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Examples of Machine Learning

Classification Regression Generation
it
e Why it works : Universal approximation property (UAP),

f(x) = fo(x);

@ How it works : Optimization (training),

N
inf ) Loss(fo(x).f(xi)) +1(O).

i=1

Figures are generated by Gemini 3.1 Pro.
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Shallow (One-hidden-layer) Neural Network

Formulation:

f(x;0) =

Hidden Layer

Input Layer Output Layer

™=

wo({a;, x) +b;),
=

where
° 0= {(wi/ai/ bl) € ]Rd+2}zl‘):1;

@ 0 is an activation function.

UAP: A Historical Overview

Qualitative Results Quantitative Bounds
o Wiener (1932) @ Barron (1993)
o Cybenko (1989) @ Bach (2017)
@ Hornik (1991) o Klusowski-Barron (2018)
° .. e E-Ma-Wu (2022)
@ Pinkus (1999) o Siegel-Xu (2024)...
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Neural ODEs

The neural ODEs (NODEs) (E 2017, Chen et al. 2018) read

x—ZW i(Hx+Bi(t)), xeR%te(0,T],
x(O) =X € le.

Here o is the Hadamard product (a,b) o (c,d) = (ac,bd), and P is the width of
the neural network. The parameters A;(t), W;(t) and B;(t) depend on time.

Related works:
o Controllability: [E 2017], [Agrachev et al. 2022], [Geshkovski et al. 2022]
o Approximation: [Osher et al. 2022], [Alvarez-Lépez et al. 2024]
o Long-time behavior: [Geshkovski et al. 2022]
@ Formal limit of ResNets: [Massaroli et al. 2020], [Sander et al. 2022]
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Neural ODEs

The neural ODEs (NODEs) read

= f Wi(t) o o (Ai(H)x + Bi(1)), xcR%Lte (0T,
i=1
x(O) =X € le.

Disadvantages of NODEs:

@ The number of parameters ((d + 3)dMP) scales as the number of time steps
M = High complexity

@ Impossible to calculate the solution after T

Motivation:
e Can NODE approximate an ODE system for t € [0, T]?
e How to compute x(t) after T?
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SA-NODEs

The semi-autonomous neural ODEs (SA-NODEs) read

P
=Y Wioo(Alx+ A% +B;), xcR%,te0,T],
i=1

x(0) = xp € RY.

1=

Here the parameters W;, Ail, Alz and B; are constant matrixes.

Advantages of SA-NODEs:

@ The number of parameters (Pd(d + 3)) is independent of time steps.
= Low complexity

@ Able to calculate the solution after T
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Universal Approximation Theory

To approximate an ODE system

z(t) =f(z(t),t), t€][0,T],
z(0) = zo,

by SA-NODEs, we obtain the universal approximation theory

Theorem (Li, Liu, L., Zuazua, 2024)

Let f be uniformly Lipschitz in z with respect to t. For any compact set K C R4
and any € > 0, there exists a constant P, x f such that for any P > Pk s, there
exist parameters (Wi,Ail,Alz,Bi) eERY xR « RYEx RY, fori=1,...,P, such
that

1220 () = %20 ()l (orrey S & V20 € K.
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Approximation Rate

Further, we obtain the approximation rate with respect to the number of neurons
P

Theorem (Li, Liu, L., Zuazua, 2024)

Let f € HE (R x [0,T); RY), fork > (d+1)/2+2. Fix any compact set

loc
K C R4, Then, for any P > 3, there exist parameters

(W;, A}, A2,B;) € R x R4 x R x RY, fori=1,...,P, such that

Crf
(1220 () = %z () [l oo 0,17 Re) < " Vzo € K,

where Cr ks is a constant independent of P.
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Transport Equations

The transport equation of divergence form (continuity equation):

{Btp(x,t) +dive(f(x, t)p(x,t)) =0, (x,t) € R? x [0,T],
p(x,0) =po(x), x€ R

The characteristic system of the transport equation is

)= (%), ren

(};((SD B (POJ(CSCO))'
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Transport Equations

The approximated characteristic system:

1(2) = oot me)

dt
<§§ ((g))> N (POJ(C?CO)> '

The corresponding neural transport equation [Ruiz-Balet, Zuazua 2024]:

te[0,T],

{Btp@)(x, t) 4 divy (fo (x, t)pe(x, 1)) =0, (x,t) € R? x [0,T],
po(x,0) =po(x), xR
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Transport Equations

We obtain the approximation theory of transport equations

Theorem (Li, Liu, L., Zuazua, 2024)

Let po be a probability measure supported in a compact set K such that
po € IL2(K).Then, for any P € N, there exist parameters
0= {(Wi,Ail,Alz,Bi) le such that

CTfPo
sup Wy(p(-,t),p0(- 1) < —%,
te(0,T] VP

where Cr o, is a constant independent of P, W1 (-, -) is the Wasserstein-1

distance, and p(-,t) (resp. pe(-,t)) is the solution of the transport equation (resp.
the neural transport equation) at the time t € [0, T].
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Approximating ODEs: Workflow

Exact Solution

z(t)
Y
dx o -
M = =folx, 1) x(t) L(©®)
dt
ODE Solver Numerical Loss
Solution

Neural Network

18/61



Approximating ODEs: Training Dataset

For an ODE system

£(t) =f(z(t),1), tel0,T],
z(0) = zg

Data: N trajectories D = {z(-)}_, c C([0, T); RY).

In practice: D = {z(t))}y; CRY, fork=1,...,N, I=1,..., M.
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Approximating ODEs: Loss Function

Data: D = {z(t)}x; CR? fork=1,...,N,I=1,...,M.

Lipschitz Constant: HE 1 [Wil o |AY| 2

Loss Function:

: 1
Y Wilo ATl

| N M ,
7MZZ zi(t) — 2 (4,0))" + A
k=11=1 =1

~> Stochastic gradient descent
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Approximating Transport:

Workflow

Numerical
Solution
d
o = folx(t),h) —>{x(t,0)
dp .
I —dv (fe(x(®), )p —>p(t, ©)
Neural Network ODE Solver
x(t1)
L®)
p(tr) Loss

Exact Solution
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Approximating Transport: Data & Loss Function

Data: D = {xk(tl)/pk(tl)}Ik = 1/2/' o /N/ I = 1r2/' o /M-

Loss Function:

= = L () =0t ©)% + (o) — i1, ©0))°)
P
A ;|Wi|°||Azl||e2

7

~ Stochastic gradient descent
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ODEs: Autunomous & Nonlinear ODEs

Approximate autonomous and nonlinear ODE system:

z] = Zp,
zy = —sin(z).
. SA-NODES R Exact Teo1 Errors of SA-NODES
— Training Dataset 35| — Taining Dataset
s Testing Dataset o 7| — Testing Dataset
20
4 4
15
10
00
" - o5
6 -6 -10
[ S 2 4 6 [ S e 2 4 6 0 1 2 . 3 4 s
Figure: SA-NODEs and exact solution Figure: Errors
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ODEs: Non-Autunomous & Nonlinear Case

Approximate non-autonomous and nonlinear ODE system:

21 = 29,
Zp = z1 — 23 + 6 cos(wt).

SA-NODEs Exact le-2 Errors of SA-NODEs
¢ —— Training Dataset N —— Training Dataset
—— Testing Dataset
3 3 8
2 2
.
1 1
~ o o ga
2
- -2
o
3 2 1 o 1 2 3 3 2 -1 o 1 2 0 1 2 3 4 5
N
Figure: SA-NODEs and exact solution Figure: Errors
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Comparison with Vanilla NODEs

Approximate autonomous and nonlinear ODE system:

1 = 2y,

Zy = —sin(zy).

Vanilla NODES Lot Errors of different NODEs

— T
— st

Vanilla NODES |

— sanooz:
150 /

v

b L L s W s

(a) Vanilla NODEs, SA-NODEs and exact solution. (b) Testing errors.

Figure: Comparison of vanilla NODEs and SA-NODEs.
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Comparison with Vanilla NODEs

Approximate autonomous and nonlinear ODE system:

Z1 = 2,
Zp = —sin(zy).
Comparison of errors by epochs Comparison of errors by training size
175 —— SA-NODEs —— SA-NODES
. —— Vanilla NODEs 2.04 —— Vvanilla NODEs
1.50 1
1.25 1 154
. 1.00 1 .
5 5
& 5104
0.75 1
0.50
054
0.25 1
0.00 0.0
. . . . . . , . ‘ . . , . !
0 2000 4000 6000 8000 10000 0 250 500 750 1000 1250 1500 1750
Epoch Trajectories

Figure: Comparison on epochs and training size.
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Transport: Non-Autonomous Case

For the non-autonomous transport equation:

9ip(x,y,t) + div ((sin(x) sin(y)) p(x,y,t)) =0,

142 1+

p(-,0) = po.
Initial measure for trainxing:
p5ain (x,y) = 0.5.
Initial measure for testing:

2.2
test _ Xy

po (v y) =e 4

Error for testing:
ereet (1) = e (- t) —p( Bl re)
et (- 0) It (w2
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Transport: Non-Autonomous Case

(SA-NODES) (SA-NODES) (SA-NODES) (SA-NODES) (SA-NODES) (SA-NODES)

-2

(Vanilla NODEs) t=5 (Vanilla NODES)

] 2 0 2 4

t=4 (Exact) t=5 (Exact)

Figure: SA-NODEs, vanilla NODEs and exact solutions

12
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Transport: Non-Autonomous Case

le—2 Errors of SA-NODEs le—1 Errors of different NODEs

—— Training Dataset 3.0 —— Vanilla NODEs
—— Testing Dataset —— SA-NODEs

2.5

2.0

2 1.0

0.51

0.01

Figure: Errors of SA-NODEs and vanilla NODEs on transport equation.

Z. Li, K. Liu, L. Liverani, E. Zuazua. Universal Approximation of Dynamical Systems by
Semiautonomous Neural ODEs and Applications. SIAM Journal on Numerical Analysis, 64(1),
2026.
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PDEs and Traditional Numerical solvers

@ We consider a generic class of PDEs modeled by

ouu(t,x) + Lla](u)(t,x) = f(t,x) V(tx) € [0,T] x Q,
u(0,x) = up(x) Vx € Q,
Bu(t,x) = uy(t,x) V(t,x) € [0,T] x 9Q).

A numerical solver of the PDE tries to find the numerical approximation of
(t,x) — u = ug.

o Traditional Numerical Methods:
> Finite Element Method (FEM),
» Finite Difference Method (FDM),
» Finite Volumn Method (FVM).
o Challenges of Traditional Methods:
» PDEs in high-dimensional spaces and complex domains.
> Problems requiring repeated but expensive simulations, e.g., inverse problems
and optimal control of PDEs.
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Scientific Machine Learning for PDEs - function learning

Solution learning methods: using NNs to approximate the solution
function of a PDE

@ Deep Ritz method [E and Yu, 2017]
o Deep Galerkin method [Sirignano and Spiliopoulos, 2017]

@ Physics-informed neural networks (PINNs) [Raissi, Perdikaris, and
Karniadakis, 2017]

o Weak adversarial networks [Zang, Bao, Ye, and Zhou, 2019]
@ Random feature methods [Chen, Chi, E, and Yang, 2022]

Typical applications:
@ High-dimensional PDEs.

o Complex geometries.
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Operator Learning

We consider a class of non-stationary PDEs modeled by

dru(t,x) + Lla](u)(t,x) = f(t,x) V(tx) €[0,T] x Q,
u(0,x) = up(x) Vx € Q,
Bu(t,x) = uy(t, x) V(t,x) € [0,T] x 9Q).

e Parameters: v C {f,a,ug, u}.
o Goal of operator learning;:

‘sz‘lﬁzv»—mu

where ¥1 is the solution operator , which maps v to the solution 1, by a
neural-network—based functional ¥y with trainable parameters 6.
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Scientific Machine Learning for PDEs - operator learning

Operator learning methods: using NNs to approximate the solution
operator of a PDE

@ Deep Operator Networks (DeepONets) [Lu, Jin, Pang, Zhang, and
Karniadakis, 2019],

Physics-Informed DeepONets [Wang, Wang, and Perdikaris, 2021]

Fourier Neural Operator, Graph Neural Operator, [Li, Kovachki,
Azizzadenesheli, Liu, Bhattacharya, Stuart, and Anandkumar,2021]

The Random Feature Approach [Nelsen and Stuart, 2021]
In-Context Operator Networks [Yang, Liu, Meng, and Osher, 2024]

Typical applications:
@ PDEs discovery: model and predict unknown physics through data.

@ Acceleration: speed-up computationally expensive simulations.
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Encoder-decoder-net architectures

@ Learning an infinite-dimensional operator ¥1: V — /.

Encoder: Ey, Dy,

> Vy-------mm - - >V

I 1

N 1

A AY 1
+ pprox: [ -
Y Yo Yo~ P 4 II :‘P

4 1

U U enn ST

" Decoder: Dy h€==- -E-u ------

@ An encoder-decoder pair (Ey,Dy) on V, ie., Ey:V — RY, Dy :RY — ),

@ An encoder-decoder pair (Ey,Dy) on U, ie., Eyy : U — R%, Dy : R% — Y.

@ These encoder/decoder pairs imply a finite-dimensional function
YV Uy 9(0) =Eyo¥ oDy(Q), YLEV,

and then Dy oo Ey = gt
@ Using a neural network g: V), — Uj, to approximate 1, we obtain an
encoder-decoder network ¥g: V — U:

Yy Z:DuOl/JgOEV %T+.
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A concrete example: Heat equation

We consider the 1D heat equation
oru(t,x) — Au(t,x) =0, V(tx)e€[0,1] x[0,1],
u(t,0) =u(t,1) =0, Vtel0,1],
u(0,x) =up(x), Vxe][0,1].
The obective is to use a neural-network—based functional ¥y to learn the mapping:
Yo = ¥ ug - u

Learn from numerical solutions with different initial conditions. (need
discretization)
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Step 1: Encoding (Discretization and preparing training
dataset)

We discretize space and time into uniform mesh:
e Space: [0,1] — Ny points: (x1,x2,...,%N,)
o Time: [0,1] +— N7 points: (t1,tp,...,tN,)
Let Ny, denote the number of samples of 1, then the training dataset is:

{u]({],h’uﬁ}’ k: 1/21'~-/Nu0

where Uy, = (1o (x;)) 0y € RNs, UE = (u(t;, ;) 2117, € RNNT Al the

training data is computed by the Finite Difference Method (FDM).
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Step 2: NODE surrogate (Approximation and training)

Suppose that U" can be seen as values at different times of the solutions of an

ODE with |n|t|a| data U . We use Uy to approximate U, and we present this
ODE by the apprOX|mat|on of the following NODE:

d P
5o = p;w,, o o(ApUy + Ajt+By),

Up(0,x) = Uy, € R™

Then the loss function to train the NODE is:

Ny Ny Np

L) = NUNXNT L LY

k=1i=1j=1

bt Et|” + R0
(U( — U (x;,t7)| + R(0).

Here, R(6) is a general regularization term.
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Step 3: Decoding (Reconstructe PDE solution)

After the latent dynamics are learned, the PDE solution u is reconstructed from
the NODE outputs 1y

u(t,x) ~ug(t,x) = %: (Up(t)), ai(x), VY(tx) € [0,1] x [0,1],
i=1

where «; is the P1-FEM basis centered at x;.
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General framework for v — u
For a class of non-stationary PDEs modeled by

owu(t,x) + Lla](u)(t,x) =f(t,x) V(t,x) €[0,T] x Q,
u(0,x) = up(x) Vx e Q,
Bu(t,x) = uy(t,x) V(t,x) € [0,T] x oQ).

The parameters of the PDE is defined by v C {f,a, 19, u;}. The architecture of
the NODE-ONet:

Encoding: Ey(v) := {vg(t)}zil e R for anyt € [0,TJ;

B(t) = No, ((8), Poo(t), 1),

Physics-encoded NODE: J
1,[)(0) - Puuo c R u,

Architecture

dy
Decoding: ¥noDE-ONet (03 0) (£, X) = Dy (t, ) = ) aj(x)i(t),
=i

with {aj}?gl a set of spatial basis functions.
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General framework for v — u
The training setting is summarized as follows:

Dataset: {o;, %), ¥ (07) (t, %) 1 <i<N, 1 <k<Ny 1<j<N;

Loss function: £(6) =
No Ny Ni

Training:

NUNth Y. Y Y. [¥nopE-onet (00) (t %) — ¥ (01) (1, %)) |15

i=1j=1k=1
The generic architure of NODE-ONet:

kﬁ ¥NODE-ONet (v;0) (1, x) ~ u(t,x)

—

X —)[Neural Network or Basis Functions]

© 60© 68
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1D diffusion-reaction - Setup

We consider the following diffusion-reaction equation

ouu(t,x) — V- (D(t,x)Vu(t,x)) + R(t, x)u*(t,x) = f(t,x)  V(t,x) €[0,T] x O
u(0,x) = up(x) Vx € Q)
u(t,x) = uy(t, x) V(t,x) € [0,T] x 90,

In the following experiments, we validate the efficiency of NODE-ONets to
approximate the following operators:

@ Source-to-solution operator: f — u. (Comparison with DeepONet)
@ Solution operator with multi-inputs: {D,f +— u}. (Comparison with MIONet)

@ Prediction beyond the training time. (Comparison with DeepONet and
MIONet)
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1D diffusion-reaction - Source-to-solution operator
Physics-encoded NODE:

P
Y(t) =Y W, 00(A; O +ajt+ B) + Pff,
i=1

$(0) = 0 € R%.

Figure: Test results of the deep NODE operator network for the learned
source-to-solution operator ‘I’}‘ :f(x) = u(x,t) with one random f(x).

Reference NODE-ONet Error

i

Y 10 10
02 02
08 08 08
06 o1 06 o1 0.6
04 00 04 00 04
0z o1 02 o1 o0z
&

00 o 00

00 02 04 05 08 10 00 02 04 06 o8 10 00 02 04 06 08

t t t

4.00e-03

0.00e+00

2.00e-03

4.00e-03
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1D diffusion-reaction - Source-to-solution operator -
Comparison

Table: Comparisons of the NODE-ONet with DeepONet for learning the source-to-

solution operator ‘I’} : f(x) — u(t,x). Testing resolution: Ny = 100, N; = 100.

Training #Trainable | #Training Absolute Relative
resolutions | parameters input f error error
N, =10
NODE-ONet Ny =5 27,550 100 4248 x 1073 | 7.370 x 1073
dy =20
N, =100
NODE-ONet || N; =10 27,550 500 1.368 x 1073 | 2.675 x 1073
dy =20
N, =100
D Ny =10 -3 -2
eepONet K =50 40,600 100 6.352 x 10 1.230 x 10
dy =100
N, =100
DeepONet N, =100 40,600 500 1313 x 1073 | 2.582 x 1073
K = 1,000 ! ’ ’
dy =100
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1D diffusion-reaction - Multi-inputs operator
Physics-encoded NODE:

Z;w ©0(A; ® [PpD] © ¢ + ajt + B;) + Pff,

$(0) = 0 € R,

Figure: Test results of the deep NODE operator network for the learned solution operator
¥, with one random multi-input function: {D(x),f(x)} — u(x,t).

Reference

NODE-ONet Error

2.00e-02

150e:02

100e-02

5.00e-03

0.00e400

+5.00e-03

-1.00e-02

-1.50e-02

2.00e-02
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1D diffusion-reaction - Multi-inputs operator - Comparison

Table: Comparisons of the NODE-ONet with the MIONet for learning the solution
operator with multi-input functions: ¥}, : {D(x),f(x)} + u(t,x). Testing resolution:
N, =100, Ny = 100.

Training #Trainable | #Training Absolute Relative
resolutions | parameters {D,f} error error
NODE-ONet II:]]f z 158 28,550 100 2362 x 1072 | 5.297 x 1072
NODE-ONet %j j 1180 28,550 1,000 4,626 x 1073 | 1.032 x 102
N, =100 1 1
MIONet N, = 100 161,600 100 1.212 x 10 2.661 x 10
N, =100 -3 -2
MIONet _ 161,600 1,000 9.491 x 10 2.072 x 10
N; =100
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1D diffusion-reaction - Prediction

Table: Prediction results of for t € [0,2]. ‘I’}‘ :f(x) = u(x,t): the learned

source-to-solution operator ¥}, : {D(x),f(x)} — u(x,t): the learned solution operator
with multi-input functions. Testing resolution: Ny = 100, Ny = 100.

#Training Training Test Absolute Relative
input functions | time frame time frame error error

-3 -3

‘I’; NODE-ONet 500 teo1] te02] 6.839 x 10 7.113 x 10
DeepONet 2.302 x 107! 2360 x 107!
- -2 -2

¥ NODE-ONet 1,000 te01] te0,2] 1.392 x 10 1.732 x 10
MIONet 1.012 x 1071 1.251 x 107!
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1D diffusion-reaction - Prediction - Compare with

DeepONet

Figure: Prediction of ‘I’; :f — u beyond t € [0,1] by NODE-ONet.

Reference

NODE-ONet
00

Error

00 10
-05 o8 -05 o8
-10 “10 g6
* —15% 15"

04

-20 -20
02

-2 -25

00

00

000 025 050 075 100 125 150 175 2.0 000 025 050 075 100 125 150 175 2.0
t t

0 025 050 075 100 125 150 175 2.00
t

Figure: Prediction of ‘YJ’(‘ :f — u beyond t € [0,1] by DeepONet.

Reference DeepONet

Error

00

-05

00
050 075 100 125 150 175 000 025 050 075 100 125 150 175
t t

10

08

0 025 050 075 100 125 150 175 2.00
t

20002
100e-02

0.00e+00
-L.00e-02
-2.00e.02
3.00e.02

4.00e-02

400601
20001

000e+00
2.00e01

4.00e-01
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1D diffusion-reaction - Prediction - Compare with MIONet

Figure: Prediction of ¥, : {D,f} — u beyond t € [0,1] by NODE-ONet.

Reference NODE-ONet Error

0.0 0o -4.00e-02

. .

Fi . Predicti fY :{D,f} —»ub d [0,1] by MION
igure: Prediction ot 1, : , u beyond t € |0, Y et.

Reference MIONet Error
20 5.00e-01
06 06 0.00e+00

02 05 02 0.2
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2D Navier-Stokes - Setup

We consider the following Navier-Stokes equation

ou(t,x) + V(t,x) - Vu(t,x) = vAu(t,x) +f(t,x), Y(t,x)€[0,T] xQ,
u(t,x) =V x V(t,x) :=9x, Vo — 9y, V1, V(t,x) €[0,T] x Q,
V-V(t,x)=0, Y(t,x) € [0,T] x Q,
u(0,x) = up(x), Vx € Q,

with proper boundary conditions. In the following experiments, we validate the
efficiency of NODE-ONets to approximate the following operators:

@ Initial-to-solution operator: uy — u.
@ Source-to-solution operator: f — 1.
e Multi-inputs operator: {ug,f — u}.
All the NODE-ONets are trained on t € [0,10] and tested on t € [0,20].
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2D Navier-Stokes - Initial-to-solution operator
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2D Navier-Stokes - Source-to-solution operator
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2D Navier-Stokes - Multi-inputs operator

Z. Li, K. Liu, Y. Song, H. Yue, E. Zuazua. Deep Neural ODE Operator Networks for PDEs.
arXiv:2510.15651, 2025. (To appear: Mathematical Models and Methods in Applied Sciences)
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Conclusions

SA-NODEs:
o Approximation analysis: ODEs and transport equations.

@ Numerical experiments: Able to approximate ODEs and transport
equations, better than Vanilla NODEs.

NODE-ONet:

@ Physics-Encoded NODEs: By embedding PDE-specific knowledge, these
NODEs achieve superior generalization while maintaining low model
complexity.

@ Numerical Efficiency: The NODE-ONets outperform state-of-the-art
methods (e.g., DeepONets, MIONet).

o Generalization: Trained encoders/decoders can be transferred to related
PDEs without retraining, and predictions remain satisfactory beyond the
training time horizon.
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Perspectives

SA-NODEs:

o Predictive properties of SA-NODEs: Establish theoretical prediction error
estimation for SA-NODE over continuous infinite time intervals.

o Model Predictive Control (MPC): Design a MPC strategy to approximate

a complex dynamical system over a long period of time using multiple
SA-NODEs.

NODE-ONet:

@ Further Error Analysis: The error analysis in this work is mainly devoted to
the generic encoder-decoder architecture. It is relevant to analyze the
(approximate and generalization) errors for the NODE-ONet framework.

e Optimal NODEs: Note that the physics-encoded NODEs used in our
experiments are not unique. Hence, it is of great theoretical and practical
significance to establish a mathematical principle to determine the optimal
physics-encoded NODE for a specific PDE solution operator.
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