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What is shape optimization ?

Let J: Q CcR" +— J(Q) € R be a given shape functional. We are
interested in studying problems of the type:

inf J(Q),
oinf J(Q)

where F,4 is a class of subsets of IR".
Many question are to be asked:

@ Does the problem admit a solution ?

e Can we prove some qualitative results on the optimal set
(regularity, symmetries...) ?

e Can we prove that a given shape is a "local" solution for the
problem ?

@ How can we use numerical simulations to find approximations of
the optimal shapes ?
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What is a Blaschke-Santal6 diagram ?

Definition

We consider three homogeneous functionals (J;,J>,J3) and a class
Faq of subsets of R”, with n > 1.

A Blaschke-Santalé diagram of the triplet (Jy, J>, J3) for the class Foq
can be defined as the set of points:

Dr, ::{(Jl(Q),JZ(Q)) | ss(@)=1and O e]-"ad}cIRZ,

Can we give an explicit characterization of the diagram ?
If not, what can we say about it ?

Can we conjecture new inequalities ?

How can we use numerical simulations to obtain a good
description of these diagrams ?
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A non-exhaustive list of classical and recent works

Purely geometrical diagrams

e W. Blaschke (1915) and L. Santalé (1961)

@ M.A. Hernandez Cifre and authors (...)

e A.Delyon, A. Henrot and Y. Privat (2018) and (2020) (|- |, d,r)
Diagrams involving spectral and geometrical functionals

e Triplet (Aq, Ao, |- ]):
e D. Bucur, G. Buttazzo and I. Figueiredo (1999)
o P. Antunes and A. Henrot (2010)
o L.Brasco, C. Nitsch and A. Pratelli (2013)
e Triplet (A1, T,|-|), where T is the torsion functional.

e l. Lucardesi and D. Zucco (2019)
o G. Buttazzo, A. Pratelli and M. van den Berg (2019)
o G. Buttazzo and A. Pratelli (2020)

e Triplet (P, Aq,]-]):
e P. Antunes and P. Freitas (2006)
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The involved functionals

In this talk we are interested by studying the (P, A1,|-|)-diagram.

For every open () C IR", we take:

e |Q] the volume and P(Q) the "perimeter"” of Q.

e 1;(Q) the first Dirichlet eigenvalue of the Laplace operator.
That is the smallest value A such that there exists u € Hy (Q2)\{0}
satisfying

—-Au = Au

in the weak sense.
The first eigenvalue is also given by the following Rayleigh

quotient:
JQ |Vu|2dx

A1(Q) =
1) ueH} (Q)\ jQ
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(P,A,|-|) Diagram

o We are interested in the following set of points:
Dy, ::{(P(Q),Al(Q)) | 101=1and O e Ay }

where F,4 is a class of subsets of RY (for example: convex sets).
@ all the sets considered in this talk are of unit measure.

@ K; is the set of planar convex domains of measure 1.

The characterization of the diagram implies the determination of all
possible scale-invariant inequalities between these 3 quantities.
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(P, A4,|-|)-Diagram of

Two fundamental inequalities
e P(QQ)>P(B),
o 11(Q) = 14(B),

nvalue

Eiges

where () is an open set of unit
volume and B is a ball of unit volume.

b mmmm e e e e e e e o

Theorem (F. - J. Lamboley (SIAM J. on Math. Analysis 2021))

Do = { (P(B), A1(B)) }u |P(B), +e0[ x]A1(B), +0

= No other inequalities !

Question: What about the case of convex sets ?
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The case of planar sets

For every Q) € K, we have the following inequalities:

@ Polya’s inequality (1959):

e Makai’s inequality (1960):

72 (P(Q)\°
A1(QQ) > E(W)

e Payne-Weinberger’s inequality (1970):

JE (o 4r|Q|

|Q|A1<Q)—|B|A1(B)s[ L )—1}('3(9)2—1)

We recall that each inequality is represented in the diagram by a

curve.
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The case of planar

160

——Polya’s inequality
140

——Makai’s inequality

120

=]
3

—— Payne-Weinberger’s inequality

@
3

Eigenvalue

——Faber-Krahn’s inequality

3 35 4 45 5 55 6 6.5 7 75 8
Perimeter

Figure: The smallest known region that contains the diagram
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The case of planar sets

P. Antunes - P. Freitas (2006)/ F. - J. Lamboley (2020)

140 -

120 -

80 -

Eigenvalue

60 -
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I
35 4 4.5 5 5.5 6 6.5 7 75
Perimeter

Figure: Approximation of the Blaschke-Santalé diagram Dy obtained by
generating 10° random convex polygons.
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The case of planar sets
For every x > P(B) = 24/7, we define :

e f/g(x):=min/max{11(Q)[Q e ; and P(Q) = x},
where K1 :={Q e K ||Q| = 1}.

Theorem (F - Lamboley (SIAM J. on Math. Analysis 2021))

@ f and g are continuous and strictly increasing functions.
Q@ Dy = {(X,y) ‘ x>24yn and f(x)<y< g(x)}.

© forevery x> xg, let Q € K such that |Q| =1 and A1 (Q) = x, then
o ifP(Q) = g(x), thenQ is C*1,
o if P(QQ) = f(x), then Q is a polygon.

Q f(x) ~ T—éxz and g(x) ~ "TZXZ.

X—>—+00 X—>—+o00

Q f(x)=0 and limsup&x)=gba) 5 Mi(B) (/‘1(5) _2).

X=X - T
X—X0 © S\E

v
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Application to a regularity result

We recall the following regularity result:

Theorem (Lamboley-Novruzi-Pierre (ARMA 2012))

Let A > A1 (B).

@ Any solution of
sup{P(QQ) | Q e Ky et 11(Q) = A}

is Polygon.

@ Any solution of

|nf{P(Q) | Q ek, et A]_(Q) =}

is 11,

Question: What happens if we exchange the role of A; and P ?
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Equivalence between some shape optimization

problems

Corollary

Let p > 2+/rt. The following problems
are equivalent:

sup{A1(Q) | Q e Ky and P(Q) = p}
sup{11(Q) | Q e Ky and P(Q) = p}
inf{P(QQ) | Q e L1 and 11(Q) = A}
inf{P(Q) | Q e Ky and 11(Q) > A}

and the optimal domains are cht,
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Equivalence between some shape optimization
problems

Corollary

Let p > P(B). The following problems
are equivalent:

inf{A1(Q) ] Q e Ky and P(Q) = p}
inf{A1(Q)]Q e Ky and P(Q) > p}
sup{P(Q) | Q ey and 11(Q) = A}
sup{P(Q) | Q e K1 and A1(Q) > A}
and the optimal domains are
polygonal.
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The continuity an onotonicity of the boundary

mma (Perturbation Lemma)
@ The ball is the only local minimizer of the perimeter in K.
@ A CY! convex domain cannot be a local maximizer of A1 in K.

© The ball is the only local minimizer of A1 in ;.

@ There is no local maximizer of the perimeter in K.

A1

We can increase the eigenvalue by the second

assertion of the perturbation Lemma

curve of ¢

curveof f

M(B)+ We can decrease the eigenvalue by the first
) assertion of the perturbation Lemma

PB) P
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The simple connectedness of the diagram

A first (unsuccessful) approach.

h h
/
/
7
/
/ -
s -7
P B
[ P P
Step 1: The diagram is included Step 2: The boundary of the yellow region
in the yellow region. is included in the diagram.

h ‘ .
! P
Step 3: The yellow region is filled by continuous
paths that connect the upper boundary to the lower one.
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The simple connectedness of the diagram

1. Minkowski sum and continuous paths Ik ;-

1-t)KgdtK
rKOrKl = {Kt = ( ) 0 L te [0, 1]},

VI(1-t) KOEBtKll

where A®B :={x+y|x €A andy € B} is the Minkowski sum of A and
B.
2. Continuity of the paths for small perturbations.

(K8 2k and K Ko oo~ hr (01,22,

3. The arcs go infinitely to the right when the perimeter increases
For every Ko, Ky € Ky, (i.e. such that P(Kp) = P(Ky) = p):

p
Vte[0,1], P(K;)=> 3 257w +o0
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The simple connectedness of the diagram

4. Relevant paths and conclusion Assume that there exists A & Dy..

po i= sup{ peR | kP, Kg € K%’p such that A is in the interior of Ik, , }

Aq

If pg is not a maximum
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The simple connectedness of the diagram

Aq

If pg is @ maximum

YA
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Extremal domains

= different optimization methods are needed!

Problem po = P(B) = 24/7 po = 3.8 po=4 po =4.2

Upper boundary

Lower boundary

Figure: Numerically obtained optimal shapes for different values of pg.
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Improved numerical description of the diagram

We combine the theoretical and numerical results:

® Random polygons

- Obtained upper boundary

~||— Obtained lower boundary

Improved description of the diagram

Eigenvalue

36 a7 38 39 4 at 42
Perimeter

Figure: Improved (P, A1, |- |)-diagram.
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Some Perspectives and current research projects

Some perspectives:

o Apply these ideas to other diagrams.
e generalize to higher dimensions (the perturbation Lemma).
@ There may be (or not) a link between diagrams of convex sets.

@ Perform more numerical simulations for other diagrams.

Current research projects:

@ Optimal placement and shape design of sensors.

@ Testing and applying Machine Learning techniques in shape
optimization.

Ftouhi, I. (FAU) Erlangen, Germany October 1, 2021 33/34



Thank you for your attention !
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