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1 Introduction

The discipline of mathematical epidemiology is over a hundred years old, and the recent
Covid-19 epidemics has shown that it can have a great impact on everybody’s life. Over
time, a vast number of models has been developed, surpassing each other in complexity.
The earliest example is the SIR model

Ṡ = −kIS,
İ = kIS −γI,
Ṙ = γI,

(SIR)

introduced in [KM91], where S is the number of susceptible individuals, who can
possibly get infected, I is the infected or infectious population and R the recovered or
removed population, the removal being by immunity or death by infection. The positive
constants k and γ are the infection rate and the recovery rate, respectively. Starting
with [McK25], [SL11] and later continued by [Web08], [Ian95] and many more, further
variables have been added to epidemic models in order to increase their accuracy and
applicability to real-world problems.

In real-world applications, infections behave differently on individuals with varying
ages. For example, during the recent Covid-19 pandemic, elder individuals were at
much higher risk to die of the infection than younger ones (cf. [KT20]). This suggests
that including an age variable in epidemic models might produce more realistic results
and can show new effects. Another interesting addition are variables for the location
of individuals. This allows to model the spread of an infection over a country or a
continent. Also, if one wishes to contain the epidemic by means of e.g. vaccinations,
the inclusion of age and space allow for different vaccination strategies for any age
group as well as for the vaccine to be only administered in certain areas. In most cases,
movement of the population through space is modeled by diffusion, which is captured
in the governing equations with a term containing the Laplace operator. Considering
more than only time as an independent variable in a model generally leads to partial
differential equations (PDEs for short).

While PDE models are able to capture reality with great precision, their mathematical
analysis often poses difficulties. The main obstacles in the context of epidemic modeling
with age and space structure are as follows.

• As can already be seen in eq. (SIR), equations that model a disease typically are
nonlinear. This is particularly true for those terms in the model that capture the
infection process, since there is more than one party involved in that process,
one infectious and one susceptible. Also, infection can occur across age and
space, meaning that susceptible individuals can catch the disease from infectious
individuals no matter their individual age, and the probability that an infection
will occur typically decreases with the spatial distance between susceptible and
infective individual. This necessitates the use of nonlocal terms, typically involving
integration over a kernel that models the infection rates between various ages and
locations.
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1 Introduction

• In age-dependent models, in addition to the epidemic processes, one also has to
account for the process of birth. Given a birth rate, which may depend on age
as well, the offspring generated from the population can be calculated with a
simple integral expression. Since newborns have age zero, the resulting equation
can be interpreted as a boundary condition for the model, and since the value on
the boundary depends on the state of the population inside the age domain, this
boundary condition is of implicit nature.

• The inclusion of both age and space in a model further has the effect that the
resulting model does not fall into well-established classes of PDEs, namely, it
is neither parabolic nor hyperbolic, in a strict sense. This prevents the use of
classical existence results, rather one has to restrict the equation onto sets (the
so-called characteristics) where a unique solution can be guaranteed, and then, in
a second step, reassemble the various solutions on characteristics to a solution on
the whole domain.

After some short preliminaries in Chapter 2, we discuss the general type of epidemic
models in Chapter 3. If we assume that the population moves in a spatial domain Ω
and has a maximal age of amax, most epidemic models with age and space structure can
be written in the form

(∂t +∂a)y +L(a,x)y +Λ(a,x,y)y +K(u)y = σ (a)∆y, (1.1a)
y(t = 0) = y0, ∂νy(x ∈ ∂Ω) = 0, (1.1b)

y(a = 0) =

amax∫
0

β(α,x)y(t,α,x)dα , (1.1c)

where t is time, a ∈ [0, amax] represents age, and x ∈Ω is the space variable. Further,
y ∈Rn is a vector consisting of the n compartments of the model, L gathers the linear
terms, Λ(y) the nonlinear nonlocal terms that, for example, capture infection processes,
and K(u) the terms that depend on an input control u, for example a vaccine. The
matrix Λ(y) ∈Rn×n is defined in such a way that every entry Λ(y)hi (h, i = 1, . . . ,n) can
be obtained by integrating y over a kernel khi , that is to say

Λ(a,x,y)hi =

amax∫
0

∫
Ω

khij(a,x,α,ξ)yj(α,ξ)dξ dα =
¨
khi(a,x, ·, ·), y

∂
L2((0,amax)×Ω)n

, (1.1d)

where we use Einstein’s summation convention over the index j. Here, the function
khij(a,x,α,ξ) describes how many susceptible individuals from compartment yi having
age a and being located at position x are infected from infectives yj with age α and
location ξ and subsequently transition into the infected class yh. This formulation
allows the inclusion of multiple classes of susceptible and infective compartments,
which allows the model to be applied to many different infectious diseases. Furthermore,
β(α,x) ∈ Rn×n is a matrix of birth rates, the entry βhi describing the contribution of
compartment yi to the newborn individuals in compartment yh. Thus, the model can
capture things such as vertical transmission (i.e. infection from a mother to her offspring
at birth) or the infection having an impact on fertility. To sum up, a wide range of
epidemiological phenomena can be covered by our general model.

Models of this or a related kind are abundantly found in the literature: [BvdDW08],
[LYM20], [Per15] and [Web08] offer a comprehensible introduction to the topic of

10



biological models with age and spatial diffusion. The study [WZK21] examines a
space-structured model with Dirichlet boundary conditions. The works [CGMR20]
discusses nonlocal models with age and space first-order transport-equation-like terms,
and [KO15] discusses a similar model with diffusion terms. In [Wal23], a model incor-
porating both spatial structure and infection age is studied, where only the infected
population depends on the age variable. [BDKW23] and [KR21] address age-structured
models that include nonlocal diffusion terms to account for long-distance travel. [Fra05]
considers linear age- and space-dependent population models where an additional
delay term is present in the birth equation. However, the general question of existence
and uniqueness for models with age and space structure and nonlocal terms has not
been addressed yet. Building on the thesis [Sch21] and similar to [AS25], in Chapter 3
we introduce the concept of weak solutions to the model (1.1), and after some interme-
diate steps prove the first main result, Theorem 3.20, which shows the existence and
uniqueness of weak solutions to our general model class, thus providing a mathematical
base for many epidemiological models from past and future. The results in this chapter
are a blueprint to Chapter 4, which in some parts is similar in structure, and are needed
again in Chapter 5, where we analyze optimal control questions where the state is
governed by the model.

However, diffusion is not the only possible way to model the movement of a popula-
tion through a spatial domain, and it might not be suitable for every situation. This
is mostly due to an inherent property of diffusion models called infinite propagation
speed, which can be stated as follows: Consider a country with a population where at
some fixed time, infectious individuals are only present in one city. If the infection
behaved like a diffusion process, then at any later time, be it the mere fraction of a
second, the percentage of infectious individuals would be nonzero all over the country.
In other words, the disease has spread from the city it initially was contained in over
the whole country infinitely fast. While this observation does not completely invalidate
diffusion models (the share of infectious individuals far away from the original disease
hotspot might be insignificantly small), it motivates the search for alternatives. One
possibility, proposed by [Cat48] and [Max67], is the so-called relaxation of the model.
The starting point for this technique is to introduce a formal delay time τ to the model,
which prevents an infinite propagation speed since due to the delay, the model “needs
some time” to react. Since time and age elapse in the same way, in our case we have
to introduce the delay τ in both the time and the age variables, which turns eq. (1.1a)
without control terms u into

(∂t +∂a)y(t + τ,a+ τ,x) +L(a+ τ,x)y(t + τ,a+ τ,x) (1.2)
+Λ(a+ τ,x,y)y(t + τ,a+ τ,x) = σ (a)∆y(t,a,x).

Unfortunately, as shown in [DQR09] or [Rac12], delay models can be ill-posed. However,
one can get around this by approximating the delay by means of a formal Taylor
expansion. The resulting equation is no longer a diffusion-type equation, it is rather
a damped wave equation, sometimes also called telegrapher’s equation. Applying a
formal Taylor expansion to eq. (1.2) yields(

1 + τ(∂t +∂a)
)(

(∂t +∂a)y(t,a,x) +L(a,x)y(t,a,x)

+Λ(a,x,y)y(t,a,x)
)

= σ (a)∆y(t,a,x) (1.3)

So far, age-dependent wave equations have not been used for epidemic modeling,
and a main goal of this work is to establish an extensive theory of relaxed epidemic
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models with age and space structure. This work is done in Chapter 4. An additional
difficulty of relaxed models with age structure, apart from their regularity which in
general is worse than that of unrelaxed ones, is the need for an additional boundary
condition for newborns. After a rigorous but somewhat classical motivation of eq. (1.3),
and inspired by the works [AP18], [BP21] and [Hol93] which develop similar models
for a one-dimensional space domain, we derive the relaxed model from eq. (1.3) in
a different way, which allows us to deduce such a necessary condition. (In fact, the
relaxed equation turns out to be an approximation of a bigger system of equations,
which we discuss at length in Section 4.8.) We find that in addition to eq. (1.1b) and
eq. (1.1c), we have to equip a relaxed epidemic model with the additional first-order
initial condition

(∂t +∂a)y(t = 0) = y1

and either also explicitly prescribe the value of (∂t +∂a)y at a = 0, calculate it implicitly
by

P (a = 0) =

amax∫
0

β1(α)P (α)dα (1.4)

where we let

P (t,a,x) = (∂t +∂a)y(t,a,x) +L(a,x)y(t,a,x) +Λ(a,x,y)y(t,a,x), (1.5)

or use a combination of the two. To achieve even greater generality, we also allow the
addition of an explicit term in eq. (1.1c). Using the shorthand δB ∂t +∂a, we arrive at
the complete relaxed model

(1 + τδ)(δy +Ly +Λ(y)y) = σ (a)∆y,
y(t = 0) = y0, δy(t = 0) = y1, ∂νy(x ∈ ∂Ω) = 0,

y(t,a = 0,x) =

amax∫
0

β0(α,x)y(t,α,x)dα + g0(t,x),

(δy +Ly +Λ(y)y)(t,a = 0,x) =

amax∫
0

β1(α,x)(δy +Ly +Λ(y)y)(t,α,x)dα + g1(t,x).

(1.6)

By adapting the strategy from Chapter 3, we are able to show, in Theorem 4.20, the
existence and uniqueness of weak solutions to the system (1.6).

Considering the new complexities that arise with the relaxation, one might wonder if
the procedure is really worth the effort. Questions of this kind are also addressed in
Chapter 4. In Theorem 4.22 and Theorem 4.23, we show that the smaller the relaxation
parameter τ is, the closer solutions of the relaxed model (1.6) are to solutions of the
unrelaxed one from eq. (1.1). This theoretical observation is further supported by
numerical calculations, illustrated in Figure 4 which shows the expected behavior.
From Figure 4 we can also infer that the relaxation of the model does in fact prevent
infinite propagation speed, and it can clearly be seen that the infection travels through
a spatial domain with a finite velocity. Thus, relaxed models can provide an alternative,
perhaps more suitable way to model real-world epidemics.
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In the case of an epidemic, researchers and government agencies not only wish to
model the spread of a disease, but rather take active control measures in order to
reduce the severity of the epidemic and to prevent hospitals from overcrowding and
people from dying. Of course, given a control strategy u, its effect can be incorporated
into existing models and its outcome can be studied, cf. the term K(u) in eq. (1.1).
The question that arises naturally is what control strategy u to choose for an optimal
outcome. Mathematically speaking, the state y of an epidemic can be interpreted as
a function y(u) depending on the input control u, and the objective is to minimize a
given target functional J = J(u,y) that may depend on both the control and the state.
For example, a target functional for eq. (1.1a) might take the form

J(u,y) =
1
2

T∫
0

amax∫
0

∫
Ω

∣∣∣g · y(t,a,x)
∣∣∣2 dxdadt +

α
2

T∫
0

amax∫
0

∫
Ω

|u(t,a,x)|2 dxdadt . (1.7)

Here, the first term represents number of infective individuals in the state vector y,
weighted by g. For example, if y = (S,I,R)T as in eq. (SIR), one can choose g = (0,1,0)T

to only minimize the number of infected individuals. The second term, involving u,
represents the costs attached to our control process, e.g. the costs of producing vaccines
and maintain vaccination centers. In applications, there are further constraints on the
control, we can for example impose box constraints

0 ≤ u(t,a,x) ≤ ū for all t, a, x, (1.8)

where ū is an upper bound the control is not allowed to exceed. Now the question of
existence of an optimal control problem of the form

Find min
u
J(u,y) where (y,u) satisfies eq. (1.1) and eq. (1.8) (1.9)

can be answered mathematically. Given the recent Covid-19 pandemics, this topic has
been frequently addressed in the literature: The works [SM17] and [YB12] discuss the
optimal control of epidemic models formulated using ordinary differential equations,
and [CF25] considers optimal control of an age-structured model. The paper [AW23]
discusses an age-structured Covid-19 model and addresses the question which age
group to prefer when the supply of the vaccine is limited. The book [AAC11] provides
numerous examples of optimal control problems, including results specific to age-
structured population models. Additionally, the articles [ARS25, ACG+23, BPW24,
CGMR24, ZXL19] investigate optimal control problems in reaction-diffusion epidemic
models that incorporate spatial structure but not age structure.

However, existence of an optimal control of an epidemic model where both age and
space structure is present has not been established yet. In Chapter 5 we consider the
problem eq. (1.9) and present two existence results, Theorem 5.1 and Remark 5.2. It
turns out that the presence of both variables poses a huge challenge to the existence
proofs. This is due to the fact that solutions of the PDE model are not regular enough
for well-known compactness results to hold. Our results present two ways around
this obstacle. The first one, applied in the proof of Theorem 5.1 is to assume that the
control has a certain form, namely fixed age groups and locations where the vaccine
is administered. This approach, in addition to being a more realistic type of control,
reduces the complexity of the problem and allows an existence proof using the direct
method of variational calculus. The second approach, discussed at length in Remark 5.2,
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is to use different forms of control and assuming that infections also occur nonlocal in
time (i.e. happen via germs in the environment). Under these assumptions, compactness
results are not necessary, therefore existence of an optimal control can be shown again.
The optimal control obtained in Theorem 5.1 can furthermore be characterized by
first-order optimality conditions, a result we present in Corollary 5.7.

We finish the chapter by performing explicit computations on a simple example of
our model. After giving an explicit numerical scheme and explaining the algorithm, we
present our results and provide some interpretation. The results we present in Exam-
ple 5.8 suggest that in a very simple variant of eq. (SIR) equipped with a compartment
for vaccinated individuals, it is beneficial to prefer vaccinating young individuals over
older ones, and to start the vaccination process early in order to avoid a huge outbreak
of the disease. After altering the maximal vaccination rate in Example 5.9, we also can
infer that the more individuals can be vaccinated simultaneously, the lower the target
functional can get. This suggests that it might be worth the effort to maintain a higher
rate of vaccinations, even if there are costs attached to that.

Our numerical experiments show that further investigation of optimal control theory
in the context of age- and space-structured epidemic modeling might give helpful
results that could be used in future pandemics. Further research could be, for example:

• Testing more complex models with real-world data, and compare the optimal
results with actual control strategies.

• Include even more variables in the model, for example so-called class-age, which
tracks how long individuals remain in a compartment. Class age can for example
be used to account for incubation times or gestation periods.

• To obtain a long-lasting effect, so called receding horizon control can be employed,
as described in [AK16]. This technique can yield controls that cover any time
span, no matter how large, and could be used to actually eradicate the disease by
driving the model into a disease-free equilibrium.

• The question of long-time existence for the general unrelaxed and relaxed models
with nonlocal nonlinearities is open.

• Relaxed models can show undesired properties, such as nonpositivity of the
solutions. However, in our simulations such an effect could not be observed, so
the question remains if and under which circumstances the solution can become
negative.

• Instead of equipping the relaxed model with two boundary conditions for the
newborns, it might be a good idea to prescribe one condition for newborns and one
for individuals that have reached the maximum age and are no longer considered
by the model. This is both motivated from reality and from the unrelaxed model,
where in simple cases it can be shown that, under certain assumptions on the
mortality rate, the population at maximum age is zero. It is not clear if one can
always choose a boundary condition for a relaxed model in such a way that its
population attains a desired state.

• In Chapter 4, the wave-like model is shown to be an approximation of a bigger
model. This bigger model is not fully understood, in particular when it comes to
the exact formulation of boundary conditions. In addition, one could consider
better approximations of this model and analyze their properties.

14



• Finally, so far we only considered optimal control of unrelaxed models. It is
interesting to see if similar results to those from Chapter 5 also hold if the state
equation is governed by the class of relaxed models we considered in Chapter 4,
and if optimal controls of relaxed models converge to optimal controls of unre-
laxed ones if the relaxing parameter tends to zero.
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2 Preliminaries

In this chapter we collect useful facts and theorems that are frequently used in the
following. We cite them without giving a detailed proof in every case, rather we give
the source where additional information can be found.

2.1 Some inequalities

Here we collect some basic inequalities.

2.1 Lemma. Let x, y ∈R. Then we have the inequalities

• x · y ≤ 1
2

(
εx2 + ε−1y2) for any ε > 0 (Young’s inequality),

• (x+ y)2 ≤ 2(x2 + y2).

Proof: Both inequalities follow from the inequality 2xy ≤ x2 + y2, which can be derived
from noting that (x − y)2 ≥ 0. The first one then follows from writing xy = εx · y/ε and

the second from (x+ y)2 = x2 + 2xy + y2 ≤ x2 + 2
(
x2

2 + y2

2

)
+ y2 = 2(x2 + y2). □

2.2 Lemma (Cauchy–Schwarz inequality). Let X be a vector space and ⟨·, ·⟩ an inner
product on X. Let ∥·∥ be the norm associated to the inner product on X. Then for any x,
y ∈ X there is ∣∣∣〈x,y〉∣∣∣ ≤ ∥x∥ · ∥∥∥y∥∥∥.

2.3 Corollary (special case of Jensen’s inequality). Let T > 0 and f : [0,T ]→ R. Then
it holds Ñ T∫

0

f (x)dx

é2

≤ T
T∫

0

f (x)2 dx .

Proof: Using the Cauchy-Schwarz inequality in L2((0,T )) with f and the constant
function ϕ ≡ 1 yields

T∫
0

f (x)dx =
〈
f ,ϕ

〉
L2((0,T )) ≤ ∥f ∥L2((0,T ))∥ϕ∥L2((0,T )) =

√
T ·

Ñ T∫
0

f (x)2 dx

é1/2

.

This concludes the proof. □
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2.4 Lemma (Gronwall’s inequality). Let a < b ∈ R and α, Φ ∈ C([a,b],R) where α ≥ 0.
Further let β ∈R and assume there is an inequality of the form

Φ(t) ≤ β +

t∫
a

α(s)Φ(s)ds

for all t ∈ [a,b]. Then there is an explicit estimate of the form

Φ(t) ≤ β exp

Ñ t∫
a

α(s)ds

é
for all t ∈ [a,b]. If α(t) ≡ α is constant, this further simplifies to

Φ(t) ≤ βeα(t−a).

Proof: [Gro19]. □

To conclude this section, we present some inequalities in the context of Lebesgue
spaces.

2.5 Lemma (Hölder’s inequality). Let I = (a,b) ⊆R an interval and let p, q ∈ [1,∞] with
1
p + 1

q = 1 and f ∈ Lp(I ), g ∈ Lq(I ). Then the product f · g lies in L1(I ) and there is the
estimate

∥f · g∥L1(I ) ≤ ∥f ∥Lp(I )∥g∥Lq(I ).

Note that the Cauchy–Schwarz inequality is a special case of Hölder’s inequality.

2.6 Lemma (Embedding of Lebesgue spaces). Let I = (a,b) ⊆R a bounded interval, X
a Banach space. Further let 1 ≤ p1 ≤ p2 ≤ ∞. Then there is a continuous embedding
Lp2(I ,X) ↪→ Lp1(I ,X) and for any f ∈ Lp2(I ,X) there is the estimate

∥f ∥Lp1 (I ,X) ≤ (b − a)
1
p1
− 1
p2 ∥f ∥Lp2 (I ,X).

Proof: For p2 =∞ the claim is obvious, so without loss of generality we assume that
p2 <∞. Hölder’s inequality directly gives

∥f ∥p1
Lp1 (I ,X) =

b∫
a

1 · ∥f (t)∥p1
X dt ≤

Ñ b∫
a

∥f (t)∥qp1
X dt

é1/qÑ b∫
a

1q
′
dt

é1/q′

for any q ∈ (1,∞), where q′ is defined as 1
q + 1

q′ = 1. Letting q = p2
p1
∈ (1,∞) gives

1
q′ = 1− p1

p2
= p2−p1

p2
and hence

∥f ∥Lp1 (I ,X) ≤ (b − a)
p2−p1
p1p2 ∥f ∥Lp2 (I ,X),

which concludes the proof. □
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2.2 Variational methods for partial differential equations

2.7 Lemma (Multipliers in Lp). Let I = (a,b) ⊆ R an interval, X a Banach space and
p ∈ [1,∞]. Then for any f ∈ Lp(I ,X) and ϕ ∈ L∞(I ), the product ϕf is in Lp(I ,X) again
and satisfies ∥ϕf ∥Lp(I ,X) ≤ ∥ϕ∥L∞(I )∥f ∥Lp(I ,X). In particular, the multiplication operator
Mϕ : f 7→ ϕf is a bounded operator from Lp(I ,X) into itself.

Proof: Again the claim is evident for p =∞. For p <∞ we have

∥ϕf ∥pLp(I ,X) =

b∫
a

∥ϕ(t)f (t)∥pX dt =

b∫
a

|ϕ(t)|p∥f (t)∥pX dt ≤ esssup
t∈(a,b)

(|ϕ(t)|)p∥f ∥pLp(I ,X). □

We refer to Lemma 4.10 for the more complex case when the space Lp is replaced by a
Sobolev space.

2.8 Theorem (Sobolev). Let Ω ⊆ R
n be a smooth domain, let j ≥ 0 and m ≥ 1 integers

and 1 ≤ p <∞. Then the following hold:

1. If mp > n or m = n and p = 1 hold, then the space W j+m,p(Ω) embeds continuously
into Cj(Ω̄). Also it embeds into all W j,q(Ω) where p ≤ q ≤∞.

2. If mp = n holds, then W j+m,p(Ω) embeds continuously into W j,q(Ω) for all p ≤ q <
∞.

3. If mp < n holds, then W j+m,p(Ω) embeds continuously into W j,q(Ω) for all p ≤ q ≤
p

n−mp .

Proof: The original proofs appeared in [Sob38], [Sob08] and [Mor40]. The version we
present here is taken from [AF03, Thm. 4.12]. □

2.2 Variational methods for partial differential equations
In the following, we present a classical method to obtain solutions for partial differential
equations with time-dependent coefficients in Hilbert spaces. We only state the most
important results here; more extensive treatments of the matter can be found in [DL92],
[Eva10], [HPUU09] or [RR04].

2.9 Definition. A Gelfand triple is a triple (V ,H,V ′) of Hilbert spaces where V ⊆ H
and the inclusion is continuous and dense and V ′ is the dual space of V . Duality is
declared via the identification of H and its dual H ′, by which we mean that for any
v ∈ V and h ∈H , we have ⟨h,v⟩V ′×V = ⟨h,v⟩H . It follows that also the inclusion H ⊆ V ′
is continuous and dense. For any v ∈ V , v′ ∈ V ′ we let〈

v′,v
〉
V ′×V B v′(v).

The norm on V ′ is the operator norm for functionals on V , as a consequence we have
|⟨v′,v⟩V ′×V | ≤ ∥v′∥V ′∥v∥V for all v ∈ V , v′ ∈ V ′.

2.10 Definition. Let t0 < t1 ∈ R and V ⊆ H ⊆ V ′ be a Gelfand triple. We define the
space

W ((t0, t1),V ,V ′)B L2((t1, t2),V )∩H1((t1, t2),V ′).

19



2 Preliminaries

This space, equipped with the norm∥∥∥y∥∥∥
W ((t0,t1),V ,V ′)

=
(∥∥∥y∥∥∥2

L2((t0,t1),V )
+
∥∥∥yt∥∥∥2

L2((t0,t1),V ′)

)1/2
,

is a Banach space.

2.11 Lemma. There is a continuous embedding from W ((t0, t1),V ,V ′) into C([t0, t1],H).

Proof: [DL92, Thm. XVIII.1.1]. □

2.12 Lemma. For any u, v ∈W ((0,T ),V ,V ′) it holds that

t2∫
t1

〈
u′(t),v(t)

〉
V ′×V +

〈
v′(t),u(t)

〉
V ′×V dt =

ï
⟨u(t),v(t)⟩H

∣∣∣∣∣t2
t1

.

Proof: [DL92, Thm. XVIII.1.2]. □

The general idea of variational equations is to interpret differential operators, such as
the Laplacian, as maps from V to V ′.

2.13 Theorem (First-order equations). Let T > 0 and V ⊆ H ⊆ V ′ be a Gelfand triple.
Assume there is a time-dependent operator A ∈ C([0,T ],L(V ,V ′)) which is uniformly
bounded, i.e. there is a constant M independent of t such that

∥A(t)u∥V ′ ≤M∥u∥V ∀u ∈ V

holds. Furthermore, assume that the corresponding bilinear form a(t,u,v)B −⟨A(t)u,v⟩V ′×V
is coercive, i.e. there are constants α, β > 0 with

a(t,v,v) ≥ α∥v∥2V − β∥v∥
2
H

for all v ∈ V . Further let f ∈ L2((0,T ),V ′) and u0 ∈H . Then the initial value problem

u′(t) = A(t)u + f (t), u(t = 0) = u0

has a unique weak solution u ∈W ((0,T ),V ,V ′). Here, weak solution means that for all
v ∈ V and almost all t ∈ [0,T ] the equation〈

u′(t),v
〉
V ′×V + a(t,u(t),v) =

〈
f (t),v

〉
V ′×V

is satisfied and the initial conditions holds in the sense of W ((0,T ),V ,V ′) ⊆ C([0,T ],H).

Proof: [DL92, Thms. XVIII.3.1 and 3.2]. □

2.14 Corollary. The solution u from the previous theorem satisfies an energy estimate
of the form∥∥∥u′∥∥∥2

L2((0,T ),V ′)
+ ∥u∥2C([0,T ],H) + ∥u∥2L2((0,T ),V ) ≤ c

Ä
∥u0∥2H + ∥f ∥2L2((0,T ),V ′)

ä
with a constant c that does not depend on ∥u0∥H or ∥f ∥L2((0,T ),V ′).

Proof: [HPUU09, Thm. 1.35]. □
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2.15 Corollary (Higher regularity). In the situation of Theorem 2.13 assume further
that A ∈ C1([0,T ],L(V ,V ′)) and f ∈ H1((0,T ),V ′)∩ L2((0,T ),V ) and u0 ∈ D(A(0)), i.e.
there is w ∈ H such that a(t,u,v) = −⟨w,v⟩H for all v ∈ V . Then the solution u of the
differential equation satisfies u ∈H1((0,T ),V )∩H2((0,T ),V ′) andA(·)u ∈H1((0,T ),V ′)∩
L2((0,T ),V ).

Proof: [RR04, Sec. 11.1.4]. □

2.16 Theorem (Second-order equations). Let T > 0 and V ⊆ H ⊆ V ′ a Gelfand triple.
We assume to be given

• an operator family A(t) = A0(t) +A1(t) where A0 ∈ C1([0,T ],L(V ,V ′)) is Hermitian
(i.e. a0(t,u,v) = a0(t,v,u) for all t ∈ [0,T ] and u, v ∈ V ) and coercive (as defined in
Theorem 2.13) and A1 ∈ L∞((0,T ),L(V ,H))∩L∞((0,T ),L(H,V ′)),

• an operator family B ∈ C1([0,T ],L(H,H)),

• an operator familyC ∈ C1([0,T ],L(H,H)) where for all t the operator C(t) is Hermi-
tian and for all u ∈H we have ⟨C(t)u,u⟩H ≥ γ∥u∥

2
H for some γ > 0 independently

of t.

Furthermore, let u0 ∈ V , u1 ∈H , f ∈ L2((0,T ),H). Then the second-order initial value
problem

d
dt

(C(t)u′(t)) +B(t)u′(t) +A(t)u(t) = f (t), u(t = 0) = u0, u′(t = 0) = u1

has a unique weak solution u ∈ C([0,T ],V )∩C1([0,T ],H) with C(·)u′ ∈ H1([0,T ],V ′).
Here, weak solution means that for all v ∈ V and almost all t ∈ [0,T ] we have

d
dt

〈
C(t)u′(t),v

〉
H +

〈
B(t)u′(t),v

〉
H + ⟨A(t)u(t),v⟩V ′×V =

〈
f (t),v

〉
H .

Proof: [DL92, Thm. XVIII.5.3 and 5.4]. □

2.17 Corollary. The solution u from the previous theorem satisfies the energy equality

〈
C(t)u′(t),u′(t)

〉
H + ⟨A0(t)u(t),u(t)⟩V ′×V + 2ℜ

t∫
0

〈
B(s)u′(s),u′(s)

〉
H +

〈
A1(s)u(s),u′(s)

〉
H ds

= ⟨C(0)u1,u1⟩H + ⟨A0(0)u0,u0⟩V ′×V

+

t∫
0

−
〈
C′(s)u′(s),u′(s)

〉
H +

〈
A′0(s)u(s),u(s)

〉
V ′×V + 2ℜ

〈
f (s),u′(s)

〉
H ds .

Proof: [DL92, Lem. XVIII.5.7]. Note that the equality can formally be derived by
multiplying the equation with u′ and integrating by parts. However, since u′ does not
lie in V , this is not allowed, and thus the proof requires more intricate calculations. □
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2.3 Volterra equations

A Volterra equation is an integral equation of the form

u(t) = F(t) +

t∫
0

A(s)u(t − s)ds .

They often occur in mathematical biology where birth processes are involved, and in
this context they are frequently called renewal equations, cf. [BvdDW08, eq. 9.32] and
[Ian95, eq. (3.4)]. In the following we only need a basic existence result from the theory
of Volterra equations. More extensive treatments of this topic can be found in [GLS90]
and [Prü93].

2.18 Lemma. Let A ∈ L∞(I ,L(X)). and F ∈ Lp(I ,X). Then the Volterra equation

u(t) = F(t) +

t∫
0

A(s)u(t − s)ds for almost all t ∈ Ī

has a unique solution u ∈ Lp(I ,X) with ∥u∥Lp(I ,X) ≤ c∥F∥Lp(I ,X), with a constant c that
only depends on ∥A∥L∞(I ,L(X)).

Proof: First assume that F is an element of C(Ī ,X) with F(0) = 0. By noting that
A ∈ L1(I ,L(X)) and A(s)ds is an operator-valued Radon measure, existence of a solution
u ∈ C(I ,X) follows from [Prü93, Cor. 0.2]. This work also yields the norm estimate
∥u∥Lp(I ,X) ≤ (1 + ℓ(T ))∥F∥Lp(I ,X), where ℓ is a solution of the scalar Volterra equation

ℓ(t) =

t∫
0

∥A(s)∥L(X) ds+

t∫
0

∥A(t − s)∥L(X)ℓ(s)ds .

An application of Gronwall’s inequality shows that

ℓ(t) ≤ t∥A∥L∞(I ,L(X)) exp

Ñ t∫
0

∥A(t − s)∥L(X) ds

é
≤ t∥A∥L∞(I ,L(X))e

t∥A∥L∞(I ,L(X)) ,

from which we conclude that

∥u∥Lp(I ,X) ≤
Ä

1 + T ∥A∥L∞(I ,L(X))e
T ∥A∥L∞(I ,L(X))

ä
∥F∥Lp(I ,X). (2.1)

For general F ∈ Lp(I ,X) we can find a sequence (Fn)n∈N ⊆ C(Ī ,X) that converges
to F in Lp(I ,X). If we let un ∈ C(Ī ,X) be the corresponding solutions of the Volterra
equations, the estimate

∥um −un∥Lp(I ,X) ≤
Ä

1 + T ∥A∥L∞(I ,L(X))e
T ∥A∥L∞(I ,L(X))

ä
∥Fm − fn∥Lp(I ,X),

which follows from eq. (2.1), shows that there is some u ∈ Lp(I ,X) with un → u in
Lp(I ,X). By invoking the dominated convergence theorem (cf. [HvVW16, Prop. 1.2.5])
and noting that the sequences (Fn)n and (un)n converge pointwise almost everywhere,
we infer that the Volterra equation u(t) = F(t) +

∫ t
0
A(s)u(t − s)ds actually holds for F and

u. This concludes the proof. □
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2.4 Numerical methods for ordinary differential equations

2.4 Numerical methods for ordinary differential
equations

In this short section we present some methods for the numerical approximation of
solutions to the ordinary differential equation ẋ(t) = f (t,x(t)) where t ∈ [0,T ] with initial
value x(t0) = x0. A general reference to this topic is [HNW93]. We choose some time
step ∆t and define an equidistant time grid tn B t0 + n∆t where n = 0, . . . ,N and N is
small enough to ensure tN ≤ T . In Table 2.1 we present various methods that yield
approximations for xn ≈ x(tn), starting with x0 given by the initial value, and then
calculate xn+1 for n ∈ {0, . . . ,N − 1}. The values for the orders are taken from [HNW93,
Table III.2.1]. The definition of order of a numerical scheme can be found in [HNW93,
Def. III.2.3]; for the sake of simplicity we do not repeat it here. Typically, models of
higher order produce better approximations but are more expensive to calculate.

Name Formula Type Order

Explicit Euler xn+1 = xn +∆tf (tn,xn) explicit 1
Implicit Euler xn+1 = xn +∆tf (tn+1,xn+1) implicit 1
Trapezoidal rule xn+1 = xn + ∆t

2 (f (tn,xn) + f (tn+1,xn+1)) implicit 2
Second-order
Adams–Bashforth

xn+1 = xn + ∆t
2 (3f (tn,xn)− f (tn−1,xn−1))

where we set t−1 = t0 and x−1 = x0
explicit 2

Table 2.1: Some numerical methods for ordinary differential equations

The Explicit Euler method was first published in [Eul68] and the Adams–Bashforth
method in [BA83]. Typically, the implicit methods have better stability properties at
the cost of being more complex to compute. We note that for n = 0, the formulae for the
Euler method and the Adams–Bashforth method coincide.

In the context of partial differential equations, where, for example, the function f
involves approximations of a Laplacian, the implicit trapezoidal rule is often called the
Crank–Nicolson method, cf. [LP99, Section 4.3.5], which first appeared in [CN47]. We
can unify three of the above-mentioned schemes by introducing a parameter ϑ ∈ [0,1]:
Letting

xn+1 = xn +∆t((1−ϑ)f (tn,xn) +ϑf (tn+1,xn+1)),

(this is the variable-weight implicit method from [LP99, Section 4.3.6], which we call
theta Method for short), we obtain a large class of ODE solvers, which cover the Explicit
Euler (ϑ = 0), Implicit Euler (ϑ = 1), and Crank–Nicolson method (ϑ = 1

2 ).

2.5 Optimal control theory

The contents of this section are taken from [HPUU09, Section 1.7.2], which covers the
subject in great detail. We restrict ourselves to the results which are most important
for us. Given Banach spaces U , Y , Z and functions J :U ×Y →R and e : Y ×U → Z, we
consider a problem of the form

Find min
y∈Y ,u∈U

J(u,y) subject to e(y,u) = 0 and u ∈Uad (2.2)
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where the set of admissible controls Uad is a nonempty, closed and convex subset of
U . Often, we call y the state variable and u the control. In many cases e encodes a
differential equation for y where a term involving u appears. We assume the following:

2.19 Assumption. • J and e are continuously Fréchet differentiable.

• For all u ∈ V , where V is some neighborhood of Uad in U , there is a unique
solution y = y(u) to the equation e(y,u) = 0.

• For all u ∈ V , the linear map ey(y(u),u) ∈ L(Y ,Z) has a bounded inverse.

From the implicit function theorem (cf. [HPUU09, Thm. 1.41]) it follows that the map
u 7→ y(u) is differentiable with yu = −(ey ◦ y)−1(eu ◦ y).

2.20 Definition. The adjoint state p(u) ∈ Z ′ corresponding to the control u is defined as
a solution to the adjoint equation

ey(y(u),u)′p(u) = −Jy(u,y(u)) in Y ′. (2.3)

Here, ey(y,u)′ ∈ L(Z ′,Y ′) denotes the (Banach) adjoint operator to ey(y,u) ∈ L(Y ,Z), as
defined in Section 2.6.

2.21 Definition. The Lagrange function L : U × Y × Z ′ → R associated to J and e is
defined as

L(u,y,p)B J(u,y) +
〈
p,e(y,u)

〉
Z ′×Z .

Simple calculations show that

Lp(u,y,p) = e(y,u) ∈ Z,

Ly(u,y,p) = Jy(u,y) +
¨
p,ey(y,u)

∂
Z ′×Z

∈ Y ′,

Lu(u,y,p) = Ju(u,y) +
〈
p,eu(y,u)

〉
Z ′×Z ∈U

′.

(2.4)

We see that Ly(u,y(u),p) = 0, and if p = p(u) is chosen as the adjoint state, then also
Ly(u,y(u),p(u)) = 0. Using that the inverse of an adjoint operator is the adjoint of its
inverse, together with the chain rule we have

Lu(u,y(u),p(u)) = Ju(u,y(u))−
¨

(ey(y(u),u)∗)−1Jy(u,y(u)), eu(y,u)
∂
Z ′×Z

= Ju(u,y(u))−
¨
Jy(u,y(u)), ey(y(u),u)−1eu(y,u)

∂
Y ′×Y

= Ju(u,y(u)) +
¨
Jy(u,y(u)), yu(u)

∂
Y ′×Y

=
d

du
J(u,y(u)). (2.5)

This property is useful in optimization algorithms. Furthermore, we have a characteri-
zation of optimal solutions to eq. (2.2):

2.22 Theorem. Let u∗ ∈ U and y∗ B y(u∗) be chosen in such a way that (y∗,u∗) is a
solution to eq. (2.2), and let p∗ be the adjoint state corresponding to u∗. Then the
following first-order optimality conditions hold:〈

Ju(u∗, y∗) + eu(y∗,u∗)′p∗,u −u∗
〉
U ′×U ≥ 0 ∀u ∈Uad.

Using the Lagrange function, this can be written more compactly as

Lp(u∗, y∗,p∗) = 0, Ly(u∗, y∗,p∗) = 0,〈
Lu((u∗, y∗,p∗)),u −u∗

〉
U ′×U ≥ 0 ∀u ∈Uad.

Proof: Directly from [HPUU09, Cor. 1.3]. □
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0

a

t

amax

T−amax

Figure 1: Schematic image of the characteristics (blue lines). For every t0 ∈ [−amax,T ]
we obtain a characteristic: If t0 ≥ 0, it starts in (t,a) = (t0,0), for t0 < 0 it starts
in (t,a) = (0,−t0).

2.6 Notation

In this section, we introduce notations and basic definitions we will use throughout the
work. For any set Ω and any subset Ω0 ⊆Ω we denote by 1Ω0

:Ω→ {0,1} the indicator
function which maps ω ∈Ω to 1 if ω ∈Ω0 and to 0 otherwise. By x+ Bmax {x,0}, we
denote the positive part of a real number x.

For any open subset Ω ⊆ R
n and f : Ω → R, the integral of f over Ω is denoted∫

Ω
f (x)dx. If no confusion arises, we may drop the variable x altogether and just write∫

Ω
f . If g : ∂Ω→R is a function, where ∂Ω is the boundary of Ω which we assume to

be sufficiently smooth, we denote the surface integral of g over ∂Ω by
∮
∂Ω
g(x)dA(x) or

just
∮
∂Ω
g for short.

For a Banach space X, we denote the norm of X by ∥·∥X . For another Banach space
Y , the notation L(X,Y ) denotes the bounded linear operators from X to Y . Further
we let L(X) B L(X,X) and X ′ B L(X,R). For any A ∈ L(X,Y ) let A′ ∈ L(Y ′,X ′) the
adjoint map, defined as (A′y′)(x)B y′(Ax) for any y′ ∈ Y ′, x ∈ X. If X is even a Hilbert
space, its inner product is denoted by ⟨·, ·⟩X In this case, one can show, using the Riesz-
Fréchet representation theorem (cf. [Eva10, Thm. D.2]) that for any A ∈ L(X), the
adjoint operator A′ can also be characterized as follows: for any x1, x2 ∈ X, it holds
⟨Ax1,x2⟩X = ⟨x1,A

′x2⟩. All spaces are assumed to be real, until stated otherwise.
In the following we fix a smoothly bounded domainΩ ⊆R

d (in applications, typically
d equals two) and define the spaces

H B L2(Ω)n, V BH1(Ω)n,

where n is the number of compartments in the epidemic model. By defining V ′ as
the dual of V via the dual pairing induced by the inner product on H , it is easy to
see that V ⊆ H ⊆ V ′ is a Gelfand triple in the sense of Definition 2.9. Hence, we can
also define the spaces W ((0,T ),V ,V ′) as in Definition 2.10. By ∆B ∆x we denote the
Laplace operator acting on the space variables in Ω, i.e.

∆y B
d∑
i=1

∂2

∂x2
i

y.
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Partial derivatives are often denoted by an index, for example we may write yt B
∂y
∂t .

Higher-order derivatives are written in a similar way, we can for example write ∆y =∑
i yxixi .
The age variable is assumed to be bounded by a finite maximal age, denoted by

amax > 0. For brevity, we define I B (0, amax). We will frequently work in the spaces

HB L2(I ,H) = L2(I ×Ω)n, V B L2(I ,V ), V ′ B L2(I ,V ′).

To facilitate our analysis, we fix a time horizon 0 < T <∞. To keep the notation short,
we write

δy B (∂t +∂a)y,

the expression being interpreted as a directional derivative. It is often useful to partition
the variable space [0,T ]×I into sets of the form

char(t0)B {(t0 + h,h) | 0 ≤ h ≤ amax} ∩ ([0,T ]×I )

where t0 ∈ [−amax,T ]. These sets represent the so-called characteristic lines and are
illustrated in Figure 1. Often we restrict functions ϕ defined on [0,T ] × Ī on these
characteristics, for which we will use the notation ϕ|char(t0) (h) B ϕ(t0 + h,h), for all

parameters h ∈ It0 . For brevity we let

It0 B (max {−t0,0} ,min {T − t0, amax})

and for any f : [0,T ]× Ī we write∫
char(t0)

f (h)dhB
∫
It0

f (t0 + h,h)dh

In estimates, we frequently use the notation A ≲ B for an inequality of the form
A ≤ cB, where c is a generic constant independent of the quantities to be estimated.
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3 The unrelaxed equation

In this chapter we discuss unrelaxed epidemic models with control terms written in the
form of eq. (1.1):

δy +L(a,x)y +Λ(a,x,y)y +K(u)y = σ (a)∆y, (3.1a)
y(t = 0) = y0, ∂νy(x ∈ ∂Ω) = 0, (3.1b)

y(a = 0) =

amax∫
0

β(α,x)y(t,α,x)dα , (3.1c)

Λ(a,x,y) =

amax∫
0

∫
Ω

k(a,x,α,ξ)yI (t,α,ξ)dξ dα . (3.1d)

We start with a brief motivation and introduce the general model in eq. (3.1). The
following sections discuss the question of existence and uniqueness of solutions to this
model, which requires several intermediate steps, and one of the main theorems in this
chapter is Theorem 3.20, which answers this question in the affirmative. This chapter
extends and generalizes the work [Sch21] with more details and a better approach to
the nonlinear equation. Parts of the chapter have already been published in [AS25, Sec.
2].

3.1 Motivation

The simplest epidemic models are systems of nonlinear ordinary differential equations.
The easiest example is the SIR model we already saw in eq. (SIR). As a motivation we
consider the slightly more complex model

Ṡ(t) = cV − (u(t) + kI(t))S(t),

V̇ (t) = u(t)S(t)− (c+ϕ1kI(t))V (t),

İ(t) = kI(t)(S(t) +ϕ1V (t) +ϕ2R(t))− (γ +µI )I(t),

Ṙ(t) = γI(t)−ϕ2kI(t)R(t),

(3.2)

which is a simplified version of [ARS25, eq. (1)], where S, I , R are as in Equation (SIR)
and we have added a V compartment for the vaccinated individuals. The parameters u,
k, c, ϕ1, ϕ2, γ and µI are explained as follows.

The model can be derived by observing the flux between compartments: Assume that
per time step ∆t an average percentage of γ∆t infectives recover from their infection.
During the same time, we assume that a share of u(t)∆t susceptible individuals receive
a vaccine and for a fraction c∆t of vaccinated individuals, the vaccine expires and they
become susceptible again. If the disease is fatal, then an additional percentage µI∆t of
infected individuals die. Since u is the only parameter that can directly be influenced
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by doctors, governments, etc., we assume that it is the only time-dependent parameter
and that all other coefficients in the model remain constant over time.

In order to model the infection process, we assume that individuals encounter, on
average, some percentage q∆t of the total population N , and that any contact of a
susceptible person with an infectious one leads to an infection with probability pS . By
noting that the probability by which an individual is infective is given by I

N , the total
infection rate for susceptible individuals can be expressed as Nq∆t · IN · pS = kI∆t with
k B pSq. Further we assume that the vaccine lowers the probability of an infection
to pV = ϕ1pS with some ϕ1 ∈ (0,1), and that having recovered from the disease also
provides some protection from getting infected again, the probability being pR = ϕ2pS
for ϕ2 ∈ (0,1). Then the change of susceptible, vaccinated, infective, and removed
individuals during the time (t, t +∆t) can be expressed as

S(t +∆t)− S(t) = cV (t)∆t − (u(t) + kI(t))S(t)∆t,
V (t +∆t)−V (t) = u(t)S(t)∆t − (c+ϕ1kI(t))V (t)∆t,
I(t +∆t)− I(t) = kI(t)∆t · (S(t) +ϕ1V (t) +ϕ2R(t))− (γ +µI )I(t)∆t,
R(t +∆t)−R(t) = γI(t)∆t −ϕ2kI(t)R(t)∆t.

(3.3)

Dividing by ∆t and letting ∆t→ 0 then gives eq. (3.2). In a similar way one can derive a
vast number of epidemic models of varying complexity.

The model (3.2) can easily be equipped with an age structure. If in eq. (3.3) we
assume that the compartments and coefficients depend on an age variable a as well and
note that age and time elapse the same way, we directly arrive at

S(t +∆t,a+∆t)− S(t,a) = c(a)V (t,a)∆t − (u(t,a) + k(a)I(t,a))S(t,a)∆t,
V (t +∆t,a+∆t)−V (t,a) = u(t,a)S(t,a)∆t − (c(a) +ϕ1k(a)I(t,a))V (t,a)∆t,
I(t +∆t,a+∆t)− I(t,a) = k(a)I(t,a)∆t · (S(t,a) +ϕ1V (t,a) +ϕ2R(t,a))− (γ(a) +µI (a))I(t,a)∆t,
R(t +∆t,a+∆t)−R(t,a) = γI(t,a)∆t −ϕ2k(a)I(t,a)R(t,a)∆t.

and by letting ∆t→ 0 as before, we arrive at a variant of the so-called Lotka–McKendrick
model, cf. [BvdDW08, eq. 9.4]:

δS(t,a) = c(a)V (t,a)− (u(t,a) + k(a)I(t,a))S(t,a),
δV (t,a) = u(t,a)S(t,a)− (c(a) +ϕ1k(a)I(t,a))V (t,a),
δI(t,a) = k(a)I(t,a)(S(t,a) +ϕ1V (t,a) +ϕ2R(t,a))− (γ(a) +µI (a))I(t,a),
δR(t,a) = γI(t,a)−ϕ2k(a)I(t,a)R(t,a),

where we let δB ∂t +∂a. However, in this model an infection can only occur between
individuals of the same age. For a more realistic model we need to take individuals of
all age groups into account, and this amounts to replacing the terms k · I by Λ(I) which
is defined by

Λ(a, I(t, ·))B
amax∫
0

k(a,α)I(t,α)dα .

Here k(a,α) is a weight describing how infective individuals at age α are to susceptible
individuals at age a.

In order for the model to be well-posed, we need to equip it with suitable initial
and boundary conditions. The condition at t = 0 is simply the initial state of the
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3.1 Motivation

population. The condition in a = 0 describes the number of newborn individuals.
Typically, newborns are created by the population itself through birth. Let β̃ = β̃(a) the
age-dependent birth rate that describes the fertility of the age group a. If we assume
that all newborns are susceptible, we arrive at

S(t,a = 0) =

amax∫
0

β̃(a)(S +V + I +R)(t,α)dα ,

V (a = 0) = I(a = 0) = R(a = 0) = 0.

We also need to account for death of the population, thus we add an age-dependent
death rate µ to all compartments. The complete age-structured epidemic model then
reads (for better readability we avoid the variables t and a in the notation)

δS = cV − (µ+u +Λ(I))S,
δV = uS − (µ+ c+ϕ1Λ(I))V ,
δI =Λ(I)(S +ϕ1V +ϕ2R)− (µ+γ +µI )I,
δR = γI − (µ+ϕ2Λ(I))R,

(3.4)

This model can be shown to be well-posed, cf. [BvdDW08, Section 9.4], or [Ian95, Thm.
1.4.2] for a simpler model.

We now also want to incorporate spatial movement in the population. Let Ω ⊆R
2 be

a domain with sufficiently smooth boundary ∂Ω and outer normal vector ν, and let u
be some time- and space-dependent quantity. Then the change of u is modeled by the
continuity equation

ut + divQ = f , (3.5)

where Q is the flux of u, and f is a source term (cf. [LMPS22, eq. (1.1)]). If we assume
that the flux is proportional to the negative gradient of the quantity, i.e. the quantity
moves from higher to lower concentrations, and the bigger the difference the faster the
movement, the flux takes the form

Q = −σ∇u (3.6)

where σ > 0 is some diffusion coefficient, and the model decouples to the diffusion
equation

ut − f = −div(−σ∇u) = σ∆u.

A common boundary condition is

ν ·Q = 0, (3.7)

i.e. there is no flux into or out of Ω. In absence of source terms f , this condition leads
to conservation of quantity, since by the divergence theorem

d
dt

∫
Ω

u(x)dx = −
∫
Ω

divQ(x)dx = −
∮
∂Ω

ν(x) ·Q(x)dA(x) = 0.
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3 The unrelaxed equation

Multiplying eq. (3.6) by ν and using ν ·Q = 0 yields 0 = ν · (−σ∇u), which is equivalent
to the Neumann condition ∂νu = 0.

In our example, the quantity that moves through space is the number of individuals
that are susceptible, vaccinated, etc. Hence, we can model the movement of individuals
by adding diffusion terms to the model (3.4). This yields the system

δS − σS∆S = cV − [u +µ+Λ(I)]S,
δV − σV∆V = uS − [µ+ c+ϕ1Λ(I)]V ,
δI − σI∆I =Λ(I)(S +ϕ1V +ϕ2R)− (µ+µI +γ)I,
δR− σR∆R = γI − [µ+ϕ2Λ(I)]R

(SVIR)

with the diffusion coefficients σS ,σV ,σI ,σR. Note that now we also have to change the
definition of Λ to

Λ(a,x, I(t, ·, ·)) =

amax∫
0

∫
Ω

λ(a,x,α,ξ)I(t,α,ξ)dξ dα .

This additionally allows the kernel k to take into account infections that happen between
different points in space. It should be noted that other processes can be modeled with
this kind of terms too, such as noncompliance to Covid-19 rules as in [BPW24].

By letting

y =

Ü
S
V
I
R

ê
, σ =

Ü
σS

σV
σI

σR

ê
, β = β̃ ·

Ü
1 1 1 1

0
0

0

ê
,

L = −

Ü
−µ c

−(µ+ c)
−(µ+µI +γ)

γ −µ

ê
, K(u) = −u ·

Ü
−1
1 0

0
0

ê
,

Λ(a,x,y) = −
〈
λ(a,x, ·, ·), y3

〉
L2((0,amax)×Ω) ·

Ü
−1
−ϕ1

1 ϕ1 0 ϕ2
−ϕ2

ê
, (3.8)

the model (SVIR) can be written as a special case of eq. (3.1). This definition of Λ
amounts to

khij =


λ ·

á
−1
−ϕ1

1 ϕ1 0 ϕ2

−ϕ2

ëhi

, j = 3,

0, j , 3.

3.2 The linearized equation with fixed birth numbers

In the following sections we prove existence and uniqueness of weak solutions to the
general model (3.1). We first consider a linearized equation where Λ and K are zero
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3.2 The linearized equation with fixed birth numbers

and instead of the implicit birth law from eq. (3.1c) we are given an explicit number
B = B(t,x) of newborns. Then, for given f and y0, the equation takes the form

δy +L(a,x)y − σ (a)∆y = f ,
y(t = 0) = y0, y(a = 0) = B,

∂νy(x ∈ ∂Ω) = 0.
(3.9)

We make the following assumptions on the coefficients:

3.1 Assumption. Suppose that:

1. B ∈ L2((0,T ),H), f ∈ L2((0,T ),V ′) and y0 ∈ H, the spaces being defined as in
Section 2.6.

2. L ∈ C(I ,L∞(Ω))n×n and its entries are uniformly bounded away from zero with
respect to both age and space.

3. σ ∈ C(I ,Rn×n) is a diagonal matrix whose entries are uniformly bounded away
from zero with respect to age.

The linearized equation (3.9) is most effectively solved along characteristic lines, see
e.g. [Wal13] and [Web08, Sec. 1.3]. By fixing a birth date t0 ∈ [−amax,T ] and setting
v(h) = y

∣∣
char(t0) (h) = y(t0 + h,h) for h ∈ It0 , we obtain the system

∂hv +L(h,x)v − σ (h)∆v = f |char(t0) ,

v(h = max{0,−t0},x) =

®
B(t0,x), t0 > 0,
y0(−t0,x), t0 < 0,

C v0,

∂νv(x ∈ ∂Ω) = 0.

(3.10)

Note that the structure of the equation is independent of t0, only the initial conditions
and inhomogeneous terms depend on it. In order to obtain v0, we have to evaluate an
L2 function which in Assumption 3.1 we assumed to take values in H . This evaluation
can be done by choosing representatives, and later, Corollary 3.8 will show that this
does not cause any problems.

We can formulate eq. (3.10) in a weak sense: Using the fact that, formally, for w ∈ V
we have∫

Ω

σ (h)(∆y)(h,x)w(x)dx = −
∫
Ω

σ (h)∇y(h,x) · ∇w(x)dx+
∮
∂Ω

σ (h)w(x)∂νy(h,x)dS(x)
(3.11)

and the last term vanishes because we assumed Neumann boundary conditions, we
arrive at the weak formulation〈

v′(h),w
〉
V ′×V + ⟨L(h)v,w⟩H + ⟨σ (h)∇v,∇w⟩Hd =

〈
f (h),w

〉
V ′×V . (3.12)

With this formulation we can define weak solutions to eq. (3.10) as in Theorem 2.13.

3.2 Theorem. Under Assumption 3.1, the equation on characteristics (3.10) has a
unique weak solution v ∈W ((max {0,−t0} , amax),V ,V ′) ↪→ C(It0 ,H). The solution satis-
fies the estimate

∥v∥2W ((max{0,−t0},amax),V ,V ′) ≲ ∥v0∥2H +
∥∥∥f |char(t0)

∥∥∥2

L2(char(t0),V ′)
.
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3 The unrelaxed equation

Proof: The assumptions directly give that v0 ∈H . We note that

• for every h, the map (u,v) ∈ H2 7→ ⟨L(h)u,v⟩H is well defined and continuous,
since by Lemma 2.7 we can estimate∣∣∣⟨L(h)u,v⟩H

∣∣∣ ≤ ∥L(h)u∥H∥v∥H ≲ ∥L∥L∞∥u∥H∥v∥H .

It is also continuous in time, as can be seen by∣∣∣⟨L(h1)u,v⟩H − ⟨L(h2)u,v⟩H
∣∣∣ ≤ ∥L(h1)−L(h2)∥L∞∥u∥H∥v∥H

h1→h2−→ 0.

• For every h, the map (u,v) ∈ V 2 7→ ⟨σ (h)∇u,∇v⟩Hd is well-defined and continuous,
with essentially the same proof as above.

• Finally, because of the boundedness away from zero, the two maps we just defined
are coercive:

⟨L(h)u,u⟩H ≳ −∥L∥L∞∥u∥
2
H , ⟨σ (h)∇u,∇u⟩H ≥ cσ ∥u∥

2
V . (3.13)

This shows that the form a(u,v)B ⟨L(h)u,v⟩H + ⟨σ (h)∇u,∇v⟩Hd satisfies the conditions
of Theorem 2.13, which in turn guarantees the existence of a unique weak solution of
eq. (3.10). □

3.3 Definition. For any 0 ≤ s ≤ t ≤ amax, we define the evolution operator U (t, s)v0 as
the solution of the homogeneous equation (3.10) on characteristics at time t that takes
the initial value v0 at time s. Similarly, the solution of the inhomogeneous equation
with initial values zero is denoted by S(t, s) f |char(t0). Let U ′(t, s)u0, S ′(t, s) f |char(t0) be
the respective weak derivative with respect to the t variable.

3.4 Corollary. Let 0 ≤ s ≤ t ≤ amax, then we have the following results for the evolution
operators U , S, U ′ and S ′:

(i) U (t, s)U (s, r) = U (t, r) and U ′(t, s)U ′(s, r) = U ′(t, r) for any 0 ≤ r ≤ s, and the same
for S,

(ii) U (·, s) ∈ L(H,W ((s,amax),V ,V ′)) and S(·, s) ∈ L(L2((s,amax),V ′),W ((s,amax),V ,V ′)),

(iii) U ′(·, s) ∈ L(H,L2((s,amax),V ′)) and S ′(·, s) ∈ L(L2((s,amax),V ′),L2((s,amax),V ′)),

(iv) U (t, s) ∈ L(H,H) and S(t, s) ∈ L(L2((s, t),V ′),H), and both are continuous in t.

Proof: This follows directly from Theorem 3.2: The estimates are clear, and property (i)
is a consequence of the uniqueness of solutions. □

3.5 Remark. Note that in the case where even f ∈ L2((max {0,−t0} , amax),H), we can use
Duhamel’s principle (variation of constants) to show that a solution to eq. (3.10) with
initial condition v(s) = v0 ∈H can be expressed as

v(t) =U (t, s)v0 +

t∫
s

U (t, r)f (r)dr .

In other words, we have S(t, s)f =

t∫
s

U (t, r)f (r)dr.
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3.2 The linearized equation with fixed birth numbers

3.6 Lemma. The operators U , S, U ′ and S ′ are uniformly bounded in s and t, i.e. the
norms of all operators in Corollary 3.4 can be estimated by a constant that does not
depend on t and s.

Proof: We adapt the arguments given in [Eva10, Thm. 7.1.2]: Let y the solution of
eq. (3.10). Multiplying the differential equation with v in H and partial integration
yields

1
2

d
dh
∥v(h)∥2H = ⟨vh(h),v(h)⟩V ′×V

=
〈
f (h),v(h)

〉
V ′×V − ⟨L(h)v(h),v(h)⟩H − ⟨σ (h)∇v(h),∇v(h)⟩H .

Using eq. (3.13) we obtain

1
2

d
dh
∥v(h)∥2H + cσ ∥v(h)∥2V ≲

〈
f (h),v(h)

〉
V ′×V + ∥L∥L∞∥v(h)∥2H .

Integrating from s to t and using Young’s inequality yields for any ε > 0

1
2
∥v(t)∥2H + cσ ∥v∥2L2((s,t),V ) ≲

1
2
∥v(s)∥2H + ∥L∥L∞∥v∥2L2((s,t),H)

+
1
2ε
∥f ∥2L2((s,t),V ′) +

ε
2
∥v∥2L2((s,t),V ).

For sufficiently small ε < 2cσ (independently of t, s), then we have

∥v(t)∥2H + (2cσ − ε)∥v∥2L2((s,t),V ) ≲ ∥v(s)∥2H + 2∥L∥L∞∥v∥2L2((s,t),H) + ε−1∥f ∥2L2((s,t),V ′). (3.14)

Gronwall (without the second term on the left-hand side) then yields

∥v(t)∥2H ≤
Ä
∥v(s)∥2H + ε−1∥f ∥2L2((s,t),V ′)

ä
e2∥L∥L∞ (t−s). (3.15)

Together with eq. (3.14), where we now ignore the first term on the left-hand side, we
obtain

(2cσ − ε)∥v∥2L2((s,t),V ) ≲ ∥v(s)∥2H + ε−1∥f ∥2L2((s,t),V ′) + 2∥L∥L∞
t∫
s

∥v(r)∥2H dr

≲ ∥v(s)∥2H + ε−1∥f ∥2L2((s,t),V ′) +

t∫
s

2∥L∥L∞
Ä
∥v(s)∥2H + ε−1∥f ∥2L2((s,t),V ′)

ä
e2∥L∥L∞ (r−s) dr

= ∥v(s)∥2H + ε−1∥f ∥2L2((s,t),V ′) +
Ä
∥v(s)∥2H + ε−1∥f ∥2L2((s,t),V ′)

ä
e2∥L∥L∞ (t−s)

=
Ä

1 + e2∥L∥L∞ (t−s)
äÄ
∥v(s)∥2H + ε−1∥f ∥2L2((s,t),V ′)

ä
. (3.16)

Next, the weak formulation (3.12) yields for any w ∈ V :∣∣∣〈v′(h),w
〉
V ′×V

∣∣∣ ≤ ∣∣∣〈f (h),w
〉
V ′×V

∣∣∣+ ∣∣∣⟨L(h)v(h),w⟩H
∣∣∣+ ∣∣∣⟨σ (h)∇v(h),∇w⟩H

∣∣∣
≤
(
∥f (h)∥V ′ + ∥L∥L∞∥v(h)∥H + ∥σ∥L∞∥∇v(h)∥H

)
∥w∥V ,

leading to ∥∥∥v′(h)
∥∥∥
V ′
≲ ∥f (h)∥V ′ + ∥v(h)∥V ,
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3 The unrelaxed equation

and after integration with respect to time we arrive at∥∥∥v′∥∥∥2
L2((s,t),V ′)

≲ 2∥f ∥2L2((s,t),V ′) + ∥v∥2L2((s,t),V ).

This estimate, combined with eq. (3.15) and eq. (3.16), yields

∥v(t)∥2H + ∥v∥2L2((s,t),V ) +
∥∥∥v′∥∥∥2

L2((s,t),V ′)
≲
Ä

1 + e2∥L∥L∞ (t−s)
äÄ
∥v(s)∥2H + ∥f ∥2L2((s,t),V ′)

ä
,

and using t − s ≤ amax concludes the proof. □

For a fixed number of births, the solution of the “full” equation (3.9) can now be
expressed as

y(t,a,x)B

{
U (a,0)B(t − a) + S(a,0) f |char(t−a) , t > a,

U (a,a− t)y0(a− t) + S(a,a− t) f |char(t−a) , t ≤ a
for all t ≥ 0, a ∈ I .

(3.17)

Our next step is to show that δy is in fact given by

v(t,a,x)B

{
U ′(a,0)B(t − a) + S ′(a,0) f |char(t−a) , t > a,

U ′(a,a− t)y0(a− t) + S ′(a,a− t) f |char(t−a) , t ≤ a
for all t ≥ 0, a ∈ I .

(3.18)

However, this representation requires the evaluation of the L2 functions B and y0, as
well as restricting the L2 function f on characteristics. This requires the choice of
representatives, which in turn makes it possible that y and v are not well defined.
Corollary 3.8 shows that this is not the case when y and v are only interpreted modulo
null sets as well.

3.7 Lemma. The following statements hold:

1. Let N1 ⊆ [0,T ]× Ī be a null set. Then the set

N1B {t0 ∈ [−amax,T ] |N1 ∩ char(t0) has nonzero measure inchar(t0)}

is a null set in [−amax,T ].

2. Let N2 ⊆ [−amax,T ] be a null set. Then the set

N2B
⋃
t0∈N2

char(t0)

is a null set in [0,T ]× Ī .

Proof: Both claims follow using Fubini’s theorem and the fact that for any function ϕ
we have ∫

[0,T ]×I

ϕ(t,a)d(t,a) =

T∫
−amax

∫
char(t0)

ϕ|char(t0) (h)dhdt0 .

Due to

0 =
∫

[0,T ]×I

1N1
(t,a)d(t,a) =

T∫
−amax

∫
char(t0)

1N1∩char(t0)(h)dhdt0 ,
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3.2 The linearized equation with fixed birth numbers

we can conclude that
∫

char(t0)
1N1∩char(t0)(h)dh = 0 for almost all t0 ∈ (−amax,T ), which

shows the first claim. Further, the second claim follows from the fact that∫
[0,T ]×I

1N2
(t,a)d(t,a) =

∫
N2

∫
char(t0)

1dhdt0 = 0. □

3.8 Corollary. Under Assumption 3.1, let B1, B2 be two representatives of B; y1
0 and y2

0
representatives of y0 and f 1, f 2 representatives of f . Denote by y1 and y2 the solutions
obtained from eq. (3.17) using the corresponding representatives. Then y1 = y2 holds
for almost all (t,a).

Proof: We first assume that f 1 = f 2 and consider the general case later. Let

N2 =
¶
t0 ∈ (−amax,0)

∣∣∣ y1
0(−t0) , y2

0(−t0)
©
∪
¶
t0 ∈ (0,T )

∣∣∣ B1(t0) , B2(t0)
©
,

then N2 is a null set. DefineN2 as in Lemma 3.7, then from the construction of the yi

(i = 1,2) we see that y1 and y2 will differ on at mostN2, which is a null set. Hence, the
claim holds.

Now consider the general case. Define N1 =
{

(t,a) ∈ (0,T )×I
∣∣ f 1 , f 2} andN1 as in

Lemma 3.7. For any t0 ∈ (−amax,T ) not contained in N1, the set N1 ∩ char(t0) is a null
set in char(t0). This means that f 1

∣∣
char(t0) and f 2

∣∣
char(t0) represent the same element in

L2(char(t0),V ′), and thus we have y1
∣∣
char(t0) = y2

∣∣
char(t0) for these t0. Hence, if we let

N3B
⋃
t0∈N1

char(t0), then y1 and y2 will differ at most onN1∪N3, which according to
Lemma 3.7 is a null set again. This concludes the proof. □

3.9 Lemma. Under Assumption 3.1 we have y ∈ L2((0,T ),V ) ∩ L∞((0,T ),H) and v ∈
L2((0,T ),V ′) and the estimate∥∥∥y∥∥∥2

L2((0,T ),V )
+
∥∥∥y∥∥∥2

L∞((0,T ),H)
+ ∥v∥2L2((0,T ),V ′)

≲
(∥∥∥y0

∥∥∥2
H + ∥B∥2L2((0,T ),H) + ∥f ∥2L2((0,T ),V ′)

)
,

(3.19)

with a constant independent of y0, f and B.

Proof: By transforming on characteristic lines and applying Fubini’s theorem we obtain

∥∥∥y∥∥∥2
L2((0,T ),V )

+ ∥v∥2L2((0,T ),V ′) =

T∫
0

amax∫
0

∥∥∥y(t,a)
∥∥∥2
V

+ ∥v(t,a)∥2V ′ dadt

=

T∫
−amax

min{amax,T−t0}∫
max{−t0,0}

∥∥∥y(t0 + h,h)
∥∥∥2
V

+ ∥v(t0 + h,h)∥2V ′ dhdt0 . (3.20)

35



3 The unrelaxed equation

Splitting the integral into
∫ 0
−amax

and
∫ T

0
yields

∥∥∥y∥∥∥2
L2((0,T ),V )

+ ∥v∥2L2((0,T ),V ′) =

0∫
−amax

min{amax,T−t0}∫
−t0

∥∥∥U (h,−t0)y0(−t0) + S(h,−t0) f |char(t0)

∥∥∥2

V

+
∥∥∥U ′(h,−t0)y0(−t0) + S ′(h,−t0) f |char(t0)

∥∥∥2

V ′
dhdt0

+

T∫
0

min{amax,T−t0}∫
0

∥∥∥U (h,0)B(t0) + S(h,0) f |char(t0)

∥∥∥2

V

+
∥∥∥U ′(h,0)B(t0) + S ′(h,0) f |char(t0)

∥∥∥2

V ′
dhdt0 .

Applying the results from Lemma 3.6 allows us to further estimate

∥∥∥y∥∥∥2
L2((0,T ),V )

+ ∥v∥2L2((0,T ),V ′) ≲

0∫
−amax

∥∥∥y0(−t0)
∥∥∥2
H

+
∥∥∥f |char(t0)

∥∥∥2

L2((−t0,min{amax,T−t0}),V ′)
dt0

+

T∫
0

∥B(t0)∥2H +
∥∥∥f |char(t0)

∥∥∥2

L2((0,min{amax,T−t0}),V ′)
dt0

≲
∥∥∥y0

∥∥∥2
H + ∥B∥2L2((0,T ),H) + ∥f ∥2L2((0,T ),V ′) <∞. (3.21)

For the L∞ norms we proceed in a similar way:

∥∥∥y(t)
∥∥∥2
H =

amax∫
0

∥∥∥y(t,a)
∥∥∥2
H

da

=

min(t,amax)∫
0

∥∥∥U (a,0)B(t − a) + S(a,0) f |char(t−a)

∥∥∥2

H
da

+

amax∫
min(t,amax)

∥∥∥U (a,a− t)y0(a− t) + S(a,a− t) f |char(t−a)

∥∥∥2

H
da

≲

t∫
0

∥B(t − a)∥2 da+

t∫
0

amax∫
0

∥f (s,a)∥2 dads+

amax∫
0

∥∥∥y0(a)
∥∥∥2

da <∞.

Together with eq. (3.21), this estimate concludes the proof. □

3.10 Theorem. The function t 7→ y(t, ·, ·) is a continuous mapping from [0,T ] into H,
i.e. y ∈ C([0,T ],H), and we have∥∥∥y∥∥∥2

C([0,T ],H)
≲
∥∥∥y0

∥∥∥2
H + ∥B∥2L2((0,T ),H) + ∥f ∥2L2((0,T ),V ′).
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3.2 The linearized equation with fixed birth numbers

a

0 t

Tamax

−T
(a) Definition of ỹ

a

0 t

amax

T

−T
(b) Definition of y

Figure 2: Illustration of the relationship between ỹ and y, and the operation of the shift
and restriction operators.

Proof: First consider the function ỹ : [0,T ]× [−T ,amax]→H defined by

ỹ(t,a)B

{
U (a+ t,0)B(−a) + S(a+ t,0) f |char(−a) a < 0,

U (a+ t,a)y0(a) + S(a+ t,a) f |char(−a) a ≥ 0,

where we generalize U (t, s)BU (min{t,amax},max{s,0}) and proceed with S in an anal-
ogous way. Note that also with the new definition we have t 7→ U (t, s)ϕ ∈ C([s,∞),H)
for all t, s ∈ R and all ϕ ∈ H , and by Lemma 3.6 we can estimate ∥U (t, s)∥L(H,H) by a
uniform upper bound independent of t and s. Similar statements hold for S. For a
motivation on how to define ỹ, we refer to Figure 2. Figure 2a shows how ỹ is defined:
the desired evolution operators are applied on the blue lines, and their definition is
extended onto the dashed lines to ensure a pointwise continuous function. Later in the
proof we apply a the shift operator and restrict the domain for a, by which we obtain
Figure 2b, which represents the desired function y (cf. Figure 1).

Since for all t ∈ [0,T ] we have, using Lemma 3.6,

∥∥∥ỹ(t,a)
∥∥∥2
H
≲
∥∥∥f |char(−a)

∥∥∥2

L2(char(−a),V ′)
+

{
∥B(−a)∥2H , a < 0,∥∥∥y0(a)

∥∥∥2
H
, a ≥ 0,

(3.22)

we conclude
∥∥∥ỹ(t)

∥∥∥2
L2((−T ,amax),H)

≲
∥∥∥y0

∥∥∥2
H + ∥B∥2L2((0,T ),H) + ∥f ∥2L2((0,T ),V ′). This allows us to

conclude that ỹ ∈ L∞((0,T ),L2((−T ,amax),H)). We claim that ỹ is in fact an element of
C([0,T ],L2((−T ,amax),H)). To show this, let (tn)n∈N be a sequence in [0,T ] that converges
to some t∗ ∈ [0,T ]. From the continuity of U and S it follows that ỹ(tn, a) → ỹ(t∗, a)
pointwise for all a ∈ [−T ,amax]. Since in estimate (3.22) the right-hand side is an
element of L1((−T ,amax),H) when read as a function of a, we can invoke the dominated
convergence theorem (cf. [HvVW16, Prop. 1.2.5]) to obtain

lim
n→∞

amax∫
−T

∥∥∥ỹ(tn, a)− ỹ(t∗, a)
∥∥∥2
H

da = 0.
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3 The unrelaxed equation

This just means that ỹ(tn)→ ỹ(t∗) in L2((−T ,amax),H)), and hence shows the continuity
of ỹ.

Next, define the restriction operator

R ∈ L(L2((−T ,amax),H),L2((0, amax),H)), ϕ 7→ ϕ|(0,amax)

and for any t ∈ [0,T ] the age-shift operator

S(t) ∈ L(L2((−T ,amax),H)), (S(t)ϕ)(a) =

®
ϕ(a− t), a− t ≥ −T ,
0, a− t < −T .

It is well known that R and S(t) for any t are bounded, and that S is continuous with
respect to t. Our next step is to show that

y(t) = RS(t)ỹ(t),

which concludes the proof since we have written y as a composition of continuous
functions. In fact, for any t ∈ (0,T ) and a ∈ (0, amax) we have a− t ≥ −T and hence

(RS(t)ỹ(t))(a) =

{
U ((a− t) + t,0)B(−(a− t)) + S((a− t) + t,0) f |char(−(a−t)) , a− t < 0,

U ((a− t) + t,a)y0(a− t) + S((a− t) + t,a) f |char(−(a−t)) , a− t ≥ 0,

=

{
U (a,0)B(t − a) + S(a,0) f |char(t−a) , t > a,

U (a,a− t)y0(a− t) + S(a,a− t) f |char(t−a) , t ≤ a,

which is just the expression for y from eq. (3.17). The norm estimate has already been
shown in Lemma 3.9. □

3.11 Remark. Tracking the convergence for tn→ 0 shows that, in fact, y(t = 0, ·, ·) = y0,
where by Theorem 3.10 the left-hand side is a valid expression. By swapping the roles of
t and a in the previous proof we can also show that a 7→ y(·, a, ·) is a continuous mapping
from Ī into L2((0,T ),H) and it holds that y(·, a = 0, ·) = B.

3.12 Remark. Proving the continuity separately cannot be avoided, since an analogon
of Lemma 2.11 stating that for all y ∈ L2((0,T ),V ) with δy ∈ L2((0,T ),V ′) there is y ∈
C([0,T ],H) does not hold. However, one can show embeddings into spaces of continuous
functions on smaller time intervals, cf. Section 3.5.

3.13 Theorem. The function v is indeed the weak age-space derivative of y, i.e. we
have v = δy = ∂ty +∂ay, in the sense of V ′-valued functions on [0,T ]×I .

Proof: Let ϕ ∈ C∞c ([0,T ]×I ,V ′), then the same transformation as in eq. (3.20) yields

T∫
0

amax∫
0

〈
δϕ(t,a), y(t,a)

〉
V ′ +

〈
ϕ(t,a),v(t,a)

〉
V ′ dadt

=

T∫
−amax

min{amax,T−t0}∫
max{−t0,0}

〈
δϕ(t0 + h,h), y(t0 + h,h)

〉
V ′ +

〈
ϕ(t0 + h,h),v(t0 + h,h)

〉
V ′ dhdt0 .

Splitting the integral into
∫ 0
−amax

+
∫ T

0
and using eq. (3.17) gives the following expression:
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3.3 The linearized equation with implicit birth law

T∫
0

amax∫
0

〈
δϕ(t,a), y(t,a)

〉
V ′ +

〈
ϕ(t,a),v(t,a)

〉
V ′ dadt

=

0∫
−amax

min{amax,T−t0}∫
−t0

≠
d

dh
ϕ(t0 + h,h),U (h,−t0)y0(−t0)

∑
V ′

+
〈
ϕ(t0 + h,h),U ′(h,−t0)y0(−t0)

〉
V ′

+
≠

d
dh
ϕ(t0 + h,h),S(h,−t0) f |char(t0)

∑
V ′

+
¨
ϕ(t0 + h,h),S ′(h,−t0) f |char(t0)

∂
V ′

dhdt0

+

T∫
0

min{amax,T−t0}∫
0

≠
d

dh
ϕ(t0 + h,h),U (h,0)B(t0)

∑
V ′

+
〈
ϕ(t0 + h,h),U ′(h,0)B(t0)

〉
V ′

+
≠

d
dh
ϕ(t0 + h,h),S(h,0) f |char(t0)

∑
V ′

+
¨
ϕ(t0 + h,h),S ′(h,0) f |char(t0)

∂
V ′

dhdt0

= 0,

the last equality holding because of the definition of weak derivatives in intervals.
Note that h 7→ ϕ(t0 + h,h) is a test function again for all values of t0: The infinite
differentiability is clear, and from

ϕ(t0 + h,h)
∣∣∣∣∣
h=max{−t0,0}

=

®
ϕ(0,−t0), t0 < 0,
ϕ(t0,0), t0 ≥ 0,

ϕ(t0 + h,h)
∣∣∣∣∣
h=min{amax,T−t0}

=

®
ϕ(t0 + amax, amax), amax < T − t0,
ϕ(T ,T − t0), amax ≥ T − t0,

we conclude that the restriction of ϕ on characteristics is indeed zero at the endpoints,
and thus is compactly supported on the characteristics. □

3.14 Corollary. The function y defined in eq. (3.17) lies in L2((0,T ),V )∩C([0,T ],H)∩
C(Ī ,L2((0,T ),H)) and we have δy ∈ L2((0,T ),V ′). Further, y is a weak solution of eq. (3.9)
in the sense that it holds for almost all (t,a) ∈ (0,T )×I that〈

δy(t,a),v
〉
V ′×V + ⟨L(a)u(t,a),v⟩H + ⟨σ (a)∇u(t,a),∇v⟩Hd =

〈
f (t,a),v

〉
V ′×V

as well as the initial conditions y(t = 0, ·, ·) = y0 and y(·, a = 0, ·) = B.

Proof: The claim follows directly by Lemma 3.9, Remark 3.11 and Theorem 3.13. □

3.3 The linearized equation with implicit birth law

Up to now, the number B of newborn individuals was fixed. Our next goal is to
implement an implicit birth condition from eq. (3.1c) instead. This yields

δy +L(a,x)y − σ (a)∆y = f ,

y(t = 0) = y0, ∂νy(x ∈ ∂Ω) = 0,

y(a = 0) =

amax∫
0

β(α,x)y(t,α,x)dαC B.

(3.23)
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3 The unrelaxed equation

3.15 Assumption. For the remainder of this section, we adopt the same assumptions
as stated in Assumption 3.1, except for the first line. In more concrete terms we assume:

1. β ∈ L∞(I ,L∞(Ω))n×n, f ∈ L2((0,T ),V ′) and y0 ∈ H.

2. L ∈ C(I ,L∞(Ω))n×n and its entries are uniformly bounded away from zero with
respect to both age and space.

3. σ ∈ C(I ,Rn×n) is a diagonal matrix whose entries are uniformly bounded away
from zero with respect to age.

Formally plugging (3.17) into the implicit birth law yields (we suppress x in the nota-
tion)

B(t) =

amax∫
0

β(α)

{
U (α,0)B(t − a) + S(α,0) f |char(t−α) , t > α

U (α,α − t)y0(α − t) + S(α,α − t) f |char(t−α) , t ≤ α
dα .

Splitting the integral into
∫ min(t,amax)

0
+
∫ amax

min(t,amax)
yields

B(t) =

min(t,amax)∫
0

β(α,x)U (α,0)B(t −α)dα +

min(t,amax)∫
0

β(α)S(α,0) f |char(t−α) dα

+

amax∫
min(t,amax)

β(α)U (α,α − t)y0(α − t)dα +

amax∫
min(t,amax)

β(α)S(a,a− t) f |char(t−a) dα ,

(3.24)

which is a fixed point Volterra equation for B.

3.16 Theorem. Suppose that Assumption 3.15 holds. Then there exists a unique solu-
tion B ∈ L2((0,T ),H) to the Volterra equation (3.24), satisfying the estimate

∥B∥L2((0,T ),H) ≲
∥∥∥y0

∥∥∥H + ∥f ∥L2((0,T ),V ′)

with a constant independent of y0 and f .

Proof: We want to verify the conditions of Lemma 2.18. For t ∈ (0,T ) let

A(t)B

®
β(t)U (t,a), t ∈ I ,
0, else

and

F(t)B

amax∫
0

β(α,x)S(α, (α − t)+) f |char(t−α) dα +

amax∫
min(t,amax)

β(α,x)U (α,α − t)y0(α − t)dα ,

then our goal is to verify that A ∈ L∞((0,T ),L(H)) and F ∈ L2((0,T ),H). With the help of
Lemma 3.6, we can directly calculate

∥A∥L∞((0,T ),L(H)) = esssup
α∈I

∥∥∥β(α)U (α,0)
∥∥∥
L(H)

<∞.
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3.4 The nonlinear equation

For F, again using Lemma 3.6 and the substitutions t0 = t −α, s = α − t we calculate

∥F∥2L2((0,T ),H) ≤

∥∥∥∥∥∥∥∥
amax∫
0

β(α,x)S(α, (α − t)+) f |char(t−α) dα

∥∥∥∥∥∥∥∥
2

L2((0,T ),H)

+

∥∥∥∥∥∥∥∥∥
amax∫

min(t,amax)

β(α,x)U (α,α − t)y0(α − t)dα

∥∥∥∥∥∥∥∥∥
2

L2((0,T ),H)

≲

T∫
0

amax∫
0

∥∥∥f |char(t−α)

∥∥∥2

L2(char(t−α),V ′)
dαdt +

T∫
0

amax∫
min{t,amax}

∥∥∥y0(α − t)
∥∥∥2
H

dαdt

=

T∫
0

t∫
t−amax

∥∥∥f |char(t0)

∥∥∥2

L2(char(t0),V ′)
dt0 dt +

T∫
0

amax−t∫
(amax−t)+

∥∥∥y0(s)
∥∥∥2
H

dsdt

≲ T

T∫
−amax

∥∥∥f |char(t0)

∥∥∥2

L2(char(t0),V ′)
dt0 + T

amax∫
0

∥∥∥y0(s)
∥∥∥2
H

ds

≲ ∥f ∥2L2((0,T ),V ′) +
∥∥∥y0

∥∥∥2
H. □

3.17 Remark. Suppose that f = 0, and for given y0 ∈ L2(I ,H), let B B B(y0,0) as in
Theorem 3.16. Then, if we define

(T (t)y0)(a) :=

®
U (a,0)B(t − a), t > a,

U (a,a− t)y0(a− t), t ≤ a,

one can show that (T (t))t≥0 is a strongly continuous semigroup of operators on H
corresponding to the Volterra equation (3.24), see e.g. [Web08, Thm. 4]. It is possible to
solve the inhomogeneous or, respectively, the nonlinear equation with this semigroup
and Duhamel’s formula. However, we proceed in a different manner, because for the
relaxed equation, semigroup methods turn out to be suboptimal (cf. Remark 4.15), and
for better comparability we wish to solve both equations using similar techniques.

3.18 Theorem. Suppose that Assumption 3.15 holds. Then there exists a unique weak
solution y ∈ L2((0,T ),V ) ∩ C([0,T ],H) ∩ C(Ī ,L2((0,T ),H)) with δy ∈ L2((0,T ),V ′) to
eq. (3.23) in the sense given in Corollary 3.14. Furthermore, y satisfies the estimate∥∥∥y∥∥∥2

L2((0,T ),V )
+
∥∥∥y∥∥∥2

C([0,T ],H)
+
∥∥∥δy∥∥∥2

L2((0,T ),V ′) ≲
∥∥∥y0

∥∥∥2
H + ∥f ∥2L2((0,T ),V ′). (3.25)

Proof: Combine the estimates from eq. (3.19) and Theorem 3.10 with the results for B
from Theorem 3.16. □

3.4 The nonlinear equation

In this section, we investigate the well-posedness of the original nonlinear model (3.1).
To achieve this, we make the following assumptions.
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3 The unrelaxed equation

3.19 Assumption. 1. Assumption 3.15 still holds. That is,

1.1. β ∈ L∞(I ,L∞(Ω)n×n), f ∈ L2((0,T ),V ′) and y0 ∈ H.

1.2. L ∈ C(I ,L∞(Ω))n×n and its entries are uniformly bounded away from zero
with respect to both age and space.

1.3. σ ∈ C(I ,Rn×n) is a diagonal matrix whose entries are uniformly bounded
away from zero with respect to age.

2. For every u ∈ L∞((0,T ) × I ×Ω), the control input K(u) ∈ L∞((0,T ) × I ×Ω)n×n

depends linearly on u while not explicitly depending on time, age and space. Also,
as in eq. (1.8), we assume the control u to be positive and bounded above by some
ū > 0.

3. All infection kernels khi from eq. (1.1d) are elements of L∞(I ×Ω,H).

Under these assumptions, Λ is a well-defined operator, since for all h, i and all v ∈ H
the map

(a,x) ∈ I ×Ω 7→
¨
khi(a,x, ·, ·),v

∂
H

is well-defined and belongs to L∞(I ×Ω). This in turn means that Λ(v) defined by
eq. (1.1d) is an element of L∞((0,T )×I ×Ω)n×n, which can be multiplied with elements
from H, the product again being an element of H. Furthermore, this structure allows
an estimate of the form

∥Λ(v1)v2∥H ≤ c(k)∥v1∥H∥v2∥H (3.26)

for some constant c depending on k. Integrating this estimate on Λ with y1, y2 ∈
L2((0,T ),H) over the interval [0, t] where t ∈ [0,T ] yields∥∥∥Λ(y1)y2

∥∥∥
L2((0,t),H)

≲
∥∥∥y1

∥∥∥
L∞((0,t),H)

∥∥∥y2

∥∥∥
L2((0,t),H)

, (3.27a)

or, respectively, ∥∥∥Λ(y1)y2

∥∥∥
L2((0,t),H)

≲
∥∥∥y1

∥∥∥
L2((0,t),H)

∥∥∥y2

∥∥∥
L∞((0,t),H)

. (3.27b)

This shows that for y ∈ C([0,T ],H), there is Λ(y)y ∈ L2((0,T ),H). According to Theo-
rem 3.18 this is regular enough for f in eq. (3.23) to be replaced by Λ(y)y. Formally
this is done with a fixed-point argument.

3.20 Theorem. Suppose that Assumption 3.19 holds. Then there exists a T ∗ > 0 such
that for almost every T ∈ (0,T ∗) the state equation

δy +L(a,x)y +Λ(a,x,y)y +K(u)y = σ (a)∆y,
y(t = 0) = y0,

y(a = 0) =

amax∫
0

β(α,x)y(t,α,x)dα ,

∂νy(x ∈ ∂Ω) = 0
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3.4 The nonlinear equation

has a unique weak solution y ∈ L2((0,T ),V )∩C([0,T ],H)∩C(Ī ,L2((0,T ),H)) with δy ∈
L2((0,T ),V ′) satisfying the weak formulation〈

δy,v
〉
V ′×V +

〈
Ly,v

〉
H +

〈
Λ(y)y,v

〉
H +

〈
K(u)y,v

〉
H +

〈
σ (a)∇y,∇v

〉
Hd = 0 (3.28)

for all v ∈ V and almost all t and a. More precisely, one can choose

T ∗ = C
(∥∥∥y0

∥∥∥2
H + ū2

)−1

with a constant C independent of y0 and ū. Furthermore, we have an energy estimate
of the form ∥∥∥y∥∥∥2

L2((0,T ),V )
+
∥∥∥y∥∥∥2

C([0,T ],H)
+
∥∥∥δy∥∥∥2

L2((0,T ),V ′) ≲
∥∥∥y0

∥∥∥2
H. (3.29)

Proof: The proof is based on Banach’s fixed-point argument and is inspired by [Smo83,
Thm. 14.2 and Lem. 14.3]. We start by showing uniqueness. If y1 is a solution of the
nonlinear equation to the initial value y1

0 and the control u1 and y2 a solution to the
initial value y2

0 and control u2, then the difference wB y1 − y2 satisfies

δw+L(a,x)w = σ (a)∆w+Λ(y2)y2 −Λ(y1)y1 +K(u2)y2 −K(u1)y1,

w(t = 0) = y1
0 − y

2
0 ,

w(a = 0) =

amax∫
0

β(α,x)w(t,α,x)dα ,

∂νw(x ∈ ∂Ω) = 0.

Thus, by Theorem 3.18 and using eq. (3.27), we can write the estimate

∥w∥2L2((0,T ),V ) + ∥w(t)∥2H + ∥δw∥2L2((0,T ),V ′)

≲
∥∥∥y1

0 − y
2
0

∥∥∥2
H +

∥∥∥Λ(y2)y2 −Λ(y1)y1
∥∥∥2
L2((0,T ),V ′) +

∥∥∥K(u2)y2 −K(u1)y1
∥∥∥2
L2((0,T ),V ′)

≲
∥∥∥y1

0 − y
2
0

∥∥∥2
H +

∥∥∥Λ(y2)(y2 − y1)
∥∥∥2
L2((0,T ),V ′) +

∥∥∥Λ(y2 − y1)y1
∥∥∥2
L2((0,T ),V ′)

+
∥∥∥K(u2)(y2 − y1)

∥∥∥2
L2((0,T ),V ′) +

∥∥∥K(u2 −u1)y1
∥∥∥2
L2((0,T ),V ′)

≲
∥∥∥y1

0 − y
2
0

∥∥∥2
H + max

{∥∥∥y1
∥∥∥2
L∞((0,T ),H)

,
∥∥∥y2

∥∥∥2
L∞((0,T ),H)

}
∥w∥2L2((0,T ),H)

+ ∥u2∥2L∞∥w∥
2
L2((0,T ),H) + ∥u2 −u1∥2L∞

∥∥∥y1
∥∥∥2
L2((0,T ),H)

. (3.30)

If we assume
∥∥∥yi∥∥∥

L∞((0,T ),H)
(i = 1,2) to be bounded above by S > 0, Gronwall’s lemma

yields the estimate

∥w(t)∥2H ≲
(∥∥∥y1

0 − y
2
0

∥∥∥2
H + S2∥u2 −u1∥2L∞

)
exp
Ä

max
¶
S2, ū2

©
T
ä
.

This estimate establishes the local (w.r.t the L∞((0,T ),H)-norm) Lipschitz continuity of
the solution operator with respect to the control and the initial function, and for y1

0 = y2
0

and u1 = u2 yields uniqueness in L∞((0,T ),H).
Next we prove the existence of a solution. For this purpose, we define the set

Γ :=
{
y ∈ C([0,T ],H)

∣∣∣ ∥∥∥y − ȳ∥∥∥2
L∞((0,T ),H)

≤
∥∥∥y0

∥∥∥2
H

}
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3 The unrelaxed equation

where ȳ is the solution of the corresponding linear equation, i.e.

δȳ +L(a,x)ȳ − σ (a)∆ȳ = 0,

ȳ(t = 0) = y0, ȳ(a = 0) =

amax∫
0

β(α,x)y(t,α,x)dα ,

∂ν ȳ(x ∈ ∂Ω) = 0.

According to Theorem 3.18, ȳ satisfies the estimate∥∥∥ȳ∥∥∥2
L2((0,T ),V )

+
∥∥∥ȳ∥∥∥2

C([0,T ],H)
+
∥∥∥δȳ∥∥∥2

L2((0,T ),V ′) ≲
∥∥∥y0

∥∥∥2
H. (3.31)

Note that Γ is a closed subset of L∞((0,T ),H)). For any y ∈ Γ we can estimate∥∥∥y(t)
∥∥∥2
H ≤

∥∥∥y(t)− ȳ
∥∥∥2
H +

∥∥∥ȳ∥∥∥2
H ≲

∥∥∥y0

∥∥∥2
H, (3.32)

which shows that Γ is also a bounded subset of C([0,T ],H).
We also define the mappingΦ : Γ → Γ , which maps any y ∈ Γ to the solution v :=Φ(y)

of

δv +L(a,x)v +Λ(a,x,y)y +K(u)y = σ (a)∆v,

v(t = 0) = y0, v(a = 0) =

amax∫
0

β(α,x)v(t,α,x)dα ,

∂νv(x ∈ ∂Ω) = 0.

Note that ȳ =Φ(0).
Now, for any y1, y2 ∈ Γ , we have for wBΦ(y1)−Φ(y2) with similar computations as

in eq. (3.30) that

∥w∥2L∞((0,T ),H)

≲max
{∥∥∥y1

∥∥∥2
L∞((0,T ),H)

,
∥∥∥y2

∥∥∥2
L∞((0,T ),H)

}∥∥∥y2 − y1
∥∥∥2
L2((0,T ),H)

+ ∥u∥L∞
∥∥∥y2 − y1

∥∥∥2
L2((0,T ),H)

≲
(∥∥∥y0

∥∥∥2
H + ū2

)
T
∥∥∥y1 − y2

∥∥∥2
L∞((0,T ),H)

.

In the last line, we have used eq. (3.32) for y1, y2 ∈ Γ . Letting y2 = 0 shows that for

sufficiently small T ∗ proportional to
(∥∥∥y0

∥∥∥2
H + ū2

)−1
, the image of the map Φ is again

contained in Γ , since then we have∥∥∥Φ(y1)− ȳ
∥∥∥2
L∞((0,T ),H)

≲
(∥∥∥y0

∥∥∥2
H + ū2

)
T
∥∥∥y1

∥∥∥2
L∞((0,T ),H)

≲
(∥∥∥y0

∥∥∥2
H + ū2

)
T
∥∥∥y0

∥∥∥2
H.

It also shows that for sufficiently small T ∗ ≤ T , which again can be chosen proportional

to
(∥∥∥y0

∥∥∥2
H + ū2

)−1
, the mapping Φ is a contraction. Consequently, the existence of a

fixed point ȳ ∈ Γ follows from Banach’s fixed-point theorem.
Furthermore, we can deduce even higher regularity and the corresponding energy

estimates for the solution. Using eq. (3.31), eq. (3.30) and the fact that Φ(y) = y ∈ Γ
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yields ∥∥∥y∥∥∥2
L2((0,T ),V )

+
∥∥∥y∥∥∥2

C([0,T ],H)
+
∥∥∥δy∥∥∥2

L2((0,T ),V ′)

≲
∥∥∥y − ȳ∥∥∥2

L2((0,T ),V )
+
∥∥∥y − ȳ∥∥∥2

C([0,T ],H)
+
∥∥∥δy − ȳ∥∥∥2

L2((0,T ),V ′) +
∥∥∥y0

∥∥∥2
H

≲max
{∥∥∥y∥∥∥2

L∞((0,T ),H)
,
∥∥∥ȳ∥∥∥2

L∞((0,T ),H)
, ū2
}∥∥∥y − ȳ∥∥∥2

L2((0,T ),H)
+
∥∥∥y0

∥∥∥2
H

≲max
{∥∥∥y0

∥∥∥2
H, ū

2
}
T
∥∥∥y − ȳ∥∥∥2

L∞((0,T ),H)
+
∥∥∥y0

∥∥∥2
H,

and by choosing T proportional to
(∥∥∥y0

∥∥∥2
H + ū2

)−1
and using y ∈ Γ we finally arrive at

∥∥∥y∥∥∥2
L2((0,T ),V )

+
∥∥∥y∥∥∥2

C([0,T ],H)
+
∥∥∥δy∥∥∥2

L2((0,T ),V ′) ≲
∥∥∥y0

∥∥∥2
H,

the energy estimate we wanted to show. □

3.21 Remark. The following integrated weak formulation is often more useful for
optimal control purposes: For any v ∈ L2((0,T ),V ) we have〈

δy,v
〉
L2((0,T ),V ′)×L2((0,T ),V ) +

〈
Ly,v

〉
L2((0,T ),H) +

〈
Λ(y)y,v

〉
L2((0,T ),H) (3.33)

+
〈
K(u)y,v

〉
L2((0,T ),H) +

〈
σ (a)∇y,∇v

〉
L2((0,T ),H)d = 0.

The proof that this is equivalent to eq. (3.28) can be done in a similar fashion to
[HPUU09, Thm. 1.33].

3.5 Addendum: Analysis of the state space of the

unrelaxed equation

In Theorem 3.13, we established that the solution y to eq. (3.9) lies in the space

V B
¶
f ∈ L2((0,T ),V )

∣∣∣ ∃δf ∈ L2((0,T ),V ′)
©
.

In this short section we analyze this space in more detail, prove a trace theorem and an
analogon to Lemma 2.11. Similar to [Eva10, Sec. 5.3], we can show that the space

V ∩C1([0,T ]× [0, amax],V )

is dense in V .

3.22 Theorem. Let ε > 0. Then there exists a bounded trace operator tr : V → L2((0,T −
ε),H) with the property that for every f ∈ C1([0,T ] × [0, amax],V ) it holds that trf =
f (·, a = 0)|[0,T−ε].
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3 The unrelaxed equation

Proof: The proof is adapted from [Eva10, Thm. 5.5.1]. First assume f ∈ V ∩C1([0,T ]×
[0, amax],V ) and let ϕε : [0, ε]→R, s 7→ 1− ε−1s, then from Lemma 2.12 we infer that

∥f (·,0)∥2L2((0,T−ε),H) =

T−ε∫
0

∥f (t,0)∥2H dt

= −
T−ε∫
0

〈
ϕε(ε)f (t + ε,ε), f (t + ε,ε)

〉
H −

〈
ϕε(0)f (t,0), f (t,0)

〉
H dt

= −
T−ε∫
0

ε∫
0

≠
d
da

(ϕε(a)f (t + a,a)), f (t + a,a)
∑
V ′×V

+
≠

d
da
f (t + a,a),ϕε(a)f (t + a,a)

∑
V ′×V

dadt

= −
T−ε∫
0

ε∫
0

〈
ϕ′ε(a)f (t + a,a) +ϕε(a)δf (t + a,a), f (t + a,a)

〉
V ′×V

+
〈
δf (t + a,a),ϕε(a)f (t + a,a)

〉
V ′×V dadt

≤
T−ε∫
0

ε∫
0

ε−1∥f (t + a,a)∥2H + 2∥f (t + a,a)∥V ∥δf (t + a,a)∥V ′ dadt

≤ 2ε−1∥f ∥2L2((0,T ),V ) + ε∥δf ∥2L2((0,T ),V ′). (3.34)

The general case then follows by approximating elements f ∈ V with sequences
(fn)n∈N ⊆ V ∩C1([0,T ]× [0, amax],V ) and letting trf = limn→∞ trfn. This is well-defined:
If (f̃n)n∈N is another sequence approximating f , we have the estimate∥∥∥trfn − tr f̃n

∥∥∥2
L2((0,T−ε),H)

≤ 2ε−1
∥∥∥fn − f̃n∥∥∥2

L2((0,T ),V )
+ ε

∥∥∥δfn − δf̃n∥∥∥2
L2((0,T ),V ′)→ 0.

This shows that the definition of trf does not depend on the approximating sequence.
Furthermore, the same estimate ∥trf ∥2L2((0,T−ε),H) ≤ 2ε−1∥f ∥2L2((0,T ),V ) + ε∥δf ∥2L2((0,T ),V ′)
holds. □

In a similar way we can define a trace operator from V to L2((0, amax − ε),H) that maps
any continuous f to f (t = 0, ·). The additional parameter ε is necessary to ensure
that t + a is still bounded by T if we let a vary from 0 to ε. Intuitively, this problem
arises from the fact that in the corner at (t,a) = (T ,0) (cf. Figure 1), the length of the
characteristics approaches zero. This would require the function ϕε to become infinitely
steep, increasing the value of its derivative and rendering an estimate of the form
|ϕ′ε| < ε−1 impossible. However, it is possible to avoid the need of introducing ε by, for
example, assuming that it holds f (t = T ) ≡ 0 instead: simply extend f by zero on the
strip [T ,T + ε].

The trace result can be used to obtain a result on embeddings:

3.23 Theorem. For every ε the space V embeds continuously into C([ε,T − ε],H).

Proof: We mimic the arguments of [RR04, Lem. 11.4]. It is sufficient to show the
claim on strips with width amax/2 and iterating the argument. For simplicity, we
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show the claim on the strip [0, amax/2]. Let f ∈ V ∩C1([0, amax/2]× [0, amax],V ), and let
0 < t∗ ≤ t < amax/2, then with eq. (3.34) it follows

∥f (t, ·)∥2H =

amax∫
0

∥f (t,a)∥2H da =

t−t∗∫
0

∥f (t,a)∥2H da+

amax∫
t−t∗

∥f (t,a)∥2H da

=

t−t∗∫
0

Ñ
∥f (t − a,0)∥2H +

a∫
0

〈
δf (t − a+ h,h), f (t − a+ h,h)

〉
V ′×V dh

é
da

+

amax∫
t−t∗

Ñ
∥f (t∗, a− t + t∗)∥2H

+

t−t∗∫
0

〈
δf (t∗ + h,a− t + t∗ + h), f (t∗ + h,a− t + t∗ + h)

〉
V ′×V dh

é
da

= ∥f (·,0)∥2L2((t∗,t),H) + ∥f (t∗, ·)∥2L2((0,amax−t+t∗),H)

+

amax∫
0

min(a,t−t∗)∫
0

⟨δf (t −min(a, t − t∗) + h,a−min(a, t − t∗) + h),

f (t −min(a, t − t∗) + h,a−min(a, t − t∗) + h)⟩V ′×V dhda

≤ ∥f (·,0)∥2L2((t∗,t),H) + ∥f (t∗, ·)∥2H + ∥δf ∥L2((t∗,t),V ′)∥f ∥L2((t∗,t),V ).

With the intermediate value theorem we now choose t∗ in such a way that the equation

∥f (t∗, ·)∥2H = t−1

t∫
0

∥f (s, ·)∥2Hds = t−1∥f ∥2L2((0,t),H.

is satisfied. Furthermore, using eq. (3.34), we estimate

∥f (·,0)∥2L2((t∗,t),H) ≤ 2ε−1∥f ∥2L2((0,amax/2+ε),V ) + ε∥δf ∥2L2((0,amax/2+ε),V ′).

Putting these estimates together we obtain, using Young’s inequality,

∥f (t, ·)∥2H ≤ ∥f (·,0)∥2L2((t∗,t),H) + ∥f (t∗, ·)∥2H + ∥δf ∥L2((t∗,t),V ′)∥f ∥L2((t∗,t),V )

≤ 2ε−1∥f ∥2L2((0,amax/2+ε),V ) + ε∥δf ∥2L2((0,amax/2+ε),V ′) + t−1∥f ∥2L2((0,t),H

+
ε
2
∥δf ∥2L2((t∗,t),V ′) +

1
2ε
∥f ∥2L2((t∗,t),V ).

Assuming that t ≥ ε, i.e. t remains strictly away from zero, this leads to an estimate of
the form

∥f (t, ·)∥2H ≲ ε
−1∥f ∥2L2((0,amax/2+ε),V ) + ε∥δf ∥2L2((0,amax/2+ε),V ′).

A similar approximation argument as in the proof of Theorem 3.22 shows the claim for
general f , which concludes the proof. □
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After the discussion of the unrelaxed equation where no second-order time or age
derivative is present, we are now ready to introduce a relaxation parameter τ , which
yields the relaxed equation

(1 + τδ)(δy +Ly +Λ(y)y) = σ (a)∆y, (4.1a)
y(t = 0) = y0, δy(t = 0) = y1, ∂νy(x ∈ ∂Ω) = 0, (4.1b)

y(t,a = 0) =

amax∫
0

β0(α,x)y(t,α,x)dα + g0(t,x), (4.1c)

(δy +Ly +Λ(y)y)(t,a = 0,x) =

amax∫
0

β1(α,x)(δy +Ly +Λ(y)y)(t,α,x)dα + g1(t,x) (4.1d)

presented in eq. (1.6). In order to establish the existence of a solution, we proceed in
a similar fashion to the previous chapter: pass to characteristic lines, solve a Volterra
equation, obtain a solution to the nonlinear equation with Banach’s fixed-point theorem.
However, we have to be more careful with the regularities of spaces and initial condi-
tions, and we also have to precisely track every occurrence of τ , since we also want to
determine a convergence rate for τ→ 0.

4.1 Motivation

The diffusion models discussed in the previous chapter have the property of infinite
propagation speed, meaning that if initially the quantity is solely concentrated in a
subdomain of Ω and zero everywhere else, for any positive time, no matter how small,
the concentration is nonzero over the whole of Ω. While this may be a suitable model
for e.g. heat dissipation, this property is unrealistic when the quantity u describes
things like moving populations that clearly move at finite speeds. A common way
to bypass this problem is to introduce a delay, which amounts to modifying the flux
equation from eq. (3.6) to

Q(t + τ) = −σ∇u(t),

where τ > 0 is the time the quantity needs to perceive the gradient and move accordingly.
Unfortunately, it has been shown (cf. [DQR09], or [Rac12] for a more complex model)
that this model is not well-posed. However, by formally applying the first-order Taylor
expansion Q(t + τ) ≈Q(t) + τQt(t), together with eq. (3.5) the complete model becomes®

ut + divQ = f
(1 + τ∂t)Q = −σ∇u

⇒ (1 + τ∂t)(ut − f ) = −(1 + τ∂t)divQ = σ∆u, (4.2)
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which is a damped wave equation (also sometimes called telegrapher’s equation). This
now hyperbolic equation can be shown to be well-posed (e.g. with Theorem 2.16) and
in addition to possess a finite speed of propagation, cf. [Rac15, Rem. at Fig. 3.2]. This
property is favorable in the kind of model we consider in this work. As in eq. (3.7), we
require the boundary condition ν ·Q = 0, then since also ν ·Qt = 0 we can conclude that

0 = ν · (1 + τ∂t)Q = −σν · ∇u = −σ∂νu,

and we again have Neumann boundary conditions.
If we want to apply the relaxation from eq. (4.2) to eq. (1.1a), we have to take into

account that the population ages with time. Hence, τ has to be introduced in both the
time and the age variable, and a formal Taylor equation yields yields

(1 + τδ)
(
δy(t,a,x) +L(a,x)y(t,a,x) +Λ(a,x,y(t, ·))y(t,a,x)

)
= σ (a)∆y(t,a,x),

the same as eq. (4.1b). Since this is now a second-order equation, we need additional
initial/boundary conditions where t or a is zero. For the boundary at t = 0, we can
simply impose another initial condition on δy. The a = 0-boundary is more complex
because of the implicit condition

y(t,a = 0,x) =

amax∫
0

β(α,x)y(t,α,x)dαC B0(t,x) (4.3)

we saw in eq. (1.1c). However, it can be used to derive a similar implicit condition for
B1 B δy(a = 0): Looking back to eq. (1.1a) (neglecting the control parameter u) and
setting a to zero gives

B1(t,x) +L(0,x)B0(t,x) +Λ(0,x,y(t, ·))B0(t,x) = −σ (a)∆B0(t,x). (4.4)

While this holds for the unrelaxed equation, this exact formulation does not work for
the relaxed equation due to regularity issues (in particular, the spatial regularity of ∆B0
will always be worse than that of B1). However, there are two ways around this:

(1) One simple workaround is to choose the birth number of the unrelaxed model in
the boundary condition for the relaxed model. If y0 is a solution of eq. (1.1) and
B0

0B y0(a = 0), then one can choose

B1(t,x) +L(0,x)B0(t,x) +Λ(0,x,y0(t, ·))B0(t,x) = −σ (0)∆B0
0(t,x) (4.5)

to determine B1. This essentially means that instead of determining the value
of δy at a = 0 implicitly, we just prescribe it in an explicit way. This boundary
condition works great when comparing the two model solutions y and y0, but is a
little artificial.

(2) For the second possibility we assume that β does not depend on space. Using
eq. (4.3) in the term with the Laplacian of eq. (4.4) yields

B1(t,x) +L(0,x)B0(t,x) +Λ(0,x,y(t, ·))B0(t,x)

= −σ (0)∆

amax∫
0

β(α)y(t,α,x)dα
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= −σ (0)

amax∫
0

β(α)σ (α)−1σ (α)∆y(t,α,x)dα

=

amax∫
0

σ (0)β(α)σ (α)−1(δy(t,α,x) +L(α,x)y(t,α,x) +Λ(α,x,y(t, ·)))dα . (4.6)

This condition naturally holds for the unrelaxed model, and it turns out to be a valid
choice for the relaxed one. Letting P (t,a,x)B δy(t,a,x)+L(a,x)y(t,a,x)+Λ(a,x,y(t, ·))
as in eq. (1.5), this condition is written more compactly as

P (t,0,x) =

amax∫
0

σ (0)β(α)σ (α)−1P (t,α,x)dα , (4.7)

similar to eq. (1.4). This condition is more natural, but due to its nonlinearity poses
more problems in what follows.

A third choice for a boundary condition would be to choose B1 in such a way that
y(t,amax,x) = 0 almost everywhere. This property can be shown to hold for simple
unrelaxed models, cf. [AAC11, Thm. 4.2], and would also come in handy later in
Section 4.5. However, it is unclear whether this is always possible, and thus is not
pursued here any further.

To allow for more generality, and later to be able to prove the convergence results from
Section 4.6, we allow a combination of implicit and explicit conditions for δy(a = 0).
Instead of only allowing terms of the form σ (0)∆B0

0 as in eq. (4.5), we allow general
functions g1, and instead of σ (0)βσ−1 from eq. (4.6) we allow general rates β1 that also
may depend on x. Combined, we obtain the condition

B1(t,x) +L(0,x)B0(t,x) +Λ(0,x,y0(t, ·))B0(t,x)

=

amax∫
0

β1(α,x)(δy +Ly +Λ(y)y)(t,α,x)dα + g1(t,x),

which is an equivalent formulation of eq. (4.1d). By also adding an explicit term g0 to
eq. (1.1c), which will be needed in Section 4.6), we obtain the general model (4.1).

4.2 Population movement in two dimensions

This section is motivated by [AP18], [BP21, Sec. 2.1] and [Hol93, Appendix A], which
discuss the one-dimensional case. It serves as an alternative motivation for the relaxed
equation and provides some new insights.

Consider an age-structured population moving in two-dimensional space R
2, which

we identify with C in the canonical way. For any ϕ ∈ [0,2π) let pϕ(t,a,z) be the density
of the population that at time t has age a, is located in z = x + iy and moves in the
direction eiϕ. The speed c = c(a) of the individuals is allowed to change with age. We
further assume that individuals change their angle of direction by the amount ψ at the
rate λψ ≥ 0 and that, in addition, there is a semilinear reaction term f (p)pϕ which may
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depend on the total number p =
∫ 2π

0
pϕ dϕ of individuals. Then for small times ∆t one

obtains the equation

pϕ(t +∆t,a+∆t,z+ c(a)eiϕ∆t)− pϕ(t,a,z) = ∆t

Ñ 2π∫
0

λψ(pϕ−ψ − pϕ)dψ + f (p)pϕ

é
.

Division by ∆t and then letting ∆t→ 0 leads us to the following differential equation,
where for brevity we suppress the variables t, a, z:

(∂t +∂a + ccos(ϕ)∂x + c sin(ϕ)∂y)pϕ =

2π∫
0

λψ(pϕ−ψ − pϕ)dψ + f (p)pϕ, (4.8)

which is an uncountably-infinite hyperbolic system. Note, however, that ϕ is 2π-
periodic, and it turns out that calculating the Fourier series over ϕ yields a simpler
structure. To this end, for any j ∈Z let

p̂j B

2π∫
0

eijϕpϕ dϕ , λ̂j B

2π∫
0

eijϕλψ dψ . (4.9)

From now on we assume that λ−ψ = λψ, i.e. individuals are just as likely to turn to the
left as to the right, the turn rate only depends on the magnitude of the angle. This leads
to

λ̂−j = λ̂j . (4.10)

Since λψ is a real function, we also have λ̂−j = λ̂j , thus all Fourier coefficients of λ are
real numbers as well.

Multiplying eq. (4.8) with eijϕ (j ∈Z) yields

2π∫
0

p
ϕ
t e

ijϕ + pϕa eijϕ + ccos(ϕ)eijϕpϕx + c sin(ϕ)eijϕpϕy dϕ

=

2π∫
0

2π∫
0

λψe
ijϕ(pϕ−ψ − pϕ)dψdϕ +

2π∫
0

eijϕf (p)pϕ dϕ .

Using

sin(ϕ)eijϕ =
ei(j+1)ϕ − ei(j−1)ϕ

2i
, cos(ϕ)eijϕ =

ei(j+1)ϕ + ei(j−1)ϕ

2
,

and the substitution ϕ⇝ ϕ +ψ in the integral involving pϕ−ψ, we obtain

2π∫
0

p
ϕ
t e

ijϕ + pϕa eijϕ +
c
2

Ä
ei(j+1)ϕ + ei(j−1)ϕ

ä
p
ϕ
x +

c
2i

Ä
ei(j+1)ϕ − ei(j−1)ϕ

ä
p
ϕ
y dϕ
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4.2 Population movement in two dimensions

∂Ω

ν

pϕ

pϕ+π

(a) U-turn

∂Ω

ν

parg(ν)−ϕ+π

parg(ν)+ϕ

ϕ

ϕ

(b) Reflection

Figure 3: Possible boundary conditions for pϕ.

=

2π∫
0

2π∫
0

λψe
ijϕ(eijψ − 1)pϕ dψdϕ + f (p) ·

2π∫
0

eijϕpϕ dϕ ,

which translates into

p̂
j
t + p̂ja +

c
2

(
p̂
j+1
x + p̂j−1

x − ip̂j+1
y + ip̂j−1

y

)
+ (λ̂0 − λ̂j)p̂j = f (p̂0)p̂j (4.11)

for all j ∈Z. Note that p equals p̂0, and that because of eq. (4.10) we have

λ̂0 − λ̂j =ℜ(λ̂0 − λ̂j) =

2π∫
0

(1− cos(jψ))λ(ψ)dψ ≥ 0, (4.12)

since λ was assumed to be nonnegative. Introducing the so-called Wirtinger derivatives
(which are well-known objects in the theory of complex variables, see for example
[Ahl79, p. 27])

∂f B
1
2

(∂xf − i∂yf ), ∂̄f B
1
2

(∂xf + i∂yf ),

eq. (4.11) can be written more compactly:

p̂
j
t + p̂ja + c∂p̂j+1 + c∂̄p̂j−1 + (λ̂0 − λ̂j)p̂j = f (p̂0)p̂j . (4.13)

This is still a hyperbolic system with infinitely many coupled equations, but the number
of equations is now countable and the coupling term for p̂j now only involves the
adjacent values p̂j±1. Neglecting the reaction term, it is possible to prove a Cauchy–
Kovalevskaya type existence result for eq. (4.13), cf. Theorem 4.24.

In case the movement of the population is limited to a space domain Ω ⊆C, we need
to consider boundary conditions. Let ν : ∂Ω→ {z ∈C | |z| = 1} the outer normal of Ω.
Two natural boundary conditions are illustrated in Figure 3. The U-turn condition

ℜ(νe−iϕ)(pϕ − pϕ+π) = 0
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4 The relaxed equation

models that upon hitting the boundary, individuals do a 180-degree turn, except when
moving in a tangential direction, in which case the termℜ(νe−iϕ) becomes zero. The
other, perhaps more natural condition is the reflection condition

parg(ν)+ϕ − parg(ν)−ϕ+π = 0

which means that incoming individuals are reflected like light on a mirror, the angle of
incidence being equal to the angle of reflection with respect to the normal vector. For
any j ∈Z, calculating the Fourier series yields the transformed conditions

0 =

2π∫
0

eijϕ(νe−iϕ + ν̄eiϕ)(pϕ − pϕ+π)dϕ

=

2π∫
0

(νei(j−1)ϕ + ν̄ei(j+1)ϕ)pϕ dϕ −
2π∫
0

(νei(j−1)(ϕ−π) + ν̄ei(j+1)(ϕ−π))pϕ dϕ

= (1 + (−1)j)(νp̂j−1 + ν̄p̂j+1) (4.14)

for the U-turn condition and

0 =

2π∫
0

eijϕ(parg(ν)+ϕ − parg(ν)−ϕ+π)dϕ

=

2π∫
0

eij(ϕ−arg(ν))pϕ dϕ −
2π∫
0

eij(ϕ+arg(ν)+π)p−ϕ dϕ

= ν̄j p̂j − (−ν)j p̂−j (4.15)

for the reflection condition. If we neglect the age structure, a unique solution to
eq. (4.13) with boundary condition eq. (4.14) can be constructed with the theory of
semigroups, cf. Corollary 4.34.

Another important boundary is the one where a = 0. Similar to eq. (4.3), we want
to impose implicit birth conditions. Assuming that individuals at age a give birth to a
number of β(a,ψ) newborns whose angle of movement differ to the one of the parent by
ψ, we obtain the boundary condition

pϕ(t,a = 0, z) =

2π∫
0

amax∫
0

β(α,ϕ −ψ)pψ(t,α,z)dαdψ .

Calculating the Fourier series gives

p̂j(a = 0) =

2π∫
0

eijϕpϕ(a = 0)dϕ

=

2π∫
0

eijϕ
2π∫
0

amax∫
0

β(α,ϕ −ψ)pψ(α)dαdψdϕ
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4.2 Population movement in two dimensions

=

2π∫
0

2π∫
0

amax∫
0

eij(ϕ−ψ)β(α,ϕ −ψ) · eijψpψ(α)dαdϕdψ

∗=

amax∫
0

Ñ 2π∫
0

eijϕβ(α,ϕ)dϕ

é
·

Ñ 2π∫
0

eijψpψ(α)dψ

é
dα

=

amax∫
0

β̂j(α)p̂j(α)dα , (4.16)

where in the marked step we used the substitutiion ϕ 7→ ϕ +ψ. The result is a similar
condition to eq. (4.3). We mention two special cases:

• If the direction of newborns is completely independent of the direction of the
parents, i.e. β(α,ψ) = β(α)/2π, the transformed condition reads

β̂j(α) =

®
β(α), j = 0,
0, j ∈Z \ {0} .

(4.17)

• In the case where the direction of newborns matches the direction of their parents,
i.e. β(α,ψ) = β(α)δ0(ψ)/2π, using the Dirac distribution, a slight abuse of notation,
we get

β̂j(α) = β(α) for all j ∈Z. (4.18)

Similar to λ, we will assume that β(α,−ϕ) = β(ϕ), i.e. the direction of newborns deviates
from the direction of the parents to the right with equal probability than to the left.
This assumption leads to

β̂−j = β̂j . (4.19)

Since β(α,ϕ) is real, we also deduce that β̂−j = β̂j , thus all Fourier coefficients of β are
again real numbers.

While eq. (4.13) with initial and birth conditions is a nice and complete model, it
may be difficult to be applied in practice because of its complexity: In order to do
simulations or predictions, one has to prescribe the direction of every single individual
in every single point. The Fourier series model allows for simplifications, by truncating
the system after a certain number of terms. This can be justified by the fact that we are
mainly interested in the total population number p = p̂0, and if pϕ is square-integrable
with respect to ϕ, the p̂j converge to zero as j → ±∞, so there is hope that we do not
need all of the terms to get a good approximation for reality. Ignoring every term but
the one for j = 0 in eq. (4.13) yields

δp = f (p)p,

which is a valid model (we saw it already in eq. (3.4)), but does not contain space
variables at all. By truncating later, taking into account the terms where j ∈ {−1,0,1}
and defining λ = λ̂0 − λ̂1 (note that from eq. (4.12) we have λ ≥ 0) we arrive at

δp+ c(∂p̂1 + ∂̄p̂−1) = f (p)p,

δp̂1 + c∂̄p+λp̂1 = f (p)p̂1,

δp̂−1 + c∂p+λp̂−1 = f (p)p̂−1,

(4.20)
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4 The relaxed equation

a similar system to eq. (4.2) if one interpretes p̂±1 as the flux Q and the Wirtinger
derivatives as gradients resp. divergences. Applying δ+λ− f (p) to the first equation
and noting that ∂∂̄ = ∂̄∂ = ∆/4, the system decouples into

(δ+λ− f (p))(δp − f (p)p) = −c(δ+λ− f (p))(∂p̂1 + ∂̄p̂−1) = c2(∂∂̄+ ∂̄∂)p = c2

2 ∆p.

By dividing by λ, letting τ = λ−1 and σ (a)B c(a)2

2λ and ignoring the leftmost f (p)-term,
we arrive at

(1 + τδ)(δp − f (p)p) = σ∆p,

the same telegrapher’s equation as eq. (4.2).
It is quite remarkable that the U-turn condition (4.14) and the reflection condition

(4.15) both yield the very same boundary conditions, namely none for j = 0 and

ν̄p̂1 + νp̂−1 = 0

for j = ±1, the latter being similar in structure to eq. (3.7). This implies Neumann
conditions, since from eq. (4.20) we have that

0 = (δ+λ− f (p))(ν̄p̂1 + νp̂−1)

= ν̄(δ+λ− f (p))p̂1 + ν(δ+λ− f (p))p̂−1

= −c(ν̄∂̄+ ν∂)p,

and ν̄∂̄+ ν∂ = 2ℜν̄∂̄ = (ℜν,ℑν)T · (∂x,∂y)T = ∂ν .
Next we investigate what conditions we obtain for a = 0. In eq. (4.16) we already have

deduced the condition p̂j(a = 0) =
∫ amax

0
β̂j(α)p̂j(α)dα, which for j = 0 immediately leads

to

p(a = 0) =

amax∫
0

β̂0(α)p(α)dα ,

as seen before in eq. (4.3). Letting a = 0 in eq. (4.20) and using eq. (4.16) for j = ±1 now
leads to

(δp − f (p)p)(a = 0) = −c(0)(∂p̂1 + ∂̄p̂−1)(a = 0)

= −c(0)

amax∫
0

β̂1(α)∂p̂1(α) + β̂−1(α)∂̄p̂−1(α)dα .

Using eq. (4.19), this can be simplified to

(δp − f (p)p)(a = 0) = −c(0)

amax∫
0

β̂1(α)
Ä
∂p̂1(α) + ∂̄p̂−1(α)

ä
dα

=

amax∫
0

c(0)β̂1(α)c(α)−1(δp − f (p)p)(α)dα ,
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4.3 The linearized equation with fixed birth numbers

which is similar to eq. (4.6). By letting P = δp − f (p)p as in eq. (1.5) we obtain

P (a = 0) =

amax∫
0

c(0)β̂1(α)c(α)−1P (α)dα ,

which is similar to eq. (4.7) if we assume β̂1(α) = c(0)
c(α) β̂0(α).

4.1 Remark. We can derive a similar system by starting with the Kolmogorov equation

pt(t,x,v) + v · ∇xp(t,x,v)−∆vp(t,x,v) = 0, for t ≥ 0, x, v ∈Rd

(cf. [Kol34], and [NZ21] for an extensive mathematical treatment) where u = u(t,x,v)
describes the state of a population at time t and position x that has velocity v. For
simplicity we only consider the homogeneous case. We proceed as above: let d = 2
and restrict the velocity v on a circle around the origin with radius c. With the usual
identification of C and R

2 and the convention pϕ B p(·, ·, ceiϕ) we arrive at

p
ϕ
t + c(cosϕ,sinϕ)∇pϕ − 1

c2
∂2

∂ϕ2 p
ϕ = 0,

where we used the Laplace operator

∆ =
∂2

∂r2 +
1
r
∂
∂r

+
1
r2

∂2

∂ϕ2

in polar coordinates, and dropped the terms involving derivatives of r. Defining p̂ as in
eq. (4.9) and using results on Fourier coefficients of derivatives, similar calculations to
those that gave eq. (4.13) yield

p̂
j
t + c∂p̂j+1 + c∂̄p̂j−1 +

j2

c2 p̂
j = 0.

This is exactly eq. (4.13) with λ̂j − λ̂0 = j2/c2, thus we can derive the wave equation
in exactly the same way. Note, however, that the results from Section 4.8, especially
Theorem 4.24 and Corollary 4.34, are not applicable for this variant of the system
because the terms j2/c2 are not uniformly bounded.

4.3 The linearized equation with fixed birth numbers

This section, and the two following ones, lead to a proof of existence and uniqueness
of solutions to eq. (4.1). Similar to Section 3.2, we start by considering a linearized,
inhomogeneous version of eq. (4.1) given by

(1 + τδ)(δy(t,a,x) +L(a,x)y(t,a,x)) = σ (a)∆y(t,a,x) + f (t,a,x) (4.21a)

with the usual boundary conditions

∂νy(x ∈ ∂Ω) = 0, (4.21b)

the desired initial values

y(t = 0) = y0, δy(t = 0) = y1, (4.21c)
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4 The relaxed equation

and explicit birth numbers

y(a = 0) = B0, δy(a = 0) = B1. (4.21d)

Let t0 ∈ (−amax,T ). By introducing characteristics as in eq. (3.10) and letting v B
y
∣∣
char(t0), we obtain the second-order system

(1 + τ∂h)(vh(h,x) +L(h,x)v(h,x)) = σ (h)∆v(h,x) + f (t0 + h,h,x) in [(−t0)+, amax]×Ω,

v(h = (−t0)+) =

®
y0(−t0), t0 < 0
B0(t0), t0 > 0

C v0 in Ω,

vh(h = (−t0)+) =

®
y1(−t0), t0 < 0
B1(t0), t0 > 0

C v1 in Ω,

∂νv(h) = 0 in [(−t0)+, amax]×∂Ω.

(4.22)

An application of the chain rule yields

(1 + τ∂h)(vh +L(h)v) = τvhh + (1 + τL(h))vh + (L(h) + τLh(h))v, (4.23)

which indicates that we need higher regularity assumptions on L than in Assumption 3.1,
since merely requesting L ∈ C(I ,L∞(Ω)n×n) does not guarantee the existence of Lh.

4.2 Assumption. We assume

1. τ ∈ (0, τmax) for some 0 < τmax <∞.

2. y0 ∈ V , y1 ∈ H, B0 ∈ L2((0,T ),V ), B1 ∈ L2((0,T ),H) and f ∈ L2((0,T ),H).

3. L ∈ C1(Ī ,L∞(Ω))n×n and its entries are uniformly bounded away from zero with
respect to both age and space.

4. σ ∈ C1(Ī ,R)n×n is a diagonal matrix whose entries are uniformly bounded away
from zero with respect to age.

With eq. (3.11) and eq. (4.23) we arrive at the following weak formulation for eq. (4.22):
for all w ∈ V we require that

d
dh
⟨τvh(h),w⟩H + ⟨vh(h) + τL(h)vh(h),w⟩H + ⟨L(h)v(h) + τLh(h)v(h),w⟩H

+⟨σ (h)∇v(h),∇w⟩Hd =
〈
f (t0 + h,h),w

〉
H

holds for almost all h ∈ ((−t0)+, amax).

4.3 Theorem. Under Assumption 4.2, for every t0 ∈ (−amax,T ) there exists a unique
weak solution v ∈ C([(−t0)+, amax],V )∩C1([(−t0)+, amax],H)∩C2([(−t0)+, amax],V ′) of the
relaxed equation (4.22) on characteristics.

Proof: We verify the conditions of Theorem 2.16, which will then yield the result. To
this end, we introduce the operators

A0B −σ∆, A1B L+ τLh, B B I + τL, CB τI,

where I denotes the identity operator. Note that none of these operators depends on
t0. The assumptions ensure that v0 ∈ V , V1 ∈ H and f |char(t0) ∈ L2(H). Further, they
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4.3 The linearized equation with fixed birth numbers

show that A0 ∈ C1([0, amax],L(V ,V ′)), A1 ∈ C([0, amax],L(H,H)) (which is stronger than
necessary), and B, C ∈ C1([0, amax],L(H,H)). The fact that the form generated by A0 is
hermitian and coercive can be seen as in the proof of Theorem 3.2. Further, we note
that ⟨C(t)u,u⟩H = τ∥u∥2H , and the form generated by C is obviously hermitian. Since we
now have verified all conditions of Theorem 2.16, the claim follows. □

It will become very important later, in particular when considering convergence
issues in Theorem 4.23, to precisely track the τ-dependence in energy estimates. The
following lemma is the basis to this.

4.4 Lemma. Let s B (−t0)+ and τmax > 0. Then for all h ∈ [s,amax] and all τ ∈ (0, τmax)
the solution v from Theorem 4.3 satisfies the estimate

τ∥vh(h)∥2H + ∥v(h)∥2V ≲ τ∥v1∥2H + ∥v0∥2V + ∥f ∥2L2((s,amax),H)

with a constant that does not depend on τ or s, but possibly on τmax.

Proof: From Corollary 2.17 we have the energy equality

τ∥vh(h)∥2H + ⟨σ (h)∇v(h),∇v(h)⟩H = τ∥v1∥2H + ⟨σ (s)∇v0,∇v0⟩H

+

h∫
s

〈
σh(η)∇v(η),∇v(η)

〉
H + 2

〈
f (η),vh(η)

〉
H dη

− 2

h∫
s

〈
(1 + τL(η))vh(η),vh(η)

〉
H +

〈
(L(η) + τLh(η))v(η),vh(η)

〉
H dη .

Using the properties of σ and L from Assumption 4.2 we estimate (ε and ζ are to be
defined later):

τ∥vh(h)∥2H + cσ ∥∇v(h)∥2H ≤ τ∥v1∥2H + ∥σ (s)∥L∞∥∇v0∥2H

+

h∫
s

∥∥∥σ ′∥∥∥
L∞

∥∥∥∇v(η)
∥∥∥2
H

+ ε−1
∥∥∥f (η)

∥∥∥2
H

+ ε
∥∥∥vh(η)

∥∥∥2
H

dη

+

h∫
s

−2
∥∥∥vh(η)

∥∥∥2
H

+ 2τ∥L∥
∥∥∥vh(η)

∥∥∥2
H

+ ζ−1∥L+ τLh∥2
∥∥∥v(η)

∥∥∥2
H

+ ζ
∥∥∥vh(η)

∥∥∥2
H

dη . (4.24)

Furthermore, from the fundamental theorem of calculus we infer the estimate

γ∥v(h)∥2H ≤ 2γ∥v0∥2H + 2γh

h∫
s

∥∥∥vh(η)
∥∥∥2
H

dη

for any γ > 0. Adding this to eq. (4.24) yields

τ∥vh(h)∥2H +γ∥v(h)∥2H + cσ ∥∇v(h)∥2H ≤ τ∥v1∥2H + 2γ∥v0∥2H + ∥σ (s)∥L∞∥∇v0∥2H

+

h∫
s

∥∥∥σ ′∥∥∥
L∞

∥∥∥∇v(η)
∥∥∥2
H

+ ε−1
∥∥∥f (η)

∥∥∥2
H

+ ζ−1∥L+ τLh∥2
∥∥∥v(η)

∥∥∥2
H

dη

+

h∫
s

(2γh+ ε − 2 + 2τ∥L∥+ ζ)
∥∥∥vh(η)

∥∥∥2
H

dη .
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4 The relaxed equation

By choosing small enough values of γ , ζ, ε independently of τ we can make sure that
2γh+ε−2+ζ < 0 for all values of h ∈ [s,amax], thus the respective term can be neglected
in the estimate, leaving us with

τ∥vh(h)∥2H +γ∥v(h)∥2H + cσ ∥∇v(h)∥2H ≤ τ∥v1∥2H + 2γ∥v0∥2H + ∥σ (s)∥L∞∥∇v0∥2H

+

h∫
s

∥∥∥σ ′∥∥∥
L∞

∥∥∥∇v(η)
∥∥∥2
H

+ ε−1
∥∥∥f (η)

∥∥∥2
H

+ ζ−1∥L+ τLh∥2
∥∥∥v(η)

∥∥∥2
H

+ 2τ∥L∥
∥∥∥vh(η)

∥∥∥2
H

dη .

We now can apply Gronwall’s lemma, where in Lemma 2.4 we choose

Φ = τ∥vh(h)∥2H +γ∥v(h)∥2H + cσ ∥∇v(h)∥2H ,

β = τ∥v1∥2H + ∥v0∥2H + ∥∇v0∥2H +

h∫
s

∥∥∥f (η)
∥∥∥2
H

dη ,

and α the maximum of all the remaining constants. Further estimating ∥L+ τLh∥ by
∥L∥+ τmax∥Lh∥ yields the estimate

τ∥vh(h)∥2H + ∥v(h)∥2H + ∥∇v(h)∥2H ≲ τ∥v1∥2H + ∥v0∥2H + ∥∇v0∥2H +

h∫
s

∥∥∥f (η)
∥∥∥2
H

dη ,

where the constant does not depend on τ . This concludes the proof. □

4.5 Definition. In the same spirit as in Definition 3.3, let

• M(t, s)v0 the value v(t) of the solution v to eq. (4.22) with initial conditions
v(s) = v0, vh(s) = 0 and f ≡ 0.

• N (t, s)v1 the value v(t) of the solution v to eq. (4.22) with initial conditions v(s) = 0,
vh(s) = v1 and f ≡ 0.

• P (t, s)f the value v(t) of the solution v to eq. (4.22) with initial conditions v(s) = 0,
vh(s) = 0.

By M ′, N ′, P ′, we denote the respective time derivative. Note that the names M and N
are standard, cf. [EN00, p. 383], [MF88] or [Zhe94].

4.6 Corollary. Let s ∈ (0, amax), v0 ∈ V , v1 ∈H , f ∈ L2((s,amax),H). Then we have

M(·, s)v0 ∈ C([s,amax],V )∩C1([s,amax],H), ∥M(t, s)v0∥2V + τ
∥∥∥M ′(t, s)v0

∥∥∥2
H
≲ ∥v0∥2V ,

N (·, s)v1 ∈ C([s,amax],V )∩C1([s,amax],H), ∥N (t, s)v1∥2V + τ
∥∥∥N ′(t, s)v1

∥∥∥2
H
≲ τ∥v1∥2H ,

P (·, s)f ∈ C([s,amax],V )∩C1([s,amax],H), ∥P (t, s)f ∥2V + τ
∥∥∥P ′(t, s)f ∥∥∥2

H
≲ ∥f ∥2L2((s,amax),H),

and all constants can be chosen independently of τ , t or s.

Proof: This is a direct consequence of Lemma 4.4. □
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4.3 The linearized equation with fixed birth numbers

In a similar fashion to eq. (3.17), we can now reassemble the solution on the various
characteristics. This gives the expression

y(t,a) =

{
M(a,a− t)y0(a− t) +N (a,a− t)y1(a− t) + P (a,a− t) f |char(t−a) , t ≤ a,
M(a,0)B0(t − a) +N (a,0)B1(t − a) + P (a,0) f |char(t−a) , t ≥ a.

(4.25)

A simlar proof to Corollary 3.8 shows that this expression is in fact well-defined and
independent of the choice of representatives for f , y0, y1, B0 and B1.

As before, we have to verify that the function y defined by eq. (4.25) is indeed a weak
solution to eq. (4.21). To this end, and similar to eq. (3.18), we define a new function v
by

v(t,a) =

{
M ′(a,a− t)y0(a− t) +N ′(a,a− t)y1(a− t) + P ′(a,a− t) f |char(t−a) , t ≤ a,
M ′(a,0)B0(t − a) +N ′(a,0)B1(t − a) + P ′(a,0) f |char(t−a) , t ≥ a.

(4.26)

4.7 Theorem. Assume that Assumption 4.2 holds and define y by eq. (4.25) and v by
eq. (4.26). Then we have y ∈ L∞((0,T ),V ), v ∈ L∞((0,T ),H), and the estimate

τ∥v(t)∥2H +
∥∥∥y(t)

∥∥∥2
V ≲ ∥B0∥2L2((0,t),V ) + τ∥B1∥2L2((0,t),H) +

∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,t),H)

for all t ∈ [0,T ].

Proof: Using the representations of y and v and Fubini’s theorem, we calculate

τ∥v(t)∥2H +
∥∥∥y(t)

∥∥∥2
V =

amax∫
0

τ∥v(t,a)∥2H +
∥∥∥y(t,a)

∥∥∥2
V

da

≲

min(t,amax)∫
0

∥B0(t − a)∥2V + τ∥B1(t − a)∥2H da+

amax∫
min(t,amax)

∥∥∥y0(a− t)
∥∥∥2
V

+ τ
∥∥∥y1(a− t)

∥∥∥2
H

da

+

amax∫
0

∥∥∥f |char(t−a)

∥∥∥2

L2(H)
da

= ∥B0∥2L2(((t−amax)+,t),V ) + τ∥B1∥2L2(((t−amax)+,t),H) +
∥∥∥y0

∥∥∥2
L2((−(t−amax)+,amax−t),V )

+ τ
∥∥∥y1

∥∥∥2
L2((−(t−amax)+,amax−t),H)

+

amax∫
0

a∫
(a−t)+

∥f (t − a+ r, r)∥2H dr da

≤ ∥B0∥2L2((0,t),V ) + τ∥B1∥2L2((0,t),H) +
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H

+

amax∫
0

min(r+t,amax)∫
r

∥f (t − a+ r, r)∥2H dadr .

With the substitution s = a− r we obtain
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4 The relaxed equation

τ∥v(t)∥2H +
∥∥∥y(t)

∥∥∥2
V ≲ ∥B0∥2L2((0,t),V ) + τ∥B1∥2L2((0,t),H) +

∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H

+

amax∫
0

min(t,amax−r)∫
0

∥f (t − s, r)∥2H dsdr

≤ ∥B0∥2L2((0,t),V ) + τ∥B1∥2L2((0,t),H) +
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,t),H.

This concludes the proof. □

4.8 Theorem. Assume that Assumption 4.2 holds. Then the function v from eq. (4.26)
equals the weak derivative δy, where y is defined by eq. (4.25). Furthermore we have

y ∈ C([0,T ],V )∩C(Ī ,L2((0,T ),V )),

δy ∈ C([0,T ],H)∩C(Ī ,L2((0,T ),H)),

and the energy estimate

τ
∥∥∥δy∥∥∥2

C([0,T ],H)
+
∥∥∥y∥∥∥2

C([0,T ],V )
≲ ∥B0∥2L2((0,T ),V ) + τ∥B1∥2L2((0,T ),H)

+
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,T ),H). (4.27)

Also we have

y(t = 0) = y0, δy(t = 0) = y1, y(a = 0) = B0, δy(a = 0) = B1.

Proof: By replacing U with M or N , and S with P , respectively, proving that v is the
weak derivative of y can be done in a fashion similar to Theorem 3.13. The energy
estimate then follows directly from Theorem 4.7. Because of Corollary 4.6, a proof
similar to Theorem 3.10 with the same replacements for U and S shows the continuity
of y and v = δy and confirms the initial values for t and a. □

Combining Theorem 4.8 with the definition of a weak solution on characteristics allows
us to conclude the following existence theorem for the linearized system (4.21).

4.9 Theorem. Assume that Assumption 4.2 holds. Then the function y defined by
eq. (4.25) is a weak solution of eq. (4.21) in the sense that for almost all t ∈ (0,T ), a ∈ I
and all v ∈ V the weak formulation¨

τδ2y(t,a),v
∂
V ′×V

+
〈
(1 + τL(a))δy(t,a), v

〉
H +

〈
(L(a) + τLa(a))y(t,a),v

〉
H

=
〈
σ (a)∇y(t,a),∇v

〉
H +

〈
f (t,a),v

〉
H

and the initial conditions

y(0, a,x) = y0(a,x), δy(0, a,x) = y1(a,x),
y(t,0,x) = B0(t,x), δy(t,0,x) = B1(t,x)

hold, the latter expressions being defined by Theorem 4.8.
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4.4 The linearized equation with implicit birth laws

4.4 The linearized equation with implicit birth laws

The next step is to incorporate implicit birth conditions into model (4.21). We leave
eq. (4.1c) unchanged, and instead of the nonlinear condition (4.1d), we assume that the
value of δy in a = 0 depends implicitly on both y and δy. This yields the system

(1 + τδ)(δy(t,a,x) +L(a,x)y(t,a,x)) = σ (a)∆y(t,a,x) + f (t,a,x), (4.28a)
y(t = 0) = y0, δy(t = 0) = y1, ∂νy(x ∈ ∂Ω) = 0, (4.28b)

y(a = 0) =

amax∫
0

β0(α)y(α)dα + g0C B0(t), (4.28c)

(δy)(a = 0) =

amax∫
0

βL(α)y(α) + β1(α)(δy)(α)dα + g1C B1(t) (4.28d)

with some given “birth rates” β0, β1, βL. The name βL results from the fact that later, in
eq. (4.41), we will choose βL(α) = β1(α)L(α)−L(0)β0(α).

In order to make the following easier to read, we introduce a more compact notation
of our results so far. We introduce the space V

τ B V ×H with the norm∥∥∥(u0,u1)T
∥∥∥
V
τ =
Ä
∥u0∥2V + τ∥u1∥2H

ä1/2

(this is obviously a Banach space) and let

Y B
Å
y
δy

ã
, U B

Å
M N
M ′ N ′

ã
, S B

Å
P
P ′

ã
,

Y0B

Å
y0
y1

ã
, B B

Å
B0
B1

ã
, bB

Å
β0 0
βL β1

ã
,

then from eq. (4.25) we have

Y (t,a) =

®
U (a,a− t)Y0(a− t), t ≤ a
U (a,0)B(t − a), t ≥ a

+S(a, (a− t)+) f |char(t−a) ,

where

B(t) =

amax∫
0

b(α)Y (t,α)dα +
Å
g0
g1

ã
.

In this context, we can reformulate eq. (4.27) to

∥Y ∥2C([0,T ],L2(I ,V τ )) ≲ ∥B∥
2
L2((0,T ),V τ ) + ∥Y0∥2L2(I ,V τ ) + ∥f ∥2L2((0,T ),H). (4.29)

A similar calculation to the one giving eq. (3.24), where we replace B by B, y by Y , U
by U , S by S , β by b, and y0 by Y0 yields

B(t) =

min(t,amax)∫
0

b(α)U (α,0)B(t −α)dα +

amax∫
min(t,amax)

b(α)U (α,α − t)Y0(α − t)dα

+

amax∫
0

b(α)S(α, (α − t)+) f |char(t−α) dα +
Å
g0
g1

ã
.

(4.30)
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4 The relaxed equation

In contrast to the unrelaxed problem, this time we have to solve a Volterra equation of
a function that in the first component takes values in V . This means that multiplication
of an element v ∈ V with β0(a) (a ∈ I ) must again yield an element of V . In Assump-
tion 3.15 we assumed β(a) ∈ L∞(Ω), but this is not sufficient here. Rather we need the
results from the following lemma:

4.10 Lemma. Let ϕ ∈H1(Ω) where Ω ⊆R
d is an open and bounded domain and d ≥ 3.

Then for any ϱ ∈ W 1,d
b (Ω) := W 1,d(Ω) ∩ L∞(Ω) we have ϱϕ ∈ H1(Ω) and ∥ϱϕ∥H1 ≤

∥ϕ∥H1∥ϱ∥W 1,d
b (Ω). The space W 1,d

b (Ω) is complete with respect to the norm ∥ϱ∥W 1,d
b (Ω) =

∥ϱ∥L∞(Ω) + ∥∇ϱ∥Ld(Ω)d . If d = 2, the same results hold if we replace the space W 1,d
b by

W 1,d+ε
b BW 1,d+ε(Ω)∩L∞(Ω) for some ε > 0.

Proof: First let d > 2. If ϱϕ is an element of H1(Ω) then the product rule ∇(ϱϕ) =
ϕ∇ϱ + ϱ∇ϕ holds. This means that in order to show the claim we need to show that
both summands are contained in L2(Ω) again. The second one does so provided ϱ ∈ L∞.
The first one, ϕ∇ϱ, needs a little more reasoning. According to case 3 of Sobolev’s
Embedding Theorem 2.8, we have H1(Ω) ↪→ Lq(Ω) for any 2 ≤ q ≤ 2d

d−2 . For these q,
Hölder’s inequality yields (i = 1, . . . ,d)

∥ϕ ·∂iϱ∥2L2 =
∥∥∥ϕ2(∂iϱ)2

∥∥∥
L1 ≤

∥∥∥ϕ2
∥∥∥
Lq/2

∥∥∥(∂iϱ)2
∥∥∥
L(q/2)′ , (4.31)

where (q/2)′ denotes the conjugate exponent to q/2, i.e. it holds 1
q/2 + 1

(q/2)′ = 1. In

the special case q = 2d
d−2 ≥ 2 we have

(q
2

)′ = d
2 and therefore ∥ϕ ·∂iϱ∥2L2 ≤ ∥∂iϱ∥2Ld∥ϕ∥

2
Lq .

Thus, we have shown that ∇(ϱϕ) ∈ L2(Ω), and together with ϱ ∈ L∞(Ω) it follows that
ϱϕ ∈H1(Ω). Finally, the completeness of the space follows from L∞(Ω) ↪→ Ld(Ω).

If d = 2, case 2 from Sobolev’s Theorem 2.8 shows that H1(Ω) embeds into Lq(Ω) for
all q ∈ [2,∞). Hence, the above proof works if for q in eq. (4.31) we choose the value
q = 2 + 4

ε . In this case we have
(q

2

)′ = d+ε
2 , and we can conclude as in the case where

d > 2. □

4.11 Remark. From Sobolev’s Theorem 2.8 it follows that for any q > d there is an
embedding W 1,q(Ω) ↪→W 1,d

b (Ω).

4.12 Assumption. For the following section we assume that

1. β0 ∈ L∞(I ,W 1,d
b (Ω)) resp. in W 1,d+ε

b for some ε > 0 if d = 2, and βL, β1 ∈ L∞(I ×Ω).

2. g0 ∈ L2((0,T ),V ), g1 ∈ L2((0,T ),H).

3. The rest of Assumption 4.2 holds:

3.1. τ ∈ (0, τmax) for some 0 < τmax <∞.

3.2. y0 ∈ V , y1 ∈ H and f ∈ L2((0,T ),H).

3.3. L ∈ C1(Ī ,L∞(Ω))n×n and its entries are uniformly bounded away from zero
with respect to both age and space.

3.4. σ ∈ C1(Ī ,R)n×n is a diagonal matrix whose entries are uniformly bounded
away from zero with respect to age.
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4.4 The linearized equation with implicit birth laws

4.13 Theorem. The Volterra equation (4.30) has a unique solution B = B(Y0, f ,g0, g1) ∈
L2((0,T ),V τ ) which satisfies the estimate

∥B∥2L2((0,T ),V τ ) ≲ ∥Y0∥2L2(I ,V τ ) + ∥f ∥2L2((0,T ),H) + ∥g0∥2L2((0,T ),V ) + τ∥g1∥2L2((0,T ),H), (4.32)

the constant not depending on τ .

Proof: We want to verify the conditions of Lemma 2.18. To this end define

A(t) = 1I (t)b(t)U (t,0),

F(t) =

amax∫
min(t,amax)

b(α)U (α,α − t)Y0(α − t)dα +

amax∫
0

b(α)S(α, (α − t)+) f |char(t−α) dα .

First we calculate, using Corollary 4.6∥∥∥b(α)(u0,u1)T
∥∥∥
V
τ =

∥∥∥β0(α)u0

∥∥∥2
V

+ τ
∥∥∥βL(α)u0 + β1(α)u1

∥∥∥2
H

≲ ∥u0∥2V + τ
Ä
∥u0∥2H + ∥u1∥2H

ä
=
∥∥∥(u0,u1)T

∥∥∥
V
τ ,∥∥∥U (t, s)(u0,u1)T

∥∥∥
V
τ = ∥M(t, s)u0 +N (t, s)u1∥2V + τ

∥∥∥M ′(t, s)u0 +N ′(t, s)u1

∥∥∥2
V

≲ ∥u0∥2V + τ∥u1∥2H + ∥u0∥2V + τ∥u1∥2H
=
∥∥∥(u0,u1)T

∥∥∥
V
τ ,

∥S(t, s)f ∥2
V
τ = ∥P (t, s)f ∥2V + τ

∥∥∥P ′(t, s)f ∥∥∥2
H

≲ ∥f ∥2L2((s,t),H)

with constants independent of τ , s, t or α. Now, calculations similar to those in the
proof of Theorem 3.16 (where we replace H by V

τ , β by b, y0 by Y0, U by U and S by S)
show that A ∈ L∞((0,T ),L(V τ )), its norm not depending on τ , and that

∥F(t)∥L2((0,T ),V τ ) ≲ ∥f ∥
2
L2((0,T ),H) + ∥Y0∥2L2(I ,V τ )

where the constant again does not depend on τ . It is now easy to see that∥∥∥F(t) + (g0, g1)T
∥∥∥
L2((0,T ),V τ )

≲ ∥f ∥2L2((0,T ),H) + ∥Y0∥2L2(I ,V τ ) + ∥(g0, g1)∥2L2((0,T ),V τ ).

Now the claim and the estimate follow directly by Lemma 2.18. □

4.14 Theorem. There exists a unique weak solution y ∈ C([0,T ],V )∩C(Ī ,L2((0,T ),V ))
with δy ∈ C([0,T ],H) ∩ C(Ī ,L2((0,T ),H)), in the sense given in Theorem 4.9, to the
system (4.28). This solution satisfies

τ
∥∥∥δy∥∥∥2

C([0,T ],H)
+
∥∥∥y∥∥∥2

C([0,T ],V )
≲
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,T ),H)

+ ∥g0∥2L2((0,T ),V ) + τ∥g1∥2L2((0,T ),H).
(4.33)

Proof: We obtain y by using the solution B from Theorem 4.13 in the construction from
Theorem 4.8. Plugging eq. (4.32) into eq. (4.29) yields

∥Y ∥2C([0,T ],L2(I ,V τ )) ≲ ∥Y0∥2L2(I ,V τ ) + ∥f ∥2L2((0,T ),H) + ∥(g0, g1)∥2L2((0,T ),V τ ),

which is just a reformulation of the claimed estimate. □
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4 The relaxed equation

4.15 Remark. If f , g0, g1 are all zero and we define B = B(Y0,0,0,0) as in Theorem 4.13,
then one can show that (T (t))t≥0 defined by

(T (t)Y0)(a)B

®
U (a,a− t)Y0(a− t), t ≤ a
U (a,0)B(t − a), t ≥ a

is a strongly continuous semigroup of operators that formally solves eq. (4.28). Compare
this to Remark 3.17, where a similar formula appears. Formally applying Duhamel’s
principle shows that for any f1, f2, the function

V (t) = (v1,v2)(t)TB

t∫
0

T (t − s)(f1, f2)T(s)ds

yields a solution to

(1 + τδ)(δv1 +Lv1 − f1) = σ∆v1 + τ(Lf1 + f2),
v1(t = 0) = 0, δv1(t = 0) = f1(t = 0),

v1(a = 0) =

amax∫
0

β0(α)v1(α)dα ,

(δv1 − f1)(a = 0) =

amax∫
0

βLv1 + β1(δv1 − f1)da .

The choice f1 = 0, f2 = τ−1f gives a solution to eq. (4.28) without g0 and g1, but the extra
factor of τ−1 remains present in estimates, which would yield worse convergence rates in
Theorem 4.23. Another choice is f1 = f , f2 = −Lf and βL = β1L−L(0)β0, which captures
the structure of eq. (4.1) better, but has the disadvantage that it is unclear in what
sense this construction actually represents a solution to the problem. In addition, the
semigroup method provides less flexibility, for example it does not allow for constant
terms in the birth equations. For this reason we do not pursue it any further.

4.5 The nonlinear equation

In this section we are ready to reintroduce the nonlinear terms to the relaxed equation
to obtain model (4.1) again:

(1 + τδ)(δy +Ly +Λ(y)y) = σ (a)∆y + f , (4.34a)
y(t = 0) = y0, δy(t = 0) = y1, ∂νy(x ∈ ∂Ω) = 0, (4.34b)

y(t,a = 0) =

amax∫
0

β0(α,x)y(t,α,x)dα + g0(t,x), (4.34c)

(δy +Ly +Λ(y)y)(t,a = 0,x) =

amax∫
0

β1(α,x)(δy +Ly +Λ(y)y)(t,α,x)dα + g1(t,x). (4.34d)
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4.5 The nonlinear equation

Note that we keep an inhomogeneous term f in eq. (4.34a), for later use in Section 4.6.
The presence of nonlinear terms both in the equation and the implicit boundary condi-
tions makes this section harder than the corresponding part for the unrelaxed equation
in Section 3.4. We start with some assumptions.

4.16 Assumption. For the rest of this chapter we assume

1. For all h, i, j = 1, . . . ,n, we have khij ∈ C1(Ī×Ω̄×Ī×Ω̄) and it holds khij(a,x,amax,ξ) =
0 for all a ∈ I and x, ξ ∈Ω . In other words, individuals of maximal age are not
infectious at all.

2. g0 ∈ L∞((0,T ),H)∩L2((0,T ),V ).

3. All of Assumption 4.12 still holds:

3.1. τ ∈ (0, τmax) for some 0 < τmax <∞.

3.2. y0 ∈ V , y1 ∈ H, f ∈ L2((0,T ),H) and g1 ∈ L2((0,T ),H).

3.3. L ∈ C1(Ī ,L∞(Ω))n×n and its entries are uniformly bounded away from zero
with respect to both age and space.

3.4. σ ∈ C1(Ī ,R)n×n is a diagonal matrix whose entries are uniformly bounded
away from zero with respect to age.

3.5. β0 ∈ L∞(I ,W 1,d
b (Ω)) resp. in W 1,d+ε

b for some ε > 0 if d = 2 (for the definition
of these spaces we refer to Lemma 4.10) and β1 ∈ L∞(I ×Ω).

From eq. (1.1d) we recall the definition

Λ(a,x,w)hi =

amax∫
0

∫
Ω

khij(a,x,α,ξ)wj(α,ξ)dξ dα =
¨
khi(a,x, ·, ·),w

∂
H
,

where w ∈ H, h, i = 1, . . . ,n and we sum over the index j. In what follows, to keep the
notation short we will drop the indices h, i, j when no confusion arises, and interpret
the term kw as tensor contraction. Further we use Einstein’s convention over every
index that appears twice. This allows us to write eq. (1.1d) as

Λ(a,x,w) =

amax∫
0

∫
Ω

k(a,x,α,ξ)w(α,ξ)dξ dα . (4.35)

Assumption 4.16 permit the following expression forΛ(a = 0) we need in birth condition
(4.34d):

Λ(a = 0,x,w) =

amax∫
0

∫
Ω

k(0,x,α,ξ)w(α,ξ)dξ dα . (4.36)

Note that in contrast to the relaxed equation, not only does the equation contain a
term Λ(y)y, but also one of the form τδ(Λ(y)y), which requires some clarification. From
the definition of Λ from eq. (4.35) we formally have

δ(Λ(a,x,y(t, ·, ·))y(t,a,x)) =Λ(a,x,y(t, ·, ·))δy(t,a,x)
+Λa(a,x,y(t, ·, ·))y(t,a,x) +Λ(a,x,yt(t, ·, ·))y(t,a,x),
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4 The relaxed equation

which is inconvenient since Theorem 4.14 only provides information on δy = yt + ya,
not on yt alone. However, since Λ(y) is linear in y we can write Λ(yt) = Λ(δy)−Λ(ya),
and integrating the term Λ(ya) by parts yields

Λ(ya) =
∫
Ω

amax∫
0

k(a,x,α,ξ)ya(t,α,ξ)dαdξ

=

∫
Ω

k(a,x,α,ξ)y(t,α,ξ)dξ

∣∣∣∣∣∣∣∣
amax

α=0

−
∫
Ω

amax∫
0

kα(a,x,α,ξ)y(t,α,ξ)dαdξ .

Because of the condition k(a,x,amax,ξ) = 0, the term where we evaluate the integral at
amax vanishes. (Note that this condition would not be necessary if one could show that
y(a = amax) = 0, as in [AAC11, Thm. 4.2].) Using the implicit birth condition (4.34c) we
can rewrite the (α = 0)-term as

∫
Ω

k(a,x,0,ξ)y(t,0,ξ)dξ =
∫
Ω

k(a,x,0,ξ)

Ñ amax∫
0

β0(α,ξ)y(t,α,ξ)dα + g0(t,ξ)

é
dξ

=
∫
Ω

amax∫
0

(
k(a,x,0,ξ)β0(α,ξ)

)
y(t,α,ξ)dαdξ +

∫
Ω

k(a,x,0,ξ)g0(t,ξ)dξ ,

which shows that δΛ will also depend on g0, in a spatially nonlocal way. Hence, for v,
w ∈ L∞((0,T ),H) we introduce the notation δΛ(v,g0)w defined by

δΛ(v,g0)w(t,a,x)BΛ(v)δw+Λ(δv)w+Λ1(v)w+Λ2(g0(t))w, (4.37)

where, with a similar notation as in eq. (4.35) we let (h, i = 1, . . . ,n)

Λ1(v)hi B
∫
Ω

amax∫
0

(
k
hij
a (a,x,α,ξ) + khijα (a,x,α,ξ) + khiℓ(a,x,0,ξ)βℓj0 (α,ξ)

)
vj(α,ξ)dαdξ ,

Λ2(g0(t))hi B
∫
Ω

khij(a,x,0,ξ)(g0)j(t,ξ)dξ .

This will be the expression we use for δΛ in eq. (4.34a). Furthermore we write

(1 + τδ)Λ(v,g0)wBΛ(v)w+ τδΛ(v,g0)w, (4.38)

with δΛ defined as in eq. (4.37). In total, eq. (4.34a) takes the following form:

(1 + τδ)(δy +Ly) +Λ(y)y + τΛ(y)δy + τΛ(δy)y + τΛ1(y)y + τΛ2(g0)y = σ∆y + f .

Assumption 4.16 yields that ka + kα + k(α = 0)β0 ∈ L∞(I ×Ω,H). Thus we can estimate

∥δΛ(v(t), g0(t))w(t)∥H ≲ ∥v(t)∥H∥w(t)∥H + ∥δv(t)∥H∥w(t)∥H (4.39)
+ ∥v(t)∥H∥δw(t)∥H + ∥g0(t)∥H∥v(t)∥H
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4.5 The nonlinear equation

This shows that, contrary to Assumption 4.12, assuming g0 ∈ L2((0,T ),H) is not enough,
we need the stronger assumption g0 ∈ L∞((0,T ),H). Combining eq. (3.26) with eq. (4.39)
and integration with respect to the time variable yields

∥(1 + τδ)Λ(v,g0)w∥L2((0,T ),H) ≲ ∥v∥L∞((0,T ),H)∥w∥L2((0,T ),H) + τ∥δv∥L∞((0,T ),H)∥w∥L2((0,T ),H)

+ τ∥v∥L∞((0,T ),H)∥δw∥L2((0,T ),H) + τ∥g0∥L∞((0,T ),H)∥w∥L2((0,T ),H), (4.40a)

or alternatively

∥(1 + τδ)Λ(v,g0)w∥L2((0,T ),H) ≲ ∥v∥L2((0,T ),H)∥w∥L∞((0,T ),H) + τ∥δv∥L2((0,T ),H)∥w∥L∞((0,T ),H)

+ τ∥v∥L2((0,T ),H)∥δw∥L∞((0,T ),H) + τ∥g0∥L∞((0,T ),H)∥w∥L2((0,T ),H). (4.40b)

Our next task is to interpret the nonlinear first-order birth equation

(δy +Ly +Λ(y)y)(a = 0) =

amax∫
0

β1(α)(δy +Ly +Λ(y)y)(α)dα + g1(t,x)

from eq. (4.34d). Using eq. (4.34c), this can be rewritten to

δy(a = 0) +L(a = 0)

Ñ amax∫
0

β0(α)y(α)dα + g0

é
+Λ(a = 0, y)

Ñ amax∫
0

β0(α)y(α)dα + g0

é
=

amax∫
0

β1(α)(δy +Ly +Λ(y)y)(α)dα + g1.

Restructuring yields

δy(a = 0) =

amax∫
0

β1(α)δy(α)dα

+

amax∫
0

(β1(α)L(α)−L(a = 0)β0(α))y(α)dα

+

amax∫
0

(β1(α)Λ(α,y)(α)−Λ(a = 0, y)β0(α))y(α)dα

−Λ(a = 0, y)g0 −L(a = 0)g0 + g1.

We define

βL(α)B β1(α)L(α)−L(a = 0)β0(α), (4.41)

G(v)(w,g0)B

amax∫
0

(β1(α)Λ(α,v)−Λ(a = 0,v)β0(α))w(α)dα −Λ(a = 0,v)g0 (4.42)
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4 The relaxed equation

for v, w ∈ L∞((0,T )),H, where Λ(a = 0) is defined as in eq. (4.36). Then we interpret
eq. (4.34d) as

δy(a = 0) =

amax∫
0

β1(α)δy(α) + βL(α)y(α)dα +G(y)(y,g0)−L(a = 0)g0 + g1. (4.43)

From Assumption 4.16 we can conclude that βL ∈ L∞(I ×Ω) and L(a = 0) ∈ L∞(Ω)n×n.
This directly yields the estimate

∥L(a = 0)g0∥L2((0,T ),H) ≲ ∥g0∥L2((0,T ),H). (4.44)

Note that G from eq. (4.42) is nonlocal in v and linear in both of its arguments v and
(w,g0), hence the seemingly strange notation. We can estimate

∥G(v)(w,g0)∥L2((0,T ),H) ≲
∥∥∥β1Λ(v)w

∥∥∥
L2((0,T ),H)

+
∥∥∥Λ(a = 0, v)β0w

∥∥∥
L2((0,T ),H)

+ ∥Λ(a = 0, v)g0∥L2((0,T ),H)

≲ ∥v∥L∞((0,T ),H)∥w∥L2((0,T ),H) + ∥v∥L2((0,T ),H)∥g0∥L∞((0,T ),H),

(4.45a)

or alternatively

∥G(v)(w,g0)∥L2((0,T ),H) ≲ ∥v∥L2((0,T ),H)∥w∥L∞((0,T ),H) + ∥v∥L2((0,T ),H)∥g0∥L∞((0,T ),H). (4.45b)

Altogether, eq. (4.34) can be reformulated as

(1 + τδ)(δy +Ly) = σ∆y −Λ(y)y − τΛ(y)δy − τΛ(δy)y − τΛ1(y)y − τΛ2(g0)y + f ,
y(t = 0) = y0, δy(t = 0) = y1, ∂νy = 0 in ∂Ω,

y(a = 0) =

amax∫
0

β0(α)y(α)dα + g0,

δy(a = 0) =

amax∫
0

β1(α)δy(α) + βL(α)y(α)dα +G(y)(y,g0)−L(a = 0)g0 + g1.

(4.46)

The strategy of finding a solution to Equation (4.46) is as in Theorem 3.20: find fixed
points of the map Φ which maps a given w to the weak solution y (in the sense of
Theorem 4.14) of

(1 + τδ)(δy +Ly) = σ∆y − (1 + τδ)Λ(w,g0)w+ f ,
y(t = 0) = y0, δy(t = 0) = y1, ∂νy = 0 in ∂Ω,

y(a = 0) =

amax∫
0

β0(α)y(α)dα + g0,

δy(a = 0) =

amax∫
0

β1(α)δy(α) + βL(α)y(α)dα +G(w)(w,g0)−L(a = 0)g0 + g1.

(4.47)

Using eq. (4.40), eq. (4.44) and eq. (4.45) shows that under Assumption 4.16, for any
w ∈ L∞((0,T ),H) with δw ∈ L∞((0,T ),H), the conditions of Theorem 4.14 are satisfied.
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4.5 The nonlinear equation

Thus, eq. (4.33) together with the fact that τ ≤ τmax yields an estimate for a solution of
eq. (4.47):

τ
∥∥∥δy(t)

∥∥∥2
H +

∥∥∥y(t)
∥∥∥2
V ≲

∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,T ),H) + ∥(1 + τδ)Λ(w,g0)w∥2L2((0,t),H)2

+ ∥g0∥2L2((0,T ),V ) + τ∥G(w)(w,g0)−L(0)g0 + g1∥2L2((0,t),H)

≲
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥g0∥2L2((0,T ),V ) + ∥f ∥2L2((0,T ),H)

+
(
∥w∥L2((0,T ),H)∥w∥L∞((0,T ),H) + τ∥δw∥L2((0,T ),H)∥w∥L∞((0,T ),H)

+ τ∥g0∥L∞((0,T ),H)∥w∥L2((0,T ),H)

)2
+ τ
(
∥w∥L2((0,T ),H)∥w∥L∞((0,T ),H)

+ ∥w∥L2((0,T ),H)∥g0∥L∞((0,T ),H) + ∥L(0)g0∥L2((0,t),H) + ∥g1∥L2((0,t),H)

)2

≲
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,T ),H) + ∥g0∥2L2((0,T ),V ) + τ∥g0∥2L2((0,t),H) + τ∥g1∥2L2((0,t),H)

+ ∥w∥2L2((0,T ),H)∥w∥
2
L∞((0,T ),H) + τ2∥δw∥2L2((0,T ),H)∥w∥

2
L∞((0,T ),H)

+ τ∥g0∥2L∞((0,T ),H)∥w∥
2
L2((0,T ),H). (4.48)

Now we can proceed as in Theorem 3.20, resp. in [Smo83, Thm. 14.2 and Lem. 14.3].

4.17 Lemma. (1 + τδ)Λ and G are locally Lipschitz continuous.

Proof: Let vi , wi ∈ L∞((0,T ),H) and g i0 ∈ L2((0,T ),H) (i ∈ {1,2}). If also δvi , δwi ∈
L∞((0,T ),H), eq. (4.40) yields∥∥∥(1 + τδ)[Λ(v1, g

1
0 )w1]− (1 + τδ)[Λ(v2, g

2
0 )w2]

∥∥∥
L2((0,T ),H)

≲
∥∥∥(1 + τδ)[Λ(v1, g

1
0 )(w1 −w2)]

∥∥∥
L2((0,T ),H)

+
∥∥∥(1 + τδ)[Λ(v1 − v2, g

1
0 − g

2
0 )w2]

∥∥∥
L2((0,T ),H)

≲ ∥v1∥L∞((0,T ),H)∥w1 −w2∥L2((0,T ),H) + τ∥δv1∥L∞((0,T ),H)∥w1 −w2∥L2((0,T ),H)

+ τ∥v1∥L∞((0,T ),H)∥δw1 − δw2∥L2((0,T ),H) + τ
∥∥∥g1

0

∥∥∥
L∞((0,t),H)∥w1 −w2∥L2((0,T ),H)

+ ∥v1 − v2∥L2((0,T ),H)∥w2∥L∞((0,T ),H) + τ∥δv1 − δv2∥L2((0,T ),H)∥w2∥L∞((0,T ),H)

+ τ∥v1 − v2∥L2((0,T ),H)∥δw2∥L∞((0,T ),H) + τ
∥∥∥g1

0 − g
2
0

∥∥∥
L∞((0,t),H)∥w2∥L2((0,T ),H)

≲max
{
∥v1∥L∞((0,T ),H), τ∥δv1∥L∞((0,T ),H),∥w2∥L∞((0,T ),H), τ∥δw2∥L∞((0,T ),H), τ

∥∥∥g1
0

∥∥∥
L∞((0,t),H)

}
·
(
∥v1 − v2∥L2((0,T ),H) + ∥w1 −w2∥L2((0,T ),H) + τ∥δv1 − δv2∥L2((0,T ),H)

+ τ∥δw1 − δw2∥L2((0,T ),H) + τ
∥∥∥g1

0 − g
2
0

∥∥∥
L∞((0,T ),H)

)
.

Similarly, for G we have, using eq. (4.45):∥∥∥G(v1)(w1, g
1
0 )−G(v2)(w2, g

2
0 )
∥∥∥
L2((0,T ),H)

≤
∥∥∥G(v1 − v2)(w1, g

1
0 )
∥∥∥
L2((0,T ),H)

+
∥∥∥G(v2)(w1 −w2, g

1
0 − g

2
0 )
∥∥∥
L2((0,T ),H)

≲max
{
∥v1∥L∞((0,T ),H),∥w2∥L∞((0,T ),H),

∥∥∥g1
0

∥∥∥
L∞((0,T ),H)

}
·
(
∥v1 − v2∥L2((0,T ),H) + ∥w1 −w2∥L2((0,T ),H) +

∥∥∥g1
0 − g

2
0

∥∥∥
L2((0,T ),H)

)
. □
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4 The relaxed equation

4.18 Lemma. Let y1 and y2 be two solutions of eq. (4.46) to the respective data yi0, yi1, f i ,
g i0, g i1 (i ∈ {1,2}) and let y B y1 − y2. Further assume that

∥∥∥yi∥∥∥
L∞((0,T ),H)

, τ
∥∥∥δyi∥∥∥

L∞((0,T ),H)

and τ
∥∥∥g i0∥∥∥L∞((0,T ),H)

are bounded above by some S for i ∈ {1,2}. Then we have an estimate
of the form

τ
∥∥∥δy∥∥∥2

C([0,T ],H)
+
∥∥∥y(t)

∥∥∥2
C([0,T ],V )

≲
∥∥∥y1

0 − y
2
0

∥∥∥2
V + τ

∥∥∥y1
1 − y

2
1

∥∥∥2
H +

∥∥∥f 1 − f 2
∥∥∥2
L2((0,T ),H)

+
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,T ),V )

+ τ
∥∥∥g1

1 − g
2
1

∥∥∥2
L2((0,T ),H)

.

Proof: The difference y is a solution to

(1 + τδ)(δy +Ly)y = σ (a)∆y − (1 + τδ)(Λ(y1, g1
0 )y1 −Λ(y2, g2

0 )y2) + f 1 − f 2,

y(t = 0) = y1
0 − y

2
0 , δy(t = 0) = y1

1 − y
2
1 ,

∂νy = 0 in ∂Ω,

y(a = 0) =

amax∫
0

β0(α)y(α)dα + g1
0 − g

2
0 ,

(δy)(a = 0) =

amax∫
0

β1(α)δy(α) + βL(α)y(α)dα

+G(y1)(y1, g1
0 )−G(y2)(y2, g2

0 )−L(0)(g1
0 − g

2
0 ) + g1

1 − g
2
1 .

By Theorem 4.14 and Lemma 4.17 we obtain

τ
∥∥∥δy(t)

∥∥∥2
H +

∥∥∥y(t)
∥∥∥2
V

≲
∥∥∥y1

0 − y
2
0

∥∥∥2
V + τ

∥∥∥y1
1 − y

2
1

∥∥∥2
H +

∥∥∥(1 + τδ)(Λ(y1, g1
0 )y1 −Λ(y2, g2

0 )y2)
∥∥∥2
L2((0,t),H)

+
∥∥∥f 1 − f 2

∥∥∥2
L2((0,t),H)

+
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),V )

+ τ
∥∥∥g1

1 − g
2
1

∥∥∥2
L2((0,t),H)

+ τ
∥∥∥L(0)(g1

0 − g
2
0 )
∥∥∥2
L2((0,t),H)

+ τ
∥∥∥G(y1)(y1, g1

0 )−G(y2)(y2, g2
0 )
∥∥∥2
L2((0,t),H)

≲
∥∥∥y1

0 − y
2
0

∥∥∥2
V + τ

∥∥∥y1
1 − y

2
1

∥∥∥2
H +

∥∥∥f 1 − f 2
∥∥∥2
L2((0,t),H)

+
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),V )

+ τ
∥∥∥g1

1 − g
2
1

∥∥∥2
L2((0,t),H)

+ τ
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),H)

+ max
{∥∥∥y1

∥∥∥2
L∞((0,t),H)

, τ
∥∥∥δy1

∥∥∥2
L∞((0,t),H)

, τ
∥∥∥g1

0

∥∥∥2
L∞((0,t),H)

,
∥∥∥y2

∥∥∥2
L∞((0,t),H)

, τ
∥∥∥δy2

∥∥∥2
L∞((0,t),H)

}
·
(∥∥∥y1 − y2

∥∥∥2
L2((0,t),H)

+ τ
∥∥∥δy1 − δy2

∥∥∥2
L2((0,t),H)

+ τ
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),H)

)
. (4.49)

Estimating by S yields

τ
∥∥∥δy(t)

∥∥∥2
H +

∥∥∥y(t)
∥∥∥2
V ≲

∥∥∥y1
0 − y

2
0

∥∥∥2
V + τ

∥∥∥y1
1 − y

2
1

∥∥∥2
H +

∥∥∥f 1 − f 2
∥∥∥2
L2((0,t),H)

+
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),V )

+ τ
∥∥∥g1

1 − g
2
1

∥∥∥2
L2((0,t),H)

+ τ
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),H)

+ S2
(∥∥∥y1 − y2

∥∥∥
L2((0,T ),H)

+ τ
∥∥∥δy1 − δy2

∥∥∥
L2((0,T ),H)

+ τ
∥∥∥g1

0 − g
2
0

∥∥∥
L2((0,t),H)

)2
.
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Gronwall’s lemma, where in Lemma 2.4 we choose Φ(t) = τ
∥∥∥δy(t)

∥∥∥2
H +

∥∥∥y(t)
∥∥∥2
V , yields

the estimate

τ
∥∥∥δy(t)

∥∥∥2
H +

∥∥∥y(t)
∥∥∥2
V ≲

∥∥∥y1
0 − y

2
0

∥∥∥2
V + τ

∥∥∥y1
1 − y

2
1

∥∥∥2
H +

∥∥∥f 1 − f 2
∥∥∥2
L2((0,t),H)

+
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),V )

+ τ
∥∥∥g1

1 − g
2
1

∥∥∥2
L2((0,t),H)

+ τ
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),H)

+ τ2S2
∥∥∥g1

0 − g
2
0

∥∥∥2
L2((0,t),H)

,

and estimating τ by τmax and norms on (0, t) by those on (0,T ) shows the claim. □

Letting y1
0 = y2

0 etc. in the previous theorem directly yields

4.19 Corollary. There is at most one weak solution y ∈ L∞((0,T ),H) to the system
(4.46).

4.20 Theorem. Under Assumption 4.16 there exists a T ∗ > 0 such that for every T ∈
(0,T ∗) there is a weak solution y ∈ C([0,T ],V )∩C(Ī ,L2((0,T ),V )) with δy ∈ C([0,T ],H)∩
C(Ī ,L2((0,T ),H)) to the system (4.46). That means, for all v ∈ V the weak formulation¨

τδ2y(t,a),v
∂
V ′×V

+
〈
(1 + τL(a))δy(t,a), v

〉
H +

〈
(L(a) + τLa(a))y(t,a),v

〉
H

=
〈
σ (a)∇y(t,a),∇v

〉
H +

〈
f (t,a),v

〉
H −

〈
(1 + τδ)Λ(y,g0)y,v

〉
H ,

where (1 + τδ)Λ is defined as in eq. (4.38), is satisfied and the initial conditions (4.34b),
(4.34c) and (4.43) hold. In addition, y satisfies the estimate∥∥∥y∥∥∥2

C([0,T ],V )
+ τ

∥∥∥δy∥∥∥2
C([0,T ],H)

≲K

where

KB
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,t),H) + ∥g0∥2L2((0,t),V ) + τ∥g1∥2L2((0,T ),H).

More precisely, T ∗ can be chosen as C · (K+ τ∥g0∥2L∞((0,T ),H))
−1 with a constant C inde-

pendent of y0, y1, f , g0, g1, or τ , but possibly depending on τmax.

Proof: Let X B {u ∈ C([0,T ],V ) | ∃δu ∈ C([0,T ],H)} endowed with the norm

∥u∥X,τ B
Ä
∥u∥2C([0,T ],V ) + τ∥δu∥2C([0,T ],H)

ä1/2
,

then it is easy to see that X is a Banach space. Further let Φ as in eq. (4.47). Estimate
(4.48) shows that Φ is a well-defined map in X. Furthermore let ȳ BΦ(0) the solution
to the linear equation

(1 + τδ)(δȳ +Lȳ)y = σ (a)∆ȳ + f ,
ȳ(t = 0) = y0, δȳ(t = 0) = y1,

∂ν ȳ = 0 in ∂Ω,

ȳ(a = 0) =

amax∫
0

β0(α)ȳ(α)dα + g0,

(δȳ)(a = 0) =

amax∫
0

β1(α)δȳ(α) + βL(α)ȳ(α)dα + g1.
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4 The relaxed equation

From eq. (4.33) we have the estimate∥∥∥ȳ∥∥∥2
X,τ
≲
∥∥∥y0

∥∥∥2
V + τ

∥∥∥y1

∥∥∥2
H + ∥f ∥2L2((0,t),H) + ∥g0∥2L2((0,T ),V ) + τ∥g1∥2L2((0,T ),H) ≲K.

Finally let

Γ τ =
{
v ∈ X

∣∣∣ ∥∥∥v − ȳ∥∥∥2
X,τ
≤ K

}
.

Obviously, Γ τ is a nonempty and closed set in X. Since for any v ∈ Γ τ we have

∥v∥2X,τ ≲
∥∥∥v − ȳ∥∥∥2

X,τ
+
∥∥∥ȳ∥∥∥2

X,τ
≲K, (4.50)

the set Γ τ is also bounded in X.
Now let y1 and y2 both in Γ τ and let y BΦ(y2)−Φ(y2), then y satisfies

(1 + τδ)(δy +Ly)y = σ (a)∆y − (1 + τδ)(Λ(y1, g0)y1 −Λ(y2, g0)y2),
y(t = 0) = 0, δy(t = 0) = 0,

∂νy = 0 in ∂Ω,

y(a = 0) =

amax∫
0

β0(α)y(α)dα

(δy)(a = 0) =

amax∫
0

β1(α)δy(α) + βL(α)y(α)dα ,

+G(y1)(y1, g0)−G(y2)(y2, g0).

Thus, a similar calculation to eq. (4.49) combined with eq. (4.50) yields∥∥∥y∥∥∥2
X,τ
≲max

{∥∥∥y1
∥∥∥2
L∞((0,T ),H)

, τ
∥∥∥δy1

∥∥∥2
L∞((0,T ),H)

, τ∥g0∥2L∞((0,T ),H),
∥∥∥y2

∥∥∥2
L∞((0,T ),H)

,

τ
∥∥∥δy2

∥∥∥2
L∞((0,T ),H)

}
·
(∥∥∥y1 − y2

∥∥∥2
L2((0,T ),H)

+ τ
∥∥∥δy1 − δy2

∥∥∥2
L2((0,T ),H)

)
≲
Ä
K+ τ∥g0∥2L∞((0,T ),H)

ä
T
∥∥∥y1 − y2

∥∥∥
X,τ
.

Choosing T small enough, proportional to
Ä
K+ τ∥g0∥2L∞((0,T ),H)

ä−1
, allows us to com-

pensate for the constant in front of the expression, turning Φ into a contraction
on Γ τ . Together with eq. (4.50), this also shows that for any y ∈ Γ τ , the norm of
Φ(y)− ȳ =Φ(v)−Φ(0) can be bounded above by∥∥∥Φ(y)− ȳ

∥∥∥
X,τ
≲
Ä
K+ τ∥g0∥2L∞((0,T ),H)

ä
· T

∥∥∥y∥∥∥2
X,τ
≲K
Ä
K+ τ∥g0∥2L∞((0,T ),H)

ä
T ,

which shows that if T is chosen sufficiently small and proportional to the reciprocal of
K+τ∥g0∥2L∞((0,T ),H), we can ensure that Φ maps Γ τ into itself. Thus, Banach’s fixed-point
theorem yields a unique fixed point ofΦ , which is a solution to our differential equation.
Since the fixed point lies in Γ τ , the energy estimate follows from eq. (4.50), and the
weak formulation and regularity are direct consequences of Theorem 4.14. □
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4.6 Convergence for τ→ 0

In this section we compare solutions y and yτ to the unrelaxed model from eq. (1.1) or
from eq. (3.1)

δy +L(a,x)y +Λ(a,x,y)y = σ (a)∆y,
y(t = 0) = y0, ∂νy(x ∈ ∂Ω) = 0,

y(t,a = 0,x) =

amax∫
0

β(α,x)y(t,α,x)dα
(4.51)

and the relaxed model from eq. (1.6) or eq. (4.34)

(1 + τδ)(δyτ +L(a,x)yτ +Λ(a,x,yτ )yτ ) = σ (a)∆yτ ,
yτ(t = 0) = y0, δyτ(t = 0) = y1, ∂νy

τ(x ∈ ∂Ω) = 0,

yτ(t,a = 0,x) =

amax∫
0

β0(α,x)yτ(t,α,x)dα + g0,

(δyτ +Lyτ +Λ(yτ )yτ )(t,a = 0,x) =

amax∫
0

β1(α,x)(δyτ +Lyτ +Λ(yτ )yτ )(t,α,x)dα + g1.

(4.52)

We always assume that Assumption 4.16 holds. From Theorem 3.20 and Theorem 4.20
we conclude that there exists a time T independent of τ such that y ∈ L2((0,T ),V )∩
C([0,T ],H) and δy ∈ L2((0,T ),V ′) as well as yτ ∈ C([0,T ],V ) and δyτ ∈ C([0,T ],H) for
all τ ∈ (0, τmax).

4.21 Remark. For the following proofs to work, we need to assume a higher smoothness
of y than we have proven so far. However, for the linearized equation (3.23) such a
result seems plausible, as can be seen as follows: Let t0 ∈ (−amax,T ) and v be a solution
of the unrelaxed linearized equation (3.10) on char(t0), and assume the assumptions
4.2 we imposed for the relaxed equation hold. They directly yield v0 ∈ V and v1 ∈ H ,
and from Theorem 4.3 we can conclude that L− σ∆ ∈ C1(char(t0),L(V ,V ′)). From the
fact that vt(t = 0) ∈H in the unrelaxed equation (3.10) on characteristics we can deduce
that also σ (0)∆v0 = f (0,0) − v1 − L(0)v0 ∈ H , i.e. v0 ∈ D(σ (0)∆). By imposing some
stronger regularity on f , the conditions of Corollary 2.15 are satisfied, and thus we have
v ∈ H1(char(t0),V )∩H2(char(t0),V ′). From case 1 of Sobolev’s Embedding Theorem
2.8 (which also holds for Banach-space valued functions) and Lemma 2.11 it follows
that v ∈ C(char(t0),V ) and v′ ∈ C(char(t0),H), which is the same regularity we obtained
in Theorem 4.3 for the solution of the relaxed equation on characteristics. Therefore,
similar proofs as in Section 4.3 can be carried out to show that in the case where Λ, β,
β0 and β1 are all zero, y and yτ have the same regularity.

For the convergence result to hold it is necessary that the relaxed and the unrelaxed
equations have matching initial and boundary conditions. Let q1 ∈R, then from

y(a = 0) = q1y(a = 0) + (1− q1)y(a = 0) =

amax∫
0

q1β(α)y(α)dα + (1− q1)y(a = 0)
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4 The relaxed equation

we infer that the implicit birth conditions for y and yτ match if we choose β0 B
q1β and g0 B (1 − q1)y(a = 0). In other words, q1 allows to switch between implicit
birth conditions for the relaxed equation and explicitly given birth numbers from the
unrelaxed model. By applying (1 + τδ) to the first line of eq. (4.51), we conclude that y
also satisfies

(1 + τδ)(δy +Ly +Λ(y)y) = σ∆y + τδσ∆y,
y(t = 0) = y0, δy(t = 0) = σ∆y0 − (L+Λ(y0))y0,

y(a = 0,x) =

amax∫
0

β0(α,x)y(t,α,x)dα + g0,

(δy +Ly +Λ(y)y)(a = 0) =

amax∫
0

β1(α)(δy +Ly +Λ(y)y)(α)dα + g̃1,

∂νy(x ∈ ∂Ω) = 0,

(4.53)

where we set

g̃1B (δy +Ly +Λ(y)y)(a = 0)−
amax∫
0

β1(α)(δy +Ly +Λ(y)y)(α)dα .

The resulting equation has the form of eq. (4.34) with

f = τδσ∆y,
y1 = σ∆y0 − (L+Λ(y0))y0, (4.54)
g1 = g̃1.

This allows a first convergence result:

4.22 Theorem. Under Assumption 4.16, let yτ be a weak solution of eq. (4.52) and y a
weak solution of eq. (4.51). Further we assume that y ∈ C([0,T ],V ) with δy ∈ C([0,T ],H),
that

τδσ∆y ∈ L2((0,T ),H), σ∆y0 − (L+Λ(y0))y0 ∈ H,

(δy +Ly +Λ(y)y)(a = 0)−
amax∫
0

β1(α)(δy +Ly +Λ(y)y)(α)dα ∈ L2((0,T ),H)

and that β0 = q1β and g0 = (1− q1)y(a = 0) ∈ L∞((0,T ),H)∩L2((0,T ),V ) for some q1 ∈R.
Then there is a constant C independent of τ (but possibly depending on y) such that

τ
∥∥∥δyτ − δy∥∥∥2

C([0,T ],H)
+
∥∥∥yτ − y∥∥∥2

C([0,T ],V )
≤ Cτ.

Hence, yτ converges in C([0,T ],V ) with rate
√
τ to y as τ→ 0.

Proof: Applying Lemma 4.18 to eq. (4.52) and eq. (4.53) directly gives the estimate

τ
∥∥∥δyτ − δy∥∥∥2

C([0,T ],H)
+
∥∥∥yτ − y∥∥∥2

C([0,T ],V )

≲ τ
∥∥∥y1 − σ∆y0 + (L+Λ(y0))y0

∥∥∥2
H +

∥∥∥τδσ∆y∥∥∥2
L2((0,T ),H)

+ τ∥g1 − g̃1∥2L2((0,T ),H).
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Thus, choosing C as a multiple of

max
{∥∥∥y1 − σ∆y0 + (L+Λ(y0))y0

∥∥∥2
H, τmax

∥∥∥δσ∆y∥∥∥2
L2((0,T ),H)

,∥g1 − g̃1∥2L2((0,T ),H)

}
concludes the proof. □

The convergence rate can be improved if the first-order initial and birth conditions
for y and yτ are compatible too. For this, we need to assume that β, β0 and β1 do not
depend on space but only on age. Then, as we have seen in eq. (4.6) or eq. (4.5), y
satisfies a first-order implicit birth condition of the form

(δy +Ly +Λ(y)y)(a = 0) =

amax∫
0

σ (0)β(α)σ (α)−1(δy +Ly +Λ(y)y)(α)dα .

This allows for a similar trick as before: Let q2 ∈R, then from

(δy +Ly +Λ(y)y)(a = 0) = q2(δy +Ly +Λ(y)y)(a = 0) + (1− q2)(δy +Ly +Λ(y)y)(a = 0)

=

amax∫
0

q2σ (0)β(α)σ (α)−1(δy +Ly +Λ(y)y)(α)dα + (1− q2)(δy +Ly +Λ(y)y)(a = 0)

we conclude that the first-order birth conditions for yτ and y match if we choose

β1(α)B q2σ (0)β(α)σ (α)−1,

g1B (1− q2)(δy +Ly +Λ(y)y)(a = 0).

Further, we need to assume that the condition y1 = σ∆y0 − (L+Λ(y0))y0 from eq. (4.54)
is satisfied. Under these conditions, y solves the system

(1 + τδ)(δy +Ly +Λ(y)y) = σ∆y + τδσ∆y,
y(t = 0) = y0, δy(t = 0) = y1,

y(a = 0,x) =

amax∫
0

β0(α,x)y(t,α,x)dα + g0,

(δy +Ly +Λ(y)y)(a = 0) =

amax∫
0

β1(α)(δy +Ly +Λ(y)y)(α)dα + g1,

∂νy(x ∈ ∂Ω) = 0.

This formulation allows to prove the following theorem.

4.23 Theorem. In the situation of Theorem 4.22, assume that β, β0 and β1 do not
depend on x. Let q2 ∈R and assume that the compatibility conditions

y1 = σ∆y0 − (L+Λ(y0))y0,

β0 = q1β,

β1(α) = q2σ (0)β(α)σ (α)−1,
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4 The relaxed equation

g0 = (1− q1)y(a = 0),
g1 = (1− q2)(δy +Ly +Λ(y)y)(a = 0)

hold. Then we can estimate

τ
∥∥∥δyτ − δy∥∥∥2

C([0,T ],H)
+
∥∥∥yτ − y∥∥∥2

C([0,T ],V )
≤ Cτ2

with a constant C independent of τ , but possibly depending on y. From this follows
that yτ converges in C([0,T ],V ) to y with rate τ , and δyτ converges to δy in C([0,T ],H)
with rate

√
τ .

Proof: Invoking Lemma 4.18 shows that

τ
∥∥∥δyτ − δy∥∥∥2

C([0,T ],H)
+
∥∥∥yτ − y∥∥∥2

C([0,T ],V )
≲ τ2

∥∥∥δσ∆y∥∥∥2
L2((0,T ),H)

.

This concludes the proof. □

4.7 Numerical simulation

This section addresses some of the questions posed earlier, such as

• Does the relaxed model actually have finite propagation speed?

• Is it worth to consider a relaxed model, or are the solutions “close enough” to the
simpler unrelaxed model that the extra effort is not worth it?

• Can we, in some way, visualize the convergence for τ getting close to zero?

Rather than giving universal results on our very general class of models, which is
difficult due to the high complexity, we consider the simple special model (SVIR)

δS − σS∆S = cV − [u +µ+Λ(I)]S,
δV − σV∆V = uS − [µ+ c+ϕ1Λ(I)]V ,
δI − σI∆I =Λ(I)(S +ϕ1V +ϕ2R)− (µ+ δ+γ)I,
δR− σR∆R = γI − [µ+ϕ2Λ(I)]R

introduced in Section 3.1, where

Λ(a,x, I(t, ·, ·)) =

amax∫
0

∫
Ω

λ(a,α,x,ξ)I(t,α,ξ)dξ dα .

With the conventions from eq. (3.8), we were able to write the model (SVIR) into the
form of eq. (1.1). Using these conventions in eq. (1.6) (or in eq. (4.1)), we obtain a
corresponding relaxed version of the SVIR model. We proceed by calculating numerical
solutions to both equations and compare the results for varying values of τ to the
solution of the unrelaxed equation where τ = 0.

Detailed explanations on the numerics of how to obtain an approximate solution of
the state equation will be explained later in Section 5.3. The space domain Ω is chosen
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4.7 Numerical simulation

as the interval, and for simplicity and to better illustrate the spread of the infection, we
assume that no vaccine is administered. We note that the relaxed equation (1.1)

(1 + τδ)(δy +Ly +Λ(y))y = σ (a)∆y,
y(t = 0) = y0, δy(t = 0) = y1, ∂νy(x ∈ ∂Ω) = 0,

y(t,a = 0) =

amax∫
0

β0(α,x)y(t,α,x)dα + g0(t,x),

(δy +Ly +Λ(y)y)(t,a = 0,x) =

amax∫
0

β1(α,x)(δy +Ly +Λ(y)y)(t,α,x)dα + g1(t,x)

(4.55)

can be rewritten as a system: Let z B (y,δy + L(a,x)y +Λ(a,x,y)y)T, then eq. (4.55) is
equivalent to the system

δz =
Å
−(L(a,x) +Λ(a,x,y)) 1

σ
τ ∆

−1
τ

ã
z,

z(t = 0) = (y0, y1 +Ly0 +Λ(y0)y0)T,

z(a = 0) =

amax∫
0

Å
β0

β1

ã
(α)z(α)dα ,

which can be numerically calculated in a similar way to the unrelaxed model in sec-
tion 5.3. (This transformation, however, does not allow existence proofs, because it
does not admit energy estimates.) We choose the same parameters as in Table 5.1, but
use different initial values: Rather than having infected individuals spread out evenly
over the whole age and space domain, we instead assume they are concentrated on the
rightmost border x = 1 of the space domain. This allows us to track the progression
of the epidemic through space and to compare the differing propagation speed. We
test various values for τ , namely all τ = 10j for j ∈ {−8, . . . ,2}. Also, we choose y1 = 0
and β1 = β0 = β, which, as explained in eq. (4.18), can be interpreted as follows: At
t = 0, the same number of individuals move to the left and to the right, and newborn
individuals move in the same direction as their parents. A simple alternative choice
would be β1 = 0, which according to eq. (4.17) means that the direction of newborns is
determined at random. Thus, the compatibility conditions of Theorem 4.22 are satisfied
with q1 = 1.

The results can be found in Figure 4. In Figure 4a, we numerically calculated the rate
of convergence of the unrelaxed model towards the relaxed one. The figure shows a
graph of

∥∥∥yτ − y∥∥∥
L∞

over τ , and a polynomial fit of the data. The resulting slope, and
hence the convergence rate, turns out to be 1, which is even better than the value of 0.5
we would expect from Theorem 4.22, and suggests that the results from Theorem 4.23
hold in higher generality. Figure 4b shows the total number of infective individuals at
the x = 0 boundary, directly opposite to where all infectives have been in the beginning
of the simulation. The lines corresponding to smaller values of τ all overlap, but the
lines for τ = 0.1, τ = 1 and τ = 10 are clearly distinct and show that the larger τ is, the
slower the infection moves through the domain. The line corresponding to τ = 100 is
just flat at the bottom, the population of infective individuals has not yet fully traversed
the interval. This can also be seen in Figure 4c, which shows the state for τ = 100 at the
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(a) Convergence rate

(b) Values of I at x = 0
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(c) Final state of the relaxed equation
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(d) Final state of the unrelaxed equation

Figure 4: Comparison of different values of τ
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final time of the simulation. Here, the progress of the infection can directly be observed,
it seems to have just arrived at the x = 0.2 mark. Compare this result to Figure 4d,
which shows the final state of the solution for τ = 0, where no real spatial difference
can be seen. To summarize, our results suggest that the relaxed model does in fact show
finite propagation speed and hence is very suitable to model the spread of an epidemic
over a region, but choosing small values for τ yields results that do not differ very much
from an unrelaxed model.

The graphs, especially Figure 4b, also show that the peak number of infectious
individuals is higher for large values of tau. However, note that this is not only true
for the infective population. In fact, for the values of τ larger than 0.01, the total
population increases, while for smaller values it behaves like the unrelaxed model, i.e.
it decreases slightly. This can also be seen from Figure 4c, where, for example, the
number of susceptible numbers visibly exceeds the initial value of 1000 individuals,
while in Figure 4d it remains below that number. This suggests that either large values
of τ yield a model that deviates too much from the unrelaxed equation to be useful, or
that the birth rates need to be adjusted for these values.

4.8 Addendum: The symmetric-hyperbolic system for

moving populations

In this short section we consider the “full” model

δpj + c∂pj+1 + c∂̄pj−1 +λjp
j = f (p0)pj .

which we adopted from eq. (4.13), where for better readability we let pj B p̂j and
λj B λ̂j − λ̂0. From eq. (4.12) we infer that λj ≥ 0 for all j ∈Z. Truncating every but the
0th, 1st and -1st term gave us a wave-equation-like model. In this section, we rather
focus on the whole homogeneous model on characteristics (i.e. we ignore f and the age
structure), and give two small existence results, one of Cauchy–Kovalevskaya type and
one in the context of semigroups. We start right away:

4.24 Theorem. We consider the problem

p
j
t + c∂pj+1 + c∂̄pj−1 +λjp

j = 0 (j ∈Z),

pj(t = 0) = pj0

where c ∈ R and λj ≥ 0 (j ∈ Z). Assume there exists λ > 0 such that λj ≤ λ for all j.

Further assume that the pj0 are (real) analytic in a neighborhood around the origin, i.e.

there are aj0,l,m ∈C such that it holds

p
j
0(z) =

∞∑
l,m=0

a
j
0,l,mz

l z̄m

for z ∈ C sufficiently close to zero. We also assume that there is A > 0 such that the
uniform bound

∣∣∣∣aj0,l,m∣∣∣∣ ≤ A holds for all j, l, m. Then there exist r > 0 and T > 0 such
that the system has a solution that is analytic in t ∈ [0,T ] and z ∈C with |z| < r.
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Proof: We start with the ansatz

pj(t, z) =
∞∑

k,l,m=0

a
j
k,l,mt

kzl z̄m

for certain ajk,l,m ∈C. There is no collision of names, since plugging in t = 0 shows that

the aj0,k,l are in fact given by the initial value. From the differential equation and general
results on power series we have

(ajk,l,m)j∈Z =
1

k!l!m!
∂kt∂

l∂̄m(pj)j∈Z
∣∣∣
t,z,z̄=0

=
(−1)k

k!l!m!
∂l∂̄m(Mλ + c∂S + c∂̄S−1)k(pj)j∈Z

∣∣∣
t,z,z̄=0

where Mλ is the multiplication operator on ℓ2
Z

that multiplies with λj , i.e. Mλ(xj)j∈Z =
(λjxj)j∈Z, and S is the left-shift operator on ℓ2

Z
, that is S(xj)j∈Z = (xj+1)j∈Z. Note the

pointwise estimate
∣∣∣M(xj)j∈Z

∣∣∣ ≤ λÄ∣∣∣xj ∣∣∣ä
j∈Z

. Unfortunately, Mλ and S do not commute,

preventing us to simply use the binomial theorem. In the following we denote pointwise
inequality by ≤. Estimating absolute values yields(∣∣∣∣ajk,l,m∣∣∣∣)j∈Z =

∣∣∣∣∣∣ (−1)k

k!l!m!
∂l∂̄m(Mλ + c∂S + c∂̄S−1)k(pj)j∈Z

∣∣∣
t,z,z̄=0

∣∣∣∣∣∣
≤ 1
k!l!m!

Å∣∣∣∣∣∂l∂̄m(λ+ c∂S + c∂̄S−1)kpj
∣∣∣
t,z,z̄=0

∣∣∣∣∣ã
j∈Z

.

Using the equation

(A+B+C)k =
k∑
α=0

α∑
β=0

k!
(k −α)!(α − β)!β!

AβBα−βCk−α

which holds for all commuting A, B, C, we can further estimate

(∣∣∣∣ajk,l,m∣∣∣∣)j∈Z =
1

k!l!m!

Ñ∣∣∣∣∣∣∣∣∂l∂̄m
k∑
α=0

α∑
β=0

k!
(k −α)!(α − β)!β!

λβ(c∂S)α−β(c∂̄S−1)k−αpj

∣∣∣∣∣∣
t,z,z̄=0

∣∣∣∣∣∣∣∣
é
j∈Z

≤
k∑
α=0

α∑
β=0

λβck−β

l!m!(k −α)!(α − β)!β!

Å∣∣∣∣∣∂l+α−β∂̄m+k−αS2α−β−kpj
∣∣∣
t,z,z̄=0

∣∣∣∣∣ã
j∈Z

=
k∑
α=0

α∑
β=0

λβck−β(l +α − β)!(m+ k −α)!
l!m!(k −α)!(α − β)!β!

(∣∣∣∣aj+2α−β−k
0,l+α−β,m+k−α

∣∣∣∣)
j∈Z

=
k∑
α=0

α∑
β=0

=
λβck−β

β!

Ç
l +α − β

l

åÇ
m+ k −α

m

å(∣∣∣∣aj+2α−β−k
0,l+α−β,m+k−α

∣∣∣∣)
j∈Z

. (4.56)

We can now show that the series pj(t, z) =
∑∞
k,l,m=0 a

j
k,l,mt

kzl z̄m converges absolutely in a
neighborhood of the origin. Using the formula

∞∑
k=0

k∑
α=0

α∑
β=0

aβbα−βck−α =

( ∞∑
k=0

ak

)
·

( ∞∑
k=0

bk

)
·

( ∞∑
k=0

ck

)
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and writing tk = tβtα−βtk−α and ck−β = ck−αcα−β we obtain with eq. (4.56) that

∞∑
k,l,m=0

∣∣∣∣ajk,l,m∣∣∣∣tk |z|l |z̄|m
≤

∞∑
k,l,m=0

k∑
α=0

α∑
β=0

λβck−β

β!

Ç
l +α − β

l

åÇ
m+ k −α

m

å∣∣∣∣aj+2α−β−k
0,l+α−β,m+k−α

∣∣∣∣tk |z|l |z̄|m
≤ A ·

( ∞∑
k=0

(λt)k

k!

)
·

( ∞∑
k=0

∞∑
l=0

(ct)k
Ç
l + k
l

å
|z|l
)
·

( ∞∑
k=0

∞∑
m=0

(ct)k
Ç
m+ k
m

å
|z̄|m
)
. (4.57)

By finally noting that for all a, b ≥ 0 with a+ b < 1 it holds

∞∑
k=0

∞∑
l=0

ak
Ç
l + k
l

å
bl =

∞∑
α=0

α∑
β=0

Ç
α
β

å
aβbα−β =

∞∑
α=0

(a+ b)α =
1

1− a− b
,

eq. (4.57) yields the simple estimate

∞∑
k,l,m=0

∣∣∣∣ajk,l,m∣∣∣∣tk |z|l |z̄|m ≤ Aeλt

(1− |z| − ct)2

which holds for all |z|+ ct < 1. This shows the required convergence and thus concludes
the proof. □

We can even do better and show an existence result that covers entire domains, not
only small neighborhoods of the origin. As we have seen in Section 4.2, it is convenient
to complement the model

p
j
t + c∂pj+1 + c∂̄pj−1 +λjp

j = 0 (j ∈Z),

pj(t = 0) = pj0
(4.58)

with one of the following two boundary conditions : the U-turn condition (4.14)

νpj−1 + ν̄pj+1 = 0 for even j ∈Z, (4.59)

or the reflection condition (4.15)

ν̄jpj − (−ν)jp−j = 0 for all j ∈Z. (4.60)

We first gather some easily verifiable results on Wirtinger derivatives:

4.25 Lemma. Let Ω ⊆C a bounded and smooth domain with outer normal ν and let f ,
g ∈ C1(Ω,C) be (real) differentiable. Then the following statements hold:

Conjugation: ∂f = ∂̄f̄ and ∂̄f = ∂f̄ , from which follows ∂f̄ = ∂̄f and ∂̄f̄ = ∂f .

Product rule: ∂(f g) = f ∂g + g∂f and ∂̄(f g) = f ∂̄g + g∂̄f .

Divergence theorem:
∫
Ω
∂f = 1

2

∮
∂Ω
ν̄f and

∫
Ω
∂̄f = 1

2

∮
∂Ω
νf .

Integration by parts:
∫
Ω
f ·∂g + g ·∂f = 1

2

∮
∂Ω
ν̄f g and

∫
Ω
f · ∂̄g + g · ∂̄f = 1

2

∮
∂Ω
νf g.

85



4 The relaxed equation

This allows us to define Wirtinger derivatives in a weak sense. In what follows, all
functions are assumed to be complex-valued.

4.26 Definition. Let Ω ⊆ C a bounded and smooth domain and f ∈ L2(Ω). We call
g ∈ L2(Ω) the weak Wirtinger derivative ∂f if for all ϕ ∈ C∞c (Ω) the equation∫

Ω

f ∂ϕ + gϕ = 0

holds. In an analogous way we can define ∂̄f in a weak sense.

Keeping the definition of weak Wirtinger derivatives in mind, we can now introduce a
weak notion of the operator (pj)j∈Z 7→ (∂pj+1 + ∂̄pj−1):

4.27 Definition. During this section let Ω ⊆ C a bounded and smooth domain and
HB ℓ2

Z
(L2(Ω)) with the scalar product

〈
p,q
〉
H

=
∑
j∈Z

∫
Ω
pq̄. Where there is no chance

of confusion, the index of the scalar product may be dropped. Further let

D(A)B

p ∈H
∣∣∣∣∣∣∣ ∃p̃ ∈H∀ϕ ∈ C∞c (Ω)∀j ∈Z :

∫
Ω

p̃jϕ + pj+1∂ϕ + pj−1∂̄ϕ = 0

 ,
ApB p̃.

Using the fundamental lemma of variational calculus, one can show that such a p̃, if it
exists, is unique. We now consider the boundary condition (4.59). To this end, note that
for p, q ∈D(A) we formally obtain〈

Ap,q
〉

+
〈
p,Aq

〉
=
∑
j∈Z

∫
Ω

(∂pj+1 + ∂̄pj−1)q̄j + pj(∂qj+1 + ∂̄qj−1)

=
∑
j∈Z

∫
Ω

(∂pj+1 + ∂̄pj−1)q̄j + pj(∂̄q̄j+1 +∂q̄j−1)

∗=
∑
j∈Z

∫
Ω

∂pj+1q̄j + ∂̄pj−1q̄j + pj−1∂̄q̄j + pj+1∂q̄j

=
1
2

∑
j∈Z

∮
∂Ω

(ν̄pj+1 + νpj−1)q̄j ,

where in the highlighted step we performed two index shifts in the last two summands.
This shows that if p satisfies eq. (4.59), the sum vanishes if pj = 0 holds in ∂Ω for all
odd j. This gives rise to

4.28 Definition. The weak formulation of (pj)j∈Z 7→ (∂pj+1 + ∂̄pj−1), where p satisfies
the boundary condition 4.59, is given by

D(A1)B
¶
p ∈D(A)

∣∣∣ ∀q ∈D(A), qj ∈ C∞c (Ω) for odd j :
〈
Ap,q

〉
+
〈
p,Aq

〉
= 0
©
,

A1pBAp.

Our goal is to show that A1 is skew-adjoint. To this end, we start by gathering some
helpful lemmas.
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4.8 Addendum: The symmetric-hyperbolic system for moving populations

4.29 Definition. For p ∈H we call pev ∈H defined by

(pev)j =

®
pj , j even
0, j odd

the even part of p and poddB p − pev the odd part of p.

4.30 Lemma. The following statements hold:

1. For all p, q ∈H there is
〈
pev,qodd〉 = 0.

2. For any p ∈ D(A) also pev, podd ∈ D(A). Further we have A(pev) = (Ap)odd and
A(podd) = (Ap)ev.

3. An equivalent characterization of D(A1) is given by{
p ∈D(A)

∣∣ ∀q ∈D(A) :
〈
Ap,qev〉+

〈
p,A(qev)

〉
= 0
}
.

4. For p ∈D(A) it holds that pev ∈D(A1).

Proof: 1. This is a direct consequence of the definition of the inner product ⟨·, ·⟩
H

.

2. Let p ∈D(A) and ϕ ∈ C∞c (Ω). Then for any j ∈Z we have∫
Ω

(pev)j+1∂ϕ + (pev)j−1∂̄ϕ =

®
0, j even,
−
∫
Ω

(Ap)jϕ, j odd.

This shows that (Ap)odd is a valid choice for p̃ in the definition 4.27 of A(pev). The
other claim follows in a similar way.

3. Given q ∈D(A) with qj ∈ C∞c (Ω) for all odd j, we calculate¨
Ap,qodd

∂
+
¨
p,A(qodd)

∂
=
∑
j∈Z

∫
Ω

(Ap)j(qodd)j + pj(∂(qodd)j+1 + ∂̄(qodd)j−1)

=
∑
j odd

∫
Ω

(Ap)j q̄j + pj−1∂̄q̄j + pj+1∂qj

= 0,

where the last line follows from the definition of D(A). Therefore, Definition 4.28
remains unchanged if we replace q by qev, and since all odd entries of qev are
trivially compactly supported smooth functions, we then can as well drop the
condition that qj ∈ C∞c (Ω) for all odd j. This shows the claim.

4. This follows directly from what we just proved: For any p, q ∈D(A) we have, using
statements 1 and 2, that〈

A(pev),qev〉+
〈
pev,A(qev)

〉
=
¨

(Ap)odd,qev
∂

+
¨
pev, (Aq)odd

∂
= 0,

which by statement 3 shows that pev ∈D(A1). □
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4.31 Lemma. Let ϕ ∈ C∞c (Ω) and ek = (δjk)j∈Z for some k ∈ Z and the Dirac delta δ.
Then we have pB ϕek ∈D(A1) and A1p =Ap = ∂ϕek−1 + ∂̄ϕek+1.

Proof: Define p̃B ∂ϕek−1 + ∂̄ϕek+1, then obviously p̃ ∈H. First let ψ ∈ C∞c , then for any
j ∈Z it follows from the partial integration theorem in Lemma 4.25 that

∫
Ω

p̃jψ + pj+1∂ψ + pj−1∂̄ψ =


∫
Ω
∂ϕ ·ψ +ϕ∂ψ, j = k − 1∫

Ω
∂̄ϕ ·ψ +ϕ∂̄ψ, j = k + 1

0, else

= 0.

This shows that p ∈D(A) and Ap = q.
Now let q ∈D(A), then it follows that

〈
Ap,q

〉
+
〈
p,Aq

〉
=
∫
Ω

∂ϕ · qk−1 + ∂̄ϕ · qk+1 +ϕ · (Aq)k .

This integral is the complex conjugate of∫
Ω

∂̄ϕ̄ · qk−1 +∂ϕ̄ · qk+1 + ϕ̄ · (Aq)k ,

which is zero by the fact that q ∈ D(A) (note that ϕ̄ is a test function again). From
this follows in particular that p ∈D(A1) (simply replace q by qev). This concludes the
proof. □

4.32 Lemma. The operator A1 is densely defined.

Proof: The claim follows if we show that the orthogonal complement of D(A1) is only
the zero set. So let q ∈D(A1)⊥ and p = ϕek as in Lemma 4.31. Then from

〈
p,q
〉

= 0 we

conclude that
∫
Ω
ϕxk = 0. Since ϕ and k were arbitrary, we can infer that all xk are zero

from the fundamental lemma of variational calculus. This concludes the proof. □

4.33 Theorem. The operator A1 is skew-adjoint, i.e. we have A′1 = −A1.

Proof: First let p, q ∈D(A1). Then we see that〈
A1p,q

〉
+
〈
p,A1q

〉
=
〈
A1p,q

ev〉+
¨
A1p,q

odd
∂

+
〈
pev,A1q

〉
+
¨
podd,A1q

∂
=
¨
A1(podd),qev

∂
+
¨
A1(pev),qodd

∂
+
¨
pev,A1(qodd)

∂
+
¨
podd,A1(qev)

∂
= −
¨
podd,A1(qev)

∂
+
¨
A1(pev),qodd

∂
−
¨
A1(pev),qodd

∂
+
¨
podd,A1(qev)

∂
= 0,

which means that −A1 ⊆ A′1, proving that A1 is skew-symmetric. Conversely, let
q ∈D(A′1), i.e. it holds that〈

A1p,q
〉

=
〈
p,A′1q

〉
for all p ∈D(A1). (4.61)
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First let p = ϕek as in Lemma 4.31, then p ∈ D(A1) and A1p = Ap = ∂ϕek−1 + ∂̄ϕek+1.
Then eq. (4.61) turns into∫

Ω

∂ϕ · q̄k−1 + ∂̄ϕ · q̄k+1 =
∫
Ω

ϕ(A′q)k .

Complex conjugation and rearranging then yield∫
Ω

−(A′q)kϕ̄ + qk−1∂̄ϕ̄ + qk+1∂ϕ̄ = 0.

Since ϕ and k were arbitrary, we have q ∈ D(A) and Aq = −A′q. Now let p ∈ D(A) be
given, then by Lemma 4.30 it holds that pev ∈D(A1) and thus〈

A(pev),q
〉

=
〈
pev,A′q

〉
= −
〈
pev,Aq

〉
.

Rearranging and complex conjugation then shows〈
Aq,pev〉+

〈
q,A(pev)

〉
= 0 for all p ∈D(A).

Lemma 4.30 then yields that q ∈D(A1). Hence it holds that A′1 ⊆ −A1, which concludes
the proof. □

4.34 Corollary. Assume that (λj)j∈Z ∈ ℓ∞(Z) and (p0
j )j∈Z ∈ D(A1). Then there exists

a unique solution p ∈ C1(R,H)∩C(R,D(A1)) to eq. (4.58) with boundary conditions
(4.59).

Proof: Lemma 4.32 and Theorem 4.33 show that the conditions of Stone’s theorem
[EN00, Thm. II.3.24] are satisfied. Thus we infer that the operator A1 generates
a unitary group of operators, which is equivalent (cf. [EN00, Generation theorem
for groups, p. 79]) to the fact that A1 and −A1 both generate strongly continuous
semigroups. It is easy to see that

B : H→H, (pj)j∈Z 7→ (λjp
j)j∈Z

is a bounded operator. Hence, by a theorem about bounded perturbations of semigroups,
[EN00, Thm. III.1.3], the operators ±A±B generates a strongly continuous semigroup.
The rest of the proof follows by [EN00, Prop. II.6.2]. □

4.35 Remark. It is not clear, mainly because of the complex powers of the unit nor-
mal, how the condition (4.60) is to be formulated in a weak sense. However, formal
calculations show that the operator A2, defined by

D(A2)B {p ∈H | p satisfies eq. (4.60)} , A2pBAp

is skew-symmetric, indicating that one can also obtain a unitary group of operators.
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5 Optimal control of the unrelaxed

model

In this chapter we consider the unrelaxed model with a control term we introduced in
eq. (1.1) and eq. (3.1):

δy +L(a,x)y +Λ(a,x,y)y +K(u)y = σ (a)∆y,
y(t = 0) = y0, ∂νy(x ∈ ∂Ω) = 0,

y(a = 0) =

amax∫
0

β(α,x)y(t,α,x)dα ,

Λ(a,x,y) =

amax∫
0

∫
Ω

k(a,x,α,ξ)yI (t,α,ξ)dξ dα .

(5.1)

The existence of a solution to this equation has already been established in Theorem 3.20.
In this chapter, we examine the question whether there exists an optimal control that
drives the target functional

J(u,y) =
1
2

T∫
0

amax∫
0

∫
Ω

∣∣∣g · y(t,a,x)
∣∣∣2 dxdadt +

α
2

T∫
0

amax∫
0

∫
Ω

|u(t,a,x)|2 dxdadt (5.2)

from eq. (1.7) to its minimum. Here, α > 0 balances the two contributions of the state
and the control to the target functional, and g ∈ Rn is a vector of weights describing
which compartments are infective and whose number we thus want to minimize. For
example, if we consider model (SVIR) again, we have y = (S,V ,I,R)T. We wish to
minimize the number of infectious individuals, hence we choose g = (0,0,1,0)T. If the
general model contains several classes of infectious individuals, the weight g allows
for a grading between them. Most of this chapter has already been published in [AS25,
Secs. 3 to 5]. For the entire chapter, we assume Assumption 3.19 to hold. In particular
we impose the control constraint

0 ≤ u(t,a,x) ≤ ū for almost all t, a, x (5.3)

we already saw in eq. (1.8)

5.1 Existence of an optimal control

This section addresses the well-posedness of optimal control problems governed by
eq. (5.1). For mathematical reasons and convenience in numerical experiments, we
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consider controls of the form

u(t,a,x) =
M∑
i=1

N∑
j=1

uij(t)1Ωi
(x)1[aj−1,aj ](a) with u(t) := (uij(t))i,j ∈RM×N . (5.4)

Here, the indicator functions 1Ωi
(x), where Ωi ⊆ Ω (i = 1, . . . ,M) are mutually dis-

joint, represent zones where the vaccine is administered, while the indicator functions
1[aj−1,aj ](a), with ages 0 ≤ a0 < a1 < · · · < aN ≤ amax, distinguish different age classes.
Interpreted in a real-world setting, this means that the vaccine is administered in vac-
cination centers Ωi and based on predefined age groups (aj−1, aj), which is a realistic
assumption. In this setting, the target functional of eq. (5.2) will take the form

J(u,y) =
1
2

T∫
0

amax∫
0

∫
Ω

∣∣∣g · y(t,a,x)
∣∣∣2 dxdadt +

α
2

T∫
0

∥u(t)∥2
R
M×N dt , (5.5)

where g is a vector of weights. Further, the control constraints (5.3) can be rewritten as

0 ≤ uij(t) ≤ ū for a.a t ∈ (0,T ) and all i = 1, . . . ,N and j = 1, . . . ,N . (5.6)

The optimal control problem is then defined as in eq. (1.9):

inf {J(u,y)
∣∣ (u,y) satisfy eq. (5.1) and eq. (5.6)} . (OC)

A key challenge in working with nonlinear age- and space-structured models is the
lack of compactness. Common compactness results, such as the Rellich–Kondrachov or
Aubin–Lions theorems, are not applicable in this setting, as they require information
on y, ∇xy, yt, and ya, ensuring that y belongs to an appropriate Sobolev space. However,
we only have information on y, ∇xy and δy.

To address this issue, we have to consider more regular controls, specifically u ∈
W 1,p((0,T ),RM×N ) with 1 < p ≤∞, whose age and space structure is fixed. This regular-
ity is achieved by imposing additional control constraints or adding an extra control
cost to the target functional.

5.1 Theorem. Let 1 < p ≤∞ and suppose that one of the following conditions holds:

C1: The target functional in Equation (OC) is replaced by J(u,y) + αd
2 ∥∂tu∥

2
Lp((0,T ),RM×N )

with some αd > 0.

C2: The following additional control constraint is imposed on the problem (OC):

∥∂tu∥Lp((0,T ),RM×N ) ≤ ūd .

Then there exists an optimal control u to problem (OC) of the form given in eq. (5.4).

Proof: The proof is based on the direct method in the calculus of variations (cf. [Giu03,
Thm. 4.6]). Since J is bounded from below, its infimum exists and is nonnegative.
This allows us to choose a minimizing sequence (un)n∈N with corresponding states
(yn)n∈N such that J(un, yn)→ infu J(u,y(u)), or in the case that C1 holds, that J(un, yn) +
αd
2 ∥∂tun∥

2
L2((0,T ),RM×N ) converges to its infimum as n→∞. We consider both cases C1

and C2. In the case where C1 holds, since the cost function is radially unbounded due
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to the control cost ∥·∥2W 1,p((0,T ),RM×N ), we can infer that the sequence (un)n is bounded in

W 1,p((0,T ),RM×N ). If C2 holds, the boundedness of (un)n in the spaceW 1,p((0,T ),RM×N )
follows directly. Thus, in either case, there exists a weakly convergent subsequence
un⇀u∗ with u∗ ∈W 1,p((0,T ),RM×N ). We use the same notation for the sequence and
its subsequence for convenience.

Since the space W 1,p((0,T ),RM×N ) with 1 < p < ∞ is compactly embedded into
C([0,T ],RM×N ) (see, e.g. [AF03, Thm. 6.3]), we can conclude that un→ u∗ strongly in
C([0,T ],RM×N ). Now, it remains to show that the subsequence (yn)n associated with
(un)n also converges to y∗, the state corresponding to u∗. In a similar manner to eq. (3.30),
we can write for almost every t ∈ (0,T ) that∥∥∥yn − y∗∥∥∥2

L2((0,T ),V )
+
∥∥∥yn(t)− y∗(t)

∥∥∥2
H +

∥∥∥δyn − δy∗∥∥∥2
L2((0,T ),V ′)

≲max
{∥∥∥yn∥∥∥2

L∞((0,T ),H)
,
∥∥∥y∗∥∥∥2

L∞((0,T ),H)

}∥∥∥yn − y∗∥∥∥2
L2((0,T ),H)

+ ∥un∥L∞((0,T ),RM×N )

∥∥∥yn − y∗∥∥∥2
L2((0,T ),H)

+ ∥un −u∗∥L∞((0,T ),RM×N )

∥∥∥y∗∥∥∥2
L2((0,T ),H)

.

Together with the uniform boundedness of
Ä
∥un∥L∞((0,T ),RM×N )

ä
n

and
(∥∥∥yn∥∥∥L∞((0,T ),RM×N )

)
n

(which follows from eq. (3.29)), and applying Gronwall’s inequality, we obtain∥∥∥yn − y∗∥∥∥2
L∞((0,∞),H)

≲ ∥un −u∗∥L∞((0,T ),RM×N )

∥∥∥y∗∥∥∥2
L2((0,T ),H)

.

This shows that yn→ y∗ strongly in C([0,T ],H). This strong convergence allows us to
conclude that J(un, yn)→ J(u∗, y∗) = infu J(u,y(u)), proving the existence of an optimal
control in case C2. The existence for case C1 follows from the weak convergence
un ⇀ u∗ in H1((0,T ),RM×N ) and the weak lower semicontinuity of the control cost
∥∂t·∥Lp((0,T ),RM×N ). Therefore, we conclude that

J(u∗, y∗) +
αd
2
∥∂tu∗∥2Lp((0,T ),RM×N ) ≤ liminf

n→∞

(
J(un, yn) +

αd
2
∥∂tun∥2Lp((0,T ),RM×N )

)
= inf

u

(
J(u,y(u)) +

αd
2
∥∂tu∥2Lp((0,T ),RM×N )

)
.

Thus, the proof is complete. □

5.2 Remark. It is natural and numerically preferable to consider more general controls,
specifically those belonging to L2((0,T ),RM×N ). In this case, the boundedness of the
minimizing sequence follows either from the box constraints in eq. (5.6) or the presence
of a strictly positive α in eq. (5.5). As mentioned before, the primary challenge lies in
the lack of compactness for the state equation, making it unclear whether the weak limit
of the minimizing control subsequence corresponds to the weak limit of the associated
state subsequence.

In Theorem 5.1, we worked around this issue by exploiting additional regularity for
the control and leveraging a compact embedding, which led to strong convergence.
However, for controls in L2((0,T ),RM×N ), the lack of compactness becomes an issue for
both the control and state, complicating the attainment of strong convergence.

Nevertheless, if the control enters the state equation linearly (rather than bilinearly)
and appropriate structural conditions are imposed on the nonlinearity, the existence of
an optimal control can still be established using only weak convergence. More precisely,
we assume that
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5 Optimal control of the unrelaxed model

• The state equation has the form

δy +L(a,x)y +Λ(a,x,y)y = σ (a)∆y +K(u),

i.e. the control enters the state equation linearly.

• We can extend the nonlocal aspect of Λ backwards in time, i.e. we let

Λ(t,a,x,y)hi =

t∫
0

amax∫
0

∫
Ω

khij(t,ϑ,a,α,x,ξ)yj(ϑ,α,ξ)dξ dαdϑ

=
¨
khi(t, ·, a, ·,x, ·), I

∂
L2((0,t)×[0,amax]×Ω)

.

Moreover, we assume that the kernel k factorizes as follows (for brevity, let
G := [0,T ]×I ×Ω, z := (t,a,x), and ζ := (ϑ,α,ξ)):

khij(z,ζ) =
N∑
ℓ=1

k
hij
1ℓ (z) · khij2ℓ (ζ),

with element-wise multiplication of the 3-tensors k1j , k2j . Functions of this struc-
ture are dense in L2(G × G), and if we allow N = ∞, they are even dense in
L∞(G,L2(G)), which is the natural domain for k (see e.g. [HvVW16, Lems. 1.2.19
and 2.1.4]). The temporal nonlocality can be interpreted as infections from germs
present in the environment and thus from individuals that have been infectious
in the past.

Under these assumptions, the above proof can be carried out without requiring strong
convergence: Let un, u∗, and yn as before. The boundedness of the yn now merely shows
that yn⇀y∗ in L2(G). The linear terms in the differential equation are weakly contin-
uous by standard arguments (for example, for and y′ ∈ L2(G) we have

〈
Lyn, y

′〉
L2(G) =〈

yn,L
′y′
〉
L2(G) with the adjoint operator L′, and this expression converges to

〈
y∗,L′y′

〉
L2(G) =〈

Ly∗, y′
〉
L2(G)), and the nonlinearity also becomes weakly continuous due to the kernel

structure. Specifically, for any sequence yn⇀y in L2(G) and any y′ ∈ L2(G), we have

〈
Λ(yn)yn, y

′〉
L2(G) =

¨〈
k(z, ·), yn

〉
L2(G)yn, y

′
∂
L2(G)

=

∞〈
N∑
ℓ=1

k1ℓ(z)k2ℓ, yn

〉
L2(G)

yn, y
′

∫
L2(G)

=

〈
N∑
ℓ=1

k1ℓ
〈
k2ℓ, yn

〉
L2(G)yn, y

′

〉
L2(G)

=
N∑
ℓ=1

〈
k2ℓ, yn

〉
L2(G)

〈
k1ℓyn, y

′〉
L2(G).

This shows that
〈
Λ(yn)yn,v

〉
L2((0,T ),H) converges to

〈
Λ(y∗)y∗,v

〉
L2((0,T ),H). From the con-

cept of weak solution from eq. (3.33) we deduce that for any v ∈ L2((0,T ),V ) we have

0 =
〈
δyn,v

〉
L2((0,T ),V ′)×L2((0,T ),V ) +

〈
Lyn,v

〉
L2((0,T ),H)

+
〈
Λ(yn)yn,v

〉
L2((0,T ),H) + ⟨K(un),v⟩L2((0,T ),H) +

〈
σ (a)∇yn,∇v

〉
L2((0,T ),H)d

n→∞−→
〈
δy∗,v

〉
L2((0,T ),V ′)×L2((0,T ),V ) +

〈
Ly∗,v

〉
L2((0,T ),H)

+
〈
Λ(y∗)y∗,v

〉
L2((0,T ),H) + ⟨K(u∗),v⟩L2((0,T ),H) +

〈
σ (a)∇y∗,∇v

〉
L2((0,T ),H)d ,

which shows that y∗ is in fact the state corresponding to the control u∗.
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5.2 First order optimality conditions

In this section, we derive first-order optimality conditions for the optimal control
problem (OC), following Section 2.5. For this purpose, we define

U B L2((0,T ),RM×N ),

UadB {u ∈U | u satisfies eq. (5.6)} ,

Y B
¶
y ∈ L2((0,T ),V )∩C([0,T ],H)∩C(Ī ,L2((0,T ),H))

∣∣∣ δy ∈ L2((0,T ),V ′)
©
,

Z B L2((0,T ),V ′)×H×L2((0,T ),H)

and consider the mappings J :U ×Y →R and e : Y ×U → Z defined by

J(u,y)B
1
2

$ ∣∣∣g · y(t,a,x)
∣∣∣2 d(t,a,x) +

α
2

$
|u(t,a,x)|2 d(t,a,x) ,

e(y,u)B

Ñ
δy +Ly +Λ(y)y + K̃(u)y − σ∆y, y(t = 0)− y0, y(a = 0)−

amax∫
0

βyda

é
.

Here, for u ∈U we let

K̃(u)B K

Ñ
M∑
i=1

N∑
j=1

uij(t)1Ωi
(x)1[aj−1,aj ](a)

é
.

Then, the optimal control problem (OC) can be rewritten as

inf
u∈U

J(u,y) subject to e(y,u) = 0,u ∈Uad.

We know that Y , Z are Banach spaces and Uad is nonempty, convex and closed in
L2((0,T ),RM×N ). In Theorem 3.20, we established the existence of a unique solution
y = y(u) to the equation e(y(u),u) = 0 for all u ∈Uad.

It is straightforward to verify that J is continuously Fréchet differentiable. Moreover,
apart from the nonlinear terms Λ(y)y and K̃(u)y, the mapping e consists of continuous
linear terms, which are continuously Fréchet differentiable. The nonlinear terms them-
selves are continuous bilinear forms, which are also continuously Fréchet differentiable.
In particular, for the nonlinear term Λ(y)y and for any given y,h ∈ Y we can write

1
t

(Λ(y + th)(y + th)−Λ(y)y) =
1
t

(Λ(th)y +Λ(y)th+Λ(th)th) =Λ(h)y +Λ(y)h+ tΛ(h)h.

Letting t → 0, we obtain the directional derivative at the point y in the direction h.
Similar calculations can be carried out for the term K̃(u)y. Hence we can conclude the
following Lemma.

5.3 Lemma. Let y ∈ Y , u ∈Uad be given. Then for every h ∈ Y and k ∈U with u + εk ∈
Uad for some ε > 0, the directional derivatives

ey(y,u)h = lim
t→0

1
t

(e(y + th,u)− e(y,u)), eu(y,u)k = lim
t→0

1
t

(e(y,u + tk)− e(y,u))
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5 Optimal control of the unrelaxed model

exist and it holds

ey(y,u)h =

Ñ
δh+Lh+Λ(y)h+Λ(h)y + K̃(u)h− σ∆h, h(t = 0), h(a = 0)−

amax∫
0

βhda

é
,

eu(y,u)k = (K̃(k)y,0,0).

5.4 Lemma. Suppose that Assumption 3.19 holds. Then for all u ∈Uad the linear map
ey(y(u),u) has a bounded inverse.

Proof: The statement is equivalent to demonstrating that for every given tuple (f ,h0,B0) ∈
Z, the equation

δh+ (L+Λ(y) + K̃(u))h+Λ(h)y − σ∆h = f ,

h(t = 0) = h0, h(a = 0)−
amax∫
0

βhda = B0, ∂νh(x ∈ ∂Ω) = 0
(5.7)

admits a unique weak solution h ∈ Y . To prove this, similarly to the proof of Theo-
rem 3.18, we proceed through several steps. First, by neglecting the terms involving Λ,
K and β, we consider the linearized equation

δh+Lh− σ∆h = f , (5.8)
h(t = 0) = h0, h(a = 0) = B0, ∂νh(x ∈ ∂Ω) = 0.

By Corollary 3.14, there exists a unique solution h to eq. (5.8), which can be expressed
as in eq. (3.17):

h(t,a,x) =

{
U (a,0)B0(t − a) + S(a,0) f |char(t−a) t > a,

U (a,a− t)h0(a− t) + S(a,a− t) f |char(t−a) t ≤ a.
(5.9)

In the next step, we replace B0 by a function b ∈ L2((0,T ),H) satisfying

b(t) = h(a = 0) = B0(t) +

amax∫
0

β(α)h(α)dα . (5.10)

Together with eq. (5.9), and in a similar manner to eq. (3.24), we obtain the Volterra
equation

b(t) = B0(t) +

min(t,amax)∫
0

β(α,x)U (α,0)b(t −α)dα

+

amax∫
min(t,amax)

β(α)U (α,α − t)h0(α − t)dα +

t∫
t−amax

β(t − t0)S(t − t0, t−0 ) f |char(t0) dt0 .

A similar proof as for Theorem 3.16 shows that there exists a solution b ∈ L2((0,T ),H)
satisfying

∥b∥L2((0,T ),H) ≲ ∥h0∥H + ∥B0∥L2((0,T ),H) + ∥f ∥L2((0,T ),V ′).
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Hence, the solution of eq. (5.8) with initial condition for (a = 0) given by eq. (5.10) can
be expressed as

h(t,a,x) =

{
U (a,0)b(t − a) + S(a,0) f |char(t−a) t > a,

U (a,a− t)h0(a− t) + S(a,a− t) f |char(t−a) t ≤ a.

Similar to eq. (3.25), we obtain an estimate for this h of the form

∥h∥2L2((0,T ),V ) + ∥h∥2C([0,T ],H) + ∥δh∥2L2((0,T ),V ′) ≲ ∥h0∥2H + ∥B0∥L2((0,T ),H) + ∥f ∥2L2((0,T ),V ′).
(5.11)

To include the remaining terms in the equation, we will employ the Banach fixed-
point argument, as demonstrated in the proof of Theorem 3.20. For a given h ∈ Y , let
Φ(h) denote the solution k ∈ Y to the equation

δk +Lk − σ∆k = f − (Λ(y) + K̃(u))h−Λ(h)y,

k(t = 0) = h0, k(a = 0)−
amax∫
0

βkda = B0, ∂νk(x ∈ ∂Ω) = 0.

With similar arguments as in the proof of Theorem 3.20, Φ is well-defined. Further,
using eq. (5.11) a similar calculation as in eq. (3.30) yields the estimate

∥Φ(h)−Φ(k)∥L∞((0,∞),H) ≲
∥∥∥Λ(y)(h− k)

∥∥∥
L2((0,T ),V ′) +

∥∥∥K̃(u)(h− k)
∥∥∥
L2((0,T ),V ′)

+
∥∥∥Λ(h− k)y

∥∥∥
L2((0,T ),V ′) ≲ ∥h− k∥L2((0,T ),H) ≲

√
T ∥h− k∥L∞((0,T ),H))

Hence, choosing T sufficiently small, we can conclude that Φ is a contraction on
C([0,T ],H)) (which is a superset of Y ). Therefore, we have a local existence (in time) of
the solution to eq. (5.7). The existence of the global solution follows from the following
energy estimate which holds globally. Let h be any fixed point of Φ , then eq. (5.11)
yields for almost all t ∈ (0,T ) that

∥h(t)∥2H ≲ ∥f ∥
2
L2((0,T ),V ′) + ∥h0∥2H + ∥B0∥2L2((0,T ),H) +

∥∥∥Λ(y)h+Λ(h)y + K̃(u)h
∥∥∥2
L2((0,t),H)

≲ ∥f ∥2L2((0,T ),V ′) + ∥h0∥2H + ∥B0∥2L2((0,T ),H) +
(∥∥∥y∥∥∥2

L∞((0,T ),H)
+ ∥u∥2L∞((0,T ),H)

)
∥h∥2L2((0,t),H),

where in the last line, we have used eq. (3.27). Now, an application of Gronwall’s lemma
yields the following estimate

∥h∥2L∞((0,T ),H) ≲ e

(
∥y∥2L∞((0,T ),H)+∥u∥

2
L∞((0,T ),H)

)
T Ä∥f ∥2L2((0,T ),V ′) + ∥h0∥2H + ∥B0∥2L2((0,T ),H)

ä
.

This uniform estimate, combined with standard continuation arguments (cf. [Smo83,
Thm. 14.4]), shows that the solution obtained via Banach’s Fixed Point Theorem can
indeed be extended to the entire time interval (0,T ). in addition to that, it establishes
the uniqueness of the solution, as it directly shows that the difference between two
solutions to the linear equation with identical initial and boundary conditions must be
zero at all times. This completes the proof. □
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Next, we will derive the adjoint equation. In other words, we find p ∈ Z ′, where

Z ′ = L2((0,T ),V )×H×L2((0,T ),H),

which satisfies eq. (2.3), i.e.

ey(y(u),u)∗p = −Jy(u,y(u)).

This means that for all h ∈ Y that
¨
−Jy(u,y(u)),h

∂
Y ′×Y

=
¨
p,ey(y(u),u)h

∂
Z ′×Z

. Recalling
the weak formulation of the Laplace operator used in eq. (3.12) and using integration
by parts, this yields

−
〈
gy(u), gh

〉
L2((0,T ),H) =

〈
p1,δh+Lh+Λ(y)h+Λ(h)y + K̃(u)h− σ∆h

〉
L2((0,T ),V )×L2((0,T ),V ′)

+
〈
p2,h(t = 0)

〉
H +

∞
p3,h(a = 0)−

amax∫
0

β(α)h(α)dα

∫
L2((0,T ),H)

= −
〈
h,δp1

〉
L2((0,T ),H) +

〈
h(t = T ),p1(t = T )

〉
H −

〈
h(t = 0),p1(t = 0)

〉
H

+
〈
h(a = amax),p1(a = amax)

〉
L2((0,T )×Ω) −

〈
h(a = 0),p1(a = 0)

〉
L2((0,T )×Ω)

+
¨
h,LTp1

∂
L2((0,T ),H)

+
〈
Λ(a,x,h)y +Λ(a,x,y)h+ K̃(u)h,p1

〉
L2((0,T ),H)

−
〈
h,σ (a)∆p1

〉
L2((0,T ),V )×L2((0,T ),V ′)

+
〈
h(t = 0),p2

〉
H +

∞
h(a = 0)−

amax∫
0

β(α,x)h(t,α,x)dα ,p3

∫
L2((0,T )×Ω)

.

Recall Λ(h)ℓi(t,a,x) =
∫ amax

0

∫
Ω
kℓij(a,x,α,ξ)hj(t,α,ξ)dξ dα, where ℓ, i = 1, . . . ,n and we

use Einstein’s convention over the index j. Setting zB (a,x), ζ B (α,ξ), we can rewrite
the term with Λ(h)y as

〈
Λ(h)y,p1

〉
L2((0,T ),H) =

T∫
0

∫
I×Ω

∫
I×Ω

kℓij(z,ζ)hj(t,ζ)dζ yi(t, z)p1ℓ(t, z)dzdt

=

T∫
0

∫
I×Ω

hj(t,ζ)
∫
I×Ω

kℓij(z,ζ)yi(t, z)p1ℓ(t, z)dzdζdt

C
¨
h,Λ̃y(p1)

∂
L2((0,T ),H)

,

where Λ̃y is a nonlocal linear operator. Further, the term with the birth condition can
be rewritten as∞ amax∫

0

β(α)h(α)dα ,p3

∫
L2((0,T )×Ω)

=
$

(0,T )×I×Ω

β(α,ξ)h(ϑ,α,ξ) · p3(ϑ,ξ)d(ϑ,α,ξ)

=
¨
h,βTp3

∂
L2((0,T ),H)

.
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Therefore, we can write

−
〈
gy(u), gh

〉
I×Ω = −

〈
δp1,h

〉
I×Ω +

〈
p1(t = T ),h(t = T )

〉
H −

〈
p1(t = 0),h(t = 0)

〉
H

+
〈
p1(a = amax),h(a = amax)

〉
L2((0,T )×Ω) −

〈
p1(a = 0),h(a = 0)

〉
L2((0,T )×Ω)

+ ⟨(L+Λ(y(u)) + K̃(u))Tp1 + Λ̃y(u)(p1)− σ∆p,h⟩L2((0,T ),V ′)×L2((0,T ),V )

+
〈
p2,h(t = 0)

〉
H +

〈
p3,h(a = 0)

〉
L2((0,T ),H) −

¨
βTp3,h

∂
L2((0,T ),H)

,

which represents the weak formulation of the adjoint equation. For brevity we write
pB p1. Letting h(t,a,x) = δt=0ϕ(a,x), where ϕ is a test function on (0,T )×Ω and δt=0 is
the Dirac distribution (this is a formal calculation, which can be made precise by an
approximation argument), all that remains is

0 =
〈
−p1(t = 0),ϕ

〉
H +

〈
p2,ϕ

〉
H,

which shows that p2 = p(t = 0). Similarly, it can be shown that p3 = p(a = 0). Then
letting h an arbitrary test function gives the weak formulation of the adjoint equation

−δp+ (L+Λ(y(u)) + K̃(u))Tp+ Λ̃y(u)(p)− σ∆p − β(a,x)Tp(a = 0) = −gTgy(u),

p(t = T ) = 0, p(a = amax) = 0, ∂νp(x ∈ ∂Ω) = 0.
(5.12)

5.5 Remark. An interesting feature in the adjoint equation is the term of the form
β(a,x)Tp(a = 0), which arises from to the implicit boundary condition. We remark that a
similar term βTp(a = 0) appears in the adjoint equation for a class of optimal control
problems governed by age-structured models without spatial variable x (ODEs), as
shown in [AAC11, Thm. 4.11].

5.6 Theorem. Suppose that Assumption 3.19 holds. Then the adjoint equation (5.12)
has a unique solution in Y .

Proof: Setting h(t,a)B p(T − t,amax − a), the adjoint equation can be rewritten as

δh+ (L+Λ(y) + K̃(u))T(T − t,amax − a)h+ Λ̃y(T−t,amax−a)(h)− σ (amax − a)∆h

− β(amax − a)Th(a = amax) = −gTgy(T − t,amax − a),

h(t = 0) = 0, h(a = 0) = 0, ∂νh(x ∈ ∂Ω) = 0.

Comparing this equation with eq. (5.7), we observe that they share a similar form, except
for the initial conditions at a = 0 and t = 0, which in this case are zero, and instead of a
term

∫ amax

0
βhda on the boundary, in eq. (5.12) we have a term β(amax − a)Th(t,amax,x) in

the interior. Therefore, to prove the theorem, we can apply similar arguments to those
in the proof of Lemma 5.4, with only slight adaptations. More specifically, we can easily
obtain a solution h of the linearized equation

δh+LT(T − t,amax − a)h− σ (amax − a)∆h− f = −gTgy(T − t,amax − a),

h(t = 0) = 0, h(a = 0) = 0, ∂νh(x ∈ ∂Ω) = 0,

as described in the proof of Corollary 3.14. Similarly to Theorem 3.2 and Definition 3.3,
we obtain evolution operators Ũ and S̃ for the equation along characteristics, which we
can use to represent the solution as

h(t,a,x) =

{
S̃(a,0) f |char(t−a) t > a,

S̃(a,a− t) f |char(t−a) t ≤ a.
(5.13)
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The next step is to replace f in this equation with f + βTb, where b ∈ L2((0,T ),H)
is supposed to satisfy b = h(a = amax). Substituting this into eq. (5.13) and applying
Duhamel’s principle from Remark 3.5, we obtain the Volterra equation

b(t) = S̃(amax, (amax − t)+) f |char(t)−amax
+

amax∫
(amax−t)+

Ũ (amax, r)β(amax − r)Tb(t − amax + r)dr

= S̃(amax, (amax − t)+) f |char(t)−amax
+

min(t,amax)∫
0

Ũ (amax, amax − s)β(s)Tb(t − s)ds .

A solution b ∈ L2((0,T ),H) can then be found as in Theorem 3.16. The remainder of the
proof, specifically the inclusion of the missing terms, follows similarly to the proof of
Lemma 5.4. □

The first-order necessary optimality conditions are then given by the following result.

5.7 Corollary. Suppose that Assumption 3.19 holds, and let the pair (y∗,u∗) ∈ Y ×Uad be
a solution to Equation (OC). Then this pair satisfies the following variational inequality

α⟨u∗,u −u∗⟩L2((0,T ),RM×N ) +
〈
p∗, K̃(u −u∗)y∗

〉
L2((0,T ),H)

=
〈
αu∗ +M(p,y∗),u −u∗

〉
L2((0,T ),RM×N ) ≥ 0 for all u ∈Uad ,

where y∗ = y(u∗) is the solution to eq. (5.1) corresponding to u∗, p∗ denotes the solution
of the adjoint equation (5.12) associated with u∗ and y∗, and the matrix M(p,y∗) ∈
L2((0,T ),RM×N ) is defined as

M(p,y∗)ij(t) =
"
I×Ω

p∗(t,a,x)TK
Ä
1Ωi

(x)1[aj−1,aj ](a)
ä
y∗(t,a,x)d(a,x) .

Proof: The linearity of K from Assumption 3.19 yields〈
p∗, K̃(u −u∗)y∗

〉
L2((0,T ),H)

=
$

(0,T )×I×Ω

p∗(t,a,x)TK

Ñ
M∑
i=1

N∑
j=1

(u −u∗)ij(t)1Ωi
(x)1[aj−1,aj ](a)

é
y∗(t,a,x)d(t,a,x)

=
M∑
i=1

N∑
j=1

T∫
0

(u −u∗)ij(t)
"
I×Ω

p∗(t,a,x)TK
Ä
1Ωi

(x)1[aj−1,aj ](a)
ä
y∗(t,a,x)d(a,x)dt

=
〈
u −u∗,M(p,y∗)

〉
L2((0,T ),RM×N ).

Then the claim is a direct consequence of Theorem 2.22. □

5.3 Numerical experiments

In this section we present a numerical implementation of the optimal control problem
(OC) governed by the model (SVIR). We follow the so-called discretize-then-optimize
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approach, which means we first devise a numerical scheme to discretize the state
equation, and then use optimization techniques for the discretized problem.

The spatial domain was chosen as the interval Ω = [0,1]. In order to solve the state
equation

δy +L(a,x)y +Λ(a,x,y)y +K(u)y = σ (a)∆y,
y(t = 0) = y0, ∂νy(x ∈ ∂Ω) = 0,

y(a = 0) =

amax∫
0

β(α,x)y(t,α,x)dα

from eq. (5.1) numerically, first let x1 < . . . < xK be equidistant points in space, the
distance being ∆x. We further choose equidistant time steps 0 = t0 < t1 < . . . < tM = T
and age steps 0 = a0 < a1 < . . . < aN = amax in such a way that ∆t = ∆a. It should be noted
that this choice, while convenient, poses challenges for real-world simulations: typically,
∆t is on the order of days or less, while the maximum age amax in I can span several
decades. As a result, the age variable requires very fine discretization, potentially
leading to the curse of dimensionality.

We proceed in three steps:

(1) We choose a finite difference scheme to get rid of the Laplacian:

δy(xi) +L(xi)y(xi) +Λ(xi , y)y(xi) +K(u(xi))y(xi) = σ (xi)
y(xi−1)− 2y(xi) + y(xi+1)

∆x2 .

Since we want to approximate the Neumann Laplacian, we let x0 = x1 and xK+1 = xK .

(2) We approximate the nonlocal operator Λ with the trapezoidal rule for numerical
integration. To this end, we introduce the weight w defined by

w(aα,xi)B


1
4 , aα ∈ {a0, amax} and xi ∈ {x1,xK } ,
1
2 , either aα ∈ {a0, amax} or xi ∈ {x1,xK },
1, else.

We obtain

Λ(aj ,xi , y) =

amax∫
0

∫
Ω

k(aj ,α,xi ,ξ)y(α,ξ)dξ dα

≈
∑
α,β

k(aj , aα,xi ,xβ)y(aα,xβ)w(aα,xβ)∆x∆a.

The complete equation now reads

δy(aj ,xi) +L(aj ,xi)y(aj ,xi) +

Ñ∑
α,β

k(aj , aα,xi ,xβ)y(aα,xβ)w(aα,xβ)∆x∆a

é
y(aj ,xi)

+K(u(aj ,xi))y(aj ,xi) = σ (aj ,xi)
y(aj ,xi−1)− 2y(aj ,xi) + y(aj ,xi+1)

∆x2 .
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(3) We approximate δy by an approximation from an ODE solver. We choose the theta
method from Section 2.4, which for ϑ = 0 yields the explicit Euler method, ϑ = 1
the implicit Euler method, and ϑ = 0.5 the Crank-Nicholson method. We have
to account for the age derivative as well: The equation δx(t,a) = F(t,a,x(t,a)) is
approximated by

x(t +∆t,a+∆t)− x(t,a)
∆t

= (1−ϑ)F(t,a,x(t,a)) +ϑF(t +∆t,a+∆t,x(t +∆t,a+∆t)).

In our case we obtain

y(tn+1, aj+1,xi)− y(tn, aj ,xi)

∆t

= (1−ϑ)

®
− (L(aj ,xi) +K(u(tn, aj ,xi)))y(tn, aj ,xi)

−

Ñ∑
α,β

k(aj , aα,xi ,xβ)y(tn, aα,xβ)w(aα,xβ)∆x∆a

é
y(tn, aj ,xi)

− σ (aj ,xi)
y(tn, aj ,xi−1)− 2y(tn, aj ,xi) + y(tn, aj ,xi+1)

∆x2

´
+ϑ

®
− (L(aj+1,xi) +K(u(tn+1, aj+1,xi)))y(tn+1, aj+1,xi)

−

Ñ∑
α,β

k(aj+1, aα,xi ,xβ)y(tn+1, aα,xβ)w(aα,xβ)∆x∆a

é
y(tn+1, aj+1,xi)

− σ (aj+1,xi)
y(tn+1, aj+1,xi−1)− 2y(tn+1, aj+1,xi) + y(tn+1, aj+1,xi+1)

∆x2

´
.

For brevity let ynB y(tn). Further, we use an Adams–Bashforth type approximation
Λ(yn+1) ≈Λ(2yn − yn−1) (cf. Section 2.4) in order to obtain a linear equation in yn+1.
The convention y−1 = yn corresponds to a simple Euler method for the first step.
Then our algorithm can be reformulated to:

yn+1(aj+1,xi) +ϑ∆t

®
(L(aj+1,xi) +K(u(tn+1, aj+1,xi)))y

n+1(aj+1,xi)

+

Ñ∑
α,β

k(aj+1, aα,xi ,xβ)(2yn − yn−1)(aα,xβ)w(aα,xβ)∆x∆a

é
yn+1(aj+1,xi)

+ σ (aj+1,xi)
yn+1(aj+1,xi−1)− 2yn+1(aj+1,xi) + yn+1(aj+1,xi+1)

∆x2

´
− yn(aj ,xi) + (1−ϑ)∆t

®
(L(aj ,xi) +K(u(tn, aj ,xi)))y

n(aj ,xi)

+

Ñ∑
α,β

k(aj , aα,xi ,xβ)yn(aα,xβ)w(aα,xβ)∆x∆a

é
yn(aj ,xi)

102



5.3 Numerical experiments

+ σ (aj ,xi)
yn(aj ,xi−1)− 2yn(aj ,xi) + yn(aj ,xi+1)

∆x2

´
= 0.

The only missing entry is y(tn+1, a0,xi), which can be obtained by the birth rule:

y(tn+1, a0,xi) =

amax∫
0

β(α,xi)y(tn+1,α,xi)dα ≈
∑
α

β(aα,xi)y(tn+1, aα,xi)w̃(aα)∆a,

where w̃(aα) =

®
1
2 , aα ∈ {a0, amax} ,
1, else.

In total, we now have a scheme that for a given control u produces the state y(u)
associated to u.

In order to obtain the gradient of the target functional with respect to the control, we
can proceed as in eq. (2.4). To this end we derive a formula for the adjoint equation (2.3)
by defining the discretized Lagrangian and setting ∂L

∂y to zero. We assume the control to
be piecewise constant on each time-age square (tn−1, tn)×(aj−1, aj) (1 ≤ n ≤M, 1 ≤ j ≤N ),
where it takes the value un−1,j−1 (which may depend on x). The target functional

J =
1
2

∥∥∥g · y∥∥∥2
L2((0,T ),H)

+
α
2
∥u∥2L2((0,T ),H)

=
1
2

t∫
0

amax∫
0

∫
Ω

(g · y)(t,a,x)2 +αu(t,a,x)2 dxdadt

is then approximated by

J ≈ 1
2

M−1∑
n=0

N−1∑
j=0

K∑
i=1

(1−ϑ)(g · yn(aj ,xi))
2 +ϑ(g · yn+1(aj+1,xi))

2∆x∆a∆t

+
α
2

M−1∑
n=0

N−1∑
j=0

K∑
i=1

un,j(xi)
2∆x∆a∆t.

Now we can define the Lagrangian by adding the target functional and the discretized
equation multiplied with some Lagrange multiplier p:

L =
1
2

M−1∑
n=0

N−1∑
j=0

K∑
i=1

(1−ϑ)(g · yn(aj ,xi))
2 +ϑ(g · yn+1(aj+1,xi))

2∆x∆a∆t

+
α
2

M−1∑
n=0

N−1∑
j=0

K∑
i=1

un,j(xi)
2∆x∆a∆t

+
M−1∑
n=0

N−1∑
j=0

K∑
i=1

pn+1,j+1,i ·
ñ
yn+1(aj+1,xi) +ϑ∆t

®
(L(aj+1,xi) +K(un,j(xi)))y

n+1(aj+1,xi)

+

Ñ
N∑
α=0

K∑
β=1

k(aj+1, aα,xi ,xβ)(2yn − yn−1)(aα,xβ)w(aα,xβ)∆x∆a

é
yn+1(aj+1,xi)
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+ σ (aj+1,xi)
yn+1(aj+1,xi−1)− 2yn+1(aj+1,xi) + yn+1(aj+1,xi+1)

∆x2

´
− yn(aj ,xi) + (1−ϑ)∆t

®
(L(aj ,xi) +K(un,j(xi)))y

n(aj ,xi)

+

Ñ
N∑
α=0

K∑
β=1

k(aj , aα,xi ,xβ)yn(aα,xβ)w(aα,xβ)∆x∆a

é
yn(aj ,xi)

+ σ (aj ,xi)
yn(aj ,xi−1)− 2yn(aj ,xi) + yn(aj ,xi+1)

∆x2

´ô
+
M−1∑
n=0

K∑
i=1

pn+1,0,i

ñ
yn+1(a0,xi)−

∑
α

β(aα,xi)y
n+1(aα,xi)w̃(aα)∆a

ô
.

The expression for the pn,j,i we are looking for can now be found by setting the partial
derivatives of L with respect to the yn(aj ,xi) to zero. Note that y0 is calculated by means
of the initial values, so we do not form the derivative with respect to it. We obtain

∂L
∂yn(aj ,xi)

= (g · yn(aj ,xi))g ·∆x∆a∆t ·


0, n =M,j = 0
ϑ, (n =M,j , 0) or j =N
1−ϑ, n ,M,j = 0
1, else

+

ñ
pn,j,i +ϑ∆t(L(aj ,xi) +K(un−1,j−1(xi)))

Tpn,j,i

+ϑ∆t

Ñ
N∑
α=0

K∑
β=1

kωγδ(aj , aα,xi ,xβ)(2yn−1
δ − yn−2

δ )(aα,xβ)w(aα,xβ)∆x∆a

é
p
n,j,i
ω

+ϑ∆tσ (aj ,xi)
pn,j,i+1 − 2pn,j,i + pn,j,i−1

∆x2

ô
·
®

0, j = 0
1 else

+ 2ϑ∆t
N−1∑
α=0

K∑
β=1

kωγδ(aα+1, aj ,xβ ,xi)y
n+1
γ (aα,xβ)pn+1,α+1,β

ω w(aj ,xβ)∆x∆a ·
®

0, n =M
1, else

−ϑ∆t
N−1∑
α=0

K∑
β=1

kωγδ(aα+1, aj ,xβ ,xi)y
n+2
γ (aα,xβ)pn+2,α+1,β

ω w(aj ,xβ)∆x∆a ·
®

0, n ∈ {M,M − 1}
1, else

+

ñ
− pn+1,j+1,i + (1−ϑ)∆t(L(aj ,xi) +K(un,j(xi)))

Tpn+1,j+1,i

+ (1−ϑ)∆t

Ñ
N∑
α=0

K∑
β=1

kωγδ(aj , aα,xi ,xβ)ynδ (aα,xβ)w(aα,xβ)∆x∆a

é
p
n+1,j+1,i
γ

+ (1−ϑ)∆t
N−1∑
α=0

K∑
β=1

kωγδ(aα, aj ,xβ ,xi)y
n
γ (aα,xβ)pn+1,α+1,β

ω w(aj ,xβ)∆x∆a
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+ (1−ϑ)∆tσ (aj ,xi)
pn+1,j+1,i+1 − 2pn+1,j+1,i + pn+1,j+1,i−1

∆x2

ô
·
®

0, j =N or n =M
1 else

− β(aj ,xi)
Tpn,0,iw̃(aj)∆a+

®
pn,0,i , j = 0
0, else

!= 0.

First of all, we start by calculating pM,0,i , for which we simply get the equation

(1− β(a0,xi)
Tw(a0)∆a)pM,0,i = 0,

from which we can deduce that pM,0,i = 0 for all i (if ∆a is sufficiently small). This can
be used to calculate the other pM,j,is: From

ϑ(g · yL(aj ,xi))g ·∆x∆a∆t

+

ñ
pM,j,i +ϑ∆t(L(aj ,xi) +K(uM−1,j−1(xi)))

TpM,j,i

+ϑ∆t

Ñ
N∑
α=0

K∑
β=1

kωγδ(aj , aα,xi ,xβ)(2yM−1
δ − yM−2

δ )(aα,xβ)w(aα)∆x∆a

é
p
M,j,i
ω

+ϑ∆tσ (aj ,xi)
pM,j,i+1 − 2pM,j,i + pM,j,i−1

∆x2

ô
− β(aj ,xi)

TpM,0,i︸  ︷︷  ︸
=0

w(aj)∆a = 0

we can calculate the values for each j separately. (Note that for ∆t → 0, we obtain
pM,j,i = 0, in accordance to the non-discretized equation.) For the other values of n we
get after some restructuring

pn,j,i +ϑ∆t

ñ
(L(aj ,xi) +K(un−1,j−1(xi)))

Tpn,j,i

+

Ñ
N∑
α=0

K∑
β=1

kωγδ(aj , aα,xi ,xβ)(2yn−1
δ − yn−2

δ )(aα,xβ)w(aα)∆x∆a

é
p
n,j,i
ω

+ σ (aj ,xi)
pn,j,i+1 − 2pn,j,i + pn,j,i−1

∆x2

ô
·
®

0, j = 0
1 else

− β(aj ,xi)
Tpn,0,iw(aj)∆a

= − 2ϑ∆t
N−1∑
α=0

K∑
β=1

kωγδ(aα+1, aj ,xβ ,xi)y
n+1
γ (aα,xβ)pn+1,α+1,β

ω w(aj)∆x∆a

+ϑ∆t
N−1∑
α=0

K∑
β=1

kωγδ(aα+1, aj ,xβ ,xi)y
n+2
γ (aα,xβ)pn+2,α+1,β

ω w(aj)∆x∆a ·
®

0, n =M − 1
1, else

−
ñ
− pn+1,j+1,i + (1−ϑ)∆t(L(aj ,xi) +K(un,j(xi)))

Tpn+1,j+1,i
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+ (1−ϑ)∆t

Ñ
N∑
α=0

K∑
β=1

kωγδ(aj , aα,xi ,xβ)ynδ (aα,xβ)w(aα)∆x∆a

é
p
n+1,j+1,i
γ

+ (1−ϑ)∆t
N−1∑
α=0

K∑
β=1

kωγδ(aα, aj ,xβ ,xi)y
n
γ (aα,xβ)pn+1,α+1,β

ω w(aj)∆x∆a

+ (1−ϑ)∆tσ (aj ,xi)
pn+1,j+1,i+1 − 2pn+1,j+1,i + pn+1,j+1,i−1

∆x2

ô
·
®

0, j =N
1 else

− (g · yn(aj ,xi))g ·∆x∆a∆t ·


ϑ, j =N
1−ϑ, j = 0
1, else

.

Because the nonlocal terms only appear in pn+1, the resulting equation is rather easy to
solve numerically.

Now, as stated in Equation (2.5), we can calculate the gradient ∇uJ of the reduced
target functional J (u)B J(u,y(u)) with respect to the control variables by ∂L

∂u , which in
our case is given by

∂L
∂un,j(xi)

= αun,j(xi)∆x∆a∆t

+ pn+1,j+1,i

Ç
ϑ∆t

∂K
∂un,j(xi)

yn+1(aj+1,xi) + (1−ϑ)∆t
∂K

∂un,j(xi)
yn(aj ,xi)

å
.

This allows us to employ the projected gradient method for the associated reduced
problem defined as

min
u∈Uad

J (u)B min
u∈Uad

J(u,y(u)).

That is, we use the iterative update rule

uk+1 = PUad(uk −αk∇uJ (uk)) for k ≥ 0

where PUad is the orthogonal projection into Uad , which in our case of box constraints,
as stated in eq. (5.6), is simply given by

PUad(v) = max {0,min {ū,v}} .

The step size αk can be determined using a non-monotone line search algorithm (cf.
[AB23]) which uses the Barziali-Borwein step sizes corresponding to J as the initial
trial step size, as explained in [AK21, BB88]. This works as follows: Given two control
estimates uk−1, uk and corresponding gradients gk = ∇uJ (uk), gk+1 = ∇uJ (uk+1), the
stepsizes alternate between the two values α1

k and α2
k given by

α1
k =

〈
uk −uk−1, gk − gk−1〉〈
gk − gk−1, gk − gk−1

〉 , α2
k =

〈
uk −uk−1,uk −uk−1〉〈
uk −uk−1, gk − gk−1

〉 .
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Parameter Description Value

T Maximal time 5
amax Maximum age 1
α Control cost parameter 500
c Loss of vaccine immunity 0.18564
µ Natural death rate e−a · a5

ϕ1 Vaccine protection from infection 0.0052
ϕ2 Recovery protection from infection 0.00062
δ Infection death rate 0.0018
γ Recovery rate 0.278574
λ Infection rate kernel (0.1− |x − ξ |)+

β Birth rate 6.78
amax

a2(amax − a)
Ä

1 + sin
Ä
π a
amax

ää
σS Susceptible diffusion coefficient 0.1e−0.1a

σV Vaccinated diffusion coefficient 0.1e−0.1a

σI Infective diffusion coefficient 0.05e−0.1a

σR Recovered diffusion coefficient 0.1e−0.1a

Table 5.1: Parameter Setting

The optimization algorithm was terminated when the norm of the difference between
two successive iterations, divided by the norm of the previous iteration, was less than
10−8.

Throughout the numerical simulation, we used the parameters listed in Table 5.1.
Most of these parameters are taken from [ARS25] and adjusted for our purposes. The
birth and death rates are adopted from [AAC11, p. 155]. As initial conditions, we
assume a population uniformly distributed across age and space, consisting of 1000
susceptible and 10 infectious individuals. The control is assumed to act only in the
central region of the domain, Ω1 = (0.45,0.55), and uniformly across the age intervals
defined by a0 = 0, a1 = 0.18, a2 = 0.3, a3 = 0.5, a4 = 0.7, and a5 = 1. Consequently, we set
N = 5 and M = 1.

5.8 Example. In this example, we set ∆x = 0.01, ∆t = 0.005, and ū = 10. The structure
of the optimal control for different age classes is illustrated in Figure 5a, where each
strip corresponds to an age class. As shown, it is preferable to administer the vaccine
during the early stages of the epidemic, and in later stages, prioritize younger age
groups over older ones.

The evolution of the total number of infectious individuals for both the controlled
and uncontrolled (u = 0) cases is depicted in Figure 5b. It can be observed that control
measures or vaccination effectively reduce the number of infectious individuals over
time, as desired. Figure 5c and Figure 5d present snapshots of the four compartments
at the final time for the controlled and uncontrolled cases, respectively. Comparing
these figures, a visible dent appears in the optimal state I . Additionally, the graph of
the number of infected individuals shows a bump in the middle, reflecting the fact that
the optimal control strategy favors vaccinating younger individuals.
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(a) Optimal control structure, with darker blue indicating higher values of u.

(b) Total number of infectious individuals: blue — controlled, red — uncon-
trolled.
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(c) Controlled state at the final time

(d) Uncontrolled state at the final time

Figure 5: Numerical results of Example 5.8
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5.9 Example. It is insightful to vary ū and observe how it impacts the optimal cost
and state, as a higher control bound is more effective but also more expensive. In this
example, we explore this trade-off. To speed up computations, we used a coarser grid
with ∆x = 0.1 and ∆t = 0.01, and computed the optimal control for ū ∈ {10,20,50,80}.
The corresponding results are presented in Figure 6 and Table 5.2.

Comparing the top-left plot in Figure 6a with Figure 5a, we observe that the results
are consistent, and different mesh sizes do not significantly influence the outcomes.

From Table 5.2, we see that as ū increases, the optimal cost functional decreases, indi-
cating that maintaining a high vaccination rate can be beneficial despite the associated
costs. However, for ū = 80, the control reaches a maximum value of approximately 62.2,
suggesting that beyond a certain point, increasing ū provides no additional benefit.
Most control values lie below 50, which explains why the optimal controls for ū = 80
and ū = 50 are nearly identical. In fact, the curves representing the total number of
infected individuals for these two cases in Figure 6b completely overlap.

ū J(ū,y(ū))

0 1111450
10 896491
20 822924
50 787393
80,∞ 787382

Table 5.2: Optimal value of the cost functional for different values of ū from Example 5.9
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(a) Optimal control structure for different values of ū

(b) Total number of infectious individuals for different values of ū

Figure 6: Comparison of different values for ū of Example 5.9
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Deutsche Zusammenfassung

Diese Arbeit beschäftigt sich auf zweierlei Weise mit Epidemiemodellen mit Alters- und
Ortsvariablen, die als partielle Differentialgleichungen mit nichtlokalen Termen und
impliziten Randbedingungen geschrieben werden können. Klassischerweise können
diese als eine Art Reaktions-Diffusionsgleichung geschrieben werden. Anstelle der
gewöhnlichen Zeitableitung steht hier jedoch die Summe aus Zeit- und Altersableitung,
was die Behandlung deutlich erschwert.

Nach einigen vorbereitenden Bemerkungen gehen wir kurz auf die Frage nach der
Existenz einer Lösung zu diesen Gleichungen ein. Danach modifizieren wir das Mo-
dell auf zwei unterschiedliche Arten und Weisen: Zum einen fügen wir einen sog.
Relaxationsparameter ein, der die Gleichung in eine Art gedämpfte Wellengleichung
transformiert. Nach einigen Bemerkungen zur Herleitung des neuen Modells, inklusive
der Suche nach einer zweiten, notwendigen impliziten Randbedingung, folgt wie im
vorigen Kapitel ein Existenzbeweis einer Lösung des neuen Modells. Ebenfalls ver-
gleichen wir altes und neues Modell und geben ein quantitatives Konvergenzresultat
an.

Im zweiten Teil fügen wir dem klassischen Modell einen Kontrollterm, der z. B. eine
Impfung darstellt, hinzu und beschäftigen uns mit der Frage nach der optimalen Steue-
rung des Modells. Konkret versuchen wir dabei, die Anzahl der infizierten Individuen,
gekoppelt mit den Kosten der Impfung, zu minimieren. Es stellt sich heraus, dass durch
die Altersstruktur der Existenzbeweis einer optimalen Steuerung durch das Fehlen
von geeigneten Kompaktheitssätzen deutlich erschwert wird, weswegen wir Kontrollen
mit höherer Glattheit suchen müssen. Nachdem diese gefunden wurden, leiten wir
Optimalitätsbedingungen her und führen numerische Versuche durch.
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