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entirely 
electromechanical!
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air-core transformer/capacitor
with inductance varied by air-gap



Maurice Leblanc (1857-1923)

Inventor & Industrialist

• Electric railway
• Television system
• Induction motors/alternators
• Centrifugal compressors
• Steam jet refrigeration

Prix Poncelet, French Acad. Sciences
(Boussinesq, Darboux, Cartan, Cosserat, Fréchet, Fredholm, Goursat, 
Hadamard, Laguerre, Laurent, Lebesgue, Levy, Liouville, Picard, Poincaré) 
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ES  re-awakening

Stability proved in 1997 (MK & Wang)



ES  re-awakening

Stability proved in 1997 (MK & Wang)

Torrent of advances: >2,000 papers per year



Generators of Extreme Ultraviolet Light 
for photolithography in semiconductor manufacturing          

Moore’s law (1965)
exceeded physical limit of lasers

IDEA:
evaporation of liquid tin (Sn, 230° C) 
and re-condensation generates light of
an order of magnitude smaller wavelength 



mirror (y)

lens (z)

density increase > 200x 

”rapid fire” of tin droplets
(50,000/sec)

Frihauf et al (2013)

2013 density increase > 200x 

May 2021:  2 nm chip!

IBM • Intel • Samsung • TSMC
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Basic PT-ES (Static Map)
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“Chirpy” sinusoid perturbations

Chirp = sine whose frequency grows:

( (C, `) = 0 sin (l`C)

" (C, `) =
2
0

sin (l`C)

Blowup (at C = C0 +) ) function

` (C) =
1

1 �
C�C0
)

Dynamics of the blowup function

§̀ =
1
)
`2

4 / 38

Miroslav Krstic

Miroslav Krstic

Miroslav Krstic
Gain with unlimited growth    



“Chirpy” sinusoid perturbations

Chirp = sine whose frequency grows:

( (C, `) = 0 sin (l`C)

" (C, `) =
2
0

sin (l`C)

Blowup (at C = C0 +) ) function

` (C) =
1

1 �
C�C0
)

Dynamics of the blowup function

§̀ =
1
)
`2

4 / 38

Miroslav Krstic

Miroslav Krstic
Gain with unlimited growth    

Miroslav Krstic



Basic PT-ES

~ (C) = ~⇤ + �
2 (\ (C) � \

⇤
)

2

1
s

Q(·)

M(t, µ)S(t, µ)

G(t, µ)

Y (t, µ)

˙̂✓

✓

k
�
1 + t0

T

�
µ2

✓̂
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Theorem

Consider the PT-ES system with \̃ = \̂ � \ ⇤ and the dilation/contraction transforms

g = C` (C), C 2 [C0, C0 + ) )

C = (C0 + ) )
g

) + g
, g 2 [C0,1)

Then 9l⇤ > 0 s.t. 8l > l⇤, the error \̃1(g) = \̂
⇣
g () +C0)
) +g

⌘
� \ ⇤ has a unique PT stable sol’n

in C -domain, \̃⇧ (C` (C)), where \̃⇧ (g) is the unique exp. stable periodic sol’n in g of period
⇧ = 2c /l satisfying

|\̃⇧ (g) |  O (1 /l), 8g � C0.

Furthermore,

lim
C!C0 +)

sup |~ (C) � ~⇤ | = lim
C!C0 +)

sup |\ (C) � \ ⇤ |2 = O (02 + 1 /l2).
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PT Source Seeking
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PT Seeking of a (Possibly Repulsive) Source

Problem: Localize source G⇤ of a (repulsive) field � (G)

Azuma et al., Stochastic source seeking by mobile robots
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PT Seeking of a (Possibly Repulsive) Source

Problem: Localize source G⇤ of a (repulsive) field � (G)

Unicycle Dynamics:

§G = ⇢r� (G)|   {z   }
unknown

+D1


cos(\ )
sin(\ )

�

§\ = D2

~ = � (G) Azuma et al., Stochastic source seeking by mobile robots
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PT Source Seeker Design C 2 [C0, C0 +) )

§G = ⇢r� (G) + D1


cos(\ )
sin(\ )

�

§\ = D2

 (C)

� (G)
G

�:+

D2

p
l

D1
~ B

`B+1

 (C)

1
` (~ � I)

l

Time-Varying Gain:  (C) =
�
1 +

C0
)

�
` (C)
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PT Source Seeker Convergence

Domain C 2 [C0, C0 +) ) :

§G = ⇢r� (G) +
1 +

C0
)

a2 (C � C0)

p
l


cos(\ )
sin(\ )

�

§\ =
1 +

C0
)

a2 (C � C0)

✓
l �

:

`
(~ � I)

◆

§I =
1 +

C0
)

a2 (C � C0)

1
`
(~ � I)

Domain g 2 [C0,1) :

dG

dg
=

1 +
C0
)

(1 +
g
) )

2 ⇢r� (G) +
p
l


cos(\ )
sin(\ )

�

d\

dg
= l �

:

`
(~ � I)

dI

dg
=

1
`
(~ � I)

Time Dilation: g = C
a (C�C0 )

C ! g

[C0, C0 +) ) ! [C0,1)

a (C � C0) = 1 � C�C0
) where a (0) = 1 and a () ) = 0
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PT Source Seeker Convergence
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g
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p
l


cos(\ )
sin(\ )

�

d\

dg
= l �
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`
(~ � I)

dI

dg
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1
`
(~ � I)

Average Unicycle Position:*��Ḡ (g) � G⇤��  2 ��Ḡ (0) � G⇤�� 4 |⇢� |4�
:
2 _min (� )g

=) Ḡ ! G⇤ as g !1

*Averaging Results via Sing. perturbed-Lie Bracket Approx.

Average Unicycle Position:

��Ḡ (C) � G⇤��  2 ��Ḡ (0) � G⇤�� 4 |⇢� |4
�

:
2 _min (� )

C
a (C�C0 )

=) Ḡ ! G⇤ as C ! C0 +)

Time Dilation: g = C
a (C�C0 )

C ! g

[C0, C0 +) ) ! [C0,1)

Time

Contraction: C =
(C0 +) )g

g +)

C  g

[C0, C0 +) )  [C0,1)

a (C � C0) = 1 � C�C0
) where a (0) = 1 and a () ) = 0
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Source Seekers Comparison C 2 [0, 1)

-2 -1.5 -1 -0.5 0

-2

-1.5

-1

-0.5

0
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Delay-Compensated PT-ES
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ḃ✓

✓(t�D)
e
�Ds

✓̇(t�D)

✓̇

1
s

e
�Ds

�

b✓

�kµ
2

Prescribed-time Delay Compensation Controller

17 / 38

Miroslav

Miroslav Krstic
PREDICTOR with distributed delay

Miroslav

Miroslav Krstic



1
s

Q(·)

N(t, ⌘)

M(t, ⌘)

S(t+D, ⌘(t+D))

G(t, ⌘)
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Time-advanced chirp perturbation

( (C + ⇡,[ (C + ⇡)) = 0l
⇣
1 +

C0
)

⌘
` (C + ⇡)2 cos (l (C + ⇡)` (C + ⇡))

used in

§\ (C) = §̂\ (C) + ( (C + ⇡,[ (C + ⇡))
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Gradient and Hessian estimates

⌧ (C,[) = " (C,[). (C,[), " (C,[) =
2
0

sin (lC`)

�̂ (C,[) = # (C,[). (C,[), # (C,[) = �
8
02 cos (2lC`)
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Delay-compensated PT-ES algorithm

§̂\ (C) = � :`2
(C)

h⇣
\̂ (C) � \̂ (C � ⇡)

⌘
�̂ (C,[ (C)) +⌧ (C,[ (C))

i
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Theorem

For )̄ > ⇡ arbitrarily close to ) , there exists some l⇤()̄ ), where l⇤()̄ ) ! 1 as )̄ ! ) ,
such that 8l > l⇤()̄ ), the error system satisfies

lim sup
C!C0 +)̄ +⇡

�
|o (C) | + | |D̄ ( ·, C) | |!2 [0,⇡ ]

�
= O (1 /l),

and

lim sup
C!C0 +)̄

|\̂ (C) � \ ⇤ | = O (1 /l) .

Furthermore,

lim sup
C!C0 +)̄ +⇡

|~ (C) � ~⇤ | = lim sup
C!C0 +)̄

|\ (C) � \ ⇤ |2 = O (02 + 1 /l2).
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Map with Delay

~ (C) = ~⇤ +
�

2
(\ (C � ⇡) � \ ⇤)2

\ (C � ⇡) = \̂ (C � ⇡) + 0 sin (l` (C))

o (C) = \̂ (C � ⇡) � \ ⇤

o (C) = D̄ (0, C)
mCD̄ (G, C) = mGD̄ (G, C) (delay as transport PDE)

D̄ (⇡, C) = \̂ (C) � \ ⇤

alternative representation of map: . (C,[) = ~⇤ +
�

2
(o + 0 sin(lC`))2
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Key step in the proof: Finite-time weak averaging

of inf-dim system with unbounded state

Evolution eqn

§[ = �[ + � (lC,[)

periodic in C , with `treated as part of the state [

Average system

§[av = �[av + �av ([av)

where

�av ([) = lim
l!1

1
l ()̄ � ⇡)

π l ()̄�⇡)

0
� (B,[)3B
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Key step in the proof: Finite-time weak averaging

of inf-dim system with unbounded state

Weak formulation of evolution eqn (i = ‘test function’):

h[ (C),ii = h[ (C0 + ⇡),ii +
π C

C0+⇡
h[ (B),�⇤ii 3B +

⌧π C

C0+⇡
�av([ (B))3B,i

�

+

⌧π C

C0+⇡
[� (lB,[ (B)) � �av([ (B))] 3B,i

�
|                                             {z                                             }


1
l X ()̄ ) | |i | |⌫ = O(1/l), 8l>l⇤ ()̄ )�X ()̄ )

Approximation error on finite interval:

| |[ (C) � [av(C) | |⌫ = O(1/l), 8C 2 [C0 + ⇡, C0 + )̄ ]

for all l > l⇤()̄ ).
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of inf-dim system with unbounded state

Weak formulation of evolution eqn (i = ‘test function’):

h[ (C),ii = h[ (C0 + ⇡),ii +
π C

C0 +⇡
h[ (B),�⇤ii 3B +

⌧π C

C0 +⇡
�av ([ (B))3B,i

�

+
⌧π C

C0 +⇡
[� (lB,[ (B)) � �av ([ (B))] 3B,i

�
|                                             {z                                             }


1
l X ()̄ ) | |i | |⌫ = O (1 /l), 8l>l⇤ ()̄ )�X ()̄ )

Approximation error on finite interval:

| |[ (C) � [av (C) | |⌫ = O (1 /l), 8C 2 [C0 + ⇡, C0 + )̄ ]

for all l > l⇤()̄ ).

25 / 38

Miroslav Krstic



0 5 10 15 20 25 30 35 40 45

0

1

2

3

4

5

0 5 10 15 20 25 30 35 40 45

0

0.5

1

1.5

2

22 / 38



PT-ES for Diffusion PDEs
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PT-ES for Diffusion PDEs

Diffusion PDE with a (Neumann-driven) integrator at its output

d
dC
⇥(C) = mGU (0, C)

mCU (G, C) = mGGU (G, C)

U (0, C) = 0

mGU (⇡, C) = §\ (C)

(as in Stefan PDE-ODE model of phase change)
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Motion planning for perturbation signal

—propagate chirp thru heat PDE

( (C,[ (C)) = mGV (⇡, C)
mCV (G, C) = mGGV (G, C)
V (0, C) = 0

mGV (0, C) = 0l cos (lC` (C))
⇣
1 +

C0
)

⌘
`2 (C)

Explicit solution

( (C,[) = Re

(
1’
:=0

0l:0
1
):
`:+2:!4 9lC`! (1)

: (�() 9l:0)`)
⇡2:

(2:)!

)

!: = Laguerre polynomials
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Heat-compensated PT-ES algorithm

§̂\ = �̂ (C,[)& ([) +⌧ (C,[)% ([) + '([)

where

& ([) =
π ⇡

0
mG@2 (⇡,~,[) (U (~, C) � V (~, C))3~

% ([) = mGW2 (⇡,[)

'([) = @A (⇡,⇡,[) (U (⇡, C) � V (⇡, C)) +
π ⇡

0
mG@A (⇡,~,[) (U (~, C) � V (~, C))3~
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Kernel @A
PDE

mC@A (G,~,[) = mGG@A (G,~,[) � m~~@A (G,~,[) � `0`
2@A (G,~,[)

@A (G, 0,[) = 0

@A (G, G,[) = �
G

2
`0`

2

Explicit @A (G,~,[) = �~`0`2e
` (G2

�~2 )
4)

�1
⇣ p

`0`2 (G2 � ~2)
⌘

p
`0`2 (G2 � ~2)

�1 = modified Bessel function

Growth bound

|@A ( ·, ·,[) |  4
⇣
⇡2
4) +⇠6

p
`0

⌘
`
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Kernel W2
PDE

mCW2 (G,[) = mGGW2 (G,[) � `0`
2W2 (G,[)

W2 (0,[) = 0

mGW2 (0,[) = � :`2, : < 0

Explicit

W2 (G,[) = � :`2
1’
==0

G2=+1

(2= + 1)!
=!
)=
`=! (1)

= (�() `0)`)

Growth bound

|W2 ( ·,[) |  ⇠14
⇠2`

where ⇠1 := |: |
`0⇡

, ⇠2 := ⇡2

) + ⇡
p

5`0.
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Kernel @2
PDE

mC@2 (G,~,[) = mGG@2 (G,~,[) � m~~@2 (G,~,[) � `0`
2@2 (G,~,[)

@2 (G, 0,[) = W2 (G,[)
@2 (G, G,[) = 0

Successive approx.
Õ
1

==0&
=
2 (b, X,[) = @2 (b + X, b � X,[)

&0
2 (b, X,[) = W2 (2X,[), &=

2 (b, X,[) =
π b

X

π X

0

⇣
mC&

=�1
2 (f, V,[) + `0`

2&=�1
2 (f, V,[)

⌘
3V3f

Growth bound

|@2 (·, ·,[) |  ⇠44
⇠5`

where ⇠4 := 2⇠1, ⇠5 :=
p

5(⇠2 + `0) )⇡2/(4) ) +⇠2 + ⇡2
/(4) )
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Theorem

For )̄ > 0 arbitrarily close to ) , there exists some l⇤()̄ ), where l⇤()̄ ) ! 1 as )̄ ! ) ,
such that 8l > l⇤()̄ ), the error system satisfies

lim sup
C!C0 +)̄

�
|o (C) | + | |D̄ ( ·, C) | |!2 [0,⇡ ] + | |mGD̄ ( ·, C) | |!2 [0,⇡ ] + |\̂ (C) � ⇥⇤ |

�
= O (1 /l) .

Furthermore,

lim sup
C!C0 +)̄

|~ (C) � ~⇤ | = lim sup
C!C0 +)̄

|⇥(C) � ⇥⇤ |2 = O (02 + 1 /l2) .
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�
|o (C) | + | |D̄ (·, C) | |!2 [0,⇡ ] + | |mGD̄ (·, C) | |!2 [0,⇡ ] + |\̂ (C) � ⇥⇤ |

�
= O(1/l) .

Furthermore,

lim sup
C!C0+)̄

|~ (C) � ~⇤ | = lim sup
C!C0+)̄

|⇥(C) � ⇥⇤ |2 = O(02
+ 1/l2

) .

34 / 38

Miroslav Krstic



Proof Step 1: Averaging

§oav(C) = mGDav(0, C)
mCDav(G, C) = mGGDav(G, C)

Dav(0, C) = 0,

mGDav(⇡, C) = @(⇡,⇡,[)Dav(⇡, C) +

π ⇡

0
mG@(⇡,~,[)Dav(~, C)3~ + mGW (⇡,[)oav
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Proof Step 2: Backstepping transformation

F (G, C) = Dav(G, C) �

π G

0
@(G,~,[)Dav(~, C)3~ � W (G,[)oav

into the target system

§oav(C) = � :�`2
(C)oav(C) + mGF (0, C)

mCF (G, C) = mGGF (G, C) � `0`
2
(C)F (G, C)

F (0, C) = 0
mGF (⇡, C) = 0
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Proof Step 3: Stability of target system

Lyapunov functional

⌥(C) =
o2

av (C)
2

+
1
2

| |F ( ·, C) | |2!2 [0,⇡ ] +
1
2

| |mGF ( ·, C) | |2!2 [0,⇡ ]

d
dC
⌥(C)  �

✓
:�`2 (C) �

1
2

◆
o2

av (C) � `0`
2 (C) | |F ( ·, C) | |2!2 [0,⇡ ]

�

✓
`0`

2 (C) +
1
2

◆
| |mGF ( ·, C) | |2!2 [0,⇡ ] �

1
2

| |mGGF ( ·, C) | |2!2 [0,⇡ ]

Choosing

: =
2:̂ + 1

2�̄
, `0 =

2 ˆ̀0 + 1
2

>
⇡2

) 2

with ˆ̀0, :̂ > 0, we get

⌥(C)  e�20) (` (C )�1)⌥(C0), 20 = min {:̂, ˆ̀0 }
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DONE!



Thank you for your attention

Questions?

38 / 38


	Stability analysis
	Stability analysis

