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Motivation for optimal control problems on metric graphs: 
Gas networks and the need for DDMs



Motivation: space-time fractional diffusion (STFDE) network 
model with controls – friction dominated flow



Fractional integrals and derivatives



Integration by parts….



Further potential applications



The optimal control problem



Linear system for this talk



Augmented Lagrange approach 



AG à la Glowinski‘s Algortihm 3



DDM á la Lions for STFDE for 2 domains



DDM á la Lions for 2 domains: 
Steklov-Poincaré 



DDM á la Lions for 2 domains



Generalization to a multiple node



Realizing the Steklov-Poincaré setting



Realizing the Steklov-Poincaré setting



Convergence



Subsrtructuring: cutting out a star



Back to control



Two strategies: First decompose then optimize
or first optimize then decompose



First decompose then optimize: The 
Lagrangian



First optimize then decompose: The global optimality 
system



The non-overlapping DDM for the OS



DDM-update revisited



Previous work

• General domains (manifolds, continuous level, no controls; very selective 
list): Early work by P. L. Lions’1989 and O. Pironneau & J.L. Lions’1999 pursued 
later by J.-D. Benamou’1992-99 for elliptic and parabolic problems, A. 
Quarteroni’1988-16, F. Nataf’ 91-’, M. Gander’00-, G. Ciaramella’17-,L. 
Halpern’00-, J. Haslinger’00-14, J. Kucera,T. Sassi (Signorini-type contact 
problems), E. Engström, E. Hansen’22 (Robin-type p-Laplace)…M. Dryia, W. 
Hackbusch’97 (general finite dimensional(!) nonlinear problems)

• Time domain decomposition (continuous level; again very selective list): 
J.L. Lions, Y. Maday, G. Turinici’01, J. Salomon’07-, M. Gander’07-, F. 
Kwok’18-,G. Ciaramella’21 (semi-linear elliptic) ….(parareal/multiple 
shooting)…space-time…

• Optimal control problems: M. Heinkenschloss’00-11, M. Herty’07, S. 
Ulbrich’07, M. Gander,’00- F. Kwok’17-, V. Agoshkov’85-, P. Gervasio’04-16, A. 
Quarteroni’05/06, B. Delourme, L. Halpern, B. Nguyen’06, W. Gong, F. Kwok, Z. 
Tan’22 (overlapping domains) many others, for linear elliptic and parabolic 
problems (in almost all cases). M. Gander et al. 2024 

• Networked domains and optimal control (non-manifolds; multiple nodes in 
1-D and interfaces in 2- or 3-D): J. E. Lagnese & G.L. 2003, G.L. (et al.)  
2018-2022.

• New variational approach to the all-at-once approach: K. Urban et al. 2023



First decompose then optimize: (VOCP) yet another 
appproach



Equivalence of (DDM-OS) and (VOCP)



Theorem



FD approximation



Structure of the all-at-once system matrix



Numerical experiment #1: compare with exact 
solution



Example #1: errors 



Example #2: final state constant



Example #2: errors



Thank you for your attention!


