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MOTIVATION AND BASIC IDEA

Functional derivative notation
V' (possibly infinite dimensional) vector space

V* vector space in weak duality {(-,-) : V* xV — R with V; in
finite dimensions, V* is the usual dual vector space, but in infinite
dimensions it rarely is the topological dual.

If f:V*— R issmooth, the functional derivative g—g; cV,
is defined by

lim
e—0 €

Hated) =S _ (38 )\ ey
a

Geometric mechanics setup

Given are a left (right) invariant Lagrangian L : TG — R and a left
(right) invariant Hamiltonian H : T*G — R. Below + is for left, —
is for right.
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(i) Hamilton’s Principle: ¢(t) € G is a critical point of the action

t1 _
| L (e, 9 at
0
for variations dg(t) € T, )G such that dg(¢;) =0 for i =0, 1.

(ii) The Euler-Poincaré Variational Principle: v(t) € g is a criti-
cal point of the reduced action

/:1 [ (v(t)) di

0
for variations of the form dv(t) = n(t) £ [v(t),n(t)] € g, where n(t)
is a curve in g such that n(¢;) =0, for i =1, 2.

(iii) The Euler-Lagrange equations on G hold:

L doL
oL _doL _ (intrinsic &£ : TG — T*Q).
dg dt0Og
(iv) The Euler-Poincaré equations on g* hold:
d 90l ol _ . . _
= =4ad’—, v(®) =g tW)g(t)  (v(t) = g(t)g (%))
dt dv dv
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(v) Hamilton’s Phase Space Principle: (g(t),p(t)) € T*G is a
critical point of the action

t1 _
t (p-g—H(g,p))dt;
0]

variations (dg, ép) € T, ,)(1T7G), 6g(t;) =0, 1 = 0,1, ép(t) arbitrary.

(vi) The Lie-Poisson Variational Principle: (v(t),u(t)) € g x g*
IS a critical point of the action

[ nto). o) = (o)) a

for variations of the form dv(t) = n(t) £ [v(t),n(t)] € g, n(t) € g such
that n(t;) = 0O, for : = 0, 1, and where the variations du are arbitrary.

(vil) The Hamilton equations on T*G hold:

.o = (55

(vili) The Lie-Poisson equations on g* hold:

> (intrinsic iy, Qcan = dH).
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(i) & (i) < (iil) < (iv) for general Lagrangians. (Poincaré)
(v) < (vi) < (vii) < (viii) for general Hamiltonians. (reduction)
If L or H are hyperregular, all statements are equivalent.

Hyperregular: FL : TQ — T*Q is a diffeomorphism, (FL(vq),wq) :=
%’tzo L(vg+twg). H(FL(vq)) := (FL(vq),vq)—L(vg). Then reduced

Legendre transformation ¢ > g <— pu = §l/66 € g* is also a
diffeomorphism. h(p) := (u, &) — 1(£).

Motion is such that p := 4dl/6£ lies on coadjoint orbits in g*.

Hamiltonian side: geometry, Lie theory.

LLagrangian side: analysis, variational principles.

I am not aware of any general results for such constrained varia-
tional principles.
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Reconstruction

Solve the motion equations for a left invariant L : TG — R, H :
"G — R. Definel:=L|g:g— R, h:= H[g:g* > R.

e Solve the Euler-Poincaré equations: %g—f) = ggl with £(0) = &p.
e Solve g(t) = g(t)&(t), g(0) = e; linear, time dependent coefficients.

e For any initial condition V(0) = gpoéo € TG, go € G, & € g, the
solution of the Euler-Lagrange equationson TG is V(t) = gog(t)&(t).

e Solve the Lie-Poisson equations i = ad} Sh /8y 1 with ©(0) = ug.

e Solve g(t) = g(t)(s MOL ,g(0) = e;linear, time-dependent coefficients.

e For any initial condition a(0) = gouog € T*G, go € G, ug € g*, the
solution of Hamilton’s equations on T*G is a(t) = gog(t)u(t).

There is a right invariant version of this theorem. There are relative
sign changes, so must be very careful.

Seminar 2021/11/26, Friedrich-Alexander Universitdt Erlangen-Nilrnberg
6



SEMIDIRECT PRODUCT THEORY

p . G — Aut(V) denote a right Lie group representation. Form the
semidirect product S = G®V whose group multiplication is

(91,v1)(92,v2) := (9192, v2 + pgo(v1)) := (9192,v192 + v2).
The Lie algebra s =g®V of S has bracket

ad (¢, 1) (€2,v2) = [(§1,v1), (§2,v2)] = ([€1,82], v1€o — v281),

where v¢ denotes the induced action of g on V, that is,

d d
v€ = £|t=0 Pexp () (v) = p” vexp(té) e V.

If (£,v) € s and (u,a) € s* we have
ad& ,U)(,u, a) = (adZ,u—I-voa, af), afc€V* woacgh

d . .
a = ﬁ’tzo pexp(—tg)(a) and  (voa,&)y = —(a,v)y,

(gt g xg—Rand (-, )y VFxV = R are the duality parings.

voa is the momentum map of cotangent lifted G-action to V x V'*.
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Given is L : TG x V* — R which is right G-invariant.

So, if ag € V*, define the Lagrangian Ly, : TG — R by Lgg(vg) 1=
L(vg,ag). Then Lg, is right invariant under the lift to TG of the
right action of Gqq on G, where Gy := {g € G | pjag = ap}-

Right G-invariance of L permits us to definel:gx V* - R by

I(TyR,-1(vg), py(ag)) = L(vg,ao).

For curve g(t) € G, let £(t) 1= TR, ~1(g(t)) and a(t) = p* () (ao)
a(t) is the the unique solution of the following linear dlfferentlal
equation with time dependent coefficients

a(t) = —a(t)§(t), a(0) = ao.
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I With ag held fixed, Hamilton’s variational principle

to
5 /t " Lao(g(®), 9(0)dt =0,

holds, for variations 6qg(t) of g(t) vanishing at the endpoints.
il g(t) satisfies the Euler-Lagrange equations for Lq, on G.

il T he constrained variational principle

to
5/t1 1€, a(t))dt = O,

holds on g x V*, upon using variations (8&,6a) of the form
06§ =——1£,1m], oa= —an,
&=, — & n

where n(t) € g vanishes at the endpoints.

iv The Euler-Poincaré equations hold on g x V*:

o5l 5l 6l

IO agr ,
otoe —  dege T g0
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o H:T*G x V* — R which is right G-invariant.

e So, if ag € V¥, define the Hamiltonian Hy, : TG — R by
Hag(ag) := H(ag,ap). Then Hgyy is right invariant under the
lift to T'G of the right action of G4y on G.

e Right G-invariance of H permits us to define h: g* x V* — R by

h(T¢ Ry(ag), pyag)) = H(ag, ao).

For a(t) € Tg*(t)G and u(t) .= T*Rg(t)(oz(t)) c g*, the following are
equivalent:

I a(t) satisfies Hamilton’s equations for Hay on T*G.
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il The Lie-Poisson equation holds on s*:

0 oh oh
a(ﬂa a) = — ad?ah 5_h) (n,a) = — (adjﬁ_h,u + —<¢a, a@) , a(0) = ag

op’da Ot a
where s is the semidirect product Lie algebra s = g@® V. The asso-
ciated Poisson bracket is the Lie-Poisson bracket on the semidirect
product Lie algebra s*, that is,
{fig}(p,a) = <u, [g—f, % > + <a, 0799 _ 5—95—f> :
oo dadu  dadu

AS on the Lagrangian side, the evolution of the advected quantities
is given by a(t) = p;(t)(ao).

Reduced Legendre transformation: h(u,a) = (i, &) — 1(&, a),
where pu = g—é. If it is invertible, since

oh oh ol

— = and — = ——,

7! da da

the Lie-Poisson equations for A are equivalent to the Euler-Poincaré
equations for [ together with the advection equation a + a& = 0.
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NOTATIONS AND CONVENTIONS

Rt := [0, o[, (2, P, P) probability space.

Non-decreasing filtration (P¢), g+ ON the probability space:
° (Tt)teR+ given family of sub-o-algebras of P

e non-decreasing: Ps C P if 0<s< ¢t

e right-continuous: NesqPiy, = Py, V¢t € RT.

A stochastic process X : RT x Q — R is (Py)-adapted if X (¢) is
Pi-measurable for every t. Typically, filtrations describe the past
history of a process: one starts with a process X and defines

Py = Nes00{X(5),0 < s < t}.

Then the process X will be automatically (P;)-adapted.

E denotes the expectation of a random variable
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Es(M(t,w)) = E(M(t,w)|Ps), for each s > 0, is the conditional
expectation of the random variable M,(t), t > s, relative to the
o-algebra (Ps), i.e., 2 > w — Es(My(t)) € R is a Ps-measurable
function satisfying

/AES(M(t,w))dP(w) :/AM(t,w)dP(w), VA € Ps.

A stochastic process M : Rt xQ 3 Ris a martingale if
(i) E|M(t,w)| < oo for all t > 0O;
(i) M(t,w) is (P)-adapted;
(ii) Es(M(t,w))) = M(s,w) a.s. for all 0 < s < t.
Condition (iil) is equivalent to E((My(t) —My(s))x4) = 0, VA € P,
Vt,s € R satisfying t > s > 0; x4 characteristic function of set A.

Work only with processes defined on compact time intervals [0, T],
continuous in t for almost all w € €2, i.e., continuous processes.
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If a martingale M is continuous and E(M,(t)?) < oo, Vt > 0, then
M has a quadratic variation {[M, M];, t € [0,T]} if M2(t) — [M, M];
is @ martingale, and [M, M]; is a continuous, P;-adapted, a.s. non-
decreasing process with [M, M]o = 0. Such a process is unigue and
coincides with the following limit (convergence in probability),

im Y (M (tie1) — M(t))%

n—00
titi+1€on

on iS a partition of [0, ¢] and the mesh converges to zero as n — oo.
Def. of the quadratic variation requires only right-continuity of M.

M, N martingales, same assumptions; their covariation is

[M,N]y = lim > (M(t41) — M(#))(N(ti41) — N(t;)),

n—oo
tisti41€0on

which extends the notion of quadratic variation. Clearly,

2[M, N]; = [M + N, M + N]; — [M, M]; — [N, NJ;.

Stopping time: random variable 7 : Q — RT such that

{we Q| m(w) <t} ePy, VE>O0.
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[L.ocal martingale: stochastic process M for which 3 sequence of
stopping times {m,,n > 1}, such that limp—»coc™m = oo a.s., and
M"™(t) := M(t AN ) is a square integrable martingale for all n > 1,
where t A 7, = min(t, ™). Define [M, M| := [M™, M"™]; if t < .

Real-valued Brownian motion: continuous martingale W(t), t €
[0,T], such that W2(t) —t is a martingale < [W,W]; = t.

Semimartingale: stochastic process X : Q2 x [0,7] — R such that

X(t) =X(0)+ M)+ A(t), Vt=>0,

where M is a local martingale with M(0) =0 and A is a cadlag (A
is right-continuous with left limits at each ¢ > 0) adapted process
of locally bounded variation with A(0) = 0 a.s. We consider only
processes that are continuous in time.

LLocal semimartingale: same as above with M a local martingale and
A a locally bounded variation process. Define [ X, X|; := [M, M].
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Martingales (hence Brownian motion) are not a.s. t-differentiable
(unless they are constant), so cannot integrate with respect to mar-
tingales as one does with respect to functions of bounded variation.
Needed stochastic integrals: the Itd and the Stratonovich integrals.

If X and Y are continuous real-valued semimartingales such that

E </OT|X(t)|2dt—|— /OT |Y(t)|2dt> < o0,

the Itd6 stochastic integral of X (t) on [0,¢t], O < ¢t < T, with respect
to Y is defined as the limit in probability (if limit exists) of the sums

n—oo
titi4+1€0n

t
| X(®ay(s) = Jim ¥ XE) (tig) =Y ()
on iS a partition of [0, t] with mesh converging to zero as n — oo.

If Y is a martingale such that E(fg|X(t)|2d[[Y,Y]]t) < oo, then
fSX(S)dY(s), t € [0,T], is also a martingale.
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The Stratonovich stochastic integral is defined by

[X@odv()i= im ¥ Kl FX )
0 n— 00 ity €on >

(Y(ti4+1) =Y (%))
whenever this limit exists.

These integrals do not coincide in general, even though X is a
continuous process, due to the lack of differentiability of the paths
of Y. The Itd and the Stratonovich integrals are related by

/ / 1 st
/XSOdY3=/ XSdYS—I——/ d[X,Y]s
0 0 2 Jo
Itd’'s formula: for any f € C2(R),

FOX) = FXO) + [ FXNAX() + 5 [ F1CE()IX, X,

For Stratonovich integrals, this formula is:

FOXD) = FXO) + [ F(X()) 0 dX(s)
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Stratonovich integral: standard differential calculus rules apply, works
on manifolds.

Itd integral with respect to a martingale M is again a martingale,
a very important property. For example, we have, as an immediate
consequence, that Es [! X (r)dM(r) = 0 for all 0 < s < t.

It6’s formula: X a R%valued semimartingale; for any f € C2(R%),

d_ o
> [ 02X (s)dlx, X,

d .
FOX®) = FXO) + 3 [} aif(X()dXi(5) +
i=1 ij=1
d_ .
= F(XO) + X [ 9if(X(s)) 0 dX'(s)
1=1

The difference between the two integrals is given by the Hessian.

Rules for Brownian motions W1l .. .W¥k where (t) :=¢:
AW, WY, = §;dt, d[W'. ]y =0, d,]i =0, V¥i,j=1,...,d
(covariation of semimartingales determined by their martingale parts)
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GENERALIZED DERIVATIVE FOR
LIE GROUP VALUED SEMIMARTINGALES

G Lie group. L4, R4 left and right translation by g € G. If v €
T.G, v(g) := TeLgv and vf(g) := TeRg4v are the left and right
invariant vector fields on G such that v (e) = vfi(e) = v. [v1,v5] (=

[ful,vz] (e), for v1,vo € TeG, defines a (left) Lie bracket on TeG.
Denote ady v := [u,v] and ad}, : T;G — TG its dual map.

Let V be a right invariant linear connection on G, i.e., VURfug IS a
1
right invariant vector field, for any vq,v> € TeG. Define

Vv 1= V,U{gvg(e), Yui,vo € TeQG.
Right invariant V is torsion free <—

V02 — Vv = — [v1,v2], forall wvy,vo € TeG.

There is a sign change in front of the Lie bracket because we work
with right invariant vector fields: [vi, v4] = —[vq,vo] T,
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In general: on (M,V), the Hessian of f € C2(M) is defined by

Hessf(X,Y) := (VV)(X,Y) :=(Vx(V[),Y)=(Vx(df) Y),
X, Y e X(M), since Vf =df (definition). This is R-bilinear. Hence
Hessf(X,Y) = X[Y[f]] - (VxY)[f]
IfO=(TorV)(X,Y)=VxY —VyX — [X,Y], Hessf is symmetric.

V right invariant linear torsion free connection, f € C2(Q@®), the
Hessian Hessf(g) : T¢G x TyG — R at g € G is defined by

Hessf(g)(v1,v2) = 91[02[f]](g) — (V5,02)[f](9), wv1,v2 € TyG,

for v;, ¢+ = 1,2, arbitrary vector fields on G such that 7;(g) = v;.
Hess f(g) is a symmetric R-bilinear form on each T,G.

Seminar 2021/11/26, Friedrich-Alexander Universitdt Erlangen-Nlrnberg
20



Probability space (2, P, P) endowed with a non-decreasing filtration
(Pt)e>0 A semimartingale with values in G (with respect to (P;)>0)
is a Ps-adapted stochastic process g : QxRT — G such that fog : QX
Rt — R is a real-valued semimartingale (on (2, P, P)) Vf € C2(Q).

A G-valued semimartingale is a V-(local) martingale if Vf € C?(Q)

s F(u(D) ~ F(9.(0)) — 5 [ Hessf(au())dla ] ds

is a real-valued (local) martingale, where [gu, gu]+ is the quadratic
variation of g.

Quadratic variation is well defined for finite dimensional G and some
some infinite dimensional groups (e.g., Diff$(T3)).

G is finite dimensional, then (Emery [1989], Ikeda-Watanabe [1981])

dlgo 9o = d | [ P71 o dgu(s), [ P50 dgu(s)]

P; T (O)G — (t)G is the (stochastic) V-parallel translation
along the (stochastlc) curve t — gu(t).
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Modeling

For a G-valued semimartingale g (-), suppose there exist an integer
m > 0 and P;-adapted processes v, w?, M* : QxRT 5 T.G, 1 <i<m,
s.t. M' is a R-valued martingale with continuous sample paths and

dgo (1) = Teng(t)< S wi,(£) 0 dME(t) + vw(t)dt) (1)

1=1

The choice of {(w’,, M%) |1 <i<m} in (1) may not be unique, but
the decomposition into the martingale part (3°/2 1ww(t)dM" (t)) and
the drift part without contraction (TeR, (;)Vw(s)dt) in (1) is unique.

Define the velocity derivative of g,(-) (which is independent of V)

@gw(t)
dt

= TeRg (t)vw(t) cT (t)G
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From now on fix:
(Wl MEY™ . |wl, M': Q x RT — T.G are P;-adapted processes,
W w/1=1

M?" real valued martingales with continuous sample paths}.
S(G) = {G-valued semimartingales on [0,T] with smooth coeff.},

(@) 1= { (g, Wiy, ML)Lq | g € (G}
Given {(wf,, M%) | 1 <1 < m}, define the (T, ) G-valued) m x m

D - L90() By jts (i, j)-entries

A[M, ME: | dwly, ME] o
dt dt

contraction matrix

Teng(t) (ng‘u(t)w‘z}(t) ij)a 1<1475<m.

(i, 7)-entry: contraction between the noises in vectors wfu and w,.

9 DYV MLMOTL, : : . . .
T 77 well defined for semimartingales with values in a

finite dimensional Lie group and some infinite dimensional groups
(e.g., Diff(T3), Arnaudon-Chen-Cruzeiro [2014]).
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For each fixed t define the T, yG-valued random variable

DV (wZ MZ )gﬂ 1gw(t) m DV (wZ Mz )f;n 1gw(t)
Sum ( g L= Z 7 . c Tgw(t)G'
Y]

i,j=1
For a G-valued semimartingale g,(-) of the form (1), define the
V-generalized derivative of g,(t) by (Emery [1989])

Dvgw(t) — P, ( [nw(t +€) — nw(t)]>

lim [E4

dt e—0 €

_ lsum DV (wZ MZ)Z 1gw(t) _|_ @gw(t)
2 dt dt

where Py 1 TeG — T, ()G is the stochastic parallel translation de-
fined by V, E¢:] = E[-|P¢] denotes the conditional expectation, and

t
() = / P16 dgu(s) € T.G

T herefore, accordmg to the definition, if a G-valued semimartingale
gw(t) satisfies Dg—f(t) = 0, then gu(t) is a V-martingale.
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\Y%
In R", Dg—f(t) — usual generalized derivative for R"™-valued semi-
martingales (Cipriano-Cruzeiro [2007], Yasue [1981], Zambrini [2015]).

The conditional expectation E; in the definition of the V-generalized
derivative eliminates the martingale part of the semimartingale. So:
velocities are given by the drift (the bounded variation part), diffu-
sion part (the martingale) can be seen as a stochastic perturbation;
in other words, the drift determines the directions where the parti-
cles flow, the martingale part describes their random fluctuations.

Generalized derivative coincides with the drift of a diffusion process.
It was first associated with a dynamical interpretation, as a mean
velocity, in Nelson’s Stochastic Mechanics [1967].

The generalized derivative is sufficient to generate the viscosity
terms (second order differential terms) in some PDEs such as in-
compressible Navier-Stokes; work of Cruzeiro. However, for a large
class of hydrodynamics equations, e.g., compressible Navier-Stokes,
the viscous terms depend on more than the contraction terms. This

v
iIs why we need the decomposition of the V-derivative %—t.
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We make special choices in (1). Recall this equation:

dgu(t) = Teng(t)< S wi, (1) o dMI (L) + vw(t)dt>, 7(0) = e.

1=1

Given are a R™-valued martingale My (t) = (ML(¢),..., M/*(t)), t €
[0, T], which has a continuous sample paths, (non-random) vectors
H, e T.G, 1 < <m, and a Pr-adapted, Te.G-valued semi-martingale
u: Q2 x[0,T] — TeG. Consider the following SDE on G: ¢,,(0) = e,

dgw(t) = TeR, (1) (Z H; o dM!(t) + uw(t)dt)

= TR 9w (1) (Z I{d]\fZ (t) —I— Z VHH d[[ MiZ]]t-l-uw(t)dt) .

,Jl
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If G is a finite dimensional Lie group, there exists a unique strong
solution (Ikeda-Watanabe [1981], Emery [1989]).

If G is the diffeomorphism group of a torus, w is less regular, under
suitable conditions on H;, a weak solution still exists (Arnaudon-
Chen-Cruzeiro [2014], Cipriano-Cruzeiro [2007]). In our application
to compressible Navier-Stokes these hypotheses hold.

In this case, the formulas we need are:

dgw(t) = TeR,, () (f: H; o dM! () + uw(t)dt> (1)

=1
Pgw(t)
;t = TeRy,,(1yuw(t),
DV,(Hz',M@)?ngw () d[ M}, M&yz]]t
( di = TeRo oy (Vi )= =
1J
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STOCHASTIC SEMIDIRECT PRODUCT
EULER-POINCARE EQUATIONS

U vector (Banach) space, U* dual, (-, )y : U"xU — R duality pairing.

G Lie group (enough: topological group, manifold, smooth right
translation). TG its Lie algebra (ILB). U right representation space
for G. So there are naturally induced right representations of GG and
T.G on U and U*. All representations are denoted by concatenation.
(g TeGXTeG = R, () - U xU — R are the duality pairings.

Recall the operator ¢ : U x U* :— TG defined by

(aoa,v)r g = —(av,a)y = (a,av)y, vETG, aclU acU"

a ¢« is the value at (a,a) of the momentum map U x U* — TG of
the cotangent lifted action induced by the right representation of
G on U.
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Recall: .¥(G) := {G-valued semimartingales on [0,T] with smooth
coefficients}, .7(G) = {(gw, , MY Mmool gw € Y(G)} fix

{(wfu,Mf, ;-”:1 | wi,Mi - Q xRt = T.G are Pi-adapted processes,

M" real valued martingales with continuous sample paths}.

If My = {A=(a;;)T5_y | a5; € TG} then ., = {= = (&) _ |
i € Tg‘G} relative to the pairing (Z,A) , = Tr<<ET,A>) =

%:1 <fz'j,aij>TeG. Define # = U%?:l My, M* = U%:]_'%’;Z'
Given are:

e a right invariant torsion free linear connection V on G

e ag € U”

e a2 non-random (Lagrangian) function [ : [0,T] x TeG x U* — R
e a (viscosity force) function p: # x # x TeG — R.

For the G-valued semimartingales ¢, j =1,2,3, define the action
functional JV : .7(G) x .Z(G) x .(G) = R by
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where a(t) = E[aw(t)} e U* and aw(t) 1= agg3(t) 1 € U*.

MODELING DECISION:

Results depend on choices.
Consider now only deformations leading to deterministic equations.
Other types variations, for more complicated random Lagrangians
that include stochastic forces, vield stochastic equations. This is
completely worked out.
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For every € € [0,1) and 4 € C1([0, 1]; T.@), satisfying 4(0) = 4(T) =
0, letec, € C1([0,T]; G) be the unique solution of the time-dependent
ordinary differential equation on G

d . .
$ee,g(t) = aTeReg’ﬂ(t)Cq(t) = eg(t)ec4(t), ec ;(0) = e.

This choice is inspired by the proof of the deterministic Euler-
Poincaré variational principle. Note: eg ,(t) = e for all t € [0,T].

Remark. In general, 54 : Q2 x [0,T] — TG is a Ps-adapted process
satisfying 4,(0) = 4.(T) = 0 and g4.,(-) € C1([0,1];T.G) a.s. Let
ewe (1) € CH([0,T]; G) be the unique solution of the (random) time-
dependent ordinary differential equation on G

d .
aew,&ﬂ(t) p— ETeRewﬁ’g(t)CqM(t)? €w7€’g<0) — e.
We have e, o ,(t) = e a.s. for all t € [0, T]. o

Suppose gu, € .Y(G) has the form (1) and define the deformations

gw,s,g(t) L= e&“,ﬂ(t)QW(t)) t S [OaT]a € € [07 1)

Then we have:
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dgio.cg(t) = TeR,, (t)( Z Ad,. () wi(t) o dM (1)
= (2)
+ Ade. (1) Vo (Dt + = (1))

Based on (2), natural to consider (gwjgjg,Ad (1) ww,MZ> as a

=1

deformation for <gw,w MZ) . with g, € .Y (G) given by (1).

’L_

VARIATIONAL PRINCIPLE
((gi,wiZ,Mi’i):?’:l, (92, w&", MZ") 2 g 3) e Z(@) x (G) x S(G)
is a critical point of JV if for every 4(-) € C1([0,T];: T.GQ), 4(0) =
g(T) = 0, we have

d

de jv ((gc%,s,ga Ad e, 1 ! Ml Z):nll’ (gc%,s,ga Ad e, 22 M2 Z)z 1’9‘*’55) = O’ (3)
e=0

g e (1) =ecy(Dgl(t), te€[0,T], i=1,2,3, ec€[0,1). (4)
Note: deformations in G determined by the directions g4(t) € TeG.
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Go back to important special case and make non-random choices.

Fix non-random {H” , € TeG and R™-valued martingales M (1) =

(ME (), ..., MY™ () such that [MFE, M), = M, MEF], 1< j <
3, 1 <1,k <mjis non-random (eliminate the index w to emphasize

non-randomness). Suppose that the semimartingales gZ,(-) c (Q),
j = 1,2,3, have the form (1), i.e.,

. My y .
dgl(t) = TRy o (3 1] 0 dME'(®) +u(®)dt),  gl(0) =,
T Ni=1

with « € C1([0,T]; T.G) non-random and the same for j = 1,2, 3.
Consider deformations (4), i.e., gi ¢ 4(t) 1= ec4(t)gl,(¢).

_ 1.4\Mm X
() Then ((gb, H}, ME)T™ (93, H2, M2
of JV if and only if w(t) coupled with &(t) := E[aw(¥)] € U*, where
aw(t) = agg2(t)~1 € U*, satisfies the following system of ODEs:
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(ﬁ (t,u(®), &(0) + & (H1(0), H2(8), u(1) )
—ad? (2L (t,u(b), a(t))) dt —ad? (52 (H1(t), Ho(t), u(t))) dt
+ (M (t, u(t), a(t))) oa(t)dt — K (t, (), Hx (1), u(t)) dt,
da(t) =35, (a(t)Hg) H3d[M3, M3+, — &(t)u(t)dt;

H;(t) € Mm; is the m; x m; matrix with entries

) K
Ay o= (7 ) T ML

the operator K : [O,T] X M X M xTeG — TFG is defined by

1<i,k<mj, j=1,2;

2

op
<K(t,A1,A2,U),U>T€G = - Z <—(A1,A2,U>,Bj(t,?))> ’
where A; € Mm; for j = 1,2, u,v € TeG, and B;(t,v) € Mm; is the
m; X mj; matrix whose entries for 1 <1,k < m; are

(Bj(t’v))z'k = < (ad H]) +V ady HJ )d[[Mj c;th L
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(ii) The first equation is equivalent to the following constrained
stochastic variational principle
d

dEfg‘:O(

on TeG x U* for variations of the form

0

T r ~
| it us(®), @)t + [ p<H1,€<t>,H2,6<t>,ug<t>>dt) =0

fdu;(t) = () — ad, (D),
d&e(t) — Y
< ~d€ - — —’U(t)Of(t)a
ngZ(t) L — Bj(t,’U(t))a j=12,
\uo(t) = u(t), ao(t) =a(t), Hjo(t) = H;(t),

where v € C1([0,T]; TeG) with v(0) = 0, v(T) = 0 is non-random.

It is a stochastic variational principle, even though the action func-
tional is deterministic, because in the variational principle the action
functional is taken for stochastic Lagrangian paths (the contraction

matrix for stochastic Lagrangian paths is used).
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COMPRESSIBLE NAVIER-STOKES

Applying the main theorem to G := Diff(T3), s > 3 4+ 1 is not
possible; G° is not a Lie group. But the idea and outline of the
proof(s) is still valid. Need to work out explicitly the Itd differential
of the advected quantity (e.g., function, one-form, density, on T3);
this used to be aw(t) € U* previously. Then one computes the
induced variations using some results in Arnaudon-Chen-Cruzeiro
[2014]. The upshot is that all goes through (even in the stochastic
case). A key ingredient is the right invariant connection vO on GS:

(Vi¥) () = [% (4G o, ) 't:O + Va(gyop-1 (Y00 007
+V (X(n) o n_l)T (Y ont) +V (Y o n_l)T (X on™t)
+ (X(m) on ) div (Y(m) o) + (Y(n) o™ T) div (X(n) o n—l)] o1,

where V is the Levi-Civita connection on M, X,Y € X(G*®) and hence
X(n),Y(n) € TyG*, and t +— n; is a C! curve in G® such that ng = ¢

and %\tzo nt = X(n).
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Warning: Right invariant metric is not the hydrodynamic metric!
Hydrodynamic metric {(-,-), on G% is the L?-weak metric given by

n

(U, Vidhyy = [ Unm), V() ) g (m),

ne G Uy Vp € TyG® = {W . M — TM of class H® | W(m) € Tn(m)M}.
The Euler equations are the spatial representation of the geodesic
spray of this metric; Arnold [1966] formal, Ebin-Marsden [1970] rig-
orous: the spray is a smooth vector field on TG?®; induces smooth
spray on TGflol, hence well-posedness for Euler.

T he spray of the weak right-invariant metric is not smooth. How-
ever, metrics involving at least one derivative will give a smooth
spray. This leads to the a-Euler and n-dimensional CH equations.

We take U* = {vector space of all densities on T3} and define ag :=
Do(0)d30 € U*, 0 € T3. As before, let #n»(G?) be the collection of
all m x m matrices whose entries are in ¥5(T3). Define .Z(G%) :=
U Mm(G?).
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Declare (X5(T3))* to be QI(T3) (use Lebesgue measure on T3).

Define the contraction force 7 : #(G%) x #(G?%) x ¥5(T3) — R by

5(A. B u) :=% [ u® Tr(A)(H)d39—|— 3 / P,(u(0))P;((B);(0))d%0,

73_
VA € Mn(G®), B € Mm(G®), Yu € xS(T3), w(0), (B);;(0) € R3, ¥0 € R,
where Tr : #(G%) — X5(T3) is the trace and P; : R3 — R is the
projection operator defined by

x;, if1<i<3,

Pi(x17$27$3) L= { 0 ifi>3

View Hi , :=+v2v(1,0,0), Hp, 1= v2v(0,1,0), H3, 1= v2v(0,0, 1),
Hiy, := v2u(1,0,0), Ha, = v/21(0,1,0), Hs, = v/21(0,0,1) :
T3 — R3 as constant maps u,v > 0. They define, by translation,
vector fields on T3, i.e., in the trivialization TT3 = T3 x R3, these
vector fields are constant.
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Suppose that g/ and gl are the solutions of the following SDESs:

dgl(t,0) = S22 1 H; ,dWS(t) + uw(t, g5 (t,0))dt,  g%(0,0) =0,
dgti(t,0) = Y31 H; , dWE() + uw(t, §h(t, 0))dt,  §4(0,0) =0,

wl w2 w3 independent R-valued Brownian motions, Wl = W2 =
W3, and u: Q2 x[0,7T] — X5(T3) is such that u,(t,0) is a P;-adapted
semimartingale for every 6 € T3.

(5)

Let v € C1([0, 1]; #5(T3)) (s large) with v(0,0) = v(T,0) = 0. Solve

dez (¢, 0 |
eeﬂ:i(t ) = cv(t,ecv(t,0)), e0(0,0) =0, ecn(t,-) €G” (6)

Define g . ,(t,0) 1= ec,w(t, g5 (¢, 0)), where g, is the solution to (5).

The equation for the induced deformatlon IS

dgw ,E v(t> = TeR 9% e U(t)( Z Ad (t)Hz',l/ O dMZJ(t)
i=1 (7)
+ Ad,_ pyuw(t)dt + sb(t)dt).
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The action integral is:

I (g wis', ML) 2 (a2, WS, MST) 2 g3)

i=1"’
[t 1 > =~ ~ 3
._/O /T3 (—|ww(t,6)| D(t,e)—D(t,e)e(t,p(t,e)))d ot
T pVY, (wyy' M) 191 (¢) pV° (w3, M52 192 (¢)
+ o ¥ dt ! dt we(t) | di,

‘v’((g&), 1,4 Ml z)

where the specific internal energy e(t, D) is non-random, and

Dgl(t)
dt

(g2, w2, M2 g3) € F(Go) x F(GF) x F(G),

i=1

ww(t, ) 1= Ty Rga 1y -1 ( ) , D(t,)d>0 =E [(gg(t, ')_1)* D0d39} :
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Suppose that uy = u in (5) is non-random. Then

((ngszWZ) 1 (gw,H,sz) 1,gw>, 9o = hlv=0,

is a critical point of J, using deformations (7) induced by (6), if
and only if (the non-random variables) (u, D) satisfy the following
(deterministic) classical Navier-Stokes equations for compressible
fluid flow

dut) = — (u(t) - Vu(®)) dt + 52 (VAu(t) + uvdiva(t) — Vp(t))dt,
dD(t) = —div (u(t)D(t)) dt, p:= D%

e IS the internal energy density of the fluid.

non-random pressure,

e Similar result for compressible MHD. Variables: velocity, magnetic
field, mass density, entropy. Dissipation (two viscosity coefficients
like in Navier-Stokes) in velocity, magnetic field, entropy equations.

e Kelvin-Noether theorem gives the derivative of circulation, not
zero, depends on the advected quantities and on the bulk viscosity.

Seminar 2021/11/26, Friedrich-Alexander Universitdt Erlangen-Nilrnberg
41



THANK YOU FOR

YOUR ATTENTION

eminar 2021/11/26, Friedrich-Alexander Universitdt Erlangen-Nlrnberg
42



