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Evolution Processes

Consider the non-autonomous problem

x' = f(x,t)

x(s) = xo,

(f: R™ — R") such that there exists a unique globally well-defined solution x(t, s, xo)
for each initial condition (s,x) € R x R".
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e x(s,s,x0) =x0 Vs €R (initial value condition);
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Evolution Processes

Consider the non-autonomous problem

{X' = f(x,t)

x(s) = xo,

(f: R™ — R") such that there exists a unique globally well-defined solution x(t, s, xo)
for each initial condition (s,x) € R x R". Then

e x(s,s,x0) =x0 Vs €R (initial value condition);
e R xR xR">(t,s,x) — x(t,s, %) is continuous;

o x(r,s,x0) = x(r,t,x(t,s,x0)) Vr,s,t €Rand xo € R" (cocycle property).

x(t, s, xo0)

x(r,s,x0) = x(r, t,x(t,s,x))
X0
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Evolution Processes

Let (Z,d) be a metric space.

Definition 1

An evolution process acting in Z is a two-parameter family {S(t,7): t > 7 € R} of
maps from Z into itself such that:

(a) S(t,t)=1 VteR,
(b) S(t,7)=S(t,s)S(s,7) Vt>s>r, and

(c) the map {(t,7) €R®: ¢t > 7} x Z > (t,7,x) = S(t,T)x € Z is continuous.

Everaldo de Mello Bonotto (ICMC-USP) Impulsive evolution processes

June 14, 2024



Evolution Processes

“Plenty of problems in the real world are non-autonomous. It is nearly impossible
for some events to be time independent: growing cells in a life form, the motions
of the wind, an external force being applied to some surface, and so on. We can
certainly say that everyday problems are mostly non-autonomous (including the case
of random influences as these are non-autonomous by their own nature), and we
merely approximate many of these phenomena by an autonomous model to simplify
our study.”
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certainly say that everyday problems are mostly non-autonomous (including the case
of random influences as these are non-autonomous by their own nature), and we
merely approximate many of these phenomena by an autonomous model to simplify
our study.”

“On the other hand, many of these real problems can experience abrupt external
forces which can change completely their dynamics. For instance, questions related
to heat conduction and gas dynamics arise when there are abrupt changes of state
(jumps) in the pressure, density and in the velocity.”
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Evolution Processes

“Plenty of problems in the real world are non-autonomous. It is nearly impossible
for some events to be time independent: growing cells in a life form, the motions
of the wind, an external force being applied to some surface, and so on. We can
certainly say that everyday problems are mostly non-autonomous (including the case
of random influences as these are non-autonomous by their own nature), and we
merely approximate many of these phenomena by an autonomous model to simplify
our study.”

“On the other hand, many of these real problems can experience abrupt external
forces which can change completely their dynamics. For instance, questions related
to heat conduction and gas dynamics arise when there are abrupt changes of state
(jumps) in the pressure, density and in the velocity.”

“The theory of impulsive dynamical systems arises to comprehend the structure of

systems where the continuity of their evolution is interrupted by abrupt changes of
state.”

Everaldo de Mello Bonotto (ICMC-USP) Impulsive evolution processes June 14, 2024 6/34



Summary

© Impulsive Evolution Processes

Everaldo de Mello Bonotto (ICMC Impulsive evolution processes June 14, 2024



Impulsive Evolution Processes

o x' = —x,y =—y;

oM:{(X,y):X2+y2=1};

R2 (X07 }’0)

Everaldo de Mello Bonotto (ICMC-USP) Impulsive evolution processes June 14, 2024



Impulsive Evolution Processes

o impulsive family is a nonempty collectively closed family M = {M(t)},cR satisfying the
property: for every 7 € R and x € M(7) there exists € = ¢(x,7) > 0 such that

U ({S(t+ 7 m)xk 0 M(e+ 7)) = 0.

te(0,€)

The family M = {M(t)},cR is collectively closed if for t, 2%+, xa € M(t,) with

n—oo

Xn —— X, then x € M(t).
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Impulsive Evolution Processes

o impulsive family is a nonempty collectively closed family M = {M(t)},cR satisfying the
property: for every 7 € R and x € M(7) there exists € = ¢(x,7) > 0 such that

U ({S(t+ 7 m)xk 0 M(e+ 7)) = 0.

te(0,€)

The family M = {M(t)},cR is collectively closed if for t, 2%+, xa € M(t,) with

n—oo

Xn —— X, then x € M(t).

e impulse function is a collectively continuous family [ = {/;: M(t) — Z} R

The family I = {l: M(t) — Z}.cR is collectively continuous if given t, 2%+ and
Xa € M(t,) for each n € N with x, 7=>% x, then Iy, (xn) > l(x).
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Impulsive Evolution Processes

Definition 2

An impulsive evolution process (Z,S, M, f) consists of an evolution process

{S(t,7): t > 7 € R} in Z, an impulsive family M = {M(t)},.g and an impulse
function [ = {I;: M(t) — Z} R
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Impulsive Evolution Processes

Definition 2

An impulsive evolution process (Z,S, M, f) consists of an evolution process

{S(t,7): t > 7 € R} in Z, an impulsive family M = {M(t)},.g and an impulse

function [ = {I;: M(t) — Z} R
b

Definition 3
(Impact Time Map) For x € Z and 7 € R,

5, 7) s, ifS(s+rn,7)xeM(s+7) and S(r+7,7)x ¢ M(r+7)for0<r<s,
T =
’ oo, if S(t+7,7)x & M(t+7) forall t> 0.

o If ¢(x,7) < oo, then it represents the smallest time for which the trajectory of the
point x starting at time 7 meets the family M.

o If S(r+7,7)x € M(r+7), with r > 0, then ¢(x,7) < r.
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Impulsive Evolution Processes

given 7 € R, the impulsive trajectory of a point x € Z, starting at time 7, is a map
S(-,7)x defined on some interval Ji4 -y C [r,00), which contains 7, taking values in Z
given inductively by the following rule:
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given 7 € R, the impulsive trajectory of a point x € Z, starting at time 7, is a map
S(-,7)x defined on some interval Ji4 -y C [r,00), which contains 7, taking values in Z
given inductively by the following rule:

o if ¢(x,7) = oo then we define 5(t,7)x = S(t,7)x forall t>r.
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Impulsive Evolution Processes

given 7 € R, the impulsive trajectory of a point x € Z, starting at time 7, is a map
S(-,7)x defined on some interval Ji4 -y C [r,00), which contains 7, taking values in Z
given inductively by the following rule:

o if ¢(x,7) = oo then we define 5(t,7)x = S(t,7)x forall t>r.

o if ¢(x,T) < 0o, by denoting x = x;", 70 = 7, and setting 71 = ¢(xg , T0) + To, we define

S(eryx = { ST ifro <<,
/71(5(7'177'0)x0+)7 if t =m.

Set x1 = S(m1,70)x and x = I (x1).
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Set x1 = S(m1,70)x and x = I (x1).
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Impulsive Evolution Processes

The impulsive trajectory 5(-,7)x is defined on the interval [r, T(x, 7)), where

T(x,7)=7+ Z q,’)(x,-Jr,T,-).

i=0

T(x,7) =00 forall x&€Z and 7 €R.
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Impulsive Evolution Processes

The impulsive trajectory 5(-,7)x is defined on the interval [r, T(x, 7)), where

T(x,7)=7+ Z ¢(Xi+,7',‘).

i=0

T(x,7) =00 forall x&€Z and 7 €R.

Lemma 4

The following properties hold:

(i) S(t,t)x = x forall x € Z and all t € R;

(i) S5(t,7) = 5(t,s)S(s,7) forall t > s> 1 €R.
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Impulsive Evolution Processes

Example 5

Consider the evolution process {S(t,7): t > 7 € R} in R given by

S(t,s)x =vt—+/s+x, t>s, x€eR.

Set M(t) = {—t} for each t € R. Then M = {M(t)},cR is an impulsive family, since

S(r+s,s)(—s)=-r—s<=r<0.
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Consider the evolution process {S(t,7): t > 7 € R} in R given by
S(t,s)x =vt—+/s+x, t>s, x€eR.

Set M(t) = {—t} for each t € R. Then M = {M(t)},cR is an impulsive family, since

S(r+s,s)(—s)=-r—s<=r<0.

e ¢(—1,0) =7 € (0,1) (11 = 0.317). If we choose | = {I;: M(t) — Z}, R such that
x| = Iy (S(71,0)(—1)) > =71 then ¢(x",71) = oo,

but if
xi = 1 (5(71,0)(=1)) < —71 then ¢(x",71) < oo.
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Impulsive Evolution Processes

Example 5

Consider the evolution process {S(t,7): t > 7 € R} in R given by
S(t,s)x =vt—+/s+x, t>s, x€eR.

Set M(t) = {—t} for each t € R. Then M = {M(t)},cR is an impulsive family, since

S(r+s,s)(—s)=-r—s<=r<0.

e ¢(—1,0) =7 € (0,1) (11 = 0.317). If we choose | = {I;: M(t) — Z}, R such that
x| = Iy (S(71,0)(—1)) > =71 then ¢(x",71) = oo,

but if
xi = 1 (5(71,0)(=1)) < —71 then ¢(x",71) < oo.

n— oo
LI

e ¢(—1,1) = o0 and ¢(—1— 1,1) 0.

n—oo n—o0o

Xn =25 x and T, ——22 1 77 =77 O (Xn, Tn) —— (X, 7).
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Impulsive Evolution Processes

For each 7 € R fixed, the impact time map ¢(-,7): Z — (0, 0] (H1)

is continuous on Z\M(7).

ﬁ E. M. Bonotto, M. J. D. Nascimento and E. B. Santiago, Impulsive evolution processes:
abstract results and an application to a coupled wave equations. Advances in Differential
Equations, 28 (7-8), (2023), 569-612.
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Impulsive Evolution Processes

For each 7 € R fixed, the impact time map ¢(-,7): Z — (0, 0] (H1)

is continuous on Z\M(T).
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Impulsive Evolution Processes

For each 7 € R fixed, the impact time map ¢(-,7): Z — (0, 0] (H1)

is continuous on Z\M(7).

Theorem 6

Let T €R, x € Z, {Tn}nen C R and {x,}nen C Z be sequences such that x, ~—5 x and
n— oo

Tn —— 7. If x ¢ M(T), then

n—o0

& (Xn, Tn) —— (X, 7).
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Impulsive Evolution Processes

For each 7 € R fixed, the impact time map ¢(-,7): Z — (0, 0] (H1)

is continuous on Z\M(7).

Theorem 6

Let T €R, x € Z, {Tn}nen C R and {x,}nen C Z be sequences such that x, ~—5 x and
n— oo
Tn —— 7. If x ¢ M(T), then

n—o0

& (Xn, Tn) —— (X, 7).

Theorem 7

Assume that Is(M(s)) N M(s) =0 for all s e R. Let t,7 €R, x € Z\M(7), {xn}nen C Z
and {Ta}nen C (—00, t] be sequences such that x, *—= x and T, ~——2 7. Then, there
exists a sequence {n,}nen C R, with t 4+ 1, > 7, and 1, ~—= 0, such that

g(t + M, Tn)Xn =, g(t,T)X.
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Impulsive Evolution Processes

Assume that condition (H1) holds and Is(M(s)) N M(s) = @ for all s € R.

Lemma 8

Let T € R, x € M(7), {an}nen CR, {Bn}tnen CR, and {xn}nen C Z be sequences such
n—oo n—oo

that o, > B, foralln € N, ap, —— 0, B, —— 0, and x, 12 x. Then there exists a
subsequence {¢(Xn,, T + Bn,) tken of {P(xn, T + Bn) }nen such that

k— o0

&(Xngs T + Br,) —— 0. Moreover,

k— o0

(1) if cn, — By < S(Xng, T+ Bn,) for all k € N, then S(T + cun,, T + B )Xn, ——> X;

k— o0

(if) if Qny — Bry > S(Xng T+ Bay ) for all k € N, then S(7 + cuny, T+ By )Xn, ——s I (x). |
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The Impulsive Pullback Attractor

“To understand the asymptotic behavior of evolution equations the notion of at-
tractor plays a fundamental role.”

“In general, an attractor means a compact set which satisfies an invariance property
and that attracts (in some sense) a class of subsets of the phase space in which the
equation is stated.”

“In the case of non-autonomous systems, we can find in the literature at least two
different approaches to describe their dynamics: the pullback attraction and the
forward attraction. Here, we are concerned with the pullback attraction.”
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The Impulsive Pullback Attractor

The impulsive pullback w-limit set of a subset B C Z at time t € R is defined by

@(B,t) = {x € Z: there are sequences {7h}nen C R, {€n}nen C R and {xy}nen C B
such that 7, 2222 —00, €n EimicN 0, {Th — €n}nen C (—o00, t]

n—o0o

and S(t + €, T)Xn ——2 x}.

The impulsive pullback w- limit set of B is the family &(B) = {&(B, t)},.g- Note that
@(B) is a family of closed subsets of Z.
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The Impulsive Pullback Attractor

Definition 10

Let B = {B(t)}+cr be a family of nonempty subsets of Z. We say that B is:
e positively S-invariant if 5(t,7)B(7) C B(t) for all t > 7 € R.

e negatively S-invariant if §(t,7—)B(7—) D B(t) forall t > 7 €R.

e S-invariant if 5(t,7)B(r) = B(t) for all t > 7 € R.
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The Impulsive Pullback Attractor

Definition 10
Let B = {B(t)}+cr be a family of nonempty subsets of Z. We say that B is:

e positively S-invariant if 5(t,7)B(7) C B(t) for all t > 7 € R.
e negatively S-invariant if §(t77—)B(7—) D B(t) forall t > 7 €R.

e S-invariant if 5(t,7)B(r) = B(t) forall t > 7 € R.

Definition 11

A family A = {A(t)}+er pullback S-attracts bounded subsets of Z, if for every
bounded set B C Z, every t € R and all sequences {en}nen C R and {75 }neny C R with

{7n — €n}tnen C (—00, t], €n 222 0 and 7, 2—°5 —o0o we have

lim dH(g(t aF En,Tn)Ba A(t)) =0.
n— oo

The Hausdorff semidistance between two nonempty subsets A and B of Z is given by

du(A,B) = zgg ll)ng d(a, b).
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The Impulsive Pullback Attractor

Definition 12

A family A = {A(t)}+er of subsets of Z is called an impulsive pullback attractor
for the impulsive evolution process (Z, S, M, I) if:

(i

(i) {A(t)\M(t)}icr is S-invariant;

{A(t)}+er is compact;

)
)
(iii) {A(t)}tcr pullback S-attracts bounded subsets of Z;
(iv)

{A(t)}tcr is the minimal family of closed sets satisfying property (iif).

Condition (iv) says that, provided

and A, are two impulsive pullback attractors for an
impulsive evolution process (Z, S,

Ay
M, ), then A;(t) = As(t) for every t € R.
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The Impulsive Pullback Attractor

Definition 13

A process (Z,S, I\7l, i) is said to be pullback $-asymptotically compact if, given
t € R, sequences {€p}nen C R, {Ta}neny C R and {xn}nen C Z such that {7, — €n}nen C
(=00, t], Tn =22 —00, €0 =22 0 and {Xs}nen C Z is bounded, then the sequence
{5 (t + €n, Tn)Xn tnen has a convergent subsequence.
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The Impulsive Pullback Attractor

Definition 13

A process (Z,S, I\7l, i) is said to be pullback $-asymptotically compact if, given
t € R, sequences {€p}nen C R, {Ta}neny C R and {xn}nen C Z such that {7, — €n}nen C
(—o0, t], Tn 220 o0, €n 22225 0 and {Xn}tnen C Z is bounded, then the sequence
{g(t + €n, Tn)Xn }nen has a convergent subsequence.

y

Definition 14

A process (Z, S, M, D is said to be pullback S-strongly bounded dissipative if, for
each t € R, there exists a bounded subset B(t) of Z which pullback S-absorbs bounded
subsets of Z at time t, that is, there exists €o > 0 such that, for each bounded subset
D of Z, one can find a time T = T(t, D) < t such that

§(t+e,7')D CB(t) forall 7<T—¢ and |¢ < eo.
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The Impulsive Pullback Attractor

Definition 13

A process (Z,S, I\7l, i) is said to be pullback S-asymptotically compact if, given
t € R, sequences {¢en}nen C R, {Tn}nen C R and {xp}nen C Z such that {7, — €nnen C
(—o0, t], Tn 220 o0, €n 22225 0 and {Xn}tnen C Z is bounded, then the sequence
{g(t + €n, Tn)Xn }nen has a convergent subsequence.

y

Definition 14

A process (Z, S, M, D is said to be pullback S-strongly bounded dissipative if, for
each t € R, there exists a bounded subset B(t) of Z which pullback S-absorbs bounded
subsets of Z at time t, that is, there exists g > 0 such that, for each bounded subset
D of Z, one can find a time T = T(t, D) < t such that

§(t+e,7’)D CB(t) forall 7<T—¢ and |¢ < eo.

In this case, the family B = {B(t)}ter is called an absorbing set.
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The Impulsive Pullback Attractor

Definition 13

A process (Z,S, I\7l, i) is said to be pullback S-asymptotically compact if, given
t € R, sequences {€p}nen C R, {Ta}neny C R and {xn}nen C Z such that {7, — €n}nen C
(—o0, t], Tn 220 o0, €n 22225 0 and {Xn}tnen C Z is bounded, then the sequence

{g(t + €n, Tn)Xn }nen has a convergent subsequence. )

Definition 14

A process (Z, S, M, D is said to be pullback S-strongly bounded dissipative if, for
each t € R, there exists a bounded subset B(t) of Z which pullback S-absorbs bounded
subsets of Z at time t, that is, there exists g > 0 such that, for each bounded subset
D of Z, one can find a time T = T(t, D) < t such that

§(t+e,7’)D CB(t) forall 7<T—¢ and |¢ < eo.

In this case, the family B = {B(t)}«er is called an absorbing set. If the absorbing
set B = {B(t)}tcr is compact and there exists to € R such that |J,, B(t) is bounded

in Z, then (Z, S, M, 1) is pullback S-strongly compact dissipative.

4
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The Impulsive Pullback Attractor

Assume that I;(M(s)) N M(s) = 0 for every s € R.

Theorem 15

I_Aet (z,S, M, ) ) be pullback SNA—stArong/y compact dissipative with compact. absorbing set
K = {K(t)}ter. Then (Z,S, M, ) admits an impulsive pullback attractor A = {A(t)}+cr

such that
Uamc k@

t<ty t<ty

for some ty € R, that is, A is pullback bounded.
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The Impulsive Pullback Attractor

Assume that I;(M(s)) N M(s) = 0 for every s € R.

Theorem 15

I_Aet (z,S, M, ) ) be pullback S:A—stArong/y compact dissipative with compact. absorbing set
K = {K(t)}ter. Then (Z,S, M, ) admits an impulsive pullback attractor A = {A(t)}+cr

such that
Uamc k@
t<ty t<ty

for some ty € R, that is, A is pullback bounded.

Proof. For each t € R, define

A(t) = J{@(B,t): B C Z, B bounded}.
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The Impulsive Pullback Attractor

Assume that I;(M(s)) N M(s) = 0 for every s € R.

Theorem 15

I_Aet (z,S, M, ) ) be pullback S:A—stArong/y compact dissipative with compact. absorbing set
K = {K(t)}ter. Then (Z,S, M, ) admits an impulsive pullback attractor A = {A(t)}+cr

such that
Uamc k@

t<ty t<ty

for some ty € R, that is, A is pullback bounded.

Proof. For each t € R, define
A(t) = U{@(B, t): B C Z, B bounded}.

o the pullback S-strongly compact dissipativeness = &(B) = {&(B, t)} R is 2
nonempty collectively compact family in Z which pullback S-attracts B.
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The Impulsive Pullback Attractor

Assume that I;(M(s)) N M(s) = 0 for every s € R.

Theorem 15

I_Aet (z,S, M, ) ) be pullback S:A—stArong/y compact dissipative with compact. absorbing set
K = {K(t)}ter. Then (Z,S, M, ) admits an impulsive pullback attractor A = {A(t)}+cr

such that
Uamc k@

t<ty t<ty

for some ty € R, that is, A is pullback bounded.

Proof. For each t € R, define
A(t) = U{@(B, t): B C Z, B bounded}.

o the pullback S-strongly compact dissipativeness = &(B) = {&(B, t)} R is 2

nonempty collectively compact family in Z which pullback S-attracts B.

o Is(M(s)) N M(s) = ) = &(B)\M is positively S-invariant.
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The Impulsive Pullback Attractor

Assume that I;(M(s)) N M(s) = 0 for every s € R.

Theorem 15

LAet (z,S, M, ) ) be pullback §A—s€rong/y compact dissipative with compact. absorbing set
K = {K(t)}ter. Then (Z,S, M, ) admits an impulsive pullback attractor A = {A(t)}+cr

such that
Uamc k@

t<ty t<ty

for some ty € R, that is, A is pullback bounded.

Proof. For each t € R, define

A(t) = J{@(B,t): B C Z, B bounded}.

o the pullback S-strongly compact dissipativeness = &(B) = {&(B, t)} R is 2
nonempty collectively compact family in Z which pullback S-attracts B.

o Is(M(s)) N M(s) = ) = &(B)\M is positively S-invariant.

o the pullback S-strongly compact dissipativeness + Is(M(s)) N M(s) = 0 = &(B)\M
is negatively S-invariant.
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The Impulsive Pullback Attractor

e The family A = {A(t)}ter is nonempty, pullback S-attracts bounded subsets of Z, and
{A(t)\M(t)}ter is S-invariant.
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The Impulsive Pullback Attractor

e The family A = {A(t)}ter is nonempty, pullback S-attracts bounded subsets of Z, and
{A(t)\M(t)}ter is S-invariant.

o A(t) C K(t) for all t € R. Thus, A = {A(t)}+er is compact.
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The Impulsive Pullback Attractor

e The family A = {A(t)}ter is nonempty, pullback S-attracts bounded subsets of Z, and
{A(t)\M(t)}ter is S-invariant.

o A(t) C K(t) for all t € R. Thus, A = {A(t)}+er is compact.

o Let € = {C(t)}+er be a family of closed sets that pullback S-attracts bounded subsets
of Z. We can prove that &(B,t) C C(t) for all bounded set B C Z and t € R, i.e,
A(t) C C(t) for all t € R.

Everaldo de Mello Bonotto (ICMC-USP) Impulsive evolution processes June 14, 2024 24 /34



The Impulsive Pullback Attractor

e The family A = {A(t)}ter is nonempty, pullback S-attracts bounded subsets of Z, and
{A(t)\M(t)}ter is S-invariant.

o A(t) C K(t) for all t € R. Thus, A = {A(t)}+er is compact.

o Let € = {C(t)}+er be a family of closed sets that pullback S-attracts bounded subsets
of Z. We can prove that &(B,t) C C(t) for all bounded set B C Z and t € R, i.e,
A(t) C C(t) for all t € R.

Therefore, the family A = {A(t) }ter is the impulsive pullback attractor for the impulsive
evolution process (Z,S, M,1). ®
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A non-autonomous wave coupled system with impulsive action

Consider the following impulsive non-autonomous problem

e — Au~+u+ n(—A)%ut + a(t)(—A)%vf =f(u), (x,t) € Qx(r,00),
Vie — AV + n(—A)2 v, — a(t)(—A)2u, =0, (x,t) € Q x (7,00),
u=v=0, (x,t) € 92 x (1, 00),
{l: M(t) C Yo = Yo} R >

with initial conditions
u(T, x) = uo(x), ue(r,x) = wn(x), v(r,x) = w(x), vi(r,x) =wn(x), x€Q, 7 €R,
where Yo = H3(Q) x L*(Q) x Hy(Q) x L*(Q) is the phase space.

e Q is a bounded smooth domain in R" (n > 3) with boundary 92 assumed to be regular
enough.

e >0.
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A non-autonomous wave coupled system with impulsive action

o f ¢ C'(R) satisfies the dissipativeness condition

limsup @ <0,

|s| 00 S
and the growth condition
If'(s)| < c(1+1s|”"), VseR,

where 1 < p < -5, with n > 3, and ¢ > 0 is a constant.

e a: R — (0,00) is continuously differentiable in R and satisfies:
0<a <a(t)<a, VteR,
and there exists by > 0 such that

|a'(t)| < b,  VteR, e€0,1].
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A non-autonomous wave coupled system with impulsive action

We can rewrite the system

U — Au+ u+ n(—A)%ut + a(t)(—A)% ve = f(u), (x,t) € Qx(7,00),
Vee — Av + 7](7A)% Ve — a(t)(fA)%ut =0, (x,t) € Q x (7,00),
u=v=0, (x,t) € 02 x (1,00),

with initial conditions
u(T, x) = uo(x), ue(r,x) = t1(x), v(7,x) =w(x), vi(r,x) = wni(x), x€Q, T €R,
as an ordinary differential equation in the following abstract form

Wi + At)W = F(W), t>T,
W(r) = Wy, T €R,

where W = W(t), for all t € R, and Wy = W(7) are respectively given by

W=[uu v v] and Wo=[u 1 v wi].
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A non-autonomous wave coupled system with impulsive action

U — Au+ u+n(=D)2ue + a(t)(=A)2ve = F(u),  (x,t) € Q x (7, 00),
vie — Av +n(=A)2ve — a(t)(=A)Zu, =0,  (x,t) € Q x (7, 00),

u=v=0, (x,t) € 92 x (1,00),

u(r,x) = uop(x), ue(r,x) = ui(x), v(7,x) = w(x), ve(r,x) =wn(x), x€Q, 7 €R.

ﬁ E. M. Bonotto, M. J. D. Nascimento and E. B. Santiago, Long-time behaviour for a non-
autonomous Klein-Gordon-Zakharov system. J. Math. Anal. Appl., v. 506, p. 125670, 2022.

o Well-Posedness

e Pullback Attractor

June 14, 2024 29 /34
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A non-autonomous wave coupled system with impulsive action

We assume the following conditions:

(H1) Is(M(s)) N M(s) =0 for every s € R;
(H2) there exists pu > 0 such that [|/s(w)||3, < p for all s € R and w € M(s);
(H3) there exists £ > 0 such that ¢(/s(x),s) > 2¢ for all (x,s) € M(s) x R.

Let W(t) = S(t,7)Wo, t > 7, be the impulsive solution of the impulsive non-autonomous
problem

Wi + A()W = F(W), t> T,

W(T): Wo € Yo, T €R,

{/t: M(l’) C Yo — YO}teR7

and (Yo, S, I\7I7 f) be its associated impulsive evolution process.
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A non-autonomous wave coupled system with impulsive action

Lemma 16

There exists R > 0 such that for any bounded subset B of Yy, one can find ty(B) > 0
such that .
15(t, T)Woll%, < R,

for all Wo € B and t > 7 + to(B).
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A non-autonomous wave coupled system with impulsive action

There exists R > 0 such that for any bounded subset B of Yy, one can find ty(B) > 0
such that

15(2, )Wlly, < R,
for all Wo € B and t > 7 + to(B).

(H3) there exists £ > 0 such that ¢(/s(x),s) > 2¢ for all (x,s) € M(s) x R.

Lemma 17

If G is a precompact subset of Yo and t > 7 € R satisfies 0 < t — 7 < £, then §(t, 7)G is
precompact in Yj.

e The operator S(t,7): Yo — Yo is compact for t > 7.
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A non-autonomous wave coupled system with impulsive action

Theorem 18

The impulsive evolution process (Yo, S, /M) ) is pullback S-strongly compact dissipative
with compact absorbing set K = {K(t)}tcr. Furthermore, there exists 6 > 0 such that

User K(t) C By, (0,9).

June 14, 2024
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A non-autonomous wave coupled system with impulsive action

Theorem 18

The impulsive evolution process (Yo, S, /M) ) is pullback S-strongly compact dissipative
with compact absorbing set K = {K(t)}tcr. Furthermore, there exists 6 > 0 such that
UteR K(t) Cc BYO(O’ 6)-

Proof. Let By = {w € Yo: [|w[3, < R}, where R > 0 comes from Lemma 16, and let 7 €
(&, 2¢) be fixed (£ comes from condition (H3)).
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A non-autonomous wave coupled system with impulsive action

Theorem 18

The impulsive evolution process (Yo, S, /M) ) is pullback S-strongly compact dissipative
with compact absorbing set K = {K(t)}tcr. Furthermore, there exists 6 > 0 such that
UteR K(t) Cc BYO(O’ 6)-

Proof. Let By = {w € Yo: [|w[3, < R}, where R > 0 comes from Lemma 16, and let 7 €

(&,2¢) be fixed (¢ comes from condition (H3)). We claim that the set G(t) = 5(t,t—7)Bo
is precompact in Yp for each t € R.

Everaldo de Mello Bonotto (ICMC-USP) Impulsive evolution processes June 14, 2024



A non-autonomous wave coupled system with impulsive action

Theorem 18

The impulsive evolution process (Yo, S, /M) ) is pullback S-strongly compact dissipative
with compact absorbing set K = {K(t)}tcr. Furthermore, there exists 6 > 0 such that
UtER K(t) Cc BYO(O’ 6)-

Proof. Let By = {w € Yo: [|w[3, < R}, where R > 0 comes from Lemma 16, and let 7 €

(&,2¢) be fixed (¢ comes from condition (H3)). We claim that the set G(t) = 5(t,t—7)Bo
is precompact in Y for each t € R. In order to do that, we write By = Ci(t) U G(t),
t € R, where

G(t)={we By: p(w,t —7)>&} and G(t) ={w € By: p(w,t — 1) <&}
and we prove that

Gt)=5(tt—7+S(t—r+& -GS t—T+S(t—T+&t—1)G(1).
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A non-autonomous wave coupled system with impulsive action

Theorem 18

The impulsive evolution process (Yo, S, /M) ) is pullback S-strongly compact dissipative
with compact absorbing set K = {K(t)}tcr. Furthermore, there exists 6 > 0 such that

User K(t) C By, (0,9).

Proof. Let By = {w € Yo: [|w[3, < R}, where R > 0 comes from Lemma 16, and let 7 €
(€,2¢) be fixed (¢ comes from condition (H3)). We claim that the set G(t) = 5(t, t—7)Bo
is precompact in Y for each t € R. In order to do that, we write By = Ci(t) U G(t),
t € R, where

Gt)={weBy: ¢(w,t —7)>¢&} and G(t) ={w € By: ¢(w,t —7) <&},

and we prove that

Gt)=5(tt—7+S(t—r+& -GS t—T+S(t—T+&t—1)G(1).

Let €0 € (0, 5) and define K(t) = Ujei<e S(t+ €t —€)G(t — ) which is compact in
Yo.
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A non-autonomous wave coupled system with impulsive action

Theorem 18

The impulsive evolution process (Yo, S, /M) ) is pullback S-strongly compact dissipative
with compact absorbing set K = {K(t)}tcr. Furthermore, there exists 6 > 0 such that
UtER K(t) Cc BYo(Oa 6)-

Proof. Let By = {w € Yo: [|w[3, < R}, where R > 0 comes from Lemma 16, and let 7 €

(€,2¢) be fixed (¢ comes from condition (H3)). We claim that the set G(t) = 5(t, t—7)Bo
is precompact in Y for each t € R. In order to do that, we write By = Ci(t) U G(t),
t € R, where

G(t)={we By: p(w,t —7)>&} and G(t) ={w € By: p(w,t — 1) <&}
and we prove that

Gt)=5(tt—7+S(t—r+& -GS t—T+S(t—T+&t—1)G(1).

Let €0 € (0, 5) and define K(t) = Ujei<e S(t+ €t —€)G(t — ) which is compact in

Yo. We prove that the family K = {K(t)}+er pullback S-absorbs bounded subsets of Yj.
Hence, (Yo, S, M I) is pullback S—strongly compact dissipative.
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A non-autonomous wave coupled system with impulsive action

Theorem 19

The impulsive evolution process (Yo, S, M, 7 ) admits an impulsive pullback attractor A=

{A(t)}ter. Moreover, there exists 6 > 0 such that | J,cp A(t) C By,(0,0).
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