)"';

<
=
—
'_l.
—
I

end

tmp = norm(urz{i}-double (subs (z{i}(1),x01)) ") "2xhmax;
J = J + tmp;
tmp = norm(uphiy{i}-double (subs(z{i}(2),x01)) ") "2+hmax;
J = J + tmp;
= norm(prz{i}) "2+hmax;
J =J + tmp;
= norm(pphiy{i}) "2xhmax;
J = J + tmp;
end
J =Jd/2;

end

PROGRAM

© 0w NN O s W N

e =
w N = O

[

% This is to get the exact solution of the 3D model

% Define lengths

L = [2-epsVal,2-epsVal,2-epsVal,epsVal,epsVal,epsVall;
% Define piecewise distributed force

syms X;
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14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64

f = piecewise(x <= 1.00000, 2el10, x > 1.00000 & x <= L(2), 0);
% Define local forces and moments
fx = [0,-f£,0,0,0,0];
fy = [0,0,0,0,0,0];
fz = [0,0,0,0,0,07];
mx = [0,0,0,0,0,01;
my = [0,0,0,0,0,07;
mz = [0,0,0,0,0,071;
% Define local displacement and rotation
rx = [0,0,0,0,0,0];
ry = [0,0,0,0,0,0];
rz = [0,0,0,0,0,0];
phix = [0,0,0,0,0,07;
phiy = [0,0,0,0,0,0];
phiz = [0,0,0,0,0,0];
for 1 =1 : 6
a{i} = (1);fy (1) ;fz (1) ;mx(1);my(i);mz (1) ];
u0{i} = [rx(i);ry(i);rz(i);phix(i);phiy(i);phiz(i)];
end
% Define rotation angles
theta = [-1/6x%pi,pi/2,-5/6%pi,-pi, -pi/3,pi/3]
% Compute matrices based on rotation angles
[DFe,DPe,DMe, Se ] = deal(cell(6,1));
for 1 =1 6
DFe{i} = simplify (E (theta(i)) *DF (kx,ks,L(i),cy,cz)*E(theta(i)).
DPe{i} = simplify (E (theta(i))*DP (ks,L(i),cx,cy,cz)«E (theta(i)).
DMe{i} = simplify (E (theta(i))*DM(ks,L(i),cx,cy,cz)«E (theta(i)).
Se{i} = simplify(E(theta(i))=*S(ks,L(i),cy,cz)«E(theta(i)).");
end
for i =1 6
D1E{i} = —[DFe{i} -Se{i}.';-se{i} Dpre{i}];
D2E{i} = [DFe{i} Se{i}.';-sSe{i} DMe{i}1;
D3E{i} = - [DFe{i} -Se{i}.'; sSe{i} DMe{i}]
D4E{i} [DFe{i} Se{i}.'; se{i} Dpe{i}I;
end

[

% Compute forces, moments,

for i =1 : 6

deE{i} = blkdiag(E (theta(l)),E(theta(l
*d(fx (1), fy (1), £z (1), mx (i), my

wE{i} = blkdiag(E (theta(l)),E(theta(l
w(fx(1),fy (1), fz (1), mx (i), my (4

RE{i} = blkdiag(E (theta(l)) (theta(l
*R(cy,cz,ks,L(i))+blkdiag(E(t

QE{i} = blkdiag(E(theta(i)),E(theta(i

)
i));

mz (1) ,cy,cz, L(

mz (i)

)
i
)
i
)

he i))',E(theta (i

)

)
)
)
)
)
t )) ")
)

)
a(
)

ykx,ks,cx,cy,cz,L(1

and displacements based on rotation angles

)) i
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APPENDIX A. PROGRAM
*Q(cy,cz,ks,L(i))+blkdiag(E (theta(i))"',E(theta(i))");
end
% Compute the global A
A = [D4E{1}+D4E{4}-D1E{5}, -D2E{5}, D3E{4};

D3E{5}, D4E{2}+D4E{5}-D1E{6}, -D2E{6};
-D2E{4}, D3E{6}, D4E{3}+D4E{6}-D1E{4}]; %symmertic

b = sym(zeros(18,1));
b(1:6,1) = - g{1} - D3E{1}xu0{1} ...
- D4E{1l}xsubs (wE{1},L (1)) - DAE{4}+subs(wE{4},L(4)) +
D2E{5}*subs (wE{5},L(5))
+ subs (dE{1},L(1)) + subs(dE{4},L(4));
b(7:12,1) = - a{2} - D3E{2}*u0{2} ...
- D4E{2}xsubs (wE{2},L(2)) - D4E{5}*subs (wE{5},L(5)) +
D2E{6}*subs (wE{6},L(6))
+ subs (dE{2},L(2)) + subs(dE{5},L(5));
b(13:18,1) = - g{3} - D3E{3}»u0{3} ...
- D4E{3}xsubs (wE{3},L(3)) - D4E{6}*subs (wE{6},L(6)) +
D2E{4}xsubs (wE{4},L(4)) ...
+ subs (dE{3},1L(3)) + subs(dE{6},L(6));

solu = A\b;

% Extract local displacements
uL{l} = subs(solu(l:6),L(1));
uL{2} = subs(solu(7:12),L(2));
uL{3} = subs(solu(13:18),L(3));

uo{4} = uL{3};
u0{5} = ur{1};
uo{6} = ur{2};
uL{4} = uL{l};
ulL{5} = uL{2};

ul{6} = ul{3};
% Here u is Global
for 1 =1 : 6
u{i} = QE{i}»u0{i} + RE{i}x (subs(uL{i},L(i))+subs (wE{i},L(i)))-wE{i};
end

for i =1 : 6
ulocal{i} = blkdiag(E(theta(i)),E(theta(i))) '*u{i};
end

o\

save ('uglo.mat', 'u');

o\

save ('uloc.mat', 'ulocal');
q');

o\

save ('g.mat',
close all

o\
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113 function DFi = DF (kx,ks,L,cy,cz)

114 [muy,muz] = mu(ks,L,cy,cz);

115 DFi = sym(zeros(3,3));

116 DFi(1,1) = 1/L*xkx;

117 DFi(2,2) = 12xcz*muz;

118 DFi (3,3) = 1l2*cyxmuy;

119 end

120

121 function DPi = DP(ks,L,cx,cy,cz)
122 [muy,muz] = mu(ks,L,cy,cz);

123 DPi = sym(zeros(3,3));

124 DPi(1,1) = 1/L*cx;

125 DPi (2,2) = cy* (1/L+3+muy*L"2);
126 DPi(3,3) = cz*(1/L+3*muz+xL"2);
127 end

128

129 function DMi = DM(ks,L,cx,cy,cCcz)
130 [muy,muz] = mu(ks,L,cy,cz);

131 DMi = sym(zeros(3,3));

132 DMi (1,1) = 1/L*cx;

133 DMi (2,2) = cy* (1/L-3xmuy*L"2);
134 DMi(3,3) = czx(1/L-3xmuz+xL"2);
135 end

136

137 function Si = S(ks,L,cy,cz)

138 [muy,muz] = mu(ks,L,cy,cz);

139 Si = sym(zeros(3,3));

140 Si(2,3) = 6xcyxmuy=*L;

141 Si(3,2) = —6*cz+muz=*L;

142 end

143

144 function [muy,muz] = mu(ks,L,cy,cz)
145 muy = ks/ (ksxL"3+12*cy=*L);

146 muz = ks/(ksxL"34+12xczxL);

147 end

148

149 function Eil = E(t)

150 Eil = [cos(t) sin(t) O;

151 -sin(t) cos(t) O0;

152 00 11;

153 end

155 function [fInt, fInt2,fInt3] = Int(f,L)

156 syms X;
157 fInt = int (f,x,0,x);

158 fInt2 = int (fInt,x,0,x);
159 fInt3 = int (fInt2,x,0,x);
160 end

162 function [gyi,gzi] = gy (fy,fz,my,mz,cy,cz,L)
163 [fzIntl,”, ] = Int(fz,L);
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end

fun

end

fun

end

fun

APPENDIX A.

[fyIntl,”, "] = Int(fy,L);
gyi = 1/cy* (my+fzIntl);
gzi = 1/cz*x (mz-fyIntl);

ction wi = w(fx, fy, fz,mx,ny,mz, kx, ks, cx,cy,cz,L)
wi = sym(zeros(6,1));
[gyi,gzi] = gy (fy,fz,my,mz,cy,cz,L);

[7,fzInt2, 7] Int (fz,L);
[7,fxInt2,”] = Int(fx,L);
[T, fyInt2,”] = Int(fy,L);

[7,9yInt2,gyInt3] = Int(gyi,L);
[T,9zInt2,gzInt3] Int (gzi,L);

[7,mxInt2,”] = Int(mx,L);

=

o

w
I

= 1/ks*fzInt2 - gyInt3;
wi(5) = gyInt2;

= 1/kx+xfxInt2;

= 1/ksxfyInt2 + gzInt3;
= 1/cx*x (mxInt2);

= gzInt2;

ction di = d(fx, fy,fz,mx,mny,mz,cy,cz,L)
di = sym(zeros(2,1));

[gyi,gzi] = gy (fy,fz,my,mz,cy,cz,L);
[fxIntl, ", ] = Int(fx,L);

[fzIntl,”,"] = Int(fz,L);

[fyIntl, ] = Int(fy,
[mxIntl, ] = Int(

4

e L)
NIN mX’L)I

[gyIntl,”, "] = Int(gyi,L);
[gzIntl,~, ] = Int(gzi,L);

di(3) = fzIntl;

di(5) = cy*gyIntl;

di(l) = fxIntl;

di(2) = fyIntl;

di(4) = mxIntl;

di(6) = cz*gzIntl;

ction Qi = Q(cy,cz,ks,L)
[muy,muz] = mu(ks,L,cy,cz);
Qi = sym(zeros(6,6));

syms x

PROGRAM
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Qi(3,3) = muy* (L-x)* (L™ 2+L*x-2%x"2+12/ks*cy) ;
Qi(5,5) = muy* (L-x)* (L 2-3*«Lxx+12/ks*cy);
Q1(3,5) = —muyrx* (L-x)* (L "2-Lxx+6/ks*cy);
Qi(5,3) = 6+muy*x* (L-Xx);
Qi(1,1) =1 - L -1xx;
01(2,2) = muz+* (L-x)* (L 24+L*x-2+x"2+12xks"—1%cz);
Qi(4,4) =1 - L -1xx;
Qi(6,6) = muz*(L-x)* (L "2-3xL*x+12/ksx*cz);
Qi(2,6) = muz+x* (L-x)* (L 2-L*x+6*ks"—1xcz);
0i1(6,2) = —6xmuz+x* (L—-X);

end

function Ri = R(cy,cz,ks,L)
[muy,muz] = mu(ks,L,cy,cz);
Ri = sym(zeros(6,6));
syms X
Ri(3,3) = muy#*x* (3*xL*x-2xx"2+12/ks*cy) ;
Ri(5,5) = muy*x* (—2+xL"2+43xLxx+12/ksx*cy) ;
Ri(3,5) = muy*x+* (L-x)* (Lx*xx+6/ks*cy) ;
Ri (5,3) = —-6*muyxx* (L-X);
Ri(1,1) = 1/Lxx;
Ri(2,2) = muz*x* (3*xL*x—-2xx"2+12/ksxcz);
Ri(4,4) = 1/Lxx;
Ri(6,6) = muzxx* (—2+xL"2+3*xLxx+12/ksx*cz);
Ri(2,6) = —-muz*x*x (L-x)* (Lxx+6/ks*cz);
Ri(6,2) = 6*muz+*x+* (L-X);

end
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function J OptControlFull (epsVal)
% Function to calculate the optimal control based on certain epsilon
value

% If epsilon value is not provided, set it to 0.5
if nargin == 0
epsVal = 0.5;
end
% Load necessary data
load("ks.mat")

load ("kx.mat")
load ("cx.mat")
load("cy.mat")
load("cz.mat")

load ("uloc.mat");
load("g.mat") ;
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[

% Calculate operator lambda value
Lval = Val_lambdaFullModel (epsVal);

u0 = zeros(6,1);

[}

%% ======== Setting up parameters

epsmax = 1;

theta = [-1/6xpi,pi/2,-5/6%pi,-pi,-pi/3,pi/31;

% Define length and discretization
= 2;
hmax =

=

0.02;

1 =
NO1
x01

L-epsmax;
= ceil (1l/hmax) ;
linspace (0, L-epsmax,NO01+1) ;

Q

% number of basis functions
Nfy = 2% (NO1+1);

%% FEM matrices
[Al,A2,A3,A4] = graphlDmatirx Hermite (NO1,x01);
AA = cell(12,12);
for 1 =1 : 12
for j =1 : 12
ar{i, j} = deal (zeros (Nfy,Nfy));
end

an{i,i} = -n4;
end
AA{3,3+6} = ksx*Al;
AA{3,5+6} = ksx*A2;
An{5,3+6} = ks*A3;
An{5,5+6} = ksxAd+cy*Al;
AA{1l,1+6} = kxxAl;
An{2,2+6} = ks*Al;
An{4,4+6} = cx*Al;
AA{6,6+6} = ksxAd+czxAl;
an{2,6+6} = —-ks*A2;

anr{6,2+6} ~ks*A3;

PROGRAM
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70 AA{3+6,3} = ksxAl;

71 AA{3+6,5} = ksxA2;

72 AA{5+6,3} = ksxA3;

73 AA{5+6,5} = ksxAd+cy*Al;
74

75 AA{1+6,1} = kxx*Al;

76 AA{2+6,2} ksxAl;

77 AA{4+6,4} = cxxAl;

78 AA{6+6,6} = ksxAd+cz*Al;
79 AA{2+46,6} = —ksxA2;
so AA{6+6,2} = -ks*A3;

81
82 AA = cell2mat (AA);

83

84 Aold = blkdiag(AA,AA,AA);
85 A = Aold;

86

87 % Set up boundary indices
g8 Nf = [repmat (Nfy,1,36)];

89 index = cumsum(Nf);

90 index = [0 index];

91 for 1 =1 : 3

92 % index of [y (0),y(L),y"(0),y"'(L)];

93 urx bdy{i} = index (12%i-11)+[1,Nf (2%i-1)/2,Nf (2%i-1)/2+1,Nf (2+i-1)];
94 ury bdy{i} = index (12%i-10)+[1,Nf (2%i-1)/2,Nf (2%i-1)/2+1,Nf (2+i-1)];
95 urz bdy{i} = index (12%i-9)+[1,Nf (2%xi-1)/2,Nf(2xi-1)/2+1,Nf(2xi-1)1;
96 uphix_bdy{i} = index (12%i-8)+[1,Nf (2%1i)/2,Nf (2%i)/2+1,Nf (2%i)];

o7 uphiy bdy{i} = index (12%i-7)+[1,Nf (2%1)/2,Nf (2%i)/2+1,Nf (2%i)];

98 uphiz bdy{i} = index(12*i—6) [1 Nf (2%1) /2, Nf (2%1) /2+1,Nf (2%i)];

99 % index of [p(0),p(L),p"'(0),p"'(L)];

100 prxbdy{i} = index(l2*1 5)+[1 Nf (2xi-1)/2,Nf (2xi-1)/2+1,Nf(2«i-1)1;
101 prybdy{i} = index (12xi-4)+[1,Nf(2%i-1)/2,Nf (2+xi-1)/2+1,Nf(2%i-1)1;
102 prz_bdy{i} = index (12+i-3)+[1,Nf (2+i-1)/2,Nf (2«i-1)/2+1,Nf (2+i-1)];
103 pphix bdy{i} = index (12%i-2)+[1,Nf(2%i)/2,Nf (2x1)/2+1,Nf(2xi)];

104 pphiy bdy{i} = index (12%i-1)+[1,Nf(2xi)/2,Nf(2x1i)/2+1,Nf(2x1)];

105 pphiz bdy{i} = index (12%1i)+[1,Nf(2%1i)/2,Nf(2%1)/2+1,Nf(2x1i)];

106 end

107
108 % Rotate lambda

109 E3 = blkdiag(E(theta(l)),E(theta(l)),
110 E(theta(2)),E(theta(2)),
111 E(theta(3)),E(theta(3)));

112
113 Lval = E3'xLvalxE3;
114

[)

115 % Update A matrix with lambda values at boundaries

116 for i =1 : 3

17 A(urxbdy{i}(2),prxbdy{l1}(2)) = A(urxbdy{i}(2),prxbdy{1}(2)) -
Lval (1,1+(i-1)*6);

118 A(urx;bdy{i}(2),pry,bdy{l}(Z = A(urx,bdy{i}(Z),pryJody{l}(Z)) -

Lval(2,1+(i-1)*6);

171




172

119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134

135
136

137

138

140
141
142
143

144

A(urxbdy{i}(2),prz bdy{1}(2))

Lval (3,1+(i-1)*6);

A(urxbdy{i}(2),pphixbdy{1l} (2

- Lval(4,1+(i-1)%*6);

A (urx-bdy{i}(2),pphiybdy{1}(2

- Lval(5,1+(1i-1)%*6);

A(urxbdy{i} (2),pphiz bdy{1l} (2

- Lval(6,1+(i-1)%*6);

A(urxbdy{i}(2),prx-bdy{2}(2))

Lval(7,1+(i-1)+*6);

A(urxbdy{i}(2),prybdy{2}(2))

Lval (8, 1+ (i-1)*6);

A(urxbdy{i}(2),przbdy{2}(2))

Lval(9,1+(i-1)%*6);

A(urxbdy{i} (2),pphixbdy{2} (2

— Lval (10, 1+ (i-1)*6);

A(urxbdy{i}(2),pphiybdy{2} (2

- Lval(1ll,1+(i-1)*6);

A(urxbdy{i} (2),pphiz bdy{2} (2

- Lval(l2,1+(i-1)=*06);

A(urxbdy{i}(2),prxbdy{3}(2))

Lval (13,14 (i-1)%6);

A(urxbdy{i}(2),prybdy{3}(2))

Lval(1l4,1+(i-1)%6);

A(urxbdy{i}(2),prz-bdy{3}(2))

Lval (15,1+(i-1)%6);

A(urxgbdy{i}(Z),pphixgbdy{3}(2

- Lval(le6e,1+(i-1)=*06);

A(urx_bdy{i}(2),pphiy bdy{3} (2

- Lval(l7,1+(i-1)=*06);

A(urxbdy{i} (2),pphizbdy{3} (2

- Lval(1l8,1+(i-1)*6);

A(urydody{i} (2), prx_bdy{1} (2))

Lval (1,2+(i-1)*6);

A(ury-bdy{i}(2),pry-bdy{1}(2))

Lval (2,2+(1i-1)*6);

A(urybdy{i}(2),przbdy{1}(2))

Lval (3,2+(i-1)*6);

A(urybdy{i}(2),pphix bdy{1} (2

- Lval(4,2+(1i-1)%*6);

A(urybdy{i} (2),pphiybdy{1}(2

— Lval(5,2+(1i-1)+*6);

A(ury;bdy{i}(2),pphingdy{l}(2

- Lval(6,2+(i-1)%6);

A(urybdy{i}(2),prxbdy{2}(2))

Lval(7,2+(i-1)*6);

A(ury-bdy{i} (2),prybdy{2}(2))

Lval (8, 2+ (i-1)*6);

A(urydody{i} (2),prz_bdy{2} (2))

Lval (9,2+(i-1)*6);

))

))

))

))

))

))

))

))

))

))

))

))

APPENDIX A. PROGRAM

A(urxbdy{i}(2),przbdy{1}(2)) - ...

A(urxbdy{i}(2),pphixbdy{1}(2))
A(urxbdy{i}(2),pphiy-bdy{1}(2))

A(urxbdy{i}(2),pphiz bdy{1}(2))

A(urxbdy{i}(2),prxbdy{2}(2)) - ...

A(urxbdy{i}(2),prybdy{2}(2)) - ...

A(urx,bdy{i}(2),prz;bdy{2}(2)) - ...

A(urx bdy{i}(2),pphixbdy{2}(2))
A(urxbdy{i}(2),pphiy bdy{2}(2))

A(urxbdy{i}(2),pphiz bdy{2}(2))

A(urxbdy{i}(2),prxbdy{3}(2)) - ...

A(urxbdy{i}(2),prybdy{3}(2)) - ...

A(urxbdy{i}(2),przlody{3}(2)) - ...

A(urxgbdy{i}(Z),pphix,bdy{3}(2))
A(urxbdy{i}(2),pphiy bdy{3}(2))

A(urx bdy{i}(2),pphizbdy{3}(2))

A(urybdy{i}(2),prxbdy{1}(2)) - ...

A(ury-bdy{i}(2),pry-bdy{1}(2)) - ...

A(urybdy{i}(2),przbdy{1}(2)) - ...

A(ury-bdy{i}(2),pphix.-bdy{1}(2))
A(ury-bdy{i}(2),pphiybdy{1}(2))

A(urybdy{i}(2),pphizbdy{1}(2))

A(ury.bdy{i}(2),prxbdy{2}(2)) - ...

A(urybdy{i}(2),prybdy{2}(2)) - ...

A(urybdy{i}(2),przbdy{2}(2)) - ..
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145

146

147

148

149

150

151

152

158

159

160

162

163

164

166

167

168

169

170

A (urybdy{i} (2), pphixbdy{Z} (2

- Lval (10,24 (i-1)%6);

A(urybdy{i}(2),pphiybdy{2} (2

- Lval(l1l,2+(i-1)=*6);

A(urybdy{i}(2),pphiz_bdy{2} (2

- Lval(1l2,2+(i-1)=*6);

A(uryody{i} (2), prx_bdy{3} (2))

Lval (13,24 (i-1) %6);

A(ury-bdy{i} (2),pry-bdy{3}(2))

Lval(14,2+(i-1)x6);

A(ury bdy{i}(2),przbdy{3}(2))

Lval (15,24 (1i-1) %6);

A(urybdy{i}(2),pphix bdy{3} (2

- Lval(l6,2+(i-1)=*06);

A(urybdy{i}(2),pphiybdy{3} (2

- Lval(l7,2+(i-1)=*6);

A (uryjody{i} (2) ,pphizbdy{3} (2

- Lval(18,2+(i-1)%6);

A(urzbdy{i}(2),prx-bdy{1}(2))

Lval (1,3+(i-1)*6);

A(urzlody{i}(2),prylbdy{1}(2))

Lval (2,3+(i-1)*6);

A(urzbdy{i}(2),przbdy{1}(2))

Lval (3,3+(i-1)*6);

A(urz bdy{i}(2),pphixbdy{1} (2

- Lval(4,3+(i-1)=*6);

A(urzbdy{i}(2),pphiybdy{1} (2

- Lval(5,3+(i-1)*6);

A(urzbdy{i}(2),pphiz bdy{l} (2

- Lval(6,3+(i-1)%*6);

A(urzbdy{i}(2),prxbdy{2}(2))

Lval (7,3+(i-1)*6);

A(urzbdy{i}(2),pry-bdy{2}(2))

Lval (8,3+(i-1)*6);

A(urzbdy{i}(2),prz-bdy{2}(2))

Lval (9,3+(i-1)*6);

A(urz bdy{i} (2),pphixbdy{2} (2

- Lval (10,34 (i-1)%6);

A(urzlody{i}(2),pphiy bdy{2} (2

- Lval(1l1l,3+(i-1)=*06);

A(urzbdy{i}(2),pphizbdy{2} (2

- Lval(12,3+(i-1)*6);

A(urzbdy{i}(2),prxbdy{3}(2))

Lval (13,34 (i-1)*6);

A(urz_bdy{i} (2),prybdy{3}(2))

Lval(14,3+(i-1)x6);

A(urzbdy{i}(2),przbdy{3}(2))

Lval (15,34 (i-1) *6);

A (urzbdy{i} (2), pphix,bdy{B} (2

- Lval (16,34 (i-1)%6);

))

))

))

))

))

))

))

))

))

))

))

))

))

= A(ury.bdy{i}(2),pphix.bdy{2}(2))

= A(urybdy{i} (2),pphiy.bdy{2}(2))

A(urybdy{i}(2),pphizbdy{2}(2))

A(urybdy{i}(2),prxbdy{3}(2)) - ...
A(ury-bdy{i}(2),pry-bdy{3}(2)) - ...

A(ury,bdy{i} (2) ,przbdy{3} (2)) - ...

= A(urybdy{i}(2),pphixbdy{3}(2))

A(ury-bdy{i} (2),pphiybdy{3}(2))

A(ury bdy{i}(2),pphizbdy{3}(2))

A(urz.bdy{i}(2),prxbdy{1}(2)) - ...
A(urz bdy{i}(2),prybdy{1}(2)) - ...

A(urz,bdy{i} (2) ,przbdy{l} (2)) - ...

= A(urzbdy{i}(2),pphix-bdy{1}(2))

= A(urzbdy{i}(2), pphiy bdy{1}(2))

A(urzbdy{i}(2),pphiz bdy{1}(2))

A(urz bdy{i}(2),prxbdy{2}(2)) - ...
A(urz.bdy{i} (2),prybdy{2}(2)) - ...

A(urzbdy{i}(2),przody{2}(2)) - ...

A(urz bdy{i}(2),pphixbdy{2}(2))

A(urz_bdy{i}(2),pphiy.bdy{2}(2))

A(urzbdy{i}(2),pphizbdy{2}(2))

A(urz bdy{i}(2),prxbdy{3}(2)) - ...
A(urz bdy{i}(2),prybdy{3}(2)) - ...

A(urz bdy{i}(2),przbdy{3}(2)) - ...

A(urzbdy{i} (2) ,pphix,bdy{3} (2))

173




174

171
172

173
174

176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191

192
193

194
195
196

197

A(urz bdy{i}(2)
- Lval(l7,3+(i-
A(urz.bdy{i}(2)

A (uphix bdy{i} (2
- Lval(l,4+ (i-
A (uphixbdy{i} (2)
- Lval(2,4+ (i-
A (uphix bdy{i} (2)

A (uphix bdy{i} (2

A (uphix bdy{i} (2
~ TLval (14, 4+ (i-
A (uphixbdy{i} (2)
- Lval (15, 4+ (i-
A (uphixbdy{i}(2)
A (uphix bdy{i} (2)
A (uphixbdy{i} (2)

- Lval (18, 3+(

- Lval (3, 4+('
A (uphix bdy{i} (2
(uphlxbdy{ }
A (uphix bdy{i} (2
(uphlxbdy{ }

A (uphix bdy{i} (2)
A (uphix bdy{i} (2)
A (uphixbdy{i} (2)
- Lval(7,4+ (i-
A (uphixbdy{i}(2)
- Lval(8,4+ (i-
A (uphix bdy{i} (2
— Lval(9,4+ (i-
A(uphixbdy{i} (2)
A (uphixbdy{i} (2
A (uphix bdy{i} (2)

(uphiijdy{ i }
A (uphix bdy{i} (2
A (uphix bdy{i} (2

- Lval(13,4+(

(uphixbdy{i}
A (uphix bdy{i} (2
(uphlxbdy{l}

A (uphiy bdy{i} (2)
- Lval(l,5+(i-
A (uphiy bdy{i}(2)
- Lval(2,5+ (i-
A (uphiybdy{i} (2)

- Lval (3, 5+(i
A(uphiy bdy{i} (2
A (uphiy bdy{i }

A (uphiy_ bdy{i}(2)

, pphiy bdy{3}(2))

1)x6);

,pphiz bdy{3}(2))

i-1)x6);

) ,prxbdy{1}(2))

1)x6);

,prydody{1}(2))

1)*6);

,prz-bdy{1}(2))

1)x6);
pphlxjody{l}

pphlxbdy{l}

phlybdy{l}

pphlybdy{l}

, pphlzbdy{l}

,prxlody{2} (2
1) x06);

,pry-bdy{2}(2))

1)x6);

) ,prz_bdy{2}(2))

1) x6);
,pphixbdy{Z}

, pphlybdy{Z}

pphlxbdy{Z}

pphiyiody{Z}

pphlzjody{2}

A(urz bdy{i} (2)

A

A (uphix bdy{i} (2

APPENDIX A. PROGRAM

(urz bdy{i}(2)

A (uphix bdy{i}(2)

A (uphix bdy{i} (2)

2))
2))

pphlzjody{l} 2))

- Lval(4,4+ (i-

- Lval(5,4+ (i-

- Lval(6,4+ (i-

A (uphix bdy{i} (2)

A (uphix-bdy{i}(2)

A (uphix bdy{i} (2

2))
2))

pphlzbdy{Z} 2))

), prxbdy{3} (2

i-1)x6);

), pry-bdy{3}(2))

1) x6);

,prz-bdy{3}(2))

1)x6);

,pphix bdy{3}(2))
,pphixjody{3}

, pphiyiody{3}

pphlyJody{3}

phlzjody{3}

pphlzbdy{3}

,prxbdy{1}(2))

1) x6);

,prybdy{1}(2))

1)x6);

,prz-bdy{1}(2))

1)*6);
phlxjody{l}

pphlxjody{l}

,pphiy bdy{1} (2

A

A (uphix bdy{i} (2

- Lval(10,4+ (i-

- Lval(11l,4+ (i-

- Lval(1l2,4+ (i-

(uphix_bdy{i} (2

A (uphix bdy{i} (2)

2))
2))
2))

- Lval(1l6,4+ (i-

- Lval(17,4+ (i-

- Lval(18,4+ (i-

A (uphiybdy{i} (2)

A (uphiy bdy{i} (2)

A (uphiybdy{i} (2)

IIVH

- Lval(4,5+ (i-

,pphiy bdy{3}(2))

,pphiz bdy{3}(2))

), prxbdy{1}(2))
,prybdy{1}(2))

,prz-bdy{1}(2))

1)*6);

1) %6);

1) %6);

,prxbdy{2}(2))
,pry-bdy{2}(2))

), prz-bdy{2}(2))

1)*6);

1)x6);

1)x6);

), prxlody{3}(2))
), pry-bdy{3}(2))

,prz-bdy{3}(2))

1)x6);

1) x6);

1)*6);

,prxbdy{1}(2))
,prydy{1}(2))

,prz-bdy{1}(2))

1)*6);
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199

200

201

202

204

205

206

207

209

210

211
212

213

214

215

216

217

218

219

220

221

222

223

A (uphiybdy{i} (2

A (uphiy bdy{i} (2
A (uphiy bdy{il} (2
A (uphiy bdy{i}(2)

A (uphiybdy{i}(2)

A (uphiy bdy{i} (2)
A (uphiy bdy{i} (2)
A (uphiy bdy{i}(2)
A (uphiy bdy{il} (2
A (uphiy bdy{i} (2)

A (uphiybdy{i} (2)

A (uphiz bdy{i}(2)

A (uphiz bdy{i} (2

A (uphiz_ bdy{i}(2)
A (uphiz bdy{i} (2)
A (uphiz bdy{i} (2
A (uphiz bdy{i} (2
A (uphiz bdy{i} (2)
A (uphiz bdy{i}(2)

A (uphiz bdy{i}(2)

A (uphiz bdy{i}(2)

(uphlybdy{l}
pphlzjody{l}
A (uphiy bdy{i}(2)
) ,przbdy{2} (2
- Lval(7,5+(i-1)=*06);

- Lval(8,5+(i-1)*6);
- Lval(9,5+(i-1)%6);
,pphixbdy{2}
(uphiybdy{ i }
A (uphiybdy{i} (2
(uphlybdy{ }
A(uphiy bdy{i} (2
A (uphiy bdy{i }

pphlyJody{2}
phlzbdy{Z}

,prxbdy{3}
- Lval(13,5+(1i-1)*6);

- Lval(14,5+(i-1)=*06);

- Lval (15,5+(i-1)=*6);

) ,pphixjody{3}
A (uphiy bdy{i} (2)
,pphlybdy{3}
A (uphiybdy{i} (2
,pphiz bdy{3} (2
A (uphiy bdy{i} (2)

- Lval(l,6+(i-1)%*6);

- Lval(2, 6+(i 1)%6);

A (uphiz bdy{i} (2 przbdy{l}

- Lval(3,6+(1i-1)%6);
,pphixbdy{l}
A (uphiz bdy{i} (2
,pphlybdy{l}
A(uphizbdy{i}(
pphlzjody{l}
(uphlzbdy{ }
prx,bdy{Z}
- Lval(7,6+(i-1)%*6);

- Lval(8,6+(i-1)%6);

- Lval(9,6+(1i-1)%6);
,pphixbdy{Z}
(uphizbdy{i}
A (uphiz bdy{i} (2
A (uphiz bdy{i }

phlyJody{Z}

,pphiz bdy{2} (2

) »pry-bdy{2}(2))

,prz bdy{2}(2))

,prydody{3}(2))

,prz_bdy{3}(2))

,prxbdy{1}(2))

) ,prydody{1}(2))

,pry-bdy{2}(2))

,prz bdy{2}(2))

pphlyiody{l}

pphlxjody{Z}

pphlyJody{2}

pphlxjody{3}

pphlyiody{f%}

,pphiziody{i*ﬂ}

pphlxbdy{l}

pphlyiody{l}

pphlxjody{Z}

pphlyJody{Z}

2))

pphlzbdy{l} 2))

A

A (uphiy bdy{i} (2

- Lval(5,5+ (i-

- Lval(6,5+ (i-
), prx_bdy{2}(2))

(uphiybdy{i} (2

A (uphiy_ bdy{i} (2)

pphlzjody{2} (2))
A (uphiy bdy{i} (2)

- Lval (10,5+ (i-
- Lval(1l1l,5+(i-

- Lval(l2,5+ (i-
,prx_bdy{3}(2))

A (uphiy bdy{i} (2)

A (uphiy bdy{i}(2)

2))
2))
2))

- Lval(1l6,5+ (1i-
- Lval(17,5+ (i-

- Lval(18,5+ (i-

A (uphiz bdy{i}(2)

A (uphiz bdy{i} (2

A (uphiz bdy{i} (2)

phlzbdy{l} (2))

A

- Lval (6, 6+ (i-
), prx_bdy{2}(2))

(uphiz bdy{i} (2

A (uphiz bdy{i}(2)

A (uphiz bdy{i}(2)

IIVHVII

2)) - Lval(4,6+ (i~
2)) - Lval(5,6+(i-

- Lval (10, 6+ (i-

- Lval(1ll,6+ (i-

1) %6);

1)x6);

) ,pry-bdy{2}(2))

,prz_bdy{2}(2))

1)x6);

1)x6);

1)*6);

,pryody{3}(2))

,prz_bdy{3}(2))

1)x6);

1)*6);

1)x6);

,prx,bdy{l} (2))
) ,pryody{1}(2))

,przbdy{1}(2))

1) %6);

1) %6);

1)*6);

,pry-bdy{2}(2))

,prz_bdy{2}(2))

1)x6);

1)x6);

175




176

224
225
226
227
228
229
230
231
232
234
235
236

237

239
240
241
242
243
244
245
246
247
248
249

250

end

for
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A (uphizbdy{i} (2),pphiz_bdy{2}(2)) - Lval(12,6+(i-1)=*6);
A(uphiz bdy{i} (2), prxbdy{3}(2))

- Lval (13, 6+ (i-1)%6);

A (uphiz bdy{i}(2),prybdy{3}(2))

- Lval(l4,6+(i-1)=*06);

A(uphiz bdy{i}(2),przbdy{3}(2))

- Lval (15, 6+ (i-1)%6);

A (uphizbdy{i}(2), pphix_bdy{3}(2))

A (uphiz bdy{i} (2),pphix bdy{3}(

A(uphizbdy{i} (2),pphiybdy{3}(2))

A (uphizbdy{i} (2),pphiydy{3}(

A(uphiz bdy{i}(2),pphiz bdy{3}(2))

A (uphiz_bdy{i} (2),pphiz_bdy{3} (

i=11:3

A(prx_bdy{i}(2),urxbdy{1}(2))

Lval (1l,1+(i-1)=*6);

A(prxbdy{i}(2),urybdy{1}(2))

Lval(2,1+(1i-1)*6);

A(prxbdy{i}(2),urz bdy{1}(2))

Lval(3,1+(i-1)*6);

A(prx-bdy{i} (2) ,uphix bdy{1} (2))

- Lval(4,1+(i-1)%6);

A (prxbdy{i} (2),uphiybdy{1}(2))

- Lval(5,1+(i-1)%*6);

A(prxbdy{i} (2),uphiz bdy{1}(2))

- Lval(6,1+(i-1)%*6);

A(prxbdy{i}(2),urxbdy{2}(2))

Lval(7,1+(i-1)*6);

A(prxbdy{i} (2),urybdy{2}(2))

Lval (8,1+(i-1)*6);

A(prx_bdy{i}(2),urz bdy{2}(2))

Lval (9, 1+ (i-1)*6);

A(prxbdy{i}(2),uphix bdy{2}(2))

- Lval(10,1+(i-1)=*06);

A(prxbdy{i}(2),uphiybdy{2}(2))

- Lval(ll,1+(i-1)=*06);

A(prx-bdy{i} (2) ,uphiz_bdy{2} (2))

- Lval(1l2,1+(i-1)%6);

A(prxbdy{i}(2),urx-bdy{3}(2))

Lval (13,1+(i-1)*6);

A(prxbdy{i}(2),ury bdy{3}(2))

Lval (14,1+(1i-1)%6);

A(prxbdy{i}(2),urz_bdy{3}(2))

Lval(15,1+(i-1)x6);

A(prxbdy{i}(2),uphix bdy{3}(2))

— Lval(1l6,1+(i-1)*6);

A(prxbdy{i}(2),uphiy bdy{3}(2))

- Lval(17,1+(1-1)=*6);

A(prxbdy{i}(2),uphiz bdy{3}(2))

A(uphiz bdy{i} (2),prx-bdy{3}(2))
A(uphiz bdy{i}(2),prybdy{3}(2))

A(uphiz bdy{i} (2),przbdy{3}(2))

- Lval(l6,6+(i-1)=*06);
- Lval(1l7,6+(1-1)=*6);

- Lval (18, 6+ (i-1)%6);

A(prxbdy{i}(2),urxbdy{1}(2)) - ...

A(prx,bdy{i}(Z),uryJody{l}(Z)) - ...

A(prxbdy{i}(2),urzbdy{1}(2)) - ...

A (prx_bdy{i} (2), uphix bdy{1}(2))
A(prxJbdy{i}(2),uphiybdy{1}(2))

A(prxobdy{i} (2),uphiz bdy{1}(2))

A(prx,bdy{i}(2),urXJody{2}(2)) - ...

A(prxbdy{i}(2),urybdy{2}(2)) - ...

A(prx,bdy{i}(2),urngdy{Z}(Z)) - ...

A (prxbdy{i}(2),uphix bdy{2}(2))
A (prx-bdy{i}(2),uphiy-bdy{2}(2))

A(prx-bdy{i} (2),uphiz bdy{2}(2))

A(prx-bdy{i}(2),urxbdy{3}(2)) - ...

A(prxbdy{i}(2),urybdy{3}(2)) - ...

A(prx,bdy{i}(2),urz;bdy{3}(2)) - ...

A(prxbdy{i}(2),uphixbdy{3}(2))
A(prxbdy{i}(2),uphiy bdy{3}(2))

A(prxbdy{i}(2),uphiz bdy{3}(2))
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251
252

253

254

255

256

257

258

260

261

262

263

264

265

266

267

268

269

270
271

272

273

274

275

276

- Lval(18,1+(i-1)=*06);

A(prybdy{i}(2),urxbdy{1}(2))

Lval(l,2+(1i-1)*6);

A(pry-bdy{i}(2),ury bdy{1}(2))

Lval(2,2+(1i-1)*6);

2 (prybdy{i} (2),urz bdy{1} (2))

Lval (3,2+(i-1)*6);

A(pryldy{i}(2),uphix bdy{1} (2

- Lval(4,2+(i-1)%*6);

A(prybdy{i}(2),uphiy bdy{1} (2

- Lval(5,2+(1i-1)%*06);

A(pryldy{i}(2),uphiz bdy{1} (2

- Lval(6,2+(1i-1)%*06);

A(pry-bdy{i}(2),urxbdy{2}(2))

Lval (7,2+(i-1)*6);

A(pry-bdy{i}(2),ury bdy{2}(2))

Lval (8, 2+ (i-1)x6);

A(prybdy{i}(2),urzbdy{2}(2))

Lval(9,2+(1i-1)*6);

A(pry-bdy{i}(2),uphixbdy{2} (2

- Lval(10,2+(i-1)=*06);

A(prybdy{i}(2),uphiy bdy{2} (2

- Lval(1ll,2+(i-1)%6);

A(pryldy{i}(2),uphiz bdy{2} (2

- Lval(1l2,2+(i-1)=*6);

A(pry-bdy{i}(2),urx bdy{3}(2))

Lval (13,24 (1i-1) %6);

A(prybdy{i} (2),urybdy{3} (2))

Lval (14,2+(1i-1)%6);

A(pry-bdy{i}(2),urzbdy{3}(2))

Lval (15,2+ (i-1)*6);

A(prybdy{i} (2),uphixbdy{3} (2

- Lval(16,2+(i-1)=%6);

A(pryldy{i}(2),uphiy bdy{3} (2

- Lval(1l7,2+(i-1)=*6);

A(pry-bdy{i}(2),uphizbdy{3} (2

- Lval(18,2+(i-1)=*06);

A(przbdy{i}(2),urxbdy{1}(2))

Lval(l,3+(1i-1)*6);

A(prz-bdy{i} (2),ury-bdy{1}(2))

Lval (2,3+(i-1)=%6);

A(prz_bdy{i}(2),urz bdy{1}(2))

Lval (3,3+(i-1)*6);

A(przbdy{i}(2),uphix bdy{1l} (2

- Lval(4,3+(i-1)%*6);

A(przbdy{i}(2),uphiy bdy{1} (2

- Lval(5,3+(1i-1)%*6);

A(przbdy{i}(2),uphiz bdy{1}(2

- Lval(6,3+(i-1)%*6);

))

))

))

))

))

))

))

))

))

))

))

))

A(pry,bdy{i}(Z),urx;bdy{l}(Z)) - ...
A(prybdy{i}(2),urybdy{1}(2)) - ...

A(prybdy{i}(2),urzbdy{1}(2)) - ...

A(prybdy{i}(2),urxbdy{2}(2)) - ...
A(prybdy{i}(2),urybdy{2}(2)) - ...

A(pry,bdy{i}(Z),urz;bdy{Z}(Z)) - ...

A(prybdy{i}(2),urxbdy{3}(2)) - ...
A(pry,bdy{i}(2),uryJody{3}(2)) - ...

A(prybdy{i}(2),urzbdy{3}(2)) - ...

A(prz,bdy{i}(Z),urxJody{l}(2)) - ...
A(przbdy{i}(2),urybdy{1}(2)) - ...

A(przbdy{i}(2),urzbdy{1}(2)) - ...

A(prybdy{i}(2),uphixbdy{1}(2))
A(pry-bdy{i}(2),uphiybdy{1}(2))

A(prybdy{i}(2),uphiz bdy{1}(2))

A(pry-bdy{i}(2),uphixbdy{2}(2))
A(prybdy{i}(2),uphiy bdy{2}(2))

A(prybdy{i}(2),uphiz bdy{2}(2))

A(prybdy{i}(2),uphixbdy{3}(2))
A(prybdy{i}(2),uphiy bdy{3}(2))

A(pry-bdy{i}(2),uphizbdy{3}(2))

A(przbdy{i}(2),uphixbdy{1}(2))
A(prz-bdy{i}(2),uphiybdy{1}(2))

A(prz-bdy{i} (2),uphiz bdy{1}(2))

177




178

277
278

279

281
282
283

284

286
287
288

289
290

291
292
293
294
295

296

298
299
300
301

302

A (prz_bdy{i}(2)
A (prz-bdy{i} (2)
A (przbdy{i} (2
A (prz_bdy{i}(2)
A (przbdy{i}(2)
A (prz_bdy{i}(2)
A(prz_ bdy{i} (2
A(prz_bdy{i} (2)
A (prz_bdy{i}(2)
A(prz_bdy{i} (2)
A (przbdy{i} (2

A(prz bdy{i} (2

A(pphix bdy{i} (2)
A (pphix bdy{i} (2)
A (pphix bdy{i} (2

A (pphix bdy{i} (2

A (pphixbdy{i} (2)
A (pphix bdy{i} (2)
A (pphix bdy{i} (2
A (pphix bdy{i} (2)

A (pphix bdy{i} (2)

A (pphix bdy{i} (2

A (pphix bdy{i} (2

Lval (7,3+(i-1)*6);
Lval(8,3+(i-1)*6);
Lval (9,3+(i-1)*6);
- Lval (10,3+(i-1)*6);
- Lval(11l,3+(i-1)%*6);
- Lval(12,3+(i-1)*6);
Lval (13,3+(i-1)*6);
Lval (14,34 (i-1) *6);
Lval (15,3+(i-1) x6);

- Lval(1l6,3+(i-1)%*6);
- Lval(17,3+(i-1)*6);

- Lval (18,34 (i-1)%6);

— Lval(l,4+(1i-1)%*6);

- Lval(2,4+(i-1)%6);

- Lval(3,4+(i-1)%*6);

A(pphix bdy{i} (2)

- Lval(7,4+(i-1)%6);

- Lval(8,4+(1i-1)%*6);

— Lval(9,4+(1i-1)+*6);

A (pphixlody{i} (2
) ,urx_bdy{3} (2

- Lval(13,4+(i-1)%6);

,urx_bdy{2}(2))
,ury bdy{2}(2))

) ,urz_bdy{2}(2))

) ,urx_bdy{3}(2))

,ury-bdy{3}(2))

,urz bdy{3}(2))

), uphixbdy{l}

,uphiz bdy{1}(2
,uphizjody{l} (2))
,urx_bdy{2}(2))

. uphixjody{2}

), uphlzbdy{Z}
uphlzjody{Z} 2))
A (pphix bdy{i} (2

, uphix bdy{2}(2))

,uphiy bdy{2} (2))

, uphiz bdy{2}(2))

,uphix bdy{3}(2))
) ,uphiy bdy{3}(2))

) »uphiz bdy{3}(2))

,urx_bdy{1}(2))
,ury_bdy{1} (2))

) ,urz_bdy{1}(2))

), ury bdy{2}(2))

,urz bdy{2}(2))

A(prz.-bdy{i}(2)

A(prz-bdy{i}(2)

A(prz bdy{i} (2

A(przbdy{i}(2)
A(przbdy{i}(2)

A(przbdy{i}(2)

A(prz.bdy{i} (2

A(prz-bdy{i}(2)

A(prz.-bdy{i}(2)

A (pphix bdy{i} (2 uphlxjody{l}
A(pphix bdy{i}(2) ,uphlyJody{l}
A (pphix bdy{i}(2) uphlybdy{l}

A (pphix bdy{i} (2 uphlxi)dy{Z}
A (pphixldy{i} (2),uphiybdy{2} (2
A (pphixbdy{i} (2 uphlyjody{2}

A(prz-bdy{i}(2)
A(przbdy{i} (2

A(przbdy{i} (2

A (pphix bdy{i
A (pphix bdy{i

A (pphix_bdy{i

A (pphix bdy{i

A (pphix bdy{i

2))
2))

- Lval (6,
A (pphix bdy{i} (2)

- Lval (1l

- Lval (1l

- Lval (1

2)) - Lval(4,
2)) - Lval(5,

APPENDIX A. PROGRAM

;urxbdy{2}(2)) - ...
,ury bdy{2}(2)) - ...
) ,urz_bdy{2}(2)) - ...
»uphix bdy{2}(2))
»uphiy-bdy{2}(2))
,uphiz bdy{2}(2))

) ,urx bdy{3}(2)) - ...
,ury bdy{3}(2)) - ...
;urz_bdy{3}(2)) - ...
,uphix bdy{3}(2))

), uphiy bdy{3} (2

) yuphiz bdy{3}(2))

}(2) ,urx bdy{1}(2))

}(2) ,ury ody{1}(2))

}(2) ,urz_bdy{1}(2))

4+ (1-1) %6);

44 (i-1)*6);

4+ (1-1)x6);
,urx_bdy{2}(2))

}(2) ,ury-bdy{2}(2))

}(2) ,urz_bdy{2}(2))

0,4+ (i-1)*6);
1,4+ (i-1)%6);

2,4+ (i-1)%6);
) ,urx_bdy{3}(2))
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303

304

305

306

307

308
309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327
328

329

A (pphix bdy{i} (2)
A (pphix bdy{i}(2)
A (pphix bdy{i} (2
A (pphix bdy{i} (2)

A(pphixbdy{i} (2)

A (pphiybdy{i}(2)
A(pphiy-bdy{i} (2
A (pphiy bdy{i} (2)
A (pphiybdy{i}(2)
A(pphiy bdy{i}(2)
A (pphiybdy{i} (2
A (pphiybdy{i} (2)
A (pphiybdy{i}(2)
A (pphiybdy{i}(2)
A(pphiy bdy{i} (2
A (pphiybdy{i} (2
A (pphiybdy{i}(2)
A (pphiybdy{i} (2)
A (pphiybdy{i}(2)
A (pphiy bdy{i} (2
A (pphiybdy{i}(2)
A (pphiybdy{i}(2)

A (pphiybdy{i} (2)

A (pphiz bdy{i} (2

A (pphiz bdy{i}(2)

- Lval(1l4,4+(i-1)*6);

- Lval (15,4+(i-1)=*06);

), uphixjody{3}
A (pphix bdy{i} (2)
, uphlyJody{3}
A (pphix bdy{i}(2)
, uphlzbdy{fi}
A (pphix bdy{i} (2

- Lval(l,5+(i-1)%6);

- Lval(2,5+(i-1)%*6);
- Lval(3,5+(i-1)+*6);

, uphixjody{l}
A (pphiy bdy{i}(2)
,uphiy bdy{1} (2
A (pphiybdy{i} (2
), uphizjody{l}
A (pphiybdy{i} (2)
,urx bdy{2} (2
- Lval(7,5+(i-1)%*06);

- Lval(8,5+(i-1)*6);

- Lval(9,5+(i-1)*6);

) ,uphix bdy{2} (2
A (pphiybdy{i} (2
) uphlybdy{Z}
A (pphiy bdy{i} (2)
, uphlzjody{Z}
A (pphiy bdy{i}(2)
,urx bdy{3} (2
- Lval (13,5+(i-1)=*6);

- Lval(14,5+(i-1)*6);

- Lval (15,5+(i-1)=*06);
A (pphiydbdy{i}(2)
, uphiyJody{3}
A (pphiy bdy{i}(2)
,uphiz bdy{3}(2
A (pphiybdy{i} (2

- Lval(l,6+(i-1)%6);

,ury bdy{3}(2))

,urz bdy{3}(2))

;urx_bdy{1}(2))

) ,ury-bdy{1}(2))

,urz bdy{1}(2))

,ury bdy{2} (2))

,urz bdy{2}(2))

,ury bdy{3}(2))
) ,urz_bdy{3}(2))

,uphix bdy{3}(2))
, uphixjody{3}

) yurx_bdy{1}(2))

,ury bdy{1}(2))

uphlxjody{3}
uphlybdy{ﬁ%}

,uphi zjody{?v}

uphlxbdy{l}

) ,uphiyiody{l}

uphlxjody{2}

uphlyjody{Z}

uphlybdy{l%}

uphlzjody{?v}

A (pphix bdy{i} (2)

A (pphix bdy{i}(2)

2))
2))
2))

A (pphiy bdy{i} (2

2))
2))

uphlzjody{l} 2))

A

uphlzbdy{Z} (2))

- Lval(le6,4+ (i-
- Lval(17,4+ (i-
- Lval(18,4+ (i-

A (pphiybdy{i} (2)

A (pphiy-bdy{i}(2)

- Lval(4,5+ (i-
- Lval(5,5+ (i-

- Lval(6,5+ (i~
,urx bdy{2}(2))

(pphiy bdy{i}(2)

A (pphiy-bdy{i}(2)

A (pphiybdy{i} (2)

- Lval(12,5+(i-
,urx bdy{3}(2))

A (pphiy-bdy{i} (2)

A (pphiybdy{i}(2)

A (pphiy bdy{i} (2

2))
2))
2))

A (pphiz bdy{i} (2

- Lval(16,5+ (i-

- Lval(17,5+ (i-

- Lval(18,5+ (i-

A (pphiz bdy{i}(2)

2)) - Lval(10,5+(i-
2)) - Lval(ll,5+(i-

,ury bdy{3}(2))

,urz bdy{3}(2))

1) %6);

1)%6);

1)=*6);

;urx_bdy{1}(2))

) ,ury-bdy{1}(2))

,urz bdy{1}(2))

1)x6);

1)x6);

1)x6);

,ury-bdy{2}(2))

;urz bdy{2}(2))

1)*6);

1) %6);

1)*6);

,ury-bdy{3}(2))

) ,urz_bdy{3}(2))

1)x6);

1)x6);

1)*6);

) yurx_bdy{1}(2))

,ury bdy{1}(2))

179
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- Lval(2,6+(i-1)%6);

330 A(pphizbdy{i} (2) ,urz,bdy{l} (2)) = A(pphizbdy{i} (2) ,urz,bdy{l} (2))
- Lval(3,6+(i-1)%*6);

331 A(pphiz bdy{i} (2),uphixbdy{l}(2)) =
A (pphiz bdy{i} (2) ,uphixjody{l} 2)) - Lval (4,6+(i-1)x6);

332 A (pphiz bdy{i} (2) ,uphiyjody{l} = ...
A (pphiz bdy{i} (2 uphlyjody{l} 2)) — Lval(5,6+(i-1)«*6);

333 A (pphiz bdy{i}(2) ,uphlzbdy{l} =
A (pphiz bdy{i}(2) uphlzbdy{l} 2)) — Lval(6,6+(i-1)%6);

334 A (pphiz bdy{i}(2), urx,bdy{Z} = A(pphiz.bdy{i}(2),urxbdy{2}(2))
— Lval(7,6+(1i-1)+*6);

335 A (pphizjbdy{i} (2), uryJody{Z} (2)) = A(pphizjody{i} (2), ury,bdy{Z} (2))
- Lval(8,6+(i-1)x6);

336 A(pphiz bdy{i}(2),urzbdy{2}(2)) = A(pphiz_bdy{i}(2),urz_-bdy{2}(2))
- Lval(9,6+(i-1)%*6);

337 A (pphiz bdy{i} (2) ,uphixbdy{Z} =
A (pphiz_bdy{i} (2) uphlxgbdy{Z} 2)) - Lval(10,6+(i-1)«6);

338 A (pphiz bdy{i}(2), uphlyjody{Z} = ...
A (pphiz bdy{i}(2) uphly;bdy{z} 2)) — Lval(1ll,6+(i-1)x6);

339 A(pphiz bdy{i}(2),uphiz bdy{2} (2 =
A (pphiz bdy{i} (2) ,uphizjody{Z} (2)) — Lval(l2,6+(i-1)%6);

340 A (pphizbdy{i} (2), urxbdy{3} (2)) = A(pphizjody{i} (2), urx,bdy{?)} (2))
- Lval(13,6+(1-1)=*6);

341 A(pphiz bdy{i} (2),urybdy{3}(2)) = A(pphiz_bdy{i}(2),ury bdy{3}(2))
- Lval(1l4,6+(i-1)=*06);

342 A (pphiz bdy{i} (2),urzbdy{3}(2)) = A(pphiz_bdy{i}(2),urz-bdy{3}(2))
— Lval (15, 6+ (i-1)%6);

343 A (pphiz bdy{i}(2), uphixjody{3} = ...
A (pphiz bdy{i}(2) uphlx;bdy{3} 2)) - Lval(16,6+(i-1)x6);

344 A(pphiz bdy{i} (2),uphiy bdy{3}(2)) =
A (pphiz bdy{i} (2) uphlyﬁbdy{3} 2)) — Lval(l7,6+(i-1)%6);

345 A (pphiz bdy{i} (2) ,uphlzbdy{3} =
A (pphiz bdy{i} (2) uphlngdy{3} 2)) - Lval(18,6+(i-1)x6);

346 end
347
348 Syms X

3499 for i =1 : 3

350 z{i} = ulocal{i};

351 zNum{i} = double (subs (z{i}, x01));

352 dz{i} = diff (z{i}, x

353 dzNum{i} = double (subs (dz{i}, x01));

354 dzNum{i} (:,end) = double (subs(dz{i}, x, 0.999999));
355 dzNum{i} (:,1) = double (subs(dz{i}, x, 0.000001));
356

357 fx( = qgfi} (1

358 dfx{ } dlff( (i),x);

359 dfxNum{i double (subs (dfx{i}, x01));

} =
360 dfxNum{i} (:,end) = double (subs(dfx{i}, x, 0.999999));
361 dfxNum{i} — double (subs (dfx{i}, x, 0.000001));
362

363 fy (i) = afi}(2)
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364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397

398

399

401

402

403
404

405

406

dfy{i} = diff(fy(i),x);

dfyNum{i} = double (subs (dfy{i}, x01));
dfyNum{i} (:,end) = double (subs(dfy{i}, x, 0.999999));
dfyNum{i}(:,1) = double(subs (dfy{i}, %, 0.000001));

fz (i) = g{i}(3);
dfz{i} = diff(fz(i),x);

dfzNum{i} = double (subs (dfz{i}, x01));
dfzNum{i} (:,end) = double (subs(dfz{i}, x, 0.999999));
dfzNum{i} (:,1) = double (subs(dfz{i}, x, 0.000001));

mx (i) = g{i}(4);
dmx{i} = diff (mx(i),x);

dmxNum{i} = double (subs (dmx{i}, x01));
dmxNum{i} (:,end) = double (subs (dmx{i}, x, 0.999999));
dmxNum{i} (:,1) = double (subs (dmx{i}, x, 0.000001));

my (1) = afi}(5);
dmy{i} = diff (my(i),x);

dmyNum{i} = double (subs (dmy{i}, x01));
dmyNum{i} (:,end) = double (subs (dmy{i}, x, 0.999999));
dmyNum{i} (:,1) = double (subs (dmy{i}, x, 0.000001));

mz (1) = g{i}(6);
dmz{i} = diff (mz (i), x);

dmzNum{i} = double (subs (dmz{i}, x01));
dmzNum{i} (:,end) = double (subs (dmz{i}, x, 0.999999));
dmzNum{i} (:,1) = double (subs(dmz{i}, x, 0.000001));

end
bold = zeros(size(A,1),1);

for 1 =1 : 3
bold (urxbdy{i} (1) :urxbdy{i} (4))
dzNum{i} (1, :) xhmax]"';
bold (ury-bdy{i} (1) :ury-bdy{i} (4))
dzNum{i} (2, :) *hmax]"';
bold (urzbdy{i} (1) :urz bdy{i} (4))
dzNum{i} (3, :) xhmax]"';

Adx[zNum{i} (1, :)
Adx[zNum{i} (2, :)

Adx[zNum{i} (3, :)

bold (uphix bdy{i} (1) :uphixbdy{i}(4)) = Adx[zNum{i} (4, :)

dzNum{i} (4, :) xhmax]';

bold (uphiy-bdy{i} (1) :uphiybdy{i} (4))

dzNum{i} (5, :) xhmax]';

Adx [zNum{i} (5, :)

bold(uphiz,bdy{i}(l):uphingdy{i}(4)) = A4*[2Num{i}(6,:)

dzNum{i} (6, :) xhmax]';

bold (prxbdy{i} (1) :prxbdy{i} (4))
dfxNum{i}+hmax]"';

bold (pry-bdy{i} (1) :pry bdy{i} (4))
dfyNum{i}+hmax]"';

bold (prz.bdy{i} (1) :prz_bdy{i} (4))

Adx [double (subs (fx (i) ,x01))
Adx[double (subs (fy(i),x01))

Adx [double (subs (fz (i),x01))

181
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dfzNum{i}+hmax]"';

107 bold (pphix bdy{i} (1) :pphixbdy{i}(4)) = Adx[double (subs (mx(i),x01))
dmxNum{i}+hmax]"';

408 bold (pphiy.bdy{i} (1) :pphiybdy{i}(4)) = Adx[double (subs (my(i),x01))
dmyNum{i}+hmax]"';

409 bold (pphiz_bdy{i} (1) :pphiz bdy{i}(4)) = Adx[double (subs (mz (i),x01))

dmzNum{i}+hmax]"';
410 end
411
412 b = bold;
413
414

[

415 % bounday condition

416 for i =1 : 3

417 A(urxbdy{i}(1),:) = 0;

418 A(urxbdy{i}(1),urxbdy{i} (1)) = 1;
419 b (urxbdy{i} (1)) = 0;

420

421 A(urybdy{i}(1),:) = 0;

422 A(urybdy{i}(1),urybdy{i} (1)) = 1;
423 b (urybdy{i} (1)) = 0;

424

425 A(urzbdy{i}(1),:) = 0;

126 A(urzbdy{i}(1),urz.bdy{i} (1)) = 1;
427 b(urz.bdy{i} (1)) = u0(i);

428

429 A(uphixbdy{i}(1),:) = 0;

430 A(uphixbdy{i} (1), uphixbdy{i} (1)) = 1;
431 b (uphixbdy{i} (1)) = ul(i);

432

433 A(uphiybdy{i}(1),:) = 0;

434 A (uphiybdy{i}(1),uphiybdy{i} (1)) = 1;
435 b (uphiybdy{i} (1)) = u0(i);

436

437 A(uphiz bdy{i}(1),:) = 0;

138 A(uphizbdy{i}(1),uphizbdy{i} (1)) = 1;
439 b (uphiz bdy{i} (1)) = u0(i);

440

441 A(prxbdy{i}(1),:) = 0;

442 A(prxbdy{i} (1), prxbdy{i} (1)) = 1;
443 b (prx.bdy{i} (1)) = 0;

444

445 A(prybdy{i}(1),:) = 0;

446 A(pry-bdy{i}(1),prybdy{i} (1)) = 1;
447 b(prybdy{i} (1)) = 0;

448

449 A(przbdy{i}(1),:) = 0;

450 A(prz.bdy{i}(1),przbdy{i} (1)) = 1;
451 b(przbdy{i} (1)) = u0(i);

452
453 A (pphixbdy{i}(1),:) = 0;
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454 A (pphix bdy{i} (1), pphixbdy{i} (1 = 1;
455 b (pphix bdy{i} (1)) = u0(i);

456

457 A(pphiybdy{i}(1),:) = 0;

158 A(pphiybdy{i} (1), pphiybdy{i} (1)) = 1;
459 b (pphiybdy{i} (1)) = u0(i);

1460

161 A(pphiz bdy{i}(1),:) = 0;

162 A(pphizbdy{i}(1),pphizbdy{i} (1)) = 1;
463 b (pphiz bdy{i} (1)) = u0(i);

464

465 A(prz.bdy{i}(1),:) = 0;

466 A(przbdy{i}(1),przbdy{i} (1)) = 1;

167 b(prz-bdy{i} (1)) = u0(i);

168

469 end

470
471 solu = A\b;
472

473 for i =1 3

474 urx{i} = solu(urxbdy{i} (1) :urxjody{i}(Z))

475 ury{i} = solu(urybdy{i} (1) :urybdy{i} (2

476 urz{i} = solu(urz.bdy{i}(1): urzjody{ }(2

ar7 uphix{i} = solu(uphixbdy{i} (1) uphlx,bdy{ H(2))
478 uphiy{i} = solu(uphiy.-bdy{i} (1) :uphiy.bdy{i}(2))
479 uphiz{i} = solu(uphizbdy{i} (1) :uphiz_bdy{i}(2))
480

481 prx{i} = solu(prx-bdy{i} (1) :prxbdy{i}(2))

482 pry{i} = solu(pry.-bdy{i} (1) :pryjody{i}(Z))

483 prz{i} = solu(prz.bdy{i} (1) :prz_bdy{i}(2

484 pphix{i} = solu(pphix_-bdy{i} (1) :pphix bdy{ 1(2));
485 pphiy{i} = solu(pphiybdy{i} (1) :pphiybdy{i}(2));
486 pphiz{i} = solu(pphiz_bdy{i} (1) :pphiz_bdy{i} (2

487

488 vrx{i} = prx{i} + subs(fx(i),x01)"'

489 vry{i} = pry{i} + subs(fy(i),x01)"';

1490 vrz{i} = prz{i} + subs(fz (i), x01)"

491 vphix{i} = pphix{i} + subs (mx (i), x01)"

192 vphiy{i} = pphiy{i} + subs(my(i),x01)"

493 vphiz{i} = pphiz{i} + subs(mz (i), x01)"

494 end

495

496 J = 0;

197

408 for 1 =1 : 3

499 tmp = norm(urx{i}-double (subs (z{i}(1),x01)) ") "2xhmax;
500 J = J + tmp;

501 tmp = norm(ury{i}-double (subs(z{i}(2),x01)) ") "2+hmax;
502 J =J + tmp;

503 tmp = norm(urz{i}-double (subs(z{i}(3),x01)) ") "2«hmax;
504 J =J + tmp;
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505
506
507
508
509
510
511
512
513

514
515
516
517
518
519
520
521
522
523
524

tmp = norm(uphix{i}-double (subs (z{i} (4),x01))") "2«hmax;
J =J + tmp;
tmp = norm(uphiy{i}-double (subs(z{i}(5),x01)) ") "2+hmax;
J = J + tmp;
tmp = norm(uphiz{i}-double (subs (z{i}(6),x01)) ") "2+hmax;

J =J + tmp;

tmp = norm(prx{i}) "2+hmax+norm(pry{i}) "2+«hmax+norm(prz{i}) ~2+hmax;

J =J + tmp;

tmp = ...

norm (pphix{i}) “2*hmax+norm(pphiy{i}) "2xhmax+norm(pphiz{i}) ~2+hmax;
J = J + tmp;

end
J =J3J/2;
end
function Eil = E(t)
Eil = [cos(t) sin(t) O;
-sin(t) cos(t) O0;

00 11;
end

A.3 Wave Equation

In this section, we delve into the application of dynamic optimization techniques to the
wave equation. Specifically, we explore example 1 in section 5.4.1, focusing on optimizing
boundary control while verifying the Turnpike property.

© 0w N O s W N

-
o

11

Example 1
v0 = x;y1=0;

o o

Function to compute convergence using quadprog
T: Time period
J/T: Convergence ratio

o° o oe

function J = Examplel (T)

% Set default value for T if not provided
if nargin ==
T = 10;

% Parameter and time step
amma = 0.1;

% Number of time steps
M = T/dt;
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21
22 % Number of expandsion terms
= 20;

=

23
24
25 % Gauss point and weights

26 s.ref = [-sqrt(3/5),0,sqrt(3/5)1;

27 wt = [5,8,5]1/9;

28

29 % Function handle for alphaO(x, n) = y0(x) * phin(x, n)
30 alphal0 = @(x, n) y0(x) .* phin(x,n);

31

s2 % //////// N osin [J///////)]/

33 VM = cell(M,1);

34 Vk = cell(M,1);

35

36 VMint = zeros (M,M);

0

37 Vkint = zeros (M, 1);
38
39 tic;
490 for k =1 : M
41 tkl = dt*(k—l);
42 tk = dt*k
43 vM{k} = n)
/(pl/2+n*pl) (cos ((pi/2+n*pi)* (t—tk))-cos ((pi/2+n*pi)* (t—-tkl)));
44 Vk{k} = Q(t,n) 1/(pi/2+n*pi)* (1-cos ((pi/2+n*pi)«* (t-tkl)));
45 end

46 elapsed._time = toc;

47 fprintf ('Assembly of VMsin code block execution time: %.4f s\n',
elapsed_time);

48

a9 %5 //////// V cos J//////]]/

50 VMc = cell(M,1);

51 Vkc = cell(M,1);

52

53 VMcint = zeros (M, M);
54 Vkcint = zeros(M,1);
55
56 tic;
57 for k =1 : M
58 tkl = dtx(k-1);
59 tk = dtxk;
60 vMc{k} = @(t,n)
1/ (pi/24n*pi) * (=sin ((pi/2+n*pi) * (t—tk))+sin ((pi/2+n*pi) « (t-tkl)));
61 Vke{k} = @(t,n) 1/(pi/2+n*pi)* (sin((pi/2+n*pi)* (t-tkl)));
62 end

63 elapsed_time = toc;

62 fprintf ('Assembly of VMcos code block execution time: %.4f s\n',
elapsed_time) ;

65

66 %% ======= = q = =========

er % ///// al /////
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68 tic;

70 for j =1 : M

71 tjl = dt*(j-1);

72 tj = dtxj;

73 t = (tjl+t3)/2;

74 for n =0 : N

75 alpha0int = integral (@ (x) alphalO(x, n), 0, 1);

76 for k =1 : j-1

77 tmp = (-1) "n*2+sqgrt (2) ralphalint/ (pi/2+n*pi)

78 *cos ((pi/2+n*pi) * (t)) .*VM{k} (t,n) »dt;

79 VMint (k, j) = VMint (k, j) + tmp;

80 end

81 tmpl = (-1) "n*2xsqrt (2) *alphalint/ (pi/2+n*pi)

82 xcos ((pi/2+n*pi) * (t)) .*Vk{j} (t,n) xdt;

83 Vkint (j) = Vkint (j) + tmpl;

84 VMint (j, j) = Vkint (3);

85 end

86 end

87 elapsed_time = toc;

88 fprintf ('Assembly of gl sub-vector code block execution time: %.4f
s\n', elapsed_time);

89

90 ticj;

91 gl = sum(VMint, 2);

92 elapsed_time = toc;

93 fprintf ('Generation of gl code block execution time: %.4f s\n',
elapsed_time) ;

94

o5 % /////) a2 /////

96 tic;

o7 for 7 =1 : M

98 tjl = dtx(j-1);

99 tj = dtxj;

100 s = (tj-tjl)/2+s_ref + (tj+tjl)/2;

101 jac = (tj-tjl)/2;

102 for n =0 : N

103 alpha0int = integral (@(x) alphalO(x, n), 0, 1);

104 for k =1 : j-1

105 tmp = (-1) " (n+l)*2+sgrt (2) ralphaOint* (pi/2+nxpi)

106 xsum (wt.*sin ((pi/2+n*pi) *(s)) .*VMc{k} (s, n)) xjac;

107 VMcint (k, j) = VMcint (k,j) + tmp;

108 end

109 tmpl = (-1) " (n+l) *2xsqgrt (2) *ralphalint« (pi/2+n*pi)

110 *sum (Wt .*sin ((pi/2+n*pi) * (s)) .*xVkc{i}(s,n)) +xjac;

111 Vkcint (j) = Vkcint (j) + tmpl;

112 VMcint (3, j) = Vkcint (3);

113 end

114 end

115 elapsed.-time = toc;

116 fprintf ('Assembly of g2 sub-vector code block execution time: $%$.4f
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s\n', elapsed._time);

117

118 tic;

119 g2 = sum(VMcint,2);

120 elapsed_time = toc;

121 fprintf ('Generation of g2 code block execution time: %.4f s\n',
elapsed_time);

122

123

124 $% ============ () ============

w2 % ///// QLY /////

126 tic;

127 Q1 = zeros (M,M);

128

129 tic

130

131 for k =1 : M

132 tkl = (k-1)*dt;

133 tk = kxdt;

134 s = (tk-tkl)/2xs_ref + (tk+tkl)/2;

135 jJac = (tk-tkl)/2;

136 Qeint = zeros(M,M);

137 tic

138 for 1 = 1:k-1

139 for 7 = 1:1i-1

140 for n =0 : N

141 tmp2 = 2/ (pi/2+n*pi) "2xsum(wt.*VM{i} (s, n)* (VM{j} (s, n) ")) *jac;

142 Qeint (i, 3Jj) = Qeint (i, J) + tmp2;

143 end

144 Qeint (j, 1) = Qeint (i, J);

145 end

146 for n =0 : N

147 tmp = 2/ (pi/2+n*pi) "2xsum(wt.*VM{k} (s, n)* (VM{k} (s,n) ")) *xjac;

148 Qeint (i, i) = Qeint (i, i) + tmp;

149 end

150 end

151 for n =0 : N

152 tmp = 2/ (pi/2+n*pi) “2xsum(wt.*Vk{k} (s, n)* (Vk{k}(s,n) ")) «jac;

153 Qeint (k, k) = Qeint (k, k) + tmp;

154 end

155 Q1 = Q1 + Qeint;

156

157 disp(['k = ", num2str(k)]);

158 elapsed_time = toc;

159 fprintf ('Assembly of Qe{k} integral code block execution time:

$.4f s\n', elapsed.-time);
160 end
161 elapsed_time = toc;

162 fprintf ('Assembly of Qeint{k} integral code block execution time:
%$.4f s\n', elapsed._time);
163
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164

166
167
168
169
170
171
172
173
174
175
176
177
178
179

181
182
183
184

186
187
188
189

191
192
193
194

196
197
198

199
200
201

202
203
204
205

207
208
209
210
211
212

s /1) Q2 /1]
tic;

Q2

= zeros (M, M) ;
tic

for k =1
tkl =

tk =
s =

M
(k=1) »dt;
k*dt;
(tk-tkl)/2xs_ref +
Jac = (tk-tkl)/2;
Qeint?2 zeros (M, M) ;
tic
for 1 =1
for jJ 1:1i-1
for n = 0
tmpl =
Qeint?2 (i,
end
Qeint2 (7,
end
for n
tmp
Qeint2 (i,
end

:k-1

N
)
i)

=0

N

i)

end
for n
tmp
Qeint2 (k,
end
Q2 =

=0

N

k)
Q2 + Qeint2;

disp(['k = ',

elapsed._time = toc;

2%«sum (wt .
= Qeint2 (i,

= Qeint2 (i,
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(tk+tkl) /2;

*VMc{i} (s, n) = (VMc{j} (s,n) ")) *xjac;
j) + tmpl;

J) i

2xsum (wt . *VMc{k} (s, n) » (VMc{k} (s,n) ")) «jac;
= Qeint2 (1,

i) + tmp;

2«sum (wt . xVkce{k} (s, n) » (Vkc{k} (s, n) ")) «jac;
= Qeint2 (k, k)

+ tmp;

num2str(k)]);

fprintf ('Assembly of Qe2{k} integral code block execution time:
$.4f s\n', elapsed.time);

end
elapsed_time

toc;

fprintf ('Assembly of Qeint{k} integral code block execution time:

$.4f s\n', elapsed_-time);

s ////// Q3 /117
Q3 dtxeye (M) ;

Calculate W1

Wl = 0;
for k =1 : M
tkl = dt*(k-1);
tk = dtxk;
s = (tk-tkl)/2xs_ref +

(tk+tkl) /2;
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213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230

231
232

234
235
236
237

239
240
241
242
243
244

247

jJac = (tk-tkl)/2;

for n =0 : N
alpha0int = integral (@ (x) alphalO(x, n), 0, 1);
tmp = alphalint " 2+sum(wt.xcos ((pi/2+n*pi)=*(s))." 2)*jac;
Wl = Wl + tmp;

end
end
% Calculate W2
W2 = 0;
for k =1 : M
tkl = dtx(k-1);
tk = dtxk;
s = (tk-tkl)/2xs_ref + (tk+tkl)/2;
jJac = (tk-tkl)/2;
for n =0 : N
alpha0int = integral (@ (x) alphalO(x, n), 0, 1);
tmp = .
(pi/2+n*pi) "2+xalphalint " 2+sum(wt.*sin ((pi/2+n*pi)*(s)) .
W2 = W2 + tmp;
end
end
% Formulate matrices Q, g, and W
Q = Q3 + Ql + gamma=*Q2;
qg = gl + gammax*g2;
W = Wl + gammaxW2;
% Solve quadratic optimization problem
U = quadprog (2*Q,qd);
% Plot control w.r.t time
t = 0:dt:T;
figure

plot(t(l:end-1),U, "LineWidth", 1)
xlabel ('t', 'FontSize', 14);
ylabel ('control', 'FontSize', 14);

filename = strcat('u.', num2str (T), '.mat');

save (filename, "U", "t");

% Compute cost function

J = U'+«QxU + g'+xU + W;

J = Jd/2;

ratio = J/T;

% Display results

fprintf (['T= ' num2str(T), ' J= ' num2str(J), ' Ratio='
num2str (ratio) '"\n'l);

end

189

"2) xjac;




190

262

264
265
266
267

269
270
271
272
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function y = y0(x)

y = X5
end
function y = yl(x)
y = 0*x;
end
function phi = phin(x,n)
phi = sgrt(2).x sin((pi/2 + n » pi) .x x);
end

This is the code for the optimal control problems for one cycle.

© 0 N9 s W N

=
o

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

function [J,u,ylr,y2r,y3r,zlr,z2r,z3r] = OptControl (eps)
% Check if input argument 'eps' is provided, otherwise set default wvalue
if nargin ==

eps = 0.5;
end
%% ==== setting Parameters ===========
eps0 = 0.5;
epsmax = 1;

% The length of each edge.

L = 2;

Leps = [L-eps,L-eps,L-eps,eps,eps,eps];

Lopt = [L-eps0,L-eps0,L-eps0,eps0,eps0,epsO];
hmax = 0.01;

% Calculate number of intervals

1l = L-epsmax;

v = 1;

NOl = ceil (l/hmax);

Nlz = ceil ((epsmax—-eps0) /hmax) ;
Nly = ceil ((epsmax—-eps)/hmax) ;

% Generate node coordinates

x01 linspace (0, L-epsmax,NO01+1) ;

xlz = linspace (L-epsmax,L-eps0,Nlz+1);
xly = linspace (L-epsmax,L-eps,Nly+1l);

x1z (1) = [];
xly (1) (1,

% node coordinates
xz = [x01 x1z];

xy = [x01 x1ly];

% cell sizes

hz = diff(xz);

hy = diff (xy);
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[

38 % number of cells

39 Nxy = length (hy);

40 Nxz = length (hz);

41

42 % cell indices for objective functional
43 E = 1:NO1+1;

44

45 % Parameters for small cycle

46 Neps = 10;

47 heps = eps/Neps;

48 hepsOpt = eps0/Neps;

49 xepsopt= linspace (0,eps0,Neps+l);
50

51 % number of basis functions

52 Nfy 2% (NO1+1);

53 Nfz = 2% (Nxz+1);

54 Nfeps = 2x (Neps+l);

55

56 %% compuet =z

57 Nz = [length(hz), length (hz), length (hz), Neps, Neps,Neps];
58 z = cell(6,1);

59 for 1 =1 : 6

60 z{i} = zeros(2+Nz (i)+2,1);

61 end

62

63 % Solve equations for coefficients of z
64 syms a2z a3z adz abz a6z blz bdz b5z b6z

65 eqgl = blz — bS5z == —-v*xLopt(1l);
66 eq2 = adzxeps0 +bdz -bbz == 0;
67 eq3 = v + adz -abz == 0;

68 eg4 = abzxepsO0 + bb5z -b6z == 0;
69 egb = alZ2zxLopt (2) - boz == 0;
70 egb = a2z +abz —-a6z == 0;

71 eql = bdz —-abzxepsO0 -bo6z == 0;
72 eq8 = a3zxLopt (3) - bdz == 0;
73 eq9 = a3z + a6z —-adz == 0;

74 solu = solve(eql,eqg2,eqg3,eq4,eqb,eqb,eq’,eq8,eq9);
75

76 az = [v; solu.a2z; solu.a3z; solu.adz; solu.ab5z; solu.ab6z];
77 Bz = [solu.blz; 0; 0; solu.bdz; solu.bb5z; solu.b6z; ];
78

79 for i =1 : 3

80 Z{i}(l:Nz(i)+1) = az(1)*xz + Bz (1);

81 z{i}(Nz(i)+2:2*Nz(i)+2) = az (1) xhmax;

82 end

83

g for 1 =4 : 6

85 z{i} (1:Nz (i) +1) = az (i)+xepsopt + Bz (i);

86 z{i}(Nz(i)+2:2*Nz(i)+2) = az (i) xhepsOpt;

g7 end
88
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89 %% boundary condition
90 Nf = [repmat (Nfy,1,6)];
91 index = cumsum(Nf);

92 index = [0 index];

93 for i =1 : 3

94 5 index of [y (0),y(L),y"(0),y"(L)];

95 bdy{i} = index (2+i-1)+[1,Nf(2xi-1)/2,Nf(2*1i-1)/2+1,Nf(2%i-1)];
96 % index of [p(0),p(L),p"(0),p' (L)];

97 bdp{i} = index (2%1i)+[1,Nf(2%1)/2,Nf(2%1)/2+1,NEf (2*1)1;

98
99

101
102
103
104

106
107
108
109
110
111
112
113
114
115
116
117
118
119

121
122
123
124
125
126
127
128
129
130
131
132

134
135
136
137

139

end

%% FEM matrices
[As,Am] =

As_array =
A =

A(Nfy+1:2xNfy,1:Nfy)

A(1l,Nfy+l) =

A(bdy{1}(2),bdy{1}(2)) =
A(bdy{1}(2),bdy{2}(2)) =
A(bdy{1}(2),bdy{3}(2)) =

A (bdy{2} (2) ,bdy{1}(2)) =
A(bdy{2}(2),bdy{2}(2)) =
A(bdy{2} (2),bdy{3}(2)) =

A(bdy{3}(2),bdy{1}(2)) =
A(bdy{3}(2) ,bdy{2} (2)) =
A (bdy{3} (2) ,bdy{3}(2)) =

A(bdp{1}(2),bdp{1}(2)) =
A(bdp{1}(2),bdp{2}(2)) =
A(bdp{1}(2),bdp{3}(2)) =

A(bdp{2}(2),bdp{1}(2)) =
A(bdp{2}(2),bdp{2}(2)) =
A(bdp{2}(2) ,bdp{3}(2)) =

A (bdp{3} (2) ,bdp{1}(2)) =
A (bdp{3}(2),bdp{2}(2)) =
A (bdp{3} (2),bdp{3}(2)) =

b = zeros(size(A,1),1);
b(l) = b(1l)-v;

b(Nfy+1:2«Nfy) =
b (3xNfy+1l:4%xNfy) =

graphlD matirx Hermite (NO1,x01);

repmat ({As}, 1, 6);
blkdiag(As.array{:});
= Am;
A (3xNfy+1:4xNfy, 2«Nfy+1:
A(5+«Nfy+1:6+«Nfy, 4«Nfy+1:

3«Nfy) = Am;
5xNfy) = Am;

A(Ll,Nfy+1l)-1;

A(bdy{1}(2),bdy{1}(2))
A (bdy{1}(2),bdy{2} (2))
A(bdy{1}(2),bdy{3}(2))

A (bdy{2} (2) ,bdy{1} (2))
A (bdy{2} (2),bdy{2} (2))
A (bdy{2} (2),bdy{3}(2))

A (bdy{3}(2),bdy{1}(2))
A (bdy{3} (2) ,bdy{2} (2))
A (bdy{3} (2) ,bdy{3} (2))

A(bdp{1}(2),bdp{1}(2))
A (bdp{1} (2),bdp{2} (2))
A (bdp{1}(2),bdp{3}(2))

A (bdp{2}(2),bdp{1}(2))
A (bdp{2} (2),bdp{2} (2))
A (bdp{2} (2),bdp{3}(2))

A (bdp{3} (2) ,bdp{1} (2))
A (bdp{3} (2) ,bdp{2} (2))
A (bdp{3} (2) ,bdp{3} (2))

Amxz{1} ([E,E+Nfz/2]);
Amxz{2} ([E,E+Nfz/2]);

2/ (2xeps-3);
1/ (2+xeps-3);
1/ (2xeps-3);

1/ (2+xeps-3);
2/ (2xeps-3);
1/ (2+xeps-3);

1/ (2+xeps-3);
1/ (2+xeps-3);
2/ (2xeps-3);

- 2/ (2+xeps-3)

1/ (2xeps-3);
1/ (2+xeps-3);

1/ (2+xeps-3);
2/ (2xeps-3);
1/ (2xeps-3);

1/ (2+xeps-3);
1/ (2+xeps-3);
2/ (2xeps-3);
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140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155

157
158
159
160
161
162
163
164
165

167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188

190

b (5*Nfy+1:6+Nfy) = Amxz{3}([E,E+Nfz/2]);

% y2(0) = 0;

% Solve linear system
solu = A\b;

for i =1 : 3
v{i} = solu(bdy{i} (1) :bdy{i}(2));
p{i} = solu(bdp{i} (1) :bdp{i}(2));
dy{i} = solu(bdy{i}(3) :bdy{i} (4)) /hmax;
dp{i} = solu(bdp{i}(3) :bdp{i}(4)) /hmax;
end

% Compute objective function J

J = 0;

for i =1 : 3
tmp = norm(y{i}(E)-z{i}(E)) "2xhmax;
J =J + tmp;

end

% Compute control variable u

u=v - p{1} ()
J=J + (u-v) "2;
J = J/2

ylr = y{1}(E

v2r = y{2}(E);
y3r = y{3}(E);

zlr = z{l}(E)
z2r = z{2}(E)

193
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191 z3r = 2{3}(E);
192 end
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