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Nonlocal conservation laws and applications Numerical illustrations

Nonlocal conservation laws have been intensively studied over the last decade, in particular We present some numerical simulations [5, Section 5] illustrating the convergence.

with reference to applications in traffic flow, supply chains, pedestrian flow/crowd dynamics, We simulate not only the case of exponential kernels (top), but we further demonstrate that
opinion formation, chemical engineering, sedimentation, conveyor belts, etc. the result should stiII hold for general nonlocal kernels by using as “worst case” a constant
We aim to close the gap between local and nonlocal modeling of phenomena governed by kernel W, |q,|(%, x) 1fx nqn t,y)dy (bottom). As initial datum, we take the function
conservation laws. qo = 2)(( b+ XR_; From left to right 1) is decreasing, n € {10 L1072, 10 3} The

For a nonlocal parameter n € R. and time horizon T" € R, we consider the nonlocal rightmost figure is by eye' not distinguishable from the corresponding Iocal solution.

conservation law
) atqn(t7 CIJ) + 8$()\(W77[Q77](t7 x))QT]@? fl?)) — 07 (tv CIZ’) = (Oa T) X Ra
(0, ) = qolx), z € R,

with

Wilal(t.2):=3 [ exp(Ehaft) g, (t.0) € 0.T) xR

Let ¢ : (0,7) x R — R be the entropy solution of the corresponding local conservation law

Dug(t,2) + 0:(Ma(t, 2)q(t,2) =0, (t,2) € (0.T) xR, . . /

\Q(Oa flj) — QO(x)y r € R. |

We assume ¢y € L®°(R;Rx¢) NTV(R) and A € W,"°(R) : N(s) < 0 for

S € (ess— inf,cr qo(x), HQOHLOO<R>).

We are interested in proving that g, converges to g as 7 — 0, i.e. when the nonlocal weight
approaches a Dirac distribution.
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Next, we illustrate the solution of the nonlocal balance law with exponential kernel (top left)
and constant kernel (bottom left) supplemented by the piecewise constant initial datum
qo 2)(( Lyt XR, : and its corresponding nonlocal term plotted for ¢ = 0.5 and

Such “nonlocal-to-local” convergence result provides a way of defining the entropy admissible : ) ;
ne {107, 10~ 10 }. On the top right and bottom right, we also show the evolution of

solutions of local conservation laws as limits of weak solutions to nonlocal conservation laws

: : : " : the corres ondln total variations.
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where ¢* is the entropy solution of the local conservation law.
Related works and open problems

» Is it possible to obtain the same convergence results for kernels which are not of
Key ideas of the proof exponential type (see [, Section 6])? See the simulations above for constant kernels
and the ones in [12, Section 7].

» What is the relationship between the controllability of nonlocal conservation laws and the
controllability of the corresponding local equations? In case 17 > 0, recent controllability
results have been obtained in [2].

» Existence and uniqueness for 17 > 0 (without entropy condition) were obtained in
[10] by a fixed-point argument.
» We observe that the nonlocal term W, |q,| is Lipschitz continuous and satisfies

the following transport equation with nonlocal source in the strong sense . o . e .
& P . & » Nonlocal-to-local singular limits with artificial viscosity: [6,8].

o
oW, + AW, 0, W), = —%/ exp(x—;y))\'(Wn(t, y))0,W,(t,y)W,(t,y)dy, » Well-posedness of nonlocal conservation laws with rough kernels: [7].
X
0
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