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MIXED INTEGER OPTIMIZATION PROBLEMS ON 
NETWORKS WITH PDE CONSTRAINTS
Trends in Mathematical Sciences Conference 2024, June 10th 2024, Erlangen

Alexander Martin, Technische Universität Nürnberg (UTN) & Fraunhofer IIS
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Mathematical modeling, simulation, and optimization

2

Challenge: Coupling integer and continuous
■ active research area
■ general methods out-of-reach

Modeling and
numerical simulation
■ existence, uniqueness, 

regularity
■ efficient algorithms, 

convergence, error control
Nonlinear optimization 
and control
■ efficient algorithms, 

convergence, error control
■ local optima and 

their characterization
Combinatorial and 
Integer Optimization
■ globally optimal
■ analysis of the 

solution space
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A typical network flow problem

■ 661 vertices

■ 689 arcs

■ 32 sources

■ 142 sinks

■ except that the “flow” is gas

3
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Gas networks

■ Physics are inherently continuous

■ Networks are inherently discrete with edges that can be 
switched on or off
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A model hierarchy for pipes

5

Euler equations

Isothermal 
Euler equations

Nonlinear equations

Seminlinear model

Simplified non-
linear equations

Friction dominated 
model

Stationary model

Temperature 
dependent

algebraic model
Isothermal 

algebraic model
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MINLP model

■  

6



 

R 
23
G 
15
6
B 
12
5

R 
24
2
G 
14
8
B 
0

R 
31
G 
13
0
B 
19
2

R 
22
6
G 
0
B 
26

R 
17
7
G 
20
0
B 
0

R 
25
4
G 
23
9
B 
21
4

R 
22
5
G 
22
7
B 
22
7

Diesen Kasten nicht löschen (ist für die Funktion der Folie wichtig)

Alexander Martin

MINLP model

■  
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Overview

8

Learning 
Models

Future Work: AI 
for Subproblems

Time Domain 
Decomposition

Instantaneous 
Control

Algebraic 
Model
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Overview

9

Learning 
Models

Future Work: AI 
for Subproblems

Time Domain 
Decomposition

Instantaneous 
Control

Algebraic 
Model
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Algebraic model - A Mixed Integer Program (MIP)

10

■ p = 0:  linear program

■ p = n: integer program

■ 0 < p < n: mixed integer program

Algebraic Model

c
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Algebraic model - A Mixed Integer Non-Linear Program (MINLP)
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Algebraic Model

c

g
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A ”Simple” Mixed Integer Nonlinear Programming

12

© Timo Berthold
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Algebraic model - A Mixed Integer Program (MIP)
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■ p = 0:  linear program

■ p = n: integer program

■ 0 < p < n: mixed integer program

Algebraic Model

c
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Algebraic model - Branch-and-Cut Method for MIPs at a Glance

14

Algebraic Model

Let x* be an optimal solution. 

(1) Modelling the problem as a MIP

c

(2) Solve the LP-Relaxation

c



 

R 
23
G 
15
6
B 
12
5

R 
24
2
G 
14
8
B 
0

R 
31
G 
13
0
B 
19
2

R 
22
6
G 
0
B 
26

R 
17
7
G 
20
0
B 
0

R 
25
4
G 
23
9
B 
21
4

R 
22
5
G 
22
7
B 
22
7

Diesen Kasten nicht löschen (ist für die Funktion der Folie wichtig)

Alexander Martin

Algebraic model - Branch-and-Cut Method for MIPs at a Glance

15

Algebraic Model

(3)  Generate Cutting Planes
- Describe P  by inequalities 

- Find aTx ≤ α    valid for P   

   with                (separation) 
c

P

(4)  Branch and Bound

- Choose    with 

- Split the problem in

   

  and c
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Algebraic model – Solution methods for MINLPs 

16

■ Such problems are typicalley solved by outer approximation and spatial branching

■ Baron (Tawarmalani, Sahinidis 2005)

■ Couenne (Belotti, Lee, Liberti, Margot, Wächter 2009)

■ SCIP (Vigerske 2013)

■ alphaECP (Westerlund, Lindquist 2003)

■ Bonmin (Bonami, Biegler, Conn, Cornuejols, Grossmann, Laird, Lee, Lodi, Margot, Sawaya, Wächter 
2005)

■ ...

■ In case of nonconvex (MI)NLP spatial branching is unavoidable

■ Lots of branching experiences for (M)IPs

■ Polyhedral combinatorics help to avoid parts of branching

Algebraic Model
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Algebraic model - Example 

e. g. sin(x) = 0,5

17

Algebraic Model
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Algebraic model – Consistent hierarchical modeling approach

18

(1) Determine relaxation error ε

(2) Set up the MIP relaxation with accuracy ε

(3) Solve the MIP relaxation

(4) If MIP is infeasible ! STOP 
(MINLP is infeasible)

(5) Fix the discrete decision variables in the MINLP model according to the MIP solution

(6) Solve the remaining NLP model

(7) If NLP is feasible ! STOP
(feasible MINLP solution found; solution quality within ε)

(8) Reduce ε, goto (2)

Algebraic Model
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Algebraic model – Consistent hierarchical modeling approach
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(1) Determine relaxation error ε

(2) Set up the MIP relaxation with accuracy ε

(3) Solve the MIP relaxation

(4) If MIP is infeasible ! STOP 
(MINLP is infeasible)

(5) Fix the discrete decision variables in the MINLP model according to the MIP solution

(6) Solve the remaining NLP model

(7) If NLP is feasible ! STOP
(feasible MINLP solution found; solution quality within ε)

(8) Reduce ε, goto (2)

Algebraic Model



 

R 
23
G 
15
6
B 
12
5

R 
24
2
G 
14
8
B 
0

R 
31
G 
13
0
B 
19
2

R 
22
6
G 
0
B 
26

R 
17
7
G 
20
0
B 
0

R 
25
4
G 
23
9
B 
21
4

R 
22
5
G 
22
7
B 
22
7

Diesen Kasten nicht löschen (ist für die Funktion der Folie wichtig)

Alexander Martin

Algebraic model - Adaptive piecewise linear interpolation 
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Algebraic Model
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Algebraic model - Computing the approximation error

21

■ If f is convex or concave over S, this is easy!

■ f f is indefinite over S computing (f ; S) requires the solution of nonconvex NLPs to global optimality (in 
general NP-hard, cf. Murty & Kabadi 1985)

Definition

Algebraic Model
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Algebraic model - Computing the approximation error
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Algebraic Model
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Theorem (Gugat, Martin, Morsi, Schewe 2011)

Algebraic model - Computing the approximation error

23

Theorem (Gugat, Martin, Morsi, Schewe 2011)

Algebraic Model
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Numerical results – small (real) instances

24

Net 3

Algebraic Model
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Numerical results – small (real) instances: a comparison
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Algebraic Model
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L-Gas network of Open Grid Europe, Germany

■ 13 entries

■ 1,062 exits

■ 3,632 pipes

■ 26 resistors

■ 305 valves

■ 120 control valve stations

■ 12 compressor stations

■ 25,000 variables (5,000 binary)

Computing time for 51 expert scenarios:

■ 5 min to 70 min

■ average: 34 min

26

Algebraic Model
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H-Gas network of Open Grid Europe, Germany

■ 78 entries

■ 395 exits

■ 1,588 pipes

■ 56 resistors

■ 264 valves

■ 101 control valve stations

■ 35 compressor stations

■ 35,000 variables (14,000 binary)

Computing time for 29 expert scenarios:

■ 18 min to 10 hours

■ average: 168 min

27

Algebraic Model
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A Second Application: Energy Efficient Water Supply

Develop local energy management systems to improve energy optimal 
operating plans using the example of water supply (Ewave)

28

Algebraic Model

Partner:

■ FAU

■ TU Darmstadt

■ Uni Mannheim

■ HS Bonn-Rhein-Sieg

■ RWW

■ Siemens
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Pipe details – ’Water Hammer Equations’

Fundamental description by a system of hyperbolic partial differential equations

29

Continuity equation

Momentum equation

Algebraic Model
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Pipe details – ’Water Hammer Equations’

After applying an implicit box scheme [Wendroff, 1960; Kolb, Lang, Bales, 2010]

30

Discretized continuity equation

Discretized momentum equation

Algebraic Model
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Numerical results

Total energy consumption
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Algebraic Model
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Optimized Pumping Schedule
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Algebraic Model
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Learning Model
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Learning 
Models

Future Work: AI 
for Subproblems

Time Domain 
Decomposition

Instantaneous 
Control

Algebraic 
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Learning Model - learning instead of remodeling

34

Definition (Masterproblem = MIP)

Definition (Subproblem PDE; ODE; DAE; …)

Learning Models

Towards Simulation Based Mixed-Integer Optimization with Differential Equations 
Gugat, Leugering, Martin, Schmidt, Sirvent, Wintergerst (2018)
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Learning Model - learning instead of remodeling

35

Definition (Masterproblem = MIP)

Definition (Subproblem PDE; ODE; DAE; …)

fd (x1)

x1

Learning Models
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Learning Model - The 1-dimensional case

36

Assumption

The functions fd  are

■ not known explicitly

■ strictly monotonic

■ strictly concave or convex

■ differentiable with bounded first derivative

Learning Models
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Learning Model - The 1-dimensional case

37

Theorem

■ Ordinary differential equation

■ Solution 

■    maps      onto solution of initial value 
problem, i.e., 

Learning Models
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Learning Model - The 1-dimensional case
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Theorem (Gugat, Leugering, Martin, Schmidt, 
Sirvent, Wintergerst 2018)

 

Learning Models
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Application: Stationary gas transport optimization

Greek Natural Gas Transport Network

39

Learning Models
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Application: Stationary gas transport optimization

40

Learning Models
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Instantaneous Control  

41

Learning 
Models

Future Work: AI 
for Subproblems

Time Domain 
Decomposition

Instantaneous 
Control

Algebraic 
Model
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Instantaneous Control

42

MIP-based Instantaneous Control Algorithm

with

Instantaneous
Control
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Instantaneous Control - Derivation of the Algorithm

43

Isothermal nonlinear Euler equations

Semilinear Euler equations

Instantaneous
Control
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Instantaneous Control - Derivation of the Algorithm
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Isothermal nonlinear Euler equations

Semilinear Euler equations

Instantaneous
Control
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Instantaneous Control - Derivation of the Algorithm
Discretizations

45

Mixed implicit-explicit Euler discretization with time steps        yields the ODE

Theorem (Gugat, Leugering, Martin, Schmidt, Sirvent, Wintergerst 2017)

Instantaneous
Control
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Instantaneous Control - Derivation of the Algorithm
Discretizations

46

Mixed implicit-explicit Euler discretization with time steps        yields the ODE

Theorem (Gugat, Leugering, Martin, Schmidt, Sirvent, Wintergerst 2017)

Instantaneous
Control
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Instantaneous Control – Numerical results

47

Transient Gas Transport Optimization – Start
Instantaneous

Control
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Instantaneous Control – Numerical results

48

Transient Gas Transport Optimization – End
Instantaneous

Control
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Instantaneous Control – Numerical results
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Transient Gas Transport Optimization – End
Instantaneous

Control
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Time Domain Decomposition
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Learning 
Models

Future Work: AI 
for Subproblems

Time Domain 
Decomposition

Instantaneous 
Control

Algebraic 
Model
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■ Set up optimality system of the overall problem

■ Non-overlapping time-domain decomposition of this optimality system

■ Decouple sub-domain systems using an iterative update rule

■ All sub-domain problems can be solved in parallel

■ Sub-domain problems have a primal interpretation as so-called virtual control problems

Time Domain Decomposition - Concept 

51

Time Domain
Decomposition
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■ We provide a proof of convergence and a posteriori error estimates 

R. Krug, G. Leugering, A. Martin, M. Schmidt, D. Weninger. Time-Domain 
Decomposition for Optimal Control Problems Governed by Semilinear Hyperbolic 
Systems. SIAM Journal on Control and Optimization, 2021.

■ We extend the approach to problems with mixed two-point boundary conditions

R. Krug, G. Leugering, A. Martin, M. Schmidt, D. Weninger. Time-Domain Decomposition for Optimal 
Control Problems Governed by Semilinear Hyperbolic Systems with Mixed Two-Point Boundary 
Conditions. Control and Cybernetics, 2021. 

■ A combined simultaneous space-time-domain decomposition is tackled 

G. Leugering. Space-Time-Domain Decomposition for Optimal Control Problems Governed by Linear 
Hyperbolic Systems. Journal of Optimization, Differential Equations and Their Applications, 2021.

■ A time-domain decomposition for ODE-constrained MINLPs is given

 F. M. Hante, R. Krug, M. Schmidt. Time-Domain Decomposition for Mixed-Integer Optimal Control 
Problems. Preprint, TRR 154, 2021.

Time Domain Decomposition – Proofs and Insights 

52

Time Domain
Decomposition
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So far…
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Learning 
Models

Future Work: AI 
for Subproblems

Time Domain 
Decomposition

Instantaneous 
Control

Algebraic 
Model

Time Domain
Decomposition
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Where we are – Where to go

54

Future Work
■ Stationary case is solvable

■ The non-steady case

■ Instantaneous control 

■ Decomposition approaches with limits

Where we are

Where to go

■ Remodeling and analytic approaches will stay an important topic

■ Further need for consistent hierarchy of all models

■ Including techniques from machine learning
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Future Work

55

Learning 
Models

Future Work: AI 
for Subproblems

Time Domain 
Decomposition

Instantaneous 
Control

Algebraic 
Model
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Future Work - Goals and mathematical challenges 

56

Future Work
■ Couple the space-time-domain decomposition methods with machine learning 

and mixed-integer programming techniques

■ Development of an interlinked data-driven and physics-informed algorithm called NeTI 

(Network Tearing and Interconnection)

■ NeTI combines

■ Mixed-integer nonlinear programming

■ Learning of surrogate models

■ Graph decomposition strategies
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Future Work – Network Tearing and Interconnection

57

Future Work
■ Network Tearing and Interconnection (NeTI)

■ Choose the active network and decompose the complement graph into sub-graphs (Tearing)

■ Learn surrogate dynamics of all sub-graphs

■ Solve the MINLP on the active graph using surrogates at the interfaces with penalties to ensure 
continuity

■ Penalty update (Interconnection)
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Future Work – An ongoing challenge of interdisciplinary work 
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Learnin
g 

Models

Future 
Work: 
AI for 
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The CRC154: All PIs/PostDocs/PhDs
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Visit trr154.fau.de

http://trr154.fau.de
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Future Work – An ongoing challenge of interdisciplinary work 
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Challenge: Coupling integer and continuous
■ active research area
■ general methods out-of-reach

Modeling and
numerical simulation
■ existence, uniqueness, 

regularity
■ efficient algorithms, 

convergence, error control
Nonlinear optimization 
and control
■ efficient algorithms, 

convergence, error control
■ local optima and 

their characterization
Combinatorial and 
Integer Optimization
■ globally optimal
■ analysis of the 

solution space
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Improvement continues …

61
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Alexander Martin
alexander.martin@utn.de
alexander.martin@iis.fraunhofer.de

Thanks to you
for coming

Robert Burlacu, Björn Geißler, Martin Gugat, Lukas Hümbs, Richard Krug, Jens Lang, Günter 
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Antonio Morsi, Lars Schewe, Mathias Sirvent, Martin Schmidt, Dieter Weninger, David Wintergerst

Thanks to my co-authors
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We consider the two-point boundary value problem for a system of 
hyperbolic semilinear equations

with the state    , distributed control    , boundary control    ,                 , and                 .

Time Domain Decomposition – Hyperbolic semilinear equations 

63

Time Domain
Decomposition
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We decompose the time domain            into finitely many non-overlapping 
sub-domains with

For each sub-domain                  we can state optimality conditions and iteratively decouple them via

and the update rule

Time Domain Decomposition – Split the problem 

64

Time Domain
Decomposition
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The distinctive feature of this approach is that all sub-domain problems 
can be solved in parallel and have a primal interpretation as so-called 
virtual control problems

with virtual control             .

Time Domain Decomposition – Virtual Control Problems 

65

Time Domain
Decomposition
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Typical approach: Hierarchical modeling and solving
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Pipeline

Resistor

Valve

Control Valve

Compressor

Compressor Station

Operation Modes

Weymouth

Approximate

Ideal Compressor

Approximate 
Model

Accurate Model Approximate 
Model

PDE Weymouth HPPCs

Accurate

Quadratic Model Polyhedral Model

Accurate Model
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Pipeline: Euler differential equation

Euler-differential equation & equation of state for real gases:

67

Pipeline

Resistor

Valve

Control Valve

Compressor

Compressor Station

Operation Modes

WeymouthPDE Weymouth HPPCs
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Diesen Kasten nicht löschen (ist für die Funktion der Folie wichtig)

Alexander Martin

On the coarsest level: We end up with a MINLP
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Diesen Kasten nicht löschen (ist für die Funktion der Folie wichtig)

Alexander Martin

The CRC/TRR 154 
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„Mathematical Modeling, Simulation, and Optimization 
using the Example of Gas Networks“
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■ FAU (spokes university)

■ HU Berlin, TU Berlin, WIAS, ZIB, TU Darmstadt, 
Uni Duisburg-Essen

■ Goal 
A wholistic understanding of the Input/Output behavior of 
globally controlled dynamic networks
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