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O Background

Trajectory with different constraints

Impact angle, impact time, and field of view

e
L .i;

4

£ —-’ﬁ?""




O Background

Problem description

N Kinematic equations

Xy =V COSy
Yu =V siny
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Involute of a circle

Parametric equations
x=a(cosg+psing)
y=a(sing—gcosg)

The involute is tangent to the horizontal axis at one end
The normal line to the involute is tangent to the circle

Radius of curvature: MA = TA = apy

U0 0 O

The arc length of an involute is given by S(¢) = (1/2)ag?
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O Geometric rule

Parametric equations for the rotated involute

x=a(cosg+psing)
y=a(sinp—gpcosg)

center of the circle O'(x,,ys)
rotation angle 6=y, +x

X = X, +Ha[cos(p + ) + psin(e + 0))
. ¥ {y =Y, +a(sin(p+6) —gpcos(p + )
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O Geometric rule

Geometric Rule

o =/MO'A
tan o = tan ZMQO’A
_ MA

O'A

0 The geometric rule for an involute trajectory with an impact angle y; can be

written as tand =y — y, where 6 =y — A,/
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Q Trajectory design

One-stage trajectory for impact angle constraint

Goal: find the value of a

X = Xy +a(cos(e+80) + @sin(p+6))
Trajectory

Yy =Y +a(sin(p+6)—pcos(p+0))

/

O=y, +7

Po=V" T
O'=T +au= (X +acosy;,y; +asiny;)

o :
\\\%a/?\ / {XL:XT+aCOS7/T_aCOS7L_a(7/L_7T)Sin7/L

Yy, =Y; +asiny, —asiny, +a(y_—y;)cosy,

9, > X
‘ Eliminating the variable a

_ X, =% (X, =X )(sin 7 —siny, +(y —y;)C0Sy,)
Cos y; —Cosy, —(y. —y7)siny, —(y, =Yy )(cosy; —cosy, —(y. —r;)siny. )=0

a

Solve above equation to get y;,
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Q Trajectory design

Comparison with other curves*
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Trajectories of different kinds of curves Variations of launch angle and impact time

O The involute has the shortest path and the shortest flight time.
O Under the same impact angle, the involute has the smallest launch angle.

* R. Tsalik and T. Shima, Inscribed Angle Guidance, Journal of Guidance, Control, and Dynamics, vol. 38, no. 1, pp. 30-40, 2015.
* T. Tripathy and T. Shima, Archimedean Spiral-Based Intercept Angle Guidance, Journal of Guidance, Control, and Dynamics, pp. 1-11, 2018.
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Two-stage trajectory for angle and time constraints

Switching Point

Stage [

1 1
Stage I: S =-a@,? =—a(y, —yr)°?

Stage ll: S, =b

T~/ o/ ( _Si+S, _a(n-n)+2b
[y S v,

Goal: find the value of aand b
Geometry of the two-stage trajectory
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Two-stage trajectory for angle and time constraints

Goal: find the value of a and b

{x =Xy —a(cos(@+ 77 )+ @sin(g+ 7))

AY -
_— . Y =Yo —asin(@+y; ) —@cos(p+ 1))
Stage I Switching Point
/-' | B=T-bu
= (XT _bCOSyT ) yT —bSIH 7/T)
O'=B+au

= (% +(a—-bjcosy;, y; +(a—b)siny;)

{x “ . +(a—b)0os 77 —a(cos(p+ 77) + pSin(p-+ 72))
y=Y; +(@-b)siny, —a(sin(¢+y;)—@cos(o+y;))

o " ' L0 y0)
Geometry of the two-stage trajectory A=

{XL =X +(a—b)cosy; —acosy, —a(y, —y;)siny,
y. =Yy +(@-b)siny; —asiny, +a(y_—y;)cosy,
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Two-stage trajectory for angle and time constraints

Goal: find the value of a and b

{XL =X +(a-b)cosy; —acosy, —a(y, —y;)siny,
. =Yr +(a=b)siny, —asiny, +a(y,_—y;)cosy,

Switching Point

B 7 Stage}
/

_ (X =X )siny. —(y; =y, )cosy,

Stage [

Q A—\H (7|__7T)COS(7/|_—]/T)—Sin(]/L—yT)
L --- _ |
o= 06 =x)siny — (v —y,)cosy —aly, — 7 —sin(z, 7))

V{0 — -
/ %T / Sm(7/|_ _7/T)
/a /

A i t _a(yL_7T)2+2b
¢ =
2V

M

Geometry of the two-stage trajectory

(X =X, )siny; —(yr —Y,)cosy; X|:(7|_ _7T)2 A4 =sin(y,_ —7)
(7|__7T)COS(7L_7T)_Sin(7L_7T) 2 Sin(yL_}/T)

+(XT _XL)SirV/L_(yT —yL)cos;/L _VMtf =0
7L’ a’ b sin(y. —7r)

Solve above equation to get y;.
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Q Trajectory design

Two-stage trajectory for angle and time constraints
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Q Trajectory design

Analysis of achievable constraints

150 p

100

()]
S

Launch angle [deg]
¢
(e (e

-100

-150

-180

Variations of the launch angle and impact time with respect

-60 0 60
Impact angle [deg]

-120

100

90

80

S70

60

to impact angles for different initial LOS angles.

Impact time [sec]

250 ¢ \ _AMmax = 0 /'l
N et Ay max = 100 //il
\ - 'AMmaX =50 I'
200 - S '
B ‘ fod
= \ / ;
= A S ) '
o 150 F S 1
2 S
< No S \
% \~ N \ [}
S 100F  Sue N AR
C% \~§ \ ‘I
— ___.-:z\. - - ta N “
-~.~. § ~ \‘|
50 r SSoo==au VS \
S N
\N ~ |
\'N N 1
ST N\
Sy
O | 1 1 |
-180 -150 -120 -90 -60 -30

Impact angle [deg]

130

1120

1110

1100

190

180

170

60

50

40

Capture regions under different acceleration limits

Impact time [sec]

FAU Zigi Wang 2022.11.14

Circle involute-based geometric guidance strategies



Q Trajectory design

3D implementation

x10%

25

lllustration of 3D implementation llustration of 3D trajectories with different impact
times and the same impact angle
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Two-stage Involute-based Guidance (TIG) Law

Based on the curvature of the involute

AY
i : Vi 2 Vi ?
Stage [ Switching Point Stage ! A M= — p”» = — preT—=
N L |
75 b Stage ll: Ayy = NVyA
B Stageh
v, \
0
qoL(;.\---.
- /0’ 77-/"
L~ \ '™ TIG law
\\ a
\~\‘% /V e V 2 )
Ay =+ a(y—)
> X : -
e, NV,, 1 , If | <
Geometry of the two-stage trajectory (M ‘(D‘ &

O The successful implementation of the TIG law depends on the assumption
that the vehicle is on the involute at the initial moment.

O The TIG law cannot compensate the external disturbances.
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Robust Two-stage Involute-based Guidance (RTIG) Law

Based on the geometric rule of the involute

W = (1/2)s}
W =

Geometry of the two-stage trajectory

2 J—
sS =5,(— kS|gn(sl)+W)L51

AY P ——————— . ——————
Stage [ Switching Point i RTIG Stage | i
\ // ..... \\ s, =tand—y+y; :
| |
Ly, I 2 I
5 Stage I . sec’o-1 sec®o—-1 -
vV, e \ LS = At ———W— A, sec’ S :
0 : VM VM :
%(7, | v, |
/ | |
S - i A, = oc? 5 lﬂo sec® 5 —ksign(s,) (k>0 |
\ 1 1
\\\\\\Q/\/u/ ! :
i I ege . I
! Stability analysis :
| |
0 X :
| |
| |
| - ;
|
1 2 & 1
External disturbances*: y =24 L<—s,|(k, —|w|)L51 !
Vi : Vi :
Geometric rule: tand =y — y¢ : ‘ :
| |
Lk, > max((w) :

* T. Tripathy and T. Shima, JGCD, 2019.
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Robust Two-stage Involute-based Guidance (RTIG) Law

Based on the geometric rule of the involute

AY I e e e e e e e e e e e e s
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* T. Tripathy and T. Shima, JGCD, 2019.
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Q Simulation results

Simulation results - TIG law
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L All the missions succeed to arrive the target at the desired impact time and angle.
Q For the same y, a longer t;,, results in larger values of b and y; .

FAU Zigi Wang 2022.11.14

Circle involute-based geometric guidance strategies



Q Simulation results

Simulation results - RTIG vs TIG

1. Scenario
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[ Only by using the RTIG law, vehicles can satisfy both angle and time constraints.
[ The acceleration has a dip at the beginning due to the initial heading error.
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Q Simulation results

Simulation results - Monte Carlo Simulations of the RTIG Law
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L The impact angle errors are around 0.15 deg, and the impact time errors are around
0.16s, which show the strong robustness of the RTIG law against external
disturbances and initial heading errors.
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Simulation results - RTIG vs Elliptic Guidance*
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L The initial acceleration of the EG law is saturated while the RTIG law is not.
O For the EG law and RTIG law, the maximum curvature appears at the vertex of the
ellipse and the involute’s end, respectively.

* R. Livermore, R. Tsalik, T. Shima, "Elliptic Guidance," Journal of Guidance Control and Dynamics, 2018.
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e
Conclusions

[ A circle involute-based two-stage guidance law that achieves the desired
impact time and angle is designed, which does not involve the model
linearization, time-to-go estimation, and numerical optimization routine.

[ To avoid complicated parameter calculations, a simple method for finding the
explicit two-stage trajectory is provided. Moreover, near-zero acceleration is
created and maintained in the second stage.

L The robustness of the guidance law against external disturbances and heading
errors is ensured via providing a geometric rule and forcing it in the first stage,

while eliminating the line-of-sight rate in the second stage.

Z. Wang, Q. Hu, T. Han and M. Xin, "Two-Stage Guidance Law With Constrained Impact via Circle Involute,’
in IEEE Transactions on Aerospace and Electronic Systems, vol. 57, no. 2, pp. 1301-1316, April 2021.
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