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Abstract

We consider a convex set €2 and look for the optimal convex sensor w C §2 of a given measure that minimizes
the maximal distance to the points of €2. This problem can be written as follows

inf{d” (w,Q) | |w|= candw C Q},

where ¢ € (0, |9), " being the Hausdorff distance.

We show that the parametrization via the support functions allows us to formulate the geometric optimal
shape design problem as an analytic one. By proving a judicious equivalence result, the shape optimization
problem is approximated by a simpler minimization of a quadratic function under linear constraints. We then
present some numerical results and qualitative properties of the optimal sensors and exhibit an unexpected
symmetry breaking phenomenon.
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1 Introduction

The optimal shape and placement of sensors frequently arises in industrial applications such as urban planning
and temperature and pressure control in gas networks. Roughly, a sensor is optimally designed and placed if
it assures the maximum observation of the phenomenon under consideration. Naturally, it is often designed in
a goal oriented manner, constrained by a suitable PDE, accounting for the physics of the process. For more
examples and details, we refer to the following non exhaustive list of works [19, 118} [17,[10]. Recently, with the
emergence of data driven methods, several authors considered approaches based on Machine Learning in order
to accelerate the computational methods, we refer for example to [20} 22| 24| 26]].

Here, we address the problem in a purely geometric setting, without involving the specific PDE model. We
consider a simple and natural geometric criterion of performance, based on distance functions. But, as we shall
see, tackling it will require to employ geometric analysis methods.

More precisely, we address the issue of designing an optimal sensor inside a given set in such a way to mini-
mize the maximal distance from the sensor to all the points of the largest domain. This type of questions naturally
arises in optimal resources distribution problems as one wants to minimize the maximal distance between the re-
sources and the species present in the considered environment. Also in urban planning, it makes sense to look
for the optimal design and placement of some facility (for example a park or an artificial lake) inside a city while
taking into account a certain equity criterion that consists in minimizing the maximal distance from any point in
the city to the facility. These problems can then be formulated in a shape optimization framework. Indeed, given
a set R?, and a mass fraction ¢ 2 (0;] j), the problem can be mathematically formulated as follows:

inffsupd(x; 1)jjlj=cand ! ag;
X2

where d(X; 1) := infy>1kx yKis the minimal distance from X to !. In fact, the problem can be written in terms
of the classical Hausdorff distance d™ (see Section[2.2) as when ! , one has

supd(x; 1) =d"(1; ):
X2

We are then interested in considering the following problem
inffd7(1; )jj!j=cand! 0; (1)

where ¢ 2 (0;] J).

By using a homogenization strategy, which consists in uniformly distributing the mass of the sensor over
(see Figure[T), we see that problem (I)) does not admit a solution as the infimum vanishes and is asymptotically
attained by a sequence of disconnected sets with an increasing number of connected components. It is then
necessary to impose additional constraints on ! in order to obtain the existence of optimal solutions. In the
present paper, we focus on the convexity constraint and assume that both the set and the sensor ! are planar
convex bodies. Then, given a convex bounded domain 2 R2, we are interested in the numerical and theoretical
study of the following problem:

inffd™(1; )j!isconvex, jlj=cand ! 0; (2)

where ¢ 2 (0;] J).

Figure 1: The homogenization strategy.



A rstimportant result of the present paper is the following:

Theorem 1 The functionf : c2 [0;j j] 7! inffd®(!; ) j! isconvexj! j= cand! g is continuous
and strictly decreasing. Moreover, for every2 [0;j j], problem(2) admits solutions and is equivalent to the
following shape optimization problems:

() minfd™(!; ) j! isconvexj!'j cand! 0.
(I minfj!jj! isconvexd(!; )= f(c)and! 0.
() minfj!jj! isconvexd (!; ) f (c) and! 0,

in the sense that any solution of one of the problems also solves the other ones.

In addition to its importance from a theoretical point of view (as we shall see in Sg¢tion 4), the equivalence
result above allows to drastically simplify the numerical resolution of probfém (2): indeed, as it is explained in
Sectio the equivalent problefiil ) can be reformulated via the support functidnandh of the setd
and in the following analytical form:

8

R
172 h(Q h2 d:
5 thgre],(o;z y2 0 ( )d;

3 h%+ h 0 (in the sense of distributions)
' h f(© h h:

whereH F}e,(O; 2 )isthe set oH ! functions that ar@ -periodic anct 2 [0;] j]. This analytical problem is then
approximated by a nite dimensional problem involving the truncated Fourier series of the support fuictions
as in [2)3], which yields to a simple minimization problem of a quadratic function under linear constraints. For
more details on the support function parametrization, we refer to S¢ctipn 2.1 and for the complete description of
the numerical scheme used in the paper, we refer to S¢gtion 5.

One could expect that solutions pf (2) will inherit the symmetries of the s&¥e show that this is not always
the case and highlight a symmetry breaking phenomenon appearing wisensquare, see FigUrg 2. Our result
can be stated as follows:

Theorem 2 Let =[0 ;1] [O; 1] be the unit square. There exists a threshwl@ (0; 1) such that:
* If ¢ 2 [co; 1], then the solution of2) is given by the square of arezand same axes of symmetry as

* If ¢ 2 [0; cp), then the solution ofZ) is given by a suitable rectangle.

c=0:7 c=05 c=0:2 c=0:1 c=0

Figure 2: Optimal shapes whenis a square, foc 2 f 0:7; 0:5; 0:2; 0:1; Og.

The paper is organized as follows: in Secfipn 2, we present the notations used and recall some classical results
on the support function which is a classical parametrization of convex sets that allows to formulate the considered
geometric problems as purely analytic ones. In sefion 3, we present the proof of Theorem 1. Section 4 is devoted
to the proof of Theorem 2 and some qualitative properties of intrinsic interest: namely, we prove that when the set

is a polygon, the optimal sensor is also a polygon. At last, in Section 5, we present a numerical framework for
solving the problem and show that thanks to the equivalence result of Theorem 1, problem (2) can be numerically
addressed by a simple minimization of a quadratic function under some linear constrains.



2 Notations and useful results

2.1 De nition of the support function and classical results
If is convex (not necessarily containing the origin), its support function is de ned as follows:
h :x2R?7! supthxyijy2 g

Since the functions satisfy the scaling property (tx) = th (x) fort > 0, it can be characterized by its
values on the unit sphe@ or equivalently on the intervg0; 2 ]. We then adopt the following de nition:
De nition 3 The support function of a planar bounded convex s&t de ned on[0; 2 ] as follows:

cos

h :[0;2)7! sup sn Y jy2

Figure 3: The support function of the convex

The support function has some interesting properties:

« It allows to provide a simple criterion of the convexity of Indeed, is convex if and only ih%+ h 0
in the sense of distributions, see for example [21].

« ltis linear for the Minkowski sum and dilatation. Indeed, if and » are two convex bodiesand > 0,
we have
h 1t = h 1 + h 2

2
see [21, Section 1.7.1].
« It allows to parametrize inclusion in a simple way. Indeed,ifand , are two convex sets, we have

1 20 I"I1 h2:

« It also provides elegant formulas for some geometrical quantities. For example the perimeter and the area

of a convex body are given by
z 2 z 2 z 2

PO=  h() andjj=r h()h%)+h ()d =1 (2 h)d;
0 20 20

and the Hausdorff distance between two convex bodieand  is given by

H . - i i
d’( 15 2)= rzn[gté ]Jh () h,(O)j

see [21, Lemma 1.8.14].



2.2 Notations
» K. corresponds to the class of planar, closed, bounded and convex subsetshafrec 2 [0;] |].

» If X andY are two subsets ®®", the Hausdorff distance between the sétandY is de ned as follows
d" (X;Y') = max(sup d(x;Y); supd(y; X));
x2X y2yYy
whered(a;B) = inf g ka bk quanti es the distance from the poiatto the setB. Note that when
! , as it is the case in the problems considered in the present paper, the Hausdorff distance is given by

d(; ):=sup d(x;!):
X2

« If isaconvexset, thelm corresponds to its support function as de ned in Section 2.1.

« Given a convex set, we denote by  its inner parallel set at distante 0, which is de ned by
= Ixjdx;@  to:

* Hped0;2 ) is the set oH ! functions that ar@ -periodic.

3 Proof of Theorem 1

For the convenience of the reader, we decomposed the proof in 3 parts: rst, we prove the existence of solu-
tions of problem (2). Then, we prove the monotonicity and continuity of the fundtionc 2 [0;j j] 7!

minfd" (I; ) j! 2 K.g. Atlast, we present the proof of the equivalence between the four shape optimization
problems stated in Theorem 1.

3.1 Existence of minimizers

Proposition 4 Problem(2) admits solutions.

Proof.
First, we note that the functional 7 ! d" (!; ) is 1-Lipschitz (thus continuous) with respect to the Haus-
dorff distance. Indeed, for every convex setsand! ,, we have

ja" () d'(la)j=dkh hiki kho hyke ok he, o hy kg = dP ()
Let(! ) be a minimizing sequence for problem (2), i.e., such tha? K. and
lim d?(1,;)=inf fd7(!; ) j! 2K.g:
nl +1
Since all the convex sets, are included in the bounded sefwe have by Blaschke's selection Theorem (see
[21, Th 1.8.7]) that there exists a convex ket such tha(! ,) converges up to a subsequence (that we also

denote by(! 1)) to! with respect to the Hausdorff distance. By the continuity of the volume functional with
respect to the Hausdorff distance, we have

= im = c

which means that 2 K.. Moreover, by the continuity of 7! d"(!; ) with respect to the Hausdorff
distance, we have that
im, di(a; )= di¢ ;)

This shows that is a solution of problem (2).



3.2 Monotonicity and continuity

Proposition 5 The functiorf : c2 [0;j j]7! minfd™(!; ) j! 2 K.giscontinuous and strictly decreasing.

Proof. Continuity:
Letcy 2 (0;j j). By Proposition 4, for everg 2 [0;j j], there exists ¢ solution of the problem

minfd™(!; ) j! 2K.g:
« We rst show aninferior limit inequality . Let(c,), 1 a sequence convergingtg such that
e He oy = H H ) . .
Ilgplcr;fd (Y¢;) Ir!gnﬂd (Ye,5)
Since all the convex sets;, are included in the bounded sef we have, by Blaschke selection theorem

and the continuity of the functional 7 ! d(!; ) and the volume, the existence of aket2 K, that is
a limit of a subsequence still denoted @y, ) with respect to the Hausdorff distance. We then have

f(co) di( ;)= lim d"(le,;)= lim inf di(te; )= liminf £ (0):

n!

* It remains to prove superior limit inequality . Let(c,), 1 a sequence converging ¢g such that

I|rcr|1 supf (c) = nI!lrrJr L f(cn):

! Co

Let us now consider the following family of convex sets

o .
= Co c f 1
0, = (! o) ifc co

1 te)!g + te if c>cg;
where . is chosen irR* in such a way that
ite) c=c
andt. is chosen irf0; 1] in such a way that
jA t)le +te j=c

Themapc2 [0;j j17! Q¢ is continuous with respect to the Hausdorff distance@gd= ! ¢, .
Using the de nition off , we have

8n2N; f(c) d"(Qe;):
Passing to the limit, we get

limsupf (c)= lim f(c) lim d"(Qc,;)= d"(1ei)= f(co):

c! co

As a consequence, we nally gging f (c) = f (cp), which proves the continuity df.

Monotonicity:
Let0O x<y j j.Weconsidet 2K, andsuch that(x)= d"(!; ) . We have

fiy) d"(@ t)! +t, ;)= khg s+, hki=(@ tkh  h k=0 t,)f(x)<f X);

wherety 2 (0;1]is chosen such thgl ty)! +t, j=vy.



3.3 The equivalence between the problems

We then obtain the following important proposition that provides the equivalence between four different shape
optimization problems.

Proposition 6 Letc 2 [0;j j]. The following shape optimization problems are equivalent

() minfd™(1; ) j! isconvexj! j= cand! g.
(1) minfd™(1; ) j! isconvexj!j cand! 0.
() minfj!jj! isconvexd(!; )= f(c)and! 0.

(IV) minfj!jj! isconvexd™ (!; ) f (c) and! 0,
in the sense that any solution to one of the problems also solves the other ones.
Proof. Let us prove the equivalence between the four problems.

« We rst show that any solution of (1) solves (II): lét; be a solution to (I). Then for every convéx
suchthaf! j c, one has

d(h ) fGt) fO=d(e)
where we used the monotonicity bfgiven by Theorem 5: therefote. solves (11).

» Reciprocally, let now € be a solution of (II): we want to show thhf must be of volume. We notice that
fo d"(¢%)  fG%)  f(o)

where the rstinequality follows as the problem (11) allows more candidates than in the de nitibnarid
the last inequality uses again the monotonicity ofThereforef (c) = f (j! ¢j), and sincd is continuous
and strictly decreasing, we obtgin®j= ¢, which implies that ¢ solves (l).

We proved the equivalence between problems (1) and (Il); the equivalence between problems (lll) and (V) is
shown by similar arguments. It remains to prove the equivalence between (1) and (llI).

+ Let! . be a solution of (1), which means that 2 K. andd™ (! ¢; ) = f(c). Then for every convex
! such thad" (I; )= f(c), we have

f=d'( ) fGi)
thus, sincd is decreasing, we get= j! .j j ! j, which meang . solves (llI).
« Let now! 2 be a solution of (Ill). We have
fo=d"(3 f Gt )

thus, by monotonicity of we getc j ! §j. On the other hand, sind€! solves (Ill) and that there exists
I ¢ solution to (I), we havg! §j ¢, which nally givesj! = cand shows that? solves (1).

4 Proof of Theorem 2 and some qualitative results

4.1 Saturation of the Hausdorff distance
Proposition 7 Let! be a solution of problenf2). Then, there exist (at least) two different couples of points
(X1;¥1); (X2;¥2) 2 @! @ such that
kxp  yik= kxz yok=d" (1 ) :
Proof. Let us argue by contradiction. We assume that exist only one cfxiplg;) 2 @! @ such that
kxp yik= d (1; )

Letx 2 @!different fromx;. By cutting an in nitesimal portion of the the convéx(see Figure 4), we obtain
aset! - suchthadd™ (I; )= d"(1.;) (because we assumed that the Hausdorff distance is attained at only
one couple of points) and j> j! -j, for suf ciently small values of'. Thus,! is not a solution of the third
problem of Proposition 6, which is absurd sifcés assumed to be a solution of problem (2) (which is proven to
be equivalent to the later one in Proposition 6).



Figure 4: The setk (in red) and - (in blue).

4.2 Polygonal domains

Proposition 8 If the set is a polygon, then any solution of problé®) is also a polygon.

Proof. Let us denote byy;:::;vy, with N 3, the vertices of the polygon and considet a solution of
problem (3).

The distance functiom 7 ! miny,: kx  ykis convex, thus, it is well known that its maximal value on the
convex polygon is attained at some vertices that we denote(\@kz J1K K WhereK N . Note that since
I a solution of problem (3), we have€ 2 by Proposition 7. Moreover, for evely 2 J1; K Kthere exists a
uniqueuy 2 @!such thakv? ugk= d" (!; ) , which is the projection of the vertef onto the convex sensor
I. Let us consider two successive projection pointsandu, and assume without loss of generality that their
coordinates are given ; 0) and(xo; 0), with x > 0, see Figure 5.

We consider the altitude 0 de ned as follows

h :=supfsj9x 2 [0;Xo]; suchthat(x;s) 2! g:

Let us argue by contradiction and assume that 0. For" > 0, we considet - := ! \fy h "g, see
Figure 5. For suf ciently small values df> 0, we have

di(te; )= d( ) and jlej< s
which means that is not a solution of the problem
minfj! jjd™(;; )= f(c)and! ;

that is equivalent to problem (2) by Proposition 6. This provides a contradiction kingeassumed to be a
solution of problem (2). We then have that= 0, which means that the segment of extremitigsandus is
included in the boundary of the optimal det By repeating the same argument with the successive couple of
pointsux andug+; (with the conventiorux+; = u;), we prove that the boundary of the optimal kds exactly
given by the union of the segments of extremitigsanduy.1 which means that is a polygon (oK sides).



Figure 5: The polygon and the sensdr.

4.3 Application to the square: symmetry breaking

In this section, we combine the results of Propositions 6 and 8 to solve problem (3) whersquare. This leads
to observe the non uniqueness of the optimal shape and a symmetry breaking phenomenon. The phenomenon
might seem surprising as one could expect that the optimal sensor will inherit all the symmetries of

Let =[0 ;1] [O;1], we are interested in solving problem (2) stated as follows

minfd™ (1; ) j! is convex ang! j= cg; )

withc2 [0;] j].
Before presenting the proof, we present the solutions for different values of

c=0:7 c=0:5 c=0:2 c=0:1 c=0

Figure 6: Optimal shapes whenis a square, foc 2 f 0:7; 0:5; 0:2; 0:1; Og.

Remark 9 As one observes in Figure 6, for valuescaflose toj j= 1, the optimal sensor is a square and thus

has the same symmetries ofbut for small values aof, the optimal sensor is no longer the square but a certain
rectangle. One should then note that the optimal sensor is not necessarily unique (as one can consider rotating
the rectangle with an angle= 2) and it does not necessarily inherit all the symmetries of the shafas it is not
symmetrical with respect to the diagonals of

Let us now present the details of the proof. By Propositions 6 and 8, problem (3) is equivalent to the problem
minfj 1 jj! is a convex quadrilateral art' (I; )= g; 4)
with 2 [0; 2]. In the following proposition, we completely solve problem (4).

Proposition 10 Let =[0 ;1] [0; 1] be the unit square and2 [0; %). The solution of problerfd) is given by
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