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In this thesis, we focus on designing first order numerical algorithms for some
optimal control problems with partial differential equation (PDE) constraints.
The first part is focused on some PDE-constrained optimal control problems
with additional box or sparsity control constraints. We design some operator
splitting type algorithms for these problems, and their common feature is that
the PDE constraints and the additional box or sparsity control constraints are
treated separately in numerical implementation. In particular, we develop an
inexact Uzawa method and an inexact alternating direction method of multipliers
for elliptic and parabolic optimal control problems with box control constraints,
respectively; and a primal-dual hybrid gradient algorithm for a sparse optimal
control problem with diffusion-advection equation constraint. The second part is
focused on the bilinear optimal control of an advection-reaction-diffusion system,
where the control variable arises as the velocity field in the advection term. For
this problem, we prove the existence of optimal controls, derive the first-order
optimality conditions in general settings, and design a nested conjugate gradient
method. These new algorithms are designed in accordance with the structures
of the problems under consideration, and they can be implemented easily. Their
efficiency is promisingly validated by the results of some preliminary numerical

experiments and convergence properties are also studied.
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Chapter 1

Introduction

In this chapter, we first introduce some optimal control problems with partial
differential equation (PDE) constraints considered in this thesis. Then, some
first order numerical algorithms are introduced, which are closely related to the
methods we will use for solving the optimal control problems. Finally, the outline

of this thesis is presented.

1.1 Optimal control problems with PDE con-

straints

Generally, an optimal control problem with PDE constraints can be abstractly

represented as

in J t. —0,u € Upg,y € Yag, 1.1
yer}rfl,luréU (yau)v S 6(y7u> U € Y € d ( )

where U and Y are Banach spaces, U,y C U and Y,; C Y are closed convex
sets; J 1Y x U — R is the objective functional which usually consists of a data
fidelity term and a regularization term; the operator e : Y x U — Z with Z a
Banach space, and e(y,u) = 0 represents a PDE or a system of coupled PDEs.
The state variable y € Y describes the state (e.g., temperature distribution)
of the considered system modeled by e(y,u) = 0; the control variable u € U

is a parameter (e.g., source term) that shall be adapted in an optimal way; the

1



1.1. Optimal control problems with PDE constraints

control constraint u € U,4 and the state constraint y € Y,4 describe some physical
restrictions and realistic requirements. We assume that for each u € U,y there
exists a unique solution y(u) such that e(y(u),u) = 0. Then, the optimal control

problem ([1.1)) can be written as a reduced form:

min J(u) == J(y(u),u), € Uus, y(u) € Yaa,

which plays an important role in theoretical analysis and algorithmic design for

optimal control problems with PDE constraints, see e.g., [49] 81, 83, 103, [171].

Optimal control problems with PDE constraints capture important applica-
tions in various scientific areas, such as physics, chemistry, engineering, medicine
and financial engineering. We refer to, e.g. [81], 82 83 [103] 125 [171], for
a few references. These problems have received tremendous attentions in the
past decades mainly since the pioneering work of J. L. Lions [125], see, e.g.,
[811, 82, 83, 126], 194], 196]. Solving these problems is usually very challenging,
from both theoretical analysis and algorithmic design perspectives. For instance,
state equations are coupled with additional control or state constraints, the di-
mensionality after proper discretization is extremely high, and coefficient matri-
ces after discretization are possibly extremely ill-conditioned. Because of these
difficulties, there are not too many efficient algorithms in the literature, especially

for some optimal control problems with time-dependent PDE constraints.

Despite the fact that there exist many different types of PDEs, to expose our
main ideas clearly, we will focus on (bi-)linear elliptic and parabolic type optimal
control problems, which have a wide range of applications in e.g., diffusion, heat
flow, elastic deformation, and thermal treatment in cancer therapy, we refer to

e.g., [83, 103}, I71] for more discussions.

1.1.1 Elliptic optimal control problems with control con-

straints

We consider the following elliptic optimal control problem with control con-

straints

1

1 R 2 a 2
yG}I/quJleIand J<y7u) = §||y - yd||L2(Q) + EHUHLQ(Q), (12)

2



1.1. Optimal control problems with PDE constraints
wherey € Y := H}(Q) and u € U := L?(Q) satisfy the following elliptic equation:

Ky=u in £,
(1.3)
y=0 on I.

In (1.2)-(1.3), @ C RY (d > 1) is a convex polyhedral domain with boundary
[ := 09, and the desired state y; € L*(Q) is given. The admissible set U,q is
defined by

Upg = {u € L(Q)|a < u(z) < b, ae. in Q} C L*(Q),
where —oo < a < b < 400 are two given constants.

In the equation (1.3]), the linear second-order elliptic operator K is defined
by

oG oy
Ky =— Z oz, Zaija_mj + ¢y,
i=1 j=1

where 0 < ¢g € L®(Q),0 < a;; € L*(Q),V1 <i,j < d are given coefficients. In

addition, we assume that the matrix-valued function (a;;)1<; j<q satisfies a;; = aj;

and
DD a(@)&g; > €7, VE={&}L €RT ae i@ (L4)
i=1 j=1

with v > 0 and || - || the canonical Euclidean norm of R

The problem (|1.2)-(1.3) has a wide range of applications in various areas,
such as deformation of elastic membranes, heat conduction, and electrostatics;

we refer to [83, [I71] for further discussions. Existence and uniqueness of the

solution to the problem (|1.2)-(1.3) have been proved in [125].

Let Iy,,(-) be the indicator function of the admissible set U, and suppose
that (y*,u*) is the unique solution of the problem ([1.2))-(1.3). Then, following
the standard arguments as those in [I71], it is easy to show that the optimality

condition of the problem (|1.2))-(|1.3) reads as

(ol +0Iy,,)(u*) +p* 30,
K*p* = y* — ya, (1.5)
Ky* = u*,



1.1. Optimal control problems with PDE constraints

where 01y, is the subdifferential of Ij;_,, p* is the corresponding adjoint variable,
and K* is the adjoint operator of K. Clearly, the optimality condition ([1.5)) can

be equivalently written as the following nonlinear saddle point problem
0€(A+3G)(w)+ B*v —c,
0= Bw —d,

with

d=0 and G(w)={ ; vedly,, ). (18

Since the problem (|1.2))-(1.3) is convex, the optimality condition (1.5)) is also
sufficient. Accordingly, we can solve the nonlinear saddle point problem (1.6)) to

obtain the optimal solution of (|1.2])-(1.3).

1.1.2 Parabolic optimal control problems with control con-

straints

Typically, an optimal control problem with a parabolic PDE constraint and

a box constraint on the control variable reads:

. 1 2 - 2
e J(y,u) = 5//Q|y Ya|“dxdt + 5//0 |u|“dzdt (1.9)

and the state equation e(y,u) = 0 is specified as

0

a—?;—uAy+a0y:uxo, in Qx(0,7T),

y=0, on TI'x(0,7), (1.10)
y(0) = o,

where Q is a bounded domain in R? (d > 1) and I' = 9 is the boundary of €;
w is an open subset of  and 0 < T" < +o0; the domain Q = Q x (0,7) and
O =w x (0,T). The target function y, is given in L?*(Q) and the admissible set
Uyq is defined by

Upa = {vjv € L™(0),a < v(x;t) < bae. inO} C L*(0).

4



1.1. Optimal control problems with PDE constraints

In addition, we denote by xo the characteristic function of the set O. The
constant a > 0 is a regularization parameter; a and b are given constants; the
initial value ¢ is given in L*(Q). The coefficients ay (> 0) € L>*(Q) and v
is a positive constant. The problem (1.9 - plays an important role in
e.g., physics, chemistry, and engineering, see [81, [82] [83], 194] 196]. Existence
and uniqueness of the solution to the problem f can be proved in a

standard argument as studied in [125]; we refer to [I71] for the details.

1.1.3 Sparse optimal control problems with PDE con-

straints

In optimal control problems with PDE constraints, usually we can only put
the controllers in some small regions instead of the whole domain under inves-
tigation. As a consequence, a natural question arises: how to determine the
optimal locations and the intensities of the controllers? This concern inspires
a class of optimal control problems where the controls are sparse i.e., they are
only non-zero in a small region of the domain; and the so-called sparse optimal
control problems are obtained. Sparse optimal control problems usually appear
in a variety of applications including optimal actuator placement [164], polution
source identification [34, 56, 124], 123], and impulse control [44]; and they have
been intensively studied in the literature, see e.g., [31), 32], 33|, 36}, 116}, 164, 161],

and references therein.

To the best our knowledge, the first work dedicated to the sparse optimal
control of PDEs is [164], where the following elliptic optimal control problem

with L'-regularized objective functional is considered.

1 Q@ I}
i J(y,w) = =|ly — yall?2i00 + = ||6|[Z2i00 + = , 1.11
- (Y w) = 5lly = Yallz2@) + S llullz @) + Flullie (1.11)

where y and u satisfy the following state equation:

Zazjay%—coy—u in €,
(1.12)

y=0 on I.
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In (1.11)-(1.12), @ € R? (d > 1) is a convex polyhedral domain with boundary
[ := 09, and the desired state y; € L*(2) is given. The constants o > 0 and

£ > 0 are regularization parameters. The coefficients 0 < ¢q € L*>(€2),0 < a;; €
L>*(Q),V1 < 4,5 < d. In addition, we assume that the matrix-valued function
(@;j)1<ij<a satisfies (1.4]). The admissible set U,q is defined by

Ups = {u € L(Q)|a < u(z) < b, ae. in Q} C L*(Q),
where a,b € L*(Q) with a < 0 < b almost everywhere.

Uniqueness and existence of the solution to the problem - has been
proved in [164]. We note that if « = 0 and U,q = L*(Q2), the problem ([1.11))-
is not well-posed because the existence of a solution cannot be guaranteed
due to the non-reflexivity of L'(2). Due to the presence of the nonsmooth L!-
regularization term, the structure of the optimal control of - differs
significantly from what one obtains for the usual smooth L2 regularization like
(L-2)-(1.3). Precisely, as analyzed in [164] [180], the optimal control of (L.11))-
has small support, and the support is adjustable in terms of the tuning
of the regularization parameter 5 in . Indeed, it has been shown in [164]
that the optimal control is zero on the whole domain €2 when the parameter 3 is
sufficiently large. More study on optimal control problems with L!-regularized

objective functional can be found in e.g., [31], T6T], 180].

In many applications, it is desirable to place the controllers only in finitely
many points of the domain, or along a line (in two-dimensional space), or on a
surface (in three-dimension space). This motivates us to use controllers that are
localized in a set of Lebesgue measure zero, which can be achieved by modeling
the controls in measure spaces. In particular, one can use a measure norm of the
controls as the regularization term in the objective functional, then the resulting
optimal controls have the desired sparsity property. For instance, elliptic optimal
control problems in measure spaces have been considered in e.g., [32,146], in which

the following optimal control problem is considered:

) 1
min J(y, v) = Slly = yallz2(0) + ellull me), (1.13)

subject to the elliptic equation (1.12)). Above, the parameter o > 0 and the
target yq € L?(2) are given; we denote by M() the space of all bounded Borel

6
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measures on {2 and the corresponding norm is given by

ul| me) = sup / Pdu,
Q

$€Co(2),||9ll o) <1

where Cy(€2) is the space of all continuous functions with compact support in
2, endowed with the norm ||¢||c, = sup,cq |¢(2)|e. The problem is well-
posed and has a unique optimal control in M(Q), see e.g., [46] for the details.
Additionally, it has been shown in [46] that the optimal control of is
nonzero only on the sets where the constraint on the adjoint variable is active;
and the larger the regularization parameter «, the smaller the support of the
optimal control. Other types of optimal control problems in measure spaces
have also been studied in the literature, we refer to [32, 33, B30, 116] for a few

references.

In addition, it is worth mentioning that the initial conditions of some diffu-
sion systems can also be considered as the control variables in sparse optimal
control problems. The resulting optimal control models play a crucial role in the
sparse initial source identification for diffusion systems, see e.g., [34, [35] 120}, 134].
Hence, how to solve these sparse optimal control problems efficiently is one of the
central concerns for solving sparse initial source identification problems. We fo-
cus on this topic in Chapter 4, where we will propose a new optimal control based
numerical approach to solve the sparse initial source identification for diffusion
systems and present an efficient optimization algorithm to solve the resulting

sparse optimal control problem.

1.1.4 Bilinear optimal control of an advection-reaction-

diffusion system

In a typical mathematical model of an optimal control problem with PDE
constraints, either boundary or internal locally distributed controls are usually
used (see e.g., and ); these controls have localized support and are
called additive controls because they arise in the model equations as additive
terms. It is worth noting that additive controls describe the effect of external

added sources or forces and they do not change the principal intrinsic properties
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of the controlled system. Hence, they are not suitable to deal with processes
whose principal intrinsic properties should be changed by some control actions.
For instance, if we aim at changing the reaction rate in some chain reaction-type
processes from biomedical, nuclear, and chemical applications, additive controls
amount to controlling the chain reaction by adding into or withdrawing out of a
certain amount of the reactants, which is not realistic. To address this issue, a
natural idea is to use certain catalysts or smart materials to control the systems,
which can be mathematically modeled by optimal control problems with bilinear

controls. We refer to [I12] for more detailed discussions.

Bilinear controls, also known as multiplicative controls, enter the model as
coefficients of the corresponding partial differential equations (PDEs). These
bilinear controls can change some main physical characteristics of the system
under investigation, such as a natural frequency response of a beam or the rate
of a chemical reaction. In the literature, bilinear controls of distributed param-
eter systems have become an increasingly popular topic and bilinear optimal
control problems constrained by various PDEs, such as elliptic equations [115],
convection-diffusion equations [I7], parabolic equations [I11], the Schrodinger
equation [108] and the Fokker-Planck equation [66], have been widely studied

both mathematically and computationally.

In particular, bilinear controls play a crucial role in optimal control problems
modeled by advection-reaction-diffusion systems. On one hand, the control can
be the coefficient of the diffusion or the reaction term. For instance, a system
controlled by the so-called catalysts that can accelerate or slow down various
chemical or biological reactions can be modeled by a bilinear optimal control
problem for an advection-reaction-diffusion equation where the control arises as
the coefficient of the reaction term [I11]; this kind of bilinear optimal control
problems have been studied in e.g., [I7, 28, 111, 112]. On the other hand, the
systems can also be controlled by the velocity field in the advection term, which
captures important applications in e.g., bioremediation [90], environmental re-
mediation process [121], and mixing enhancement of different fluids [12§]. We
note that there is a very limited research being done on the velocity field con-

trolled bilinear optimal control problems; and only some special one-dimensional
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space cases have been studied in [90, 109, 121] for the existence of an optimal
control and the derivation of first-order optimality conditions. To the best of our
knowledge, no work has been done yet to develop efficient numerical methods
for solving multi-dimensional bilinear optimal control problems controlled by the
velocity field in the advection term. This motivates us to study the following
bilinear optimal control problem constrained by an advection-reaction-diffusion
equation, where the control enters into the model as the velocity field in the

advection term.
Let Q be a bounded domain of R? with d > 1 and let I' be its boundary. We
consider the following bilinear optimal control problem:

ueclu,
J(u) < J(v),Yv €U,

(BCP)

with the objective functional J defined by

1
J(v) = 5//Q|v|2d:vdt—l—%//Q |y—yd|2d:rdt—l—%/g|y(T) —yT|2d:v, (1.14)

and y = y(t; v) the solution of the following advection-reaction-diffusion equation

0
a—i—yvgy%—v-Vy#—aoy:f in Q,
y—g on I, (1.15)
y(0) = ¢.

Above and below, @ = Q2 x (0,7) and ¥ =T x (0,7) with 0 < T < +oc;
a; > 0,a3 > 0,01 + ap > 0; the target functions y; and yr are given in L?(Q)
and L%(Q), respectively; the diffusion coefficient v > 0 and the reaction coefficient
ap are assumed to be constants; the functions f € L*(Q), g € L*(0,T; H'/?*(T))
and ¢ € L*(Q). The set U of the admissible controls is defined by

U= {vlv e [L*(Q)]*, V- v =0}

Clearly, the control variable v arises in (BCP) as a flow velocity field in the
advection term of , and the divergence-free constraint V - v = 0 implies
that the flow is incompressible. One can control the system by changing the
flow velocity v in order that y and y(7") are good approximations to y, and yr,
respectively. Note that the objective functional J in (BCP) is nonconvex due to

the nonlinear relationship between the state y and the control v.

9
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1.2 Some first order numerical algorithms

1.2.1 Conjugate gradient methods for optimization prob-

lems in Hilbert spaces

Since their invention in the 1950s, conjugate gradient (CG) methods have
been proved to be easy to implement, low memory requirements, quite robust,
and fast convergent. Consequently, CG methods are popular and very efficient
for solving various linear and nonlinear problems, see e.g., [78, [138] and refer-
ences therein. To introduce CG methods briefly, we follow [78] and discuss their

applications to the following prototypical optimization problem in Hilbert spaces.

uevV,
(1.16)

J(u) < J(v),Yv eV,
where V' is a real Hilbert space equipped with the inner product (-,-) and the
corresponding norm || - ||, J : V' — R is a differentiable functional. To guarantee
the existence of a solution to (1.16), we further assume that .J is coercive and
weakly lower semi continuous over V, i.e.,

lim J(v) =400

[lv]| =00

and

if lim v, = v weakly in V, then liminfJ(v,) > J(v).

n—-+o00 n—-+o0o

Concerning the differentiability of J, we assume that .J is either Fréchet-differentiable

or Gateaux-differentiable, and denote by DJ(v) € V' the differential of J at
v € V. Here and in what follows, V' is the dual space of V' and we denote by
(-,-) the duality pairing between V' and V.

Following [78], CG algorithms for solving problem (|1.16]) read as follows:

Initialize u° € V', and solve
9’ eV,
(9% v) = (DJ(u’),v),Yv € V.

If ¢° = 0, then u = u°; otherwise set w® = ¢°.

10
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For k > 0, u*, ¢* and w* being known, the last two different from 0, one

computes u**1, g**1 and wk*! as follows:

Compute the stepsize p; by solving the following optimization problem

Pr € Ra
(1.17)
J(u® — prpw®) < J(uF — pw*),Vp € R.
Update u**1 and ¢**!, respectively, by
W= — pa,
and solving
gtev,
(1.18)

(6" v) = (DI (W), 0), Yo € V.
If g**t1 = 0, take u = u**1; otherwise,

Compute either

lg“ 11>
B = 7T (Fletcher-Reeves update)
9

or
(gk+1,gk+1 _ gk)

g™ 1%

B = , (Polak-Ribiere update)

and then update

k1 k1 k
Wt = ¢" 4 B

Do k+ 1 — k and return to ((1.17)).

In practice, the implementation of CG algorithms requires the solutions of the

linear variational problem ([1.18]) and the one-dimensional minimization problem

(1.17) to update the descent direction and to compute the optimal step size,

respectively. Suppose that the objective functional J is quadratic, namely, the

functional J(v) in (1.16) is given by

J(v) = %a(v,v) — L(v),

11
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where the bilinear functional a : V x V — R is continuous, V-elliptic, and
symmetric; L : V' — R is linear and continuous. In this case, it is easy to show
that

(DJ(w),v) = a(w,v) — L(v),Yv,w € V,

and the solution of the minimization problem (|1.17)) verifies

_ (g~ wh)
P G k)

For a generic objective functional J, problem ([1.17)) usually has no closed-
form solution. Hence, the step size py can not be computed exactly and it can
only be determined by some line search strategies (see e.g., [138]) or solving the
problem (|1.17) iteratively. For instance, the Newton method is suggested in [78]
for solving the problem to compute the step size. To be concrete, it is
easy to see that problem is a particular case of the following minimization
problem:

pER,

(1.19)
J(u— pw) < J(u— pw),¥p € R.

Let j(p) = J(u — pw), we then have
J(p) = —{DJ(u — pw), w), and (p) = (D2 (u — puo)uw, w).

Applying the Newton method to the solution of ((1.19), we obtain the following

iterative scheme

An initial value p° is given in R;

For k£ > 0,
(DJ (u— prw), w)
(D2J(u — pFw)w, w)’

P ="+

The convergence properties of CG methods in both of finite and infinite di-
mensional spaces have been widely studied in the literature, we refer to [75, [78]
138] and references therein for the details. Some other variants of CG methods
and more discussions on the implementation of CG methods including precondi-

tioning and restart strategies have also been discussed in the above references.

12
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1.2.2 Inexact Uzawa methods for saddle point problems
Inexact Uzawa methods for linear saddle point problems

A typical linear saddle point problem appearing in discretized PDEs can be
written as finding w € H; and v € H, such that
Aw+ B'v— f =0,
(1.20)
Bw —g=0,
where H, and H, are two finite dimensional Hilbert spaces, f € H,; and g € Hs
are given, A : Hy — H, is a linear, symmetric, and positive definite operator,
B : H, — H, is a linear operator and B' : H, — H; is the adjoint operator
of B. For concrete applications of (1.20)), see, e.g., [25, 41} 65] for the mixed
finite element discretization of elasticity problems, Stokes equations and Maxwell
equations; and [49] 103} [171] for the application of Lagrangian multiplier type
methods to optimal control problems; and [42] for some parameter identification
problems. Throughout, the Ladyzhenskaya-Babuska-Brezzi (LBB) condition in
[15] is assumed. That is, for some positive number cg, it holds that

B 2
(BA™'BTv,v) = sup (v, Bu)

2T el 1.21
sup - = ool (1.21)

Here, || - || denotes the norm in the space of Hy or Hs corresponding to its
respective inner product (-,-), whichever is clear according to the function type
in the specific context under discussion despite of the same notation. As analyzed
in [I5], this condition ensures that the problem is well defined with a unique

solution point.

For iterative methods solving in the literature, we refer to the Arrow-
Hurwicz and Uzawa methods in [2} 5] 6], 21) 150], penalty and multiplier methods
in [2], 50} 100, 139, 148], Krylov subspace methods in [20], 29} [61], 83}, 14T, T56], 179].
We also refer to the survey paper [10] and references therein for a thorough dis-
cussion. In particular, Uzawa-type methods have been widely used for various
applications, especially for some large-scale problems arising in scientific com-
puting areas, because of their economical requirement of memory and simplicity

of implementation. Let us recall the classic Uzawa method in [2} [I50] for solving

13
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wk+1 — Afl(_BTvk +f),
(1.22)
P = o+ w(Buwrtt — g),
where w > 0 is a relaxation parameter. As analyzed in [I58], w € (0,2/p(BA~'BT))
ensures the convergence of ([1.22)), where p(-) denotes the spectrum radius of an
operator. As pointed out in [10], if we use the first equation in (1.22)) to elim-
inate w**! from the second one, it is easy to see that (1.22) can be written

as a stationary Richardson iteration applied to the following Schur complement

system:

Sv=BA'f—y,

where the Schur complement S is defined as S := BA™'BT. Despite the simplic-
ity of the iterative scheme, the exact Uzawa method requires computing
A1, which might be computationally expensive and thus the first equation in
(1.22)) might need to be solved iteratively, as discussed in [43] [78]. It is also an-
alyzed in, e.g. [21l 57, [105], that the exact Uzawa method may converge

slowly if the Schur complement is not well conditioned.

These concerns have then motivated many authors to consider inexact or
preconditioned variants of the Uzawa method; we refer to |21 [57, [105] 150} [152]
for a few references. Following [21], a class of inexact Uzawa type methods (|1.22)

can be unified as:

wk+1 _ QZI<QAwk _ Awk o BTUk 4 f),

(1.23)
,Uk+1 — Uk + Q;l(Bwarl o g)’

where Q4 : Hi — H; and Q) : Hy — Hy are two symmetric positive definite
operators playing the role of preconditioners of A and S, respectively. Obviously,
ifQs=Aand Qp = %] , the framework of inexact Uzawa methods reduces
to the exact version . In practice, Q4 and Qp are chosen such that Q' and
le can be easily computed and that Q;S is well conditioned; see |21, [57, 105]
for insightful discussions. It is shown in [2I] that the framework of inexact
Uzawa methods converges linearly as long as the preconditioners defining

the framework are properly scaled.

14
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Inexact Uzawa methods for nonlinear saddle point problems

The linear saddle point problem can be generalized in different per-
spectives. For instance, the operator A in can be replaced with a generic
nonlinear operator F': Hy — H; and consequently the following generic nonlin-
ear saddle point problem can be obtained:

T
Fw)4+ B'v— f=0, (1.24)
Bw—g=0.

Such nonlinear saddle point problems arise in, e.g., augmented Lagrangian for-
mulations of inverse problems [42], electromagnetic Maxwell equations [41], and
the nonlinear optimization problem [I73]. The nonlinear operator F' arising in
these applications is indeed strongly monotone. It is generally difficult to solve
the first nonlinear equation in exactly, and thus various inexact Uzawa
methods targeting inexact solutions of the nonlinear equation have been exten-
sively studied in the literature. For example, setting H; = R" and Hy, = R™

with m < n, the following inexact Uzawa method is proposed in [40]:
Fw"™) = —B™F + f + ", Lo
VL= oF 1 QTN (Bt — g), (1.25)
where the vector 0¥ € R” represents an allowable error for solving the nonlin-
ear equation at the k-th iteration, and (); are symmetric and positive definite
matrices that should be adjusted iteratively. The global convergence and local
superlinear convergence rate of the inexact Uzawa method are proved in
[40] under the conditions that F'(w) is Lipschitz continuous, {||6%||} converges to
zero and ||Q; ]| are uniformly bounded for all k. In [106], it is suggested that
the equations in ([1.20) and the second equation in (|1.24]) are solved iteratively
(e.g., by the preconditioned nonlinear CG method) so as to avoid computing the
inverses of D4, @p and Q)x. The linear convergence rate in an energy-norm is
established therein for , provided that the exact generalized Jacobian of
F(w) in the sense of Clarke (see [45]) is approximated by a well-chosen precondi-
tioner for solving the Schur complement problem related to the second equation
in (1.24). Note that the Lipschitz continuity of F'(w) is also required in [106] for

its convergence analysis.
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1.2.3 Alternating direction method of multipliers

We consider the following optimization problem:

min F(Bv) + G(v), (1.26)

veV

where V' is a Hilbert space, the operator B € L(V, H) with H a Hilbert space,
the functionals ' : H — R U {+oc} and G : V — R U {400} are proper,
convex, and lower semicontinuous, and satisfy dom(F o B) Ndom(G) # (), which
guarantees the existence of a solution to the problem . A wide range of
problems in mathematics, physics, statistics, signal processing, imaging, etc.,
can be modeled in the form of , such as flow of a viscous plastic fluid in a
pipe [67], elasto-plastic problems [78], PDE-constrained optimization problems
[125], obstacle problems [73], simplified friction problems, and image restoration
problems [76]. Numerical methods for solving the problem can be found
in e.g., [67, [73, [76].

Here, we focus on the application of the alternating direction method of
multipliers (ADMM) to the solution of . For this purpose, we introduce an
auxiliary variable ¢ € H satisfying ¢ = Bv, then it is easy to see that problem
(1.26)) is equivalent to the following optimization problem with linear constraints

and a separable objective functional:

min Fq)+ G(v
(v,9)eVxH (Q) ( ) (1.27)
s.t. q = Bv.

Let 8 > 0 be a penalty parameter, then the augmented Lagrangian associated
with (1.27) can be defined by

Lo(v,a: ) = Fla) + G) + (1, Bo —q) + 5| B — gl

where (+,-) and || - || are the inner product and norm defined on the space H,
respectively. The corresponding saddle point problem reads: find {u,p; \} €
V x H x H such that

Lg(u,p; ) < Lg(u, p; A) < Lg(v,q; A), V{v,q;u} €V x H x H. (1.28)

Generally, the existence of a solution for problem ([1.27)) does not imply that the
saddle point problem ([1.28)) has a solution and such an existence result has to be
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verified in each specific case. Despite of this fact, one can show that the converse

holds, see e.g., [80].

Theorem 1.1. Suppose that {u,p;\} € V x H x H is a saddle point of the

augmented Lagrangian functional Lg, then {u,p} is a solution to the problem

and u = Bp.

To compute such saddle points, the augmented Lagrangian method (ALM)
(proposed by H. Hestenes [100] and M. Powell [148] individually) reads as:
mHpt Y = in L A" 1.29
{ (", p"} = arg min Ly(v, g \"), (1.29a)

)\n+1 =\ 5(Bun+1 _ anrl). (1.29]3)

The convergence of ALM in infinite dimensional settings has been proved in
e.g., [67, [73] [76, B0]. Concerning the implementation of ALM, the main difficulty
is usually the solution of the minimization problem ((1.29a]), mainly because the
variables v and ¢ are coupled together. To address this issue, a natural idea is
to utilize the separable structure of the problem and treat the variables v
and ¢ individually. As a consequence, we obtain the following ADMM algorithm,
where the minimization problem is decomposed into two parts and they

are solved in the Gauss-Seidel manner.

p"t = argmin Lg(u", ¢; \"), (1.30a)
qeEH

u"t = arg mi‘I/l Lg(v, p"thA™), (1.30b)
veE

A=\ 4 B(Bu"t — ptth. (1.30¢)

The ADMM was first proposed by R. Glowinski and A. Marrocco [72] for
solving nonlinear elliptic equations; its convergence and convergence rate have
been intensively studied in the literature, see e.g.,[19, 67, [73], [76], 80, 05, 07, 130].
A key feature of the ADMM is that the decomposed subproblems and
are usually much easier than the ALM subproblem , which makes
the ADMM a benchmark algorithm in various areas such as image processing,
statistical learning, data mining, and so on; we refer to [19, 53|, [77] for some

review papers on the ADMM.

We note that for some specific cases, the subproblems ([1.30al) and (1.30bj) are

simple enough to have closed-form solutions. However, generally, the subprob-

lems ([1.30a]) and/or (1.30b|) can only be solved iteratively and inexactly when
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implementing the ADMM. In this regard, various inexact versions of the ADMM
in different settings can be found in the literature. For example, inexact versions
of the ADMM for the generic case have been discussed in [52), 54, 137, [189].
These works require summable conditions on the sequence of accuracy (repre-
sented in terms of either the absolute or relative errors). The proximal ADMM,
which adds appropriate quadratic terms to regularize the subproblems and may
alleviate these subproblems for some cases by specifying the proximal terms ap-

propriately, has been studied in, e.g., [22], 92].

Finally, we remark that the ADMM is closely related to the Douglas-Rachford
splitting method which was first studied by Douglas and Rachford in [51] for
heat conduction equations and then generalized by Lions and Mercier in [127]
to nonlinear cases. In particular, the ADMM applied to the problem is
equivalent to the Douglas-Rachford splitting method applied to the dual problem
of with a proper time step size and an initial value; we refer to e.g., |38, [80]

for the detailed discussions.

1.2.4 Primal-dual hybrid gradient methods

Introducing now an auxiliary variable 4 € H and applying the standard
Fenchel-Rockafellar duality (see e.g., [55, Chapter VII]), we can show that ((1.27)

is equivalent to the following saddle point problem:

min max G(v) + (u, Bv) — F*(p), (1.31)

veV ueH
where F*(u) 1= sup,cx(q, ) — F(q) is the convex conjugate of F'(q). Clearly,
the problem is a primal-dual formulation of . To solve such a saddle
point problem numerically, the following primal-dual hybrid gradient (PDHG)
method was proposed in [37].

1
u"t = arg mi‘I/l{G(U) + (A", Bv) + 2—HU —u"[]*}, (1.32a)
ve r
a" = u" 4 (Wt — U, (1.32b)
1
W = gl (n, BE") ~ F ()~ o [n - VL (1320

where 7 € [0, 1] is the combination parameter and r, s > 0 are step sizes of the

primal and dual step, respectively. The PDHG method does not require specific
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initial iterates; its subproblems are usually much easier than the original model
for some concrete applications; and its implementation is very easy. All these
advantages make the PDHG very competitive with other kind of methods; and
it has been widely used in various areas such as image processing [37, [60), 192],

statistical learning [85], and inverse problems [8| 47, [168), 169 170, 178].

The convergence and a worst-case O(1/k) convergence rate measured by the
iteration complexity of the PDHG method with 7 = 1 have been analyzed
in [37]. For the case of 7 = 0, its convergence was established in [60] under some
asymptotic conditions on the step size sequences. When the step sizes are fixed,
it has been shown in [94] by a simple counterexample that the PDHG method
(1.32]) with 7 = 0 is not necessarily convergent even with tiny constant step sizes.
Hence, some additional conditions are required to guarantee the convergence of
this special case. For instance, it was proved that the PDHG ([1.32) with 7 =0
and constant step sizes is convergent if one function in the model is strongly
convex. With this additional condition, a worst-case O(1/k) convergence rate

measured by the iteration complexity was also established therein.

It is worth mentioning that, as discussed in [37], the PDHG method
is closely related to some well-known numerical methods, such as the extrapo-
lational gradient method [113], the Douglas-Rachford splitting method [51], and
the alternating direction method of multipliers [72]. In particular, when 7 = 0
in , the the PDHG method corresponds to the Arrow-Hurwicz al-
gorithm [2], which has been studied in [193] for total variation image restoration
problems. Additionally, it has been shown in [95] that the PDHG method

with 7 = 1 is essentially an application of the proximal point algorithm [I53].

Additionally, we note that some variants of have been proposed in the
literature to improve the numerical efficiency and alleviate the restrictions on
the parameters in (1.32)), see e.g., [85, 93] 04, 05, 168, 170]. In particular, for
the case of 7 € [0,1] in (1.32)), an algorithmic framework of generalized PDHG
schemes was proposed in [93], which allows the output of the PDHG subroutine
to be further updated by correction steps with constant step sizes. With different
choices of parameters, some generalized PDHG schemes can be specified from the

algorithmic framework and they are usually more efficient than the classical one
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(1.32). In [95], some PDHG-based prediction-correction schemes are proposed
and the combination parameter 7 can be relaxed to [—1, 1] which is broader than

that in (T.32).

1.3 Outline of the thesis

The remaining part of this thesis is organized as follows.

In Chapter 2, we consider a class of nonlinear saddle point problems in the
form of and propose an algorithmic framework based on some inexact Uzawa
methods in the literature. Under mild conditions, the convergence of this algo-
rithmic framework is uniformly proved and the linear convergence rate is esti-
mated. By choosing application-tailored preconditioners, we specify an efficient
algorithm by the algorithmic framework for solving the elliptic optimal control
problem with control constraints —. The resulting algorithm does not
need to solve any optimization subproblems or systems of linear equations in
its iteration; each of its iterations only requires the projection onto a simple
admissible set, four algebraic multi-grid V-cycles and a few matrix-vector mul-
tiplications. Its numerical efficiency is then demonstrated by some preliminary

numerical results.

In Chapter 3, we focus on the implementation of the well-known alternating
direction method of multipliers (ADMM) to the parabolic optimal control prob-
lem with control constraints —. The ADMM decouples the control con-
straint and the parabolic state equation at each iteration. As a result, the main
computation of each ADMM iteration is for solving an unconstrained parabolic
optimal control subproblem. Because of its inevitably high dimensionality after
the space-time discretization, the parabolic optimal control subproblems have to
be solved iteratively and inexactly. Hence, the implementation of the ADMM
must be embedded by an internal iterative process for solving these parabolic op-
timal control subproblems. We propose an easily implementable inexactness cri-
terion for these subproblems; and obtain an inexact version of the ADMM whose

execution consists of two-layer nested iterations. The strong global convergence
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1.3. Outline of the thesis

of the resulting inexact ADMM is proved rigorously in an infinite-dimensional
Hilbert space; and the worst-case convergence rate measured by the iteration
complexity is also established. We illustrate by the CG method how to execute
the inexactness criterion, and show the efficiency of the resulting ADMM-CG
iterative scheme numerically. Additionally, we consider an optimal control prob-
lem constrained by the wave equation with control constraints to show that our
philosophy in algorithmic design can be easily extended to other optimal control
problems and hence the proposed inexact ADMM can be deliberately specified

as various algorithms for a wide range of optimal control problems.

In Chapter 4, we consider the sparse initial source identification for diffusion
systems. It is well-known that such a problem is exponentially ill-posed because
of the strong smoothing property of diffusion systems. Computationally, we
propose an efficient optimal control based two-stage numerical approach. First,
we formulate the sparse initial source identification problem as an optimal con-
trol problem with L? 4+ L!-regularized functional, where the L!-term detects the
sparsity of the initial sources and the L?-term guarantees the well-posedness of
the problem while avoiding numerical ill-conditioning problems. Then, we con-
sider a structure enhancement stage, which consists of solving two simple and
low-dimensional optimization problems in terms of the spatial variable and the
intensities, to identify the locations and intensities of the sources, respectively.
To solve the resulting optimal control problem, we advocate the well-known
Primal-Dual Hybrid Gradient (PDHG) method. The PDHG method is cheap
and easy to implement, as it decouples the optimal control problem into two
simpler subproblems and only requires solving two PDEs at each iteration. To
further improve the numerical efficiency of the PDHG method, we introduce a
generalized PDHG-based prediction-correction algorithmic framework and prove
its convergence rigorously. The efficiency of the proposed approach is compared
with other optimization procedures based on the Gradient Descent methodology,

and validated through several numerical results.

In Chapter 5, we consider the bilinear optimal control problem (BCP). Such
a problem is generally challenging from both theoretical analysis and algorith-

mic design perspectives mainly because the state variable depends nonlinearly on
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the control variable and an additional divergence-free constraint on the control
is coupled together with the state equation. Mathematically, the proof of the
existence of optimal solutions is delicate, and up to now, only some results are
known for a few special cases where additional restrictions are imposed on the
space dimension and the regularity of the control. We prove the existence of op-
timal controls and derive the first-order optimality conditions in general settings
without any extra assumption. Computationally, the well-known conjugate gra-
dient (CG) method can be applied conceptually. However, due to the additional
divergence-free constraint on the control variable and the nonlinear relation be-
tween the state and control variables, it is challenging to compute the gradient
and the optimal stepsize at each CG iteration, and thus nontrivial to implement
the CG method. To address these issues, we advocate a fast inner preconditioned
CG method to ensure the divergence-free constraint and an efficient inexactness
strategy to determine an appropriate stepsize. An easily implementable nested
CG method is thus proposed for solving such a complicated problem. Efficiency
of the proposed nested CG method is promisingly validated by the results of

some preliminary numerical experiments
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Chapter 2

An Inexact Uzawa Algorithmic
Framework for Nonlinear Saddle
Point Problems with
Applications to Elliptic Optimal
Control Problem

Motivated by (|1.6)), we consider a class of nonlinear saddle point problems in

the form of
0€(A+3G)(w)+ BTv—f,

0= Bw — g,
where H; and Hs are two finite dimensional Hilbert spaces, f € H; and g € Ho

(2.1)

are given, A : Hy — H; is a linear, symmetric, and positive definite operator,
B : H, — H, is a linear operator and B' : Hy — H; is the adjoint operator of
B, the operator G : H; — 2! is maximal monotone and we use the notation
(A+ G)(w) := {Aw + vlv € G(w)}. Throughout, we also assume the LBB
condition which ensures that the solution set of is nonempty yet not

unique, as to be shown in Lemma [2.1}

Besides the elliptic optimal control problem with control constraints (1.2))-
(1.3), the consideration of (2.1)) is also strongly motivated by a number of appli-
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2.1. An inezract Uzawa algorithmic framework

cations, such as the obstacle problem [6§], the flow of a viscous plastic fluid in a
pipe [78], the elasto-plastic problem [73] and the Cahn-Hilliard equation with an
obstacle potential [86]. For these applications, G is usually the subdifferential of
a nonsmooth convex function (e.g., the indicator function of a convex set) which
is not required to be Lipschitz continuous. We refer to [118, 119] for more such

applications.

2.1 An inexact Uzawa algorithmic framework

2.1.1 Algorithmic framework

To solve the nonlinear saddle point problem ([2.1)), it is natural to consider
extending the framework of inexact Uzawa methods which is applicable
to the linear saddle point problem . The aforementioned advantages of
are important for tackling large-scale problems arising in the mentioned
application areas. To discern the detail of this extension, let us introduce two
symmetric positive definite operators Q4 : Hy — H; and ) : Hy — H, such

that Q4 — A and Qg — S are symmetric and positive semi-definite, and rewrite

4 —BT\ [ s
Qa N f _ Qa ‘ (2.2)
0 —Qp) \V* g Bw** — Qpu™t!

It is obvious that the linear saddle point problem ([1.20)) can be represented as

—~A —-BT
Qa wy r\_ Qaw ' (2.3)
0 —QB v g Bw — Qpv
In addition, we rewrite (2.1)) as
- A —-BT
Qa wy f . (G +Qa)(w) (2.4)

0 —Q@B v g Bw — Qpv

Then, comparing the model’s extension from ([2.3)) to (2.4)), it is natural to think
of replacing @4 in the right-hand side of (2.2) with (G + Q4) and to use the
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2.1. An inezract Uzawa algorithmic framework

resulting iterative scheme for (2.4)):

Qa—A BT\ [w* (T e (G + Qa)(w™)

(2.5)
0 —Qp) \V* g Bw**t — Qpu™!
We rewrite (2.5)) as
W = (Qa+9) N (Qaw® — Auw' — BTo* + f), 2.6

o= 4 Q5 (Butt — ),

and this is our new inexact Uzawa algorithmic framework for the nonlinear saddle

point problem ([2.1).

Note that the operator (Q4+G)~! in (2.6)) is single-valued because Q 4 is pos-
itive definite and G is maximal monotone. Obviously, the algorithmic framework
(2.6)) reduces to the framework of inexact Uzawa methods if the linear
saddle point problem is considered, i.e., when G = 0. Similar as ((1.23)),
Q4 and Qg play the role of preconditioners of A and S, respectively. All advan-
tageous features of for better numerical performance are also inherited in

£9).

In addition, as for the linear saddle point problem (1.20)), if @4 = A and
Qp = %I (w>0) in l} then the resulting algorithm reduces to

wk:-i-l — (A~|—Q)_1(—BTvk + f),

(2.7)
Uk-i—l — Uk + w(Bwk—i—l i g)'

As , we also call the exact Uzawa method for the nonlinear saddle
point problem (2.1). In fact, it can be shown that some applications of the
classic augmented Lagrangian method proposed in [100, 148 to, e.g., a class
of elliptic variational inequalities of the second kind in [73], are special cases
of the exact Uzawa method . Finally, for the special case where G is the
sum of the subdifferential of a nonsmooth convex function and a skew symmetric
matrix or a positive definite operator, the algorithmic framework is reduced
to the Arrow-Hurwitz-type method in [I1§] (subject to a difference of constants
associated with the preconditioners @4 and @)p) and the preconditioned Uzawa
method in [119] (with @4 = A in (2.6))), respectively. Note that the discussion

on how to choose the preconditioners 4 and @ p in [I1§] is mainly theoretical,
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2.2. Convergence

while we focus on finding appropriate application-tailored preconditioners so as
to specify the inexact Uzawa algorithmic framework ({2.6)) as implementable and

efficient algorithms for given specific applications.

2.1.2 Our objectives

The first purpose is to study the convergence for the inexact Uzawa algorith-
mic framework in the generic setting of the nonlinear saddle point problem
. We shall prove the convergence and estimate the linear convergence rate
for the sequence generate by under the same condition for the easier case

[23) in [21), ie.
(Convergence Condition) Qar=A and @Qp=S. (2.8)

Hereafter, by A; = As (resp., A1 = Ay), we mean A; — A, is symmetric and
positive semidefinite (resp., definite), for two given symmetric positive definite

operators A; and As.

Another purpose of this chapter is to investigate how to specify the inexact
Uzawa algorithmic framework as an efficient algorithm when it is applied
to the elliptic optimal control problem with control constraints -. The
key is choosing appropriate preconditioners ()4 and @)p; we shall show how to
employ the algebraic multi-grid (AMG) V-cycle techniques in [63] [185] to find
high-quality preconditioners for this specific application. As a result, an efficient

algorithm is derived for solving the elliptic optimal control problem with control

constraints ([1.2))-(1.3]).

2.2 Convergence

In this section, we prove the convergence of the sequence {n*} generated by

the inexact Uzawa algorithmic framework ({2.6) under the convergence condition

E3).
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2.2. Convergence

Despite that the algorithmic framework is intrinsically inspired by ,
theoretical analysis for the convergence and linear convergence rate of is
generally more difficult because of the presence of the maximal monotone opera-
tor G. More specifically, convergence analysis for the linear case is critically
based on estimating the bound of the spectral radius of the corresponding itera-
tive matrix (after representing the iterative scheme as a fixed point form), while
this technique is not available for the nonlinear case . In addition, con-
vergence results in the mentioned literature [40, 106] for the generic nonlinear
saddle point problem (|1.24]) are not applicable either, because G in is not
necessarily Lipschitz continuous. On the other hand, it is not difficult to extend
the analysis in [118] to the general case and establish the convergence for
the algorithmic framework . Here, we give a new proof for the convergence
by analyzing the strict contraction property of the sequence generated by .
This new perspective is also preparatory for proving the linear convergence rate

in Section 2.3

First, we summarize some useful results and present some assumptions for
further analysis. We denote by n € Hy x Hy, Q) : Hy x H, — H; x Hy and

@ Hy x Hy — 2H1¥H2 regpectively, as the following:

w Qa—A O G(w)+Aw+ BTv— f
n = , Q= and ¢(n) =

(2.9)
Obvious, ¢~1(0) gives the solution set of (2.1)) and we denote S := ¢ ~1(0).

Lemma 2.1. The solution set S of 1S monempty.

Proof. According to the LBB condition ([1.21)), the operator B is surjective.
Thus, there exists a wy € H; such that Bwy, = ¢g. If B is injective, it is ob-

vious that we have wy = B~!¢ and there exists a v* € H, such that
0€G(B'g)+AB g+ Bv* — f.
If B is not injective, then the kernel space Ker(B) of B is nonempty.

Let {11,129, ...,%n,} € Hy be a basis of Ker(B) and ¥ := (¢1, o, . .. ,¢n3>
the operator from R"2 to H;. Then, any w € H; satisfying Bw = ¢ can be
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2.2. Convergence

represented as W( + wy for some ¢ € R"3. Since A is positive definite and G
is maximal monotone, it is easy to verify that the operator W' AV is positive
definite and the operator W' G (W - +wyq) is maximal monotone. This means there

must exist one and only one (* € R"2 such that
0€ U GUC* 4 wp) + T A(VC +wy) — V' f.

Therefore, there exists h* € G(V(* + wp) such that h* + A(V(* + wy) — f is in
the orthogonal complement space of Ker(B), i.e., the image space of BT (see,

e.g. [I57]). Hence, there exists a v* € Hy satisfying
0=h"+ AU +we) + B'v* — f.
We denote w* := W(* + wy. Then, it follows from Bw* = g and h* € G(w*) that

0c G(w*) + Aw* + BTv* — f
—Bw*+g¢g ’

which means (w*,v*)" is a solution point of (2.1)). Hence, the solution set S of
(2.1)) is nonempty. O

Remark 2.1. According to the proof above, we notice that the components w of
all solution points of are indeed identical because of the uniqueness of (¥,
despite that the other component v is not necessarily unique (which is due to the

presence of G).

Throughout, we require the preconditioners Q4 and @p in (2.6) to satisfy
the convergence condition (2.8]). With this condition, we know @) = 0. Thus, we
denote by ||7|lo = /1" Qn the semi norm and it holds that

Inlle < vp(@)lnl- (2.10)
In addition, we define dist(c, D) and distg(t, D), respectively, as
dist(¢,D) := inf ||t — d distg(e,D) :=inf ||t —
ist(t, D) = mnf [|le — €[l and  distq(s, D) := Inf || — Ele,
for a given subset D and ¢ in the same space. Then it follows from (2.10]) that

distg(L, D) < /p(Q) - dist(t, D). (2.11)

Next, we prove two useful lemmas.
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2.2. Convergence

Lemma 2.2. For A and B in , iof the preconditioners Q4 and Qg satisfy
the convergence condition (@, then it holds that

A—-B'Qz'B = 0.
Proof. 1t follows from the LBB condition ((1.21)) that the Schur complement S =

BA~'BT is positive definite and thus it is invertible. Since we have Qp > S
from the convergence condition ([2.8)), it holds that

B'S™'B = B'Q3'B. (2.12)

Therefore, it suffices to show A — BTS™'B > 0. For this purpose, we introduce
II :=1—A'BTS™'B. It is easy to show that II> = II and AIl = II'A.

Therefore, we have
(Allz, ) = (All%z, x) = (1" Allz, ) = (Allz, [lz) >0, Vo € H;.

We thus obtain that A — BTS™!B = AIl = 0 and the desired result follows from
(2.12)) directly. O

Lemma 2.3. There exists a constant Ly > 0 such that

[(Qa + g)_l(QAwl — Awy — BTy + f)
—(Qa+9) MQaws — Awy — BTy + f)lo, (2.13)
<Li|[m — mellg,Vm,ne € Hy x Ha.

Proof. To verify this inequality, we first need to prove the following inequality:

(Qa+G) ' = (Qa+G) ' hallgs < Q4" (M1 — ha)ll@a, Vi, he € Hy. (2.14)
For this purpose, let

Uy =(Qa+G) 'hy and wuy = (Qa+G) 'ha,Vhy, hy € Hj.
Then, we have
—Qauy +hy € G(uy) and  — Qaug + hy € G(us).
Since the operator G is monotone, we have
(—Qa(ug — ug) + (hy — ha),u; — ug) > 0.
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2.2. Convergence
We then obtain
lur — usl[gy, <AQ% (7 — ha),ur — uz)g, < [[Q7 (1 — ha)llg,llur — usllo.,
which implies directly.

Moreover, let h; = Q q4w; — Aw; — B v;+ f € Hy, fori = 1,2. Then, it follows
from that
1@a+9) ™ (Qawr — Awy — Boi + f) = (Qa + G) ™ (Qawa — Awz — Bl vz + f) .
<@ ((Qa — A) (w1 — wa) = BT (v1 — v2)) @,
<[1Q31(Qa — A)(wi —w2) g, + Q4 B (v1 —v2)) @
<(VI@1 — 472031 @a ~ A2 + I 2B BTQ 1 ) I — mlle.

If we set

L= @ = A)72Q31(@Qa — A2 + /10 2 B3 BTQ5 ),

the assertion ([2.13)) is proved. O

Next, we prove that the sequence {n*} generated by the inexact Uzawa al-
gorithmic framework (12.6)) is contractive with respect to the solution set S. The

contraction property is crucial for establishing the convergence of the sequence.
Theorem 2.1. Let n* = (w*,v*)" € S, that is,

0 (A+G)(w*)+B"v —f,
0 = Bw" — g,

(2.15)

and {n® = (wk v*) T} be the sequence generated by the ineract Uzawa algorithmic

framework (@) With the convergence condition (@, we have

7"t =7 l1G < lln" =011 — " = 0¥ [I3- (2.16)
Proof. From , it is easy to verify that
Qa(w” —w"™) — Aw* — B™* + f € G(w™), (2.17)
{ Qp(v® — ") 4 B — g =0, (2.18)
and can be written as
—Aw* — B™v* + f € G(w"), (2.19)
{ Bw* — g = 0. (2.20)
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Subtracting (2.19) and - from and - 2.18)) respectively, and using the

maximal monotonicity of G, we obtain

(Qa — A) (W — wh) — A —w*) — BT (0" — "), 0 —w*) >0, (2.21)

Then, we derive that

Q@ — ™), =)

= ((Qa — A)(w® — "), Wk —w*) 4 (Qp(vF — ), P — %)

Z <A(wk+1 o w*)7wk+1 . U)*) + <BT(Uk - U*),warl o w*>

1 (Qp(vF — P, WL )
222<A(wk+1 —wt), W =) — (0F — ot Qp(vF — oF YY) (2.23)
1 (Qp(vF — P, P )
— (@ — ), WM — W) — (oF — R Qp(u — oY)
222) (

2 (A — w), k= w) — (BTQE Bt — ), wht — ur))

— <(A o BTlewakJrl . w*>7wk+1 o w*>.

It follows from Lemmas and ([2.23) that

(Q* =)0t =) >0,
which implies

k+1 H k+1

I =015 < lIn* = n*llg — 1" = n*113,

and we complete the proof. O]
With these preparations, we are now able to prove the convergence of the
inexact Uzawa algorithmic framework ([2.6)).

Theorem 2.2. Let {n® = (w*,v*)T} be the sequence generated by the inexact
Uzawa algorithmic framework (@ Then, we have
|w* —w*|| =0 and dist(v*,S,) =0,

where S, := {v*|(w*,v*) € S}.
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Proof. First, we need to show that the sequence {n*} is bounded. It follows from

(2.16) that, for any integer K > 0 and n* € S, we have

K-1

1™ =113+ > 0" = k13 <l — 7113,
k=0

which implies that ||n**' —7*||3, is bounded and that

k+1

I — "3 = 0.
Jim [ —n"G = 0

k+1

As a result, [[vF — v*||g, is bounded. It is clear that ||w**! — w*|g, is also

bounded. Indeed, we have

1 w'lg, = 11(Qa + 6) N (Qaw® — Aw® — BT+ f)
—(Qa+9)HQaw" — Aw — B v + fllo.  (2.24)

[[w

)
< Lilln* =g

In addition, the boundedness of ||n* — n*|| is guaranteed by the positive definite-
ness of both Q4 and Qp. Therefore, the sequence {n*} is bounded.

To show that any cluster point of {n*} is a solution point of the problem
1 , let 7 be a cluster point of {n*} with llim nkt = n>. We first prove that
— 00
n>® € S. Recall limy_,o |7 — n*||3, = 0. We can derive that

lim ot —wg, = lm [|(Qa+6) " (Qaw — Auk — BTv 4 )

k—o0

—(Qa+G) H(Qaw" ' = A" = BT* ' + fllq.,

| .
< lim Li|n* —n" g =0,
k—oo

and
li ML oFlo,. = 0.
Jim [Jo™ =g,

k+1

We thus have limy . |71 — 7*|| = 0, which implies that

lim ||w** —wh|| =0, and lim [[o"™ — M| =0.
l—o00 l—o0
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Then, one can derive that

1(Qa+G) H(Qaw™ — Aw™ — BTv™ + f) — w™|q,
= (Qa+ 91 (Qaw™ — Aw™ — BTv>* + f) — lim w"||q,,
< (Qa+G) (Qaw™ — Aw™ — BTv™ + f)
= lim (Qa +9) "M (Qaw™ — Awkt = BT + g,
+ | lim (Qa +G) T (Qaw" — Aw® — BT + f) — lim w' g,

+ || llim wh T — Tim W g,
—»00 l—o00

= lim Q4+ )~ (Qaw™ — Aw* — BTv™ + )

—(Qa+G) " HQaw" — AwM — BTvM + f)|lo,

@13) - L
< Jim Lyfly™ =l =0,
— 00

and
lim Q5 (@0 + Buk*! — g) — | = Q5! (Bu™ — g)]| = .
Therefore, we conclude that:

0€ (A+Gw>®+Bv™—f,
0 = Bw™ — g,

which implies that 7> is a solution point of the problem ({2.1)).

As mentioned in Remark [2.1, the components w of solution points of the
nonlinear saddle point problem (2.1)) are identical. We thus have ||w* — w*|| —
0. It is easy to verify that dist(v*,S,) — 0. Otherwise, there should exist a
subsequence {v*} of {v¥} such that dist(n*,S) > dist(vk,S,) > ¢ for some
€0 > 0. Let n* be a cluster point of {#*}. Then we have dist(n*,S,) > o
which contradicts with the above conclusion of any cluster point of {n*} being a

solution point of the problem (2.1)). We thus complete the proof. n

Remark 2.2. Compared with (2.17), and (2.19), , it is easy to
verify that n**' is a solution point of the problem if and only if nFt! = nk.
It also holds that limy,_,« ||[n*T1 — n¥|| = 0. Therefore, given a tolerance € > 0,

k+1

we can use ||n*t —nF|| < € as a stopping criterion to numerically implement the

inexact Uzawa algorithmic framework (@)
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2.3 Linear convergence rate

In this section, we further consider the linear convergence rate for the inex-
act Uzawa algorithmic framework . It turns out that some techniques in
variational analysis, especially some sophisticated techniques recently initiated
in [130], 182], [18Y] for convergence analysis of various algorithms in optimiza-
tion, are useful for our analysis. It seems to be the first time to consider such
variational analysis techniques to derive the linear convergence rates for inexact
Uzawa type methods in the context of saddle point problems. More specifically,
we shall derive the linear convergence rate of under mild conditions which

can be easily satisfied by various concrete applications of the nonlinear saddle

point problem ([2.1).

To discuss the linear convergence rate for (2.6, we make the following as-

sumption.

Assumption 2.1. The set-valued mapping ¢ defined in 18 metrically sub-
reqular around (n*,0), Vn* € §. That is, Vn* € S, there exist a neighborhood
B.(n*) of n* and k > 0 such that

dist(n,S) < k- dist(0,(n)), Vne B(n").

More details about the metric subregularity can be found in, e.g. [187].

We first prove a useful lemma which plays a key role in analyzing the linear

convergence rate for (2.6)).

Lemma 2.4. Let {n*} be the sequence generated by the inezact Uzawa algorith-
mic framework (@) If Assumption is satisfied, then there exist constants
Ky >0 and & > 0 such that, for any k > Ky, it holds that

dist(n™*',8) < &[|n"*" — n¥|lo.

Proof. Because of Theorem , we know that any cluster point of {n*}2°, is a
solution point of the problem ([2.1). Moreover, the proof of Theorem [2.2|indicates
that the set of the cluster points S, is bounded. Let {B(n*)},n* € S,e > 0 be
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an open covering of the bounded closed set S,, i.e., the closure of S,. There exist

finite open sets {]B%%(nj)}, nf € S,i=1,...,ipsuch that S, CJ,_, ZO{IEB%(n;")}

-----

Hence, there exists Ky > 0 such that, for any k > K, there is always one solution
point 7, € S, jx € {i = 1,...,io} such that nktl e Be;, (177,). Then, Assumption
shows that, for some «;, > 0, we have

dist(n**!,S) < wj, - dist(0,0(n*)).
It follows from and the definition of ¢(n) in (2.9) that

(@a= At —wt )

On(0* — o) € o(n

Then, we obtain
dist(,S) < ry, - dist(0, (i)
< K (I(Qa — A)(wk — "+ Qs (v — ™))

< R (Vp(Qa = A) +V/p@p)) I = n*llq
<, rgaﬁ.o{m}) (V@i =D + /@) — Pl

Therefore, with & = (max;_1,__;,{xi}) - (\/p(Qa — A) +/p(Qp)) > 0, the result
is proved. O

Next, we prove a local convergence property of the sequence {dist,(n"*!)}.

Theorem 2.3. Let {n*} be the sequence generated by the ineract Uzawa algo-
rithmic framework @ If Assumption 1s satisfied, then there exists Ky > 0
such that, for any k > Ky, it holds that

distQQ(nkH,S) < (1+ )_ldisté(nk,S).

1
p(Q)R?
Proof. From ([2.16)), we have

distgy (™, 8) < disty(n*, S) — "' = 1"[13, vk > 0.

By virtue of the inequality (2.11)) and Lemma[2.4] there exist Ky > 0 and £ > 0
such that

1
—distQ(nk“,S) < dist(n**1,S) < g||nFt! — nkHQ, Vk > Ko. (2.25)
p(Q)
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2.8. Linear convergence rate

Consequently, we have

1 ,
Wdlsté(nk+178), Vk Z K(),

and the proof is complete. O

distgy(n*,8) < dist(n*, S) —

Now, we can prove a similar theorem concerning the same property but glob-

ally. Techniques in [62], 130] are useful for proving the theorem.

Theorem 2.4. Let {n*} be the sequence generated by the ineract Uzawa algo-
rithmic framework @ If Assumption is satisfied, then for all k > 0, there

exists kK > 0 such that

1
distgy(n*™,8) < (1+ ?)_ldisté(nk, S). (2.26)

Proof. First, it follows from ([2.25)) that

disto(n**,8) < Vp(Q)R[N* —=n*llo, Yk > K.

Therefore, we only need to consider the case k < K. Let

k+1

e:= min {|[n" —n"[o}.

0<k<Kop

then we have

In*** = nfllg > e, Vk < Ko.

Recall the contraction property of {#*} in (2.16)). There exists a constant C' > 0
such that |1 — n*||o < C. We thus have

disto(r™,8) < [+ = n'llg < S " ~n¥llg, Vi < Ko
Let & := max{/p(Q)F, €}, We have
distqo(n*™,S) < &|n*t —nFllo, VE>0.
Taking into account, we immediately obtain
distQQ(nHl,S) <(1+ %)_1disté(nk,8), Yk >0,

and the proof is complete. O
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2.8. Linear convergence rate

Based on Theorem [2.4] the global linear convergence rate of the sequences
{wk} and {v*} can be derived directly. We present these results in the following

theorem.

Theorem 2.5. Let {n*} be the sequence generated by the inevact Uzawa algo-
rithmic framework (@ If Assumption 15 satisfied, then for all k > 0, there
exist K >0, Ly > 0 and Lz > 0 such that

1
[kt —w|| < Lo(1 + =)~ 2disto(n°, S), (2.27)
K
and
1 1
dist(v**!,S,) < Ly(1+ =) 7 distq(i°, S), (2.28)
K

where S, = {v*|(w*,v*) € S}.

Proof. By setting Ly = 1/ p(Q3"), the second inequality (2.28)) follows from ([2.26
directly. We then focus on the first inequality (2.27)) in the following discussion.

According to (2.24)), we have

ot < p(@) e — wlla < HQE Ll — 7l

Since it is shown in Lemma that the components w of all solution points of
are identical, taking infimum with respect to n* on the inequality above
yields

[w** = w*|| < p(Q1") Lidistq(n*, S).

It follows from Theorem [2.4] that
distqo(n®,S) < (1+ %)_gdistQ(no,S).
Thus we have
k= < p(@) (1 + =) Edistg(ifS),
The proof is complete with Ly = p(Q") L. ]
Note that Assumption [2.1] can be easily satisfied by many popular choices

of the abstract operator G. Examples include the subdifferential of a convex

function such as the indicator function of a box constraint and the L'-norm
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2.4. Application to elliptic optimal control problems

function; see, e.g., [I54] for more details. As a result, according to Theorem
[2.5] the linear convergence rate holds for the resulting algorithms generated via
the inexact Uzawa algorithmic framework for some concrete applications
including the elliptic optimal control problem with control constraints which will

be discussed in the next section.

2.4 Application to elliptic optimal control prob-

lems

With the proved convergence and linear convergence rate, it is promising to
consider the inexact Uzawa algorithmic framework for various applications.
Meanwhile, the highly abstract and general algorithmic framework becomes
practical only when the preconditioners ) 4 and () are chosen appropriately for a
specific application of the nonlinear saddle point problem in abstract form.
To illustrate how to choose application-tailored preconditioners in for a
given application and thus derive an efficient algorithm via the framework ,
we consider an elliptic optimal control problem with control constraints, which is

a fundamental problem in various areas (see, e.g., [18, [30} 49, 103}, T25] [145] 171]).

2.4.1 Problem statement

We consider the elliptic optimal control problem with control constraints

1 «Q
. T L 2 “lll? 2.29
yGHf)lr(lélr)l,uec (y7 U) 2 Hy deLQ(Q) 2 HuHLZ(Q)’ ( )

where y and u satisfy the following state equation:

Ky=u in £,
(2.30)
y=0 on I.

In (2.30), 2 C RY(d > 1) is a convex polyhedral domain with boundary I' := 99,
and the desired state yg € L*(2) is given. The admissible set C is defined by

C={ucL®)|a<ulxr) <b, ae. in Q} C L*(Q),
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2.4. Application to elliptic optimal control problems

where —oo0 < a < b < 400 are two given constants. If a = —oo and b = +o0,

then the problem ([2.29)) reduces to the unconstrained case.

In the equation ([2.30)), the linear second-order elliptic operator K is defined
by

LK oy
Ky = — Z oz, Zaija_xj + oy,
=1 j=1
where 0 < ¢y € L™(Q),0 < a;; € L™(Q),V1 < 4,5 < d are coefficients. In

addition, we assume that the matrix-valued function (a;;)1<; j<a4 satisfies a;; = aj;

and
d d
DY a@)&s = AlIElP, VE={&Y, €RY ae in
i=1 j=1
with v > 0 and || - || the canonical Euclidean norm of R¢. Under these assump-

tions, the bilinear form a(-,-) : Hy x Hy — R associated with K can be defined

by
d d

dy 0
a(y,v) = ZZ/Qazj(x)@%a; dx +/Qcoyvdx. (2.31)
7 )

i=1 j=1

The existence and uniqueness of the solution point to the problem ([2.29)) can
be proved in a similar way as discussed in [125]; more details can be found in

[103].

To characterize the solution point u* of the problem ([2.29)), we introduce an
adjoint variable p. It is then well known (e.g., see [103]) that the first-order
optimality conditions of (2.29)) can be stated as below.

Theorem 2.6. Suppose that u* € C is the unique solution of the problem .
Then the following first-order optimality conditions hold:

0€dle(u”) +au™+p*, (2.32)
Ky*=u* in €,
(2.33)
y*=0 on T,
K'p*=y"—yqa in £,
(2.34)

p =0 on T,
where y* and p* are the state and adjoint variables associated with u*, respec-
tiwely, Ic(u) the indicator function of the admissible set C and 0lc(u) the sub-
differential of I and K* is the adjoint of the operator K.
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2.4. Application to elliptic optimal control problems

Since the problem ([2.29)) is convex, the optimality conditions ([2.32))-(2.34))
are also sufficient. Accordingly, we can solve ([2.32))-(2.34)) to obtain the optimal

solution of ([2.29)).

2.4.2 Finite element discretization

In this subsection, we discuss the finite element discretization of the problem

(2.29) in order to solve it numerically.

Let 7, be a quasi-uniform triangulation of 2, and 7" be an element of 7y,
satisfying Q, = UTeTh T. In the case that €2 is a convex polyhedral domain, we
have Q = Q. Let hp denote the diameter of the element 7 in 7;, and h = gpez%
{hr}. Let P, denote the space of polynomials with degree < 1 and define the

finitely dimensional spaces V}, and V}?, respectively, as,

Vi, = {vp|on, € C(Q); 04 | € PLVT € T},
VY= {oplvn, € Vi, vp |9a= 0}.

We use Vj, to approximate H'(Q) and L*(Q2); and V! to approximate H} ().

Moreover, let {¢;(z)}"; be the piecewise linear basis functions of V}, satisfying
¢i(r) >0,Yi=1---n, and v, = Zvi@(:v),Vvh € V. (2.35)
i=1

Then, we can approximate the problem (2.29) by the following finitely dimen-

sional optimal control problem:

: 1 2 (e 9
1 5 - = I
yevoglevh 2”% YanllT2,) + 2||uh||L2(Qh) + I, (up)

(2.36)
s.t. a(yn,vn) = (up,vy), Vo, € Vi,

In (2.36)), yan € V} is an approximation of y,4, and Cj, denotes the discrete admis-
sible set defined by

Ch:=V,NC={v, = Zviqﬁi(a:)]a <wv; <b1<i<n}.
i=1

In [30], the convergence of the finite element discretization is discussed. We

cite this result below.
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2.4. Application to elliptic optimal control problems

Theorem 2.7. (cf. [30]) Let u* and u; be the optimal solutions of the problem
2.29) and , respectively. Then, there holds:

llll_{%ﬁﬂu — Upl2(@) = 0.

This theorem implies that the convergence rate of the finite element dis-
cretization is of order o(h), which will be validated by numerical results to be

presented in Section [2.5]

Moreover, for numerical implementation, we define the mass matrix M and

stiffness matrix K, respectively, as follows
Mij = | ¢i(x)¢;(x)dz, Ky = a(di(x),d;(x)), VI<ij<n.
Qp,

Using these notations, the discrete optimal control problem originating from
(2.29) in matrix-vector form is given by
min 2y~ w3+ Sl + Te(w)
yeR? uecRn 2 2

s.t. Ky = Mu,

(2.37)

where y = {y;}7,, v = {u;}", and y4 = {y4}7,, and the discrete admissible
set C is given by
C={ueR"a<u; <b, 1<i<n}.

By introducing the adjoint variable p € R™, the optimality conditions of (2.37)

read as
0 aM + aIc 0 MT u
My, S 0 M —-KT y |- (2.38)
0 M —-K 0 p

2.4.3 ([2.38)) is a special case of (2.1

In this subsection, we illustrate that the nonlinear saddle point system ([2.1])
includes the discrete optimality conditions (2.38)) as a special case. Hence, the
inexact Uzawa algorithmic framework (2.6)) is implementable for (2.38)).
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2.4. Application to elliptic optimal control problems

To proceed the discussion, we introduce

aM 0 U
A= ,B:(M —K>,w: , (2.39)
0 M Y
0
v=p, Ow)=Ilc(u), f= , g=0. (2.40)
Myq

Then, the optimality conditions (2.38)) can be reformulated as

f . A+00 BT w
g B 0 v

, (2.41)

which is a special case of (2.1) with G = 00. Clearly, for the unconstrained case,
there is no 00, and the nonlinear saddle point ([2.41)) reduces to the linear saddle
point problem (|1.20)).

2.4.4 Difficulties of implementing ([2.6)) for ([2.38)

In this subsection, we look into details for the implementation of to
. In particular, as mentioned, it is important to choose appropriate precon-
ditioners 4 and () g in accordance with the specific structure of the model .
First, according to , we know that the Schur complement S = BA™!BT
is reduced to é]\/[ + KM~'KT for the specific nonlinear saddle point problem
([2.41), and as well studied in, e.g. [58], p(S) is of order O(h~2).

Let us now observe the application of the exact Uzawa method (2.7)) to (2.38]),

which reads as

0 € Ole(u*™) + aMur™ + MTp*, (2.42a)
0= My — KTp* — My, (2.42Db)
0=p"™ —p* —w(Mu* — KyFth). (2.42¢)

As discussed in Section 1.1 for linear saddle point problems, the implementation

of (2.42a))-(2.42c)) has some numerical difficulties as listed below.

1. Since M is symmetric and positive definite, the u-subproblem (2.42a)) is

equivalent to the following optimization problem:

k
. [0
min Ic(u) +§\|u+%\|§4. (2.43)

ucR”
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2.4. Application to elliptic optimal control problems

The problem usually has no closed-form solution because M is not
diagonal, despite the simplicity of I¢(w). Thus, inner iterations should be
embedded into the implementation of ; hierarchically nested iter-
ations and hence the lack of rigorous analysis for the convergence of the

overall scheme ([2.42)) are thus caused.

. For the y-subproblem (2.42h)), it is usually a huge-scale system of linear

equations especially for fine discretization cases.

. For the subproblem , the main difficulty is that w is forced to be
tiny for fine discretization cases and thus slow convergence is inevitable.
Recall that the scheme is derived from the implementation of the
exact Uzawa method to the problem . Hence, it can be regarded
as taking Qp = 17 in (2.6) and the convergence condition (2.8) requires
that w < ﬁ. As just mentioned, p(S) is of order O(h™?); thus w is of
order O(h?) which is very small even for medium values of h. This may

easily lead to extremely slow convergence, see, e.g., the analysis in [21] for

linear saddle point problems.

2.4.5 Strategies

Now, we elaborate on our ideas for tackling the difficulties listed above. To

tackle the first difficulty, a natural idea is to add a proximal term 5||uw—u*||cyr—anr

to the objective function in (2.43]). With some special choice of the constant

co > 0 such that c¢gI — aM > 0, the proximally regularized problem may have

a closed-form solution. Such a strategy has been widely used in areas such as

optimization and image processing, see e.g., [183, [I86, 191]. For the problem

under our discussion, however, this proximal regularization technique seems not

to be useful because the convergence condition c¢g/ — aM > 0 means that cg

depends on h and it can rarely be sufficiently large. Here, we consider the lump

mass matrix

W= diag( | ¢i(x)dz)i,,
Qp
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2.4. Application to elliptic optimal control problems

where ¢;(z),i = 1,--- ,n are basis functions defined in (2.35)). It has been shown
in [I84] that
W =M, Vh>D0. (2.44)

Adding the proximal term ¥ [lu—w*||w_as to the objective function, the problem

([2.43) is transformed to

1
min T (u) + 5 [u+ W (M — (W = Myub) .

ueR”

whose optimality condition reads as
0 € Ole(u*™) + aWur™ — a(W — M)u* + M p". (2.45)
Since W is diagonal, we obtain
W = P (= M)k = M Tph)

where Pe is the projection onto the admissible set C and it usually can be easily

computed because of the simplicity of the set C.

For the second difficulty, we consider some iterative schemes that are tailored
for the system of linear equations. Since M is diagonally dominant, we can

choose D = 2diag(M) which implies immediately that
D> M. (2.46)

With this choice, the computation of y**! is essentially the application of the
damped Jacobi iteration method to the y-subproblem (2.42b)), which reads as:

y" =y — DY (My* — KTp* — Myy). (2.47)

As a result, we can update y**! element-wisely, which is computationally inex-

pensive and easily implementable.

Last, we discuss how to choose appropriate preconditioners Q4 and Qg in

accordance with the specific structure of the model (2.38]) to tackle the third diffi-

culty. First, taking (2.6)) into account, we know that (2.45]) and (2.47)) essentially
imply that
aW 0

QA = )
0 D
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2.4. Application to elliptic optimal control problems

and it follows from (2.44) and (2.46) that Q4 = A.

For the preconditioner @, inspired by [21] for linear saddle point problems,
an ideal choice is Qg = S. But it is generally too difficult to compute le because
the condition number of S is of order O(h™*) which means S is extremely ill-
conditioned even for not very small values of h. Therefore, we need to choose
@B to balance the efficiency of the resulting algorithm and the computation of

Q3'. For this purpose, we note that the Schur complement S can be written as

1 1o 2
" ﬁ]\/[) \/aK.

According to the work [145] [146], the Schur complement S can be approximated
by

S=(K+-—=MM 'K+

1 e LT
PB:(K+EM)M (K+\/5M)’ (2.48)

2 K in S. Let us recall a known result below.

which drops off the term 7a

Theorem 2.8. (cf [T]5].) Suppose that we approximate S by Pg. Then, we can

bound the eigenvalues of Pg'S as follows:

1

)‘(Pgls) € [57 1]a

which is independent of a and h.

Therefore, the positive definiteness of K and the theorem above ensure that
P - S. (2.49)

This theorem also implies that we can use Pp defined in (2.48)) as a surrogate
of the preconditioner ()p for the Schur complement S if we can approximate
the matrices (K + \/LEM ) and (K + \/LEM ) efficiently. Thus, implementing
the inexact Uzawa algorithmic framework for with the surrogate Pp
essentially requires to compute (K + \/LEM )"l and (K + \/iaM )~ T. The matrices
(K + \/LEM ) and (K + \/LEM )", however, are still ill-conditioned due to the
presence of the stiffness matrix K whose condition number is of order O(h™?)
(see, e.g. [58]). Hence, it is not practical to directly compute these two inverses.

Since K is the discretization of the linear second-order elliptic operator K, as

discussed in, e.g. [20] I72], a spectrally equivalent approximation of K can be
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2.4. Application to elliptic optimal control problems

obtained by performing one or more multi-grid sweeps. We thus can follow some
well-studied literatures such as [I81), [185] to execute two algebraic multi-grid
(AMG) V-circles to approximate the computations of (K + \/LEM )~ 'v and (K +
\/LEM )~ Tw, respectively, for a given vector v. Note that, via the implementation of
AMG V-circles, the matrix (K + \/LEM ) is implicitly approximated by a matrix,
denoted by . Hence, the expression of G is unknown. As we shall show in
Section 6 by numerical results, this approximation is good enough to ensure very

fast convergence. The implementation of AMG V-circles is based on the iFEM

package developed in [39] with a Jacobian smoother.

2.4.6 A specific inexact Uzawa type algorithm for (2.29)

In summary, we choose the preconditioners Q4 and () as

aW 0 1 ~T
Qa = b = A, and Qg :=7GM G = Pg > S, (2.50)
0

where the constant 7 > 0 should be large enough to ensure Qg = Pg. Note

that it follows from that Qp > S. Moreover, since the algebraic multi-
grid process G is a spectrally equivalent approximation to K + \/LEM (see, e.g.,
[145], [146]), it is easy to determine the value of 7 around 1 such that Qp > S
is satisfied. More details will be shown in Section 2.5l We thus obtain the
following specified algorithm via inexact Uzawa algorithmic framework for
the problem (|2.37)):

0 € Ole(u"™) + aWur* —a(W — M)u® + M p", (2.51a)
0= Dy —y") + My" — K"p* — My,, (2.51Db)
0= pk—i-l o pk o Q§1<M’U,k+1 . Kyk+1). (251C)

We would reiterate that in (2.50) the matrix G ~ K + \/LaM (hence, G ~
(K + \/LEM )T) and the approximation is in an implicit manner, while there is no
need to know the explicit expression of G to implement . The reason is
that @) is approximated by the Pg defined in , and thus the computation
of Q5 (Mu**! — Ky*+1) in is realized via totally four AMG V-circles

implemented on (K + \/ia]\/[ ) and (K + \/LEM )T, respectively, plus a matrix-

vector multiplication involving the matrix M. Since Q@4 = A and Qg > 9,

46



2.5. Numerical results

the convergence condition is verified. As a result, the convergence of the
resulting algorithm follows from Theorem directly. Since I is the
indicator function of a box constraint, Assumption [2.1] is satisfied. Therefore,
according to Theorem , the algorithm indeed converges linearly. We

shall verify these theoretical results in Section [2.5

Our explanations above indicate that, because of the well-chosen precondi-
tioners in , the algorithm designed specially for the elliptic optimal
control problem with control constraints is featured by the fact that each
of its iteration only requires computing a projection onto the admissible set (see
(251a)), four AMG V-cycles (see (2.51d)) and some matrix-vector multiplica-
tions. There is no any optimization problem or system of linear equations which
should be solved iteratively in its iterations, and thus nested iterations are com-

pletely avoided. Therefore, it is very easy to implement the specific algorithm

251).

2.5 Numerical results

In this section, we test the elliptic optimal control problem with control con-
straints ([2.29) and numerically verify the efficiency of the specific algorithm ([2.51))
derived from the algorithmic framework ({2.6]).

First, we would like to mention that there are other numerical schemes in
the literature that can be applied to various elliptic optimal control problems
with control constraints. For example, one can regard the corresponding first-
order optimality conditions of the problem under discussion — as a
nonsmooth equation and then apply some so-called semismooth Newton (SSN)
type methods (see, e.g. [99, 103, [104], 147, [174]). In [14], the primal dual active
set (PDAS) method is proposed and it can be viewed as a combination of an
SSN type method with the active set strategy proposed in [I01]. It is proved in
[T74] that SSN type methods may have locally superlinear convergence rates and
they are capable of approaching high-precision solutions. Meanwhile, it is known

that SSN type methods require solving a possibly large-scale and ill-conditioned
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system of linear equations at each of their iterations, in order to compute the
Newton step, on top of that the convergence of SNN type methods usually de-
pends on well-chosen initial iterate. In addition, it follows from Theorem [2.7]that
the discretization error is o(h) and it accounts for the main part of the total error
of utilizing some numerical scheme to solve the problem . In this sense,
approaching an approximate solution in a very high precision may not necessar-
ily reduce the total error order, while significantly more computation loads are
caused. Therefore, it is also interesting to consider such a numerical scheme that
can find approximate solutions in medium-precision but with significantly less
computational time. The proposed inexact Uzawa algorithmic framework

is such an effort.

We also notice that some schemes based on the so-called alternating direction
method of multipliers (ADMM) (see [72]) have been proposed in the literature
for solving the elliptic optimal control problem with control constraints, see e.g.
[162]. As the proposed algorithm , these ADMM type schemes do explore
the separate structures of the models under investigation and thus each iter-
ation consists of a projection onto the admissible set and a large-scale linear
saddle point problem. But solving the linear saddle point problems iteratively
per se may be computationally expensive, and it results in nested iterations and
hence causes new difficulties in rigorously ensuring the overall convergence. By
contrast, as elaborated in Section 5, the algorithm derived from the algo-
rithmic framework does not require to solve any optimization subproblems
or systems of linear equations numerically over the fine mesh. Therefore, because
of the aforementioned very different natures, we do not numerically compare the

algorithm ([2.51)) with SSN type and ADMM type methods in the literature.

Our codes were written in MATLAB R2016b and experiments were imple-
mented on a Surface Pro 5 laptop with 64-bit Windows 10.0 operation system,
Intel(R) Core(TM) i7-7660U CPU (2.50 GHz), and 16 GB RAM. To test our
proposed algorithm , we define the primal and dual residuals, respectively,

as:

— — L -
ps = (|l =" H[Za) + 19" = 4" MlEa)?  and  dyi=lp* = Pl ra);
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and the stopping criterion is set as
max(ps, ds) < tol,

where tol > 0 is a prescribed tolerance. The initial values are set as u =0,y =0

and p = 0 for all experiments.

Example 1. We first consider the example given in [104]:

: _ 1 _ 2 e 2
ye (@) ec T w) = 3lly = vallza0) + Sllullzo@)
—Ay=u in (),
s.t.
y=0 on T

where the domain € = (0,1) x (0, 1) and constraints on the control variable u are
a = 0.3and b = 1. In addition, we set the desired state yg = 472a sin(rz) sin(7y)+

Y-, where g, denotes the solution associated with the problem

—Ay,=r in Q,
y-=0 on T

and r = min {1, max {0.3, 2 sin(7x) sin(wy) } }. It follows from the construction of
yq and r that u* = r is the unique solution of this example. The exact solution
u* on a grid with h = 279 is presented in Figure . Note that we only consider
the boundary condition y = 0 in order to simplify the process of constructing
an example with a known exact solution. In practice, it is not necessary to
assume the boundary condition y = 0; the scope to which our proposed method
can be applied is not affected by the boundary condition. Indeed, the state
equation is an elliptic problem with Dirichlet boundary condition; so we only
need to operate on interior points of the domain of the problem and thus the
boundary condition does not affect the coefficient matrix of the linear system
after discretization. Similar assumptions can be found in many literatures such

as [09, (10T, 103, 145, [146).

We first set tol = 107% and test the algorithm (2.51) with different dis-
cretization mesh sizes: h = 27%i = 3,---,10 and different regularization pa-
rameters: o = 1077, = 2,---,6. For tests with h = 272 tol = 1079, and

a=1077,5 = 2,---,6, the iteration numbers range between 43 and 66, which
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Figure 2.1: Exact solution u* of Example 1.

implies that the numerical performance of is robust to various values of
the regularization parameter «. Hence, as [104], we just report the results for
a = 107* for succinctness. Accordingly, the value of 7 for Qg in is tuned
to be 0.5. The numerical results with different mesh sizes h are presented in
Table The computing time in the third column show that we can obtain a
medium-precision numerical solution in a short time even for fine discretization
cases such as h = 271% Compared with the result in [162], we observe that,
although less iteration numbers are reported therein, the ADMM-based scheme
in [I62] requires much more computing time especially when the mesh size h is
small. As mentioned, it is because a linear saddle point problem in form of

should be solved at each iteration and thus nested iterations are inevitable.

We also observe that the additional constraint in the admissible set does not
increase computing time for the algorithm (2.51). We further test the uncon-
strained case, i.e., a = —oo and b = +o00, and compare it with the constrained

case for a fixed number of iterations (say, 100). The comparison is reported in

Table 2.2

In Figure[2.4] we present the errors ||u—u*||2(qy and ||y —y*||2(q), the primal
and dual residuals with A = 27¢ and tol = 107%. The results presented here verify
the linear convergence rate discussed in Section [2.3] Numerical results of y, y —y4
and u,u — u* with h = 27% and tol = 107 are reported in Figures [2.2] and

respectively.

To validate the finite element discretization error estimates, we define the
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Table 2.1: Numerical results of the algorithm ([2.51)) for Example 1.

||y_yd||[,2(9)

h | Iter | CPU(s) Toall 2 o J(y,u) l|lull 20
273 | 41 0.103278 | 5.5599x1072 | 2.6848x107° | 0.7055
274 | 48 | 0.170980 | 5.2592x1072 | 2.8549x107° | 0.7294
275 | 47 | 0.284057 | 5.1871x1072 | 2.9146x107° | 0.7375
276 1 47 | 0.435089 | 5.1684x1072 | 2.9390x1075 | 0.7399
277 | 47 | 0.785748 | 5.1640x1072 | 2.9496x 1075 | 0.7423
278 | 47 | 2.396362 | 5.1628x1072 | 2.9547x1075 | 0.7430
279 | 47 ] 11.192291 | 5.1626x1072 | 2.9571x107° | 0.7433
2710 | 47 | 49.309952 | 5.1625x1072 | 2.9583x 1075 | 0.7434

Table 2.2: Computing time(s) comparison between unconstrained(U) and con-
strained(C) cases for Example 1.

h 273 274 275
U | 0.1135 | 0.1815 | 0.2317
C | 0.1273 | 0.2556 | 0.4384

2—10
85.3758
86.5423

2—9
19.1093
19.7053

2—8
4.3241
4.0090

2—7
1.2521
1.2639

2—6
0.5108
0.5899

Figure 2.2: Numerical solution y and error y — y4 of Example 1.
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Figure 2.3: Numerical solution u and error v — u* of Example 1.

—#— Dual residual
—&— Primal residual
—<— Objective value

—o— [lu-uH|
vyl

Iteration result

[lu-u*|| and [ly-y*|
=
5
S
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S
£

,a
°,
&

107 - 1010 .
10° 10t 10° 10!
iteration iteration

Figure 2.4: Tteration error ||u — u*|| and ||y — y*|| (left), primal residual py, dual

residual dg and objective function value (right) of Example 1.
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2.5. Numerical results

experimental order of convergence (EOC) as

log(e(h1)) — log(e(h2))

EOO = )
log(h1) — log(hs)

(2.52)

where e(h) > 0 is the error with L?-norm, and h; and hy denote two consecutive
mesh sizes. From (2.52)), it is easy to show that, if e(h) = O(h?), then EOC = B.
In addition, to eliminate the iteration error of the algorithm , we set
tol = 107 in the following experiments. For this case, the discretization error
dominates the total error. For this purpose, we specify e(h) with respect to u

and y as, respectively,

eu(h) = [lu” = w3l 2@)s ey(R) = [ly" = ypll2 ()

We report the numerical results in Table [2.3| for some choices of the mesh size
h. Tt is observed that the convergence order of the finite element discretization of
the control variable in our experiments is approximately O(h?). This empirically
validates the theoretically derived order of o(h) in Theorem 2.7} In addition,
the convergence order of the state variable y is O(h?) which coincides with the
theoretical result shown in [64]. Moreover, the third column in Table shows
that it only requires less than 80s in the finest discretization case (b = 2719)
to reach highly accurate solutions. This further validates the efficiency of the

algorithm (2.51]) for solving the elliptic optimal control problem with control

constraints ([2.29)).

Table 2.3: Convergence order of finite element discretization for Example 1.
h | Iter | CPU(s) ew(h) EOC(u) ey(h) EOC(y)
273 | 77 | 0.124715 | 3.4529x1073 ~ 6.1846x107° ~
274 | 83 | 0.166852 | 8.7410x107* | 1.9819 | 1.5136x107° | 2.0281
272 | 80 | 0.353843 | 2.1415x107% | 2.0291 | 3.8981 x1076 | 1.9597
276 1 82 | 0.511972 | 5.3773x1075 | 1.9937 | 9.6936 x10~7 | 2.0076
2-7 82 1.242614 | 1.3438x107° | 2.0005 2.4253%x 1077 1.9987
278 | 82 | 3.433469 | 3.3609x107° | 1.9994 | 6.6031x107% | 2.0000
279 | 82 | 16.899456 | 8.4238x10~7 | 1.9963 | 1.5157x107% | 2.0000
27101 82 | 74.143923 | 2.1271x1077 | 1.9856 | 3.7853x107% | 2.0015
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2.5. Numerical results
Example 2. We consider the following problem:

min

1 o
yeHg (Q),ueC J(y,u) = 3y — vallZ2(q) + 5 llulliz0)

—Ay+y=u in €,

s.t.
y=0 on T
where the target function y; = sin(27z)sin(27y), 2 = (0,1) x (0,1), and the

admissible set C is given by
C = {v(z) € L®(Q)| — 70 < v(z) < 70,a.e. in Q} C L*().

We set the parameter o = 107% and the constant 7 = 0.5. Compared with

Example 1, this example is more general and its exact solution is unknown.

Similar as Example 1, we first test the algorithm for finding medium-
precision solutions with tol = 1076 for different values of the mesh size h. Nu-
merical results are summarized in Table It shows that the algorithm (2.51))
converges very fast. It is observed that the resulting iteration number seems not
to be affected by the mesh size. We fix the iteration number as 100 and compare
the computing time for both the constrained and unconstrained cases with dif-
ferent mesh size h. The results are reported in Table It is verified again that
the additional constraint in the admissible set does not increase computing time
for the algorithm . We also report some numerical results with A = 276
and tol = 107% in Figures and [2.6] respectively.

Table 2.4: Numerical results of the algorithm ([2.51)) for Example 2.

ho|dter | CPUGs) | Mo [ ) |l
273 76 0.169272 | 1.6454x1072 | 8.7736x107* | 41.2225
274 | 75 | 0.175245 | 9.2394x107% | 7.9962x10~* | 39.7361
275 | 76 | 0307826 | T.6773x107% | 7.8246x10~% | 39.3749
276 | 73 | 0461259 | 7.5190x107% | 7.7863x 101 | 39.2832
277 | 69 | 0.899516 | T.ATA3x107% | 7.7769x10~* | 39.2608
275 | 65 | 2749966 | T.4641x10~° | 7.7745x10~* | 39.2553
279 | 60 | 14.249536 | T.4613x107° | 7.7739x10~* | 39.2538
2710 | 59 | 49.860595 | 7.4606x 1073 | 7.7738x 10~ | 39.2535
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2.5. Numerical results

Table 2.5: Computing time (s) comparison between unconstrained (U) and con-
strained (C) cases for Example 2.

h 2-3 2—4 2-5 2—6 2—7 2-8 29 9-10
U | 0.1633 | 0.2428 | 0.4106 | 0.7522 | 1.2153 | 3.9141 | 17.5494 | 82.7913
C ] 0.1685 | 0.2624 | 0.3938 | 0.6672 | 1.0936 | 3.6811 | 17.3901 | 80.3295

Iteration result

10715 I
10° 10!
iteration

(a) Iteration result (®) y—ya

Figure 2.5: Iteration result(left) and error y—y,(right) with h = 1/64 of Example

40
20
[}
-20
-40
1
05
05 £
0 o

(a) y (b) u

Figure 2.6: Numerical solution y (left) and w (right) with ~ = 1/64 of Example
2.
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Chapter 3

Implementation of the ADMM
to Parabolic Optimal Control
Problems with Control

Constraints and Beyond

In this chapter, we consider the following optimal control problem with a

parabolic PDE constraint and a box constraint on the control variable:

1 9 o
min — — dxdt + — // ul?dxdt 3.1
I S | Ry AT (31)
subject to the state equation
dy .
E—yAy—l—aOy:uX@, in Qx(0,7),
y =0, on I'x(0,7), (3.2)
y(0) = ¢,

where 2 is an open bounded domain in R? (d>1) and " = 09 is the piecewise
continuous boundary of §2; w is an open subset of 2 and 0 < T < 4o00; the
domain @ = Qx (0,7) and O = w x (0,T). In (B.1)-(3.2), v and y are called the
control variable and state variable, respectively. The target function y4 is given

in L?(Q) and the admissible set U,q is defined by
Upa = {vjv € L™(0),a < v(x;t) < bae. inO} C L*(0).
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3.1. Some existing algorithms

In addition, we denote by A := V -V the Laplace operator and xo the charac-
teristic function of the set @. The constant a > 0 is a regularization parameter;
a and b are given constants; the initial value ¢ is given in L*(€). The coefficients

ag (> 0) € L*(Q) and v is a positive constant.

3.1 Some existing algorithms

3.1.1 Parabolic optimal control problems without control

constraints

For the special case of the problem — where U,q = L*(O), i.e., there
is no constraint on the control variable, the resulting problem is called an uncon-
strained parabolic optimal control problem and it has been well studied in some
earlier literatures such as [I125] and some more recent ones such as [I71]. There
is a rich set of papers discussing how to solve unconstrained parabolic optimal
control problems numerically; and methods in the literature can be generally
categorized as the “black-box” and “all-at-once” approaches. The “black-box”
approach commonly suggests substituting the state equation into the objective
functional to eliminate the state variable y, and treats an unconstrained parabolic
optimal control problem as an optimization problem with respect to the control
variable u. Note that each iteration of a “black-box” approach requires solving
the involved state equation. We refer to [81), [83] for some efficient “black-box”
type numerical schemes for unconstrained parabolic control problems with dif-
ferent types of control variables. On the other hand, the “all-at-once” approach
keeps the state equation in the constraints, and treats both the state and control
variables separately. The optimality condition of such a resulting constrained op-
timization problem after discretization can be represented as a linear saddle point
system, which can be solved by some efficient iterative solvers such as Krylov
subspace methods. We refer to [132, [144] [176] for more details. Both “black-box”
and “all-at-once” approaches can be combined with standard techniques such as
domain decomposition methods and multi-grid methods to further improve their

numerical performance; see, e.g., [7, [16, [70, 98|, 131], for some intensive study.
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3.1. Some existing algorithms

3.1.2 SSN methods for parabolic optimal control prob-

lems with control constraints

In the literature, semi-smooth Newton (SSN) methods are state-of-the-art
for various optimal control problems with control constraints. For instance, SSN
methods have been intensively studied for optimal control problems with ellip-
tic PDE constraints; see, e.g., [I01} 103, [I75] and reference therein. A common
feature of SSN methods is that a semismooth Newton direction is constructed
by using a generalized Jacobian in sense of Clarke (see [45]) and then a Newton
iteration is expressed in terms of certain active set strategy which identifies the
active and inactive indices iteratively in accordance with the control constraints,
see, e.g., [14, 147]. In [I4], some adaptive strategies have been proposed to
alleviate the computational load of the Newton iterations with the resulting iter-
atively varying coefficient matrices. As analyzed in [I01], a SSN method with an
active set strategy can be explained as the primal-dual active set (PDAS) strat-
egy studied in [14] for certain problems such as linear-quadratic optimal control
problems with box control constraints, including the problem (3.1)~(3.2). The
convergence of the PDAS approach can be found in [I17] while some numerical
results are also reported therein for parabolic boundary control problems with
d = 1. In [101], it has been proved that SSN methods possess locally superlinear
convergence and usually can find high-precision solutions, on the condition that
that some initial values can be deliberately chosen. Note that it is assumed by
default that the resulting Newton systems should all be solved exactly to val-
idate the theoretical analysis and hence the mentioned nice properties of SSN
type methods. Computationally, it is notable that the Newton systems arising in
SSN methods are usually ill-conditioned, and as commented in [I66] that “it is
never solved without the application of a preconditioner”. Seeking appropriate
preconditioners so as to improve the spectral properties of the Newton systems is
indeed a major factor to ensure the success of implementing a SSN type method.
In the literature, e.g., [102), 147, 160, 165, 177], some preconditioned iterative

solvers were proposed for various SSN methods.

One motivation of considering SSN type methods for the general case of the

problem (3.1)—(3.2) with U,q € L*(O) is that the indicator function of the ad-
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3.1. Some existing algorithms

ditional constraint on the control variable u € U, arising in the optimality
condition of the problem — is nonsmooth; hence gradient type methods
are not applicable, see e.g., [103| I71]. But, a particular obstacle of applying SSN
type methods to the problem f is that the simple box constraint on the
control variable is forced to be considered together with the main parabolic PDE
simultaneously. Despite that the computational load of assembling the New-
ton systems can be alleviated by the adaptive strategies in [14], the varying active
sets require adjusting the preconditioners iteratively. Indeed, as commented in
[165], “we have recomputed the preconditioner for every application involving a
different active set” and that “the recomputation of the preconditioner needs to
be avoided”. Hence, the simple constraint on the control variable unnecessarily
complicates the Newton systems because of the request of active-set-dependent

preconditioning, and this feature makes it difficult to apply SSN type methods

to the problem ({3.1))—(3.2]).

Implementation of SSN type methods to the general case of the problem
f with d > 2 is further restrained by the inevitably high dimensionality
of the resulting Newton systems. To elaborate, if we set the mesh sizes of both
the time and space discretizations as 1/100, then the dimensionality of the re-
sulting Newton system at each iteration is order of O(10°) for d = 2 and O(10%)
for d = 3. Hence, for some time-dependent problems such as f with
d > 2, it is not practical to solve such large-scale Newton systems either exactly
or up to high precisions. It is thus necessary to discern some criterion that can be
implemented easily, and to investigate the convergence if these Newton systems
can only be solved up to certain levels of accuracy due to the difficulty of high
dimensionality. In the literature, usually some empirically perceived constant
accuracy is set a prior, and certainly fixing a constant accuracy by liberty may
unnecessarily result in either too accurate computation (hence slower conver-
gence) or too loose approximation (hence possible divergence) for the internal
iterationsﬂ There seems still to lack of discussions on how to specify the in-
exactness criterion methodologically and how to prove the convergence of the

resulting inexact executions rigorously in the literature of SSN methods. Also,

!The same concerns also apply to the interior point methods in, e.g., [143], for different

types of optimal control problems.
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3.2. Conceptual application of ADMM

as mentioned in, e.g., [147], some SSN methods require the accuracy for internal
iterations to be increased when the mesh size for discretization becomes smaller.
This essentially increases the computational load for solving the Newton systems

and may significantly slow down the overall convergence if fine meshes are used

to discretize the problem ({3.1)—(3.2)).

3.2 Conceptual application of ADMM

Inspired by the aforementioned difficulties in the consideration of implement-
ing the well-studied SSN methods to the problem f, our first motivation
is to design an algorithm that can treat the parabolic PDE constraint (difficult
one) and the box constraint on the control variable (easy one) separately in
its execution. A particular goal is that the subproblems associated with the
parabolic PDE constraint arising in different iterations should have invariant
coefficient matrices so that certain numerical strategy such as preconditioning
can be uniformly applied. To this end, it suffices to consider the well-studied
alternating direction method of multipliers (ADMM) which was first introduced

by Glowinski and Marroco in [72] for nonlinear elliptic problems.

Let us see how the ADMM can be applied to the problem f and
a prototype algorithm can be obtained immediately. For this purpose, we let
S : L?*(0O) — L*(Q) be an affine solution operator associated with the state
equation ; and it is defined as

S(u) = y. (3.3)

It is clear that S is bounded, continuous and compact. More properties of the
operator S can be referred to [I71]. With y = S(u), the problem (3.1)—(3.2) can

be rewritten as

1 , 1 ,
nin %//Q|S(u) — Yd| dwdt+§//o |u|*dxdt,

which is actually a scaled version of the problem (3.1)—(3.2). Further, by intro-
ducing an auxiliary variable z € L?*(O) such that u = z, the problem (3.1))—(3.2)
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3.2. Conceptual application of ADMM

can be written as the following separable convex optimization problem

min J(u) + I z
(u,2)EL2(O)x L2(O) (W) + fv.(2) (3.4)

s.t. U=z,

where Iy ,(-) is the indicator function of the admissible set U,q and

~ 1 1
J(u) == %// 1S(u) — ya|*dxdt + 5 // lu|®dwdt, with v = —. (3.5)
Q o @

The augmented Lagrangian functional associated with the problem (3.4)) can be

defined as
7 p 2
Lg(u,z,A) := J(u) + Iy, ,(2) — (A, u—2) + §||u — z|I%,

in which (-,-) and || - || are the canonical inner product and norm in L?*(O),
respectively; A € L%(O) is the Lagrange multiplier associated the constraint
u = z, and § > 0 is a penalty parameter. To simplify the discussion, the
penalty parameter is fixed throughout our discussion. Then, implementing the

ADMM in [72] to (3.4]), we immediately obtain the scheme

k+1 — : L k )\k: 3.6
u arg uergg?o) g(u, 2%, \%), (3.6a)

k+1 _ : T k+1 )\k 3.6b
z arg min_ p(u™™, 2, A7), (3.6b)
NHE= NP — BuM — 25, (3.6¢)

3.2.1 Remarks on the direct application of ADMM

The ADMM can be regarded as a splitting version of the classic augmented
Lagrangian method (ALM) proposed in [100, 148]. At each iteration of the
ALM, the subproblem is decomposed into two parts and they are solved in the
Gauss-Seidel manner. A key feature of the ADMM is that the decomposed
subproblems usually are much easier than the ALM subproblems and it becomes
more likely to take advantage of the properties and structures of the model
under investigation. Also, it generally does not require specific initial iterates
to guarantee its satisfactory numerical performance. All these advantages make
the ADMM a benchmark algorithm in various areas such as image processing,
statistical learning, and so on; we refer to [19, [77] for some review papers on the

ADMM. In particular, the ADMM and its variants have been applied to solve
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3.2. Conceptual application of ADMM

some optimal control problems constrained by time-independent PDEs in, e.g.,[4]
91, [162]. In [84], the ADMM was applied to parabolic optimal control problems
with state constraints, and its convergence is proved without any assumption on
the existence and regularity of the Lagrange multiplier. In [83], the Peaceman—
Rachford splitting method (see [142]) which is closely related to the ADMM was
suggested to solve approximate controllability problems of parabolic equations

numerically.

On the other hand, the ADMM is a first-order algorithm; hence its conver-
gence is at most linear and it may not be efficient for finding very high-precision
solutions. For a numerical scheme solving the problem —, total errors
consist of the discretization error resulted by discretizing the model and the it-
eration error resulted by solving the discretized model numerically. In general,
first-order numerical schemes such as the backward Euler finite difference method
or piecewise constant finite element method with the step size 7 is implemented
for the time discretization (see e.g., [83 133]). As a result, the error order of
the time discretization is O(7) (see e.g., [133]) and this estimate may dominate
the magnitude of the total error. For such cases, pursuing too high-precision
solutions of the discretized model does not help reduce the total error and it is
more appropriate to just apply a first-order algorithm to find a medium-precision

solution of the discretized model. This also motivates us to consider the ADMM

(3.6 for the problem ({3.1})—(3.2).

3.2.2 Difficulties and goals

It is straightforward to obtain the ADMM for the problem —.
But the scheme (3.6]) is only conceptual, and it cannot be used immediately. As
will be shown in Section , the z-subproblem (3.6b)) is easy; its closed-form
solution can be computed by the projection onto the admissible set U,4. But the
u-subproblem is essentially a standard unconstrained parabolic optimal
control problem, and it can only be solved iteratively by certain existing algo-

rithms. For instance, as studied in [81} [83], we can apply the conjugate gradient

(CG) method to solve it. Clearly, solving (3.6al) dominates the computation of
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each iteration of the ADMM . Notice that the dimensionality of the time-
dependent u-subproblem (|3.6a)) after space-time discretization is inevitably high.
Hence it is impractical to solve these subproblems too accurately. Meanwhile,
there is indeed no necessity to pursue too accurate solutions for these subprob-
lems, especially when the iterates are still far away from the solution point.
Therefore, the subproblem should be solved iteratively and inexactly, and
the implementation of the ADMM must be embedded by an internal it-
erative process for the subproblem (3.6a)). Interesting mathematical problems
arise soon: How to determine an appropriate inexactness criterion to execute the
internal iterations for solving the subproblem ; and how to rigorously prove
the convergence for the ADMM scheme with two-layer nested iterations?

Preferably, the inexactness criterion for solving the subproblem should
be easy to implement, free of setting empirically perceived constant accuracy a
prior, independent of space-time discretization mesh sizes and the regularization
parameter «, accurate enough to yield good approximate solutions which are
good enough to ensure the overall convergence, yet efficient to avoid unnecessar-
ily too accurate solutions so as to save overall computation. Moreover, though
the convergence of the original ADMM has been well studied in both earlier
literatures [67, 69, [76l, 80] and recent literatures [96] O7], the scheme with
the nested internal iterations subject to a given inexactness criterion should be
analyzed from scratch. In short, our goals are: (I) proposing an easily imple-
mentable and appropriately accurate inexactness criterion for solving the sub-
problem inexactly and hence an inexact version of the ADMM (B.6)), (II)
establishing the convergence for the resulting inexact ADMM rigorously, (III)
specifying the inexact ADMM as concrete algorithms that are applicable to the
problem f, and (IV) extending the inexact ADMM to other versions

that can be used for a range of other optimal control problems.

3.3 An inexact ADMM

In this section, we first take a closer look at the solutions of the subproblems

(3.6a)—(3.6c]), and then propose an inexactness criterion for solving the subprob-
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lem (3.6a)) iteratively. An inexact version of the ADMM (3.6) with two-layer
nested iterations is thus proposed. For the simplicity of notations, hereinafter,

we denote by U and Y the space L?(0) and L*(Q), respectively.

3.3.1 Elaboration of subproblems
Subproblem (|3.6al)

For the u-subproblem (j3.6a), it follows from
L, 24 08) = Ju) = (V= 24) 45— 22

that the u-subproblem ({3.6al) is equivalent to the following unconstrained parabolic

optimal control problem:

o N vk kB kg2
min ji(u) = J(u) = (%, u = 27) + Sllu — 27"

Let Dji(u) be the first-order derivative of j, at u. By perturbation analysis

discussed in [81], B3], we have
Djie(u) = u + plo + Blu — 2F) — \*.

Hereafter, p is the adjoint variable associated with u and it is obtained from the

successive solution of the following two parabolic equations:

% —VvAYy 4+ apy = uxo in @ x (0,7), y=0onl x (0,7), y(0)=¢p, (3.7)
and

Ip :
_E_VAP—FaOp:fY(y_yd) anX(07T)7 pZOOHFX(O,T), p(T):O

(3.8)
It is clear that the equation (3.7) is just the state equation (3.2)) and it can be
characterized by the operator S with y = S(u). Furthermore, we denote by S*
the adjoint operator of S. Then, it is easy to derive that S* : L*(Q) — L*(O)
satisfies plo = S*(7(y — vya)), where p is the solution of the adjoint equation
(3.8). Then, we obtain the following first-order optimality condition of the u-

subproblem (3.6a)).
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Theorem 3.1. Let u**! be the unique solution of the subproblem . Then,

k+

uFtL satisfies

Djk<uk+1) — uk-i-l _|_pk+1’0 + B(uk+l o Zk) o )\k _ O7 (39)

1 k+1

where p**1 is the adjoint variable associated with u

Remark on

According to , Dj(u**1) consists of the minimization of J(u) and the
satisfaction of the constraint on the control variable. It is natural to consider
choosing some value that is not different from 1 for 5 so that these two objectives
can be well balanced. Our numerical experiments show that, 5 = 2 or 3, is usually
a good choice to generate robust and fast numerical performance. Also, because
of this reason, we reformulate the original problem — as with a
scaled objective functional J(u). If no scaling is considered, it is easy to show

that the optimality condition of the corresponding u-subproblem reads
a(uF T pP o) + BuFT — 2F) — A =0, (3.10)

and it implies that the penalty parameter § should be close to « in order to
balance the two objectives in . Since « is generally very small (e.g., less
than 1073), 3 is also forced to be small for this case. According to our numerical
experiments, too small values of § may easily cause some stability and round-off
problems in numerical implementation, and they also easily result in unbalanced
magnitudes for the primal variables v and z, and the dual variable A. All these

issues are inclined to deteriorate convergence of the ADMM.

Subproblem (3.6b))

For the z-subproblem ([3.6bf), notice that

Lﬁ(uk—H,Z,)\k) _ j(uk+1) + IUad(Z) . ()\k’uk—i—l _ Z) + §||uk+1 _ Z||27

which implies that

A = arg Hligl Iy, ,(2) — O\F 0P — 2) + gHu
zE

k+1 ZHQ'
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Hence, zF*! is given by

)\k
= Py (uF - F)’ (3.11)

where Py ,(-) denotes the projection onto the admissible set Upg:

Py, (v) := max{a, min{v, b} }, Vv € U.

3.3.2 Inexactness criterion

In this subsection, we propose an inexactness criterion that achieves the men-
tioned goals, and an inexact version of the ADMM is obtained for the
problernf. Various inexact versions of the ADMM in different settings
can be found in the literature. For example, inexact versions of the ADMM for
the generic case have been discussed in [52, 54 137, [189]. These works require
summable conditions on the sequence of accuracy (represented in terms of ei-
ther the absolute or relative errors). Such a condition forces the subproblems to
be solved with increasing accuracy and requires specifying the accuracy (indeed
an infinite series of constants) a prior; both are difficult to be realized prac-
tically. A particular inexact version is the so-called proximal ADMM in, e.g.,
[22, [92], which adds appropriate quadratic terms to regularize the subproblems
and may alleviate these subproblems for some cases by specifying the proximal
terms appropriately. Because of the different and much more difficult setting in
the problem f, however, a specific criterion tailored for the subproblem
should be found in order to solve it more efficiently.

Recall that the optimality condition of the u-subproblem (3.6a) can be char-
acterized by . Since the u-subproblem is strongly convex, the above
necessary condition is also sufficient. Therefore, if @ € U satisfies Djx(a) = 0,
then u is the unique solution of the u-subproblem . To propose an inex-

actness criterion, we define ey (u) as
er(u) == (14 B)u+ S*(y(S(u) —yq)) — B2~ — \F. (3.12)

It follows from the definitions of the solution operator S and its adjoint operator

S* that ex(u) can be written as
ex(u) = (14 f)u + plo — 2" = ¥, (3.13)
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where p is the adjoint variable associated with w.

It is clear that e,(u) = Djip(u) and u**! is the solution of the u-subproblem
(3.6a)) at the (k + 1)-th iteration if and only if ex(u**!) = 0. Hence, we can
use ex(u) as a residual for the u-subproblem (3.6a)). With the help of ex(u), we

propose the following inexactness criterion. For a given constant o satisfying
0<o< QL € (0,1), (3.14)
we compute u**! such that

lex (™| < ollex(u)]- (3.15)

The inexactness criterion is mainly inspired by our previous work [190],
and it keeps all advantageous features of the criterion in [I90]. Meanwhile, the
problem f in an infinite-dimensional Hilbert space is much more com-
plicated than the LASSO model considered in [190], and it is worthy to elaborate
on the details of executing the inexactness criterion . Indeed, the residual
er(u) in (3.13) is derived from the first-order derivative of ji(u). Conceptually,
the computation of ej(u) requires the solutions of the state equation and
the adjoint equation (3.8]). Practically, the residual ex(u) can be calculated easily
by certain iterative scheme, see Algorithm for the detail of implementing the
CG method.

Remark 3.1. We reiterate that the inexactness criterion can be checked
by current iterates and it can be executed automatically during iterations. There
1s no need to set any empirically perceived constant accuracy a prior, and it
is independent of the mesh sizes for discretization. Also, the relative error
llex (WE ) /llen(u®)|| is controlled by the constant o (instead of summable se-
quences as proposed in many ADMM literatures) and it does not need to tend to
zero (hence, increasing accuracy can be avoided in iterations). All these features
make the inexactness criterion easily implementable and more likely to

save computation.
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3.3.3 An inexact version of the ADMM (3.6) for (3.1])—
(3-2)

Based on the previous discussion, an inexact version of the ADMM (3.6]) with
the inexactness criterion (3.15)) can be proposed for the problem (3.1)—(3.2]).

Algorithm 3.1 An Inexact Version of the ADMM (3.6]) for (3.1)—(3.2)

Input: {u?, 2 \0}T e UxUxU,8>0and0< o < ﬂfﬁ € (0,1).

while not converged do
Compute e (u*) = (1 + B)u” + pFlo — B2F — N,
Find «**! such that

lew(@ )| < olle(wh)ll, with ex(u) = (14 Byt 4 pHig — B2k - AF,

Update the variable 2#1: 21 = Py (uft1 — %k)
Update the Lagrange multiplier A*¥1: \FHL = \F — B(yhtl — k1),

end while

3.4 Convergence analysis

In this section, we prove the strong global convergence for Algorithm [3.1]
Though there are many works in the literature studying the convergence of the
ADMM and its variants, the convergence of Algorithm should be proved
from scratch because of the specific inexactness criterion and the setting
of the problem f. In particular, the proof is essentially different from
that in [190], despite of some common ideas in the respective stopping criteria.
Note that the strong global convergence to be obtained is because of the strong
convexity of the objective functional .J (u) in , which is usually absent for
many other problems such as the LASSO model considered in [190].
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3.4.1 Preliminary

To present our analysis in a compact form, we denote w € W :=U x U x U,

v eV :=U x U and the function F(w) as follows:
z
w=|z|,v= \ , and F(w) = A , (3.16)

where D.J(u) is the first-order derivative of J(u). We also define the norm

ol = /o, o) = Mzn? IR voev, (3.17)

which is induced by the matrix operator

BI 0
1
0 5[

H—

With these notations, it is easy to see that the problem (|3.4)) can be characterized

as the following variational inequality: find w* = (u*, z*, )\*)T € W such that
VIW,Upa, F): Iy, (2) — Iy, (") + (w — w*, F(w")) >0, Yw € W.(3.18)

We denote by W* the solution set of the variational inequality (3.18)); and it is

easy to show that the solution set W* is a singleton.

From the definition of .J in 1) we know that it is strongly convex, i.e.
|u—v||? < (u—v, DJ(u) — DJ(v)), Yu,v € U. (3.19)
In addition, one can show that D.J is Lipschitz continuous. Indeed, one has

DJ(U) =1u —|—p|o,

where p is the adjoint variable associated with u. We introduce a linear operator

S :U — Y such that
S(v) = Sv+ 5(0), Yvel. (3.20)
Then, we can derive that
(u—wv,DJ(u) — DJ(v)) < kllu —v|?, Yu,v € U, (3.21)
where k =1+ 7| S*S]||.
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3.4. Convergence analysis

3.4.2 Optimality conditions

Recall that in Algorithm , the u-subproblem is inexactly solved
subject to the inexactness criterion , and the z-subproblem and
A-subproblem can be solved exactly. Hence, for the sequence w**! =
(uktt, 2R+ AT generated by Algorithm [3.1] the first-order optimality condi-

tions can be expressed as:

Dy La(u"™ 25 AF) = e, (uF 1), (3.22a)
Iy, (2) — Iy, (25T + (2 — 2MTHNF — B(uP ™ — 2FT1) > 0, V2 €(B,22b)
)\k+1 —_ )\k o 5(uk+l o ZkJrl)’ (322(3)

where D, Lg(u*t, 2% \¥) is the first-order partial derivative of Lg (u, z, \) with

respect to u at (u**?, 2%, )\k)T.

To prove the convergence of Algorithm [3.1] it is crucial to analyze the residual
ex(uF ). Tt follows from (3.13)) and (3.15) that

lex(u™ N < allex(uh)]| = oller—1(u®) + Bz57 + AT — B8 — N

(3.23)
< ofler—1 (u)[| + ol 2571+ AT B2F = AP
In addition, it follows from that
Iy, ,(2%) — Iy (25T 4+ (28 = M \F — B(u™™ — M) >0, (3.24)
and
Iy, (2" — Iy (2F) 4+ (2R — 28 A1 — gk — 27) > 0. (3.25)
Adding and together, we have
(2FFE —2F AR 2R <. (3.26)
Then, it follows from and that
lew@ | <ollena() + o (825" — B + [IX — M) 2 (3.27)
=oller—1(u")]| + o /Bl = * 4.
Moreover, we note that the condition implies that
o? o o
0< 3o (2(1—0)) <1B—a> <h
then there exits a constant p > 0 such that
(1—g1fg)>o and (1—%1i05)>0. (3.28)

These inequalities will be used later.
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3.4. Convergence analysis

3.4.3 Convergence

With above preparations, we are now in a position to prove the convergence

for Algorithm To simplify the notation, let us introduce an auxiliary variable

w" as
ik uk 1
ot = || = s . (3.29)
N P ﬁ(uk—o—l _ Zk)

The role of w* is just for simplifying the notation in our analysis; it is not required
to be computed for implementing Algorithm (3.1, Next, we prove some results

which will be useful in the following discussion.

First of all, we analyze how different the point @w* defined in (3.29) is from
the solution w* of (3.18) and how to quantify this difference by iterates generated

by Algorithm [3.1]

Lemma 3.1. Let {wk} = {(u*, 2%, \F)T} be the sequence generated by Algorithm
and {w*} = {(a*,2F,\*)T} be defined as in (3.29). Then, for all w € W,
one has

Iy, () = Iy, (2) + (0" —w, F(@"))

Lok 2 k+1 2 ko k12 k+1 k+1 _k \k (3.30)
< 5 (0" = vl = [0 = wlff = " = o) + (" = u, DuLg(u®™, 25 A7)
Proof. We first rewrite D, Lg (u"*!, uF, \*) as

Dy Lg(uF 28 ARy = DJ(uF*Y) — (W% — Burh — 2%)) = DJ(uF ) — M,
with which we obtain, for all w € W, that
Iy, (2) = Iy, (Z%) + (w — @*, F(a"))
= (u — uP, Dj(ukﬂ) -\
+ IUad(Z) . ]Uad(zk+1) + (Z . Zk—o—l,/_\k) + ()\ o /_\k,uk+1 . Zk+1>
— (u . ukH,DuLB(ukH, Zk, )\k)) + (Z o szrl, )\k . ﬁ(ukJrl . ZkJrl)) (3 31)
. i .
+IUad(Z) o IUad(Zk+1) —I—ﬁ(z o zk+1,zk o Zk—i—l) + B()‘ o )\k7)\k _ )\k—i—l)

(13.220)

> (u _ ukH,DuL/g(ukH,zk,)\k) +6(Z _ zk—i—l’zk _ Zk+1)

1
+ E(}\_ )\k—i-l,)\k o )\k—‘rl) +
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3.4. Convergence analysis

Applying the identity
1
(a=cb=c) =3 (la=cl® = fla=blI* +[|b—cl’) (3.32)
to (3.31]), we have

IUad(Z) - IUad(zk) + (w - u_}kv F(U_]k))

3§2 (0 — uk+1,DuL6<uk+l,Zk7/\k)) i g (HZ L2 R || - Zk+1”2)
g (A= AP = I = X2 A% = XEHIE) — (kL 3 i)
3;6 (0 — uk+1’DuLﬁ(uk+l’Zk’>\k)) i B (HZ LR R || - Zk+1”2)
2
+21ﬁ (I = XEF 2 2 = X2 A = X2 v e W (3.33)

Using the definition of H-norm in (3.17)), the result (3.33|) can be rewritten as
(3-30) and the proof is complete. H

The difference between the inequality and the variational inequality
reformulation (3.18)) reflects the difference of the point @w* from the solution
point w*. For the right-hand side of , the first three terms are quadratic
and they are easy to manipulate over different indicators by algebraic operations,
but it is not that explicit how the last crossing term can be controlled towards
the eventual goal of proving the convergence of the sequence {w*}. We thus look
into this term particularly and show that the sum of these crossing terms over
K iterations can be bounded by some quadratic terms as well. This result is

summarized in the following lemma.

Lemma 3.2. Let {wk} = {(u®, 2%, \*)T} be the sequence generated by Algorithm

m. For any integer K > 0 and p satisfying , one has
K

(uk+1 —u, DuLﬁ(ukJrl, Zk, )\k))

K-1

K
K o k+1 2, 1 o i it12 (3.34)
<E _ il _
I FA D DEe L
1 o

2
+2M1_‘7 [||60(u )||+\/B||v v ||H} YueU.

Proof. First, it follows from (3.27)) that
k—1
lew(@ ™) <D 0" VBl = o™ |+ oMleo(u)]. (3.35)
i=0
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3.4. Convergence analysis

From (3.22a)) and (3.35)), for any p > 0 satisfying (3.28)) and v € U, we have

K

K
(! —u, Dy L(u, 24 A) < 3+ — e ()]
k=1

k=1

N

-1

K
"Bl =l = o™ g Y oM = [leo(u)]

k=1

VAN
M-
L g

"Bl = ullll’ — 0|

]~

k=1 =1
K
3t [leo(u)ll + V/Blo® = o' ]
[ K k-1 1 K k-1
<Gl ST e el v
k=1 i=1 k=1 i=1

+

K
3 2ol + Za [leo)ll + VBl — o]

=1

K k-1 K k-1
_ gz O,k—i||uk+1 u||2 + - Z O_k—iB”Ui _ Ui—&-lHIQLI
k=1 1=0 k =1
1 K
43 [lealu)ll + V/BI — ]
k=1

Then, we have

K
(Wt —u, D, Lg(u, 2%, AF))
k=1
K 1 K1 Keitl
P2 T uk 2, 1 770 L2
D D D el g
k=1 i=1
1o ol 2
+@—1_0 [neo )+ VBl ~ HH}
[ K ] KL o
< = k’+1 2 - 12
D e A P IN a
1
+2M1 [H eo(ul)| + /B’ —vll\H] . Yuel.
We thus complete the proof. 0

Now we can establish the strong global convergence of Algorithm [3.1]

Theorem 3.2. Let w* = (u*,z*,\*)T be the solution point of the variational
inequality and {wk} = {(u¥,2*, \F)T} be the sequence generated by Algo-
rithm [3.1. Then, we have the following assertions:
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3.4. Convergence analysis

(1) llex(@ )] =F 0, [l — 2120, [k — ) 2T o

(2) ub == R, RS 2 and A S A strongly in U.

Proof. (1). First, it follows from (3.16[), (3.19)) and (3.29)) that

(w— @, F (w) — F(@")) = (u—a*, DJ(u) — DJ(@¥)) > |lu—«**1|2. (3.36)

Then, using the results (3.30)) and (3.34) established in Lemma [3.1| and Lemma
3.2 respectively, we obtain

Z{[Ud — Iy d( )+ (wk _va(w»}

— Z {Iv,,(z") = Iy, (z) + (@" — w, F(a")) + (0" — w, F (w) — F(a"))}

5y
N — T‘r

K
(o' = ol = 0" = wlF) + Y { (" —u, DyLp(u™*, 25 AF))
k=1

Kﬁl
—(w — @, F () — F(@*))} - 225 - o
B3)E39) 1 . ) K K k1 9
< S0 ol = 1 =) + 3 (5T 1) I -l
k=1
K—-1
1/ o pB P TR IR RTINS TR
#3 g (T ) et = gl
1 o o 2
i E— , Yw e W. 3.37
ot Ueol)l+ VB =2l ) v (3.37)

For the solution point w*, we have

Iy, ,(Z") — Iy, (%) + (@" —w*, F (w*)) >0, Vk > 1.

Setting w = w* in (3.37), together with the above property, for any integer
K > 1, we have

K
Hoo k+1 2 k k+1)2
> (15775 ) +§j( e L

k=

1 1 o

< 50t = o7l + 5 (leo(wll + VB = ')
Lo ki Lok K12
§||U [ 5”“ |7

(3.38)
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It follows from ((3.28]) that

3.4. Convergence analysis

woo 1 o
1—-= >0 d (1-- > 0.
A-57—) and Ml_g@)
Then, the inequality (3.38) implies
| — | "% 0 and |0F Tt — ¥ || g 0. (3.39)
For any € > 0, there exists ko, such that for all k > kg, we have ||o*! —v¥||; < e

and 0% < e. Then, for all k > ko, it follows from (3.35) that

?T‘

lew(u™)]] Z TVBI = 0 |+ oFleo ()]
k_ k-1
= Bl = o+ Y o Bl = 0 [+ oleo(ul)
=0 i=ko
ko—1
(\/_O<Izg%X UZ _ UH—IHH Z O_k—ko—z)o_ko + O_kHeO(ul)H
i=0
k-1
o — it k—i
+ (VB max = o Yot
i=ko
ko—1
[\/—0312%}( UZ— z+1|| Zo_k ko— z+\/_zak l+‘|60 )M’
i=ko
which implies that
e =7 0.
In addition, since |[vF™1 —v*|| g "2% 0, we conclude that
|2 — 22X 0 and AR — AR 2 0,
Then, from ||u*t! — 2F1| = %Hx\l”rl — A¥||, we have ||uftt — 2F 1| 0.
(2). From (3.39), we know that u* i strongly in U. Combining with
b+t — 2R “2% 0, one has 2F "2 2* strongly in U. From (3.18), it is easy to
verify that \* = D.J(u*). On the other hand, one has
)\k _ Dj(uk:—i-l) +B(Uk+1 _ Zk) o ek(uk+1).
We thus have
A=\ = DJ (W) — DJ(u*) + BTt —ub) + B(uF — 2F) — ep(ubT).
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3.5. Conwvergence rate

k—o0

Noting that u* o u*, ub — 2k o 0, ep(uf*t) = 0 and D.J is Lipschitz

continuous (see (3.21])), we have

pUllims 3P strongly in U.

We thus complete the proof. O]

Remark 3.2. Clearly, it follows from Theorem that the state variable y* =

S(u*) also converges strongly in' Y to y* = S(u*) since S is continuous.

Remark 3.3. Note that the convergence analysis for Algorithm does not
depend on how the inexactness criterion 18 satisfied and what the specific

form of the solution operator S is.

3.5 Convergence rate

In [96, O7], the ADMM’s O(1/K) worst-case convergence rate in both the
ergodic and non-ergodic senses have been initiated in the context of convex
optimization with consideration of the Euclidean space, where K denotes the
iteration counter. Recall that an O(1/K) worst-case convergence rate means
that an iterate, whose accuracy to the solution under certain criterion is of the
order O(1/K), can be found after K iterations of an iterative scheme. It can
be alternatively explained as that it requires at most O(1/e) iterations to find
an approximate solution with an accuracy of €. This type of convergence rate is
in the worst-case nature, and it provides a worst-case but universal estimate on
the speed of convergence. Hence, it does not contradict with some much faster
speeds which might be witnessed empirically for a specific application (as to be
shown in Section . In this section, we extend these results to Algorithm (3.1

in an infinite-dimensional Hilbert space.

3.5.1 Ergodic convergence rate

In this subsection, we follow [06] to establish an O(1/K’) worst-case conver-

gence rate in the ergodic sense for Algorithm [3.1] We first introduce a criterion
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3.5. Conwvergence rate

to measure the accuracy of an approximation of the variational inequality (3.18]).
As analyzed in [62] [06], the solution set W* of the variational inequality (|3.18))

has the following characterization.

Theorem 3.3 (cf. [62]). Let W* be the solution set of the variational inequality
. Then, we have

= () {@eW:ly,(2) — Iy, (%) + (w—1w, F(w)) > 0}

weW

The above result indicates that w € W is an approximate solution of the

variational inequality (3.18) with an accuracy of € > 0 if
I, (2) = Iy, (2) + (0 —w, F (w)) <e. (3.40)
Next, we show an O(1/K) worst-case convergence rate for Algorithm [3.1]

Theorem 3.4. Let {w*} = {(uF,2F,X\¥)T} be the sequence generated by Algo-
rithm (3.1 and {w*} = {(@*, 2", \F)T} be defined as in . For any integer
K > 1, we further define

(3.41)

S

=

|

| —
ngls

=

Then, for all w € W, one has

Iy, ) = Tv,, (2) + (k. — w, F'(w))
1|1 1
< % |ani s (leowll VI = o)+ 0 = ol

Proof. Recall the inequality (3.37)). We then have

K
> A0 = I, (2) + (@* — w0, F(w))}
k=1
1 K u o
< §(Hv1—v||%1—llv“1—vll2 #3517 = 1) It -l
k=1

K— 1
1
Y5 (1550 1) It = 7 = o = o
k=1
1 o 1
ml—("o W+ VB — o)

Then, using (3.28)), for all w € W, we have
Iy, (3x) = v,y (2) + (kg — w, F' (w))
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3.5. Conwvergence rate

T IS {0 () ~ T () + (@ — w0, F ()
1

which completes the proof. O]

The above theorem shows that after K iterations, we can find an approximate
solution of the variational inequality with an accuracy of O(1/K). This
approximate solution is given in (3.41]), and it is the average of all the points w*
which can be computed by all the known iterates generated by Algorithm [3.1]
Hence, this is an O(1/K) worst-case convergence rate in the ergodic sense for

Algorithm [3.1]

3.5.2 Non-ergodic convergence rate

In this subsection, we extend the result in [97] to show an O(1/K’) worst-case

convergence rate in the non-ergodic sense for Algorithm [3.1]

We first need to clarify a criterion to precisely measure the accuracy of an
iterate to a solution point. It follows from (3.16]) and (3.22)) that for the iterate
(uF L 2P AR T generated by Algorithm [3.1] for all w € W, one has

—B (2F = 2K ) — ep(uFt)
Iy,4(2) = Iu, (2" )+ | w = P F(wf ) + (w — w0, 0 > 0.
L (AR - AR
Taking into account, we can show that (u**!, 2**1 \¥+1)T is a solution
point of if and only if [|[v* — v*™||% = 0 and |ex(u*™)|> = 0. Hence,
it is reasonable to measure the accuracy of the iterate (u*t!,zE+t1 \e+1)T by

F—oF 112 and ||eg,(u*1)||2. Our purpose is thus to show that after K iterations

lv
of Algorithm both |[v* — v**+1|2, and ||ex(u**1)||? can be bounded by upper

bounds in order of O(1/K).

Theorem 3.5. Let {w*} = {(uF,2F,X\¥)T} be the sequence generated by Algo-
rithm[3.1 Then, for any integer K > 1, we have

1|1 1 o
. k k1112 1 *)2 1
mm{v—v }<|:’U—’U + — (o + v — 0 H):|7
| 2 K 0|| (7 onl— | )i f” |

1<k<K

(3.42)
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and

min{[lex(u**)?}

1<k<K

2 o °T1 . 1 o
= K{(l_gﬁ) LOHUI—U\%Wl = (lleoC) | + VB —vlnH)]}

2 o 2 1
T2 ( _J> (Heo )+ VB = v ||H) ] , (3.43)
where w* s the solution point, p satisfies (3.28) and pg =1 — ;ﬁ > 0.

Proof. According to the inequality (3.38]) we obtain

K+1
> (15175 I u||2+2( ) It =

k=1

1 . 1 o
< Sl = 52 (o)l + VBl — o'l

2u1

which implies that

K1 5 o 1 1 o
> (- D=1 < St e (ool + VBl =)’

P 2ul —o
(3.44)
Consequently, we have

111 1 o
. k k412 } < [ 1 *|2 ( 1 ) ]
min v v v v + 0 + v V| H ,
{H 15 K oH 574 ol — lleo(u) \fH I

1<k<K

and the assertion (3.42)) is proved. Note that pg is positive following from ((3.28)).

In addition, it follows from the inequality (3.27)) that

k—
lex (™) Z “VBI = o |+ oMleo(u)].
=0

Summarizing the above inequality from k = 1 to £ = K, we obtain

K

> len(@ | < Z{ZU’“ VBl ~ ”1HH+0’§|I60(U1)H}- (3.45)

k=1

For the right-hand side of (3.45)), we have the following estimate:

e

-1

K
Z ok~ Z\/E ||Ui_vi+1||H

k=1 1

I\
=)
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K
Z B ot =0

K-1 o K—it+1

o — .
= VBl =" u

4 i
< Y IVl = o

and
K+1

K
oc—o0o o

> lleo(u)| < ————lleo(u)| < 7= llea(u))]l

— -0 -0

Then, by simple calculations, we have

(Z lex (u**! H>2

(Z 1faﬁ-uvi—viﬂum1i0ueo<ul>u>2

. (Z VB o - i+1uH)2+z(1fU (leale )+ v/Bll® —vluH))

< ( 5)2 (Zuv Z’HHH)2+2(1;)2 (o)l + VBI® — o' 1)
< 27 VE) K @ vi+1||%{>+2<1i0>2 (eow)ll + /Bl — o)
2 (1 25vB) K[t =i s (ot + VB )]

+2<1_0) (leotwt) |+ VBl — ')

Further, we can derive that

2
k+1 k+1
(K min lex (u ||) (E [lex( )
o 2 1 1 o
< 2 K- |—|v' = v + — — !
< ( _0_\/5) LOHU v ||H+'u0 <||6o )+ /Bl vIIH”

1 wl—
o 2
#2125 ) (ool + VI = o'l
— 0
which implies

min{lex ()2}

1<k<K
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ul—o

. ;{2@50¢@2[;WLﬂmg+;;"(waww+¢MW—wmﬁj}

1 s \? 1 0 1 2
bz 2(155) - (leatudl+ VB1® ~ )|
We thus complete the proof. O]

We note that both values in the right-hand sides of (3.42) and (3.43)) are order

of O(1/K). Therefore, this theorem provides an O(1/K) worst-case convergence
rate in the non-ergodic sense for Algorithm [3.1]

3.6 Implementation of Algorithm

In this section, we discuss how to execute the inexactness criterion ([3.15)) so
as to specify Algorithm as a concrete algorithm for the problem (3.1)—(3.2]),

and delineate the implementation details.

Indeed, the u-subproblem is a typical unconstrained parabolic optimal
control problem and various numerical methods in the literature can be applied.
Whichever such method is applied, we should and only need to ensure that the
inexactness criterion ([3.15)) is satisfied in order to guarantee the overall conver-
gence of Algorithm [3.1] Below we illustrate by the CG method how to execute
the inexactness criterion in the inner-layer iterations. Recall that the
u-subproblem is

B
2

k+1

. ¥ 1
u = argmin ji(u) = 118 () =yl lul? =, u=2) 4+ u—2"|%, (3.46)

and the associated optimality condition is given in Theorem Next, we show
that the optimality condition of the problem can be characterized by a
symmetric and positive definite linear system, hence the CG method can be
applied. To this end, we first recall that the linear operator S defined in ([3.20))
satisfies

S(v) = Sv+ S5(0), Yvel.
Then, y = Su is equivalent to the following equation:

0
a—g;—yAy—l—aoy:uXo inQx(0,7), y=0onIx(0,7), y(0)=0.
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In addition, it is easy to show that the adjoint operator S* : Y — U satisfies

S*y = plo, where p solves

0
_a_f_,,Apmop:mex (0,7), p=0onTx(0,T), p(T)=0.

Hence, the u-subproblem ([3.46)) can be reformulated as
s

= 1
W = argmin () = 2| Sut S(0) — yull? + 5 lull? = (W, u— =)+ 5 flu— 2,
and the corresponding optimality condition is
(14 B+75"S)u" " +~45*(S(0) — ya) — A* = 82" = 0. (3.47)

k+1 and

Note that (3.47) is a symmetric and positive definite linear system of u
the CG method can be applied. Obviously, at each iteration of Algorithm 1, we
need to solve a linear system discretized from (3.47)), with the same coefficient
matrix, but different right-hand sides. Hence, a uniform preconditioner can be
applied when certain iterative method (e.g., CG method) is employed to solve
these linear systems. Recall that if SSN methods are applied, the coefficient

matrices of the resulting Newton systems vary iteratively and preconditioners

should also be adjusted iteratively. This is a major difference of the ADMM
from SSN methods for the problem (3.1})—(3.2) .

With the inexactness criterion , the CG method for solving the wu-
subproblem is presented in Algorithm . Compared with the classical
CG method (see e.g., [75, Chapter 3] and [78, Chapter 2]), Algorithm re-
quires updating the adjoint variable p to verify the specific inexactness criterion
(3.15). Tt is clear that the update of pF 41 can be computed cheaply. Hence,
our proposed inexactness criterion can be verified by negligible extra com-
putation. More discussions, including the convergence properties of CG type
methods applied to the solution of linear systems in Hilbert spaces, can also be

found in the mentioned references.

Now, with these discussions, Algorithm can be specified as an ADMM-
CG two-layer nested iterative scheme for the problem (3.1)—(3.2)). We list it as
Algorithm [3.3

Remark 3.4. As mentioned, to execute the inexactness criterion , the CG

method can be replaced by other numerical schemes such as the preconditioned
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Algorithm 3.2 CG for the u-subproblem ([3.6al)
Input uf = u* ph = p*. Compute gf = uf + pflo + Blub — 2%) — A*, set

wf = g& and e, (u*) = gk

while [lej.(uF)|| > oller(u”)|| do
Solving 7* = Swk and pF |0 = S*(vy¥,). Then compute the step size:

(gk,, wk)

P = (g by Wi G = (1+ B)u + Pulo.

Update u, p, the gradient g and the residual ey (uf,, ;) via:

k _ o,k k .k k _ .k k =k
um+1 - um - pmwm7 pm+1 - pm - pmpmJ

k _ k k =k k _ k
gm+1 = 9m — PmYIm> ek(”m—i—l) - gm—i—l‘

Compute 7}y, = [[g5,4111%/llgm[|*, and then update w), ., = g5, + 705,
end while

Output v =% | and p"™ =pk .

Algorithm 3.3 An ADMM-CG two-layer nested iterative scheme for the prob-

lem (3.1)-(3.2).

. .0 0 Y0\ T : V2
Output: {u’, 2" \°} 1nU><U><U,6>Oand0<a<\/iJr\/BE(O,l).
for k > 0 do {u”, 2% I} — uftl — 2k 5 \EFL yig

Compute u**! by the CG method in Algorithm [3.2}

Compute 251 by (3.11));

Update the Lagrange multiplier \¥¥1 = \F — g(uk+l — 2F+1),

end for

MinRes method in [144] which has been verified to be efficient for unconstrained
parabolic optimal control problems. Hence, depending on how to satisfy the in-

eractness criterion internally, Algorithm can be specified as various

algorithms.
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3.7. Numerical results of Algorithmfor f
3.7 Numerical results of Algorithm 3.3|for (3.1))—

3.2

In this section, we report some preliminary numerical results to validate the
efficiency of Algorithm for the parabolic optimal control problem f.
All codes were written in MATLAB R2016b and numerical experiments were
conducted on a Surface Pro 5 laptop with 64-bit Windows 10.0 operation system,
Intel(R) Core(TM) i7-7660U CPU (2.50 GHz), and 16 GB RAM.

First, for numerical discretization, we employ the backward Euler finite dif-
ference method (with step size 7) for the time discretization and piecewise linear
finite element method (with mesh size h) for the space discretization. In order
to implement , we perform at each time step a nodal projection of the con-
tinuous piecewise affine function (uffl - %
Uag N Von, where Uyg = {é]¢ € L?(Q),a < ¢ < b}, and (assuming that Q is a

bounded polygonal domain of R?)

(nT)(€ Von) over the convex set

Vo = {8|¢ € C°(Q), ¢|x € P1,VT € Ty, ¢|r = 0}.

Here, 7T}, is a triangulation of 2 and P; is the space of the polynomial functions
of two variables of degree < 1. In addition, we denote by Pj°Ja, ~ the above

projection operator, which is defined by

Ppedat. (¢) € Uaa N Von, Yo € Vo,

(3.48)
Py, (0)(Qr) = max{a, min{b, p(Qx)}},Vk =1, -+, No.

In (3.48), {Qr} % is the set of the vertices of triangulation T, not located on T.
This nodal projection can facilitate the implementation of Algorithm [3.3} and

we refer to Remark 5 in [84] for more discussions.

For the linear systems arising at each time step of the discretized parabolic
equations, they are solved by the permuted LDL factorization in, e.g., [159],
because the coefficient matrices are sparse and invariant. Other methodologies
such as Krylov subspace methods, domain decomposition methods and multi-
grid methods can also be applied to further improve the numerical efficiency. In

addition, an adjoint approach is employed for the u-subproblem (3.6al), which
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3.7.  Numerical results of Algorithm for f

requires storing the solution of the state equation at each time step. This
is a demanding request on memory, and it may not be applicable for, e.g., time-
dependent problems in three-dimensional space, due to the huge scale of systems
after discretization. To tackle this issue, some memory saving methodologies can
be embedded into our algorithmic design. All these numerical techniques are
important but beyond the scope of our discussion; we refer to [158] for fast linear

algebra solvers and [13] for a memory saving strategy.

To test the efficiency of Algorithm 3, the primal residual 7, and dual residual

ds are respectively defined as

=2 o ¥ — 2"l 22 0)

s —

s —

1251 L2(0) max{[|u* 20y, 1257 2200y}

The stopping criterion for all numerical experiments is
max{7, ds} < tol,

where tol > 0 is a prescribed tolerance. The initial values are set asu =0,z =0

and A = 0 in the following discussion. For the constant ¢ in the inexactness

\/’
V248

values of 0 mean that the criterion is looser and hence less computation is needed

criterion (|3.15)), according to (3.14)), we choose o = 0.99

because larger

for solving the subproblems. In addition, we define the relative distance “RelDis”

and the objective functional value “Obj” as

. ) 1 o
RelDis := ||y — deQLQ(Q)/Hde%Q(Q) and  Obj := §||y - yd||2L2(Q) + §||U||%2((9)>

to verify the accuracy of the numerical solution.

Example 1. We consider an example of the problem mf@ ) with a known

exact solution; it is a variant of the problem discussed in [I]. The model is

min // ly — yql*dxdt + — / lu|?dxdt
u€Uqua,y€L?(Q

=f+u, in Qx(0,7),

m (3.49)

8.t y =0, on T x(0,7),
y(0) = ¢,
with Q@ = (0,1)%, w = Q, T = 1. In (3.49), the function f € L*(Q) is a source

term that helps us construct the exact solution without affection to the numerical
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3.7.  Numerical results of Algorithm for f

implementation. We further let
y = (1—t)sinmxysinmry, p= a(l —t)sin 2wz, sin 27xy, @ = sinwzy sin 7y,

B dy . Op . p
f=—utgr =AYy ya=y+ 5 +Ap, u=minemax(b,——)).

Then, it is easy to verify that (u*,y*) := (u,y) is the optimal solution of the
problem (3.49). Moreover, the admissible set is

Uaa = {v|v € L(0), —0.5 < v(x1, 29;) < 0.5 a.e. inO} C L*(O).
We set the regularization parameter o = 10~° throughout.

We first test Algorithm [3.3| with different values of 8 to show how its perfor-
mance depends on the choice of 5. As discussed in Section [3.3] 5 should be close
to 1 to balance the minimization of J(u) and the satisfaction of the control con-
straint © € U,g. On the other hand, it is clear that the system becomes
increasingly ill-conditioned as [ decreases; and a smaller [ tends to result in
slower convergence for the CG method. As a result, the trade-off between the in-
exactness criterion and the conditioning of the u-subproblem (3.6a}) should
also be considered for choosing 3. The results with 7 = h = 276 and different
values of [ are reported in Table [3.1 in which the notation “ADMM/y.,” rep-
resents the total out-layer ADMM iteration numbers, “Mean/Max CG” denote
the average and maximum steps of the inner CG method, respectively. Results
in Table empirically show that § = 2 or f = 3 is a good choice. In the

following, we choose = 3.

Table 3.1: Numerical results of Algorithm with different  for Example 1.
3 0.1 0.5 1 2 3 4 5
ADMM jyerr 297 60 29 20 22 25 29
Mean/Max CG | 6.01/10 | 7.80/10 | 7.48/10 | 6.75/9 | 6.00/8 | 5.36/7 | 4.97/7

Next, we validate the efficiency of the inexactness criterion . We com-
pare Algorithm with the intuitive implementation of the ADMM whose
accuracy for solving the u-subproblem by the CG method is empirically
set as a constant a prior. For this set of numerical experiments, tol = 10~*

and various space mesh sizes h and time step sizes 7 as h = 7 = 27¢ with

i =5,6,7,8, are considered. The accuracy for solving the u-subproblem (|3.6a))
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is |lex(uk_1)]| < 1077 with j an integer. We test various values for the accu-
racy constant: j = 2,4,6,8, 10, which represent from low to very high levels of
accuracy. Numerical results are reported in Table , in which “ADMM;._,”
denotes the accuracy constant for solving the u-subproblem is 1077. Here
and in what follows, the notation “~” means that the ADMM does not converge
within 500 iterations.

Table 3.2: Numerical comparison of Algorithm and ADMM;._;, for Example
1.

Mesh Algorithm ADMM e Mean/Max CG Time (s) RelDis Obj
ADMM;,_19 21 61.71/83 17.49 7.5987 x 10~7 | 3.6825 x 107
ADMM;,_g 21 44.81/65 16.94 7.5987 x 10~7 | 3.6825 x 10~ 7

2=5 ADMM;._g 21 28.47/49 8.59 7.5986 x 10~ 7 | 3.6825 x 10~ ©
ADMM;,_4 21 13.30/32 4.23 7.5990 x 10~ 7 | 3.6825 x 10~ ©
ADMM;,_o ~ ~ ~ ~ ~
Algorithm 3 24 5.88/8 1.93 7.5954 x 10~ 7 | 3.6823 x 10~
ADMM;._10 19 60.20/94 196.68 6.7055 x 10~ | 3.5036 x 10~ 7
ADMM;._g 19 45.05/71 170.48 6.7055 x 10~ | 3.5036 x 10~ "

2-6 ADMM;,_g 19 27.47/48 93.65 6.7055 x 10~ 7 | 3.5036 x 10~
ADMM;,_4 19 12.84/31 46.79 6.7056 x 10~ | 3.5035 x 10~ 7
ADMM;,_» ~ ~ ~ ~ ~
Algorithm 3 22 6.00/8 20.86 6.7075 x 10~ | 3.5035 x 10~ "
ADMM;._10 19 59.10/93 3372.30 6.5295 x 107 | 3.4473 x 10~ 7
ADMM;,_g 19 44.25/70 2884.61 6.5295 x 107 | 3.4473 x 10~ 7

2-7 ADMM;,_g 19 27.15/48 1653.10 6.5295 x 107 | 3.4473 x 10~7
ADMM;j,_4 19 12.70/30 793.48 6.5299 x 107 | 3.4473 x 10~ 7
ADMM;,_o ~ ~ ~ ~ ~
Algorithm 3 20 6.20/8 307.06 6.5294 x 107 | 3.4473 x 10~7
ADMM;j._1¢ 19 58.30/93 37106.76 | 6.4876 x 10~ 7 | 3.4260 x 10~
ADMM;,_g 19 43.45/70 26570.61 | 6.4876 x 10~ ' | 3.4260 x 10~ *

2-8 ADMM1._g 19 26.95,/48 15801.55 | 6.4876 x 10~ 7 | 3.4260 x 10~ 7
ADMM;,_4 19 12.55/30 7627.94 6.4879 x 107 | 3.4260 x 10~ ©
ADMM;,_o ~ ~ ~ ~ ~
Algorithm 3 20 6.05/8 3839.67 6.4877 x 10~7 | 3.4260 x 10~ 7

According to Table the automatically adjustable inexactness criterion
is favorable for the implementation of ADMM (B.6)). If the accuracy is
set as a constant a prior, then it is not easy to probe an appropriate value. An
either too large or too small value may result in troubles. For a too large value,
e.g., 1072, the accuracy for solving the subproblems may not be sufficient and
the convergence may not be guaranteed. For a too small value, e.g., 1078 or
10719 the accuracy for solving the subproblems may be unnecessarily high and
it does not help accelerate the overall convergence. Especially, if the mesh size
for discretization is small, then the resulting u-subproblem is high dimensional
and it becomes less practical to solve it to a high precision. For the cases tested,
retrospectively, the accuracy 107 is a good choice. But there is neither theory

nor hint to fathom this value a prior. Indeed, as to be shown in Example 2, this
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value could be heavily dependent on the specific problem under discussion. The
inexactness criterion , however, can find an appropriate accuracy automat-
ically for finding an approximate solution of the u-subproblem (3.6af). Hence,
Algorithm does not have these mentioned difficulties, and it generally works
well for all the tested cases. Table also shows that the efficiency of Algorithm
3.3| is independent from the mesh size used for discretization. This is an impor-
tant feature to guarantee the numerical efficiency when an algorithm is applied
to the discretized version of some model with fine mesh for discretization, as

mentioned in some well-known works such as [14] [102} 103, 114].

Table 3.3: Numerical errors of Algorithm [3.3 with 8 = 3 and tol = 10~* for
Example 1.

error h=7=27° h=7=2"°6 h=7=27 h=71=28
Ju — u*|| 20y | 1.8421 X 1072 | 4.6767 x 1072 | 1.1715 x 10~% | 2.9013 x 10~*
ly — vl 12(q) | 36426 x 107> | 8.6088 x 107° | 2.1106 x 1076 | 4.9269 x 10~

Since the ADMM is a first-order algorithm and generally it is not fa-
vorable to generate iterates in very high precisions, it is necessary to verify if
the ADMM can be accurate enough to guarantee the iterative accuracy. In
other words, whether or not it is still the discretization error that constitutes the
main part of the total error when the ADMM is applied to the discretized
version of the problem (3.49). Recall that the solution of Example 1 is known.
In Table , we report the L?-error for the iterate (u, y) obtained by Algorithm
for various values of h and 7. For succinctness, we only give the results for
the case where B = 3 and tol = 107*. It is clear from Table that, when the
ADMM is applied to the problem , the iterative accuracy is sufficient

and the overall error of u and y are both dominated by the discretization error.

Evolutions of the residuals and objective functional values with respect to
the outer ADMM iterations are displayed in Figure [3.1 These curves indicate
the fast convergence of Algorithm [3.3] In addition, the state variable y and the
control variable u, and the errors y* —y and v* —w at t = 0.25 with h = 7 = 276

are depicted in Figures [3.2] and [3.3] respectively.

Example 2. We consider another case of the problem (3.1)—(3.2) where the
control region w is a subset of the domain . Let Q = (0,1)?, w = (0,0.25)? C Q
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Figure 3.1: Residuals (left) and objective functional values (right) with respect
to outer ADMM iterations for Example 1.
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Figure 3.2: Numerical solutions y (left) and w (right) at ¢ = 0.25 for Example 1.
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Figure 3.3: Errors y* — y (left) and u* — u (right) at ¢ = 0.25 for Example 1.
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and Q@ = Q x (0,7),0 =w x (0,T) with T = 1. The regularization parameter

a = 107% and the admissible set is defined as
Uaa = {v|v € L™(0), =300 < v(z;t) < 300 a.e. inO} C L*(O).

The target function 14 is given by y4 = e'sin 4w, sin4x,, and the coefficients

v=ag=1.

We set 8 = 3 and tol = 1073 throughout, and test various choices of the
mesh size. The numerical results are summarized in Table B.4l Residuals and
the objective functional values are plotted in Figure [3.4; numerical results for
y and u with h = 7 = 276 at t = 0.5 are presented in Figure . We observe
that Algorithm is also very efficient and robust for the small control region
case; and solving the u-subproblem subject to the inexactness criterion
(3.15)) reduces the computational cost significantly. Similar conclusions as those

for Example 1 can be drawn for this example.

Figure 3.4: Residuals (left) and objective functional values (right) with respect
to outer ADMM iterations for Example 2.
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Figure 3.5: Numerical solutions y (left) and w (right) at ¢ = 0.5 for Example 2.
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Table 3.4: Numerical comparison of Algorithm and ADMM;._, for Example
2.

Mesh Algorithm ADMMyer | Mean/Max CG | Time (s) | RelDis Obj
ADMM;,_19 14 51.50/62 8.56 0.9388 | 0.3726
ADMM,,_g 14 41.86/52 6.64 0.9388 | 0.3726

27° ADMM;._¢ 14 32.64/43 5.34 0.9388 | 0.3726
ADMM;,._4 14 23.00/32 3.70 0.9388 | 0.3726
ADMMi._o 14 13.71/23 2.24 0.9388 | 0.3726

Algorithm 3 17 3.35/4 0.83 0.9388 | 0.3726
ADMMi._19 16 51.63/62 110.05 0.9428 | 0.3812
ADMM,_g 16 41.88/52 85.20 0.9428 | 0.3812

276 ADMM;._¢ 16 32.31/43 64.43 0.9428 | 0.3812
ADMM;,._4 16 22.81/33 45.82 0.9428 | 0.3812
ADMM;,._»o 16 13.25/23 27.15 0.9428 | 0.3812
Algorithm 3 18 3.39/4 9.29 0.9428 | 0.3812
ADMM._1o 16 50.50/61 1834.32 | 0.9455 | 0.3821
ADMM,_g 16 41.25/52 1550.68 | 0.9455 | 0.3821

277 ADMM;._¢ 16 31.81/42 1291.11 | 0.9455 | 0.3821
ADMM;,._4 16 22.13/32 883.59 0.9455 | 0.3821
ADMM;,._»o 16 12.81/23 401.55 0.9455 | 0.3821
Algorithm 3 18 3.33/4 129.33 | 0.9455 | 0.3821
ADMM1._1o 16 49.69/60 22540.18 | 0.9470 | 0.3817
ADMMi,_g 16 40.44/51 18869.58 | 0.9470 | 0.3817

28 ADMM;,. ¢ 16 31.25/41 14969.83 | 0.9470 | 0.3817
ADMM;,._4 16 22.06/32 10437.38 | 0.9470 | 0.3817
ADMM;,._o 16 12.63/22 6281.95 | 0.9470 | 0.3817

Algorithm 3 18 3.33/4 1609.73 | 0.9470 | 0.3817
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3.8 Extensions

In previous sections, our discussion is focused on the parabolic optimal control
problem with control constraints f in order to expose our main ideas
clearly. The discussion can be easily extended to various other optimal control
problems. For instances, the objective functional in (3.1) can be replaced by the
L'-control cost functional in [I61], and the control variable u can be replaced
by the Neumann or Dirichlet boundary control variable in [83]. In addition,
note that both of the proposed algorithmic design and the theoretical analysis
are independent of the specific form of the solution operator S defined in (3.3)),
and they can be extended to various optimal control problems constrained by
other linear PDEs. To be more concrete, it is clear that the definition of ey (u) in
is originated from the optimality system of , and it only requires that
the solution operator S be affine (i.e., the linearity of the state equation (3.2))).
Hence, the parabolic state equation in can be replaced by, e.g., the elliptic
equation [147], the wave equation [82], the convection-diffusion equation [83], or
the fractional parabolic equation [27]. In this section, we consider an optimal
control problem constrained by the wave equation to delineate the extensions.
Some notations and discussions analogous to previous ones are not repeated for

succinctness.

3.8.1 Model

We consider the following optimal control problem with control constraints:

1 9 o
min - — dmdt+—// u|?dxdt, 3.50
o, o /Q — AL (3.50)

and it is subject to the wave equation

2
M—Ay:ux(g in Q% (0,7), =0onl x(0,7), y(0)=uyo, %

(3.51)
Notation in (3.50)—(3.51)) is the same as that in (3.1)—(3.2]) except that the initial

conditions yy € H}(Q)) and y; € L*(Q). For the existence, uniqueness, and
regularity of the solution of (3.50)—(3.51), we refer to, e.g., [125].
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For the special case of f where d = 1 or w = €2, SSN type methods
have been studied in the literature, see, e.g., [114, 122} [129]. For the general case
of — where d > 2 and w C (2, similar difficulties as those mentioned
in the introduction for the problem f arise if SSN type methods are
applied. Below, we briefly show the details of extending Algorithm to the

general case of (3.50)—(3.51)).

3.8.2 Algorithm

Similarly, the direct implementation of ADMM to the problem (3.50)—(3.51))

reads as

M= in L oA 3.52
u arg min s(u, 2%, A%), (3.52a)

k+1 _ . E k+1 )\k 3.52h
< arg 2612121?0) B(u 2 )7 ( )
ML= \F — BT — ), (3.52¢)

where the augmented Lagrangian functional Ls(u, 2, \) has the same form as the

Lg(u,z,\) in (3.6) except that the solution operator S is associated with the
wave equation (3.51]) instead of the parabolic equation (3.2]).

For the z-subproblem , it amounts to computing the projection onto
the admissible set U,4; and the u-subproblem is an unconstrained optimal
control problem subject to the wave equation . Note that the u-subproblem
shares the same numerical challenges as the subproblem (3.6al); we may
apply the CG method such as [83] to solve it iteratively at each iteration. To

propose the inexactness criterion, we first need to introduce a residual ej(u)

for the u-subproblem (3.52a)) as we have done in Section For this purpose,
inspired by (3.12), we define ey (u) as

1
ex(w) = (14 Bu+ S™(=(S(u) —ya) — 82" = X,
where S : L*(0) — L*(Q) is the solution operator associated with the wave
equation (3.51)) and S* : L*(Q) — L?(0) is the adjoint operator of S. It is easy
to show that

ex(u) = (1+ B)u+plo — B2 = N, (3.53)
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where p is the successive solution of the wave equation (3.51) and the following

adjoint equation:

0? 1 0
a—tf—Ap = —(y=ya) nQx(0,T), p=00nI'x(0,T), p(T)=0, a—i(T) =0.
(3.54)
Then, the inexactness criterion for computing «**1 in (3.52al) is
ler (N < oller(w®)]), (3.55)

with the constant o given in (3.14)).

Although the same letter in is used, the definition of e(u) in (3.53))
is determined by the wave equation and the adjoint equation . It is
thus different from for the parabolic equation and its adjoint equation
(13.8). Embedding the inexactness criterion into the ADMM scheme 7
an inexact version of the ADMM similar as Algorithm 1 is readily available
for the problem f, and its convergence can be proved similarly. We

omit the details.

3.8.3 Numerical results

We test the ADMM scheme (3.52)) with the inexactness criterion (3.55)), and
report some preliminary numerical results for the problem (3.50)—(3.51) where
wC Qandd=2.

Example 3. Let us consider the following optimal control problem constrained

by the wave equation with a known exact solution:

1 9 Q
min — — dxdt + — // ul?dxdt
u€Uaay€L?(Q) 2 //Q v = vl 2 (9| |
62

a—tg—Ayzf—l-UXo, in Qx(0,7),

s.t. y =0, on I'x(0,7),

Oy
¥(0) = v, 5, (0) =y,

(3.56)

\

where 2 = (0,1)?, T = 1 and the control region w = (0,0.5)? C Q. In addition,
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we set

y = e'sinmxy sinwry, p = Va(t — T)*sin 7w, sin 7x,,

in(a, max(b, ——plo))., f e JUN
u = min(a, max(b, —— , f=—u — — ,
) ) apo X0 2 Yy
82
Yqg =Y — el + Ap, yo = sinmxysin wxy, y; = sin mxy sin wxs.

It is easy to verify that (u*,y*) := (u,y) is the solution point of the problem

(3.56). Moreover, we set the regularization parameter o = 10~* and

Uag = {v|v € L®(0), -5 < v(z;t) <0 a.e. inO} C L*(O).

By implementing the CG method to solve the u-subproblem subject
to the inexactness criterion , an ADMM-CG iterative scheme similar as
Algorithm can be obtained for the problem (3.50)-(3.51). For numerical
discretization, we employ the central difference method (with step size 7) for the
time discretization and piecewise linear finite element method (with mesh size
h) for the space discretization. All notations and remarks in Section [3.7] are used
here again. Let 8 = 5 and tol = 1075. We test the cases where the space mesh
size h and the time step size 7 are h = 7 = 27¢ with ¢ = 5,6,7,8. Numerical

results are presented in Table [3.5]

Table 3.5: Numerical comparison of ADMM-CG and ADMM;,_,. for Example

3.

Mesh Algorithm ADMMriep Mean/Max CG Time (s) RelDis Obj
ADMM;._19 46 17.69/72 16.26 3.8248x107% | 1.6716x10~ 3
ADMM;._g 46 12.75/31 11.89 3.8248x107° | 1.6716x10~ %

275 ADMM;,_g 46 8.54/18 8.05 3.8248x107 3 | 1.6716x10~ 2
ADMM;,_4 46 4.89/11 4.86 3.8248x1073 | 1.6716x10~ 3
ADMM;._o ~ ~ ~ ~ ~
ADMM-CG 46 1.96/2 2.23 3.8248x107 % | 1.6716x10~ 2
ADMM;._10 48 16.75/23 168.04 3.7670x1073 | 1.6197x10™3
ADMM;,_g 48 12.85/20 109.32 3.7670x1073 | 1.6197x10~ 3

26 ADMM._g 48 8.77/15 89.06 3.7670x107° | 1.6197x10~3
ADMM;,_4 48 5.00/11 54.21 3.7670x10~3 | 1.6197x10~ 3
ADMM;,_o ~ ~ ~ ~ ~
ADMM-CG 49 1.96/2 24.29 3.7670x10~3 | 1.6197x10~3
ADMM;,_19 49 16.73/23 3511.81 3.7169%x1073 | 1.5845x1073
ADMM;,_g 49 12.78/19 2198.52 3.7169x10~3 | 1.5845x10~ 3

2=7 ADMMi,_g 49 8.76/15 1814.87 3.7169x10~2 | 1.5845x10~ 3
ADMM;,_y4 50 4.90/11 1131.26 3.7169%x1073 | 1.5845x10~ 2
ADMM;,_» ~ ~ ~ ~ ~
ADMM-CG 50 1.96/2 415.58 3.7169x10~% | 1.5845x10~ %
ADMM;._1¢ 50 16.42/22 49802.84 | 3.6863x10~ 2 | 1.5643x10~3
ADMM;,_g 50 12.46/19 31824.46 | 3.6863x10~° | 1.5643x10~ 3

278 ADMM;,_g 50 8.54/15 24823.09 | 3.6863x10~ 2 | 1.5643x10~3
ADMM,_4 50 4.94/11 10533.96 | 3.6863x10~2 | 1.5643x10~ 3
ADMM;,_» ~ ~ ~ ~ ~
ADMM-CG 51 1.96/2 4561.64 3.6863x10° 3 | 1.5643x10 3
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According to Table 3.5, the ADMM-CG iterative scheme is also very efficient
for the general case of the problem f where w C €2 and d = 2. Similar
as the parabolic case, it suffices to solve the u-subproblem (3.52a)) inexactly
subject to the criterion (3.55)). The independence of the convergence to the

mesh size of discretization is also observed.

Evolutions of the residuals and objective functional values with respect to the
outer ADMM iterations are plotted in Figure[3.6] These curves indicate the fast
convergence of the ADMM-CG, despite the fact that the theoretical worst-case
convergence rate is only O(1/K). In addition, the iterative errors ||y* — y*|| and
|uF — u*|| in Figure (right) show that the discretization errors dominate the
total errors of the numerical solution. This means the ADMM-CG finds a rather
precise iterative solution very fast. The control variable u, state variable y, and

the errors u* —w and y* —y at t = 0.75 with h = 7 = 276 are depicted in Figures
and respectively.

Figure 3.6: Residuals (left), objective functional value (middle), and errors of u

and y (right) with respect to the outer ADMM iterations for Example 3.
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3.8. Extensions

Figure 3.8: Errors u* — u (left) and y* — y (right) at ¢ = 0.75 for Example 3.

"
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Chapter 4

An Optimal Control based
Two-Stage Numerical Approach
for the Sparse Initial Source
Identification of

Diffusion-Advection Equations

4.1 Motivations

Inverse problems are ubiquitous in many contexts of science and engineering:
among other fields, we may mention applications in medical imaging [59], acous-
tics [71], machine learning [149], and oceanography [167]. A prototypical and
relevant example is the identification of moving pollution sources in either com-
pressible or incompressible fluids that can be described by diffusion-advection
systems [50, 87, 124] 123]. Such kind of inverse problem has important practical
applications in various areas of science and engineering. For instance, an accurate
estimation of pollution sources plays a crucial role in the environmental safeguard
of densely populated cities, see e.g., [56, [124]. Following [34, 35 123] [134], such

a pollution sources identification problem can be mathematically modeled by
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4.1. Motivations

an initial source identification problem of diffusion-advection systems. Mainly
inspired by applications that aim at identifying point-wise pollution sources
[56, 124], 123], a situation of particular concern is that the initial source is known
to be sparse, i.e., to have a support of Lebesgue measure zero. This motivates us
to consider the following sparse initial source identification problem of diffusion-

advection systems.

4.1.1 Problem statement

Let Q ¢ RY with N > 1 be a bounded domain and let 9 be its boundary.

We consider the following linear diffusion-advection equation
Ou—dAu+v-Vu=0, (z,t)eQx(0,T)
u =0, (z,t) € 00 x (0,T) (4.1)
u(z,0) = ug(x), x € ),

where 0 < T' < 400 is a given final time, d > 0 is the diffusivity coefficient and
the vector v is the velocity field of the advection. In what follows, we assume
d and v to be constant for simplicity, although the techniques we are going to
present can be adapted also to variable diffusivity and velocity fields. Then, the

corresponding sparse initial source identification problem reads as:

Problem 4.1. Given a target or observed function ug, we aim at identifying a
sparse initial condition ug, such that the corresponding final state u*(-,T') of

15 as close as possible to ug in the sense that
|2 (-,T) — ual|r2¢0) < &, a.einQ, € >0. (4.2)

Moreover, since we are interested in the situation in which the initial source is
known to be sparse, it is sufficient to assume a priori that the initial condition

ug to be determined is a linear combination of Dirac measures:
¢
~ ke
Uy = E a;o(z;), 7 €Q, (4.3)
i=1

where {a;}t_, € R and 77 € 0,1 < i < ¢, are the intensities and locations to be
identified, respectively. The number £ of locations is fized and the Dirac measure

d is defined by 6(x) =1 if x =T}, and 6(x) = 0 otherwise.
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Above, the a priori assumption implies that the support of @ is {77 }{_, C
), whose Lebesgue measure is zero, and thus guarantees the initial source to
be identified is sparse. In general, Problem is known to be exponentially
ill-posed, see, e.g., [I07]. In particular, the strong smoothing property of the
equation (4.1]) makes it difficult to design some numerical algorithms to identify

such a sparse initial source in the form of (4.3).

4.1.2 State-of-the-art

In the literature, some work has already been done for sparse initial source
identification problems, based on the natural idea of taking advantage of the
sparse nature of the initial condition. For instance, in [123], the sparse initial
source identification of the heat equation is solved by minimizing the ¢*-norm of
the initial condition, under the constraint that the corresponding final state of
the heat equation and the observations at the final time are close, through the

classical Bregman iteration method [24].

A widely used strategy to address sparse initial source identification prob-
lems is to formulate them as optimal control problems with partial differential
equations (PDEs) constraints, in which the initial condition is assumed to play
the role of a control term. This is the seminal idea at the basis of some research

articles, see e.g., [34] 35, 120, [134].

In [34], sparse optimal control techniques are used to identify sparse initial
sources for diffusion-convection equations. Existence and uniqueness of opti-
mal controls are proved, and necessary and sufficient optimality conditions are
obtained. Based on these conditions, the sparsity structure of the solutions is
derived, which relates to the initial sources to be identified. In [35], the ad-
joint methodology for sparse initial source identification problems governed by
parabolic equations is introduced. It is proved that the sparse initial condi-
tion can be recovered by minimizing its measure-norm under the constraint that
the corresponding solution and the given target are close at the final time. In
[120], the identification of an unknown sparse initial source for a homogeneous

parabolic equation is addressed by considering an optimal control problem, where
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the control variable is considered in the space of regular Borel measures and the
corresponding norm is used as a regularization term in the objective functional.
Under a certain structural assumption, the authors show that the initial source

is a finite linear combination of Dirac measures as that in (4.3).

It is remarkable that, in the above references, the sparse initial source identi-
fication problems are formulated as optimal control problems in measure spaces.
The presence of measures promotes the sparsity of the initial source but en-
tails appropriate discretization for measure-valued quantities and may invalidate
the application of some well-known numerical methods. For instance, the first-
order optimality condition cannot be reformulated in a non-smooth point-wise
form and thus the well-known semi-smooth Newton type methods cannot be
applied directly. Hence, some new numerical algorithms should be deliberately
designed from scratch. In this regard, we note that a Primal-Dual Active Point
(PDAP) method is proposed in [120] to solve the optimal control problem with
measures resulted from the sparse initial source identification of homogeneous
parabolic equations. At each iteration of the PDAP, one entails the solutions
of two parabolic equations to update the adjoint variable, an optimization sub-
problem to find a new support point, and a non-smooth optimization subprob-
lem to compute the new iterate. This non-smooth optimization problem has
no closed-form solution and can only be solved iteratively by some optimization
algorithm, such as the Semi-Smooth Newton (SSN) method suggested therein.
Hence, nested iterations are resulted, which may cause some new challenges in
the overall rigorous convergence and significant computational loads in the im-

plementation.

In [I34], the sparse initial source identification for diffusion-advection equa-
tions is considered. As that in , the initial source is assumed to be a linear
combination of Dirac deltas and the optimal locations and intensities need to be
identified. To solve this problem, an optimal control based two-stage numerical
approach is proposed. First, the sparse initial source identification problem is
formulated as an optimal control problem with L!-regularized functional, where
the initial condition is treated as the control variable and is assumed to be in

LY(Q) to promote the sparsity. The employment of measures is thus avoided,
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and various well-developed optimization algorithms can be applied directly to
solve the resulting optimal control problem. In particular, a Gradient Descent
(GD) method is suggested therein with the gradient computed by the adjoint
methodology. However, due to the smoothing property of diffusion systems,
the resulting optimal control (i.e., the identified initial source from the optimal
control problem) is not sparse as desired. Nevertheless, it has been empirically
observed that the local maxima/minima of the optimal control fall into the exact
locations where the actual initial sources are placed. Consequently, the optimal
locations are identified by determining where the maxima/minima of the op-
timal control are. Then, a post-processing is proposed, where a least squares
problem is solved to identify the corresponding optimal intensities of the ini-
tial source. Several test cases both in one and two-dimensional spaces validate
that this two-stage approach identifies the sparse initial sources very successfully
even in heterogeneous media. Despite this fact, we shall remark that the focus
in [134] is on the development and discussion of the numerical algorithm, but
from a mathematical viewpoint, the optimal control model considered in [134] is
not well-posed. In particular, since the control variable is considered in the non-
reflexive space L'(£2), the existence of a solution to the optimal control problem

cannot be guaranteed.

For completeness, we mention that other types of optimal control problems
with sparsity properties have also been widely discussed in the existing litera-
ture. In [32] [36] for elliptic problems and in [33, [116] for parabolic problems,
distributed controls with strong sparsity properties are obtained by consider-
ing optimal control problems in the space of measures. Distributed elliptic and
parabolic optimal control problems with L!-regularized functional are discussed
in [I61] and [164], respectively. The use of L'-regularization has been shown to
be very efficient to obtain optimal controls with support in small regions of the
domain, the domain being adjustable in terms of the tuning of suitable parame-

ters entering in the cost functional.
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4.1.3 Our numerical approach

To address Problem [4.1] we propose a new optimal control based two-stage
numerical approach, which consists of a sparsity detection stage and a structure
enhancement stage. Our approach is mainly inspired by [134], and it keeps all
advantageous features of the framework in [I34] while avoids the aforementioned
issues encountered therein. First, in the sparsity detection stage, we treat the
initial condition ug as a control variable and formulate Problem [4.1]as an optimal
control problem with L? + L'-regularization. As to be shown in Section the
presence of the L'-term can detect the sparsity of the initial source. However, as
observed in [134], the identified initial source from the optimal control problem
is not sparse due to the absence of the assumption in the formulation of
the optimal control problem and the smoothing property of diffusion systems.
Hence, a structure enhancement stage should be complemented to ensure that

(4.3) holds while identify the locations {Z:}¢_, and the intensities {a7}¢_,.
i Ji=1 i Ji=1

To be concrete, we formulate Problem in terms of the following optimal
control model:
min  J(ug) := 1/ lu(-, T) — ug|* do + g/ |uo|* d +B/ lug| dx,  (4.4)
uo€L2(1) 2 Ja 2 Jq Q
subject to the diffusion-advection equation . In , the constants a > 0
and [ > 0 are regularization parameters. Similar as the model in [134], the
first term of J(ug) seeks for an initial condition ug such that the correspond-
ing final state of equation (4.1)) is as close as possible to u,; and the last term
detects the sparsity of the initial source. Meanwhile, inspired by [164], we intro-
duce the L*-regularization § [, |uo|* dx to guarantee the well-posedness of
while preventing possible ill-conditioning to allow for a more efficient numerical

resolution.

Clearly, our proposed model operates in function spaces and avoids the
employment of measures. As a consequence, it can be easily addressed numeri-
cally and various well-developed optimization algorithms can be applied directly.
On the other hand, due to the introduction of the L?-regularization term, our pro-
posed model is well-posed and allows identifying the sparse initial sources

much more efficiently than the one in [134] as to be validated by some numerical
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tests.

It is worth noticing that the control variable uy in is considered as
a general function in L?(2) and it is not assumed to be a linear combination
of Dirac measures as in (4.3). Therefore, one may further assume that ug =
Zle a;0(x;) with a; € R and z; € Q in the formulation of . As a result,
the intensities {a;}{_, and the locations {;}{_, become the control variables.
However, this leads to a non-convex optimization problem which is challenging
to be addressed both in terms of theory and algorithms. Meanwhile, it causes
practical difficulties related to the computation of the derivatives with respect
to {x;}{_,. By contrast, our formulation is convex and the computation of

the derivatives to ug is relatively easier as to be shown in Section [4.2.2]

Moreover, when a certain gradient-based algorithm is employed to solve the
optimal control problem , the solutions of the state equation and the
adjoint equation (4.8) (or its analogue) are always required to compute the gra-
dient. These are both diffusive processes that smooth out the corresponding
states. Because of that, as observed in [134], the recovered initial condition wug is
outside the sparse ansatz (4.3]). To validate this fact, we set 7" = 0.1, d = 0.05
and v = (1,2) " in the equation (4.1)) and solve the optimal control problem (4.4
by the Primal-Dual Hybrid Gradient (PDHG) method described in Section [4.3]
Additional details are presented in Section The numerical results are visual-
ized in Figure 4.1, where the left plot corresponds to the reference initial datum
U assigned a prior in the form of , while the right plot shows the recovered
initial datum ug by solving the optimal control problem . We can clearly
see that %y and u$ do not coincide, the latter one being of a non-sparse nature

and with intensities way below the ones of 1.

For the above reasons, once a numerical solution of the optimal control prob-
lem (4.4)) is computed, a structure enhancement stage exploiting the assumption
is necessary to identify the optimal locations {Z7}¢_, and the intensities
{ar}t_,. To this end, inspired by [134], we propose to solve two simple and
low-dimensional optimization problems. More precisely, to identify the optimal
locations {7} }{_,, we consider an optimization problem in terms of the spatial

variable x € €2, which is derived from the structural property of the solution
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Figure 4.1: Reference initial datum g (left) and recovered initial datum wug (right)

by solving (4.4)).
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of the optimal control problem stated in Theorem . Then, motivated
by the facts that the initial source @ to be recovered is a linear combination
of Dirac measures and the associated final state @*(-,T") should be as close as
possible to ug, we solve a least squares problem to identify the optimal inten-
sities {a7}f_;. An optimal control based two-stage numerical approach is thus
proposed for Problem [4.1] The validity of our proposed approach can be guaran-
teed mathematically. Meanwhile, it allows identifying the sparse initial sources
very successfully, even for some heterogeneous materials or coupled models as

validated by some numerical experiments in Section [5.5]

4.1.4 PDHG methods for the solution of (4.4)

We note that the identification of the optimal locations and intensities is
based on the solution of the optimal control problem (4.4)) and thus it is of sig-
nificance to employ an efficient numerical algorithm for solving (4.4). To this
end, recall that the optimal control problem is defined in function spaces
and various well-developed optimization algorithms can be applied directly. For
instance, SSN-type methods [I75] or the Alternating Direction Method of Mul-
tipliers (ADMM) [72] can be conceptually applied and they indeed have been
successful in solving some other types of optimal control problems in the liter-
ature (we refer for instance to [84, 99 [103] 114, 163] for a few contributions in
this direction). Nevertheless, we note that at each iteration of SSN and ADMM,
a complicated large-scale and ill-conditioned saddle point system and an optimal

control subproblem should be iteratively solved, respectively, which are numeri-
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cally challenging and expensive for such a time-dependent model.

To avoid the above issues, we advocate the PDHG method [37], which has
been widely used in various areas, such as image processing [37, 193], inverse
problems [169], and statistical learning [85]. But its application for solving op-
timal control problems has not been sufficiently explored. As to be shown in
Section the PDHG method decouples the original complicated optimal con-
trol problem into two much simpler subproblems. At each iteration, the
main computational load consists of solving only two PDEs which can be ef-
ficiently addressed by various well-developed PDE solvers. Hence, the PDHG
method is very easy and cheap to be implemented. To further speed up the con-
vergence of PDHG method, we introduce a PDHG-based prediction-correction
algorithmic framework following [93, 95]. Moreover, we compare the numerical
efficiency of the PDHG with the GD described in [I34], and we show that the
PDHG method yields significant improvements in the performance of the source

identification procedure.

4.2 Analysis of the optimal control problem (4.4

In this section, we analyze the properties of the optimal control problem (4.4]).
First, the existence and uniqueness of an optimal control w are proved. Then,

we derive the optimality conditions and deduce some structural properties of uj.

4.2.1 Existence and uniqueness of an optimal control

Let us start by discussing the existence and uniqueness of an optimal control

ug to the problem (4.4). This fact comes from a very standard argument.

As a matter of fact, the existence of uf minimizing the functional J(ug) can
be proved by taking a minimizing sequence and using the compactness of the
map ug € L*(Q) — u(-,T) € L*(), which can be easily obtained by adapting
the proof of [35, Lemma 2.3] and is a consequence of the smoothing properties

of the heat semi-group. We leave the details to the reader.
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Concerning the uniqueness, instead, this is a direct consequence of the strict
convexity of the functional. Indeed, suppose that the optimal control problem

({4.4) has two solutions ug, and ug,. Then, if we denote

1
Uy := 3 (“6,1 + u672)

we have

*

5 1 1
J(m) = J (% + %) < 2T () + 5T () = (),

which contradicts the fact that ug ; and ug , are minimizers. We have then proved

the following theorem.

Theorem 4.1. There exists a unique solution u, € L*(Q2) of the optimal control

problem ([4.4]).

4.2.2 First-order optimality condition

To derive the first-order optimality condition, we introduce the Lagrangian

formulation
1 2 o 2
L(u, ) == [ |u(-,T) —wug|*dx+ = [ |ug|"dx+ B [ |uo|dz
2 Ja 2 Ja Q
T
—I—/ / (=0 4+ dAu — v - Vu) dzdt.
0o Ja
Let
plue) = 3 [ fuold (4.5)
Q
and denote by
Op(ug) = {)\UO € L*(Q) : p(v) — o(ug) — (Mg, v — ug) > 0,Vv € LZ(Q)}

the subdifferential of ¢ at uy € L*(2). Here and in what follows, we denote by
(-,-) the canonical inner product in L?(2). Then, we compute the directional

derivative 0 L(u, ) as

OL(u,v) = /(u(,T) — uq)ou(-,T) dm+a/ UOUg dx+/)\u()5u0 dx
Q Q 0
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T
+ / / Y(—=00u + dAdu — v - Vou) dxdt, (4.6)
o Ja
with
du=0 on 0 x (0,7). (4.7)

We now integrate by parts the last term in the above expression, obtaining
T
/ / Y(—=00u + dASu — vV - du) dxdt
0 Jo
= [wl D Ty [ o000 0)
Q Q

T
t A : )
—l—/o /Q(aiﬂ—i-d Y+ v - V)dudrdt

where we took into account (4.7) and the fact that we are assuming v to be
constant. Hence, we obtain from (4.6) that

OL(u, ) = /Q(u(, T) —ug— (-, T))ou(-,T)dx + /(auo + Ay + %(+,0))0ug de

Q
+ /OT /Q<at¢ + dAY + v - V)ou dzdt
or, equivalently,
L (u, ) = /Q <au0 + Ay + U(, O)>5u0 dx
with the constraint that v is a solution of the adjoint (backward) equation
oY +dAY +v-Vip =0, (x,t) € Q2 x (0,T)
¥ =0, (z,t) € 0Q x (0,T) (4.8)
v, T)=u(-,\T) —ug:=vp, =€
This, in particular, implies that the gradient V.J(ug) is given by the expression
VJ(up) = 9(+,0) + aug + Ay, (4.9)
The above discussions lead to the following result.

Theorem 4.2. Suppose that u, € L*(Q) is the unique solution of the optimal
control problem . Then, the following first-order optimality condition holds:

*(+,0) + aug + A, =0,

where Xy € Op(ug), and * is the successive solution of the state equation
and the adjoint equation (@ provided the initial datum ug.
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4.2.3 Structural properties of u

Recall that A; € d¢(uy) = B0 [, |ujldz, and it follows from the results of
[110] that

A € Psign(ug),

where the set-valued function sign(-) is given by

i, ifv#0
sign(v) = [l

{n:In| <1}, otherwise.

We thus obtain that

Ay, = B, ae.on {x € Q:ug >0}
Ay, = —B, ae.on {x € Q:uy <0} (4.10)

Ayl < B, ae. on {z € Q:uy =0},
which implies the following structural information for the solution .

Theorem 4.3. Let u} € L*(Q2) be the unique solution of the problem and
Ai, € BO [, |ugldx, then the support of uf verifies

supp(ug) C {z € Q: A} (z) = £8}.

The above result implies the following structural property: for any zy € €2,
the solution ug(xo) will be nonzero only if A reach its maximum /3 or minimum
—p at xg. Moreover, we can also show that for a fixed «, the larger the parameter
B, the smaller the support of the solution . Indeed, when 3 is sufficient large,
using some similar arguments as those in [164], we can prove that u§ = 0 on the

whole domain {).

Theorem 4.4. Let L : L*(Q) — L*(Q) be the solution operator associated with
the linear diffusion-advection equation (4.1)), i.e. Lug = u(-,T), and let L* denote
its adjoint. Then, if > Bo = ||L*uq||1(0), the unique solution of the problem

z'suz‘):O.
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Proof. We first note that, with Lug = u(-,T), the objective functional J(ug) in
(4.4) can be rewritten as

1 o
J(UA))Z5/{2’£U0—ud|2dl’+§/Q|U0’2d$—|—ﬁ/g|uo|dx

Then, it is easy to obtain that
1 «Q
J(ug) — J(0) = 5/ | Lug|? do — / Lugug dx + 5/ |uo|? da:+ﬂ/ lup| dx
Q Q Q Q
1 2 * a 2
= 5lLuollz2() = (uo, L7ua) + 5 l[uollz2(0) + Blluoll ey
. «
> S| Luol| 2y — lluoll ool £ uall Lo @) + 5”“0”%2(9) + Bluoll (@)
. a
= 5 Luollza) + (8 = 1£7uall @) ol 1) + Flluolzz(q)-

If 3 > By, we have that J(0) < J(ug) for any ug € L?(Q2), which implies that
the unique solution of the problem (4.4)) is uf = 0. O

4.3 PDHG algorithms for the optimal control

problem (4.4

In this section, we first elaborate the application of the PDHG method [37]
to the optimal control problem and delineate the implementation details.
Then, following the ideas in [93] O5], we introduce in Subsection a gen-
eralized PDHG algorithmic framework which allows the output of the PDHG
subroutine to be further updated by relaxation steps with constant step sizes.
With different choices of parameters, a class of generalized PDHG schemes can
be obtained for solving the problem . These generalized algorithms are usu-
ally more efficient than the original PDHG algorithm in practice, as we will show

in Section A.7].

4.3.1 Iterative scheme of the PDHG method

Let us now briefly describe the PDHG methodology. To this end, let us define
f(Lug) = / |Lug — ug)*dr and  g(ug) = g/ luo|? dz + ﬁ/ lug| dex.
Q 2 Ja Q
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Then, the optimal control problem (4.4]) can be reformulated as

uolgil??ﬂ) f(Lug) + g(up). (4.11)

Introducing now an auxiliary variable p € L?*(f2), by applying the standard
Fenchel-Rockafellar duality (see e.g., [55, Chapter VII]) we can show that (4.11]

is equivalent to the following saddle point problem:

: + 7£ _ f* 4.12
min peni%)g(w) (p, Luo) — f*(p) (4.12)

where f*(p) := supyer2(q) ((p, q) —f(q)) is the convex conjugate of f(q) and can

be explicitly computed as

[ (p) = %/QIPIdeHp,ud)

Then, applying the PDHG method proposed in [37] to the problem (4.12)),

we immediately obtain the following iterative scheme:

. 1
ub™ —arg min (gluo) + (0", Luo) + 5-lluo — wfFaey) s (413)

uoEL2(Q)
ap = 2ub™ — uk, (4.14)
1
R+l _ LT — F(p) — —Ilp — k|12 ) 415
P =g max (0 £3) — 1(0) = 5 llp ~ 2l (4.15)

4.3.2 Implementation of the PDHG method (4.13))-(4.15))

In this subsection, we discuss the implementation details of the PDHG algo-
rithm. First of all, we observe that the u-subproblem (4.13) can be equivalently

reformulated as

1
ug™ = argmin(g/ luo|? dx + 6/ |lug| do + — ||lug — uf + rﬁ*pkH%z(Q)),
wel2(@) \ 2 Jo Q 2r
(4.16)

where £*pF := (*(-,0) is the solution at time ¢ = 0 of the following backward
equation:

0P +dACF +v -V =0, (2,t)eQx(0,T)

¢F =0, (2,t) € 9 x (0,T) (4.17)

Ck<>T) = pkv x € (L
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4.3. PDHG algorithms for the optimal control problem

In addition to that, it can be readily checked (see e.g. [110]) that problem
(4.16) has the following closed-form solution

(ulg _ TCk(', O))
pr | ———————
art1 ar +1

where, for any constant v > 0, we denoted by S, the Shrinkage operator defined

ug™ =S

as
a—7v, a>7
Sy(a) = 40, la| <~

a+t+vy, a<<-—v.

Concerning instead the solution of the p-subproblem (4.15]), the latter can be
computed explicitly taking into account that p**! has satisfy

=0.

p=pk+i

_ . 1
V(0 £75) = 1) = 5P = )

In particular, we have

e N )

Clearly, at each iteration, the main computation of the PDHG method only
requires the solutions of one forward equation (4.1)) and one backward equation
(4.17), and both of them can be efficiently solved by various well-developed PDE
solvers. Hence, the PDHG method is very cheap and easy to be implemented. On
the other hand, as discussed in the introduction, the numerical solution obtained
from by the PDHG algorithm will not be as sparse as desired in due
to the smoothing property of the equations and . Hence, a structure
enhancement stage to be introduced in Section 4.6/ should be considered in order

to identify a sparse initial condition in the form of (4.3 such that (4.2) holds.

4.3.3 A generalized PDHG-based prediction-correction al-

gorithmic framework

Inspired by [93],95], we consider the following generalized PDHG-based prediction-

correction algorithmic framework presented in Algorithm [4.1], which can further
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4.3. PDHG algorithms for the optimal control problem

improve the numerical efficiency of the PDHG method (4.13))-(4.15]) in practice,
as to be shown in Section (4.7l

Algorithm 4.1 A generalized PDHG-based prediction-correction algorithmic
framework for (4.4))

input: initial values uj € L*(Q) and p° € L*(2). Choose constants p > 0,0 >

0 and @ € (0, 1], and step sizes r > 0, s > 0 such that the following condition
holds:

1
rs < T (4.18)
1£L|
while not converged do
PREDICTION STEP: compute @* := (uk,p*)" by

~ ) 1
i = arg min (g(uo) + 05, Luo) + 5 -uo —u ) (4109)
ay = up + 0(us — uf) (4.19b)
_ _ . 1
p* =g max (0. £a§) 1" (0) = 5ol — 9 iace)) (4.19¢)

CORRECTION STEP: update the new iterate w*+! := (uf*t* p**1)T via

ug ™ = uf — p(uf — ug) (4.20a)
Pt =pt —o(p* —p") (4.20b)

end while

With different choices of parameters # and p, o, a class of new generalized
PDHG schemes can be obtained. We refer to [93] for the details. Here, in
particular, we take 6 = 1 in and thus obtain a PDHG-based prediction-
correction (PDHG-PC) method. We note that the correction steps (4.20a) and
are easy to compute and the resulting subproblems — are
similar to those in —. Hence, the implementation of the PDHG-PC
method for solving the optimal control problem shares the similar routine
as the PDHG method —. Clearly, if we further let 0 = p = 1, the
PDHG-PC method reduces to the classical PDHG method —.
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4.4. Convergence analysis of Algorithm

4.4 Convergence analysis of Algorithm (4.1

In this section, we prove the strong global convergence and derive the worst-
case O(1/K) convergence rate measured by the iteration complexity in both
the ergodic and non-ergodic senses for Algorithm in the context of optimal

control problems. All the results can be extended to the classical PDHG method

(4.13)-(4.15)) directly since it can be covered by Algorithm with § = 1 and
p=o0=1.

4.4.1 Preliminaries

Denote (uf, p*) " € L?(Q) x L*(€) the saddle point of (4.12)), which in particu-
lar means that v is the unique solution of (4.4]). Then, the following variational
inequalities (VIs) hold (see (4.5]) for the definition of ¢):

p(uo) — p(ug) + (uo — ug, augy + L*p*) >0, Yug € L*(Q), (4.21a)

(p — PP+ ua — Eué) >0, Vp € L*(Q). (4.21b)

We observe that the VIs (4.21a) and (4.21b]) can be written in a compact form:

o(ug) — p(uy) + <w —w*, F(w*)) >0, YweW, (4.22)
where
2 2 Ug aug + Lp
W =L(Q) x L*(Q), w= , F(w) = ) (4.23)
p p — Lug + ug

Moreover, a direct calculation shows that, for all wq,ws € W,

(w1 —wg, Flwy) — F(w2)> (4.24)
= <U0,1 — g2, (g1 — U0,2)> + <Uo,1 — U2, L(p1 — P2)>
+ (Pl —P2,P1 — U2) — (ﬁ(uog — Up2),P1 — P2)

= |[p1 = p2llZ2() + @lluon — uo2llZ2q), (4.25)

which implies that F'is strongly monotone.
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4.4. Convergence analysis of Algorithm

Then, we rewrite also the iterative scheme (4.13))-(4.15) in a VI form. For
this purpose, we first note that the optimality conditions of (4.19a)) and (4.19¢))

are
(o) — (i) + (oo — T, s + L9 + (7~ uh)) >0, Vo € L),
(b= 757"+ wa— b+ (3" =) 20, vp € 12(9),
respectively. Taking into account, we obtain the following VIs:
pluo) — () + (o — 0§, @l + L% — L% — 1) + %(a’g b)) 20, Vg € LX(Q),
(4.27a)

1
(p— 5" 5" +ua— Lt — 0L (@ —uf) + <(5* ")) 20, Ype LAQ).  (427h)

To simplify the notation, we define the following matrix-form operators

I 0 ir -
D .= p G=1|"

, ., K:=GD', M :=G+G*—D*KD.
0 ol —0L %I

(4.28)

With the notations in (4.23)) and (4.28)), the VIs (4.27a)) and (4.27D)), as well
as the correction steps (4.20al) and (4.20bf), can be respectively written in the

following compact forms

(o) — (k) + <w — @k, P(a) + G(at — M)) >0, YweW, (4.29)

and

W = wk — D(w* — a"). (4.30)

We recall that in Algorithm [£.I} the combination parameter § > 0, and the

step-sizes r, s > 0 are chosen such that

1

0e(01], rs<—.
(©.1] L]

(4.31)

To prove the convergence of Algorithm [4.1 we further impose the following

condition: both K and M are self-adjoint and positive definite, namely,

K=K and (Kw,w) > C1||U)Hi2(Q),

M=M" and (Mw,w) > cszH%Q(Q), Yw e W,w # 0, (4.32)

115



4.4. Convergence analysis of Algorithm

where ¢; and ¢y are two positive constants.

This condition (4.32)) yields further restrictions, in addition to (4.31]), on the
involved parameters in Algorithm Using some similar arguments as those in

[93], we have the following result.

Lemma 4.1. Suppose that r and s satisfy (4.31). If we choose 0, p and o such
that either
0=1 and p=o0€(0,2),

or

0e(0,1), 0<p<1+60—-+v1—-0 and p=o0b,

then the matriz-form operators IC and M defined in (4.28)) satisfy the convergence
condition (4.32)).

4.4.2 Global convergence of Algorithm

In this subsection, we prove the convergence of Algorithm under the
conditions (4.31) and (4.32). Here and in what follows, we denote by ||wl||4 :=
(Aw,w),Yw € W the norm induced by a self-adjoint and positive definite matrix-

operator A. First, we show the strict contraction property of the sequence w*

generated by Algorithm

Theorem 4.5. Let w* = (uf,p*)" be the sequence generated by Algorithm
and w* = (ug,p*)" be the solution of problem . Suppose that the condition
holds and the matriz-form operators K and M satisfy the convergence
condition (4.32)). Then we have

[l —w* |l < w® —w* [k = llw® = @* 3 — 200" — |22 — 20l — ugll72 ().

(4.33)

Proof. First of all, it follows from (4.28) and (4.30) that the VI (4.29) can be

written as

o(ug) — (Ul + <w—ﬂ7k, F(&?k)) > (w—@k,/C(wk—wkH)), Vw € W. (4.34)
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4-4. Convergence analysis of Algorithm /.1

Under the condition (4.32]), we apply the identity

(0= boICle— ) = & (la It ~ la—cl2) + & (e~ bl — - bI)
to the right-hand side of with

a=w, b=a" c=uw" and d=uw"

We then obtain

(w — Wk, K (w* — wkH)) (4.35)

1

1 _ _
=5 (lw = w" & = [lw —w*%) + 5 (lw* = @[k — 0™ —a*|[%) . (4.36)
2 2

Considering the last two terms in and using and ( -, we have

I = @¥ [k = ™ — @k
=lw* — @*|fg = [|(w" = @*) — (W* —w Ik
=[lw* — @"[|% — [I(w" - @*) - D(w* —@")[I

:2(w — @k KDk — w’f)) - (D(wk — @*), KD(wk — wk))
—Z(w —w*, G(w* —w ) ( w", D*KD(w* — wk))
(w _ @t (G + G — DKD) (" — @ ))
=[lw* — @34 (4.37)
Combining , and , we obtain that
(o) — (i) + (w — &, F("))
> (o =~ o — bR + Sl — @R, Vwew  (438)
It follows from that, for all w € W,
o(@) — pug) + (wk _w, F(w)) + (ﬁ?’“ —w, F(@*) — F(w))
< 5 (¥ = wl — b~ wli2) = ot — ¥ (439

Moreover, we recall that (see (4.24)))

(@ = w, F(@*) = F(w)) = [7* = plZ2(0) + allids — wol3x(a)
Hence, setting w = w* in (4.39)), and using (4.22)), we finally obtain
[ —w|} < w® —w* || = [Jw* = @* 134 = 201" — p*|2) — 20185 — ugll72(0)-

]
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4.4. Convergence analysis of Algorithm

Theorem 4.5 shows that the sequence w* = (uf, p*)T generated by Algorithm
is strictly contractive. This, in turns, implies the convergence of w* to the
solution point w* of the problem (4.12), as we shall see in the following theorem.

Theorem 4.6. Let w* = (uf,p*)" be the sequence generated by Algorithm
and w* = (ug,p*)" be the solution of problem . Suppose that the condition
holds and the matriz-form operators K and M satisfy the convergence
condition (4.32)). Then uf converges to u strongly in L*(Q2) and p* converges to

p* strongly in L*(Q).

Proof. First of all, it follows from (4.33) that

[e.9]

> (I = w3 + 205" = p[age + 200 = wl3am) < lo® - w
k=0
This means that the series

o0

> (18 = w3+ 205* = 5 gy + 2007 — 1220 )
k=0

is convergent which, in particular, implies

[0 —w¥|[3 = 0, g — ugll72@) — 0, and [[p* = p*[|72q) = 0, as k — oo,
(4.40)

Thus

pr—pt, Uy — g, strongly in L*(€). (4.41)
It follows from (4.32)) and (4.40) that

" — wkH%Q(Q) = lug — Ug”%?(ﬂ) + [Ip* —PkH%%Q) — 0,
which, in particular, yields
1P* =Pl 72 = 0, and  [ug — uglliz2q) — 0, as k— oo.

This, together with (4.41)), implies that

P — p*, ub — ug  strongly in L*(9).
Our proof is then concluded. O
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4.4.3 Convergence rate of Algorithm

In this subsection, we analyze the convergence rate of Algorithm [4.I In
particular, we establish an O(1/K’) worst-case convergence rate in both ergodic

and non-ergodic senses.

An O(1/K) worst-case convergence rate means that an iterate whose accuracy
to the solution under certain criterion is of the order O(1/K) can be found after
K iterations of an iterative scheme. This can also be understood as the need of
at most O(1/¢) iterations to find an approximate solution with an accuracy of e.
Besides, we emphasize that such a convergence rate is in the worst-case nature,
meaning that it provides a worst-case but universal estimate on the speed of
convergence. Hence, it does not contradict with some much faster speeds which

might be observed empirically for a specific application (as to be shown in Section

17).

Convergence rate in the ergodic sense

We first establish the O(1/K’) worst-case convergence rate in the ergodic sense

for Algorithm [4.1] in the following theorem.

Theorem 4.7. Let w* = (uf,p*)" be the sequence generated by Algom'thm
and w* = (ug,p*)" be the solution of the problem ([A.12)). For any K € N, define

K K

1
k k
d = —¥0 . 4.42
OU) , ana Up i K 1 OUO ( )

1
K=K

k= k=

Then we have

p(uo,x) — p(ug) + (wK —w, F(U/*)> <

Proof. Setting w = w* in (4.39)), it follows from the monotonicity of F' that

~ * ~ * * 1 * *
o) — () + (@ —w', () < 5 (It = w [ = [l —w|2).

(4.43)

119



4.4. Convergence analysis of Algorithm

Summing the inequality (4.43) over k =0, ... K, we then have

K——{—l Z <90(a]0§)_90(ug)>+ (K#—i-l Z@k — w*,F(w*)> < meO_W*H%

k=0

Then from the convexity of g and (4.42), we immediately obtain

pluase) = () + (e = w Fw)) < gl = ol

The above theorem shows that, after K iterations of Algorithm we can
find an approximate solution with an O(1/K) accuracy. This approximate so-
lution is given by wg, and it is the average of all the points w* which can be
computed by all the known iterates generated Algorithm [4.1l Hence, this is an

O(1/K) worst-case convergence rate in the ergodic sense for Algorithm [4.1]

Convergence rate in the non-ergodic sense

Next, we establish the O(1/K) worst-case convergence rate in a non-ergodic
sense for Algorithm [4.I} For this purpose, we first need to define a criterion to

precisely measure the accuracy of an iterate.

It follows from (4.29) and G = KD that the specific sequence {w*};>¢ with
w” given by Algorithm [4.1|is a solution point of (4.22) if [|D(w® — w*)|x = 0.
Hence, it is reasonable to use ||D(w* — @*)||x or ||D(w* — @*)||% to measure the

accuracy of an iterate w” to a solution point. We have the following result.

Theorem 4.8. Let w* = (uf,p*)" be the sequence generated by Algorithm
and w* = (ug,p*)" be the solution of the problem ([4.12)). Then for any K € N,

we have

D(w" — ™)} < ——— [’ — w*[[}. 4.44
D" = T < sl — (4.44)

Proof. We set w = w*™! in (4.29) and obtain
p(g™) — plug) + (ﬁk“ — @ F(a") + Ga" - w’“)) > 0. (4.45)
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4.4. Convergence analysis of Algorithm

Moreover, we notice that (4.29)) also holds for k := k + 1, which yields
o(ug) — p(up™) + (w — "t F(o"t) 4+ Gk — wkH)) >0, YweW.
Let w = w” in the above inequality. Hence, we have that

p(ig) — (g ™) + (wk — @ F(@MT) 4+ G(att — wk+1)) >0.  (4.46)

Adding up (4.45) and (4.46]), and taking into account (4.24)), we obtain that

(ﬁ;k — @ G — Wkt — Qe — wk)) > 0.

Furthermore, observing that w* — w**! = @ — w*+ 4wk —wk +wh+t —wk+!,

the above inequality yields

2

~ ~ L, - ~
(wf =, G =) =G —uh)) = S )@ )= (@ —wt )|

G*+G»
(4.47)
where we used the fact that
1 *
(w,Gw) = §<w, (G* + G)w), Yw € W.
It follows from (4.28)) and (4.30]) that (4.47) is equivalent to
ke s ~ - 1, - ~
(wk_wk’rD ICD((wk-i-l_wk-i-l)_(wk_wk))) > §||(wk_wk)_(wk+1_wk+l)| 2.
(4.48)

Applying the identity

(a.K(a—=b)) = 5 (llalk — lIbllk + lla — bllk)

N | —

to the left-hand side of (4.48)) with a = D(w* —w*) and b = D(wk — wF 1) we

obtain

(wk — @ DD (@ — w) — (@ — wk))> (4.49)

1 _ 1 _ 1 _ _
= 5 ID@" = @)k = P =@ [} + P = &%) = D™ — a* ]

Combining (4.48) and (4.49)), we thus obtain

ID(w* — @)k — D™ — @™k

>[(@ - wt) - (@ - wtH)

Gova — ID(W* — @) = D(wH — @I
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:H({Dk o wk) . (,U'jk—&—l . wk+1)|

2
G++G-pexp = 0-

This implies that the sequence ||D(w* — @w*)||% is non-increasing, i.e.
D" — @™ < [Dw” — @)k, vk > 0. (4.50)

Furthermore, it follows from (4.33]) and (4.32)) that there exists a positive constant
co > 0 such that

[w** —w* g < [Jw* = w*[[§ — ol D(w" — @),
which implies that
o
co Y IDW" —@*)|% < [Juw® — w|}. (4.51)
k=0

Therefore, it follows from (4.50) and (4.51) that for any integer K > 0, we have

K
- ~ 1 .
(K +DDw® —a®)k < ) IP(w" — @) < al!wo —w[fx.
k=0

Our proof is then complete. n

We note that the number in the right-hand side of (4.44) is of order O(1/K).
Therefore, Theorem provides an O(1/K) worst-case convergence rate in a
non-ergodic sense for Algorithm

4.5 Space and time discretization

In this section, we describe the space-time discretization scheme employed in
our numerical simulations. Letting u : [0,7] — R"=, where N, is the number of
grid points on €2, a general discretization of the diffusion-advection equation in

(4.1)) can be written in a compact form as:
Mu(t) + dAu(t) + vVu(t) = 0,

where the matrices A and V are associated with the Laplacian operator and the

advection field, respectively, while M is the mass matrix.
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4.5. Space and time discretization

In order to get a time discretized version of the above expression, we first

introduce a uniform partition of the time interval [0, T'):
O=to<ti<...<tp <tpn1 <...<tn, =T,

with ¢, = nAt for n = 0,1,...,N; and At := T/N,. We then denote u" =
u(t,) € RN and apply an implicit Euler method on the mesh {t,}"*,. The fully
discrete version of (4.1)) thus reads as follows

(M + dAtA + vAtV)u" = Mu™ .

Summarizing, the fully discrete scheme for the numerical resolution of the for-

ward dynamics (4.1]) reads as: given u® = ug, then for n =1,2,..., N;, solve

u" = (M + dAtA + vAtV)\Mu" ! (4.52)

In the same spirit, the fully discrete scheme for the numerical resolution of

the backward dynamics (4.8)) and (4.17) reads as: given 9™t = oy, for n =
Ny Ny —1,...,1, solve

P = (M + dAtA — vAtV)\Map"

Note that the above fully discrete schemes are presented in a general form
which is preserved for any choice of the spatial discretization method, e.g., finite
element (FE) methods, finite difference (FD) methods or finite volume (FV)
methods. The discretization scheme chosen will only change the specific entries

of the matrices M, A and V.

In this paper, we will always use FE on equidistant structured meshes. For

this FE discretization, we employ triangular elements depicted in Figure and
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intensities
the following pyramidal test functions
4
xgxy —1, if (x,y) € Region 1
i, if (x,y) € Region 2
Ax
Az —
Zm 337 if (z,y) € Region 3
or(z,y) =491 — T y, if (z,y) € Region 4 (4.53)
Az
Az —
xAx y’ if (x,y) € Region 5
’ if (x,y) € Region 6
— if (z ion
AJ,‘ bl ) y g
\O, otherwise
5 5
6 4 6 4
1 22 5 1 3
B 4 2
5 162 3
6 4 2 ‘
1 3 1 3
2 2

Figure 4.2: Sketch of the regions for the pyramidal test functions defined in (4.53)).

4.6 A structure enhancement stage for identi-

fying the optimal locations and intensities

As discussed in the introduction, due to the strong smoothing property of the
forward equation and the backward equation , the numerical solution
of the optimal control problem is not sparse as desired. This suggests the
need of introducing a second procedure to project the obtained non-sparse initial
source into the set of admissible sparse solutions in the form of and identify
the locations 7* := {Z7}‘_, and the intensities a* := {a;}‘_,. We thus obtain

an optimal control based two-stage numerical approach for solving Problem [4.1]
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mntensities

4.6.1 Optimal locations identification

To identify the optimal locations, we recall (see (4.3))) that the initial condi-
tion to be recovered is assumed to be a linear combination of Dirac measures.
Then, it follows from Theorem [4.3] that the optimal locations Z* can be deter-

mined by solving
7" = argmax Ay ().
Notice that A\,s = —aug —¥*(+,0), which implies that
¥ = arg max laus(x) +¢*(x,0)]. (4.54)
Te

Hence, with the solution wuf obtained by the PDHG algorithms described in
Section we can compute the associated adjoint variable ¢)*(-, 0) by solving the
state equation and the adjoint equation . Then, the optimal locations
can be determined via the solution of .

Additionally, we shall mention that, in [134], the optimal locations z* is
identified by solving

"= arg max lug ()], (4.55)
re

which is empirically derived from an observation that the local maxima of |ug(z)]
fall into the optimal locations. Despite the fact that the strategy (4.55)) works well
in practice (at least for the numerical examples presented in [I34]), in contrary

to (4.54)), its validity seems to lack rigorous theoretical support.

4.6.2 Optimal intensities identification

In this subsection, we explain how to find the intensities {&} }¢_, of the initial
sources once we have identified their locations {7} }¢_, by solving . To this
end, we first note that the state equation is linear. As a consequence, for
any ug = Zle a;0(x;) with a; € R and x; € Q, the solution operator L verifies

14
£U0 = 2061,65(;@), x; € Q.
=1
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mntensities

Recall that we aim at identifying a sparse initial condition ug such that Lug is as
close as possible to the given target uy. Hence, to find the optimal intensities of
the initial source, we follow [I34] and consider the following least square problem:

) 2

> aiLs(F) — ug

i=1

(4.56)

1
{ar}_, =arg min — ‘
- i} 2
{aa}i eRe L2()

By the numerical scheme described in Section [4.5] the discretized formulation

of (4.56)) reads

i 1
& = arg min §|]La — uql?, (4.57)

where a = {a;}f_, the vector ug € R is a discretized version of ug, and each
column of the matrix L € RM=** contains the solution of with u(z,0) =
0(zF),1 < i < ¢. Note that the support of the desired sparse initial source usually
consists of a few points, i.e. ¢ is generally small. Hence, the dimension of the
problem is low and it can be solved efficiently through various existing

techniques. Here, we suggest to solve the corresponding normal equation
L'La* = L ug, (4.58)

to find the vector of intensities a*. Clearly, the problem (4.58]) is a £x ¢ symmetric

positive definite linear system and can be easily solved.

With the computed locations {7} }{_, and intensities {a;}{_,, the recovered

initial source is thus given by

4
Uy =Y _ars(@).
i=1

4.6.3 An optimal control based two-stage numerical ap-

proach for Problem

In view of the above considerations, the procedure for our source identification
Problem needs to be complemented with the structure enhancement stage

we just described. The complete methodology is given by Algorithm [£.2]
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mntensities

Algorithm 4.2 An optimal control based two-stage numerical approach for

Problem .11
procedure Sparseldentification(ug)

compute uf; from the optimal control model (4.4) by Algorithm [4.1}

compute 1*(+,0) by solving the state equation (4.1)) and the adjoint equation

©3);

find the locations {Z}}{_, by solving 7* = arg maédaug(x) + *(x,0)].
re

fori=1,2,....¢/ do
compute L(:, ) by solving (4.52)) with u® = §(z%)

end for
at = (LTL)\LTud

compute uy = Zle a;o(xy)
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4.7.  Numerical experiments

4.7 Numerical experiments

In this section, we show several test cases where Algorithm [4.2] allows identi-
fying the sparse initial sources very successfully from reachable targets or noisy
observations, even for some heterogeneous materials or coupled models. All our
numerical results have been produced by implementing the aforementioned pro-
cedures in MATLAB R2016b on a Surface Pro 5 laptop with 64-bit Windows
10.0 operation system, Intel(R) Core(TM) i7-7660U CPU (2.50 GHz), and 16
GB RAM.

4.7.1 Generalities

We consider Problem [4.1] on the domain  x (0,7) with Q = (0,2) x (0,1)
and 7' = 0.1, and we test Algorithm [4.2] for two scenarios:

Scenario 1: the given function uy is reachable.

Scenario 2: the given function uy is observed with noise.
For each scenario, we further consider the following three cases:
Case I: diffusivity coefficient d = 0.05; advection vector v = (2,—2)7 on

Q.

Case II: diffusivity coefficient d = 0.08 on £2; = (0,1) x (0,1) and d = 0.05
on 2 = (1,2) x (0,1); advection vector v = (1,2)" on Q.

Case I1I: diffusivity coefficient d = 0.05 on Q; advection vector v = (0,0) "

on ; =(0,1) x (0,1) and v = (0, —3)T on Qs = (1,2) x (0,1).

In Case I, several sources are to be identified in a homogeneous medium,

namely, the domain €2 is constituted by materials with same diffusivity constants.

In Case II, we consider the advection-diffusion equation modeled in a hetero-

geneous medium. To be concrete, the left half subdomain €, = (0,1) x (0,1)
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and the right half one Qy = (1,2) x (0, 1) are constituted by materials with dif-
ferent diffusivity constants. Consequently, the dynamics of the problem behaves

differently in each of them.

Finally, in Case III, we identify several initial sources for coupled-models.
This means that different equations are modeled on the left half (Q; = (0,1) x
(0,1)) and the right half (22 = (1,2) x (0,1)) of the domain Q. More precisely,
the heat equation is used on €2; and the diffusion-advection equation is used on

Q.

The reference initial datum ug to be recovered for all cases is displayed in

Figure .3] from front and above views.

Figure 4.3: Reference initial datum g for Cases I-III, front view (left) and above view

(right)

Reference initial state

l U
We implement the PDHG method (4.13)-(4.15) and the PDHG-PC method

derived from Algorithm to solve the optimal control problem (4.4)). Both of

them are repeated until the following stopping criterion is fulfilled:

_ {Hu
€L ‘— Inax

Reference initial state

k+1 k+1

—UkHLz(Q) HP —pk”m(ﬂ)
b+ 2 ) 7 M |2

} < tolppuc

with tolppge = 107 or until we reach a maximum number of iterations ke =
1000. Moreover, if there are no other specifications, we always use the following

parameters:

e Mesh sizes: Az = 0.02 and At = 0.05.

e Regularization parameters: 8 = (Az)* a = 1072

e PDHG algorithm: 6 = 1,r = 6,s = 0.578(~ Tﬁf*gu)-
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e PDHG-PC algorithm: § =1,r=6,s =0.578, p =0 = 1.9.

e Initial values: u) = 0,p° = 0.

Moreover, we compare the numerical efficiency of our approach with the one
described in [134], and show that our methodology yields significant improve-
ments in the performance of the initial source identification procedure. For com-

pleteness, we review the approach in [I34] briefly.

In [134], the initial source identification problem was formulated as an
optimal control model but in the absence of a L2-regularization in the cost func-
tional (that is, when taking o = 0 in ) To address the resulting optimal
control problem numerically, a GD approach was employed, which consists of
looking for the minimizer ug as the limit & — 400 of the following iterative

process:

up ™ = uf — e VJ (ul). (4.59)

In (4.59)), the parameter 7, > 0 is called the step-size and plays a fundamental
role in the convergence of the scheme. It is by now well-known that, if one takes
ne constant small enough and the objective functional is regular enough (namely,
convex, differentiable, and with Lipschitz gradient), then will eventually

converge to the minimum (see, e.g., [I136] Section 2.1.5]).

Nevertheless, the choice of a constant step-size is most often not optimal: if n
is too small, the convergence velocity of GD may drastically decrease while, if 7y is
too large, one can generate overshooting phenomena and not be able to reach the
minimum of J. Hence, in numerical implementations, an adaptive choice of the
step-size is usually introduced (e.g., Armijo line search). In this regard, it is worth
recalling that these adaptive strategies require the evaluation of the objective
function value repeatedly, which in our case is numerically expensive because
each one of these evaluations requires solving a forward equation. For the above
reasons, in our implementation of GD we always considered a constant step-size
although, as we shall see, this choice contributes to making the GD methodology
less efficient when solving the source identification problem for .
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Finally, recall that the gradient V.J(ug) has already been computed in (4.9)

and is given by the expression
VJ(up) = ¥(-,0) + aug + Ay, .
Consequently, the iterative scheme becomes
g™t = ug — (¥ + aug + Ayp)

with ¥ = 1*(-,0). Tt is clear that the computational load of each GD iteration
is the same as that of the PDHG. However, we shall stress that the convergence
of the GD algorithm can be proved rigorously only in the case of regular enough
functionals. In other words, if the gradient presents discontinuities, convergence
is not guaranteed. This is exactly the case of the optimal control problem (4.4)),
as we already discussed in Section Notwithstanding that, as we will see
in our numerical simulations, for the test cases that we will consider the GD
methodology is still capable to compute the correct solution ug. This is due to

the fact that the discontinuous part of the gradient \,, is always bounded by the

parameter [ (see (4.10))).

4.7.2 Reachable target u, case

We first test Algorithm [4.2] for Problem [4.1] where the target function w, is
reachable. In particular, we set the target function u, as the solution of (4.1)
corresponding to the initial condition u(z,0) = %y. The reference u, for Case

[-IIT is presented in Figure 4.4]

Figure 4.4: The reference target uy for Case I-III (from left to right).

Given target u-T=01 Given target u' -T=01

1
05 05
' I 08 I
10.4
0.4 0.4
06 06
03 03 03
04 0.4
02 102 102
Iow

0
0 0.5 1 15 2 0 0.5 1 15 2 0 05 1 15 2

Given target u-T=01

We apply the PDHG, PDHG-PC and the GD method in [I34] to the model
(4.4). The efficiency (in terms of the number of iterations to converge) is collected
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in Table [£.1] First, from Table we observe that the iteration numbers of
the PDHG and PDHG-PC algorithms are almost the same for all cases. We
thus conclude that the convergence of the PDHG and PDHG-PC algorithms are
robust with respect to the diffusion coefficient d and the convection coefficient
v, at least for the cases we considered. We also observe from Table that
the PDHG-PC algorithm improves the numerical efficiency of PDHG by a factor
about 40%, and both of them are more efficient than the GD method.

Table 4.1: Numerical comparisons (in terms of the number of iterations to converge)

of different algorithms for Cases I-III.

Model (4.4 Model in [134]
PDHG | PDHG-PC | GD | PDHG | PDHG-PC | GD
Case I 53 32 86 629 589 673
Case 11 54 32 87 632 612 650
Case III 52 32 87 648 601 667

Furthermore, we recall that the PDHG and PDHG-PC algorithms are de-
scribed on the continuous level and their convergence properties are analyzed in
function spaces. Hence, mesh independent property of these algorithms can be
expected in practice, which means that the convergence behavior is independent

of the fineness of the discretization. This is confirmed by our numerical results

presented in Table [4.2]

Table 4.2: Tteration numbers with respect to different mesh sizes for Case I

Mesh size | At =0.1,Az =0.05 | At =0.05, Az =0.02 | At =0.025, Az = 0.0125
PDHG 61 53 49
PDHG-PC 37 32 29

For comparison purposes, we also implement the PDHG, PDHG-PC, and GD
methods for the model introduced in [134]. The efficiency of each methodology
is once again collected in Table It is not surprising that a significantly
higher number of iterations is required because the model considered in [134]
excludes the term § [, |uo|* dz and is much more ill-conditioned than the one we

considered.

For Case I, the recovered initial datum % by Algorithm and the corre-
sponding final state uy are displayed in Figure 4.5 By comparing the plots in
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Figures and one can observe that both the locations and the intensities
of the initial condition are recovered very accurately. Furthermore, the recovered
initial and final states by the approach described in [134] are presented in Figure
4.6 which is almost the same as the one obtained by Algorithm [£.2. All these

facts validate that the effectiveness and efficiency of our proposed approach.

Figure 4.5: The recovered initial datum @ from front view (left) and above view
(middle), and the recovered target up (right) by Algorithm for Case I with a

reachable uy.
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1
05
80
‘ 104
| 60
03
40
40 02
20 20 I0|
0 0 0

Figure 4.6: The recovered initial datum @ from front view (left) and above view

(middle), and the recovered target ur (right) by the approach in [134] for Case I with

a reachable ug.
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Similar to Case I, the results in Table show that also in Case II and Case
III the PDHG-PC algorithm is the most efficient one and, compared with [134],
our proposed model allows for a more efficient numerical resolution. Fur-
thermore, compared with Figures and the recovered initial datum ug by
Algorithm and the corresponding final state ug displayed in Figure (Case
II) and Figure (Case III) show that the locations and the intensities of the
sparse initial sources are recovered very accurately for heterogeneous materials.
Additionally, by comparing the plots in Figures[£.7]and [4.8] we conclude that our
results are as accurate as the ones obtained in [I34] for Case II, but our approach
is numerically more efficient as shown in Table 4.1} The same conclusion can also

be drawn for Case III by comparing the plots in Figures 4.9 and [4.10]
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Figure 4.7: The recovered initial datum uf from front view (left) and above view
(middle), and the recovered target up (right) by Algorithm for Case II with a

reachable uy.
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Figure 4.8: The recovered initial datum @ from front view (left) and above view

(middle), and the recovered target ur (right) by the approach in [134] for Case II with

a reachable ug.
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Figure 4.9: The recovered initial datum @ from front view (left) and above view
(middle), and the recovered target ur (right) by Algorithm for Case IIT with a

reachable uy.
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Figure 4.10: The recovered initial datum % from front view (left) and above view

(middle), and the recovered target ur (right) by the approach in [134] for Case III

with a reachable ug.
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4.7.3 Noisy observation u, case

In this subsection, we aim to identify a sparse initial source term ug from
noisy observations ug = Lug + & by Algorithm 4.2) where § € L*(Q) is a given

noise term satisfying

[1£uo = wall /|| Luol| = 20%.

For convenience, we still consider a reference initial datum ug as given in
Figure [£.3 and the corresponding noisy observations u, for Case I-III are dis-
played in Figure As in the previous subsections, we employ the PDHG-PC
method to solve the optimal control problem . We observe that the iter-
ation numbers of the PDHG-PC for all test cases are almost the same as the
reachable target case and mesh-independent property can be observed. Hence,
we can conclude that the numerical efficiency of the PDHG-PC method is very

robust to the noisy observations.

The initial datum @ recovered from the noisy observations ug by Algorithm
4.2] and the associated final state ur for Case I-11I are presented in Figures [4.12
and Compared with the reference initial datum in Figure we
observe that both the locations and the intensities of the sparse initial source are

recovered accurately from the noisy observations.

Figure 4.11: The noisy observation ug4 for Case I-III (from left to right).
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Figure 4.12: The recovered initial datum % from front view (left) and above view

(middle), and the recovered target up (right) by Algorithm for Case I with a noisy

observation ug.
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Figure 4.13: The recovered initial datum % from front view (left) and above view

(middle), and the recovered target ur (right) by Algorithm [4.2]for Case II with a noisy
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Figure 4.14: The recovered initial datum % from front view (left) and above view
(middle), and the recovered target ur (right) by Algorithm for Case III with a

noisy observation ugq.

Recovered initial datum Recovered initial datum Recovered final state - T = 0.1

Izo
60
{40
'20
0

136




Chapter 5

Bilinear Optimal Control of an
Advection-Reaction-Diffusion

System

In this chapter, we intend to study the bilinear optimal control problem
(BCP) introduced in Section 1.1 both mathematically and computationally. For

convenience, we recall that the bilinear optimal control problem (BCP) reads as

ueclu,
(BCP)
J(u) < J(v),Yv €U,

with the objective functional J defined by

1 a o
J(v) = 5//@ lv|*dxdt + 71 //Q ly — ya|>dxdt + 72 /Q ly(T) — yr|*dz, (5.1)

and y = y(t; v) the solution of the following advection-reaction-diffusion equation

%—VVQy—Hwa—i—aoy:f in Q,
Y=g on X (5.2)
y(0) = ¢.

Above and below, € is a bounded domain of R? with d > 1 and I is its boundary,
Q=0x(0,T)and ¥ =T'x(0,7) with0 < T < +00; a; > 0,0 > 0,y + g > 0;
the target functions y, and yr are given in L?(Q) and L*(), respectively; the
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diffusion coefficient v > 0 and the reaction coefficient ay are assumed to be
constants; the functions f € L?(Q), g € L*(0,T; H'/?(T")) and ¢ € L*(Q). The
set U of the admissible controls is defined by

U= {vlv e [L*(Q)]* Vv =0}

We first study the well-posedness of , the existence of an optimal control
u, and its first-order optimality condition. Then, computationally, we propose an
efficient and relatively easy to implement numerical method to solve (BCP). For
this purpose, we advocate combining a conjugate gradient (CG) method with a
finite difference method (for the time discretization) and a finite element method
(for the space discretization) for the numerical solution of (BCP). Although these
numerical approaches have been well developed in the literature, it is nontrivial
to implement them to solve (BCP) as discussed below, due to the complicated

problem settings.

5.1 Difficulties and goals

5.1.1 Difficulties in algorithmic design

Conceptually, a CG method for solving (BCP) can be easily derived following
[83]. However, CG algorithms are challenging to implement numerically for the
following reasons: 1). The state y depends non-linearly on the control v despite
the fact that the state equation ({5.2)) is linear. 2). The additional divergence-free

constraint on the control v, i.e., V- v = 0, is coupled together with the state

equation (5.2)).

To be more precise, the fact that the state y is a nonlinear function of the
control v makes the optimality system a nonlinear problem. Hence, seeking a
suitable stepsize in each CG iteration requires solving an optimization problem
and it can not be as easily computed as in the linear case [83]. Note that com-
monly used line search strategies are too expensive to employ in our settings

because they require evaluating the objective functional value J(v) repeatedly
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and every evaluation of J(v) entails solving the state equation (5.2). The same
concern on the computational cost also applies when the Newton method is em-
ployed to solve the corresponding optimization problem for finding a stepsize. To
tackle this issue, we propose an efficient inexact stepsize strategy which requires
solving only one additional linear parabolic problem and is cheap to implement

as shown in Section [5.3]

Furthermore, due to the divergence-free constraint V-v = 0, an extra projec-
tion onto the admissible set U is required to compute the first-order differential
of J at each CG iteration in order that all iterates of the CG method are feasi-
ble. Generally, this projection subproblem has no closed-form solution and has
to be solved iteratively. Here, we introduce a Lagrange multiplier associated
with the constraint V -v = 0, then the computation of the first-order differential
DJ(v) of J at v is equivalent to solving a Stokes type problem. Inspired by
[75], we advocate employing a preconditioned CG method, which operates on
the space of the Lagrange multiplier, to solve the resulting Stokes type problem.
With an appropriately chosen preconditioner, a fast convergence of the resulting
preconditioned CG method can be expected in practice (and indeed, has been

observed).

5.1.2 Difficulties in numerical discretization

For the numerical discretization of (BCP), we note that if an implicit finite
difference scheme is used for the time discretization of the state equation (j5.2)),
a stationary advection-reaction-diffusion equation should be solved at each time
step. To solve this stationary advection-reaction-diffusion equation, it is well
known that standard finite element techniques may lead to strongly oscillatory
solutions unless the mesh-size is sufficiently small with respect to the ratio be-
tween v and ||v||. In the context of optimal control problems, to overcome such
difficulties, different stabilized finite element methods have been proposed and
analyzed, see e.g., [0, [48]. Different from the above references, we implement
the time discretization by a semi-implicit finite difference method for simplicity,

namely, we use explicit advection and reaction terms and treat the diffusion term
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implicitly. Consequently, only a simple linear elliptic equation is required to be
solved at each time step. We then implement the space discretization of the
resulting elliptic equation at each time step by a standard piecewise linear finite

element method and the resulting linear system is very easy to solve.

Moreover, we recall that the divergence-free constraint V - v = 0 leads to a
projection subproblem, which is equivalent to a Stokes type problem, at each
iteration of the CG algorithm. As discussed in [74], to discretize a Stokes type
problem, direct applications of standard finite element methods always lead to
an ill-posed discrete problem. To overcome this difficulty, one can use different
types of element approximations for pressure and velocity. Inspired by [74] [75],
we employ the Bercovier-Pironneau finite element pair [11] (also known as P;-P;
iso P, finite element) to approximate the control v and the Lagrange multiplier
associated with the divergence-free constraint. More concretely, we approximate
the Lagrange multiplier by a piecewise linear finite element space which is twice
coarser than the one for the control . In this way, the discrete problem is well-
posed and can be solved by a preconditioned CG method. As a byproduct of
the above discretization, the total number of degrees of freedom of the discrete
Lagrange multiplier is only d—;d of the number of the discrete control. Hence, the
inner preconditioned CG method is implemented in a lower-dimensional space
than that of the state equation (5.2)), implying a computational cost reduction.
With the above mentioned discretization schemes, we can relatively easily ob-
tain the fully discrete version of (BCP) and derive the discrete analogue of our

proposed nested CG method.

5.2 Existence of optimal controls and first-order
optimality conditions

In this section, first we present some notation and known results from the

literature that will be used in later analysis. Then, we prove the existence of

optimal controls for (BCP) and derive the associated first-order optimality con-

ditions. Without loss of generality, we assume that f =0 and g = 0 in (1.15) for
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convenience.

5.2.1 Preliminaries

Throughout, we denote by L*(2) and H*(Q2) the usual Sobolev spaces for
any s > 0. The space H(2) denotes the completion of C§°(Q2) in H*(2), where
C°(€2) denotes the space of all infinitely differentiable functions over Q with a
compact support in €. In addition, we shall also use the following vector-valued

function spaces:
L*(9Q) = [L*(Q)],
L2, (Q):={ve L*N),V -v=0in Q}.

Let X be a Banach space with a norm ||-||x. Then, the space L?(0,T’; X) consists

of all measurable functions z : (0,7) — X satisfying

T 2
2]l 20, x) == (/ ||z(t)]|§(dt> < 4-00.
0

With the above notation, it is clear that the admissible set & can be denoted
as U = L*(0,T; L?,(2)). Moreover, the space W(0,T) consists of all functions
z € L*0,T; H(Q)) such that % € L*(0,T; H1(Q2)) exists in a weak sense, i.e.

W(0,T) :={z|z € L*(0,T; Hy (%)), % € L*(0,T; H(Q))},

where H=1(Q)(= H}(Q)') is the dual space of H} ().

Next, we summarize some known results for the advection-reaction-diffusion

equation ([1.15)) in the literature for the convenience of further analysis.

The variational formulation of the state equation (1.15) reads: find y €
W(0,T) such that y(0) = ¢ and Vz € L*(0,T; H3(2)),

T ay
/ <—,z> dt—l—l/// Vy - Vzdxdt
o \Ot [y e.me Q
+// v - Vyzdzdt + ag // yzdxdt = 0,
Q Q

where (-, ) ;-1(q) m1() denotes the duality pairing between H7Y(Q) and H} ().
The existence and uniqueness of the solution y € W(0,T") to problem (5.3]) can

(5.3)
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be proved by standard arguments relying on the Lax-Milgram theorem; we refer
to [125] for the details. For discussions on the space discretization in Section
5.4 we also need the variational formulation of the divergence-free constraint

V-v=0:

// V - vqdxdt (: — // v- quxdt) =0,Yq € L*(0,T; Hy(Q)).
Q Q

Moreover, we can define the control-to-state operator S : U — W(0,T),
which maps v to y = S(v). Then, the objective functional J in (BCP) can be

reformulated as

1
J(v) :5//Cg\v‘2dxdt+%//Q|S(v)—yd|2dxdt—|—%/Q]S('v)(T)_yTpdx,

and the nonlinearity of the solution operator S implies that (BCP) is nonconvex.

For the solution y € W(0,T), we have the following estimates.
Lemma 5.1. Let v € U and then the solution y € W(0,T) of the state equation
satisfies the following estimate:

t t
IIy(t)II%z<Q)+2V/ IIVy(8)||iz<Q)d8+2ao/ ly () T2 ds = I18llZ2)-  (54)
0 0

Proof. We first multiply the state equation (1.15]) by y(¢) and then applying the

Green’s formula in space yields

1d
5 7 19 Oz2@) = =VIVY DI 0) = aolly (D)2 (5:5)

The desired result (5.4) can be directly obtained by integrating (5.5)) over [0, t].

[
Above estimate implies that
y is bounded in L*(0,T; Hy(12)). (5.6)
On the other hand,
0
a—izvV@—ny—aoy,
and the right hand side is bounded in L?*(0,7; H~'(2)). Hence,
Ay . : 2 L1
5 8 bounded in L*(0,7; H *(2)). (5.7)
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Furthermore, since V - v = 0, it is clear that

// v - Vyzdrdt = // Vy - (vz)dzdt
Q Q

- _ //Q yV - (v2)dodt = — //Q y(v - Vz)dxdt, ¥z € L*(0,T; Hy(Q)).

Hence, the variational formulation (5.3)) can be equivalently written as: find
y € W(0,T) such that y(0) = ¢ and Vz € L*(0,T; H}(Q)),

T
/ <8y’z> dt+v // Vy-Vzdxdt—// (v-Vz)ydzdt+ag // yzdzdt = 0.
o \9t [ u-1a .m0 Q Q Q

5.2.2 Existence of Optimal Controls

With above preparations, we prove in this subsection the existence of optimal
controls for (BCP). For this purpose, we first show that the objective functional

J is weakly lower semi-continuous.

Lemma 5.2. The objective functional J given by 15 weakly lower semi-

continuous. That is, if a sequence {v,} converges weakly to © in U, we have

J(v) < liminfJ(v,).

n—0o0

Proof. Let {v,} be a sequence that converges weakly to v in U, and y, =
y(x,t;v,) the solution of the following variational problem: find y, € W(0,T)
such that y,,(0) = ¢ and Vz € L*(0,T; H3(9)),

T/ Oyn
—z dt + v Vy, - Vzdxdt
0 ot H-1(Q),H} () Q
- // (v, - V2)ypdadt + ag // Ynzdxdt = 0.
Q Q

It follows from (5.6) and (5.7) that there exists a subsequence of {y,}, still

denoted by {y,} for convenience, such that

(5.8)

Yy, — § weakly in L*(0,T; Hy(Q2)),

and
ayn ag : 2 . —1
o — 5 weakly in L=(0,7; H(Q2)).
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Since € is bounded, it follows directly from the compactness property (also known

as Rellich’s Theorem) that
Yn — ¥ strongly in L*(0, T; L*(9)).

Taking v,, — © weakly in U into account, we can pass the limit in (5.8) and
derive that §(0) = ¢ and Vz € L?(0,T; H} (2)),

T _
/ <8y,z> dt+v // Vy~Vzdxdt—// (0-Vz)ydzdt+ag // gzdzdt = 0,
o \Ot [ g1q)mi©) Q Q Q

which implies that g is the solution of the state equation ([1.15]) associated with

v.

Since any norm of a Banach space is weakly lower semi-continuous, we have

that

liminfJ(v,,)

n—o0

1
=lim inf (— // |vn|2dxdt+%// |yn—yd|2dxdt+%/ |yn(T)—yT|2dx)
1
>3 [ [ ofasde+ S [ - aPdsar + S [ 191) - yrfae
2/ /o 2/ /o 2 Jq

=J(v).

We thus obtain that the objective functional J is weakly lower semi-continuous

and complete the proof. O

Now, we are in a position to prove the existence of an optimal control w to
(BCP). Recall the nonconvexity of (BCP). The uniqueness of optimal control u

cannot be guaranteed and only a local one can be pursued.

Theorem 5.1. There exists at least one optimal controlu € U such that J(u) <
J(v),Yv e U.

Proof. We first observe that J(v) > 0,Vv € U. Then, the infimum of J(v) exists
and we denote it as

j = inf J(v),

velU

which implies that there is a minimizing sequence {v,} C U such that

lim J(v,) = j.

n—oo
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This fact, together with § [[,, |vn|*dzdt < J(v,), implies that {v,} is bounded
in U. Hence, there exists a subsequence, still denoted by {v,}, that converges
weakly to w in Y. It follows from Lemma that J is weakly lower semi-

continuous and we thus have

J(u) < liminfJ(v,) = J.

n—oo

Since u € U, we must have J(u) = j, and w is therefore an optimal control. [

5.2.3 First-order Optimality Conditions

According to some literatures, e.g. [12§], it is easy to know that J is Gateaux
differentiable. Let DJ(v) be the first-order differential of .J at v and w an optimal
control of (BCP). It is clear that the first-order optimality condition of (BCP)
reads

DJ(u)=0.

In the sequel of this subsection, we discuss the computation of DJ(v), which will

play an important role in subsequent sections.

To compute DJ(v), we employ a formal perturbation analysis as in [83].

First, let 0v € U be a perturbation of v € U, we clearly have

57(v) = / / DJ(v) - dvdadt, (5.9)
Q
and also

6J(v) = //Q v - dvdxdt + o //Q(y — yq)0ydxdt + ay /Q(y(T) — yr)0y(T)dx,(5.10)

where dy is the solution of the sensitivity equation of (|1.15])

%—VV25y+(5v~Vy+v-V(5y+a06y:O in @,
oy=0 on X, (5.11)
dy(0) = 0.

Consider now a function p defined over @ (the closure of Q); and assume

that p is a differentiable function of x and ¢. Multiplying both sides of the first
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5.2. FEuxistence of optimal controls and first-order optimality conditions

equation in ((5.11)) by p and integrating over (), we obtain

// pﬁdydxdt — 1/// pV2oydadt

Q Ot Q

+ // ov - Vypdxdt + // v - Voypdxdt + ay // poydxdt = 0.
Q Q Q

Integration by parts in time and application of Green’s formula in space yield

[ o >d:e— / p(0)8y(0)dx

// ——= vV —v-Vp+ aop] oydxdt + / ov - Vypdzdt  (5.12)
Q

— y// (953/ — —(5y)dxdt + // poyv - ndxdt = 0.
b

where n is the unit outward normal vector at I'.

Next, let us take the L? adjoint of the operator % —vV24+v-V+agin (5.11))

and consider the following adjoint system

0 )
_°P —vV?p—v-Vp+agp=ai(y —ya) in Q,

ot
p=20 on I, (5.13)
p(T) = aa(y(T) = yr).

In (5.13)), the term oy (y — yq) is the derivative of the integrand of the objective

functional with respect to the state y, and the terminal time term s (y(7) — yr)

comes from differentiating the objective functional integrand term at 7. Assume
that the function p is the solution to (5.13]). Then, it follows from ({5.10)), (5.11)),
(5-12) and (5.13) that
= // (v — pVy) - dvdzdt,
Q

which, together with (5.9)), implies that
DJ(v) e U,

(5.14)
/ DJ(v) - zdzdt = // (v —pVy) - zdzdt,Vz € U.
Q Q

From the discussion above, the first-order optimality condition of (BCP) can

be summarized as follows.
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Theorem 5.2. Let uw € U be an optimal control of (BCP). Then, it satisfies the

following optimality condition

// (u — pVy) - zdedt = 0,Vz € U,
Q

where y and p are obtained from w via the solutions of the following two parabolic

equations:
0
a—i—NQeru-Veraoy:f in Q,

y=g onx, (state equation)
y(0) = o,
and
dp 2 _ .
o VVPu Vptap=aily —ya) inQ,

p=0 on'y, (adjoint equation)

p(T) = aa(y(T) — yr).

5.3 An Implementable Nested Conjugate Gra-
dient Method

In this section, we discuss the application of a CG strategy to solve (BCP).
In particular, we elaborate on the computation of the gradient and the stepsize

at each CG iteration, and thus obtain an easily implementable algorithm.

5.3.1 A Generic Conjugate Gradient Method for (BCP)

Conceptually, implementing the CG method to (BCP), we readily obtain the

following algorithm:

(a) Given u® € U.

(b) Compute g° = DJ(u"). If DJ(u") = 0, take u = u; otherwise set

w’ = g°.
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5.8.  An Implementable Nested Conjugate Gradient Method

For k > 0, u*, g* and w"* being known, with the last two different from 0,

one computes u*!, g"*t! and if necessary w**! as follows:

(c) Compute the stepsize py by solving the following optimization problem

pr € R,
(5.15)
J(u* — ppw”) < J(u* — pw"),Vp € R.
(d) Update u**! and g**!, respectively, by

b =k — ppw®,

and

gk+1 — DJ(uk-l-l)
If DJ(u**!) =0, take u = u**!; otherwise,

(e) Compute
[]o |g" ! Pdadt
N fo gk Pdxdt

Bk

and then update

k1 _ ket k
w' = g"" + frw”.

Do k+ 1 — k and return to (c).

The above iterative method looks very simple, but practically, the imple-
mentation of the CG method (a)-(e) for the solution of (BCP) is nontrivial.
In particular, it is numerically challenging to compute DJ(v), Vv € U and py
as illustrated below. We shall discuss how to address these two issues in the

following part of this section.

5.3.2 Computation of gradient

It is clear that the implementation of the generic CG method (a)-(e) for the
solution of (BCP) requires the knowledge of D.J(v) for various v € U, and this
has been conceptually provided in . However, it is numerically challenging
to compute DJ(v) by due to the restriction V - DJ(v) = 0 which en-

sures that all iterates u* of the CG method meet the additional divergence-free
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5.8.  An Implementable Nested Conjugate Gradient Method

constraint V - u” = 0. In this subsection, we show that equation (5.14]) can be
reformulated as a saddle point problem by introducing a Lagrange multiplier as-
sociated with the constraint V- DJ(v) = 0. Then, a preconditioned CG method

is proposed to solve this saddle point problem.

First of all, it follows from [125] that equation (5.14]) can be reformulated as

)(t) €S, forae. t e (0,T),

(5.16)
/ DJ(w)(t) - zdz — / (w0(t) — p(E)Vy(t)) - zdz,Vz € S,
Q
where
S={z|z € [L*(Q)]", V-2 =0}
Clearly, problem ({5.16|) is a particular case of
ges,
(5.17)
/g-zdx:/f~zdx,Vz€S,
Q Q

with f given in [L?(Q2)]%.

Introducing a Lagrange multiplier A € HJ(f2) associated with the constraint
V -z = 0 and then it is clear that problem ([5.17)) is equivalent to the following
saddle point problem

((9.)) € [L3(Q)]? x HE(Q),
- Zar = - zZax - zZax z 2 d
/ﬂg d /Qf d -f-/ﬂx\v dx,Vz € [L (Q)] , (5.18)

/ V - gqdx = 0,Yq € Hy(Q),
\ Q

which is actually a Stokes type problem.

For the solution of , we advocate a CG method inspired from [75] [7§].
For this purpose, one has to specify the inner product to be used over H}(Q). As
discussed in [75], the usual L*-inner product, namely, {q,¢'} = [, ¢¢'dx leads to
a CG method with poor convergence properties. Indeed, using some arguments
similar to those in [74 [75], we can show that the saddle point problem can
be reformulated as a linear variational problem in terms of the Lagrange mul-

tiplier A\. The corresponding coefficient matrix after space discretization with
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5.8.  An Implementable Nested Conjugate Gradient Method

mesh size h has a condition number of the order of =2, which is ill-conditioned
especially for small h and makes the CG method converges fairly slow. Hence,
preconditioning is necessary for solving problem (5.18]). Efficient precondition-
ing strategies include, e.g., the augmented Lagrangian approach in [75, Section
4] or the grad-div stabilization approach for computational fluid dynamics in
[140]. Here, we follow [75, Section 7] and choose —V -V as a preconditioner for
problem , and the corresponding preconditioned CG method operates in
the space Hj(Q) equipped with the inner product {¢,¢'} — [, V¢ - V¢dz and
the associated norm ||ql| g3y = ([ IVq|?dz)'/? ¥q, ¢ € H(Q). The resulting

algorithm reads as:

G1 Choose \° € HL(Q).

G2 Solve
g’ e [L*(Q)],
/g0 czdr = / f-zde+ / MV - zdx,Vz € [L*(Q)]%,
Q Q Q
and
r’ € Hy(Q),
/ Vvl Vqde = / V - ¢g%qdz,¥q € Hy(Q).
Q Q
If — JolVrilde < toly, take A = A\ and g = g; otherwise set w® = rY.

max{1, [, [VA0[2dx}
For k > 0, \¥, g*. r* and w* being known, with the last two different from

k+1

0, we compute A1, gF+1 rF+1 and if necessary w**! as follows:

G3 Solve
g" e LX),

/gk-zdx:/wkv'zdx,Vz € [L*(Q)]4,
Q Q

and
e HY(Q),

/Vrk -Vgdr = / V - gFqdx,Vq € H} (Q),
Q Q

and compute the stepsize via

o IV
Tk = Jo VI* - Vwkdz
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G4 Update \¥, g* and r* via

ML=\ pow®, gF = gF — g, and rFT =k — et
T‘k 1|12 .
If mau)[?l‘? |+v7!0\d2:izz} < toly, take A = M+ and g = gF*!; otherwise,
Jao
G5 Compute
Jo VA 2da
Ve =~ e 00
Jo IV 2dx
and update w* via
Wt = PRk

Do £+ 1 — k and return to G3.

Clearly, one only needs to solve two simple linear equations at each iteration of
the preconditioned CG algorithm (G1)—(G5), which implies that the algorithm
is easy and cheap to implement. Moreover, due to the well-chosen preconditioner
—V -V, one can expect the above preconditioned CG algorithm to have a fast

convergence; this will be validated by the numerical experiments reported in

Section (.5

5.3.3 Computation of the Stepsize p;

Another crucial step to implement the CG method (a)—(e) is the computation
of the stepsize py. It is the solution of the optimization problem ({5.15) which is
numerically expensive to be solved exactly or up to a high accuracy. For instance,

to solve ([5.15]), one may consider the Newton method applied to the solution of
H l/c (p) =0,

where

Hy(p) = J(u" — pw").

The Newton method requires the second-order derivative H}/(p) which can be
computed via an iterated adjoint technique requiring the solution of four parabolic
problems per Newton’s iteration. Hence, the implementation of the Newton

method is numerically expensive.
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The high computational load for solving (5.15) motivates us to implement
certain stepsize rule to determine an approximation of p;. Here, we advocate the

following procedure to compute an approximate stepsize p.

For a given w* € U, we replace the state y = S(uf — pw*) in J(u* — pw*)
by
S(ut) — pS'(u )t

which is indeed the linearization of the mapping p — S(u* — pw*) at p = 0. We

thus obtain the following quadratic approximation of Hy(p):

1 o
Qr(p) == 3 // [u® — pw* Pdxdt + ?1 // |y — p2¥ — yq|*dadt
Q Q

: (5.19)
+ 2 [ W@ - D) P

where y* = S(u¥) is the solution of the state equation (|1.15]) associated with u*,

and 2% = S'(u”)w" satisfies the following linear parabolic problem

o k
8_225 — vV b Vk +uf Va2 =0 in Q,
=0 on ¥, (5.20)
2F(0) = 0.

Then, it is easy to show that the equation @Q}.(p) = 0 admits a unique solution

R fo g~ - whdxdt
P T, Twk Pdadt + an [, [FPdadt + as [, [2H(T)Pda’

(5.21)

and we take pg, which is clearly an approximation of pj, as the stepsize in each

CG iteration.

Altogether, with the stepsize given by , every iteration of the resulting
CG algorithm requires solving only three parabolic problems, namely, the state
equation forward in time and the associated adjoint equation back-
ward in time for the computation of g*, and the linearized parabolic equation
forward in time for the stepsize pi. For comparison, if the Newton method
is employed to compute the stepsize p; by solving , at least siz parabolic
problems are required to be solved at each iteration of the CG method, which is

much more expensive numerically.
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Remark 5.1. To find an appropriate stepsize, a natural idea is to employ some
line search strategies, such as the backtracking strateqy based on the Armijo—
Goldstein condition or the Wolf condition, see e.g., [138]. It is worth noting
that these line search strategies require the evaluation of J(v) repeatedly, which
is numerically expensive because every evaluation of J(v) for a given v requires
solving the state equation . Moreover, we have implemented the CG method
for solving (BCP) with various line search strategies and observed from the nu-
merical results that line search strategies always lead to tiny stepsizes making

extremely slow the convergence of the CG method.

5.3.4 A Nested CG Method for Solving (BCP)

Following Sections [5.3.2] and [5.3.3] we advocate the following nested CG
method for solving (BCP):

I. Given u° € U.

I1. Compute 3° and p° by solving the state equation (1.15) and the adjoint
equation (5.13)) corresponding to u®. Then, for a.e. ¢ € (0,T), solve

g’(t) €5,

/Q g°(t) - zdx = /Q (u’(t) — p° () Vy°(t)) - zdz,Vz € S,

by the preconditioned CG algorithm (G1)-(G5); and set w® = g°.

For k > 0, u”*, g¥ and w* being known, with the last two different from 0,

one computes uf*!, g"*! and if necessary w**! as follows:

ITI. Compute the stepsize gy by (5.21)).

IV. Update u**! by
bt = b — ppat,
Compute y*! and p**! by solving the state equation ((1.15)) and the adjoint

equation ((5.13) corresponding to u**!; and for a.e. t € (0,T), solve

g"ti(t) €S,

/ngﬂ(t) zdr = /Q(u’““(w — P OVYTHY) - zd,Vz €8,
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by the preconditioned CG algorithm (G1)-(G5).

[l lg* 1 Paude

S A

< tol, take u = uF*!; else

V. Compute

[, g+ Pdzdt
=l gt Pded

Do £+ 1 — k and return to III.

d wk+1 — gk+1 + 6kwk-

Bk

5.4 Space and time discretizations

In this section, we discuss first the numerical discretization of the bilinear
optimal control problem (BCP). We achieve the time discretization by a semi-
implicit finite difference method and the space discretization by a piecewise linear
finite element method. Then, we discuss an implementable nested CG method

for solving the fully discrete bilinear optimal control problem.

5.4.1 Time Discretization of (BCP)

First, we define a time discretization step At by At = T /N, with N a positive
integer. Then, we approximate the control space U = L%(0,T;S) by UA* := (S)™;

and equip U*t with the following inner product

N
(v, w)ar = AtZ/Qvn cwpdr, Yo = {v,}N_ w = {w,}_, e U™,
n=1

and the norm

N 3
|v|la: = (AtZ/ |’un|2dx> . Yo = {v, )} e Ut
n=1 Q

Then, (BCP) is approximated by the following semi-discrete bilinear control

problem (BCP2Y):
’U,At c uAt
’ (BCPAY)
JA (ulh) < JA (), Vo = {v, Y, e U™,
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where the objective functional J2¢ is defined by

N N
1 a7 n (0%)]
JA(v) = §At2/ﬂ v, |2dx + 7&2/{) |y — y2da + ) /Q lyn — yr|?dz,
n=1 n=1

with {y,}_, the solution of the following semi-discrete state equation: yy = ¢;
forn=1,..., N, with y,_; being known, we obtain ¥, from the solution of the
following linear elliptic problem:

DIl 2y 0 Vot + QoY = fu 0
< (5.22)

Yn = gn OL I

Remark 5.2. For simplicity, we have chosen a one-step semi-implicit scheme
to discretize system . This scheme 1is first-order accurate and reasonably
robust, once combined to an appropriate space discretization. The application
of second-order accurate time discretization schemes to optimal control problems

has been discussed in e.q., [29].

Remark 5.3. At each step of scheme , we only need to solve a simple linear
elliptic problem to obtain vy, from y,_1, and there is no particular difficulty in

solving such a problem.

Remark 5.4. Note that usually a semi-implicit scheme is only conditionally
stable and its restriction on the time stepsize At is problem-dependent. For
the diffusion-dominated case, we will show in Section [5.5 that the semi-implicit
scheme to be implemented works well empirically even with a relatively large
time stepsize. For the advection-dominated case, however, as well studied in the
literatures (e.g. [3, [12]), more restrictive conditions on the time stepsize are

usually required.

The existence of an optimal control to (BCP“?) can be proved in a similar
way as what we have done for the continuous case. Let 4! be an optimal control

of (BCP2") and then it verifies the following first-order optimality condition:
DJ*(u) =0,

where DJ2!(v) is the first-order differential of the functional JA! at v € U~
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Proceeding as in the continuous case, we can show that DJ2!(v) = {g,}_, €

UA where

gn €5,
/ gn - wdx = /(vn — paVUYn—1) - wdz,Yw € S,
Q Q

and the vector-valued function {p,}2_, is the solution of the semi-discrete adjoint
system below:

PN+1 = a?(yN - ?JT);

for n = N, solve

PN —PD .
PN ONHL vVipy = ay(yn — yév) in €,
At
pny =0 on I,
and forn=N —1,--- .1, solve
Pn — Pn+1 n .
T+ - Vv2pn — Upy1* VDng1 + QoPng1 = Oél(yn - ?Jd) in €,

pn:(] on I.

5.4.2 Space Discretization of (BCP*)

In this subsection, we discuss the space discretization of (BCPAt), obtaining
thus a full space-time discretization of (BCP). For simplicity, we suppose from
now on that  is a polygonal domain of R? (or has been approximated by a

family of such domains).

Let Ty be a classical triangulation of €2, with H the largest length of the
edges of the triangles of Ty. From Ty we construct 7, with h = H/2 by joining
the mid-points of the edges of the triangles of Ty.

We first consider the finite element space V), defined by
Vi, = {enlen € C°(Q); onlp € PLYT € Ty}

with P the space of the polynomials of two variables of degree < 1. Two useful

sub-spaces of V}, are
Von = {@nlen € Vi, gulp = 0} == Vi, N Hy (),
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and (assuming that g(t) € C°(T))
Vor(t) = {enlen € Vi, on(Q) = g(Q, 1),V Q vertex of T;, located on I'}.
In order to construct the discrete control space, we introduce first
A = {prlen € COQ); uly € PL,YT € T}, and Aoy = {owlen € Aur, pulp = 0.
Then, the discrete control space UAt is defined by
Uit = (Su)",

with

Sp = {vp|vn € V), X Vh,/ V - vpqudx (: —/ v}, - Vqux) = 0,Yqy € Aon }-
Q Q

With the above finite element spaces, we approximate (BCP) and (BCP?Y)

by (BCP#")defined by
At At
uy €U,
o (BCP})
Tit(uy") < it (wi), Yot = {vantisy € Uy,

where the fully discrete objective functional J2! is defined by

N N
1 o «
JR(vhth) = §At2/ |vn,h\2dx+71AtZ/ |yn,h—yg|2dx+72/ lynn—yr|rdx
n=1 Q n=1 Q Q
(5.23)

with {y,}N_; the solution of the following fully discrete state equation: yo 5 =

on € Vi, where ¢y, verifies
on € Vi, Vh >0, and ]llir%gbh = ¢, in L*(Q),
—

and forn =1,..., N, with y,_1, being known, we obtain v, € Vg, (nAt) from

the solution of the following linear variational problem:

/ M@dw + y/ vynh . VgOdQ: + / Unph* vynfl hgpdx
9 At Q ’ Q |

(5.24)
+/ AoYn—1,npdr = / Jnpdz,No € V.
Q Q

In the following discussion, the subscript h in all variables will be omitted for

simplicity.
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In a similar way as what we have done in the continuous case, one can show
that the first-order differential of J2 at v € UPt is DJS(v) = {gn}2_, € (Sp)V

where
gn € Sh P

(5.25)
/gn czdr = /('vn — P VYn_1) - zdz, Nz €S},
Q Q

and the vector-valued function {p, nNzl is the solution of the following fully dis-
crete adjoint system:
PN+1 = Q2(Yn — Y1); (5.26)
for n = N, solve
PN € Von,
/ wgpdaz‘ + I// Von - Vodr = / ag(yn — y(]iv)@da:,Vgo € Von,
Q At 0 Q
(5.27)
then, forn =N —1,--- 1, solve
Pn S ‘/Dha

Pn — Pn+1
/Q S edr v /Q Vpn - Vodz + /Q Prs1Vast - Vdr — (5.98)

+ ao/pnﬂgpd:c = / a1 (yn — yg)pdz, Vo € Vop.
Q Q

It is worth mentioning that the so-called discretize-then-optimize approach is
employed here, which implies that we first discretize (BCP), and to compute the
gradient in a discrete setting, the fully discrete adjoint equation f has
been derived from the fully discrete objective functional J5* and the fully
discrete state equation . This implies that the fully discrete state equation
(5.24) and the fully discrete adjoint equation — are strictly in duality.
This fact guarantees that —DJ2>(v) is a descent direction of the fully discrete

bilinear optimal control problem (BCP4Y).

Remark 5.5. A natural alternative has been advocated in the literature: (i) De-
rive the adjoint equation to compute the first-order differential of the objective
functional in a continuous setting; (ii) Discretize the state and adjoint state equa-
tions by certain numerical schemes; (iii) Use the resulting discrete analogs of y

and p to compute a discretization of the differential of the objective functional.
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The main problem with this optimize-then-discretize approach is that it may not
preserve a strict duality between the discrete state equation and the discrete ad-
joint equation. This fact implies in turn that the resulting discretization of the
continuous gradient may not be a gradient of a discrete optimal control problem.
As a consequence, the resulting algorithm is not a descent algorithm and diver-
gence may take place. We refer to, e.g. [79, 89, [197], for more discussions on
the difference between the discretize-then-optimize and optimize-then-discretize

approaches.

5.4.3 A Nested CG Method for Solving the Fully Discrete
Problem (BCP%Y)

In this subsection, we propose a nested CG method for solving the fully
discrete problem (BCP4Y). As discussed in Section , the implementation of
CG method requires the knowledge of DJ2(v) and an appropriate stepsize. In

the following discussion, we address these two issues by extending the results for

the continuous case in Sections [5.3.2] and [5.3.3] to the fully discrete settings; and

derive the corresponding CG algorithm.

First, it is clear that one can compute DJ2(v) via the solution of the N
linear variational problems encountered in . For this purpose, we introduce
a Lagrange multiplier A € Agy associated with the divergence-free constraint.
Then, problem ([5.25)) is equivalent to the following saddle point system

(

(gn, )\) c (Vh X Vh) X A0H7

[ gn-zdn = [ (02— p.Vy0) zdet [ AV 2do ¥z € Vix Vi (5.99)
Q Q Q

/ V - gnqdx =0,Yq € Aoy
\ Ja

As discussed in Section [5.3.2) problem (/5.29)) can be solved by the following
preconditioned CG algorithm, which is actually a discrete analogue of (G1)-
(G5).

DG1 Choose \° € Agg.
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DG3

DG4

DG5S
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Solve
g, € Vi x Vj,
/gg czdr = /(vn — o VYn_1) - zdx + / NV - zdz,Vz € Vi, x Vj,
Q Q Q
and
’I“O c AQH,
/ V. Vgdx = / V - glqdz,V¥q € Aog.
0 Q
If —JolVroPds < toly, take A = \? and g,, = ¢°; otherwise set w® = 0.

max{1, [, [VA0|2dz}
For k > 0, \*, g* r* and w* being known, with the last two different from

k+1

kL pktLand if necessary w*! as follows:

0, we compute \**! g

Solve
gﬁ eV, x Vh,
/QZ czdr = / whV - zde, Yz € Vi, x Vj,
Q Q

and
’Fk € AOHa

/ Vit Vqdr = / V - ghqdr,Yq € Now,
Q Q

and compute

o Jo VP
k= Jo VIt - Vwkdr
Update A\*, g* and r* via
N = N =, gitt = gy — gy, and M=ot — it
PEHL12 0 .
If maﬁfl‘jﬂ |V7”|0\de:E} < toly, take A = M1 and g, = gFT!; otherwise,
Compute
B fﬂ |VTk+1|2dI
= Jo IVTE2da
and update w” via
whtt = Rk

Do £+ 1 — k and return to DG3.
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5.4. Space and time discretizations

Remark 5.6. Similar as the continuous case discussed in Section 3, we em-
ploy the preconditioned CG algorithm (DG1)-(DG5) to compute the gradient
DJAY(v) in order that all iterates of the CG method satisfy the divergence-free
constraint. To ensure the divergence-free constraint, other choices include some
exactly divergence-free finite element methods for space discretization such as the
H}-conforming finite element methods based on the Scott—Vogelius elements [88],
some H(div)-conforming finite element methods based on the Raviart-Thomas

elements [151] or the Brezzi—-Douglas—Marini elements [235].

To find an appropriate stepsize in the CG iteration for the solution of (BCPﬁt),
we note that, for any {w, }_, € (S,)", the fully discrete analogue of Qx(p) in
(5.19) reads as

N
1
At _ - _ 2
2i(p) —QAt;/Q I—
o l o
+ ElAtZ/ |Yn, — p2n — y3|2dw + 72/ lyn — pan — yT|2d=T7
n=1 Q Q

where the vector-valued function {z,}"_, is obtained as follows: zy = 0; for
n =1,...,N, with z,_; being known, z, is obtained from the solution of the

linear variational problem
(
Zn € ‘/Oha
Zp — Zn—1
) Tcpdx +v [ Vz,-Veodr + | w, - Vy,pdx
Q Q Q

+ / U, - Vz,_1pde + ao/ Zn_1pdx = 0,V € V.
Q Q

\

As discussed in Section for the continuous case, we take the unique solution
of Q2% (p) = 0 as the stepsize in each CG iteration, that is

ﬁAt _ At 25:1 fQ Gn - Wydw
" At 25:1 fQ |wy,|?dx + ay At Zyjzv:l fQ |2n|?dx + g fQ |zn|2dz

(5.30)

Finally, with above preparations, we propose the following nested CG method

for the solution of the fully discrete problem (BCP4Y).

DI. Given u® := {ul}Y , € (Sp)"V.
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5.4. Space and time discretizations

DII. Compute {y2}N_, and {p?}) 7} by solving the fully discrete state equation
(5.24) and the fully discrete adjoint equation ([5.26 -—- 5.28|) corresponding

to u’. Then, for n =1,---, N solve
gg € Sh?
/gg czdr = /(ug — POVl ) - zdr,Vz €Sy,
Q Q
by the preconditioned CG algorithm (DG1)-(DG5), and set w? = g°.

For k > 0, u*, g* and w” being known, with the last two different from 0,

one computes w1, g"*! and if necessary w**! as follows:
DIII. Compute the stepsize gy by (5.30)).
DIV. Update u**! by
k1 koA ok

u" =u" — pw”.

Compute {yF1N_and {pfT}YE by solving the fully discrete state equa-
tion 4)) and the fully discrete adjoint equation ([5.26])—(5.28)) correspond-

ing to uk+1. Then, forn =1,---, N, solve
gitt e sy,
/gffl zdr = /(uﬁ*l PPy - zde,Vz €Sy,
Q

by the preconditioned CG algorithm (DG1)-(DGS5).

(5.31)

AtZN 1fQ |g'nJr | dzx _ k1.
It AT < tol, take u = u"""; else

DV. Compute

ALY [, gk P
At anl fQ |gn|2dx

Do £+ 1 — k and return to DIII.

k1 K+l k
, and w" = g"" 4 [Brw”.

Br =

Despite its apparent complexity, the nested CG method (DI)-(DV) is easy
to implement. Actually, one of the main computational difficulties in the imple-
mentation of the above algorithm seems to be the solution of N linear systems
, which is time-consuming. However, it is worth noting that the linear sys-
tems are separable with respect to different n and they can be solved in
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5.5. Numerical experiments

parallel. As a consequent, one can compute the gradient {gF}Y_| simultaneously

and the computation time can be reduced significantly.

Moreover, it is clear that the computatlon of {gF}N_| requires the storage

of the solutions of (5.24)) and ( -— at all points in space and time. For

large scale problems, especially in three space dimensions, it will be very memory
demanding and maybe even impossible to store the full sets {y*}_, and {pEyt
simultaneously. To tackle this issue, one can employ the strategy described in
e.g., [83, Section 1.12] that can drastically reduce the storage requirements at

the expense of a small CPU increase.

5.5 Numerical experiments

In this section, we report some preliminary numerical results validating the
efficiency of the proposed CG algorithm (DI)-(DV) for (BCP). All codes were
written in MATLAB R2016b and numerical experiments were conducted on
a Surface Pro 5 laptop with 64-bit Windows 10.0 operation system, Intel(R)
Core(TM) i7-7660U CPU (2.50 GHz), and 16 GB RAM.

Example 1. We consider the bilinear optimal control problem (BCP) on the
domain Q = Q x (0,7) with Q = (0,1)? and T = 1. In particular, we take the
control v(x,t) in a finite-dimensional space, i.e. v € L*(0,T;R?). In addition,
we set ag = 0 in and consider the following tracking-type bilinear optimal

control problem:

1 T aq
i == t)[2dt + — — ya|*dadt 32
UEL%RQ)J(U) Y ALCICEE S AT CES

where |v(t)| = \/v1(t)? + v2(t)? is the canonical 2-norm, and y is obtained from

v via the solution of the state equation (5.2)).

Since the control v is considered in a finite-dimensional space, the divergence-
free constraint V - v = 0 is verified automatically. As a consequence, the first-

order differential DJ(v) can be easily computed. Indeed, it is easy to show
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5.5. Numerical experiments

that

DJ(v) = {'vz-(t) + /Qy(t) agg) dx}j E a.e. on (0,T),Yv € L*(0,T;R?),
(5.33)
where p(t) is the solution of the adjoint equation . The inner preconditioned
CG algorithm (DG1)-(DGS5) for the computation of the gradient {g, }_, is thus

avoided.

In order to examine the efficiency of the proposed CG algorithm (DI)-(DV),

we construct an example with a known exact solution. To this end, we set v =1

and ag = 1 in (5.2)), and
y = e'(=3sin(2mx) sin(ras)+1.5sin(rx; ) sin(27wxs)), p = (T'—t) sin 7z, sin 7xs.

Substituting these two functions into the optimality condition DJ(u(t)) = 0, we
have

w = (u,uy) = (2"(T —t), —e(T —t))".

We further set

0
f=2 VP tuVyty,

ot
¢ = —3sin(2rzy) sin(mwzs) + 1.5sin(rzy ) sin(27z,),
1 0
Ya=y— — (——p—VQP—u-Verp), g=0.
(03] ot

Then, it is easy to verify that w is a solution point of the problem ([5.32). We
display the solution w and the target function y,; at different instants of time in

Figure 5.1] and Figure |5.2] respectively.

Figure 5.1: The exact optimal control v for Example 1.
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5.5. Numerical experiments

Figure 5.2: The target function y; at ¢ = 0.25,0.5 and 0.75 (from left to right)
for Example 1.

The stopping criterion of the CG algorithm (DI)-(DV) is set as

N
Aty lgnl®
N
At =1 lgnl?

The initial value is chosen as u® = (0,0)"; and we denote by u”! and y2* the

<1075,

computed control and state, respectively.

First, we take h = %,z =5,6,7,8, At = % and o; = 10°, and implement
the proposed CG algorithm (DI)-(DV) for solving the problem ([5.32). The
numerical results reported in Table [5.1] show that the CG algorithm converges
fairly fast and is robust with respect to different mesh sizes. We also observe
that the target function y,; has been reached within a good accuracy. Similar

comments hold for the approximation of the optimal control w and of the state

y of problem (5.32). By taking h = 2% and At = 2%, the computed state y&*

and y2 — yg at t = 0.25,0.5 and 0.75 are reported in Figures , and ,

A

respectively; and the computed control u®* and error u”* — w are visualized in

Figure [5.6]

Table 5.1: Results of (DI)-(DV) with different h and At for Example 1.

Mesh sizes Iter HUAt — u||L2(0,T;R2) ||y$t - y||L2(Q) W
h=1/2° At=1/2%| 117 2.8820x 1072 1.1569x1072 | 3.8433x1073
h=1/25 At=1/2" | 48 1.3912x1072 2.5739x1073 | 8.5623x10~*
h=1/2",At=1/2% | 48 6.9095x 1073 4.8574x107% | 1.6516x10~4
h=1/28,At=1/2° | 31 3.4845x1073 6.6231x107° | 2.2196x107°

Furthermore, we tested the proposed CG algorithm (DI)—~(DV) with h = 5
and At = 2% for different penalty parameter o;. The results reported in Table
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5.5. Numerical experiments

Figure 5.3: Computed state y2¢, error y~! — y and yo! — yg (from left to right)
at t = 0.25 for Example 1.

Figure 5.4: Computed state y2¢, error y2~! — y and yit — yg (from left to right)
at t = 0.5 for Example 1.

Figure 5.5: Computed state y2¢, error y~! — y and yot — yg (from left to right)
at t = 0.75 for Example 1.

25 T T T T 0.02 T T T T
—— Computed uy —s— Error Uy
2 " —&— Computed u, | 0.015 ~---Eroru, | |
15
0.01
1k
0.005
S 05 g
0
or :
i -
0.005 [
-05 1 i
i
1 -0.01
1.5 -0.015
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

Figure 5.6: Computed optimal control u”* and error u®* — u for Example 1.
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5.5. Numerical experiments

show that the performance of the proposed CG algorithm is robust with respect

to the penalty parameter, at least for the example being considered. We also

||y;?t*yd||L2(Q)
”deL2(Q)

that, as expected, the computed state y&! is closer to the target function y; when

observe that as «a; increases, the value of decreases. This implies

the penalty parameter gets larger.

Table 5.2: Results of (DI)-(DV) with different «; for Example 1.

ai | Iter | CPU(s) | [u® —wullpzorze | lvi" = vz W
10* | 46 | 126.0666 1.3872x1072 2.5739x1073 | 8.7666x10~*
10° | 48 | 126.4185 1.3908x 1072 2.5739x1073 | 8.6596x10~4
106 | 48 | 128.2346 1.3912x1072 2.5739%x1073 | 8.5623x1074
107 | 48 | 127.1858 1.3912x1072 2.5739x1073 | 8.5612x10~*
108 | 48 | 124.1160 1.3912x1072 2.5739x1073 | 8.5610x10~*

Example 2. We consider the bilinear optimal control problem (BCP) on the
domain Q = Q x (0,7) with Q = (0,1)?> and T = 1. Different from Example
1, the control v(z,t) of Example 2 is taken in the infinite-dimensional space
U= {vlvell*(Q)*V -v=0} Weset ap =0 in (5.1), v =1 and ap = 1 in
, and consider the following tracking-type bilinear optimal control problem:

1
1;11615{1 J(v) = 5//@ lv|*dzdt + %//Q ly — yal2dzdt,

where y is obtained from v via the solution of the state equation (5.2)).

(5.34)

First, we let

y = e'(=3sin(2rz) sin(mzy) + 1.5sin(wr) sin(272sy)),

p= (T —t)sinmzy sinmase, and u = Py(pVy),
where Py(-) is the projection onto the set U.
We further set

0
fza—?;—v2y+u~vz/+y,

¢ = —3sin(2mzy) sin(mwzy) + 1.5sin(rzy ) sin(2wz,),
1 0

Ya=y— — (——p—VQP—wVerp), g=0.
(0751 8t
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5.5. Numerical experiments

Then, it is easy to show that w is a solution point of the problem . We
note that w = Py (pVy) has no analytical solution and it can only be solved
numerically. Here, we solve u = P, (pVy) by the preconditioned CG algorithm
(DG1)-(DG5) with h = 55 and At = 55, and use the resulting control u as a

reference solution for the example we considered.

iJ -

Figure 5.7: The target function y, with h = 2% and At = QLS at t = 0.25,0.5 and
0.75 (from left to right) for Example 2.

The stopping criteria of the outer CG algorithm (DI)-(DV) and the inner
preconditioned CG algorithm (DG1)-(DGS5) are respectively set as

At N k41124 k+1124
Zn:l fQ ’gn | £ S 5 X ]_0—87 and fQ ’vlr‘ ’ x

AU [y lghfd

The initial values are chosen as u® = (0,0)" and A\’ = 0; and we denote by u2?

<107°%
max{1, [, |Vro2dz} ~

and y2! the computed control and state, respectively.

First, we take h = &,i = 6,7,8, At = 2 «a; = 10% and implement the
proposed nested CG algorithm (DI)-(DV) for solving the problem (5.34). The
numerical results reported in Table[5.3|show that the CG algorithm converges fast
and is robust with respect to different mesh sizes. In addition, the preconditioned
CG algorithm (DG1)-(DG5) converges within 10 iterations for all cases and
thus is efficient for computing the gradient {g,}_,. We also observe that the
target function y; has been reached within a good accuracy. Similar comments

hold for the approximation of the optimal control w and of the state y of problem

(5.34).

Taking h = 5 and At = 5, the computed state y;?, the error yp! — y
and Y2 — yg at t = 0.25,0.5,0.75 are reported in Figures [5.8| and [5.10}

respectively; and the computed control u?, the exact control u, and the error
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5.5. Numerical experiments

Table 5.3: Results of (DI)-(DV) with different h and At for Example 2.

Mesh sizes Iterca | PCG | |lup — w2y | luit —vllz2) %
h=1/25At=1/27 | 443 9 3.7450x 1073 9.7930x107® | 1.0906x106
h=1/27,At=1/2% | 410 9 1.8990x 1073 1.7423x107° | 3.3863x10~7
h=1/28 At=1/2° | 405 8 1.1223x1073 4.4003x1076 | 1.0378x1077

ubt —w at t = 0.25,0.5,0.75 are presented in Figures [5.11][5.12 and [5.13|

L A% e
g B o

0.04 D
1T 1

e e - o. R
- 02 - 02 Ea 02
()

Figure 5.8: Computed state y;, error yp* — y and yp* — yg with h = 5 and
At = 55 (from left to right) at ¢ = 0.25 for Example 2.

) . o) - N

: ‘\ - " 4 ) -
Figure 5.9: Computed state y;, error yp* — y and y;p* — yg with h = 5 and

At = 5 (from left to right) at ¢ = 0.5 for Example 2.
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Figure 5.10: Computed state 5, error y2~! — y and y — yg with h =

5.5. Numerical experiments

At = 5 (from left to right) at ¢ = 0.75 for Example 2.

Figure 5.11: Computed control u5! and exact control u (left, from top to bottom)

and the error us! —

2.

w (right) with h = & and At = 5 at t = 0.25 for Example

Figure 5.12: Computed control w5 and exact control w (left, from top to bottom)

and the error us!
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5.5. Numerical experiments
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Figure 5.13: Computed control 5! and exact control u (left, from top to bottom)
and the error uy’ — w (right) with h = o= and At = 5 at ¢ = 0.75 for Example
2.
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Chapter 6

Conclusions and future works

In this chapter, we make some conclusions of this thesis and present some

directions for future works, which are summarized as below.

e In Chapter 2, we considered a class of application-driven nonlinear saddle
point problems and proposed an algorithmic framework based on some
known inexact Uzawa methods. The convergence and linear convergence
rate of the algorithmic framework were uniformly analyzed. Then, we
focused on an elliptic optimal control problem with control constraints
and discussed how to choose appropriate preconditioners to specify the
algorithmic framework as an easily implementable and efficient algorithm.
Preliminary numerical results were reported to verify all the theoretical
assertions including the convergence and linear convergence rate of our
proposed inexact Uzawa type algorithm, as well as the convergence order

of the finite element discretization.

Our philosophy in algorithmic design and techniques for theoretical anal-
ysis and numerical implementation can be easily extended to other prob-
lems such as the optimal control problems constrained by the convection-
diffusion equation [9] or Stokes equation [I55], or elliptic variational in-
equalities of the second kind [78]. Moreover, our experiments empirically
revealed that the mesh size of finite element discretization does not effect

the performance of the proposed inexact Uzawa type algorithm. It will be
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interesting to fathom the theory behind.

In Chapter 3, we focused on the implementation of the well-known alternat-
ing direction method of multipliers (ADMM) to parabolic optimal control
problems with control constraints. Direct implementation of ADMM de-
couples the control constraint and the parabolic state equation at each
iteration, while the resulting unconstrained parabolic optimal control sub-
problems should be solved inexactly. Hence, only inexact versions of the
ADMM are implementable for these problems. We proposed an easily im-
plementable inexactness criterion for these subproblems; and obtained an
inexact version of the ADMM whose execution consists of two-layer nested
iterations. The strong global convergence of the resulting inexact ADMM
was proved rigorously in an infinite-dimensional Hilbert space; and the
worst-case convergence rate measured by the iteration complexity was also
established. We illustrated by the CG method how to execute the inex-
actness criterion, and showed the efficiency of the resulting ADMM-CG
iterative scheme numerically. In particular, our numerical results validate
that usually a few internal CG iterations are sufficient to guarantee the
overall convergence of the ADMM-CG; hence there is no need to solve the
unconstrained parabolic optimal control problem at each iteration up to a
high precision. This fact significantly saves computation and contributes to
the efficiency of the ADMM-CG. As mentioned in Remark the new in-
exactness criterion possesses a variety of features that are software-friendly
and hence important for softwarization and industrialization. In this sense,
we follow the fundamental concept of trustworthiness in software engineer-
ing (also in artificial intelligence) and call the proposed inexact ADMM, or

more concretely Algorithm [3.3] a trustworthy algorithm.

Our philosophy in algorithmic design can be easily extended to other op-
timal control problems; hence the proposed inexact ADMM can be delib-
erately specified as various algorithms for a wide range of optimal control
problems. For some challenging problems whose numerical study is limited
(such as the general case of (3.1)—(3.2) or (3.50)—(3.51) where w C 2 and
d > 2), the algorithms specified from the inexact ADMM are attractive in

senses of numerical performance and easiness of coding. It is interesting
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and much more challenging to design operator splitting type algorithms
for optimal control problems constrained by some nonlinear PDEs in the

future.

In Chapter 4, we have discussed the sparse initial source identification
for diffusion-advection equations. More precisely, we have designed an al-
gorithm capable of recovering the unique initial configuration leading the
solution of our model to match with a prescribed final target in a given time
horizon T'. Our main interest being to identify moving pollution sources
traveling in either a compressible or incompressible fluid, we assumed that
the initial condition is a linear combination of Dirac measures indicating
the location of the sources, with their weights representing the intensity
of the sources. The algorithm we proposed to solve the source identifica-
tion problem is comprised of two steps. Firstly, we formulated an optimal

control problem with a suitable functional consists of three terms:

1. A first term seeking for an initial condition uy such that the corre-
sponding solution, at time t = T, is as close as possible to the desired

target.

2. A second term, involving the L' norm of the initial datum to detect

sparsity.

3. A third Tikhonov regularization term, introduced to guarantee the
well-posedness of the problem while improving the conditioning of

the optimal control problem.

We introduced a generalized PDHG-based prediction-correction algorith-
mic framework to obtain the location information of the sources by solving
the resulting optimal control problem. Secondly, an optimization problem
in terms of the locations and a least squares fitting corresponding to the
intensities are considered to find the optimal locations and intensities of
the sources, respectively. In our numerical simulations, we have considered
several test cases where the algorithm identifies the initial sources from a
reachable target or noisy observation very successfully even for some het-

erogeneous materials or coupled models.
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Nevertheless, our work left several unaddressed key aspects of the proposed
source identification problem, which will be to subject of future investiga-

tion.

1. First of all, our simulations have shown that the proposed algorithm is
capable of accurately recover the initial source configuration in short
time horizons. On the other hand, when the time horizon is too
large, the source identification for is unsuccessful, as it can be
appreciated in Figure[6.1] This issue, highly related to the diffusivity
parameter and the ill-posedness of the backward heat problem, has
already been mentioned in previous research works (see e.g., [134]
135]). It would then be interesting to estimate the maximum final time
at which the recovery is still feasible and to design novel and efficient
algorithms allowing to address the source identification problem in
large time horizons. To the best of our knowledge, this important

issue is still open in the literature.

2. Another future direction would be to consider the case of strong jumps
in the material coefficients. When the diffusivities of the coupled
materials are very different from each other, we can observe in Figure
that the recovered initial source is not correct. A possible solution
would be to combine our approach with some splitting methods in

order to parallelize the computations in each of the subdomains.

3. Finally, it would be of interest to extend our proposed numerical ap-

proach to some more complicated geometries or nonlinear models.

e In Chapter 5, we studied the bilinear control of an advection-reaction-
diffusion system, where the control variable enters the model as a velocity
field of the advection term. Mathematically, we proved the existence of op-
timal controls and derived the associated first-order optimality conditions.
Computationally, the conjugate gradient (CG) method was suggested and
its implementation is nontrivial. In particular, an additional divergence-
free constraint on the control variable leads to a projection subproblem
to compute the gradient; and the computation of a stepsize at each CG

iteration requires solving the state equation repeatedly due to the nonlin-
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Figure 6.1: Numerical results for the case of v = (1,2)T, T = 0.5 and d = 0.05.
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Figure 6.2: Numerical results for the case of v = (1,2)7, T = 0.1, d = 0.05 in
Q= (0,1) x (0,1) and d = 0.5 in Qy = (1,2) x (0,1).
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ear relation between the state and control variables. To resolve the above
issues, we reformulated the gradient computation as a Stokes-type prob-
lem and proposed a fast preconditioned CG method to solve it. We also
proposed an efficient inexactness strategy to determine the stepsize, which
only requires the solution of one linear parabolic equation. An easily im-
plementable nested CG method was thus proposed. For the numerical
discretization, we employed the standard piecewise linear finite element
method and the Bercovier-Pironneau finite element method for the space
discretizations of the bilinear optimal control and the Stokes-type problem,
respectively, and a semi-implicit finite difference method for the time dis-
cretization. The resulting algorithm was shown to be numerically efficient

by some preliminary numerical experiments.

We focused in this chapter on an advection-reaction-diffusion system con-
trolled by a general form velocity field. In a real physical system, the veloc-
ity field may be determined by some partial differential equations (PDEs),
such as the Navier-Stokes equations. As a result, we meet some bilinear
optimal control problems constrained by coupled PDE systems. Moreover,
instead of , one can also consider other types of objective functionals
in the bilinear optimal control of an advection-reaction-diffusion system.
For instance, one can incorporate [[, [Vv|*dzdt and [, %v|2dzdt into
the objective functional to promote that the optimal velocity field has the
least rotation and is almost steady, respectively, which are essential in e.g.,
mixing enhancement for different flows [128]. All these problems are of
practical interest but more challenging from algorithmic design perspec-
tives, and they have not been well-addressed numerically in the literature.
Our current work has laid a solid foundation for solving these problems

and we leave them in the future.
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