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The Poisson problem with Robin boundary conditions

Let 2 C R™ be an open, bounded and Lipschitz set. We consider the
following problem for the p—Laplace operator:

—Apu=f in Q

|VulP™ 28 +ﬂ|u|p u=0 on dQ,
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The Poisson problem with Robin boundary conditions

Let 2 C R™ be an open, bounded and Lipschitz set. We consider the
following problem for the p—Laplace operator:

—Apu=f in
8 (P)
|VulP—2 o+ Blul” u=0 on dQ,
o Ayu = div(|Vul/ *Vu)
e f is a positive function in LI(Q2), ¢ =p/(p — 1)
@ [ is a positive parameter;
@ v is the outer unit normal to 0.
There exists a unique, positive, weak solution to (P). |
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The symmetrized problem

Let QF be the ball satisfying [ = |Q2F|. We consider
—Apv = f in QF

6
|Vo|P~? +,6’|U\p 0=0 on O,
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The symmetrized problem

Let QF be the ball satisfying [ = |Q2F|. We consider
—Apv = f in QF

(P)
|Vo|P™ 26 +,6’|U\p 0=0 on O,

f% is the Schwarz rearrangement of f

/ /
{f>t {f# >t}

Can we compare the solutions u and v? Which is the right way to compare
them? J

= = = = =
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The Dirichlet case

G. Talenti- 1976, Ann. Scuola Sup. Pisa (linear case)
G. Talenti- 1979, Ann. Mat. Pura Appl. (nonlinear case)

—Apup = f inQ) —Apup = ffoinQt
up =0 on Of). vp =0 on 9OF.

uﬁD(x) <wp(x), Yz e
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The Dirichlet case

G. Talenti- 1976, Ann. Scuola Sup. Pisa (linear case)
G. Talenti- 1979, Ann. Mat. Pura Appl. (nonlinear case)

—Apup = f inQ) —Apup = ffoinQt
up =0 on Of). vp =0 on 9OF.

uﬁD(x) <wp(x), Yz e

These results hold for more general elliptic operators in divergence form! J

Question
@ Does uf < v hold also in the Robin case?

@ Does a weaker result hold?
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Applications

@ The ball maximizes every L* norm of the solutions:

“tzi)(x) <wp(z) = |lupllpr) = HuﬁDHL’“(Qﬁ) < ool pr @z
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Applications

@ The ball maximizes every L* norm of the solutions:
“tzi)(x) < op(x) = llupllpr) = HuﬁDHLk(Qﬁ) < llvpll pr(as
o This gives sharp a priori estimates on the L¥-norm of the solution to

(P)
@ when f =1 we recover the Saint-Venaint inequality

T(Q):/QuDd:rg/m vp dx = T(QF)
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Applications
Another proof of the Faber-Krahn inequality, for all p, n:

\V4 p
@)= e JalY o
veEW, P () fQ|U|
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Applications

Another proof of the Faber-Krahn inequality, for all p, n:
Jo IVol?

Ay(Q) = inf
P veEW, P () fQ lv|?
—Apw = Ay(QuwP™ in Q —Apz = Ay () (wh)P~! in QF
w=20 on 0, z=10 on dOF,

Jos [V2[” > Jo: IV > A(Qf
(=l = [ T p(2)
./Qﬁ(u Ptz ./Qf “

p

p=1 1
weem [ores (L) ([) < 2
Jaot Of of of

A;D(Q) =
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Applications

Another proof of the Faber-Krahn inequality, for all p, n:
Jo IVol?

Ay(Q2) = inf
P veEW, P () fQ|U|p
—Apw = Ay(QuwP™ in Q —Apz = Ay () (wh)P~! in QF
w = on 0, z=10 on O,
Vz|P Vz|P
Ap() = Jor |ﬂ Z,’l > Jo1V2 > Ap(9¥)
./Qﬁ(w Ptz ./Qt 2P
p=1 1
e [wres([wn)™ ([ ) <[+
JQF Of Qf QF

Remark
It is sufficient |[w]| 1p(q) < [|2]| 1o (qt) to prove the Faber-Khran

™ = = =
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The linear case

A. Alvino-C. Nitsch-C. Trombetti, Comm. Pure Appl. Math. 2022

Let u and v the solution respectively to

—Au=f in €, —Av = ft in QF
%—l—ﬁu:O on 052, @—1—51;:0 on 90,
v ov

If f € L*Q), f> 0 then
n

2n — 2
n

3n—4

lull ey < il perqs VO <k <

HU’HL%J(Q) < HUHL?’%?(QIi) VO < k <
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The linear case

A. Alvino-C. Nitsch-C. Trombetti, Comm. Pure Appl. Math. 2022

Let u and v the solution respectively to

in £,

—Au=f
%—Fﬁu:O on 02,
ov

If f € L*Q), f> 0 then
HuHLkvl(Q) < HUHL’“J(Qﬂ)

HU’HL%J(Q) < HUHL%,?(Qﬁ)
Moreover, if f =1
v (z) < v(x),

”UHLk(Q) < ||UHLk(Q),

—Av = f! in QF,
@—FBU:O on 9OF,
ov
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The nonlinear case

V. Amato-A. Gentile- A. L. M., Ann. Mat. Pura Appl. 2022

Let u and v the solution respectively to
~Apu=f inQ, ~Ayju=ft in QF
Robin BC  on 092, Robin BC on ONF,
If fe LYQ), f >0 then

n(p—1
lall gy < ol ooz O<ks oi - mi
n(p—1)
HUHka,p(Q) S ||U||ka,p(Qﬁ) VO < k S m
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The nonlinear case

V. Amato-A. Gentile- A. L. M., Ann. Mat. Pura Appl. 2022

Let u and v the solution respectively to
~Apu=f inQ, ~Ayju=ft in QF
Robin BC  on 092, Robin BC on ONF,
If fe LYQ), f >0 then

n(p—1
lall gy < ol ooz O<ks oi - mi
n(p—1)
HUHka,p(Q) S ||U||ka,p(Qﬁ) VO < k S m

Moreover, if f =1

f < 1 < L

u*(z) < v(x), <pfn_17

lull or gy < Mol e ) k=1p.
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Definition

lull pra =

sup (t7u(t)) q=00
t>0

where p(t) = |[{u > t}|, is the distibution function of w.

Remark

If p = g, we recover the classical LP norm, as a consequence of the

Cavalieri principle:
+o0 1
/ |ul? :P/ 7 p(t)
Q 0
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Applications

@ The ball maximizes the L¥! and LP*? norm of the solutions for
certain values of k;
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@ The ball maximizes the L' and L? norm of the solution if p > n:
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Applications
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np—1
HuHL’“(Q) < HUHLk,l(Qu) VO < k< (T(Ll)]))> 1
n(p—1)
[ull ok () < 0l pornry VO <k =< n—ptn

@ The ball maximizes the p—Torsion in any dimension;
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Applications

The ball maximizes the L¥! and LP*? norm of the solutions for
certain values of k;

The ball maximizes the L' and LP norm of the solution if p > n:

np—1
HUHL’“(Q) < HUHLk,l(Qu) Vo< k< (T(Ll)]))> 1
n(p—1)
[ull ok () < 0l pornry VO <k =< n—ptn

The ball maximizes the p—Torsion in any dimension;

The alternative proof of the Faber-Krahn inequality holds if p > n.
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Characterize the equality case

Can we obtain some information if the equality holds in one of the previous
estimates? J
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Characterize the equality case

Can we obtain some information if the equality holds in one of the previous
estimates? J

In the Dirichlet case

A. Alvino-P. L. Lions-G. Trombetti (Proc. Roy. Soc. Edinburgh Sect.
A, 1986)

Let up and vp be the solutions respectively to

—Aup=f inQ, —Avp = ftin QF,
up =0 on 0X2, vp =0 on 8Qﬁ,

If uﬁD(a:) = vp(z) for almost every z € QF, then

Q=0 +x0, up()=uh(-+m0), f()=r+a0)
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In the Robin Case
@ Linear case: A. L. M., G. Paoli, to appear on J. Geom. Anal.
we study the case n = 2, f = 1, for which a pointwise comparison
holds;
@ Nonlinear case: A. L. M., G. Paoli, preprint
we treat the general p—Laplace case.
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The results

V. Amato-A. Gentile-A. L. M., Ann. Mat. Pura Appl. 2022

Let u and v the solution respectively to

~Apu=f inQ, ~Ayju=ft in QF
Robin BC  on 092, Robin BC on ONF,

If fe LYQ), f>0 then

n(p—1)
HuHLk,l(Q) < ||U||Lk,1(m) VO< k< —~

(n—1)p
n(p—1)
||uHka.p(Q) < HUHka.p(Qﬁ) Vo < k < m
Moreover, if f =1
WA(@) < v(a), 1<p< 2,
H“HLNQ)S ||/UHL1V(QIZ) k=1,p.
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The results

A. L. M.-G. Paoli, preprint

Let QO C R” be a bounded, open and Lipschitz set and let QF be the ball
centered at the origin with the same measure as ). Let u be the solution
to (P) and let v be a solution to (P*). If

n(p—1)

[ull orp () = VIl orp(qs),  for some & € |0, (m—2p+n

then, there exists xg € R such that

Q=0 +z0, ul-+ao)=v(),  f(-+z0)=f().
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The results

A. L. M.-G. Paoli, preprint

Let QO C R” be a bounded, open and Lipschitz set and let QF be the ball
centered at the origin with the same measure as ). Let u be the solution
to (P) and let v be a solution to (P*). If

n(p—1)

[ull orp () = VIl orp(qs),  for some & € |0, (m—2p+n

then, there exists xg € R such that

Q=0 +z0, ul-+ao)=v(),  f(-+z0)=f().

sketch of the proof form =2,p=2,f =1
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Some Notation

U ={xeQ:ulz)>t},
U™ = oU, N Q,
UL = 9U;, N 0.

o u(t) =z €Q: u(z) >ty
o p(t)=|{z €W :v(x) >t]}, Vi={ze v(z)>t}.
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Some properties

@ Let us denote by u,, = ming u and v,,, = ming; v that are achieved
on the boundary. Since 8 > 0, we have that wu,, v, > 0.
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Some properties

@ Let us denote by u,, = ming u and v,,, = ming; v that are achieved
on the boundary. Since 8 > 0, we have that wu,, v, > 0.

@ v is radial and decreasing
V; is a ball concentric to O and strictly contained in it

o It holds that v,,, > u,,. Indeed:

z)dH! = de = = / dx
/am B O B

_/ w(z) dH > umP(Q) > umP(QF).
o0
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M.-Paoli, preprint
Let © C R™ be a bounded, open and Lipschitz set and let QF be the ball
centered at the origin with the same measure as Q). Let u be the solution

to (P) and let v be a solution to (P*). If

n(p—1)
[ell Lorn () = [0l ornsy,  for some k& 10, h—p+n
then, there exists 2y € R™ such that
Q=0 +ao, ul-+x0)=v(),  f(-+m0)=r) |
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Talenti comparison for Robin: case n =2 and f =1

[w(@)l| Lor2 () < llv(@)lparz(at- (1)J
Lemma: Talenti comparison [ANT]
Recalling p(t) = |[{u > t}|, o(t) = [{v > t}|, it holds

ar < [ —p/(t) + 1 L (2)

— H /8 8Utext u
and
/ 1 1 1
47r:(—¢(t)+— Lan ) (3)
B Jovinoar v )

e From (2) and (3) one can prove (1).

@ These (in)equalities are the key to the rigidity result.
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Lemma: idea of the proof

The key points in proving this inequality (2) are:

@ the isoperimetric inequality applied on the super level set of u and v
resp. Uy and V;

@ the Holder inequality applied on the function ¢

|Vu| if x € QU™
g(z) = . .
Bu if x € QU™ .

that satisfies

/ g(x) dH' = / dx = u(t).
o{u>t} {u>t}

Masiello (UniNa) 19 /29



Sketch of the proof of the Rigidity result

@ From the hypothesis
[w(@)]] 2r2 () = 0(2)]| p2r2 01)-
one can prove the equality in the Talenti comparison, i.e.
1 1
= (w5 [ L),

8Uf,mt u

for almost every t € [0, ups], where up = Mmax u.
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Sketch of the proof of the Rigidity result

Step 1: We prove that every super level set is a ball.

@ Equality in the Talenti comparison implies that

Sl

[N

2V/mpu(t):

that means that a.e level set is a ball.

= P(U;), fora.e. t
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Sketch of the proof of the Rigidity result

Step 1: We prove that every super level set is a ball.

@ Equality in the Talenti comparison implies that

2/mp(t)2 = P(U;), fora. et

that means that a.e level set is a ball.

Sl

3

e For all t € [um,unr), there exists {t;} s.t.
Qtr—t;
Q ik > thtr;
© {u > tx} is a ball for all k.

Then, since {u >t} = Ug{u > t;}, we have that {u > t} is a ball for
all ¢.

In particular, € is a balll
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Sketch of the proof of the Rigidity result

Step 2: We prove that the level sets are concentric balls. J
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Sketch of the proof of the Rigidity result

Step 2: We prove that the level sets are concentric balls. J

In order to do that, we show that u — u,, solves

—A(u—1up)=1 in Q,
U— Uy =0 on 09,
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~Az=1 in QF,
z=0 on 9OF,
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Sketch of the proof of the Rigidity result

Step 2: We prove that the level sets are concentric balls.

In order to do that, we show that u — u,, solves
—Ap(u—upm)=[f inQ,
U— Uy =0 on 012,
and if one compares w = u — u,, with the solution to
~Ayz = ft in QF
z=0 on 011,

it holds
wh(z) = z(x), in QF.
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Sketch of the proof of the Rigidity result

Step 2: We prove that the level sets are concentric balls.

In order to do that, we show that u — u,, solves
—Ap(u—upm)=[f inQ,
U— Uy =0 on 012,
and if one compares w = u — u,, with the solution to
~Ayz = ft in QF
z=0 on 011,

it holds
wh(z) = z(x), in QF.

If one can prove a rigidity result for the Dirichlet p—Laplacian
Step 2.

., we achieve J

- = =
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Dirichlet p—Laplacian

A. L. M., G. Paoli- Preprint

Let © C R” be an open, bounded and Lipschitz set. Let f € L' (Q) be a

positive function and let w and z be weak solutions respectively to

“Apw=f inQ —Apz = ffinQf
w=20 on 012, z=0 on 00!,

If wh(z) = 2(x), for all z € QF, then there exists g € R" such that

Q:Qﬁ—i-l‘o, w(- + zo) = 2(+), f(""xﬂ):fﬁ(')'
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Dirichlet p—Laplacian

A. L. M., G. Paoli- Preprint

Let © C R” be an open, bounded and Lipschitz set. Let f € L' (Q) be a

positive function and let w and z be weak solutions respectively to

“Apw=f inQ —Apz = ffinQf
w=20 on 012, z=0 on 00!,

If wh(z) = 2(x), for all z € QF, then there exists g € R" such that

Q:Qﬁ—i-l‘o, w(- + zo) = 2(+), f(""x(]):fﬁ(')'

This result seems new in the literature!
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Main differences with ALT

@ Solutions to p—Laplace equation are not, in general, continuous or
Ccho(Q);
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that they are dealing with a linear operator and the high regularity of
the solutions that can be lost for a generic p.
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Main differences with ALT

@ Solutions to p—Laplace equation are not, in general, continuous or
Ccho(Q);

@ The proof of the rigidity results by A-L-T strongly relies on the fact
that they are dealing with a linear operator and the high regularity of
the solutions that can be lost for a generic p.

@ To overcome this regularity issue, we show that w satisfies the
Brothers-Ziemer result:

Masiello (UniNa) 25 /29



Brothers, Ziemer, J. Reine Angew. Math.
Let w € Wol’p(Q), let

ol ifwe L™(Q)
wyy = .
400 otherwise.

/ Vol = / VP,
Q Q

and
‘{\Vwﬂ\=0}ﬂ{0<wﬁ<wM}‘=0

then, w = w! up to a translation.
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Brothers, Ziemer, J. Reine Angew. Math.
Let w € Wy P(9), let

|w| if we L*()
Wy = .
+00 otherwise.

[ vul = [ v,
Q Q

and
‘{\Vwﬂ\:0}0{0<wﬁ<wM}‘:0

then, w = w! up to a translation.

So w = u — uy,, is radial and decreasing, and © = w + u,, too!

Masiello (UniNa)
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Open Problems

@ Generalize the rigidity results in the anisotropic setting or to the mixed
boundary condition setting, for which Talenti-type results are proved in

© R. Sannipoli, Nonlinear Anal. (2022),
@ A. Alvino, C. Chiacchio, C. Nitsch, C. Trombetti, J. Math Pures Appl.,
(2021).
e Is it true that the ball maximizes every L* norm of the Torsion

function (with Robin boundary conditions) in any dimension?
A first evidence is contained in "R. Sannipoli Atti Accad. Naz. Lincei
Rend. Lincei Mat. Appl." where it is proved that the ball is a critical
shape for every L* norm.
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Thank you for your attention!
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