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Mathematical modeling, simulation, and optimization

Modeling and
numerical simulation

m existence, uniqueness,
regularity

m efficient algorithms,
convergence, error control

P Challenge: Coupling integer and continuous
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A typical network flow problem

B EE e e

; B - : = Vo
1 N _l:_o l
m 6671 vertices _\;ﬁ e |
m 689 arcs &— e ‘\’\I

m 32 sources
m 142 sinks

P except that the “flow” is gas 5 ’
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Gas networks

m  Physics are inherently continuous

dp  O(pv) _
ot T Tox 0

dpv) O(pv?+p) oh )\ -
51 — B +gpa+ﬁp|v|v_o

OE  O(Ev + pv) oh B
T — X —I-Apvga-l-chHT(T—Tsoil)—O.

m  Networks are inherently discrete with edges that can be
switched on or off

Valve a with switching variable s; € {0,1}

S5=0 = g;,=90
Sa=1 = Pi = Pj
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A model hierarchy for pipes

9 o9 0, 4
%(pv ) %(pv ) small

9
= 1
o (pv*) small

0
o (pv) small

0

a:

2z = const.
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MINLP model

#® Variables
Pressure p; for nodesj € V
Standard volumetric flow g, for arcsa € A
Compressor power P, for compressorsa € A

® Nonlinear constraints

. is S S,
Pressure loss over a pipe a = (/. j): p7 = <,o,2 — Na|qalgaE ;;1> e
Pressure loss over a resistor a = (/. /):

2 2 A — 16poPoZm&al o .
pr — P + |AjlA) = 25" 5r|Gal Ga: Ajj = Pi— P

7T220 To
Power consumption of a compressor unit a = (/,/):

k—1
_ _k_poRTizi B
Pa = k—1 Tad.aMm <<p;) 1) a
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MINLP model

# Switchingvariabless, € {0,1} for active elementsa € A

B Combinatorial constraints:
Valve:s,=0-g,=0,s5,=1- p;,=p;
Control valves::s,=0—-q,=0,s,=1-p;=p; € [A;.A]]
Compressors:s,=0-q,=0,s,=1- p;=f(P, g, p)

Configurations: ) | .. Sc + Sbypass < 1

bypass

parallel configuration

inlet resistor outlet resistor

inlet valve outlet valve
- -
serial configuration
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Overview

aﬂéo

Complete
Time Horlzon

Larger
via

z % const,

TSDD

Larger Networks
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Overview

. z % const,
[ All\g/IE%ralm ] %(pzﬂ) not small
ode
9 Learning
51 7 0 [ Models ]
Instantaneous
Control

Complete Larger Networks

Time Horizon
Time Domain
Decomposition

Larger Networks [fFuture Work: Al ]

via TSDD or Subproblems
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Algebraic model - A Mixed Integer Program (MIP)

min cl'z

(i) Az < b

(i) x € ZP xR

p =0: linear program
p = n: integer program

0 < p < n: mixed integer program
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Algebraic model - A Mixed Integer Non-Linear Program (MINLP) = )
3

:]:]

min c'x Algebraic Model

=
>
IN
.

AN
o

VA
>~

x € 7P xR"P .

B p=0: non-linear program
B p=n:integer non-linear program

B 0<p<n:mixed integer nonlinear program

with some non-linear function g: R™ - R™
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A "Simple” Mixed Integer Nonlinear Programming

@
O
®
®
O
@
L

®
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Algebraic model - A Mixed Integer Program (MIP)

min cl'z

(i) Az < b

(i) x € ZP xR

p =0: linear program
p = n: integer program

0 < p < n: mixed integer program
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Algebraic model - Branch-and-Cut Method for MIPs at a Glance

(1) Modelling the problem as a MIP

min clz

(i) Az < b
(i) = € ZPxR"P

(2) Solve the LP-Relaxation

min ¢z

i) Az < b
(ii)) =z € R”

Let 2™ be an optimal solution.

)
)
)

.

)
Algebraic Model
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)

Algebraic model - Branch-and-Cut Method for MIPs at a Glance )
)
(3) Generate Cutting Planes S I R S _— )
- Describe p by inequalities Algebraic Model
- Find %x £ valid for p
with 7. (separation)

(4) Branch and Bound
- Choose jwith a:;‘ ¢ 7
- Split the problem in

Pr=Pn{r:z; > [z;]}

and P=PnN{z:z; < |r;]}
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Algebraic model — Solution methods for MINLPs )
-

:]:]

Algebraic Model
= Such problems are typicalley solved by outer approximation and spatial branching 8

Baron (Tawarmalani, Sahinidis 2005)

Couenne (Belotti, Lee, Liberti, Margot, Wachter 2009)
SCIP (Vigerske 2013)

alphakECP (Westerlund, Lindquist 2003)

Bonmin (Bonami, Biegler, Conn, Cornuejols, Grossmann, Laird, Lee, Lodi, Margot, Sawaya, Wachter
2005)

= In case of nonconvex (MI)NLP spatial branching is unavoidable
m Lots of branching experiences for (M)IPs

m Polyhedral combinatorics help to avoid parts of branching
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Algebraic model - Example )

: Algebraic Model
e. g.sin(x)=0,5

singx)
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)

Algebraic model — Consistent hierarchical modeling approach )

:]:]

, , Algebraic Model
Determine relaxation error €

Set up the MIP relaxation with accuracy €
Solve the MIP relaxation

If MIP is infeasible ! STOP
(MINLP is infeasible)

Fix the discrete decision variables in the MINLP model according to the MIP solution

Solve the remaining NLP model

If NLP is feasible ! STOP
(feasible MINLP solution found; solution quality within €)

Reduce g, goto (2)
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)

Algebraic model — Consistent hierarchical modeling approach )

:]:]

, , Algebraic Model
Determine relaxation error €

Set up the MIP relaxation with accuracy €
Solve the MIP relaxation

If MIP is infeasible ! STOP
(MINLP is infeasible)

Fix the discrete decision variables in the MINLP model according to the MIP solution

Solve the remaining NLP model

If NLP is feasible ! STOP
(feasible MINLP solution found; solution quality within €)

Reduce g, goto (2)
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Algebraic model - Adaptive piecewise linear interpolation

)

)
)

Algorithm 1: Adaptive piecewise linear interpolation

Data: A convex polytope P C RY, a continuous function f : P — R and an upper bound ¢ > 0 for the

approximation error.

Result: A triangulation § of P corresponding to a piecewise lineare interpolation ¢ of f over P with
o(x) =f(x)forallx e V(S)and o = ¢;forS;e Sandi=1,..., n.

SetV = V(P);

Construct an initial triangulation S of V and the corresponding piecewise linear interpolation ¢ of f with

¢(x) = ¢i(x) forx € S;forall S; € S;
while 3S; € S. S; unmarked do
if €(f, S) := maxxes |f(X) — 0i(x)| > € then
Add a point, where the maximal error is attained to V;
SetS + S\ {Si};
Update § according to the extended set of vertices V;

.

Algebraic Model

else
Mark S;;
end
end
return S
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Algebraic model - Computing the approximation error g )

:]:]

_ o Algebraic Model
m [If fis convex or concave over S, this is easy! 8

m ffisindefinite over S computing (f; S) requires the solution of nonconvex NLPs to global optimality (in
general NP-hard, cf. Murty & Kabadi 1985)

A function
pelU(f,S) ={¢:S— R : £convex, {(x) < f(x) Vx € S}

is called convex underestimator of f over S. The function vexg|[f] : S — R
defined as

vexg[f](x) := sup{u(x) : € U(f,S)}
is called convex envelope of f over S.
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Algebraic model - Computing the approximation error )

F(x) = x* — 3x2, vexs[f](x), &(x) e |\/|:d]|
gepralc ivioae
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Algebraic model - Computing the approximation error =

Algebraic Model

Theorem (Gugat, Martin, Morsi, Schewe 2011)

Let M, be the set of global maximizers for the overestimation of f by ¢ over
S and let NV, be the set of points, where the global maximum of the

overestimation of the convex envelope of 7 over S by ¢ is attained. Then,

e(f, S) = e(vexglf], S) and N, = conv(M,).

Theorem (Gugat, Martin, Morsi, Schewe 2011)

Let ¢ be the linear interpolation of f over a d-simplex S. Then a point

x* € M, can be obtained by solving at most d convex optimization
problems in dimension < d.
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Numerical results — small (real) instances )
]
]
net e cont bin cons hiap feas INLP CJ
1 100 377 42 68 001s y 0.11s Algebraic Model
1 50 380 45 694 001s y  0.15s ol o e
1 25 387 52 714 001s y  0.06s
T5Dws10 S“;{Q’ L cs2
1 10 423 88 823 002 y  020s e:lﬁ
2 100 450 67 859 0.05s y  0.26s - 5
2 50 479 96 946 0.09s y  0.20s 7
2 25 543 160 1138 0.11s y  0.09s L.
2 1.0 816 433 1957 0.13s y  0.26s ¥ ssebro
3 10.0 2099 418 3868 1.24s n 12.94s |
3 50 2412 713 4807 1.51s y  1.48s
3 25 3058 1377 6745 6.03s y  1.32s
3 1.0 5185 3504 13126 22.04s y  1.59s
4 10.0 4825 1663 10994 21.655 n 41.33s
4 50 6012 2850 14555 51.26s y 30.83s
4 25 8433 5217 21818 132.96s y 36.65s Net 3
4 1.0 16343 13181 45548 600.00s - -
R UTN  [EAWU stz Zi Fraunhofer
154 i I /=S \ ls
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Numerical results — small (real) instances: a comparison - )

)

:]:]

Algebraic Model

net | Baron (MINLP) | SCIP (MINLP) MIP NLP | MIP+NLP
1 <1s <1s <1s <1s <1s
2 <1s <1s <1s <1s <1s
3 456s 2S 2S 1s 3s
4 >1h >1h|51.26s 30.83s 82.09s
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L-Gas network of Open Grid Europe, Germany ]
3
— 3
m 13 entries Algebraic Model
m 1,062 exits
m 3,632 pipes

m 26 resistors

m 305 valves

m 120 control valve stations

m 12 compressor stations

m 25,000 variables (5,000 binary)

Computing time for 51 expert scenarios:
@ 5minto /70 min

m average: 34 min

\
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H-Gas network of Open Grid Europe, Germany

m /8 entries

m 395 exits

= 1,588 pipes

m 56 resistors

m 264 valves

= 101 control valve stations

m 35 compressor stations

= 35,000 variables (14,000 binary)

Computing time for 29 expert scenarios:
= 18 minto 10 hours

m average: 168 min
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A Second Application: Energy Efficient Water Supply

Develop local energy management systems to improve energy optimal

operating plans using the example of water supplv (Ewave)

Algebraic Model

Partner:

= FAU  hamess. BE OO T

m TUDarmstadt = B PCas _SEEy - .

m  Uni Mannheim

m HS Bonn-Rhein-Sieg % ‘ E?(ézﬁia'\g?r:stry

= RWW and Research

m Siemens
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Pipe details — 'Water Hammer Equations’ )
—

)

]
Algebraic Model

Fundamental description by a system of hyperbolic partial differential equations

Continuity equation

oh N a&oq 0
ot gAox h = h(x,t) | (pressure) head
qg=q(x,t) | flow

, A= \(q) | friction factor
Momentum equatlon cross-sectional area

diameter
length

D
Q
)
=
£
=
el

\
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Pipe details — 'Water Hammer Equations’ )
—

)

]
Algebraic Model

After applying an implicit box scheme [Wendroff, 1960; Kolb, Lang, Bales, 2010]

Discretized continuity equation

2At 2At +gA i h = h(x,t) | (pressure) head
qg=q(x,t) | flow

, , , A= \(q) | friction factor
Discretized momentum equation -

A
D diameter
GG gl M = hir oo
2t ont L
_ 1 ()\t—H q‘l;+1 ‘ql‘-H o At+1 qu:V+1 lq1+1 ‘)
 2DA 2 2

\
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Numerical results

CJ

[:l:

Algebraic Model

2or ~— Optimiert
—— Optimiert & Prognose
Real
2
46,86 MWh
% “-- '\'w .
15 ~ Optimized 44,38 MWh -5,3% w ' / ,
| "H v'
| e
Optimized & 43,78 MWh -6,6 %
Prognosis
016:00 08100 10i00 12i00 14:00 16i00 | 18:00 20500 | 22:00 OOiOO 02i00 04}00
31 Alexander Martin :--...-::---..-: — E F:i(;:ri:::Al':rx:n:rer-Universitﬁt 7
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Optimized Pumping Schedule

Algebraic Model

Optimiert & Prognose

2500
2500 -
2000 -
1500
£
Optimiert >
2500 - e
— TWP1
TWP 2 1000 |
—— TWP4
— TWP7
2000 - ——— TWP8
500
ol i i i i i i i i 1500
06:00 08:00 1000 12:00 14:00 16:00 18:00 20:00 22:00 00:00 02:00 04:00 <
¥ 0 i i i i ‘ i i i ;
€ 06:00 08:00 10:00 12:00 14:.00 16:00 18:00 20:00 22:00 00:00 02:00 04:
1000
500
0 L Il 1 L 1 L i 1 il il !
06:00 08:00 1000 12:.00 14:.00 16:00 18:00 20:00 22:00 00:00 02:00 04:00
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Learning Model

. z % const,
[ All\%le%rallc ] a%(pv2) not small
ode
o) Learning
ot 70 [ Models ]
Instantaneous
Control
Complete Larger Networks

Time Horizon
Time Domain
Decomposition

Larger Networks ch)lr:ltSUJ te) Vyg[;rerﬁls
via TSDD P
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Learning Model - learning instead of remodeling - )
]

Towards Simulation Based Mixed-Integer Optimization with Differential Equations L C )

Gugat, Leugering, Martin, Schmidt, Sirvent, Wintergerst (2018) Learning Models

Definition (Masterproblem = MIP)

minc'x +dTy

st. Ax +Bz<b
linearize(X) MIP(X)
x €[x,X], z€[z72]
(x,z) e R" x 2™

Definition (Subproblem PDE; ODE; DAE; ...)

A Y — riedrich-Alexander-Universita =
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Learning Model - learning instead of remodeling

Definition (Masterproblem = MIP)

minc'x +dTy

st. Ax +Bz<b
linearize(X) MIP(X)
x €[x,X], z€[z72]

(x,z) e R" x Z" X ={e 0 0}

Definition (Subproblem PDE; ODE; DAE; ...)
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Learning Model - The 1-dimensional case )

U]

)

Learning Models

-
D min ¢’ x

The functions f, are
st. Ax = b

Xa, = fa(Xq,) foralld € D
XExEX
xc € R x; € Z*

not known explicitly

strictly monotonic

strictly concave or convex

differentiable with bounded first derivative

\
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Learning Model - The 1-dimensional case )

U]

)

Learning Models

o
min C X

Ordinary differential equation ’f[ o5 [
S.L. X
y'=9(x.y(x)), y(0)=yo. x€]0.L] ~
: Xd, = fd(Xd) foralld € D

Solution y = y(x; yo) " -

: L X EXEX
f maps y, onto solution of initial value =
problem, i.e., f(yo) = y(L; yo) xc € Rl x> ¢ 7!

:]rgl'R- UTN II:ALJJ Eledg(:h -Alex a de -Universitat % FraunhOfeul;
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Learning Model - The 1-dimensional case )

U]

]

Learning Models

Theorem (Gugat, Leugering, Martin, Schmidt,

Sirvent, Wintergerst 2018)

min ¢’x
An algorithm based on iteratively cutting off the X
relaxed solution terminates after a finite number sl Ax =8

of steps with Xa, = fa(Xq,) foralld € D
XEx=EX

xc € RI% x; € ZH

an e-feasible solution or

an indication of infeasibility

| Igﬁ UTN |"|§ AU Erongennommers "% =2 Fraunhofer
. ) A
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Application: Stationary gas transport optimization TS

Greek Natural Gas Transport Network

Type Quantity
Entries 3
Exits 45
Inner nodes 86
Pipes 86
Short pipes 45
Control valves 1
Compressors

=l

Learning Models

\
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Application: Stationary gas transport optimization L )
-

- —

Instance Status Obj. Total Master Sub Learning Models

291185 0138 29.08
23.50 0.14 23.36
2730 022 27.09
7.75 0.01 7.74
23.73 0.09 23.64
23.01 0.06 22.95
26.55 0.38 26.17
33.52 0.30 33.22
2290 0.14 22.76
8.43 0.01 8.42

12/23/2011 opt. 262.91
04/19/2012 opt. 0
10/08/2012 opt. 248.96
03/16/2013 Inf. —
01/25/2014 opt. 3114
07/04/2014 opt. 335.23
09/07/2014  opt. 0
11/14/2014  opt. 0
08/27/2015 opt. 0
11/06/2015  inf. —

N OO O O OO OO O OO | X
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Instantaneous Control

[

Algebraic
Model

[Instantaneous

Control ]

z % const,
8%(,01)2) not small

Learning
Models

]

Larger Networks

Complete
Time Horizon

Time Domain

Decomposition
Future Work: Al

Larger Networks
f |
D [or Subprob ems]
TRR Friedrich-Alexander-Universitat % Fraunhofer

154
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Instantaneous Control - )
)
)
_ Instantaneous
MIP-based Instantaneous Control Algorithm Control

fork=0,..., K—-1do
Setup optimization problem (P++1) for
time step f..1 that only depends on
the state at t. and solve (P**1)

with
mln (Ctn+1 )Txtnﬂ
XtH-i-1
St Abxtn > bl i

X S Xt~+1 S X+
fit1 C| ittt IZ|
X eERM, X el

OB UTN FAL S St
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Instantaneous Control - Derivation of the Algorithm S )
]
)
)
Instantaneous
Isothermal nonlinear Euler equations Control
Rl
ap+ 2P s a0

a

R.Tz(p) qz) __0aR.Tz(p)glgl  9gSa

q S
O— Fae | P+
A, ( A P oA P RTz(p)

Semilinear Euler equations
2

C
8tp + A_axq — O

a

p

q #aC2q|q| gsa
B—— + Oxp = —

______________ :]rgl‘R- | UTN |I:/A\LJJ Eledgch -Alex an de -Universitat % Fraunhofeul;
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Instantaneous Control - Derivation of the Algorithm S )
]
)
)
Instantaneous
Isothermal nonlinear Euler equations Control
BT
gp+212P) 5 00

a

R.Tz(p) q2> _ _0aR.Tz(p)qlgl  9gSa

q ._
o—+0x [ p+
Aa X( A P 0A. P R.Tz(p)

Semilinear Euler equations
2

C
Ot + A—axq =0

a

p

q #aC2q|q|  gSa
B—— + Oxp = —
tAa Xp 24‘2 p CZ'D

______________ :]rgl‘R- | UTN |I:/A\LJJ Eledgch -Alex an de -Universitat % Fraunhofeul;
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Instantaneous Control - Derivation of the Algorithm - )
Discretizations =
)
)
I
Mixed implicit-explicit Euler discretization with time steps At yields the ODE nStggaatpsous
Pri1 — ph
0 .
AL Aa X Qi1 =
Qi1 =G . 6aC”(:|9x| _ gSa i
£ 3 dxph‘.—i—1 = ) 2 ph
ZQ\IAu/qé; Ez/qéi l)H- c:

Theorem (Gugat, Leugering, Martin, Schmidt, Sirvent, Wintergerst 2017)
The solution of the ODE system (1) satisfies

qm—l—l(X) = 51(X7 At&)qfﬁ—l(o) i 62(X7 Atﬂ)plﬁ—l(o) + /1(X7 q,i(x), P;g(X)),

Prt1(x) = &3(x; Aty )qr11(0) + &a(x, At )prt1(0) 4 22X, (%), pr(X))-

\
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Instantaneous Control - Derivation of the Algorithm - )
Discretizations =
)
)
I
Mixed implicit-explicit Euler discretization with time steps At yields the ODE nStggaatpsous
Pri1 — ph
0 .
AL Aa X Qi1 =
Qi1 =G . 6aC”(x|9x| _ gSa i
£ 3 dxph‘.—i—1 = ) 2 ph
ZQ\IAu/qé; Ez/qéi l)H- c:

Theorem (Gugat, Leugering, Martin, Schmidt, Sirvent, Wintergerst 2017)
The solution of the ODE system (1) satisfies

QR—H(X) — £I(X> Atﬁ)qfﬁ—l(o) i 52(X7 At’i)pfi—Fl(O) an ll(Xv q,{(x), p,.g(X)),

pf‘H—l(X) — 63(X7 At&)qfi+1(0) T 54(X7 At&)pﬁ+1(0) a5 /2(X7 qﬁ?(X)a pfﬁ(x))'

\
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Instantaneous Control — Numerical results S -
]
)
)
, e Instantaneous
Transient Gas Transport Optimization - Start Control
Oh 1h 2h 3h
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Instantaneous Control — Numerical results
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Instantaneous Control — Numerical results S -
3
]
]
: . Instantaneous
Transient Gas Transport Optimization - End Control
Oh 1h 2h 3h
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Time Domain Decomposition

Algebraic
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I

Time Domain Decomposition - Concept )
]
]
L ]
m Set up optimality system of the overall problem Time Domain
= Non-overlapping time-domain decomposition of this optimality system Decomposition

= Decouple sub-domain systems using an iterative update rule
= All sub-domain problems can be solved in parallel

= Sub-domain problems have a primal interpretation as so-called virtual control problems

Yk (tr), pr(ty) Yk(trt1)s Pk(tt1)
| VR N |
| | | |
Yi—1(tr), pr—1(tx) Ykt1(Ekt1), Phot1 (gt 1)

]’EE R UT N |F|§ AU it s Fraunhofeut;



Time Domain Decomposition — Proofs and Insights g )

)

=  We provide a proof of convergence and a posteriori error estimates CJ
Time Domain

R. Krug, G. Leugering, A. Martin, M. Schmidt, D. Weninger. Time-Domain Decomposition

Decomposition for Optimal Control Problems Governed by Semilinear Hyperbolic
Systems. SIAM Journal on Control and Optimization, 2021.

= We extend the approach to problems with mixed two-point boundary conditions

R. Krug, G. Leugering, A. Martin, M. Schmidt, D. Weninger. Time-Domain Decomposition for ~ Optimal
Control Problems Governed by Semilinear Hyperbolic Systems with Mixed Two-Point Boundary
Conditions. Control and Cybernetics, 2021.

= A combined simultaneous space-time-domain decomposition is tackled

G. Leugering. Space-Time-Domain Decomposition for Optimal Control Problems Governed by Linear
Hyperbolic Systems. Journal of Optimization, Differential Equations and Their Applications, 2021.

= Atime-domain decomposition for ODE-constrained MINLPs is given

F. M. Hante, R. Krug, M. Schmidt. Time-Domain Decomposition for Mixed-Integer Optimal Control
Problems. Preprint, TRR 154, 2021.
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So far...

-
- = T

& (2
#=(pv®) not small )

i

Time Domain

Decomposition

Complete Larger Networks

Time Horlzon

Larger
via TSDD

Future Work: Al
for Subproblems
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Where we are — Where to go

Where we are
m Stationary case is solvable
= The non-steady case
Instantaneous control
Decomposition approaches with limits

Where to go

= Remodeling and analytic approaches will stay an important topic
m Further need for consistent hierarchy of all models

= Including techniques from machine learning

) —
)
)

)

Future Work
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Future Work
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Future Work - Goals and mathematical challenges )

U]

)

, : . _ _ : Future Work
m  Couple the space-time-domain decomposition methods with machine learning

and mixed-integer programming techniques

= Development of an interlinked data-driven and physics-informed algorithm called NeTl

(Network Tearing and Interconnection)

= NeTl combines
Mixed-integer nonlinear programming
Learning of surrogate models
Graph decomposition strategies

:]I'EE R UT N |n|§ AU Eronaon Nomperg st =4 Fraunhofeut;



Future Work — Network Tearing and Interconnection - )
)
) -
Future Work

= Network Tearing and Interconnection (NeTl)
Choose the active network and decompose the complement graph into sub-graphs (Tearing)
Learn surrogate dynamics of all sub-graphs

Solve the MINLP on the active graph using surrogates at the interfaces with penalties to ensure
continuity

Penalty update (Interconnection)

Complementary Network C

Complementary Network C

Active Network A

Complementary Network B Active Network A
Complementary Network B

]’EE R UT N |F|§ AU e e et 22 Fraunhofer
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Future Work — An ongoing challenge of interdisciplinary work

z Z const,
2 (pv?) not small
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0
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d
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Subfield B

Subfield B
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Future Work — An ongoing challenge of interdisciplinary work

Modeling and
numerical simulation

m existence, uniqueness,
regularity

m efficient algorithms,
convergence, error control

P Challenge: Coupling integer and continuous

»  effideNGIESRERMArea

congengsakmettrodsontroff-reach
m local optima and n -
J . ] R 4 TRR — E:||§ﬁ;::::‘|§::;:rzr-Unlver51tat —
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Improvement continues ...
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I

Time Domain Decomposition — Hyperbolic semilinear equations )
]
]
. . S
We consider the two-point boundary value problem for a system of Time Domain
hyperbolic semilinear equations Decomposition
min  J(u,v,y)
u,v,y

Sot; (‘Jty—FA(t,X)Bxy: f(t7X7 u,y),

= Zg,p(t,y,-“(t, 0)),
ng (t, v(1),y; (1, 1)),

)/(va) — yO(X)7 ( ) Uad? V(t) = U‘Ed

with the state vy, distributed control u boundary control v t & [0, Tlnd x € [0, 1]

\
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Time Domain Decomposition — Split the problem L )

We decompose the time domain [0, T]into finitely many non-overlapping

sub-domains with

.

l:l:]

Time Domain
Decomposition

=g <t e LTl Lol g Clma = 1.

For each sub-domain [tk tk+1]we can state optimality conditions and iteratively decouple them via

and the update rule

)/;?H(tkﬂ) -+ 5PZ+1(tk+1) = Pk k+1>
vt (te) — BrptH(tk) = o k1

Pk k+1 = (L—¢) (Vir1(teg1) + Bpi 1 (tes1))
+ & (v (tkr1) + Bpg(ter1))

Dk k-1 = (1 =) (Vi—1(tx) — Bpk_1(tx))
+ e (v (t) — Bpi(t)) -

\
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Time Domain Decomposition — Virtual Control Problems - )
-

l:l:]

The distinctive feature of this approach is that all sub-domain problems Time Domain
can be solved in parallel and have a primal interpretation as so-called Decomposition
virtual control problems

| 1 |
min It vies vi) + == (Iyie(test) — Guokrillfe + 18k k—1ll72)
8k k—1:Uk Vi Yk 26

s.t. Oryi + A(t, x)Oxyi = fi(t, X, Uk, Vi),

)/,j_(t.O) = Zg,p(t,y,;(t.O)).
v (6.1) = D g (& vi(1). v (8. 1)).

Vi (tk, X) = brk—1 + 8k k-1, UQ(t) € ULy, wk(t) € Uy

with virtual control gk x—1

\
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Typical approach: Hierarchical modeling and solving

Accurate Model - ppate

Pipeline Weymouth HPPCs Weymouth

Resistor Accurate Approximate

Valve

Control Valve

Compressor Quadratic Model Polyhedral Model ldeal Compressor

Approximate

Compressor Station Accurate Model

\Vilelel=

Operation Modes
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Pipeline: Euler differential equation

Pipeline

Resistor

Valve

Control Valve

Compressor

Compressor Station

Operation Modes

Weymouth HPPCs

ot T ox e
o(pv) _9(pv?) ap Vv
at T ax Tax g tMApe=0
oT oT Toz\ op
ApCp (W_’_ Va) —A (1 +Eﬁ> E
T 0z op d
A Z a7 By +AVgpd— + Q=0
b poZolo P 0
po  z(p, T)T

Weymouth

Euler-differential equation & equation of state for real gases:
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On the coarsest level: We end up with a MINLP

Accurate Model > ppate

Pipeline Weymouth HPPCs Weymouth

Resistor Accurate Approximate

Valve

Control Valve

Compressor Quadratic Model Polyhedral Model ldeal Compressor

Approximate

Compressor Station Accurate Model

\Vilelel=

Operation Modes
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