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Abstract
This work studies the properties of the value function and the Hamilton-Jacobi-Bellman equation related to a class of optimal control problems considering uncertainty in the dynamics and initial state. The main contribution of the work is

providing a theoretical framework by stating the problem in a (possibly infinite-dimensional) Hilbert space for the time-dependent state variable and proving that the associated value function is the unique lower semi-continuous solution of a

Hamilton-Jacobi-Bellman (HJB) equation, under mild regularity assumptions on the governing dynamics.
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1. Introduction
We study the following parametrized Riemann–Stieltjes problem [1] with respect to the initial time s ∈ [0, T ] and the initial
state, that is an L2-function of the parameter ω, this is, the initial condition is represented by elements φ in L2(µ,Ω;Rn):

(P )s,φ

min
u

∫
Ω

g(x(T, ω), ω) dµ(ω),

s.t.
ẋ(t, ω) = f (t, x(t, ω), u(t), ω), a.e. t ∈ [s, T ], ∀ ω ∈ Ω,

x(s, ω) = φ(ω), ∀ ω ∈ Ω,

u(t) ∈ U(t), a.e. t ∈ [s, T ].

(1)

Here u : [s, T ] → Rm is the control function, which belongs to the admissible controls set

Uad[s, T ] := {u ∈ L∞(s, T ;Rm) : u(t) ∈ U(t) a.e. t ∈ [s, T ]} ,

and the triple (Ω, dΩ, µ) is a compact metric measure space, µ being a finite Radon measure. The value function for the
Riemann-Stieltjes problem (P )s,φ is the extended-valued mapping given by

V : [0, T ]× L2(µ,Ω;Rn) → R ∪ {±∞}
(s, φ) 7→ V (s, φ) := inf

u∈Uad[s,T ]
(P )s,φ.

When V is Fréchet differentiable with respect to (t, φ) in (0, T )× L2(µ,Ω;Rn), it satisfies the HJB equation
− [Vt(t, φ) +H(t, φ, Vφ(t, φ))] = 0,

V (T, φ) = J(φ) :=

∫
Ω

g (φ(ω), ω) dµ(ω),

(2)

where the Hamiltonian H : [0, T ]× L2(µ,Ω;Rn)× L2(µ,Ω;Rn)∗ → R is given by

H(t, φ, p) := inf
u∈U(t)

⟨p(·), f (t, φ(·), u, ·)⟩ = inf
v∈F (t,φ)

⟨p(·), v⟩ ,

Above, the set-valued map F : [0, T ] × L2(µ) ; L2(µ) is defined by F (t, φ(·)) := f (t, φ(·), U(t), ·). Problems where
the state space is finite-dimensional and the cost function is merely lower semi-continuous have been extensively studied.
For instance, Frankowska in [4] addresses the case when the dynamics is continuous in time, later in [5], the result is ex-
tended to measurably in time. In both cases, viscosity solutions are considered when V is continuous. Here, we consider the
infinite-dimensional case [7] and deal with nonsmooth solutions of the HJB equation, i.e. we consider (2) for V merely lower
semi-continuous (l.s.c.) and we adopt the notions of proximal subdifferential and proximal solutions [2]:

Definition 1.1 (Proximal Subgradient). A vector ξ is called a proximal subgradient (or P-subgradient) of a lower
semicontinuous function V at x ∈ domV provided that there exist positive numbers σ and η such that

V (y) ≥ V (x) + ⟨ξ, y − x⟩ − σ∥y − x∥2 ∀y ∈ Bη(x),

the set of all such ξ is denoted ∂PV (x).

Definition 1.2 (Proximal Solution). Let A ⊂ [0, T ] × L2(µ,Ω;Rn) an open set. A lower semi-continuous function
W : A → R is a proximal solution of (2) if

−[ξt + min
v∈F (t,x)

⟨v, ξφ⟩] = 0 for every (t, φ) ∈ A and (ξt, ξφ) ∈ ∂PW (t, φ).

Basic assumptions:
Throughout the work, we impose the following set of hypotheses, which we refer to hereafter with (H):

(i) U : [0, T ] ; U is an upper semi-continuous set-valued function taking nonempty compact values, included in a compact
set U ⊂ Rm.

(ii) f : [0, T ] × Rn × Rm × Ω → Rn is measurable w.r.t. t and continuous on the other variables, and there exist constants
c, k > 0 such that, for all x ∈ Rn, u ∈ Rm, ω ∈ Ω, a.e. t ∈ (0, T ), f satisfies

|f (t, x, u, ω)| ≤ c(1 + |x|) and |f (t, x, u, ω)− f (t, x′, u, ω)| ≤ k|x− x′|.

(iii) g : Rn × Ω → R is a L ⊗ µ -measurable function, L here denoting the Lebesgue measure,such that

(a) g(·, ω) is lower semi-continuous for every fixed ω ∈ Ω,

(b) and, there exist a ∈ L1(Ω), b ≥ 0 such that g(x, ω) ≥ a(ω)− b|x|2, for every (x, ω) ∈ Rn × Ω.

2. Dynamic Programming Principle
We first prove that the Dynamic Programming Principle holds. This property is the key tool needed to obtain our results, it
establishes that the value function is nondecreasing over trajectories of (1) and constant over optimal trajectories. In other
words, optimal trajectories are the characteristic curves for the HJB equation.

Theorem 2.1 (Dynamic Programming Principle). Under the hypothesis (H), the following conditions hold true:

i) for every φ ∈ L2(µ,Ω;Rn), for every and s1, s2 ∈ [0, T ], with s1 ≤ s2, one has

V (s1, φ) ≤ V (s2, xφ,u(s2; ·)),

for any measurable control u ∈ Uad[s1, s2], where xφ,u is the trajectory with initial condition xφ,u(s1, ·) = φ(·) and
associated to control u ∈ Uad[s1, s2];

ii) for every φ ∈ L2(µ,Ω;Rn) and s1, s2 ∈ [0, T ], with s1 ≤ s2, one has

V (s1, φ) = inf
u∈Uad[s1,T ]

V (s2, xφ,u(s2, ·)).

3. Existence of Optimal controls
We consider the following hypothesis denoted by (Hµ) : There exists a modulus of continuity θf(·) such that, for all ω1, ω2 ∈ Ω,∫ T

0

sup
u∈U(t), x,y∈Rn

|f (t, x, u, ω1)− f (t, y, u, ω2)|dt ≤ θf(dΩ(ω1, ω2)).

Additionally, the following property is introduced:

(C) F (t, φ) takes convex and compact values for each (t, φ) ∈ [0, T ]× L2(µ,Ω;Rn).

We will denote the set of trajectories of (1) with initial data φ ∈ L2(µ,Ω;Rn) at time s ∈ [0, T ] as

S[s,T ](φ) :=
{
x ∈ C([s, T ] : L2(µ,Ω;Rn)) : x solves (1), x(s, ·) = φ(·)

}
.

3.1 Compactness of the set of trajectories

The compactness of S[s,T ](φ) relies on the following result of pre compactness in Lp(µ,Ω).

Lemma 3.1. [6] Let Ω be a metric space equipped with a finite Borel measure µ satisfying that for any r > 0,
h(r) = inf{µ(Br(ω)) : ω ∈ Ω} > 0. Then every bounded sequence {fk} ⊂ Lp(µ,Ω), 1 ≤ p < ∞ such that

sup
k

∫
Ω

∣∣∣fk(ω)− (fk)Br(ω)

∣∣∣p dµ(ω) r→0−→ 0

where (f )Br(ω) :=
1

µ(Br(ω))

∫
Br(ω)

f (ω′) dµ(ω′), is relatively compact in Lp(µ,Ω).

3.2 Lower semi-continuity of the value function
The following is a characterization of the lower semi-continuity of J. This result establishes the lower semi-continuity of the
value function.

Lemma 3.2. [8] Let J be not identically equal to +∞ and let p < ∞. If g satisfies H − (iii), then the following
properties are equivalent:

(1) J is strongly lower semi-continuous on Lp(µ,Ω;Rn) and J(φ) > −∞ ∀ φ ∈ Lp(µ,Ω;Rn).

(2) There exist a ∈ L1(Ω), b ≥ 0 such that g(φ, ω) ≥ a(ω)− b|φ|p for every (φ, ω) ∈ Rn × Ω.

From the compactness of the trajectories and Lemma 3.2, we deduce directly that problem (P )s,φ has a solution:

Theorem 3.3. If (H), (Hµ) and (C) hold true, then V is lower semi-continuous and,

V (s, φ) = min

ß∫
Ω

g(x(T, ω), ω)dµ(ω) : x ∈ S[s,T ] (φ)

™
, for all (s, φ) ∈ [0, T ]× L2(µ,Ω;Rn). (3)

4. Invariance Properties and the HJB equation
Consider a set-valued map t ; D(t) ⊂ L2(µ,Ω;Rn), and G := GrD.

Theorem 4.1. [3] Assume that Γ is almost upper semi-continuous, with compact and convex values. Suppose there
exists c ∈ L1(0,∞) such that |Γ(t, x)| ≤ c(t) a.e. t ∈ [0,∞). Then the pair (Γ, G) is weakly invariant if and only if:

i) the set-valued map t ; D(t) is left absolutely continuous;

ii) there exists a full measure set I in [0,∞) such that, for every (t, x) ∈ G with t ∈ I , one has

ξ0 + min
v∈Γ(t,x)

⟨v, ξ⟩ ≤ 0, for all (ξ0, ξ) ∈ NP
G (t, x). (Normal Proximal Cone)

Theorem 4.2. [3] Assume that Γ is almost lower semi-continuous and such that x ; Γ(t, x) is Lipschitz continuous,
a.e. t ∈ [0,∞). Then the pair (Γ, G) is strongly invariant if and only if:

i) there exists a full measure set I in [0,∞) such that, for every (t, x) ∈ G with t ∈ I , one has

ξ0 + max
v∈Γ(t,x)

⟨v, ξ⟩ ≤ 0, for all (ξ0, ξ) ∈ NP
G (t, x).

From the Dynamic Programming Principle we obtain that

• t ; P (t) :=
{
(φ, α) ∈ L2(µ,Ω;Rn)× R : V (t, φ) ≤ α

}
is abs continuous. Note that GrP = EpiV.

• The pair ({1} × F × {0},EpiV ) is weakly invariant.

• The pair ({1} × F̃ × {0},Epi Ṽ ) is strongly invariant, where F̃ (t, φ) := −F (T − t, φ) and Ṽ (t) := V (T − t) for every
(t, φ) ∈ [0, T ]× L2(µ,Ω;Rn).

Theorem 4.3. Let us assume that (H), (Hµ), and (C) hold true. Then the value function V of problem (P )s,φ is the
unique lower semi-continuous, bounded below function such that there exists a set I ⊆ [0, T ) of full measure for which,
for every (t, φ, α) ∈ epiV ∩

(
I × L2(µ,Ω;Rn)× R

)
, one has

ξt + min
v∈F (t,φ)

⟨ξφ, v⟩ = 0 ∀ (ξt, ξφ) ∈ ∂PV (t, φ), and V (T, φ) = J(φ).
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