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The problem framework

Optimal control problem for an abstract parabolic equation{
y ′(t) = Ay(t) + f (t), t ∈ [0,T ],

y(0) = u ∈ H.
(1)

Here,

H is a Hilbert space

A is self–adjoint operator on H with a finite upper bound κ

(St)t≥0 is the semigroup generated by A.

Keynote example: A = ∆, the Dirichlet Laplacian in L2(Ω).

Control u – initial datum aiming:
1 to minimise a given energy functional,
2 to steer the solution (close) to a desired target in a given time horizon.

Problem (1) has the mild solution given by

yu(t) = Stu +

∫ t

0

Sτ f (t − τ)dτ, t ≥ 0.
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Controlability

We say that the system (1) is controllable to a target state y∗ ∈ H in time T > 0
if there is u ∈ H such that

yu(T ) = STu +

∫ T

0

Sτ f (T − τ)dτ = y∗.

In general, system (1) is NOT controllable to an arbitrary target.
E.g. A = ∆, the Dirichlet Laplacian in L2(Ω)

(∀ t > 0) StH ⊆ D(A) = H2(Ω) ∩H1
0(Ω)

– no target state y∗ ∈ H\D(A) can be attained in any time.

Approximate controlability

The system (1) is approximately controllable in time T > 0, i.e. for all y∗ ∈ H
and all ε > 0 there exists u ∈ H such that

‖STu +

∫ T

0

Sτ f (T − τ)dτ︸ ︷︷ ︸
yu(T )

−y∗‖ ≤ ε.
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The problem

Given a tolerance ε > 0, a control time T > 0, and a target state y∗, find

û = arg min
u∈H

{J (u) : ‖yu(T )− y∗‖ ≤ ε} , (P)

where

J(u) =
α

2
‖u‖2 +

1

2

∫ T

0

β(t) ‖yu(t)− w(t)‖2
dt.

with

w ∈ L2 (0,T ;H), target trajectory;

α > 0, weight of the control cost;

0 ≤ β ∈ L∞ (0,T ), weight of the distance from the trajectory.
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Well posedness of the problem

Problem ( P ) can be restated as

min
u∈H
{J (u) + IB̄ (yu(T ))} ,

where

B̄ = Bε (y∗)

IB̄ is the corresponding indicator function defined as

IB̄ (y) =

{
0 if y ∈ B̄,

+∞ else.

Solvability

The function
u → J(u) + IB̄ ◦ (yu(T ))

is proper, strongly convex and lower-semicontinuous.
=⇒ problem (P) has a unique solution which we denote by uopt

(eg. Peypouquet, 2015, Corollary 2.20).
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Characterisation of the solution

For simplicity f = 0.

Let ũ denote the unique solution of the unconstrained problem

umin = arg min
u∈H

J (u) ,

and ymin = STumin the corresponding final state.

Proposition

If ‖ymin − y∗‖ ≤ ε, then uopt = umin.
Otherwise, ...

y∗

yopt

ε

ymin
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Characterisation of the solution

For simplicity f = 0.

Let ũ denote the unique solution of the unconstrained problem

umin = arg min
u∈H

J (u) ,

and ymin = STumin the corresponding final state.

Proposition

If ‖ymin − y∗‖ ≤ ε, then uopt = umin.
Otherwise, the optimal final state verifies yopt ∈ ∂B̄. (Interesting case!).

y∗

yopt

ε

ymin
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Geometrical interpretation

Introduce the functional h : Ran(ST )→ R:

h(y) = J(S−1
T y),

and the corersponding sublevel sets

Wc := {STu : u ∈ H with J(u) ≤ c} = {h ≤ c}.

WcoptWc

y∗

yopt

ε

ymin

The target ball is hit for the first time by Wcopt , where copt = J(uopt).
The optimal final state equals the projection of the target y∗ to the sublevel set
Wcopt .
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Standard approaches to the problem

β = 0 (no desired trajectory)
HUM (Hilbert Uniqueness Method), some penalised version:

– based on the dual problem,

– discretisation of the system,

– iterative algorithm for getting the control.

R. Glowinski, J. L. Lions: Exact and approximate controllability ..., Acta
Numer. (1994),

F. Boyer: On the penalized HUM approach ..., ESAIM: Proceedings (2013),

β 6= 0
– a more complex numerical treatment (Fenchel-Rockafellar duality for convex
optimisation)

E. Fernandez-Cara, A. Münch: Numerical exact . . . J. Optim. Theory Appl.,
163 (2014),
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Our approach

Joint work with: L. Grubǐsić, I. Nakić, and M. Tautenhan.

Our approach is an extension of the result from (L., Molinari, and
Peypouquet, 2017) and (L. and Molinari, 2021) (distributed control)

We add sensitivity analysis based on resolvent calculus

Numerical implementation based on efficient Krylov subspace techniques
these allow us to approximate a complex function of an operator by a series
of linear problems

A-priori estimates for the approximation that are not sensitive to any
particular spatial discretization
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The main result

Theorem

Let T , ε > 0, y∗ ∈ H. Then the optimal initial state uopt is given by

uopt = (µεS2T + Ψ)−1(µεST y
∗ + ψ),

where

Ψ = α Id +

∫ T

0

β(t)S2tdt, ψ =

∫ T

0

β(t)Stw(t)dt,

and µε ≥ 0 is the unique solution of Φ(µ) = ε for ε < ‖ymin − y∗‖, and zero otherwise.
Here Φ: [0,∞)→ [0,∞) is the function defined by

Φ(µ) = ‖y∗ − (µS2T + Ψ)−1(µS2T y
∗ + STψ)‖.

The solution is expressed in terms of functions of an operator and the given data.
These function can be written (or at least approximated) as perturbed exponential
functions:

g(x) = u0(x) + u1(x)eax

where u0 and u1 6= 0 are arbitrary rational functions and a < 0.
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Spectral calculus

Given a rational function r and a measurable function g we have

(v , g(A)v)− (v , r(A)v) =

∫ κ

−∞

(
g(λ)− r(λ)

)
d(E (λ)v , v),

where E (·) is the spectral measure (Reed and Simon, 1979; Kato, 1995).
Then

‖g(A)− r(A)v‖ ≤ ‖g − r‖L∞〈−∞,κ]‖v‖.

Best rational approximation

For a perturbed exponential function g there exists a unique real rational function
r∗n such that

r∗n = arg min{‖g − r‖L∞ : r is a type (n, n) rational function}

and further
‖g − r∗n ‖L∞ ≤ CH−n

where C > 0 is a constant independent of n and H ≈ 9.29 is the Halphen
constant, (Cody, Meinardus, and Varga, 1969; Walsh, 1931)
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Constructing rational approximations

It is particularly convenient if the rational function is representable in the partial
fractions form:

r̂(z) = r0 +
r1

z − ζ1
+ · · · rd

z − ζd
.

In order to find the best rational approximation we use the award winning rkfit

algorithm from Berljafa and Güttel, 2017 (the rational Krylov function fitting
algorithm).

We can construct the operator rRK (A) := r0I +
∑d

i=1 ri (A− ζi )−1 such that

‖g(A)− rRK (A)‖L(H) ≤ tol‖g‖L2(−∞,κ] .

Computations are reduced to solving a (relatively small) number of linear
problems!
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Sensitivity analysis

The solution is stable with respect to small perturbations.

Suppose
α, f , β,w , y∗,A

are disturbed by some quantities less (in a suitable sense!) than ν:

α + δα, β + δβ, f + δf ,w + δw , y∗ + δy∗,A + δA

Theorem

Under the above assumptions we have

‖uoptδ − uopt‖ < Cν

where C is a constant that does not depend on ν.
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Diffusion for an in-homogeneous material in 1D

Example 1: In-homogeneous material

The operator A is taken of the form

A = −∂x((1 + aχ[γ,π])∂x)

with homogeneous Dirichlet boundary conditions and

γ = 2.2, a = −0.8

α = 10−4, β = χ[T/3,2T/3]

final time T = 0.01,

desired trajectory ω = χ[π/5,2π/5],

final target y∗ = χ[3π/5,4π/5],

f = 0 (homogenous equation).

The parameter γ determines the contact point of two materials with a different
diffusivity coefficient.
We plot the results for three different values of the tolerance ε.
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Diffusion for an in-homogeneous material in 1D – small ε
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Diffusion for an in-homogeneous material in 1D – large ε
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Diffusion for an in-homogeneous material in 1D –
moderate ε
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Difussion in 2D

Example 2: L-shaped domain

Take

Ω = [−1, 1]2 \ ([−1, 0]× [0, 1]),

A = 4,

ω(x) = χ‖x−x0‖1≤0.2,

y∗(x) = e−20‖x−x1‖2

+ e−20‖x−x2‖2

+ e−30‖x−x3‖2

,

with x0 = (−0.5,−0.5), x1 = (0.5, 0.5), x2 = (0.6, 0.1) and x3 = (0.8, 0.4).
The other parameters are same as in the previous example.

We plot the initial control u = y(0), the computed solution at time t = T/2
compared with the desired trajectory ω, and the optimal final state at t = T
compared with the target y∗ for three different values of the tolerance ε.
The red dashed circle marks the constraint ω on the trajectory.
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Difussion in 2D - small ε
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Difussion in 2D - moderate ε
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Difussion in 2D - large ε
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Conclusion

Done:

Numerical algorithm for a constrained optimal control problem.

Completely quantified sensitivity analysis of the solution.

Numerical implementation based on Krylov subspace techniques:
– approximatian of a function of an operator by a series of linear problems;
– a-priori estimates for the approximation that are not sensitive to a

particular spatial discretization.

Further work:

Generalization to a distributed control problem.

DIfferent norms that enter into the cost.

Thanks for your attention!
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