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General introduction
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Coagulation with collisional fragmentation equation

The pure binary nonlinear collisional breakage equation is given by

Ocf(x,t) = A(F)(x, t) = F(F)(x, t) := Q(f)(x, t),

AF) =3 [ €=yl =y 00y = £lx0) [ )iy )y

o0 o0 1
F(F)(x,t) = / / B(x|y,z2)K(y, z)f(y, t)f(z, t)dydz @)
0 X
~fxt) [ Koty
0
Supported with the initial data: f(x,0) = fo(x)(>0) for all x € (0, 0).
C, K both are nonnegative symmetric functions and B satisfies the following
properties:
y
B(x|ly,z)=0 forall x>y, and / xB(x|y,z)dx = y; 2)
0
y
/ B(x|y,z)dx =v(y,z) < oo forall y>0,z>0. 3)
0
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N
Moment functions

o The p—th order moment: M(P)(t) = Jo© xPE(x, t)dx, .

Total mass of the particles present in the system: M) = [* xf(x, t)dx.

o Total number of the particles present in the system: M(©) = fooo f(x, t)dx.

The system obeys the mass conservation law: M®)(t) = M™M)(0). If not

Tger/ Tone := inf {t >0: / xf(x, t)dx < / Xfi"(x)dx} € [0, +o0].
Jo 0
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Assumptions

(A1) The initial data ™ € L' [(0,00); (1 + x) dx];

(A2) The coagulation kernel C(x,y) < k (x“y? + x?y®), for some constants 0 <
a < B < 1satisfying A :=a+ 3 €[0,1);

(A3) The collisional kernel satisfy the growth condition K(x,y) < ag(x + y)7, for
some positive constant ag.

(A4) The breakage distribution function B(x|y, z) have the ‘Power-Law’ growth rate

1
B(xly,z) = ;5 <;,z> where 0 < x <y, z>0.

1
Here 3 is a nonnegative function and / z*B(z*,z)dz* =1 for z > 0.
0
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Well-posedness

o Kernel truncation:

. . 2
Cn(Xay):C(mln{Xv n},mln{y,n}), (Xa)/) € (0,00) )
Kn(x,y) = K (min{x, n}, min{y,n}), (x.y) € (0,00)"

o Relative compactness: The sequence of solution {f,}72; is relatively compact
over a compact rectangular subset =13 = {(x,t) : 0 < x < X,0 <t < T} of
= of (0,00) x [0, T].

> f”(X7 t) S G(k,ao,X, T)v
» For a arbitrary € > 0 there exist some constants X depending on X and T

such that sup [fa(x', ') — falx, 1)| < X(X, T)e.

[x! —x|<8,|t —t|<5

Combining all these results along with the Arzela-Ascoli theorem ensure that

lim f,=f

n—oo

uniformly on =;.
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Mass loss or gelation in coagulation process (}C = 0)

For any w € L* (0, 00), the Smoluchowski coagulation equation can be written as:

/OOOW(X) [f(x,t) — f"(x)] d // / O(x)C(x,y)f(x, t)f(y,s)dydxds.

Where @(x) = w(x + y) — w(x) — w(y).
Now we choose w(x) = xX(0,q)(x) € L* (0, 00) for g € (0, 00)

/quf(x,t)dx—/o N /// F(x,5)F(y. $)dydds

= for some C : / xf(x, t)dx # / xf"(x)dx
0 0 .
(for example: C(x,y) = (xy)*, a > 1 and f" € [1](0,00); (1 + x) dx])
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Divergence form and their non-conservative truncation

The mass conserving form of nonlinear population balance equation:
Of(x. 1)) _  0A(f(x.t))  OF(f(x.1t))

ot Ox Ox ’ *)
with the initial data f(x,0) = fp(x).

A(f(x,t)) = /OX /io uC(u, v)f(u, t)f(v, t)dvdu

o0 (oo} X
F(f(x,t)) = / / / uB(ulv, w)K(v, w)f(v, t)f(w, t)dudvdw
0 X 0
The non-conservative truncation of the coupled CF-equation is given by

of AR (f) OFR ()
xa(x, t)=— T(X’ t)+ T(X, t), where (x,t) € (0,R]x [0, T].

x rR
R X = uCu,v u v vdu
A Ot = [ st v v

R R rx
FR(F) (x,t) = / / / uB(u, vi wYK (v, w)F (v, ) (w, )dudvdw.
0 0
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Approximate number density

o Let A := (0, xmax] be the computational domain and A; := (X,-_I/Q,XH_I/Q},
= 0, ]., 2, ey Ih with X_1/2 = 0, X/h+1/2 = Xmax and AX,‘ = X,'+1/2—X,'_1/2 S
h.

@ For any given integers i and j satisfying xj; 1o — x; > 0, define a integer
iy €{0,1,...,1"} such that X1/ — xj € /\’;M_.

o To discretize the time variable t, we split the time interval [0, T] into N subin-
tervals 7, := [ty thy1) for n € {0,1,..., N — 1}, with t, = nAt.

The discrete number density function over the cell A; is calculated as

o L / T t)d
R X, ty)dx.
AXi Xi—1/2
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Discrete scheme

The mass conserving finite volume scheme of equation (4) is written as

x; (£ — ) = —At ( M1 — C;L1/2) + At (]:,'11/2 - ]:111/2> (5)
where C}', 12 and .7-"+1/2 can be computed as

i

,+1/2 —Z Z xp G pq AXPAXCI’ (6)

p=0 g="ip
oot i
Tty = Z Z ZX’Br,quvapnfanXPAXqAXr- (@)

p=0 g=i+1 r=0

Since x_1/2 =0, and xjn11/2 = R, the numerical fluxes at the boudaries are

Co1pp=F_12=Fps12=0.
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Kernel approximations

The finite volume approximation of the kinetic kernels is given as

Moot

1
v) ZOZO p.aXnn(U)Xan(v) where Cp g AxyBrg //\th" (u, v)dudyv,
p=0 q= e
"o 1
Kh K, here K, g = ———— K(u, v)dudv,
(u,v) = pz;)qz% p.aXns (U)Xan(v) where Kj, g AxBrg //\"></\" (u, v)dudv
Ih Ih Ih
(u,v;w) Z Z ZB X ()xan (v)xan (w)
r=0 g=r+1 p=0
1
h B; _— ;w)dudvd
where B, = Ay BxgBx //\ththh B(u, v; w)dudvdw
With the discretize number density function £, we define a function f" as follows
N-1 I
)= > Xn(Oxn()f
n=0 i=0
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Convergence to weak solution

Theorem

Let C(X y) € L/oc (R-‘r X R+) B(X Y Z) € Lloc (R-‘r X IR+ X R+) and K(Xay) =
Ko (x + y) with the initial data f € [* (RT, (1 + x)dx). Moreover, assume that
the time step At satisfies that there exist a positive constant 6 such that

CrrAt <6 <1 where,

where Crr = (|[Cll= +2Ko (|| Blli= R? + M) || £ 1 e2FoRIBI=MIT  Then
there exist a subsequence such that

f"—f in L~ (0, T;L'0,R))

where f is a weak solution to the equation (4) on [0, T] satisfying

T rR 34,0 R )
/ / xf(x, t)—(x, t)dxdt + / xf"(x)p(x, 0)dx
o Jo 0
R R &P
C (x,t) }"C(X,t)]a—xtdxdtf C (R, t)p(R, t)dt

where ¢ be a test function (0, R] x [0, T).
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Convergence analysis
o (Dunford-Pettis theorem) Let Q be a subset of R such that |Q2| < co and
f1: Q — R be a sequence in L1(Q) satisfies the following conditions

(i) sup ||thL1(Q) < 00,
(ii) there exist a increasing function ® : [0, 00) — [0, co) satisfies

r—oo

lim @ — 00 and /Cb(f")dx < o0.
Q
Then the sequence f" is weakly sequentially compact in L1(Q).

@ For 0 < s <t < T, the approximate solution f/ is a non-negative function
such that

R R R
/ Xh(x)F(x, t)dx < / Xh(x)f(x,s)dx < / X"(x)f"(x,0)dx := Mi",
0 0 0
and for all t € [0, T],
R . in
/ Ich(X7 t‘)dX < HmeLleZKoRHBHoeMl t (8)
0
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Continue...

e Since f" € L1(0,R), so, according to De la Vallée Poussin theorem, there
exist a continuously differentiable non-negative convex function ® on Rt with
®(0) =0,9'(0) = 1 and 9’ is a concave function satisfy the following condi-
tions

d(r
* o

R

. as r— oo and / O(F")(x)dx < 400.  (9)
0

@ The integral of ®(f") can be expressed as

N—1 [*

// fhdxdt_ZZQJ ) Ax;At

n=0 i=0
Using the convexity of @, we can get the following inequality

n PH -1
ZAX' )<P ZAX' 1
R n—1 _
= P"/ d(FM)(x)dx + Qu < 00.
o P—1
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Continue...

o By a diagonal technique, we can extract subsequences of ("), , (C"),, (K"),
and (B"), such that

fi—~ £, weakly in L'((0,R) x (0, T)) as h — oo,
CM"u,v) = C(u,v), K'(u,v) = K(u,v) ae. (u,v) € (0,R)? as h— 0,and
B"(u,v;w) — B(u,v;w) ae. (u,v,w)€ (0,R)*as h— 0.

@ Then for the approximate coagulation fragmentation fluxes C", F" there exist
a subsequence of ("), such that

ch—~cR and Fh -~ FF

in LY ((0,R] x (0, T)) as h— 0.
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Numerical simulations

normalized moments M, (1) and M, (1

C(va) = A,
K(x,y) = C(x+y),
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Figure: (a) Time evolution of the total mass of particles M (t) and total number of particles
Mq(t), (b) Time evolution of second order moment M(t), (c) Time evolution of number

density f(x, t) in log scale at time t = 0,4,8 and 10 for A= 0.5 and C =0.1
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Finite time shattering and blowup of moments

C(x,y) = Axy,

K(x,y)=C(x+y),
B(x,y;z)
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Figure: (a) Time evolution of the total mass of particles M (t) and total number of particles
Mo(t), (b) Time evolution of second order moment M(t), (c) Time evolution of number
density f(x, t) in log scale at time t =0,4,8 and 10 for A= 0.5 and C =0.1
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Improved formulation with weighted numerical flux

Scheme 2 (MCNP):

N, - .
Xy = Fiv1y2(t) = Fizyya(t). (10)

Here, Gi+1/2 is the revised weighted numerical flux at the /™ cell and is defined as

l+1/2 —Z Z Zﬂr qeqplcqu (1) p(t)v (11)

p=1g=i+1r=1

where, the weight function © , is defined as,

Ogp = Xa (0% %p) ~ 1) with O, =0, (12)

>~ (0 =) | Bt )ax

j=1
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Test case for unbounded collision rate

Problem: B(x|y;z) = 2
y

, K(x,y) = xy and ng(x) = é(x — 1).

Exact solution: n(t,x) = exp(—tx)[2t + t3(1 — x)] + §(x — 1) exp(—t)

2
. : : : = 10 ,
10t M, Exact a8 bl — — -Exact
—7 - My WV g #2070 * W
—A - M, FV 8% o ofl| O RV
—B - M, Exact Y1 O 10
P — % - My WFV ¥ o 9/0’
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= oy °
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g By el
= / e 104
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Figure: A comparison of numerical results of Test problem |
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3—Wave turbulence kinetics

The general form of 3-wave kinetic equations reads

aff(t7 P) ://]R?d {vaphpz[f] - RPLP,Pz[f] - RP27P7P1[f]} dpidpo, f(O,p) = fO(p)v
(13)

where f(t, p) is the wave density at wavenumber p € R?, d > 2 and fy(p) is the
initial condition. Moreover,

Rpmnpz[f] = |Vp7p1,pz‘25(P —p1— p2)d(w — w1 —w)(hha — fh — fh),

with the short-hand notations f = f(t, p), w = w(p) and f; = f(t, p;), wj = w(p;).
for p, pj, j € {1,2}.
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C-F formulation of 3— wave kinetics

ON,,
ot

= Q[N,](t) :==S1[Ny.] —S2[N.] —S3[N.], w€R;, N,(0)=N".
(14)
Here N, be the wave frequence spectrum and the operators S1, S, and S3 can

be expressed as

oo

w
S [Ny] = / Ki(w — o ) No—, Ny dp — 2/ Ki(w, p) Ny N, dp,
0 0
S [Ny] = —/ Ko(p,w — )N N, dpe + / Ko(w, p — w)N,— N, dp
0 w

+ / Ko(w, ) Ny Noy+ o d e,
0

S M) == [ Kol — Nt [ Kalioup = )N
0

+ / Ks(w, 1) Ny N d
0
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Energy cascading phenomena

The total wave action N and total wave energy E is given by:

N:/ N, dw, and E:/ whN,dw.
0 0

o For all T; > 0 we can always find a larger time T, > T; such that

OocuNw(Tz)dcu < OocuNw(Tl)d(,u. (15)
J J

@ Energy g,(t) = wN,(t) at any time t as follows
8u(t) = 8u(t) + &(t)0 (=} (16)

with g,(0) = g, (0) and g(0) = 0.
o For arbitrary truncation parameter R,

R 1
/ wN,,(t)dw = / X[0,R](W)wN,dw < O () , as t—o0. (17)
0 R, Vit
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Numerical schemes

Z'Jf"k = {0, k) e NXN:wj_1/5 <wj+wk <wit1/2},
k7/7,( = {(j, k) e NxN: Wi—1/2 < wj —wk < 0),‘+1/2}.

The numerical Finite Volume Scheme (FVS) can be written as follows:

!
Aw;A
NP = NP A ST KRNI SR oS KNIV A

_ Aw; £
(j,k)EI},k =1
I i-1
2 3 2 3
+ Z (Kjfi,i + Kj—i,i) NN} Aw; — Z (Kifj,j + Kifj,j) NN} Aw;
Jj=i+1 j=1
Aw;Aw
2 3 k
+ Y (Kt Ki) NJ{,N’?iAjwi : (18)

G.K)ET]
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Numerical Test

NP = 1.25we 100w =02, > g
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Figure: Time evolution of the (A) first, (B) second, and (C) third moments for different
degrees of homogeneity 6.
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Estimation of decay rate

For an arbitrary parameter R, we have the estimation

/ rl(w)wN,,d <(’)<1> as t—
w)whN,dw , 0.
X[O,] ﬁ

Ry

log(M, (t)

log(t)

(a) In logarithmic scale

Figure: Decay of total energy for different values;of 6.
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Observation & future scopes

o Collisional fragmentation with source term
aff(xa t) = ‘F(f)(Xa t) - V(Xv t) f(Xa t)v
—_————
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