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Motivation
Natural Gas Transport

Pipaines Storages
=
Map of U.S. interstate and intrastate natural gas pipelines o s i

Existing or planned Gas-Import-Termial
*  Energy island for H2 procuction

—— interstate pipelines
—— intrastate pipelines

Source: U.S. Energy Information Administration, About U.S. Natural Gas Pipelines
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Motivation |;/A%\\U

Probabilistic Constraints

Consider the optimization problem

min  f(x)

st. Pg(x,&) <0) >«
with objective function f, constraint g, decision vector x, random variable & (with probability distribution and density
function) and probability level .

P(g(z,€) < 0) = /M L enle)d

with
M(z) ={w € 2] g(z,{(w)) < 0}.
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Motivation |;/A%\\U

Probabilistic Constraints

Consider the optimization problem
min  f(x)
st Plg(x, &) <0) >«

with objective function f, constraint g, decision vector x, random variable & (with probability distribution and density
function) and probability level .

with

Is there a ,better way to compute this probability?
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Stationary Gas Transport EAU

Mathematical Modelling on Networks

* Consider a connected, directed graph G = (V, £) with vertex set )V and set of edges £ C V x V
* We consider the stationary model (ISO4) for ideal gases on every edge € € £

(1ISO4) for ideal gases solution of (1ISO4)

2\ F 2)\F
_62;‘) % q(x) = const., pQ(x) = p(0)2 — CQD

qlq| ©

¢: =0, p; =

Coupling conditions at the nodes:

Conservation of mass

® H

e D ’ () e D€2
Z q (7> T = b + Z q (7) T Yv € V\),.

ec€_(v) e€E4(v)

Continuity in pressure

p (L) =p2(0) Ves € E_(v), ea € EL(v).
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Stationary Gas Transport EAU

Mathematical Modelling on Networks

Boundary Conditions:

Inlet pressure _Gasoutflow |

¢(L°)=0" e R5y Vee&_(v)
b’ represents the consumers gas demand

p°(0) = po € Rsp Ve € Ex(vy)

® Let p € R" be the vector of pressures at the nodes vy, --- , v,
®* We assume box constraints for the pressures at the nodes: p; € [p?m,p?lax]

Set of feasible loads

f (p,q) € R" x R" satisfies: )
stationary semilinear isothermal Euler equations,
inlet pressure and gas outflow, 3
conservation of mass and continuity in pressure,
pressure bounds.

\

[Gugat, Hante, Hirsch-Dick, Leugering, 2015]: Stationary states in gas networks. Netw. Heterog. Media, 10(2): 295-320.
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Stationary Gas Transport EAU

Gas Networks under Uncertainty

Assume that the consumers gas demand is random in the sense, that there is a random variable
& ~ N(p, X)),
on an appropriate probability space. We identify b with the image &,(w) for w € (2.

For a given inlet pressure, can we guarantee, that every consumer receives their demanded gas, s.t. the gas pressure in
the network is neither too high nor too low, in at least o% of all scenarios?

PlweR|&w)eM) > a
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Stationary Gas Transport EAU

Gas Networks under Uncertainty

Assume that the consumers gas demand is random in the sense, that there is a random variable
& ~ N, ),
on an appropriate probability space. We identify b with the image &,(w) for w € (2.

For a given inlet pressure, can we guarantee, that every consumer receives their demanded gas, s.t. the gas pressure in
the network is neither too high nor too low, in at least % of all scenarios?

PlweR|&w)eM) > a

(a) Well-known distribution (colored), (b) Unknown distribution (grey), well-known
unknown set of feasible loads (grey) set of feasible pressures (orange)
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Stationary Gas Transport
Kernel Density Estimation

=AU

Definition: Kernel Density Estimator

Let YV = {y1,--- ,yn} € R” be i.i.d. samples of the random variable Y, which has an absolutely continuous
distribution function with probability density function p. Let K be a kernel function.
Then the kernel density estimator oy corresponding to the bandwidth 4 € (0, co) is defined as

on(2) :NihéK (Z;yz) .

0.45 T T T T T
m— Caussian
KDE

®  Sample ||
Kernels

051

.......... h=0.25
= = = h=0.56653
----- h=0.75

[Gramacki 2018]: Nonparametric Kernel Density Estimation and its Computational Aspects. Springer International Publishing
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Stationary Gas Transport EAU

Application of Kernel Density Estimation

o Let B={ b}, ... p>Nkee L C R%, be independent and identically distributed samples of the random variable &,

o Let P = { p(b>'), -, p(b>Noe) } C R" be the corresponding pressures at the nodes (also independent and
identically distributed)

bandwidth matrix

ﬁ Hi; = h? (Do)
=

1 ( 1 2) .
exp | —=x° e
( Nkpe

n + 2)

kernel density estimator

Nkpe n 1 { p'(bs’i) 2
ex . )
QP,NKDE< ) Nioe detm ZH \/% p 9 ( Hj,j )

==

[Schuster, Strauch, Gugat, Lang, 2022]: Probabilistic Constrained Optimization on Flow Networks. Optim. Eng. 23: 1-50
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Stationary Gas Transport EAU

Application of Kernel Density Estimation

]P)NKDE(p S Pnr?l?lx) — /max QpaNKDE(Z) dz

Nkpe n

_ /meNKDEn] 210 jQ, (;( z;<bsz>)2> N
" Neoe H] N %Eﬁ/ = exp <;( j —zj(bsvi))2> o2,

1=1 j=1
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Stationary Gas Transport EAU

Application of Kernel Density Estimation

]P)NKDE<p S Pnr?l?lx) — /max QpaNKDE(Z) dz

min

Nkpe n

2
1 — Dy (bSl)>
= exp | —= dz
Lmax NKDEHJ 1 ;Hm ( 2 < h/]
Nkpe n pimax ;
~ Neoe H]  h Z 1 /

i=1 j=1

Gauss error function: erf(z) = ——= [ exp (—t%) dt

probability via KDE
Nkpe 1 max S, min S,
maX _p](b ’)) (p _p]<b 7))]
Pre(p € PiE) = erf — ert
oz (P NKDEQ" Z H [ ( V2 I V2 h;

=1 =l
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Stationary Gas Transport EAU

A Numerical Example

Deterministic optimization

. max 46.10
e Zpd ’
i - = px — | 52,04
st pi € [P Paets)- 51.08

Probabilistic optimization

. po | p™" |outflow | covariance| « | in mea)é | 4759
60\ | [40\ | [20\ | /2 0 0 e pro —  px — | 53.34
ss || {40 [15)  [0o20]|m% min max Pro® |
60 40 18 00 2 st. P (pz S [pz 7pprob,i] ) > 0.75. 52.45

How good is the optimal deterministic solution in the probabilistic setting?
P(be Mpgs)) =~ 35.4%

https://gaslib.zib.de/
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Dynamic Gas Transport
The Isothermal Euler Equations

=AU

The isothermal Euler equations for ideal gases:

Density att=0h

(1ISO) .
Pt + Qz = 07 5344 L
2 F =
o . q A qlq S|
wr (292 — 2
p). 2D p g
40 -
Inlet density & Gas outflow 0 10 Ieng“ﬁn o 20 25 30
Flow atlt =0h
p(t,0) = pot), _of
q(t, L) = b(t). w: 150 |
Initial condition S 140
- 130
,0<0, 55) = Pini<$>7 0 10 15 20 25 30
length in km

(K]« D][>]

see Gugat and Ulbrich (2018): Lipschitz solutions of initial boundary value problems for balance laws. Math. Models Methods Appl. Sci., 28(5): 921-951
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Dynamic Gas Transport
Time Dependent Uncertainty

180

Random Boundary Functions

170

* Write a function f as Fourier series

5—1

F(t) = an(f) Yult)
=0 5150
* For random variables &,, ~ N (1, o) define EDN!

z () @) ) N\

120

=AU

15 random gas demand scenarios

deterministic gas outflow
random scenarios

10 15
timetinh

20
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Dynamic Gas Transport EAU

Time Dependent Uncertainty

15 random gas demand scenarios

180
Random Boundary Functions
* Write a function f as Fourier series 7 ST N
00 o 160 : ' -
0 2
F(t) = an(f) Yult) :
m=0 ;—‘150
o
* For random variables &, ~ N (1, o) define % ol ’.
fw(t) — Z gm(w) a’%l(f) wm(t) hl ‘\\;J‘:/ deterministic gas outflow
m=0 vy . . . random scenarios
120
0 5 10 15 20
timetinh

Time dependent probabilistic constraint

P(f*e M(t) Vte|0,T]) > «

,We want to guarantee that a percentage « of all possible random scenarios is feasible in every point in timet € [0, T]."
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Dynamic Gas Transport EAU

Application of Kernel Density Estimation

o Let B={b%5(t), -+ ,b°™E(t) } be independent and identically distributed random boundary functions
o Let Pg = { p(t;b>1), -+, p(t; b>Vkoe) 1 be the corresponding densities at the end of the pipe

min p(t, L) € [p™", p"]

[ _min _max . te[0,7] .
P ( p(t,L) S _p y P ] Vi € [OvT] ) — P max p(th) c [pmlnjpmax]
t€[0,7T
p(br) == min p(t; bSL)] p(bge) i= min p(t; b5Neoe)
o Let!{ |_ tel0.7] . tel0.7] C R? be a sample of the minimal and
plbn) = mase p(t:05) |7 | Blbge) = max plt:b5 ) | (S
te[0,T] i t€[0,7]]

maximal densities in |0, 7’|

Kernel density estimator for bandwidths ™" and 1™

1 Nkpe

(2 | ( 1(zp<bz->)2> 1 ( 1(zp<bi>)2>
Op,Niwe\ %) = - exp [ —= | ————— : exp [ —=
Nkpe h™" hm&* &= /g 2\ hmin NG o \ 7 pmax
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Dynamic Gas Transport EAU

A Numerical Example

pvo(t)@ USO) @bvl(t) ‘ po(t) ‘ prin ‘ c ‘)\F‘ D ‘ L ‘ T ‘ Q ‘
146.75 kg/m? | 34 kg/m? | 343 m/s | 0.1[0.5m |30 km | 24 h | 90% |
Probabilistic Optimization
Hlil’l max)
pma Pdet H%gl P pmr?))l‘() )

prob

st. P(p(t L) e [p™, phas] ¥t €1[0,T]) > 0.9.

st. p(t, L) € [p™, pet-

= ot =42.15 kg/m®

= Poros. = 42.49 kg/m?

How good is the optimal deterministic solution in the probabilistic setting?
P(b(t) € M(t;phe) VE€[0,T]) =~ 50%
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A Dynamic Gas Transport Model EAU
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