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General introduction
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Coagulation with collisional fragmentation equation

The pure binary nonlinear collisional breakage equation is given by

∂t f (x , t) = A(f )(x , t)−F(f )(x , t) := Q(f )(x , t),

A(f ) :=
1

2

∫ x

0

C(x − y , y)f (x − y , t)f (y , t)dy − f (x , t)

∫ x

0

C(x , y)f (y , t)dy

F(f )(x , t) :=

∫ ∞

0

∫ ∞

x

B(x |y , z)K(y , z)f (y , t)f (z , t)dydz

−f (x , t)

∫ ∞

0

K(x , y)f (y , t)dy

(1)

Supported with the initial data: f (x , 0) = f0(x)(≥ 0) for all x ∈ (0,∞).
C,K both are nonnegative symmetric functions and B satisfies the following
properties:

B(x |y , z) = 0 for all x ≥ y , and

∫ y

0

xB(x |y , z)dx = y ; (2)

∫ y

0

B(x |y , z)dx = ν(y , z) < ∞ for all y > 0, z > 0. (3)
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Moment functions

The p−th order moment: M(p)(t) =
∫∞
0

xpf (x , t)dx , .

Total mass of the particles present in the system: M(1) =
∫∞
0

xf (x , t)dx .

Total number of the particles present in the system: M(0) =
∫∞
0

f (x , t)dx .

The system obeys the mass conservation law: M(1)(t) = M(1)(0). If not

Tgel/Tsht := inf

{
t ≥ 0 :

∫ ∞

0

xf (x , t)dx <

∫ ∞

0

xf in(x)dx

}
∈ [0,+∞].

Arijit Das (FAU DCN-AvH) The Population Balance Dynamics March 10, 2025 6 / 30



Assumptions

(A1) The initial data f in ∈ L1 [(0,∞) ; (1 + x)dx ];

(A2) The coagulation kernel C(x , y) ≤ k
(
xαyβ + xβyα

)
, for some constants 0 ≤

α ≤ β ≤ 1 satisfying λ := α+ β ∈ [0, 1);

(A3) The collisional kernel satisfy the growth condition K(x , y) ≤ a0(x + y)γ , for
some positive constant a0.

(A4) The breakage distribution function B(x |y , z) have the ‘Power-Law’ growth rate

B(x |y , z) = 1

y
β

(
x

y
, z

)
where 0 < x < y , z > 0.

Here β is a nonnegative function and

∫ 1

0

z∗β (z∗, z)dz∗ = 1 for z > 0.
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Well-posedness

Kernel truncation:

Cn(x , y) = C (min{x , n},min{y , n}) , (x , y) ∈ (0,∞)2 ,

Kn(x , y) = K (min{x , n},min{y , n}) , (x , y) ∈ (0,∞)2

Relative compactness: The sequence of solution {fn}∞n=1 is relatively compact
over a compact rectangular subset Ξ1 = {(x , t) : 0 < x < X , 0 ≤ t ≤ T} of
Ξ of (0,∞)× [0,T ].

▶ fn(x , t) ≤ G(k, a0,X ,T ),

▶ For a arbitrary ϵ > 0 there exist some constants X depending on X and T
such that sup

|x′−x|<δ,|t′−t|<δ

∣∣fn(x ′, t′)− fn(x , t)
∣∣ < X (X ,T )ϵ.

Combining all these results along with the Arzelà-Ascoli theorem ensure that

lim
n→∞

fn = f

uniformly on Ξ1.
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Mass loss or gelation in coagulation process (K = 0)

For any ω ∈ L∞ (0,∞), the Smoluchowski coagulation equation can be written as:∫ ∞

0

ω(x)
[
f (x , t)− f in(x)

]
dx =

1

2

∫ t

0

∫ ∞

0

∫ ∞

0

ω̄(x)C(x , y)f (x , t)f (y , s)dydxds.

Where ω̄(x) = ω(x + y)− ω(x)− ω(y).
Now we choose ω(x) = xχ(0,q)(x) ∈ L∞ (0,∞) for q ∈ (0,∞)

∫ q

0

xf (x , t)dx −
∫ q

0

xf in(x)dx = −
∫ t

0

∫ q

0

∫ ∞

q−x

xC(x , y)f (x , s)f (y , s)dydxds

=⇒ for some C :

∫ ∞

0

xf (x , t)dx ̸=
∫ ∞

0

xf in(x)dx

(for example: C(x , y) = (xy)α, α > 1 and f in ∈ L1 [(0,∞) ; (1 + x)dx ])
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Divergence form and their non-conservative truncation

The mass conserving form of nonlinear population balance equation:

∂ (xf (x , t))

∂t
= −∂A (f (x , t))

∂x
+

∂F (f (x , t))

∂x
, (4)

with the initial data f (x , 0) = f0(x).

A (f (x , t)) :=

∫ x

0

∫ ∞

x−u

uC(u, v)f (u, t)f (v , t)dvdu

F (f (x , t)) :=

∫ ∞

0

∫ ∞

x

∫ x

0

uB(u|v ,w)K(v ,w)f (v , t)f (w , t)dudvdw

The non-conservative truncation of the coupled CF-equation is given by

x
∂f

∂t
(x , t) =− ∂AR

nc (f )

∂x
(x , t) +

∂FR
c (f )

∂x
(x , t), where (x , t) ∈ (0,R]× [0,T ].

AR
nc (f ) (x , t) =

∫ x

0

∫ R

x−u

uC(u, v)f (u, t)f (v , t)dvdu,

FR
c (f ) (x , t) =

∫ R

0

∫ R

x

∫ x

0

uB(u, v ;w)K(v ,w)f (v , t)f (w , t)dudvdw .
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Approximate number density

Let Λ := (0, xmax] be the computational domain and Λi :=
(
xi−1/2, xi+1/2

]
,

i = 0, 1, 2, . . . , I h with x−1/2 = 0, xI h+1/2 = xmax and ∆xi := xi+1/2−xi−1/2 ≤
h.

For any given integers i and j satisfying xi+1/2 − xj ≥ 0, define a integer

γi,j ∈ {0, 1, ..., I h} such that xi+1/2 − xj ∈ Λh
γi,j

.

To discretize the time variable t, we split the time interval [0,T ] into N subin-
tervals τn := [tn, tn+1) for n ∈ {0, 1, ...,N − 1}, with tn = n∆t.

The discrete number density function over the cell Λi is calculated as

f ni ≈ 1

∆xi

∫ xi+1/2

xi−1/2

f (x , tn)dx .
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Discrete scheme

The mass conserving finite volume scheme of equation (4) is written as

xi∆xi
(
f n+1
i − f ni

)
= −∆t

(
Cn
i+1/2 − Cn

i−1/2

)
+∆t

(
Fn

i+1/2 −Fn
i−1/2

)
(5)

where Cn
i+1/2 and Fn

i+1/2 can be computed as

Cn
i+1/2 :=

i∑
p=0

I h∑
q=γi,p

xpCp,qf
n
p f

n
q ∆xp∆xq, (6)

Fn
i+1/2 =

I h∑
p=0

I h∑
q=i+1

i∑
r=0

xrB
r
q,pKq,pf

n
p f

n
q ∆xp∆xq∆xr . (7)

Since x−1/2 = 0, and xI h+1/2 = R, the numerical fluxes at the boudaries are

C−1/2 = F−1/2 = FI h+1/2 = 0.
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Kernel approximations

The finite volume approximation of the kinetic kernels is given as

C h(u, v) =
I h∑

p=0

I h∑
q=0

Cp,qχΛh
p
(u)χΛh

q
(v) where Cp,q =

1

∆xp∆xq

∫
Λh
p×Λh

q

C(u, v)dudv ,

K h(u, v) =
I h∑

p=0

I h∑
q=0

Kp,qχΛh
p
(u)χΛh

q
(v) where Kp,q =

1

∆xp∆xq

∫
Λh
p×Λh

q

K(u, v)dudv ,

Bh(u, v ;w) =
I h∑
r=0

I h∑
q=r+1

I h∑
p=0

B r
q,pχΛh

r
(u)χΛh

q
(v)χΛh

p
(w)

where B r
q,p =

1

∆xp∆xq∆xr

∫
Λh
p×Λh

q×Λh
r

B(u, v ;w)dudvdw

With the discretize number density function f ni , we define a function f h as follows

f h(x , t) =
N−1∑
n=0

I h∑
i=0

χτn(t)χΛh
i
(x)f ni
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Convergence to weak solution

Theorem
Let C(x , y) ∈ L∞loc (R+ × R+) , B(x , y ; z) ∈ L∞loc (R+ × R+ × R+) and K(x , y) =
K0 (x + y) with the initial data f in ∈ L1 (R+, (1 + x)dx). Moreover, assume that
the time step ∆t satisfies that there exist a positive constant θ such that

CT ,R∆t ≤ θ < 1 where,

where CT ,R =
(
∥C∥L∞ + 2K0

(
∥B∥L∞R2 +M in

1

))
∥f in∥L1e2K0R∥B∥∞M in

1 T . Then
there exist a subsequence such that

f h −→ f in L∞
(
0,T ; L1(0,R)

)
where f is a weak solution to the equation (4) on [0,T ] satisfying∫ T

0

∫ R

0

xf (x , t)
∂φ

∂t
(x , t)dxdt +

∫ R

0

xf in(x)φ(x , 0)dx

+

∫ T

0

∫ R

0

[
CR
nc(x , t)−FR

c (x , t)
] ∂φ
∂x

(x , t)dxdt =

∫ T

0

CR
nc(R, t)φ(R, t)dt,

where φ be a test function (0,R]× [0,T ).
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Convergence analysis

(Dunford-Pettis theorem) Let Ω be a subset of R such that |Ω| < ∞ and
f h : Ω → R be a sequence in L1(Ω) satisfies the following conditions
(i) sup ∥f h∥L1(Ω) < ∞,
(ii) there exist a increasing function Φ : [0,∞) → [0,∞) satisfies

lim
r→∞

Φ(r)

r
−→ ∞ and

∫
Ω

Φ(f h)dx < ∞.

Then the sequence f h is weakly sequentially compact in L1(Ω).

For 0 ≤ s ≤ t ≤ T , the approximate solution f h is a non-negative function
such that∫ R

0

X h(x)f h(x , t)dx ≤
∫ R

0

X h(x)f h(x , s)dx ≤
∫ R

0

X h(x)f h(x , 0)dx := M in
1 .

and for all t ∈ [0,T ],∫ R

0

f h(x , t)dx ≤ ∥f in∥L1e2K0R∥B∥∞M in
1 t (8)
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Continue...

Since f in ∈ L1(0,R), so, according to De la Vallée Poussin theorem, there
exist a continuously differentiable non-negative convex function Φ on R+ with
Φ(0) = 0,Φ′(0) = 1 and Φ′ is a concave function satisfy the following condi-
tions

Φ(r)

r
→ ∞ as r → ∞ and

∫ R

0

Φ(f in)(x)dx < +∞. (9)

The integral of Φ(f h) can be expressed as∫ T

0

∫ R

0

Φ(f h)dxdt =
N−1∑
n=0

I h∑
i=0

Φ (f ni )∆xi∆t

Using the convexity of Φ, we can get the following inequality

I h∑
i=0

∆xiΦ(f
n
i ) ≤ Pn

I h∑
i=0

∆xiΦ(f
in
i ) +QPn−1 − 1

P − 1

= Pn

∫ R

0

Φ(f in)(x)dx +QPn−1 − 1

P − 1
< ∞.
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Continue...

By a diagonal technique, we can extract subsequences of
(
f h
)
h
,
(
C h

)
h
,
(
K h

)
h

and
(
Bh

)
h
such that

f h ⇀ f , weakly in L1 ((0,R)× (0,T )) as h → ∞,

C h(u, v) → C(u, v), K h(u, v) → K(u, v) a.e. (u, v) ∈ (0,R)2 as h → 0, and

Bh(u, v ;w) → B(u, v ;w) a.e. (u, v ,w) ∈ (0,R)3 as h → 0.

Then for the approximate coagulation fragmentation fluxes Ch, Fh there exist
a subsequence of (f h)h, such that

Ch ⇀ CR
nc and Fh ⇀ FR

c

in L1 ((0,R]× (0,T )) as h → 0.
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Numerical simulations

 C(x , y) = A, with A ≥ 0,
K(x , y) = C (x + y) , with C ≥ 0,
B(x , y ; z) = 2δ

(
x − y

2

) with f in(x) = x exp(−x).
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Figure: (a) Time evolution of the total mass of particlesM1(t) and total number of particles
M0(t), (b) Time evolution of second order moment M2(t), (c) Time evolution of number
density f (x , t) in log scale at time t = 0, 4, 8 and 10 for A = 0.5 and C = 0.1
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Finite time shattering and blowup of moments


C(x , y) = Axy , with A ≥ 0,
K(x , y) = C (x + y) , with C ≥ 0,

B(x , y ; z) = 4x2

y3

with f in(x) = x exp(−x).
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Figure: (a) Time evolution of the total mass of particlesM1(t) and total number of particles
M0(t), (b) Time evolution of second order moment M2(t), (c) Time evolution of number
density f (x , t) in log scale at time t = 0, 4, 8 and 10 for A = 0.5 and C = 0.1
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Improved formulation with weighted numerical flux

Scheme 2 (MCNP):

xi
dNi

dt
= F̃i+1/2(t)− F̃i−1/2(t). (10)

Here, G̃i+1/2 is the revised weighted numerical flux at the i th cell and is defined as

F̃i+1/2 :=
I∑

p=1

I∑
q=i+1

i∑
r=1

βp
r ,qΘq,pKq,pNq(t)Np(t), (11)

where, the weight function Θq,p is defined as,

Θq,p :=
xq (ν(xq, xp)− 1)

q∑
j=1

(xq − xj)

∫
Λj

B(x |xq, xp)dx
with Θ1,p = 0., (12)
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Test case for unbounded collision rate

Problem: B(x |y ; z) = 2

y
, K(x , y) = xy and n0(x) = δ(x − 1).

Exact solution: n(t, x) = exp(−tx)[2t + t2(1− x)] + δ(x − 1) exp(−t)
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Figure: A comparison of numerical results of Test problem I
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3−Wave turbulence kinetics

The general form of 3-wave kinetic equations reads

∂t f (t, p) =

∫∫
R2d

[
Rp,p1,p2 [f ]− Rp1,p,p2 [f ]− Rp2,p,p1 [f ]

]
dp1dp2, f (0, p) = f0(p),

(13)
where f (t, p) is the wave density at wavenumber p ∈ Rd , d ≥ 2 and f0(p) is the
initial condition. Moreover,

Rp,p1,p2 [f ] := |Vp,p1,p2 |2δ(p − p1 − p2)δ(ω − ω1 − ω2)(f1f2 − ff1 − ff2),

with the short-hand notations f = f (t, p), ω = ω(p) and fj = f (t, pj), ωj = ω(pj),
for p, pj , j ∈ {1, 2}.
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C-F formulation of 3− wave kinetics

∂Nω

∂t
= Q [Nω] (t) := S1 [Nω]− S2 [Nω]− S3 [Nω] , ω ∈ R+, Nω(0) = Nin

ω .

(14)

Here Nω be the wave frequence spectrum and the operators S1,S2 and S3 can
be expressed as

S1 [Nω] =

∫ ω

0

K1(ω − µ, µ)Nω−µNµdµ− 2

∫ ∞

0

K1(ω, µ)NωNµdµ,

S2 [Nω] = −
∫ ω

0

K2(µ, ω − µ)NωNµdµ+

∫ ∞

ω

K2(ω, µ− ω)Nµ−ωNµdµ

+

∫ ∞

0

K2(ω, µ)NωNω+µdµ,

S3 [Nω] = −
∫ ω

0

K3(µ, ω − µ)NωNω−µdµ+

∫ ∞

ω

K3(ω, µ− ω)NωNµdµ

+

∫ ∞

0

K3(ω, µ)NµNω+µdµ.
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Energy cascading phenomena

The total wave action N and total wave energy E is given by:

N =

∫ ∞

0

Nωdω, and E =

∫ ∞

0

ωNωdω.

For all T1 > 0 we can always find a larger time T2 > T1 such that∫ ∞

0

ωNω(T2)dω <

∫ ∞

0

ωNω(T1)dω. (15)

Energy gω(t) = ωNω(t) at any time t as follows

gω(t) = ḡω(t) + g̃(t)δ{ω=∞}. (16)

with ḡω(0) = gω(0) and g̃(0) = 0.

For arbitrary truncation parameter R,∫ R

0

ωNω(t)dω =

∫
R+

χ[0,R](ω)ωNωdω ≤ O
(

1√
t

)
, as t −→ ∞. (17)
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Numerical schemes

I i
j,k := {(j , k) ∈ N× N : ωi−1/2 ≤ ωj + ωk < ωi+1/2},

J i
j,k := {(j , k) ∈ N× N : ωi−1/2 ≤ ωj − ωk < ωi+1/2}.

The numerical Finite Volume Scheme (FVS) can be written as follows:

Nn+1
i = Nn

i +∆tn

 ∑
(j,k)∈I i

j,k

K 1
j,kN

n
j N

n
k

∆ωj∆ωk

∆ωi
− 2

I∑
j=1

K 1
i,jN

n
i N

n
j ∆ωj

+
I∑

j=i+1

(
K 2
j−i,i + K 3

j−i,i

)
Nn

i N
n
j ∆ωj −

i−1∑
j=1

(
K 2
i−j,j + K 3

i−j,j

)
Nn

i N
n
j ∆ωj

+
∑

(j,k)∈J i
j,k

(
K 2
j−k,k + K 3

j−k,k

)
Nn

j N
n
k

∆ωj∆ωk

∆ωi

 . (18)
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Numerical Test

N in
ω = 1.25ωe−100(ω−0.25)2 , ω ≥ 0

with K1(ω, µ) = K2(ω, µ) = K3(ω, µ) = (ωµ)θ
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Figure: Time evolution of the (A) first, (B) second, and (C) third moments for different
degrees of homogeneity θ.
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Estimation of decay rate

For an arbitrary parameter R, we have the estimation∫
R+

χ[0,R](ω)ωNωdω ≤ O
(

1√
t

)
, as t −→ ∞.
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Figure: Decay of total energy for different values of θ.
Arijit Das (FAU DCN-AvH) The Population Balance Dynamics March 10, 2025 27 / 30



Observation & future scopes

Collisional fragmentation with source term

∂t f (x , t) = F(f )(x , t)− V (x , t) f (x , t)︸ ︷︷ ︸
source
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Figure: Evolution of moment functions for V = 100xe−100x
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