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Analogy between synapse
Der Wissenschaftsfonds. 4 ynap

and memristor device
(©Wang et al., Nanoscale Res. Lett. 2017
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Introduction

Semiconductor devices
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memristor = nonlinear resistor
with memory

@ Pros: Ultra-low power
consumption, nanosize, ' ) P Sousrister aymigos

nonvolatile memory neitron
(©Wang et al., Nanoscale Res. Lett. 2017
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Introduction

Synapse — ion channel — electric circuit

dendrites axon terminals

Adobe Stock | 4244673956

Dendrit

Axon network:

— synapses — ion channel

— memristors — electric circuits
— novel brain-inspired algorithms
— neuromorphic computing

Plasma membrane

© Quasar Jarosz at Wikipedia (top left), Adobe Stock
(top right), Wang et al., nature electron. 2018 (left)
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Introduction

Neuromorphic computing

Neuromorphic chip = inspired by biological neural network in brain
@ 2014 IBM TrueNorth: 1 million artificial
neurons, 256 millions synapses

@ 2017 Intel Loihi 1: 130,000 artificial neurons,
130 million synapses

©lntel Loihi 2 a Wikipedia
@ 2021 Intel Loihi 2: 1 million artificial neurons, 120 millions synapses
@ 2022 Stanford NeuRRAM: 3 million RRAM cells
@ 2024 Hala Point: 1152 Loihi 2 processors, 1.15 billion neurons, 128
billion synapses, total 2600 Watt power consumption
— human brain: 86 billion neurons, 100 trillions of synapses, 25 Watt

Pros: Very low power 0.1 W, ultrasmall size, merges memory & computing

Cons: High production precision needed, incompatible with standard
programming and data formats
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Introduction

Oxide-based memristor device

LRS HRS _
+ 4+ + + -
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Oxygen vacancies «— fracture
Zn,_,Cu,0 — Set %
' FTO FTO
1 = + 4+ +

(©Weng et al., nanomaterials 2023

Oxide-based memristor = titanium dioxide film sandwiched between
two metal electrodes (Strukov et al. 2008)

@ TiO,_, = Ti oxide doped with oxide vacancies (loss of oxygen atoms)
o External electric field changes length of doped TiO5_ region

@ Open state: doped region has maximal length — minimal resistance
@ Closed state: doped region has minimal length — maximal resistance
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Introduction

Overview

© Introduction
@ Drift-diffusion equations
© Degenerate drift-diffusion equations

© Numerical simulation
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Introduction

Memristor drift-diffusion equations

on=divd,, J,=Vn—nVV
Op = —divd,, Jp=—(Vp+pVV)
0:D = —divdp, Jp=—-(VD+ DVYV)
MNMAV=n—p—D+Ax) inQcRY t>0
@ Densities for electrons n, holes p, oxide vacancy D; electr. potential V
@ Mixed boundary conditions: 7, p, V on pjir, no flux on Myeu
@ No-flux boundary conditions for D on 02
Mathematical difficulties:
e Non-fitting boundary conditions: Issues when integrating by parts
@ Three species: Multiply egs. by n and p, assume n =p = 0, fixed D

1d
Z— (n2 + p2)dX +/(|Vn2 + |Vp|2)dx = /(nVn — pVp) - V Vdx
2dt Jq o o
= 12/ (n* —p*)(n—p—D + A)dx < C(A’D)/(”2+p2)dx
2\ Q\_>0 , o
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Introduction

Drift-diffusion equations: state of the art

Two species:
on=divl),, J,=Vn—nVV
Op=—divd,, Jp=—(Vp+pVYV)
MAV=n—p-—D(x)+AKx) inQcCR3 t>0

o Fick’'s diffusion law for charged particles: Nernst-Planck equations
@ Semicond.: Van Roosbroeck 1950, Mock 1974, Gajewski-Groger 1986

More than two species:
e Four-species system (drift only for n, p): Verri-Porro-Sacco-Salsa '18
— use monotonicity argument
@ Global existence of solutions in R?: Bothe-Fischer-Saal 2014,
Glitzky-Hiinlich 1997 /2005
o Global existence in R3: Bothe-Fischer-Pierre-Rolland 2014
(no-flux/Robin boundary conditions)
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Introduction

Why are the restrictions necessary?

@ Idea of Glitzky-Hiinlich 1997: Hélder (2 < g < qo0, ¢’ = 2q/(q — 2))
& generalized Gagliardo-Nirenberg's inequality

99V < 1l 9y IV Vi

< Cllnln gy lInltiy 19l - (1 + [l = Pl 2acor2ey)
<oVl 4 c(o,n,p), 5>0
where C depends on L!log L} norm of n, p; 1+ d+2 <2&d<?2
o ldea of Bothe et al. 2014: Use free energy and estimate
/V(n—p—D)-Vde:—/ (n—p—D)AVdx
Q Q

—_—
=X\2AV

+/ (n—p—D)VV -vdx
o

bounded if VV - v can be controlled on 92 — no mixed b.c.!
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Third idea: entropy method

On =div(Vn—nVV), 0Op=div(Vp+ pVYV)
9:D = div(VD + DVV), XAV =n—p— D+ A(x)

Objective: Allow for any space dim. & mixed boundary conditions (7, p, \_/)J

@ Free energy = sum of thermodynamic entropies and electric energy:

2
H:/{n(log2—1)+p(|og§—1)+D(logD—1+V)}dx+)\—/|V(V—V)\2dx
Q n p 2 Jo

o Free energy dissipation inequality:
%-ﬁ-/ (n|V(log n— V)[>+p|V(log p+ V)|>+ D|V(log D+ V)|*)dx < C(7,p, V)
Q
@ A priori estimates for n, p, D in Llog L}(Q2) and for V in HY(Q)

1
[VV/n| = 5V log n| < Cv/n[V(log n — V)| + Cv/n|V V] € L}(Q)

o Implies estimates for v/n, \/p, VD in W'1(Q) only
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Drift-diffusion equations

Global existence of weak solutions

On =div(Vn—nVV), 0Op=div(Vp+ pVYV)
0D = div(VD + DVV), MNAV =n—p— D+ A(x)

Theorem (Jourdana-AJ-Zamponi 2022)

Let T >0, Q c RY with d > 1, 9Q Lipschitz. = 3 solution (n, p, D, V)
n, p, D € L®(0, T; LY log LX(Q)), v/n, \/p, VD € L[2(0, T; WH(Q)),
Jns oy Ip € L0, T; L1(Q)), V € L>(0, T; HY(Q))

If d <2 then n,p, D € L*>(0, 00; L>(R)).

e Problem: /nx € WH1(Q) not sufficient for compactness

@ Prove ny € WliCr(Q) for r > 1 & apply Aubin-Lions compactness
= subsequence of (ny) converges strongly in L (Q) for1 <s<r
@ Theorem of de la Vallée-Poussin: (n) converges weakly in L}(Q)
e Cantor diagonal argument: (ny) converges strongly in L}(Q)
@ How to prove L*° bounds for d = 37 Solution: degenerate equations
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Drift-diffusion equations

Overview

© Introduction
@ Drift-diffusion equations
© Degenerate drift-diffusion equations

© Numerical simulation
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Degenerate drift-diffusion equations

Degenerate drift-diffusion equations

O¢n = div(Vn® —nVV), 0p=div(Vp* 4+ pVV)
0:D = div(VD + DVV), MNAV =n—p— D+ A(x)

@ Mixed Dirichlet-Neumann conditions (7, p, V), no-flux cond. for D

o Electrons satisfy Fermi-Dirac statistics: n = Fy>(u)

e Diffusion flux J = nVp with n = 13/2 (high density regime) =
J=nVn?3=2Zvn®s3

@ Motivates o, oy, > 1; gain of regularity requires ap > 1!

Enthalpies and free energy:

n na,,fl _ ﬁanfl ap—1 _ map—1 Danl
( ) ho(p) = PO =P ) =

Oép—l OéD—l

hn(n) = ap,—1

H= /Q (hn(n) + hp(p) + hp(D) + );N(V —V)2> dx
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Free energy estimate
O¢n = div(Vn® —nVV), 0Op =div(Vp* + pVV)
O:D = div(VD + DVV), XNAV =n—p— D+ A(x)
@ Free energy:

= n )\72 -V 2 X
H_/Q<hn( )+ hy(p) + ho(D) + > [V (V - V)| )d

o Free energy dissipation inequality: ¢; = aj/(aj — 1)
G+ [ (V™ VP £ bV (™ + VI 4 DIT(e0D™ + V) ) d
+ %/Qw(v— V)|2dx < C(n,p, V)
@ A priori estimates for n, p, D € ['log L}(Q) and V € H'(Q)

[Vn(V(can® = V)2 + V0l s [V V15
N—— ——

777 77

IVa* 2. < C

uniformly bounded
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Degenerate drift-diffusion equations

Uniform bounds

IVn®= V2| 2 < C[VA(V(ean®™ = V)2 + [Vlls [V V] 13
@ Use Gagliardo-Nirenberg inequality:
[Valles < CIVA 2|3 ] 2, + Clnl] oo
a—1/2/10 0
IVVis < Clinllse + € < C[Va*™ V2| E|n]| 4, + Clln]lan

@ Insert in gradient estimate: 61 + 63 < 1 iff o, > 6/5
[V =22 2 < C[ Va2t 4 €

@ Yields uniform bounds for Vn and 0yn if o, < 2

Assumptions: & < ap, <2 and |[VV/| s < Cllnl| 32 + C (regularity) J

Elliptic regularity: AV =finQ, V=V on Ipyy, VV - =0 on MNyeu
o Groger 1994: V € WL(Q) for some r > 2 in Lipschitz domains
@ Shamir 1968: counterexample for r > 4 with smooth data
@ Disser—Rehberg 2015: angle between I'pjy and Tyey <™ = r >3
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Degenerate drift-diffusion equations

Existence of solutions

oen=1J,, Jy=Vn* —nVV and equations for p, D,V
Theorem (Jiingel-Vetter 2023)
Letd =3, % <a,<2andV e WY3(Q). Then 3 solution (n,p, D, V)
n®n, p*, D € [=(0, T; L'(Q))
=12 pe1/2 pen=1/2 ¢ |2(0, T; HY(Q))
Jns Ipy Ip € L2(0, T; L1(Q)), V € L=(0, T; HY(Q))

Theorem (Jiingel-Vetter 2023)
o ap > Y37 120 Ve WI3(Q): ne L0, T; L9(RQ)) Vg < oo
o ap > V3T 1120 Ve WE(Q), r>3: ne L0, T; L2(Q))

Proof: bootstrap n € L1(Q) — n € L3/2(Q) via linear difference equation
— n € L7(Q) uniformly in v — n € L>®(Q)
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Degenerate drift-diffusion equations

Overview

© Introduction
@ Drift-diffusion equations
© Degenerate drift-diffusion equations

© Numerical simulation
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Degenerate drift-diffusion equations

Numerical simulation
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@ Reduced model, Scharfetter-Gummel scheme, finite volumes, Newton

o Left: Applied potential causes mobile vacancies to drift, complete
vacancy depletion at x = L — consistent with physical expectation

@ Right: Sinusoidal applied voltage U;(t), loop is fingerprint for
memristor, indicates memory effect
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Summary and perspectives

Summary:
@ Memristor drift-diffusion egs. represents synapse in neural network
@ Global existence of weak solutions in any space dimension d > 1
@ Boundedness for d < 2 (linear diff.) and d = 3 (degenerate diff.)
e Key ideas: free energy, local/global compactness, iteration arguments
@ Numerical experiments for 1D memristors show hysteresis loop

Perspectives:

Neuron
Top Electrode (Presynaptic)

@ Structure-preserving numerical
schemes in two dimensions

@ Couple memristor model with
circuit equations

JEJEN

° NeUraI p|aStICIty & Se|f—|earning Bottom Electiods (Postsynaptic) L= 46
in mem ristor CirCUitS (©Jeong-Lu, IEEE Nanotec. Magazine 2018

Dendrite

Neuromorphic computing yields novel hardware approach for Al )
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