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Introduction

nverse problems consist in identifying from observations the causes that produced them.
For Scalar Conservation Laws and Hamilton-Jacobi equations, we consider the inverse
oroblem consisting in the reconstruction of the initial condition for a given observed
solution at some positive time.

Given up(z) = u(T, x), can we reconstruct ug(x) = u(0, x)?

Main issues:
» Characterization of the reachable set (admissible observations).
» lack of backward uniqueness due to the apparition of shocks.

» Reconstruction of all the initial conditions which are compatible with the given
observation ury.

» The observation might be noisy (construction of the "closest” admissible
observation).

Scalar conservation laws
We consider the following scalar conservation law (Burgers equation):
2
v

atv—k(?x(z):() in (0,7) xR
v(0, ) = vo(x) in R.
For any vy € BV (RR) there exists a unique entropy solution v € BV ((0,7T) x R).

(SCL)

T he reachable set
For any 7" > 0 we can do the following partition of BV (R):

BV (R) = {Reachable targets in time T'} U {Unreachable targets in time 7'}

One-sided-Lipschitz condition: A function v € BV (RR) is reachable if and only if

- . Y Vi,yeR (OSLC)

vr(z) —vry) <

It is also known as the Oleinik condition.

Lack of backward uniqueness

Backward uniqueness is lost due to the formation of shocks.
(the characteristics cross each other)
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The entropy solutions associated to the initial conditions v} and v coincide at time T,
and both are indistinguishable thereafter.

The optimal inverse design

Let 7" > 0 and vy € BV(R). We consider the optimal control problem

min /R (Stup(z) — vr(x))da

Opt-I
’UQEBV(R) ( P nV)

where S;vy is the entropy solution to (SCL) at time 7', with initial condition .

Theorem [2, 3]: The unique solution to (Opt-Inv) is given by v = Srvr where S, vr
is the backward entropy solution to (SCL) with terminal condition vp.

Equivalence between (scL) and (HJ)

If N =1, we have that v € BV((0,T) x R), with compact support, is an entropy
solution to (SCL) if and only if

u(t, x) = /flf v(t, y)dy
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is a viscosity solution to (HJ).
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Hamilton-Jacobi equations

We consider the Hamilton-Jacobi equation

In (O,T) X RN (HJ)
u(0, z) = up(x) in RY.
For any ug € Lip(RY) there exists a unique viscosity solution u € Lip((0,7) x RY).

Initial data reconstruction

Theorem [1]: Let 7' > 0 and ur € Lip(R?) be a reachable target. We set the function
up(x) == Syur(z), i.e. the backward viscosity solution to (HJ) with terminal
consition ur.
The initial condition ug € Lip(RY) satisfies S;uy = ur if and only if

> uo(z) > ug(x), Vo e RY, and

> up(z) = ug(x), Vz &€ Xp(ur), where Xp(ur) is the set given by

Xr(ur) = {z — T Vur(z); V2 € RY s.it. ur is diff. at 2} .

<

The inverse design is uniquely determined in Xp(up) (green region), whereas in its
complementary we can only deduce a lower bound (backward uniqueness is lost).

U

Projection on the reachable set

If the given target ur is unreachable, we can project it in the set of reachable targets by
solving (HJ) backward and then forward in time, i.e.

up = Sr(Spur),

where S; and S;. are the forward and backward viscosity semigroups associated to (HJ).

Theorem [1]: Let T > 0 and uy € Lip(R"). The function u% = S} (S, ur) is the

unique viscosity solution to the elliptic obstacle problem
1 N
min{gp—uT,—)\N {ngp—f} s — () In RN,

where D?p is the Hessian matrix of ¢, and for a symmetric matrix A, the notation \y[A]
stands for the greatest eigenvalue of A.

Semiconcave envelope:
The function w7 is the smallest
reachable target bounded from
below by ur.

ur U

Perspectives and open problems

Inverse design for Scalar Conservation Laws

1. Consider convex-concave fluxes f. More realistic choice to describe, for
instance, pedestrian flows.

2. Systems of Conservation Laws Euler equations or shallow water equations.
Inverse design for Hamilton-Jacobi equations.
1. L*-projection on the reachable set. Different from backward-forward projection.

2. Space-depending Hamiltonians. Implement reconstruction technique to
Hamiltonians H(x, Vu) depending on the space variable.
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