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Preliminaries



Preliminaries of Optimization

Consider the problem
min f(x), (UP)

xeR"

where x € R" is a real vector with n > 1 components and f : R” — R is
a smooth function.

e A point x* is a global minimizer if f(x*) < f(x) for all x;

e A point x* is a local minimizer if there is a neighborhood N of x*
such that f(x*) < f(x) for all x € N ;

e A point x* is a strict local minimizer (also called a strong local mini-
mizer) if there is a neighborhood A of x* such that f(x*) < f(x) for
all x € A with x # x*;

e A point x* is an isolated local minimizer if there is a neighborhood
N of x* such that x* is the only local minimizer in A/ .



Convex function
Let f : R” — R be a twice continuously differentiable function. We say
that f is convex if

f(tx+ (1 —t)y)<tf(x) + (1 — t)f(y), Vx,y € R" ¢t € [0,1]. (1))

Lemma 1.1
Let f : R” — R be twice continuously differentiable. Then f is convex if
and only if any of the following equivalent conditions hold:

fly) > f(x)+ VF(x)T(y — x),Vx,y €R" (2)

or

vIV2f(x)v >0,Vx,v ER" (3)

V.




Proof: We will prove the result by showing that (1)<(2)<(3).
(1)= (2): We can deduce (2) from (1) by dividing t and rearranging

fly +tix—y)) — f(y)
t

< f(x) = f(y)
Taking the limit t — 0 gives

VE(y) (x = y) < f(x) = f(y).



(2)= (1): Let x; = tx + (1 — t)y. It follows from (2) that

VE(xe) (x = x) = f(x) = (1= ) VF(xe) " (v = x)

(xt) - Xt f(xe
VF(xe) (y = xe) = F(xe) + tVF(xe) (v — x)

f Xt —+
f(Xt) +

Multiplying the first inequality by t and the second inequality by (1 — t)
and adding the results together gives

tf(x) + (1 = 0)f(y) = f(xt)

which is equivalent to (1).



(2)=-(3) First, for any t € R and v € R", using Taylor expansion we have
1
F(x+tv) = f(x) + tVF(x)Tv + EtZVTvzf(x)v + o(t?*)o(v?).

Moreover, it follows from (2), which implies
f(x + tv) > f(x) + tVFf(x)Tv, that

%t2vTV2f(x)v + o(t?)o(v?) > 0.

Cancelling the t? term and then taking the limit as t — 0 shows

VTV2f(x)v >0



(3)= (2): Using Taylor expansion we have

f(x)=f(y)+ VF(y) (x—y) + %(X —y) VP (x +7(x = y))(x —y),
for some 7 € [0, 1].

Then the desired result follows from (3) directly.

Strongly convex function

We say that f is p-strongly convex if

F() 2 F(x) + V)Tl —x) + Bl = yI2, ¥xy e R u> 0. ()




Lemma 1.2

Let f : R” — R be twice continuously differentiable. Then f is p-strongly
convex if and only if

vIVAF(x)v > v, Vx,v € R (5)

Proof:  The proof is left for exercise.



L-smooth function

A differential function f is said to be L-smooth if its gradients are
Lipschitz continuous, that is

IVF(x) = VE()l < LIx =y (6)




Necessary and sufficient conditions

Theorem 1.1 (First-order optimality conditions)

If x* is a local minimizer and f is continuously differentiable in an open
neighborhood of x*, then Vf(x*) = 0.




Necessary and sufficient conditions

e We call x* a stationary point if Vf(x*) = 0. According to the above
theorem, any local minimizer must be a stationary point. Note that

a stationary point may represent different situations.

e Consider
f(x) =sinx,x = km,

f(x) = x> x=0.
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Necessary and sufficient conditions

Theorem 1.2 (Second-order optimality conditions)

If x* is a local minimizer and V?f exists and is continuous in an open
neighborhood of x*, then Vf(x*) = 0 and V2f(x*) is positive
semidefinite.
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Necessary and sufficient conditions

Theorem 1.3 (Second-order sufficient conditions)

Suppose that V2f is continuous in an open neighborhood of x* and that
Vf(x*) =0 and V2f(x*) is positive definite. Then x* is a strict local
minimizer of f.
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Necessary and sufficient conditions

e The second-order sufficient conditions are not necessary: A point x*
may be a strict local minimizer, and yet may fail to satisfy the sufficient
conditions.

e A simple example is given by the function f(x) = x*, for which the
point x* = 0 is a strict local minimizer at which the Hessian matrix
vanishes.
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Necessary and sufficient conditions

Theorem 1.4

When f is convex, any local minimizer x* is a global minimizer of f. If in
addition f is differentiable, then any stationary point x* is a global
minimizer of f.
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An overview of optimization algorithms

Motivations: generate a sequence of points {xx} (xo given) such that
o f(xk) > f(xks1);
e {xx} is convergent
e the limit point is a stationary point.
Steps: (a) find a descent direction, i.e. find a dx € R"” such that
dTVF(x) < 0
(b) find a proper step along the direction dj
(c) stop the process when xy is close enough to the local
minimizer.
Classification The choice of various descent directions determines
various methods. (b) and (c) above are always required in
all methods.

Note:There are some methods which do not require f(xx) > f(xk+1)-
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An overview of optimization algorithms

Desecent direction

A descent direction d for f at x <= f(x+ pd) < f(x),p > 0 (small
enough)
f is differentiable:

Vf(x)"d < 0= d is a descent direction for f at x
f is convex and differentiable:

Vf(x)Td <0 <= dis a descent direction for f at x
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Descent direction

Using a first-order expansion,
f(x + pd) = £(x) + pVF(x)"d + pl|d||(pd) (7)

where  e(pd) - 0asp—0 (8)

Then (7) can be rewritten as
F(x) = f(x+ pd) = p (=VF(x)"d = ||dl|e(pd))

Consider that V£(x)"d < 0. By (8), there is p > 0 such that
~Vf(x)"d > ||d||e(pd),0 < p < p. Then d is a descent direction since
f(x)—f(x+pd)>0,0<p<p.
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Gradient Descent Method



Gradient descent method

e Choose initial point xp € R”
e Repeat
e Choose descent direction —Vf(xx) and step size t > 0
e Update
Xk+1 = Xk + tVF(xk) (9)
e Until stopping criterion is satisfied
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Convergence analysis

Lemma 1.5
For L-smooth f, the sequence{xx} produced by gradient descent satisfies
Lt 5
Fxir1) < Flx) =t (1= — ) [IVF(x)]
Note:

o if VA(x) # 0and 0 < t < Z, then f(xx1) < f(x), so gradient
descent with step size t € (0,2/L) is indeed a descent method.

e We can lower bound the decrease in function value in each step. In
particular, for 0 < t < %.,

F(%) = Fxi1) 2 519 ()l
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Convergence analysis

Theorem 1.5

If f is convex and L-smooth, and x* is a minimum of f, then for step size

te (0, %], the sequence{xx} produced by the gradient descent algorithm
satisfies

*[|2
* Xo — X
f(xk) — f(x*) < 7“ ik !
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Convergence analysis

Note:

o f(xk) ] " as k— oo.
e Any limiting point of x, is an optimal solution.

e The rate of convergence is O(1/k), i.e. the number of iterations to
guarantee f(xx) — f(x*) < eis O(1/€). For e =107 k = O(10°),
exponential in the number of significant digits!

e Faster convergence with larger t; best t = % but L is unknown.

e Good initial guess helps.
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Convergence analysis

Theorem 1.6

Let f be L-smooth and j-strongly convex. From a given xg € R9 and
1 >t >0, the iterates (9) converge according to

s = x*13 < (1 = t0) o — x5 (10)

In particular, or t = % the gradient descent iterates enjoy a linear
convergence with a rate of u/L.
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Line search

e Recall that the update rule of Gradient Descent requires a step size
tx controlling the amount of gradient updated to the current point at
each iteration.

e A naive strategy is to set a constant t, = t for all iterations. (see
(9)):
e This strategy poses two problems.

e A too large step size t can lead to divergence, meaning the learning
function oscillates away from the optimal point.
e A too small step size t takes longer time for the function to converge.

e Hence, a good selection of step size t is necessary to make the algo-
rithm converge faster.

e Two examples of such approaches are exact line search and backtrack-
ing line search.
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Line search

Exact line search:

For any descent direction py at xx, compute the step size t, by solving

t = in
k= arg min £ (xk + sp)

e In general, the above one-dimensional optimization problem for com-
puting tx cannot be solved exactly, and only an approximate solution
can be pursued.

e On the other hand, one my consider starting with the full step, i.e.
ty = 1, if this fails to satisfy the criterion in use, to backtrack in a
systematic way along the same direction. It seems fine as long as to
accept the ty,

f(Xk+1) = f(Xk + tkpk) < f(Xk).

e Unfortunately this simple condition does not guarantee that {xx} will

converge to a minimizer of f. 24



Line search

Now we look at two examples:

Example 1.1

f(x) =x2, xo = 2. If {px} = {(-=1) "'}, {ti} = {2+ 3-2=+D} then
{xx} = {(=1)%(1 +27%)}. Each py is a descent direction from x, and
f(xx) is monotonically decreasing with f(xx) — 1 as k — co. {xx} has
limit points £1, so it does not converge.

Example 1.2
f(x)=x% x =2 If {p} = {1}, {ts} = {2_"_1}, then
{xk} = {1 +27%}. Each py is a descent direction from xx, and f(x)
decreases monotonically, and x — 1 as k — co. But 1 is not a minimizer
of f.

V.
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Line search

What went wrong in both examples? In Example 1.1, we achieved very
small decreases in f values relative to the lengths of the steps. This can

be fixed as follows: pick an « € (0,1) and choose t, from among those
t > 0 that satisfy

fxk + tep) < F(xk) + ati V(i) pr. (11)

Equivalently, tx must be chosen so that

F(xkr1) < Fx) +aVF(xa) T (X1 — xk)- (12)
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Line search

It can be verified that this precludes the {xx} in Example 1.1 but not the
{xx} in Example 1.2. In Example 1.2, the situation is the opposite, the
steps are too small relative to the rate of decrease of . This can be fixed
by requiring

VF(xke1) e i= V(i + tep) " pe > BV (xk) T i (13)
or equivalently
V(1) (1 — x1) > BV () T (s — xi) (14)

where 5 € (o, 1). The condition § > « guarantees that (11) and (13)
can be satisfied simultaneously.
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Line search

Conditions (11) and (13) are based on work of Armijo (1966) and
Goldstein (1967). (11) is sometimes called Armijo's rule, and (13) is
sometimes called Goldstein's rule.
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Line search

Backtracking: The modern strategy is to start with t, = 1, and then, if
Xk + pk is not acceptable, “backtrack” (reduce t) until an acceptable
Xk + tipk is found.

Backtracking line search framework:
Given a € (0,3), 0</<u<l1
te = 1,
while f(Xk + tkpk) > f(Xk) + Ozthf(Xk)Tpk, do

tx := pty for some p € [/, u];

(*p is chosen anew each time by the line search*)
Xk+1 = Xk + tkPk;
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Training of machine learning
models



und: optimization in machine learning

e Machine learning aims to model observed data to make predictions
on unobserved data by:
(1) Parametrizing a set of model parameters w € R;
(2) Defining a loss function F(w) to measure the total discrepancy
between the model prediction and the real data;
(3) Finding the optimal parameters w* which minimize the loss F(w).
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e Consider minimizing the sum of functions:

min F(w) = % > fi(w).

e In the context of supervised learning:
o fi : RY — R is the loss of the i-th training data (xi, yi):

fi(w) := dist (NN(x), y;) ;

e F(w) is the empirical loss of the whole training dataset.

31



Example: linear regression

Given input variables x; € RY and the corresponding labels y;,
i=1,---,n, alinear regression model reads as

m|n - Z filw), with fi(w) = (WT(X,'; 1) — y,-)z.

20 -10 10 20 30 40 50 60
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Example: logistic regression

e Given features x; € RY and the corresponding labels y; = {0,1},
i=1,---,n, alogistic regression model reads as

=3 f(w), with fi(w) = —y; log(1 + €™
V?;']anz w), with fi(w) = —yix" w + log(1 + € ™).

Probability (1/0)

Model Output
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Loss function for neural networks

e Loss function for neural networks is in general high-dimensional and
non-convex with many local minima.
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Loss function for neural networks

e Loss function for neural networks is in general high-dimensional and

non-convex with many local minima.

e Reason for non-convexity:
If w* is a global minimizer of the loss function F(w), then any permutation
of neurons and its connected parameters in the hidden layer leads to the
same global loss and thus must also be a global minimizer.
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Minimization of loss function

(Ambitiuous) Goal:
Compute the global minimum of the loss function.
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Minimization of loss function

(Ambitiuous) Goal:
Compute the global minimum of the loss function.
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(More realistic) Goal:
Decrease the loss function value iteratively.
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Minimization of loss function

e How to iteratively minimize the high-dimensional loss function F(w)?

e Essentially all ML models are trained using gradient-type methods.
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Gradient descent

e Gradient descent (GD) (a.k.a batch gradient descent or full batch
gradient descent):

wktl = wk — ax(= ZV;‘

where « is a positive learning rate.
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Challenges with GD

e Computational cost
When n is large and no simple formulas exist, evaluating the sums of gradients
becomes prohibitively expensive.

e Redundant information
Each iteration goes over all samples where some samples may be redundant and

do not contribute much to the update.

e Bad local minima

38



Stochastic gradient descent

e Stochastic gradient descent (SGD):

e Choose an integer i uniformly at random from {1,2,---  n}.
e Update

W = Wk 0, VW),

where ay is a positive learning rate.

e Notes on SGD:

e Above, the index i is chosen by sampling with replacement.

e An alternative is to sample without replacement. Performing n steps
in this manner is referred to as completing an epoch.

e The full gradient is approximated by an unbiased estimate, i.e.,

E[Vfi(w)] = VF(w).

39



Convergence of SGD

Assumptions

1: The loss is bounded from below, i.e., F(w) > F* for all w € RY.
2: The loss is L-smooth, i.e., [VF(w) — VF(W)|| < L||w — w|| for all
w,w € RY.

3: B|VA(wk) — VF(w)[?] < o2

4: The learning rate satisfies o, < %

Convergence of SGD
Suppose that Assumptions 1-4 hold, we have:

e The expected loss decays up to the noise level:
F(Wk+1) < F(Wk) + ko’
o If >, ax =00 and >, a2 < oo, we have that

min ||VF(Wk)||2 —0 as K — oc.
k=1,...,K




Proof of convergence

For the first part, using that F is L-smooth

F(w ™) < F(wh) + (VF(wk), wktt — wh) + énwk+1 — wk|?
L .
= F(w") = an({VF(w"), g) + o5 llgll?, with g = VFi(w").

Moreover, E[||gx — VF(w*)||?] < 02 implies that
E[|lgxl|?] < 02 + |[VF(w¥)||>. Then taking expectations yields

L
F(w ™) < F(wk) — au[VF(w")|? + (yii((ﬂ + [ VF(wW9)I?)

If oy < % we have that

F(wk) < F(wk) + axo?
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Proof of convergence-Cont’'d

Notice that we have
L
o (1= ) [VF(wH)|? < F(w¥) = F(w*™) + a2 o?

Summing up, using F > F*, one can show that
K L K
> (1— aks) [[VF(WH)? < F(w!) = F* + 502 > aj.
k=1 k=1
Hence, if ax < 2, ay (1 ak2) > cay for some ¢ > 0, we then have

K
. L
\VF ||2cZak < F(w')—F"+ 50220&
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Proof of convergence-Cont’'d

The above estimate implies that

* K
F) —F L, S0 o

CZszl Ak CZkK:I Qg

For convergence as K — oo, it is required that

oo o0
E ) = 00 and E ai < oo.
k=1 k=1

min[[VF(wh)|P? <
k=1,....K

N
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SGD vs. GD

e Intuitively: SGD employs information more efficiently than GD;
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SGD vs. GD

e Intuitively: SGD employs information more efficiently than GD;

e Theoretically:
o GD: F(w*) — F* < O(p*) with p € (0,1)
The total work required to obtain an e-optimal solution by GD is
proportional to nlog(1/¢);
e SGD: E[F(w*) — F*] = O(1/k),

The total work required to obtain an e-optimal solution by SGD is

proportional to 1/¢;
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SGD vs. GD

e Intuitively: SGD employs information more efficiently than GD;

e Theoretically:
o GD: F(w*) — F* < O(p*) with p € (0,1)
The total work required to obtain an e-optimal solution by GD is
proportional to nlog(1/¢);
e SGD: E[F(w*) — F*] = O(1/k),
The total work required to obtain an e-optimal solution by SGD is
proportional to 1/¢;

e Key: For SGD, neither the per-iteration cost nor the convergence rate
depends on the dataset size n. Therefore, SGD is preferred when one
moves to the big data regime where n is large.
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SGD vs. GD

e SGD is less prone to overfitting because the data are chosen randomly.

Underfit Optimal Overfit
° ' ) o
= 5 k=3
8 8 g
g 3 3
> > >
5 = 5
=3 =3 =2
5 3 5
o o o
Predictor variable Predictor variable Predictor variable
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SGD vs. GD

e SGD is less prone to overfitting because the data are chosen randomly.

Underfit Optimal Overfit
o .
2 - o, 2
8 8 ® a0 O g
g 3 b o F
j=3 =5 °, a
] H i
o Ol a o
Predictor variable Predictor variable Predictor variable

e Use a validation set to indicate early stopping. “Early stopping is a
beautiful free lunch.” — Geoffrey Hinton at NIPS 2015.

Underfitting Overfitting

Loss

— training

early stopping \) Epochs
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SGD vs. GD

e The computation of SGD is faster as we take one data point at a
time, but SGD takes many more iterations to converge.

D

Gradient Descent Stochastic Gradient Descent

e SGD is more sensitive to outliers.
That means, while randomly choosing data points, if we encounter an outlier,
then it will take some more extra updates to get back on track of convergence.
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Mini-batch gradient descent

e Mini-batch gradient descent (mini-batch GD)
e Choose a random subset /x C {1,2,--- ,n} of size b < n;
e Update
1
k1 _ |k ok
W =wt — O‘k(g ZVﬁ(W ).

i€l

e Notes on mini-batch GD:

e Reduce the variance of the updates, more stable convergence;

e Make use of highly optimized matrix optimizations inside deep learning
libraries that make computing very efficient.

e Common mini-batch sizes range between 50 and 256, but can vary for
different applications.
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Comparison: GD, SGD, and mini-batch

— Batch gradient descent
— Mini-batch gradient Descent
— Stochastic gradient descent
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Comparison: GD, SGD, and minibatch SGD - Cont’d

— Ful \ — ful
—— Stochastic tochastic
I —— Mini-batch, b=10 — ini-batch, b=10
- | —— Mini-batch, b=100 - —— Mini-batch, b=100
8 | g
S | =
8 4 8 4
S S
8 8
< o
s
i g1
T T T T T T T T T
0 10 20 30 40 50 1e+02 1e+04 1e+06 Numerical
(a) Loss value vs. Iterations (b) Loss value vs. Flops

comparison for solving a regularized logistic regression
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Improved stochastic gradient methods

e Variance reduction of the gradient

e SVRG (Stochastic variance reduced gradient)
e SAG (Stochastic average gradient)
e SAGA

e Adaptive learning rate

AdaGrad (Aadptive Gradient algorithm)
RMSprop

e Adam

e Adadelta

e AdaMax

e Acceleration

e Momentum
e Nesterov accelerated gradient (NAG)
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Visualization

https://imgur.com/a/Hqolp

e The animation shows the behavior of algorithms at a saddle point;
e SGD, Momentum, and NAG find it difficult to break symmetry;
e Adagrad, RMSprop, and Adadelta quickly find the negative slope.
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Recap: optimization in machine learning

e Machine learning aims to model observed data to make predictions
on unobserved data by:
1. Parametrizing model parameters w € RY;
2. Defining a loss function F(w) to measure the total discrepancy;
3. Finding the optimal parameters w* which minimize the loss F(w).

e What we have learned about neural networks:

e Loss function is in general high-dimensional and non-convex;
e The parameters are optimized using the SGD;

e Does SGD converge?

e Can SGD be improved?
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SGD with momentum

e Observations about SGD:
e SGD takes a lot of time to navigate regions having a gentle slope;
e This is because the gradient in these regions is very small.
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SGD with momentum

e Observations about SGD:
e SGD takes a lot of time to navigate regions having a gentle slope;
e This is because the gradient in these regions is very small.

e SGD with momentum:

{Vk+1 = ay Vi(wi) + Bv,

Wk41 = Wk — Vi1,
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SGD with momentum

e Observations about SGD:
e SGD takes a lot of time to navigate regions having a gentle slope;
e This is because the gradient in these regions is very small.

e SGD with momentum:

{Vk+1 = ay Vi(wi) + Bv,

Wk41 = Wk — Vi1,

e Or equivalently:

W1 = wx — ax Vi(wi) + B(wk — wi—1);
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SGD with momentum

e Observations about SGD:
e SGD takes a lot of time to navigate regions having a gentle slope;
e This is because the gradient in these regions is very small.

e SGD with momentum:

{Vk+1 = ay Vi(wi) + Bv,

Wk41 = Wk — Vi1,

e Or equivalently:

W1 = wx — ax Vi(wi) + B(wk — wi—1);

e The term B(wy — wi_1) is referred to as the momentum term.
e When 3 =0, it reduces to SGD;
e Here, [ is a damping parameter slightly less than one, such as 0.9.
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Why momentum really works

(a) SGD without momentum (b) SGD with momentum
e Gradient descent is a man walking down a hill;

e Momentum is a heavy ball rolling down the same hill;

e Visualization.
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https://distill.pub/2017/momentum/

Nesterov accelerated SGD

e Nesterov accelerated SGD:

{Vk+1 = a,Vii(wk—fvi) + By,

Wk41 = Wk — Vk41,
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https://proceedings.mlr.press/v28/sutskever13.pdf

Nesterov accelerated SGD

e Nesterov accelerated SGD:

{Vk+1 = a,Vii(wk—fvi) + By,

Wk41 = Wk — Vk41,

e Or equivalently:

Wit1 = Wk — a  Vii(wi + B(we — wi—1)) + B(wie — wie—1);
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https://proceedings.mlr.press/v28/sutskever13.pdf

Nesterov accelerated SGD

e Nesterov accelerated SGD:

{Vk+1 = a,Vii(wk—fvi) + By,

Wk41 = Wk — Vk41,

e Or equivalently:

Wit1 = Wk — a  Vii(wi + B(we — wi—1)) + B(wie — wie—1);
e Or equivalently:
Wir1 = Wi — ax VEE(Wi);

{Wk = Wi + B(wi — wi—1),
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Nesterov accelerated SGD

e Nesterov accelerated SGD:

{Vk+1 = a,Vii(wk—fvi) + By,

Wk41 = Wk — Vk41,

Or equivalently:

Wit1 = Wk — a  Vii(wi + B(we — wi—1)) + B(wie — wie—1);

Or equivalently:

Wir1 = Wi — ax VEE(Wi);

{Wk = Wi + B(wi — wi—1),

e The scheme was invented by Nesterov in 1983;

Sutskever et al. (2013) popularized it in machine learning. 55
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Nesterov accelerated SGD

e Different from the SGD with momentum.

Momentum update Nesterov momentum update

“lookahead" gradient
step (bit different than
original)

momentum
step

momentum
step
actual step

actual step

gradient
step

Nesterov momentum. Instead of evaluating gradient at the current position (red circle), we know that our momentum is about to
carry us to the tip of the green arrow. With Nesterov momentum we therefore instead evaluate the gradient at this "looked-
ahead" position.

Momentum v.s. Nesterov
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Different implementation in PyT

e SGD with Momentum/Nesterov in PyTorch.

input : v (Ir), 6 (params), f(6) (objective), A (weight decay),

£ (momentum), 7 (dampening), nesterov, maximize

fort =1to ... do
9t < Veofi(0:-1)
ifA#£0
gt < gr+ A0
ifpu#0
ift >1
b« pby g +(1—7)g
else
b g
if nesterov
gt < gt + pby

else
gt < by
if mazimize
O < 01 + 79t
else
O, < 01— Y9

return 6;
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https://pytorch.org/docs/stable/generated/torch.optim.SGD.html

Coordinate adaptive learning rate

e Limitation: Use the same learning rate for all gradient coordinates;

e Q: Could we use different learning rates for different coordinates?
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Coordinate adaptive learning rate

e Limitation: Use the same learning rate for all gradient coordinates;
e Q: Could we use different learning rates for different coordinates?

e In other words, for 1 <j < d:
(Wiet1); = (wi)j — i (VHi(wi));-

Or equivalently:

Q.1 (Vf; (Wk))1
Wi —we— | % | o (Vi (wi)),
Qkd (Vi (wi))g
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Improving stochastic gradient descent

Problem:

Issues:

e Let X = Vfj(w)with / uniformly chosen at random in {1,...,n}
e In SGD we use X = Vfi(w) as an approximation of EX = VF(w)

e How to reduce VX ?
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Improving stochastic gradient descent

An idea

e Reduce it by finding C s.t. EC is “easy” to compute and such that
C is highly correlated with X

o Let Z, = a(X — C)+EC for a € [0,1]. We have
EZ, = aEX + (1 — a)EC

and
VZ, =a*(VX + VC —2C(X, C))

e Standard variance reduction: « = 1, so that EZ, = EX (unbiased)
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Improving stochastic gradient descent

Variance reduction of the gradient
In the iterations of SGD, replace Vf; (w(*~1)) by
o VEi (W) = V(W) + V(i)
where W is an “old" value of the iterate.
Important remark

e In these algorithms, the step-size 7 is kept constant

e |eads to linearly convergent algorithms, with a numerical complex-
ity comparable to SGD!
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Methods for finite sum minimization

e GD: at step k, use 2 37 ' Vfi(wy)
e SGD: at step k, sample ix ~ U[L; n], use V£, (wy)
e SAG: at step k,

o keep a “full gradient” £ 7 Vfi(wy ), with we, € {w1,..., wi}
e sample ik ~ U[1; n], use

i(ZV" o) = Vh(w, )+Vﬁk(wk)>,

In other words:

e Keep in memory past gradients of all functionsf;,i =1,..., n
e Random selection ik € {1,..., n} with replacement
Vf;'(Wk_l) if i = I'k

e lteration: wy = wix—1—2 3" 1 gi(i) with g (i) =
gr—1(i) otherwise
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e Keep in memory past gradients of all functionsf;,i =1,..., n

e Random selection ik € {1,..., n} with replacement
Vfi(wi-1)

o lteration: wy = wi—1—2 3" g (i) with g (i) = _
gr—1()

@ update costs the same as SGD
© needs to store all gradients Vf;(wy,) at “points in the past”

if i =iy

otherwise
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SAG

Stochastic Average Gradient

Initialization: initial weight vector w(®
Parameter: learning rate n > 0

For k =1,2,... until convergence do
e Pick uniformly at random ix in {1,...,n}
[ ]
_ VAEwEDY i i =,
gk(i) = . .
gk—1(1) otherwise
e Compute

1 n
) — k1) _p [ 257 g i
i i ! <n i=1 gk(l))

Output: Return last w(¥)
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SVRG

Stochastic Variance Reduced Gradient
Initialization: initial weight vector w

Parameters: learning rate n > 0, phase size (typically m = n or m = 2n).
For k =1,2,... until convergence do

e Compute V£ (W)
o Put w® « w
e Fort=1,...,m

Pick uniformly at random i in {1,..., n}
Apply the step

w(ttD) W — p(VE (w®) — VF (W) + VF(W))

o Set w«+ L3 wltt)

Output: Return w.
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SAGA

SAGA

Initialization: initial weight vector w(®
Parameters: learning rate n > 0

Forall i =1,...,n, compute go(i) < Vi(w(®)
For k =1,2,... until convergence do

e Pick uniformly at random ix in {1,...,n}
e Compute V£, (w(k—1)
e Apply

L1l .
Wk (k=1) _ n (Vﬁk(w(kl)) — gk—1(ix) + = ng_l(/))
i=1

e Store gi(ix) < Vf,-k(W(k—l))
Output: Return last w(k)
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Variance reduced methods

Convergence rate for f(wy) — (0.), smooth objective f .

SAG

Convex o

Stgly-Cvx O ) O(e ™) 0(1—(nnb)

Figure 1: Comparison between GD, SGD, and SAG (Fig. from
Sch-LeR-Bac-2013)
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e Variance reduced algorithms can have both:

e |ow iteration cost
e fast asymptotic convergence

However:

e High precision is not always useful
e Typically not used in deep learning:

e Memory constraints for SAG
e Convergence to “bad” (?) minima = bad generalization...
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Bad generalization in Deep Learning

Reasoning:

e There are 2 types of local minima: flat and sharp.
e Algorithm that converge to “high precision” may converge to sharper
minima.

e Sharp minima have poorer generalization performance.
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Challenges in Deep Learning

Challenges

e Non convex = Local minima

e Extremely large dimension

e Extremely large number of parameters (+ different scales)
e Bad conditioning + flat areas + saddle points

Ingredients of popular algorithms:

e First order
e Stochastic
e Momentum
e Different steps per coordinates : adaptive methods

Generalization and overfitting problems are poorly understood but:

e Noise helps
e “Too precise” methods (e.g. variance reduction, second order) are
not used. e.g.: SVRG is great for convex, but not even implemented
in Keras. 70



Adaptation: notations

e Same learning rate for all coordinates. Could we use a different learning
rate for all coordinates ?
e, forl<;j<d:

(Wh); = (W) = i (VA (W),
Equivalently:

Tlk,1 vﬁk(wk_l)l
k—1
K k—1 Tlk,2 o Vi (W™ )2

Mk, d Vi (W )a

o gt = V£, (W) stochastic gradient at k-th iteration: (w*); =
(W) = ms(g)s
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ADAGRAD

Most following algorithms are in the following framework:

k k=1 k_k
Wi =V 1 &

Special choice for step-sizes:
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ADAGRAD

ADAptive GRADient algorithm

Initialization: initial weight vector w®

Parameter: learning rate n > 0

For k =1,2,... until convergence do, component-wise.

e Forallj=1,....d,

k k—1 n k
Wi — w; — &

k T
Z‘r:l(gj )2 +e€

Output: Return last w(¥)
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ADAGRAD

Update equation for ADAGRAD

wk — wk1 _ n ng

Pros:
e Different dynamic rates on each coordinate
e Dynamic rates grow as the inverse of the gradient magnitude:
e Large/small gradients have small/large learning rates
e The dynamic over each dimension tends to be of the same order
e Interesting for neural networks in which gradient at different layers can
be of different order of magnitude.
e Accumulation of gradients in the denominator act as a decreasing
learning rate.
Cons:
e Susceptible to initial condition.
e Can be fought by increasing the learning rate thus making the algo-

rithm sensitive to the choice of the learning rate. 24



ADAGRAD - Summary of parameters

ADAGRAD:

ADAptive GRADient algorithm

Initialization: initial weight vector w°

Parameter: learning rate n > 0

For k =1,2,... until convergence do, component-wise.

e Forallj=1,....d,

Output: Return last w*
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Improving upon AdaGrad: RMS-prop

Idea : restricts the window of accumulated past gradients to some limited
size through moving average.

e starting point w®, constant e,

e new params : decay rate p > 0 Update:

k+1 K 77} K
wip =Wy mé’j
Adagrad:
o Gu=>"r 1(g)?
o nf =1

RMSProp ((for Root Mean Square Propagation)):

o Gu=pC T+ (1-p)(gf)
e 7)f =1 constant.
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RMSProp

Unpublished method, from the course of Geoff Hinton
http://www.cs.toronto.edu/~tijmen/csc321/slides/lecture_slides_lec6.pdf

RMSProp algorithm

Initialization: initial weight vector w®

Parameters: learning rate > 0 (default n = 0.001), decay rate p
(default p = 0.9)
For k =1,2,... until convergence do

e First, compute the accumulated gradient

2(/(71)

VAR = s 4+ (1 - p)(g*)?

e Compute
W(k""l) — W(k) - (Og

Output: Return last w(¥)
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Improving upon AdaGrad & RMSProp: AdaDelta

Idea :RMSProp + Second order style approach.

Less sensitivity to initial parameters.

Update:
k
Wil =k - U
j J m J
Adagrad: .
o jik = ZT:l(ng)z
o nf=1
RMS prop:

o Gk =pGr1+(1-p)gf)
° 7]}( = 7 constant.

Adadelta:
o Gk =pGur1+(1-p)gf)
e 7)f variable.
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ADADELTA

Update equation for adadelta

k+1) K) (Aw)? +e ©g"

w! = wl

Interpretation:

e The numerator keeps the size of the previous step in memory and
enforce larger steps along directions in which large steps were made.
e The denominator keeps the size of the previous gradients in memory
and acts as a decreasing learning rate. Weights are lower than in
Adagrad due to the decay rate p.
Inspired by second order methods (unit invariance 4+ Hessian approx-

imation)
Aw ~ (V3f)71VTF.
of
Roughly,  w 1 Aw
Aw =07 < 57 = a7
ow? ow? ow
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ADADELTA

AdaDelta algorithm

Initialization: initial weight vector w(®), (Vf)20 =0, (Ax)20 =0
Parameters: decay rate p > 0, constant ¢,
For k =1,2,... until convergence do

e Forallj=1,...,d,

e Compute the accumulated gradient

5(K)

VAR = oV 4 (1 - p)(e")?

e Compute the update

Aw)? + €
W _ ey _ V(AW) K

e Compute the aggregated update

@i = pBw?" ™ 1 (1 - p) (W — w0y

Output: Return last w(¥) 80




ADAM: ADAptive Moment estimation

General idea: store the estimated first and second moment of the
gradient and use them to update the parameters.

Equations - first and second moment

Let my be an exponentially decaying average over the past gradients

my = Bimi_1 + (1 — B1)g"

Similarly, let v; be an exponentially decaying average over the past square
gradients
Vi = Bavi—1 + (1 = B2)(g¥).

Initialization: mg = vy = 0.
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ADAM: ADAptive Moment estimation

With this initialization, estimates m; and v; are biased towards zero in
the early steps of the gradient descent.

Final equations

F= —0k o= Yk
Kk = k — .
1k 1— Bk
k) — k-1 _ 1 =
w w my.

Vi + e ,
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ADAM algorithm

Initialization: mg = 0 (Initialization of the first moment vector), vo = 0
(Initialization of the second moment vector), wy (initial vector of
parameters).

Parameters: stepsize 7 (default = 0.001), exponential decay rates for
the moment estimates (1, 5, € [0,1) (default: 51 = 0.9, 5> = 0.999),
numeric constant ¢ (default ¢ = 1078).

For k =1,2,... until convergence do

e Compute first and second moment estimate
m%) = gy m* 4 (1 By)gh v = gt 4 (1 By) (%)

e Compute their respective correction
k
2 mYy _ v
1- Bf 155

e Update the parameters accordingly 83



Adamax algorithm

Initialization: mo = 0 (Initialization of the first moment vector), up = 0
(Initialization of the exponentially weighted infinity norm), wp (initial
vector of parameters).

Parameters: stepsize 7 (default = 0.001), exponential decay rates for
the moment estimates (1, 5, € [0,1) (default: 51 = 0.9, 5> = 0.999)

For k =1,2,... until convergence do

e Compute first moment estimate and its correction
(
_ . m
m®) = gy mk=1 4 (1— B1)g*, sk = 0
e Compute the quantity

uk) = max(ﬁzu(k_l)., |gk\).

e Update the parameters accordingly

84
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Animation of Stochastic Gradient algorithms

https://imgur.com/a/Hqolp

Credits to Alec Radford for the animations.
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https://imgur.com/a/Hqolp 

What we have seen so far

e Why optimization is important, what makes it difficult
e Simple first order methods, from GD to SGD
e Acceleration techniques (momentum, Nesterov)

e Advanced first order methods, variance reduction and coordinate adap-
tive step sizes
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Newton Methods




Newton’s method

e At point x, if V2f(xx) is p.d., the function f(x) can be approximated
by a quadratic function based on the Taylor expansion:

f(x) = f(Xk)-l-Vf(Xk)T(X—Xk)—F%(X—Xk)Tvzf(Xk)(X—Xk) (15)
e The minimizer of (15) is given by
VF(x)=0 = VF(xk)+ V(x)(x

= X=Xk — [sz(xk)} Vi (x),
= x=x— [V*Ff(x)]

where — [V2f(xk)] -t Vf(xx) is called Newton's direction.
e Define
—1
Xk41 = Xk — [V2f(xk)] Vf(Xk),

and the resulting method of computing {xx} is called the Newton's
method. 87



Newton’s method

Newton’s method
Given xg, compute X1 = Xk — [V2f(xk)]71 Vi(xk), k < k+ 1. J

A key requirement for Newton's method is the p.d. of V2f(x).

Theorem 1.8

Assume that f € C? and that V2f(x) is Lipschitz continuous in B(x*,§)
with constant v, where x* is a local minimizer. If V2f(x*) is p.d. and
x(0 is close enough to x*. Then Newton's method is well defined and
{x(k)}, generated by Newton's method, converges to x* g-quadratically.
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Newton’s method

Proof:

e Since f € C? and V2f(x*) is p.d., there exists a §; > 0 (J; < §) s.t.
(a) V3f(x) is p.d. Vx € B(x*,d1)
(b) || [sz(x)]fl | <2M, Vx € B(x*,61), and M = ||[V2f(x*)] 1|

o Let 5, = min{51, ﬁ}

e Prove that if x(©) € B(x*,8,), x®¥) € B(x*,8,) Vk > 1.

e Since 6, < 0; < J, V2f(x) is Lipschitz continuous in B(x*,d5).
Obviously, we have

IVF(x+p) = VF(x) = VF()pll < Zlpl? Vx+p e B(x',5).

(16)

Note that x(9) is assumed to be close enough to x*. We can assume
that x(O) € B(x*,8,).
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Newton’s method

e Let x = x(K) and p = x* — x(K) in (16), we have

[V7(e7) = TF) + T )| < T 50 :
:>H— [V2f(x(k))] - Vf(x(k))+x(k) —x"|| < % H () H[VZf(X(k)] '
< AMI|xH — x| ?

2

*

k+1

= Hx(kﬂ) —x"

1 *
S

e By using induction on the above procedure, it is easy to see x(*) ¢
B(x*,d2). Therefore, Newton's method is well defined while the last
inequality implies the g-quadratic convergence. O
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Newton’s method

Attractiveness:

1. Simple

2. Quadratic convergence (Very fast)

Weakness:

1.
2.

Requiring the p.d. of all V2f(x) (O(n®) flops)
Matrix inversion (or solving a system of linear equations) (O(n®)

flops)

3. Second directives required

Locally convergent
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Quasi-Newton met

Background

Consider the following methods:

+ : very fast convergence if applicable

Newton’s method . . . L .
— . expansive, second-order information matrix inversion

+ : simple and inexpansive, guarantee descent
Steepest descent method
— 1 slow convergence
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Quasi-Newton met

Idea for new method

(a) no second-order information, i.e. no Hessian;

(b) fast convergence.
Remember

(i) first-order information normally gives slow (linear) convergence;

(i) second-order information normally gives fast (quadratic)
convergence.

What if we do not use the Hessian matrix but approximate it?
—This is the essence of quasi-Newton methods.
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Quasi-Newton methods

e In quasi-Newton methods, the inverse of the Hessian matrix is ap-
proximated in each iteration by a p.d. matrix, say Hy, where k is the
iteration index.

e The kth iteration has the following basic structure:

(a) set px = —Hugk, (8 = VF(x))
(b) line search along px giving Xk+1 = Xk + A«px,
(c) update Hx giving Hi1

e The initial matrix Hy can be any positive definite symmetric matrix,
the choice Hy = | often made.

e Potential advantages of the method are:

(i) only first-order information required;
(i) Hk p.d. implies the descent property; and
(iii) O(n?) multiplications per iteration.
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Quasi-Newton update formula

Much of interest lies in the updating formula which enables the
symmetric matrix Hy 1 to be calculated from Hy. One way of doing this
is the following. If the difference

Sk = Xk+1 — Xk (17)

vk = V(1) — VF(xk) = gke1 — 8k (18)
are defined, then the Taylor series gives
vk = Hi s+ o(|Isill)- (19)

Since s, and yj, can only be calculated after the line search is completed,
the matrix Hy does not usually relate them correctly. Thus Hy1 is
chosen so that it does correctly relate these difference, that is so that

kal)/k = Sk. (20)

This is sometimes called the quasi-Newton condition. %



Quasi-Newton update formula

Note: H, is an approximation for the inverse of Hessian. Sometimes a
direct approximation for the Hessian matrix is preferred, in this case (20)

becomes
Gk715k = Yk- (21)

This is normally called the secant equation.
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Quasi-Newton update formula

Perhaps the simplest possibility is to have the following symmetric rank
one update

Hip1 = Hi + auu’. (22)
Since (20) must be met, we have
(He + auuT)yk =Sk — auuTyk = sk — Hyyk.
Since a can be scaled up or down, we have

u = s, — Hiyk.

1
ulye”

(sk — Hiyi)(sk — Hiyi)
(sk — Hiyi) Ty '

In the case au’ yy =1= a=
formula

This gives the rank one update

Hi1 = Hy + (23)

Comments:
(1) If Hg is p.d., Hky1 may not be p.d.
(2) The denominator in (23) may be zero so Hy41 may not be defined.
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Quasi-Newton update formula

A more flexible formula is obtained by allowing the correction to be of
rank two, and such a formula can always be written

Hir1 = Hi + auu” + bw .
Again, we must have
Hy1yx = sk

This gives
sk = Hiyi + auu” yi + bw Ty, (24)

Now v and v are no longer determined uniquely. However, an obvious
choice in (24) is to try u = s, and v = Hyyk. Then auy, = 1 and
bvTy, = —1 determine a and b. Thus

ks B Hicyy,! Hi

25
Sy Yk Y Hiyx (25)

Hyy1 = Hi +

This formula was known as DFP (Davidon, Fletcher, Powell) formula. 98



Quasi-Newton update formula

Theorem 1.9
If Hy is p.d. and skTyk > 0, Hiqq in (25) is also p.d. J

Proof: For any z #£ 0, it is sufficient to prove

T T
SKS H H,
ZT<Hk+ Kok I k>z>0.
Sk Yk Vi Hiyk

In the rest of the proof, the subscript k will be omitted. Since H is p.d.,
we can write H=LLT, andleta=L"zand b = LTy, then

HyyH (a”b)’
T(H- —a'a— >
z < VT Hy z=a o 0

by Cauchy’s inequality. Since z # 0, equality holds only if a o b, that is
if zox y. But sinces’y >0,

]
(5, )220
s’y

which becomes a strict inequality if z oc y. Then the result is proved. [ g9



How to guarantee s/ y, > 07

Notice that SZ—yk = (Xk+1 — Xk)Tgk+1 — (Xk+1 — Xk)Tgk.

e Since (xk+1 — xk) "8 = AP/ gk and pi is a descent direction,
(Xk+1 — Xk)Tgk <0, then -— (Xk+1 — Xk)Tgk > 0.

T T
e Now look at (xk+1 — xk)' gk+1 = AkPy Gk+1-
e If an exact line search is used, i.e.

Ak = arg mAin f(xk +Apk) = plari=0.

This together with — (i1 — Xk)Tgk > 0 imply s/ yx > 0.
e If an inexact line search is used, say backtracking, from the Goldstein
rule, we have
8se > Bal sc > gl s = siye>0.

e So SkTJ/k > 0 can always be achieved.
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BFGS

e The most important formula was suggested by Broyden, Fletcher,
Goldfarb, and Shanno independently in 1970, and is known as BFGS
formula

T T
Hiyi\ sks Sk Hk+Hk Sy
HEEES = s (14 L) 2% (S0 LR ) o)
Kk Yk Kk Yk Kk Yk

o If H71 is denoted by B which approximates the Hessian, then it can
be verified (with BH = [) that

T T
BBFGS — B, YeYi _ Brsksi Bk
k+1 T TB :
Yi Sk Sy DkSk

(27)

e This resembles the DFP formula (25) but with the interchanges B <—
H and y <— s having been made. Formulae related in this way are
said to be dual or complementary. Similarly, it follows from (26) that

"B T "B B
Bx?ff — B, + (1 + Sk Tksk) }/kTyk . < YkSk Bk + BiSkY ) ) (28)
Yy Sk Yie Sk yk Sk
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BFGS

Comments:

(1) Taking the dual operation twice restores the original formula.
(2) The quasi-Newton condition (20) is preserved by the duality
operation.

(3) It can be established that the rank one formula is self-dual.

(4) By far, the BFGS method is best known quasi-Newton method.

For BFGS, we can prove
1. 10f BEFGS is p.d. and s yx >0, BELGS is also p.d.
2. {HEFC} is bounded, therefore the BFGS method is well-defined.

3. If x* is a locally minimizer and x, — x*, then x; converges x*

g-superlinearly.
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Limited-memory BFGS method

e The inverse Hessian approximations generated by the BFGS formula

(26) are usually dense, even when the true Hessian is sparse.

e The cost of storing and working with these approximations is pro-

hibitive when n is large.

e To address this issue, a limited-memory variant of the BFGS method,
which is called L-BFGS method.

e The L-BFGS method only requires storing a sequence of vectors g
and s, from the most recent iterations to compute H Vf(xx) without

construting Hy explicitly.

e It turns out that the L-BFGS method is fairly robust, inexpensive, and

easy to implement.
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Limited-memory BFGS method

e Note that the BFGS formula (26) can be rewritten as
H;\/,l = \/kTHk Vk + /)kSkSkT (29)

with s, = Xk4+1 — Xk, Yk = Vf(Xk_H) — Vf(Xk),pk = )’Z—%' and V =
I — PkykSkT-
o At iteration k, we denote by xx the current iterate and by {s;,y;}

i=k—m,--- k—1 the set of vector pairs including the curvature
information from the m most recent iterations.

e We choose some initial inverse Hessian approximation H (e.g., HY =
~Ykl, vk > 0), and then apply the BFGS formula (29) repeatedly.

104



Limited-memory BFGS method

One can easily show that the approximation marix Hy is given by the
following formula:

Hi :(thlv Tt Vkam)HI?(Vk*mv M) kal)

+ pkfm(VkT,l, R thm+1)5k7m5[7m(vk7m+ly R Vk*l)
+ pk7m+1(vk7;1a T thm+2)5k—m+15ktm+1(Vk7m+2-, T kal)

T T
+ pr—2Vi_15k—25_oVik — 1
T
+ Pk—1Sk—1Sk_1-

Note that, in contrast to the standard BFGS iteration, the initial
approximation HY is allowed to vary from iteration to iteration.
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Limited-memory BFGS method

With the above expression we can derive a two-loop recursive procedure
to compute the product HVf(x) efficiently.

L-BFGS two-loop recursion
e qg= Vi
efori=k—1k—-2...,k—m
Compute a; = p;s; q and update g = q — a;y;;

end for

r=Hdgq;
fori=k—mk—m+1,... k-1
Compute 3 = p;y;" r and update r = r + s;(a; — f3);

end for
Output: r = H, V£
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Hands-on practice session using Python

e The code tutorial is available at:
link to code

e Please first install the Google Colab:
link to Colab

e After that, it is possible to open the tutorial with the Colab.
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https://drive.google.com/drive/folders/1ckqS8jYDwTqRW8iwWmBgl7okJL8lfxCo?usp=drive_link
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