Fractional Hadamard formulas, Pohozaev type identities and
Applications

Dissertation
zur Erlangung des Doktorgrades

der Naturwissenschaften

vorgelegt beim Fachbereich 12
der Johann Wolfgang Goethe-Universitit

in Frankfurt am Main

von
Sidy Moctar Djitte

aus Dakar

Frankfurt am Main (2022)

(D 30)



vom Fachbereich 12, der

Johann Wolfgang Goethe-Universitit als Dissertation angenommen.

Dekan: Prof. Dr. Martin Miiller

Gutachter: Prof. Dr. Tobias Weth
Prof. Dr. Mouhamed Moustapha Fall
(African Institute for Mathematical Sciences, Senegal)

Datum der Disputation: 27.04.2022



Contents

3

0.1 General Introduction . . . . . . .. ...
0.1.1  Shape derivative of nonlocal domain dependent functionals . . . . . . .
0.1.2  Maximum principles for the fractional Laplacian . . . . . ... .. ..
0.1.3  Symmetry of sign changing solutions to equations with the fractional
Laplacian . . . . . . . . . . .. ..
0.1.4 Pohozaevidentities . . . . . . .. ... ... L L.
0.2 Statement of the results of the thesis . . . . . ... ... ... ........
0.2.1 [P1]: A fractional Hadamard formula and applications . . . . ... ..
0.2.2  [P2]: Symmetry of odd solutions to equations with the fractional Lapla-
Clan . . . ..
0.2.3  [P4]: Nonradiality of fractional second eigenfunctions of thin annuli . .
0.2.4 [P3]: A generalized fractional Pohozaev identity and applications

A fractional Hadamard formula and applications
1.1 Introduction . . . . . . . . . . . .
1.2 Notations and preliminary results . . . . . . . . . ... . ... ... ......
1.3 Domain perturbation and the associated variational problem . . . .. ... ..
1.4 One-sided shape derivative computations . . . . . . . . . . ... ... .....
1.5 Proofofthe mainresults . . . ... ... ... ... ... ... ...
1.6 Proof of Proposition 1.2.4 . . . . . .. . . ...
1.7 Appendix . . . . . . .. e e
1.7.1 Alternative computation of the constant k. . . . . . . . . .. ... ..

Symmetry of odd solutions to equations with the fractional Laplacian

2.1 Introduction . . . . . . . . . L
2.2 Alinearproblem . . . . . . . . ...
2.3 Symmetry of solutions . . . . . ... ...
2.4 A symmetric sign-changing solution . . . . ... ... ... oL

A generalized fractional Pohozaev identity and applications

3.1 Introduction . . . . . . . ..
3.2 Proof of the generalized integration by parts formula Theorem 3.1.2 . . . . . .
3.3 A Hadamard formula for the fractional Dirichlet eigenvalue problem . . . . . .
3.4 Application to the radial eigenvalue problem . . . . . . . .. ... ... ....



4 Nonradiality of second fractional eigenfunctions of thin annuli 80

4.1
4.2
43
4.4

4.5
4.6

Introduction . . . . . . ... 80
Preliminary results . . . . . . . . ... Lo 82
Uniform estimates of the first and second eigenvalues of the annulus Ag. . . . . 88
Uniform estimate of fractional normal derivative of second radial eigenfunc-

tionsS of Ap . . . . . . . e 97
Proof of the nonradiality of second eigenfunctions . . . . . ... ... ..... 100
Maximization of the second eigenvalue . . . .. ... ... ... ... .... 101

5 Summary 106



Abstract

The boundary expression of the one-sided shape derivative of nonlocal Sobolev best constants
is derived. As a simple consequence, we obtain the fractional version of the so-called Hadamard
formula for the torsional rigidity and the first Dirichlet eigenvalue. An application to the optimal
obstacle placement problem for the torsional rigidity and the first eigenvalue of the fractional
Laplacian is given. These results are the contains of the paper [P1].

In the paper [P2] we introduce and prove a new maximum principle for doubly antisymmet-
ric functions. The latter can be seen as the first step towards studying the optimal obstacle
placement problem for the second fractional eigenvalue. Using the new maximum principle we
derive new symmetry results for odd solutions to semilinear Dirichlet boundary value problems
with Lipschitz nonlinearity.

In the paper [P3] we derive new integration by parts formula for (—A)* with a general globally
Lipschitz vector field X and in particular, we obtain a new Pohozaev type identity generalizing
the one obtained by X. Ros-Oton and J. Serra in [95]. As an application we obtain nonexistence
results for semilinear Dirichlet boundary problems in bounded domains that are not necessarly
starshaped.

In the paper [P4], we study symmetry properties of second eigenfunctions of annuli. Using
results from the paper [P1] and the maximum principle in [P2] we extend the result on the
optimal obstacle placement problem from the first eigenvalue to the second eigenvalue.
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This manuscript presents the following results obtained during the course of my PhD studies.
These have been published as follows

e [P1] Sidy. M. Djitte, M. M. Fall and T. Weth. A fractional Hadamard formula and
applications.” Calculus of Variations and Partial Differential Equations 60.6 (2021): 1-
31.

e [P2] Sidy. M. Djitte and S. Jarohs. ”Symmetry of odd solutions to equations with frac-
tional Laplacian.” Journal of Elliptic and Parabolic equations.

e [P3] Sidy. M. Djitte, M. M. Fall and T. Weth, ”A Generalized fractional Pohozaev identity
and applications”, submitted to Advances in Calculus of Variations.

e [P4] Sidy. M. Djitte and S. Jarohs, "Nonradiality of second fractional eigenfunctions of
thin annuli”, preprint.

0.1 General Introduction

Variational problems where the variables are shapes appear naturally in many areas of natural
sciences. A classical example is the isoperimetric problem where one seeks to optimize the
perimeter of a set subject to a volume constraint. Also in fluid dynamics, there is an interested
in finding the form of a pipe such that a fluid moving inside it has the same tangential stress
on all points of its wall. The corresponding mathematical model can be seen as a variational
problem where one seeks the shape of a domain minimizing a Dirichlet energy subject to a
volume constraint see e.g [107]. Understanding the dependence of the function on the shape
variable plays an important role when studying these variational problems. In this thesis, the
dependence, and in particular the first variation, of nonlocal shape functionals on the domain
is studied. The shape functionals under consideration are related to the domain via a solution
of a nonlocal equations posed in Q. A particular instance of such shape functionals is the best
constants in Sobolev embedding theorems. The latter has been studied very intensively and
in different points of view due to their important role in studying, for instance, elliptic partial
differential equations with critical growth. The dependence of these Sobolev constants on the
domain Q has attracted many attention and many works have been done in this regard see e.g
[13, 14, 30] and the references therein.

Of particular interest is the variation, also called shape derivative, of Sobolev best constants un-
der perturbation of the domain. One of the earliest result in this direction is due to J. Hadamard
in [60]. Using a perturbation ®, generated by a weighted unit normal gv, g € C*(dQ), v de-
notinh the outer unit normal, he computed the first variation of the fundamental frequency of a
smooth vibrating object Q and showed that the latter can be expressed as a boundary integral
involving the normal derivative of the solution u of the underlying equation. In other words, he
showed that

d

eh(@e(@)

_ _/\v,,,|2gdx, (0.1.1)
£=0 oQ
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where u is the solution to Au+ A;(Q)u =0 in Q and u = 0 on JQ. Here A;(Q) denotes the
first Dirichlet eigenvalue of the Laplacian in Q. This result can be seen as the starting point of
a very active topic of research today known as shape calculus. Main contributions in the spirit
of Hadamard are the works [51, 75]. See also [65, 108, 111] for more recent developements.
We adopt the notation dJ ()X for the first variation, whenever it exists, of a given functional
Q +— J(Q) under a deformation field X. The structure theorem of “shape calculus”, due to
[29, 110], states that under certain conditions, the first variation or the shape derivative is a
distribution acting on the normal part X - v of the deformations field X on the boundary of the
domain. If the data of the problem is regular enough, the shape derivative of a given functional
Q — J(Q) is often written in the form

dJ(Q)X = / G0)X (x) - v(x) dx, (0.12)
Q

where G : dQ — R is some function depending on the solution of the underlying equation. We
call the integral over the boundary in (1.2) the boundary expression of the shape derivative.
In the literature, (0.1.2) is usually referred to as the Hadamard formula. Writing the shape
derivative into this form has many advantages. Among others, it allows —under some regularity
assumption— to characterised critical shapes of the shape optimization problem

ot (),

where o7 is the set of admissible shapes, as an overdetermined boundary value problem which
is sometimes easier to analyse to get certain geometric properties of optimal shapes see e.g [65,
Chapter 6]. In general, it is a challenging problem to write the expression of the shape derivative
into the form (0.1.2). In the classical case, this is done by using the divergence theorem or the
integration by parts formula. The approach most commonly used, see e.g [65, 108], utilizes the
notion of material derivative introduced in [108]. It consists of differentiating the state function,
the solution of the underlying equation, with respect to the geometric variable. However, the
latter being closely related to the uniqueness of solutions of the underlying PDE, makes this
approach rather restrictive in the sense that it cannot be employed to compute one-sided shape
derivative of a general shape functionals. Moreover, employing this approach successfully re-
quires many intermediate steps, which in general are not easy to check. These include justifying
the existence of the material derivative and finding the equation that it solves. It may also hap-
pen that the material derivative is not in the solution space of the equation rendering impossible
to perform an integration by parts to obtain the boundary expression of the shape derivative.
One example, where this situation occurs is the case of the p-Laplacian where it is known that
the material derivative only belongs to some weighted Sobolev space and not to the solution
space of the PDE. Because the boundary expression of shape derivative does not depend on the
material derivative, several others approaches avoiding the use of the material derivative have
been proposed, see e.g [15, 21, 69, 109] and the references therein.

Identity (0.1.1) plays a fundamental role in the proof of many results concerning Dirichlet eigen-
values see e.g [63, 64, 65]. For instance, it can be used —under certain regularity assumption— to
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recovery the celebrated Faber-Krahn inequality stating that balls have the lowest fundamental
frequency among open set of RV of fixed volume. It is also used in a crucial way in optimal
obstacle placement problems. This amounts of finding the position of an obstacle (mostly spher-
ical) within a bigger domain so as to optimize the corresponding functional. For instance in [77]
it was proven, using (0.1.1), that among sets of the form B;(0) \ B;(x) with x € R such that
B:(x) C B1(0)}, the concentric spheres must has the largest fundamental frequency. See also
[3, 61, 91] for further extensions of this result. For extensions of (0.1.1) under other boundary
conditions and for more general and nonelliptic PDEs we refer the reader to [7, 46, 65, 84, 112].
Apart from its own mathematical interest, shape calculus is also an essential tool for the nu-
merical treatment of shape optimization problems see e.g [86, 88]. The applications of shape
derivative go beyond the area of shape optimization: it can be used to prove symmetry breaking
result as it was remarked in [3, 11]. See also [65, Chapter 6, Paragraph 6.1.5]. For an applica-
tion to nonexistence result for the semilinear elliptic PDE —Au = f(u) in Q, u = 0 on 9dQ, we
refer to [103].

0.1.1 Shape derivative of nonlocal domain dependent functionals

While in the classical case, the variation of shape functionals on domains has been studied
widely since the pioneering work of J. Hadamard, it’s only recently that these issues have been
addressed for functionals involving nonlocal operators such as the fractional Laplacian (—A)*,
see e.g [26]. The fractional Laplacian has attracted extensive attention due to its appearence
in mathematical model describing phenomenon in quantum mechanics, biology, and finance
[2, 68, 81, 80, 83, 105]. It can be pointwisely defined, when acted on smooth functions u €

CZ(RY), by

dy, xeRY, (0.1.3)

bys [ 2u(x) —u(x—y) —u(x+y)
(—A) u(x) = == N+2s
2 ¥l
RN
with a normalization constant by ; = 4’7~ 2 srr((1 v)) and s € (0,1). Here I is the usual Gamma
function. For other equivalent definition, we refer the reader to [79, 17, 52]. Throughout this
manuscript, by solution to the equation

(~APu=f in Q and u=0 RN\Q,

weE mean
we AFQ) and &u,v) = / Fe@dr Ve Q) (0.1.4)
Q
with

v) = s / / v(x)_v(y))dxdy. (0.1.5)

N+2s
iy Ix Y|
Here Q@ C RY is a bounded open set and S (Q) is the fractional Sobolev space of order s
defined as the completion of C2°(Q) with respect to the norm &;(u,u). We recall that when Q
has a continuous boundary, the space 7’(€2) coincide with those L?-functions belonging to
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H*(RY) and such that u = 0 in RY \ Q, see e.g [56]. Here, and in the following, H*(R") denote
the set of measurable functions « : RY — R such that

[]HYRN =7 // ]x y’N-‘rlé dx‘ly<°°
RN RN

For more detailed introduction to the operator (—A)* and the related Sobolev spaces, see [56].

In contrast to the classical case, computing the boundary expression of shape derivative of non-
local shape functionals is a highly nontrivial task. This is mainly due to two things: firstly, lack
of sufficient boundary regularity for solution to nonlocal equations (see e.g [104]) and secondly
the absence of a divergence theorem or an integration by part formula with a general vector
field. In fact, solutions to nonlocal equations involving the fractional Laplacian are known not
to be better than C*(Q) this can be seen by looking at the solution to (—A)*u = 1 in B; and
u=0in RV \ By which is explicitly given by u(x) = cy (1 — |x|?)%,. for some constant cy s > O.
Here, and in the following, a™ = max(a,0) denotes the positive part of a. As for an integration
by parts formula the best known results were [95, Proposition 1.6, Theorem 1.9 ] which only
hold for the identity vector field X = idgv and the constant vector field X =ej, j € {1,--- ,N},
with e; being the j-coordinate unit vector.

To the best of our knowledge, apart from the present work, only the paper [26] addresses the
question of computing the boundary expression of shape derivative of nonlocal domain depen-
dent functionals. In there, the authors considered the energy functional J;(Q) associated to the
solution of the problem

(=A)?ug=f in Q and ug=0 in RV\Q,

where Q C R? is a bounded open set of class C*. Precisely, they considered the functional

Q= Jr(Q)= inf <;<(—A)1/2u,u>m/2ﬂm—/fudx) = ; ug (x) f(x)dx,

1/2
ueAy' " (Q) R2

for some f € C*(R?,R) and proved the following

Theorem 0.1.1. [26, Theorem 1] Let ®; be a flow generated by a smooth vector fields X €
C>(R2,R?). Then the maps t — J;(Q;) , with Q; := ®,(Q), is derivable at 0 and

d

Q
dtJf( t)

:co/(dl/z) X -vdo (0.1.6)
1=0 00

for some explicit constant Cy. Here d = dist(-,RN \ Q) denotes the distance function to the
boundary 0Q and v the interior unit normal to the boundary.

We note that by the standard regularity theory for the operator (—A)*, the ratio uqg/d* is well
defined on the boundary dQ see e.g [40, 58, 104] and therefore the integral in (0.1.6) makes
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sense. The proof of the identity (0.1.6) given in [26] uses the material derivative approach
and consist of differentiating the identity J(Q,) = —1 Jo, 4, (x) f(x) dx; and this requires, after
changing variables, the differentiability of the functional # — v; := ug, o ®, ! The process of
checking the latter requires a long computations and it may not exists in some instances since
it is related to the uniqueness of solutions to the underlying equations, here (—A)l/ 2ug = f
in Q, u=0in R\ Q. For this reason, this approach cannot be employed to compute, for
instance, the one-side shape derivative of more general shape functionals like the one we shall
consider below. We also point out that in order to prove the differentiability with respect to ¢ of
the function v;, they used the so called Caffarelli-Silvestre extension result which transforms a
nonlocal equation driven by the fractional Laplacian to a local PDE with one extra dimension
[19]. We do not pursue this approach here.

Related to (0.1.6), it was also proven [26, Theorem 3], by adapting the classical moving plane
method, that discs are the only minimizers of the problem

inf{J;(Q) : Q of class C* & connected with |Q| = c}.

As far as we know, the formula (0.1.6) was the best known regarding first variation of nonlocal
shape functionals and a general formula like (0.1.1) was missing in the literature. The paper
[P1] fills that gap. More generally, in the paper [P1] we compute the boundary expression of the
one sided shape derivative of the best constant A ,(Q) in the Sobolev embedding 7’ (Q) ——
LP(Q) and as a simple consequence we derive the fractional version of (0.1.1). We refer to
Section 0.2 below for a precise statement of the result.

0.1.2 Maximum principles for the fractional Laplacian

A classical but powerful tool widely used in the analysis of elliptic PDEs is the so called max-
imum principle. For nonlocal operator such as the fractional Laplacian (—A)*, it can be stated,
in its simplest form, as follows: Let Q be a bounded open set of RY and let u : RY — R be a
weak solution to

(=AYu>0 in @ and >0 in RV\Q, (0.1.7)
in the sense that
uc H*(RY), u>0 in RY\Q and &(u,0)>0 Vo (Q), with >0 in Q,

then
u=0 in RV or u>0 in Q almosteverywhere.

We emphasize that such a version of the maximum principle doest not hold in the classical
case. This simple result plays a fundamental role in studying many problems involving the
operator (—A)*. One of its basics consequences are uniqueness results and regularity estimates
for solutions to the equation (—A)’u= fin Q, u=0inRY\Q, see e.g [93].

Several variants and extensions of (0.1.7) have been considered in the literature, see e.g [73] and
the references therein. Let us mention in particular the following types of maximum principle
considered in [43], see also [24, 74].
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Proposition 0.1.2. [43, Proposition 3.1] Let H be a halfspace and let Q. C H be any open,
bounded set, let c € L™(Q) be such that ¢ < c.. < A1 5(Q) in Q for some c. >0 and let g € L*(Q)
be, such that g > K with
A s(R) — oo

| Q| 1/2
Ifu € 2°(Q) is antisymmetric with respect to the reflection across the hyperplane dH and solves
the equation

0<k<

(=AYu>c(x)u+gx) in Q and u>0 in H\Q (0.1.8)

in the sense that

£(.9) 2 [ (e(ulx) + 8o dr Vo A5 (@), 920 0.1.9)
Q

/
then |lu—||2q) < % Here 2°(Q) is the set of measurable functions u: RV — R for

which the LHS of (0.1.9) is finite and u_ := —min(u,0). In particular, if Kk =0, then u > 0 in
Q almost everywhere.

Problems of types (0.1.8) arise naturally when carrying out the moving plane method to prove
symmetry results for equations of the types (—A)*u = f(u) in Q and u = 0 in RV \ Q. They also
appear in shape optimization problems (see Chapter 1, Section 1.5). Proposition 0.1.2 was in
particular used in [43] to obtained the fractional version of Serrin’s result.

A natural and interesting question, which can be seen as an extension of (0.1.8), is the fol-
lowing: Let H and H be two half spaces such that dH | dH and let Q@ C HN H be a bounded
open set and ¢ € L=(Q). Let r,7 be the reflections with respect to the hyperplanes dH and 0H
respectively. Under which condition on ¢, a solution to the problem

(=AYu>c(x)u in Q wu>0 in HNH\Q and wuor=-u=uor in RV,

(0.1.10)

satisfies the maximum principle. i.e, u > 0 in Q?

The motivation to consider this type of questions comes from shape optimization as we shall

see in Chapter 4 further below. The fundamental difference between (0.1.10) and (0.1.8) is that

in (0.1.10) we set the boundary condition in the smaller set H N H \ Q C H\ Q. To compensate

the latter, we ask the function u to be also antisymmetric with respect to the reflection across

the hyperplane 0H.

We shall see later in Chapter 2 that, under some reasonable assumption on ¢, a solution to

(0.1.10) satisfies the maximum principle. This is one of our main findings in the paper [P2]. We

refer to Section 0.2.2 for a precise statement of the result.

0.1.3 Symmetry of sign changing solutions to equations with the fractional Lapla-
cian

A classical topic in the analysis of functions solving certain differential type equations is the
study of symmetry properties of these functions. One of the earliest result in this direction is
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due to J. Serrin who in [100] proved that if u solves —Au=1in Q, u =01in dQ and Vu-v =¢
on dQ where Q is connected, smooth and bounded, then © must necessary be a ball and u
must be radial. After this pioneering work by J. Serrin, several other results have followed, one
may see, for instance the work by Gidas, Ni and Nirenberg [54]. In the fractional setting, the
problem has also been studied extensively see e.g [70, 74, 6, 47] and the references therein. A
typical problem mostly studied is the following. Let Q be convex and symmmetric and let u be
a solution to the equation

(~A\u=f@u) in Q u>0 in Q and u=0 in RV\Q. (0.1.11)

Under which condition on f, does u inherit the symmetry properties of ? A typical answer
is that if f is locally Lipschitz, then u inherits the symmetry property of Q. In particular, if Q
is radially symmetric, so is u. These results are mostly derived by using the so called moving
plane method which is based on forms of maximum principle see e.g [74]. If u is a sign changing
solution, in general the moving plane method cannot be applied and therefore radial symmetry
cannot be expected even if Q is a radial set. For instance, in [41] it has been recently proved
that a solution to the problem (—A)*u = Ayu in B and u = 0 in RV \ B, where B is a ball and A,
is the second eigenvalue, cannot be radial. This result extends also to annuli with small width.
This is one of our main results in the paper [P4].

Even though the moving plane method fails in general for sign changing solutions, in some
instances it is possible to prove certains types of symmetry results for sign changing solutions to
(0.1.11). This is the case if for instance Q is a bounded radial set and f(¢) is locally Lipschitz. In
this situation, it has been proven in [70] that any continuous bounded solution of (—A)*u = f(u)
in Q and u = 0 in RV \ Q is axial symmetric once it satisfies a certain reflection inequality with
respect to a hyperplane. Another interesting case is when € has two perpendicular symmetry
axis 0H and 0H, and u is antisymmetric which respect to one of them, say, for instance 0H. In
this case, if # has a sign in the half domain Q NH, then it is possible to carry out the moving
plane method to obtain symmetry results. An important example that fits into this framework is
the minimizers of the functional

_ . Es(uyu
@)=, min,
Ao | (falux)l? dx)

2N_) is subcritical.

Here 7 denotes the reflection with respect to the hyperplane dH and pel, No3s

This types of problem will be studied in Chapter 2 below.

0.1.4 Pohozaev identities

A celebrated identity due to Pohozaev [89] states that any —sufficiently regular— solution to the
boundary value problem —Au = f(u) in Q and u = 0 on dQ where f is a continuous nonlinearity
and Q is a domain with C? boundary, satisfies

(2N)/uf(u)dx+2N/F(u)dx:/(gz)zx-vdx. (0.1.12)

Q Q IQ
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Here F(t) = [y f(s)ds and v is the outward unit normal to the boundary of Q. One of the
immediate consequences of this identity is a nonexistence result in starshaped domains for the
semilinear problem —Au = f(u) in Q, u = 0 on JQ when f has a critical or supercritical growth.
Several identities generalizing (0.1.12) have appeared in the literature. We cite in particular
the paper [90] by P. Pucci and J. Serrin where a Pohozaev type identity for elliptic PDEs in
divergence form with a general vector field is obtained. The latter is very often used to obtained
nonexistence result to variational problems in a larger class of domains that are not necessary
starshaped [27, 85]. These identities turn out to be very useful in the analysis of many elliptic
PDEs. Among others, they are used to prove uniqueness results, unique continuation properties
and radial symmetry of solutions.

The fractional version of (0.1.12) is due to X. Ros-Oton and J. Serra. In their celebrated paper
[95] it was proved that any bounded solution to the semilinear problem (—A)‘u = f(u) in Q,
u=0in RV \ Q, where Q is a bounded open set of class C'»! and f is a locally Lipschitz
nonlinearity, satisfies

(2s—N)/uf(u)dx—|—2N/F(u) dx=T2(1+) /(u/ds)zx- vdx. (0.1.13)
Q Q Q

Here F is defined as above and v is again the outer unit normal. As in the classical case,
one immediate consequence is nonexistence results in starshaped domains € for the semilinear
problem (—A)*u = |ulP~'u in Q, u =0 in RV \ Q, in the supercritical regime, that is, for p >
%f%; . Since its discovery, identity (0.1.13) has been used extensively in the study of elliptic
equations involving (—A)*. We cite in particular the recent work [41] where this identity has
been useful to answer a conjecture by Bafiuelos and Kulczycki regarding the shape of second
eigenfunctions of the fractional Laplacian in a ball. For other applications to uniqueness results
we refer to [33, Section 5]. For an extension of (0.1.13) to a more general fractional types
operators, we refer to the papers [59, 96]. The identity (0.1.13) was derived from the following
more general identity (see [95, Proposition 1.6]) which, under a suitable assumption on u, states
that

Z/X-Vu(—A)Sudx =(2s—N) /u(—A)Sua’x— I2(145) / (u/d*)x-vdo, (0.1.14)

Q Q 2Q
where Vv is the outward unit normal to the boundary. Our main contributions in the paper [P3]
are the generalization of identities (0.1.13) and (0.1.14) in the sense that we allow the identity

vector field x to be any globally Lipschitz vector field X. We refer to Section 0.2.4 below for a
precise statement of the results.

0.2 Statement of the results of the thesis

In the rest of this introduction, we will present and discuss briefly the main achievements of this
thesis.
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0.2.1 [P1]: A fractional Hadamard formula and applications

One of the main achievement of this thesis is the computation of the boundary expression of the
one-sided shape derivative of the best constant A, ,(Q), with p € [1, (NE%)*)’ in the embedding
HE(Q) —— LP(Q). Here, and in the following, a™ = max(a,0) and we use the convention

o = o We recall that this constant is characterised by

by s

» ulx)—uly 2
5 ]Rzzv %dxdy

we A (@) (o [ulPdx)?/P
u#0

Asp(Q) = (0.2.1)

Here Q C R" is assumed to be a bounded open set of class C"!. It is a standard fact that the
infimum in (0.2.1) is achieved by some u € .’ (Q) N L*(€2) which can be chosen positive and
it solves (when normalized) the equation

(=AY u=2A,(Qu’"' in Q (0.2.2)

in the sense of (0.1.4). By the standard regularity theory it is known that (0.2.2) holds also
in the pointwise sense. Moreover u € C*(RY) and u/d* € C*(Q) for some a > 0, where d =
dist(-,RV \ Q) is the distance function to the boundary 9, see e.g [104].

Before the present work not much was known about the computation of the boundary expression
of shape derivative of nonlocal shape functionals. As far as we know, only the paper [26]
addressed this question. However, a general formula like (0.1.1) was missing in the litarature.
The present work fills that gap. To state our results, we need to fix some notations. For N > 1,
we fix a family of deformations (®¢)gc(—y,1) With the properties

@, ¢ CHY(RN;RN) for & € (—1,1), @y = idgw, and

(0.2.3)
the map (—1,1) — COL(RY,RY), & — ®, is of class C2.

We note that under the assumption (0.2.3), there exists & > 0 so that & is a global diffeo-
morphism for all € € (—&y,&). For simplicity we write A, ,(€) := A ,(P¢(Q)). The main
achievement of [P1] reads as follows.

Theorem 0.2.1. Forall p € [1, 2N-—), the mapping (—&,€) 3 €+ A; »(€) is right differen-

(N=2s)*
tiable at 0. Moreover,

A () :zliig’ls’p(g);%"’(o) =min{ I*(1+y5) / (u/d*)*X -vdx, uec A 3, (0.2.4)
£
2Q

where S is the set of positive minimizers of (0.2.1) with the normalization condition [quPdx =

1, v is the interior unit normal to the boundary, X = %@8 and T is the usual gamma

=0

Sfunction.
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Let us mention the following immediate consequence of Theorem 0.2.1. Since for p € [1,2], the
normalized minimer u of Ay, ,(€) is unique (see Lemma 1.7.1 in the appendix for more details),
Theorem 0.2.1 reduces in this case to.

Corollary 0.2.2. Let p € [1,2] and let A, ,(€) be as above. Then the maps € — A ,(€) is
differentiable at 0. Moreover,

d

S haple)  =T(1+) / (u/d*)X - vx. (0.2.5)

=0 20

where u is the unique solution to (0.2.2).

A further, less direct, consequence of the formula (0.2.4) is the characterization of local minima
of the shape functional Q — A, ,(€) under a volume constraint.

Corollary 0.2.3. Let p € {1} U[2,%0). Suppose that Q, an open set of class C3, is a volume
constrained local minimum for the functional Q — Ay ,(Q). Then Q is a ball.

Corollary 0.2.3 is a consequence of Theorem 0.2.1, from which we derive that if Q is a con-
strained local minimum then, any element u € .7 satisfies the overdetermined condition u/d* =
const on dQ. Therefore by the rigidity result in [43] we find that Q must be a ball. We refer
to Chapter 1, Section 1.5 for more details. Note that one can also prove the minimality of balls
with other methods like rearrangement techniques see e.g [87]. The strength of our result is
the uniqueness of the minimizing set under C* regularity assumption. Corollary 0.2.3 improved
considerably [26, Theorem 1.3], where the authors considered the shape minimization problem
for Ay ,(Q) in the case p =1, s = , N = 2 among domains Q of class C* of fixed volume and
showed that such minimizers are discs.

Our argument of proving Theorem 0.2.1 takes advantage of the variational characterization
(0.2.1) of the functional Ay ,(Q). Using this, we first derive the “interior expression” of the
one-sided shape derivative of A, ,(€). This interior expression reads as

95 As,(0) =min{ ¥,/ (0) + 2}Ls’;fg)/u”diVde, ue i,
Q
with .
510 =5 [ (o) ) () dxdy
i

where we denote

— (divX (x) +divX (y)) } :

Therefore identity (0.2.4) reduces to the following:

—% (u(x) — u(y))?Kx (x,y) dxdy+ %’jm / WdivXdx = —T2(1+5) / (
R2N Q 0Q

u

dS)ZX -vdx.
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The idea would be now to perform an integration by parts in the LHS of the identity above
to arrive to the desired formula. This is where the difficulties arise. In the classical case,
this is mostly solved by using the divergence theorem, which requires , among other things, a
sufficient boundary regularity of the functions involved. However, this boundary regularity fails
for solutions of nonlocal equations and also no divergence theorem with general vector field in
this fractional setting had been available. To overcome the boundary regularity issue, we use an
approximation argument. We fix p € C2°(—2,2) so that p =1 in (—1, 1) and define

pr(x) =p(kd(x)) and g (x)=1—p(x) forallxcRY and forallk>0. (0.2.6)

Here, d € C%'(RY,R) is any function that coincides with the signed distance function near the
boundary and that is chosen to be positive in Q. Using the cut-off function ¢, we approximate
7,(0) by 7,(0). This is an easy consequence of the convergence ug, — u in 7’ (Q). Using
the regularity of the approximating functions, and performing integrations by parts, we write

7Z.4(0) in the following compact form

13(0) = =2 [ Vi(gu) X (=8 ().
RN

We expand the identity above by using the product rule for the fractional Laplacian and take the
limit to arrive at

%‘/(OHW / uPdivXdx = 2 Jim / V() X (u(—A) & — (L)) dx.
RN

We observe that by the choice of the cut-off function ¢ the integral at the LSH of the above
identity can be replaced by the integral in the €-neighbourhood of the boundary Qf :={x € Q:
d(x) < &} for any € > 0. From this observation, the proof of Theorem 0.2.1 reduces finally to
the following:

lim =2 [ V(ugy) X (u(—A) g — L(Ge,u))dx = —T*(1+5) /(u/df)zx -vdx, Ye>0.
—>00
of 2Q

We achieved this by making the change of variables ¥ : dQ x (0,€) — Qf, (6,r) — c+rv(0)
and using the dominated convergence theorem. For this we used in a crucial way the fact that if
u € A (Q)NL>(Q) is a solution to (0.2.2), then there exist & € (0,1) so that d' %V (u/d*) €
L=(Q). This gradient estimate has recently been obtained in [42].

Corollary 0.2.2 is used to established the following.

Theorem 0.2.4. Let p € {1,2}, Bi(0) be the unit centered ball and T € (0,1). Define
o = {a S Bl(O) : Bf(a) C Bl(O)}.

Then the map </ — R, a — Ay ,(B1(0) \ B¢(a)) takes its maximum at a = 0.
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The proof of Theorem 0.2.4 is inspired by the argument given in [77, 91] for the local case
s = 1. We take advantage of the rotational invariance of the problem to reduce it into finding
the maximum of the function

m:[0,1-1) =R, ar>m(a) = A ,(B1(0)\ B:(aer)), (0.2.7)

where e; = (1,0, ,0) is the first unitary vector. We show that the map m is strictly decreasing.
This is done by using the formula (0.2.5) and reflection techniques combined with maximum
principle for anti-symmetric functions, see Section 1.5 for more details.

0.2.2 [P2]: Symmetry of odd solutions to equations with the fractional Laplacian

This paper is a joint work with S. Jarohs and it is motivated by the following question:

"Where to place a spherical obstacle B; within a ball B\(0) so as to maximize the second
Dirichlet eigenvalue A ;(B;(0) \ Br) of the fractional Laplacian ?”.

In fact, to study this question, we encounter mainly two difficulties. Firstly, due to non-
simplicity, the functional Q — A, () is not differentiable with respect to perturbations of
domain, that is, a formula like (0.2.5) does not holds for the second eigenvalue. Secondly, since
the eigenfunctions corresponding to A, ; change sign, the argument used in the proof of The-
orem 1.1.4 cannot directly be applied. To be precise, the fractional Hopf lemma, which was
among the tools used, does not apply to sign changing solutions. The corresponding problem in
the classical case was treated in [39]. In their, the authors overcame these difficulties by noting
that the second eigenvalue of the eccentric annulus Q(¢) := B;(0) \ B¢(te;) is controlled by the
its first antisymmetric eigenvalue defined by

Joe) [Vu(x)|* dx
Jauu?(x)dx

A (Q(r)) = inf{ cu€ A (Q):u#0 and uory = —u} ,  (0.2.8)

and that the map 7 — A, (Q(r)) is a strictly decreasing function in ¢ € [0,1 — 7). The latter was
obtained by exploiting the identity

A Q) =M ({x € Q(t) :xy > 0}). (0.2.9)

Here ry is the reflection with respect to the hyperplane dHy := {x € RV : xy = 0}. The other
important observation made is that for an annulus the two numbers coincide, i.e,

A2(B1(0) \ B;(0)) = A, (B1(0) \ Bt(0)). (0.2.10)
An ODE techniques is used to derive (0.2.10), see [39, Lemma 2.1].
Our idea in [P4] is to adapt this argument in the nonlocal setting. For this, one needs to study,

among others, the variation of the nonlocal counterpart of (0.2.8), i.e, the variation of the real
valued function

u\x)—u 2
Jrev % dxdy
fQ(l‘) u*(x)dx

t > Ay (t) = inf ,ue Ay (Qt)):u#0 and uory =—u ) (0.2.11)
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where we denote A, (¢) := A, (Q(¢)). Obviously, an identity like (0.2.9) fails for A, (Q())
due to nonlocality and also because the minimizers corresponding to (0.2.11) change éign, the
reflection techniques used to study the variation of (0.2.7) cannot directly be applied, since
the latter relies heavily on the positivity of the solution of the underlying equation. To study
the variation of # — A, () in the spirit of Theorem 0.2.4, one needs an appropriate maximum
principle. This is the main topic investigated in this paper [P2]. To state the results we fix some
conventions. Let H; and Hy be two half spaces such that the hyperplanes dH; and dHy are
perpendicular. Without loss we take

H ={xcR":x; >0} and Hy:={xeR":xy>0}.

Let’s denote by r; and ry the reflection with respect to dH; and dHy respectively. Fix U C
H; N Hy bounded and open and let w € H*(R"). We call w € H*(R") a doubly antisymmetric
supersolution to

(=AP*w=c(x)w in U, w>0 in H NHy\U, (0.2.12)
if

worp=—w=wory and &(w, Q) Z/C(x)w(x)(p(x)dx Voey(U),p>0in U,
U

with &;(u,v) being defined as in (0.1.5). And, lastly, we define

AU = inf { &s(u, ) } : (0.2.13)

uejfo“(UUrN(U)) fUUrN(U)”z(x)dx
u#0

uory=—u

One of the main result of this paper is the following maximum principle.

Proposition 0.2.5. (Maximum principle for doubly antisymmetric functions) Let w be a doubly
antisymmetric supersolution to (5.0.5) and assume ||c|| ;=) < A ((U). Then we have w > 0 in
Hi N Hy.

Proposition 0.2.5 extends [43, Propsoition 3.1] to doubly antisymmetric functions. It will be
crucial in the proof of Theorem 0.2.11 below. An important consequence of Proposition 0.2.5
is the following Hopf type lemma.

Proposition 0.2.6. Ler U C H N Hy be bounded and open. Furthermore, let ¢ € L”(U) and
letw € H*(RN) be a doubly antisymmetric supersolution of (5.0.5). Assume w > 0 in Hy N Hy.
Then either w=0or w > 0 in U in the sense that

i%fw >0 forall compact sets K C U.

Moreover, if there is xo € dU \ [0H; U dHy| such that

(i) there exists a ball B C U with dBN AU = {xo} and A, (B) > ¢ and
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(ii) w(xp) =0,
then there exists C > 0 such that
w > Cdy in B,
where dg denote the distance to boundary of B. In particular, if w € C(B), then

liminf V00— V(%))
t10 s

> 0.

We deduce Proposition 2.2.4 from Proposition 0.2.5, by considering in the case w # 0, the
function u = alg + Wp where « is an arbitrary positive parameter and by noticing that for
o large enough, its antisymmetric part with respect to r; and ry, i.e, the function —u :=
—(worjory—wor —wory+w) is a supersolution to (5.0.5) with U = B. Here ¥ € J¢;’(B)
is the solution to the torsion problem (—A)*v = 1 in B, and K C U is chosen in such a way that
dist(B,K) > 0 and € := infx w > 0. Once we have this, we conclude by applying Proposition
0.2.5 (with U = B) to the function ug = w — gﬁ which solves (5.0.5) by the choice of €.

Let us mention that Proposition 0.2.6 can be used to prove nonnexistence result, in some special
domains Q, for sign changing solutions to the critical problem (—A)*u = |u|> 2uin Q, u =0
in RV \ Q, where 2} = %, see Remark 2.2.5 below.

A further, less direct, consequence of Proposition 0.2.5 is the following symmetry result regard-

ing solutions to the semilinear boundary valued problem
(=APu=f(x,u) in Q  u=0 RV\Q. (0.2.14)
Let © and f satisfy the following assumptions:

(D) QCcRY withNe N, N >2is open and bounded and, moreover, convex and symmetric
in the directions x; and xy. That is, for every (xi,...,xy) € Q, 1,7 € [—1,1] we have
(£x1,x2 ..., XN—1,TXN) € Q.

(F1) f € C(Q xR) and for every bounded set K C R there is L = L(K) > 0 such that

sup|f(x,u) — f(x,v)| < Llu—v| forallu,v€K.
xeQ

(F2) f is symmetric in x; and monotone in |x;|. That is, forevery u € R,x € Q,and ¢ € [-1,1]
we have f(txy,x2,...,xy,u) > f(x,u).

Then we have

Theorem 0.2.7. Let Q C RY satisfy (D), f € C(QxR) satisfy (F1) and (F2), and let u € F;(Q)
be a continuous bounded solution of (2.1.1), which is antisymmetric with respect to Hy and
u>0in HyNQ. Then u is symmetric with respect to dHy and either u =0 in Q or u|onm,nmy is
strictly decreasing in xy, that is, for every x,y € QN H| N Hy with x; < y; we have u(x) > u(y).
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Theorem 0.2.7 represents a purely nonlocal feature. In fact in the classical case of the Laplacian,
we may restrict ¢ in its part of nonnegativity and apply the usual symmetry results due to [54].
However, in this fractional setting this is not possible due to the nonlocality. Theorem 0.2.7
can quite easily be derived from the classical moving plane method once we have the right
ingredient. The latter being here the following variant of Proposition 0.2.5: let c.. > 0, then
there is 6 > 0 such that for all U C H; N H; open with |U| < §, ¢ € L*(U) with ¢ < ¢, and all
doubly antisymmetric supersolutions w of (5.0.5), it holds that w > 0 in H; N H,. To get this it
is enough to observe that one can make 6 > 0 sufficiently small so that c.. < A, (U), and then
apply Proposition 0.2.5. We refer to [34] or Chapter 2 below for more details. 7

Theorem 0.2.7 applies in particular to minimers of

&s(u,
A, (Q) = inf () [ (0.2.15)
ucHy
o | (Jalu@lr dx)
uorN=—u

where Q is a bounded open set of class C"*! that satisfies (D) and p € [1, z2%-) with N > 2s.
The reason for this is that a minimizer u of (0.2.15) could be taken to be nonnegative in QM Hy
and therefore satisfies the hypothesis of Theorem 2.1.1. To see this, we argue by contradiction:
Assuming that u changes sign in QN Hy we let Q7 = {x € QNHy :u(x) >0} and Q;, = {x €
QNHy :u(x) <0}. To reach a contradiction, we polarize u with respect to the hyperplane dH;
and use this polarization as a test function in (0.2.15), i.e, we use & = longy [u| — lonug |u| as a

test function. This gives, after reflecting several times,

1 1
0< / u(x)u(y) [\x—y\N”S P _y’N+2s]dxdy’ (0.2.16)
Qf xQy

from which we deduce u = 0 in €, since the integrand of (0.2.16) is nonpositive, and therefore
u > 01in Hy NQ this gives a contradiction. We refer to Chapter 2, Section 2.4 for more details.
0.2.3 [P4]: Nonradiality of fractional second eigenfunctions of thin annuli

This paper is a joint work with Sven Jarohs. The first part of the work is concerned with the
nonradiality of the solutions to the eigenvalue problem

ue AF(Ap) and (—AYu= Ay (Apu in A, (0.2.17)

where A, is an annulus of given radii 0 < r < p and Ao (A,ﬂp) is the second eigenvalue char-
acterized by

. E(u,u)
As(A.p)= min 77:/ Nulx)dx=0 } . (0.2.18)
P2 B | Tl e OO
u rp

Here ¢@; denote the first (normalised) fractional eigenfunction of A, . This question is related to
a conjecture attributed to Bafiuelos and Kulczycki stating that a second eigenfunction of a ball



Fractional Hadamard formulas, Pohozaev type identities and Applications XVi

cannot be radial. The conjecture has been solved recently in [41] by estimating the Morse index
of a second radial eigenfunction(see also [9] for another argument proving the conjecture). The
main motivation to investigate the equation above comes from the question we raised in the
previous discussion concerning the optimal placement of an obstacle in order to maximize the
second fractional eigenvalue. By the strategy described in Section 0.2.2, to answer the question
one needs, among other things, to prove that the second fractional eigenvalue of an annulus
coincides with its first antisymmetric eigenvalue as defined in (0.2.11). In other words, we need
to established the nonlocal counterpart of (0.2.10). The latter happens to be closely related
to nonradiality of solutions to the nonlocal equation (0.2.17), see below or Chapter 4, Lemma
4.6.2 for more details.

Our main result regarding (0.2.17) reads as follows.

Theorem 0.2.8. There is Ty > 0 such that for any © € [T, 1) any solution u € H;’(Az) of
(—A)Yu=2(A)u in Ag (0.2.19)

is nonradial.

One of the consequences of Theorem 0.2.8 is that for annuli A of small width, the second
eigenvalue coincides with the first antisymmetric eigenvalue A, (A). That is, one has

E(u,u)

for 7 sufficiently close to 1.  (0.2.20)
Jy. WP dx}

A s(Az) :llfs(AT) = Ej'yf {
u o

uoerfu

The identity (0.2.20) plays an important role in the proof of Theorem 0.2.11 below. The proof
of Theorem 0.2.8 follows the same pattern as that of [41, Theorem 1.2] and it consists of es-
timating the Morse index of a second radial eigenfunction u (if any) to get a contradiction.
However, in our case, an additional difficulty arises due to the fact that the boundary of the an-
nulus is disconnected. The idea is, starting from a second radial eigenfunction u = u(| - |), one
can construct, using the partial derivatives of u, a family {d,}; of N-linearly independent test
functions for the variational eigenvalues of the linearised operator L := (—A)* — A, ;(Az,1) with
the properties that & (dj,d;) < 0 and djor; = —d; where & is the bilinear form associated

to the operator L and r; the reflection across the hyperplane d H. i ={xeRN:x ;= 0}. Since
the first eigenfunction ¢; of L (which is the same as that of (—A)*) is radial and has negative
energy with respect to the operator L, we thus obtain (N + 1)-linearly independent test functions
{®1,d;}; each of which has a negative energy. This would implies that u = #(| - |) has Morse
index greater than or equal to N 4 1 which contradicts the fact of u is a second eigenfunction.
The details to the construction of the d;- functions is as in [41].

To run the argument of [41] successfully for the annulus A 1, one needs

y()y(r) <0, (0.2.21)

where y(x) := limAp.l3 Sy—x ;S(—(yy)) is the fractional normal derivative of a second radial eigen-
function u(-) = u(| -|) (if any). The property (0.2.21) cannot be proved by using the classical
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fractional Hopf lemma, since u is sign changing, and it also does not follow from the fractional
Pohozaev identity either. To get (0.2.21), for 7 sufficiently close to 1, we use a compactness
argument. By the rescaling property of the fractional Laplacian, it is enough to prove

Vz(0)yg(1) <0 for R > 0 sufficiently large, (0.2.22)

ug(-+R) .
min(-,1—-)% *

function #g(| - |) of the annulus Ag = {x € RV : R < |x| < R+ 1}. The get (0.2.22) the idea is to
show that

where Yy := [0,1] — R is the fractional normal derivative of a second radial eigen-

Ve — % uniformly in [0,1] as R —s oo, (0.2.23)

with
¢ € Hy(0,1) and (—A)’@r=2A,4(0,1)¢» in (0,1).
Once we have this, the claim follows since the limiting function ¢, /d* has the desire property.

To establish (0.2.23), we remark that the function wg(-) = ug(- +R) € 75.(R) solves weakly
the equation

Liewr +wrVe = Mas(Ar) (14+r/R)Y 'wg  in - (0,1) (0.2.24)

where
(Ligu,w) = /(M(") —u(r))(w(r) —w(r))Kg(r,r)drdr,
R2
with Vg satisfying 0 < Vg < C(N,s) for R large enough. Here

Kr(r,7) = 1(_2)(r)1(_22)(F)KR(1,F),

and
N—1

o 1 (r+R) T (F+R)'T do
Kr(r,7) = [ — |12 RN—1 /

Ao N2
(r+R)(F+R) (1 + ‘9|2) ’
W(SN—I,QI)

We note that the kernel Kg(-,-) satisfies
C(N,s)|r—771"2 < Kg(r,7F) < C(N,s)|r =777 for R > 0 large enough. (0.2.25)

Now the point is to apply regularity estimates of types [40, Theorem 1.8] to solutions to (0.2.24)
to deduce a uniform Holder estimate of yg and then use the Arzela-Ascoli compactness theo-
rem. To do that the following two lemmas are of key importance.

Lemma 0.2.9. There exists C(N,s) > 0 such that A, ;(Ag) < C(N,s) forall R > 1.

Lemma 0.2.10. Let R > 1 and define

Fr:[-2,42] % [0,2] > R,
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by

do
JERER) (1+]6[2) =
Fr(t,r) = (Ve
7T T2
F(N-QZ-ZS) ’

Then, there exists C > 0 (independent of R) so that

for r=0.

\Fr(t,r) — Fg(t', /)| < C(lr=F P2+t —1'°*%), Vrre0,2] and Vi, €[-2,+2],
for some 6 > 0.

Thanks to Lemma 0.2.10 and [40, Theorem 1.8] we deduce the estimate

N-1
lwillcse 0,17 < CUIwrllizi0,1) + Wl 21 + 1A2,5(AR) (1+1/R)™ wrll=(01)) VB € (05),

with C = C(N,s) > 0. Lemma 0.2.9 is used to control the RHS of the estimate above uniformly
in R. Applying the Arzela-Ascoli theorem and passing into a limit in (0.2.24) we arrive at
(0.2.23). We refer to Chapter 4 for more details.

A combination of Proposition 0.2.5, Proposition 0.2.6 and the identity (0.2.20) gives the fol-
lowing extension of Theorem 0.2.4.

Theorem 0.2.11. Assume a second eigenfunction of an annulus cannot be radial. Let B1(0) be
the unit centered ball and t € (0,1). Define

of = {a S B](O) : Bf(a) C Bl(O)}.

Then the map <7 — R, a— Ay 4(B1(0)\ B;(a)) is maximized if and only if a = 0.

The proof uses the same strategy as in the proof of Theorem 0.2.4. However, due to the non-
simplicity of A s, the mapm : (=14 7,1 —17) 3 a— Ay (B1(0) \ B;(aey)) is not differentiable.
To overcome this difficulty, we observe that the second eigenvalue of the eccentric annulus
B1(0)\ Bz (aey) is always controlled by its first antisymmetric eigenvalue A, ,(a) := A, (B1(0)\

B:(aey)) and that for the annulus the two numbers coincide, i.e, 4, B1(0)\ B¢(0) = A2,,(B1(0) \

B:(0)). These two properties allow to reduce the proof of Theorem 0.2.11 into proving that
the map m : [0,1 —7) 3 a — A, (a) is strictly decreasing. To get the latter, we use a shape
derivative argument combined with the maximum principle for doubly antisymmetric functions
Proposition 0.2.5 and Proposition 0.2.6. We refer to Chapter 4, Section 4.6 for more details.

0.2.4 [P3]: A generalized fractional Pohozaev identity and applications

This paper is concerned with integral identities for solutions to the semilinear boundary valued
problem
ue AP (Q) and (=AYu=f(u) in Q, (0.2.26)
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where f: R — R is a locally Lipschitz nonlinearity. These types of identities, known as Po-
hozaev’s identities, were first obtained by S. I. Pohozaev in [89] for the classical case of the
Laplacian. The corresponding identity in this fractional setting was discovered by X. Ros-Oton
and J. Serra in [95]. In there, it was shown that any bounded weak solution to (0.2.26) satisfies

C(1+5)% [ (u/d*)*x-vdx=2N [ F(u)dx— (N —2s) | f(u)udx. (0.2.27)
34 / [

where F(t) = [; f(s)ds and v is the outer unit normal to the boundary dQ. This identity hap-
pens to be very useful in studying the semilinear problem (0.2.26). Among others, it allows
to obtain unique continuation properties, nonexistence results for f critical or supercritical and
also simplicity results in the case f(u) = Au.

One of our main contributions in here is an extension of (0.1.13) with a general globally Lip-
chitz vector field X. To state the result we need to fix some notations. Let X € C%!' (R, R") be
a globally Lipschitz vector field and define the fractional deformation kernel by

X() = X() - (x—) } T

K (ry) 1= 252 {(divX<x> vk () - (v +29) i

Moreover, for all u,v € H*(R"), we let &, (u,v) be the bilinear form associated to Ky, i.e,

Sielu) = [ Kx)(ux) = () (v(x) = v(y) ddy. 0.2.28)
R2N

Our main result for the problem (0.2.26) is the following generalization of (0.1.13).

Theorem 0.2.12. Let u € J7;(Q) NL*(Q) be a (weak) solution of the problem (0.2.26) with
f:R — R locally Lipschitz. Then we have

(1 +s5)? / (u/a’s)ZX -vdx = Z/F(u)divX dx — 8k, (u,u), (0.2.29)
Q Q

where F(t) = [ f(s)ds and v is the outer unit normal to the boundary Q.

We remark that when X = idgw, the kernel Kx(x,y) reduces to (N — 2s) b’;" lx —y| M=% and
hence the remainder term &, (u,u) becomes (2s —N) [, f(u)udx. In this case, identity (0.2.29)
reduces to identity (0.1.13).

Let us mention some consequences of the Theorem 0.2.12.

(i) Let Q be a bounded open set of class C"! given together with a globally Lipschitz vector
field X satisfying

(X(x)=X(»))-(x—y) =clx—y* Vx,yeRN with ¢>0 and X-v >0 on dQ. (0.2.30)
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(iii)

Then, for p > (szist)’ the problem
(=Au=ulP?u in QCRY, N>2, u=0 in RV\Q,

admits no nontrivial bounded solution. By the first condition of (0.2.30), the RHS of
(0.2.29) reduces to c(% — (N —25)) [q|u|? dx. From this and (0.2.29), one immediately

sees that, p > N{N2s and X -v > 0 on dQ, imply [, |u[’dx = 0. We note that for the

critical case p = N2—N23’ the same conclusion holds under the additional assumption that u

is nonnegative.

Let Q be a bounded open set of class C!! given together with a globally Lipschitz vector
field X satisfying

divX(x) >c1, (X(x)—X(»)-(x—y) <ealx—y[* forall x,y e RY,  (0.2.31)

and
X-v>0 on dQ (0.2.32)
with some constants ¢, > 0 and ¢; € (% ,c2N]. Moreover, suppose that
ci N 2N
0<s<(g—§), p>—%_(N+2S).
Then, the problem
(—=AYu=ulP?u inQ, u=0 in RV\Q (0.2.33)

admits no nontrivial bounded solution.

Identity (3.1.8) could also be applied to compute the shape derivative of simple eigen-
values of the Dirichlet problem u € J7(Q) and (—A)*u = Au in Q. If A is a simple
eigenvalue and ®, is a family of deformations satisfying (0.2.3), then one shows, by
the implicit function theorem, that there exists a C'-curve (—&, &) 3 € — (ug,A¢) €
5 (Q) x (0,00) with (1o, Ag) = (u,A) so that

[ (we() = el3)*Kel )y = A [ uidacy,(x)dx
R2V Q

with Ke(x,y) := b”z’*“ m%. Here Jacg, is the Jacobian of ®¢. Differentiating

the identity above we obtain

d
Exy (U u) = %A«g

/ u?(x) dx+ Ao / u*divX dx. (0.2.34)
e=0Q Q

Applying the identity (0.2.29) with f(u) = Aou, we deduce from (0.2.34) that

_1"21 SZX'
4y | el vy g,

o) ds e (0.2.35)

=0 =0
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Identity (0.2.35) applies in particular to radial Dirichlet eigenvalues of balls or annuli. In
fact, for balls and annuli, the simplicity of radial eigenvalues happens to be a directy con-
sequence of the Pohozaev identity (0.1.13), see Chapter 3, Section 3.4 for more details.

We obtain Theorem 0.2.12 as a particular case of the following more general identity which
extends the identity (0.1.14) obtained in [95, Proposition 1.6].

Theorem 0.2.13. Let Q be a bounded open set of class C'' and let u € H*(RN) such that u =0
in RN\ Q. Moreover, assume (—A)*u € L™(Q) if 25 > 1 and (—A)*u € C¥_(Q) NL™(Q) with
o > 1—2sif2s < 1. Then, the following identity holds

2/vu.x(—A)Sudx= —F2(1+s)/ (u/d*)*X - v dx — &, (u, 1) (0.2.36)
Q 0Q

where &, (v,w) is defined as in (0.2.28).

We note that under the assumptions of the theorem, the integrals appearing in (0.2.36) are all
well defined by the standard regularity theory see e.g [42, 104]. To deduce the formula (0.2.29)
from (0.2.36) it simply suffices to use the pointwise identity (—A)‘u = f(u), VF (u) = f(u)Vu
and integrate by parts and noting that F(0) = 0. Note that since f : R — R is assumed to be
locally Lipschitz, the assumptions of Theorem 0.2.13 are satisfied.

One immediate consequence of Theorem 0.2.13 is the following identity: Let u,w satisfy the
assumption in the theorem above. Then, we have

uw
/VM'X(—A)Swdx:—/VW-X(—A)Sudx—Fz(l-i-s)/EEX‘vdx—cf’KX(u,w). (0.2.37)
Q Q aQ

The identity (0.2.37) follows by simply applying identity (0.2.36) to u + tw and differentiate
with respect to ¢. The identity (0.2.37) with X = e;, the j-unit coordinate vector was stated in
[95, Theorem 1.9].

Our proof of Theorem 0.2.13 is based on approximation arguments. It uses the same strategy
used in the proof of Theorem 0.2.1. We refer to Chapter 3 for more details.



Chapter 1

A fractional Hadamard formula and
applications

This Chapter is devoted to the paper [P1] a joint work with M. M. Fall and T. Weth. The
exposition is as in the original paper, except in here we added in the appendix an alternative
computation of the constant k; apprearing in (1.5.1) below.

1.1 Introduction

Let s € (0,1) and Q@ C RN be a bounded open set. The present paper is devoted to the study of
best constants A ,(€2) in the family of subcritical Sobolev inequalities

ls’p(Q)HuHip(Q) < [u)? for all u € 75 (Q), (1.1.1)
where p € [1, Nz—st) if 2s <N and p € [1,%) if 25 > N = 1. Here, the Sobolev space 7’ (L) is
given as completion of C2°(Q) with respect to the norm |- s defined by

bys [ [ (u(x)—u(y))’ , D5 +s)
2_ DN _ 2
[M]S = ) //‘x_yN-*-ZSdXdy with bN_’S =T 2S4S1_‘(17_. (112)
RNRN

The normalization constant by s is chosen such that [u]? = [pv |E|*[d(&)|?d& for u € 5 (Q),
where i denotes the Fourier transform of u. The best (i.e., largest possible) constant in (1.1.1)
is given by

Aop(Q) :=inf {[u]] : u€ A (Q), |ullpr@ =1} (1.1.3)

As a consequence of the subcriticality assumption on p and the boundedness of Q, the space
6 () compactly embeds into L(Q). Therefore a direct minimization argument shows that
As,p(€2) admits a nonnegative minimizer u € S5 () with |[u|»(q) = 1. Moreover, every such
minimizer solves, in the weak sense, the semilinear problem

(—=A)'u=2A,(QuP™"  inQ, u=0 inRV\Q. (1.1.4)
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where (—A)* stands for the fractional Laplacian. It therefore follows from regularity theory and
the strong maximum principle for (—A)* that u is strictly positive in Q, see Lemma 1.2.3 below.
We recall that, for functions ¢ & Ccl’1 (RN ) the fractional Laplacian is given by

bys [2¢(x)—@(x+y) —@(x—y)
(—A)e bNYPV/ - y‘N+25 dy = ) [y[V+2s dy.
RN

Of particular interest are the cases p = 1 and p = 2 which correspond to the fractional torsion
problem

(—A\u=21(Q) inQ, u=0 inRV\Q, (1.1.5)
and the eigenvalue problem
(—A\u=2A(Qu inQ, u=0 inRV\Q, (1.1.6)

associated with the first Dirichlet eigenvalue of the fractional Laplacian, respectively. In these
cases, the minimization problem for A, ,(Q) in (1.1.3) possesses a unique positive minimizer.
Indeed, it is a well-known consequence of the fractional maximum principle that (1.1.5) admits
a unique solution, and that (1.1.6) has a unique positive eigenfunction with [[ul|2(q) = 1. Inci-
dentally, the uniqueness of positive minimizers extends to the full range 1 < p <2, as we shall
show in Lemma 1.7.1 in the appendix of this paper.

Our first goal in this paper is to analyze the dependence of the best constants on the underlying
domain Q. For this we shall derive a formula for a one-sided shape derivative of the map
Q5 Ay »(Q). We assume from now on that Q C RY is a bounded open set of class C"'!, and
we consider a family of deformations {®¢ }¢c(—1 1) with the following properties:

@, € CVH(RY;RN) for € € (—1,1), Dy = idgw, and

(1.1.7)
the map (—1,1) — CO1(RY,RY), & — &, is of class C>.

We note that (3.3.1) implies that ®, : RY — RV is a global diffeomorphism if |€| is small
enough, see e.g. [28, Chapter 4.1]. To clarify, we stress that we only need the C>-dependence
of @, on & with respect to Lipschitz-norms, while ®; is assumed to be a C'!-function for
€ € (—1,1) to guarantee C'+!-regularity of the perturbed domains ®¢(Q).

From the variational characterization of Asyp(Q) it is not difficult to see that the map & —
As,p(Pe(€2)) is continuous. However, since A, ,(€2) may not have a unique positive minimizer,
we cannot expect this map to be differentiable. We therefore rely on determining the right
derivative of € — A, ,(P¢(Q)) from which we derive differentiability whenever A ,(€2) admits
a unique positive minimizer, thereby extending the classical Hadamard shape derivative formula
for the first Dirichlet eigenvalue of the Laplacian —A.

Throughout this paper, we consider a fixed function d € C''(R") which coincides with the
signed distance function dist(-, RV \ Q) — dist(-, Q) in a neighborhood of the boundary Q. We
note here that, since we assume that Q is of class C!1, the signed distance function is also of
class C!! in a neighborhood of dQ but not globally on RY. We also suppose that d is chosen
with the property that d is positive in Q and negative in RV \ Q, as it is the case for the signed
distance function.

Our first main result is the following.
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Theorem 1.1.1. Let A, ,(Q) be given by (1.1.3) and consider a family of deformations P
satisfying (3.3.1). Then the map € — 0(€) := Ay ,(Pe(Q)) is right differentiable at € = 0.
Moreover,

9. 6(0) = min F(1+s)2/(u/ds)2X-vdx cue Ay, (1.1.8)
aQ
where v denotes the interior unit normal on dQ, € is the set of positive minimizers for As ,(Q)

al’ldX = ag }8:()@8'

Here the function u/d* is defined on dQ as a limit. Namely, for xo € dQ, the limit

= (x0) = lim = (x) (1.1.9)
xeQ

exists, as the function u/d* extends to a function in C*(Q) for some o > 0, see [94]. In addition,
the function d'~*Vu also admits a Holder continuous extension on Q satisfying d'~*Vu-v =
su/d® on dQ, see [42]. As a consequence, the expression u/d*, restricted on dQ, plays the role
of an inner fractional normal derivative. Note that, for s = 1, the limit on the RHS of (1.1.9)
coincides with the classical inner normal derivative of u at xg.

We observe that the constant I'(1 +s5)? appears also in the fractional Pohozaev identity, see
e.g. [95]. This is, to some extend, not surprising at least in the classical case since Pohozaev’s
identity can be obtained using techniques of domain variation, see e.g. [103].

We also remark that one-sided derivatives naturally arise in the analysis of parameter-dependent
minimization problems, see e.g. [28, Section 10.2.3] for an abstract result in this direction. Re-
lated to this, they also appear in the analysis of the domain dependence of eigenvalue problems
with possible degeneracy, see e.g. [44] and the references therein.

A natural consequence of Theorem 1.1.1 is that the map &€ — 0(g) = A ,(Pe(Q)) is differen-
tiable at € = 0 whenever A ,(Q) admits a unique positive minimizer. Indeed, applying Theorem

1.1.1 to the map € > 6(g) := As p(P_e (L)) yields

9_6(0) = —9.8(0) = max r(1+s)2/(u/d8)zx-vdx:uejf :
2Q

where 7 is given as in Theorem 1.1.1. As a consequence, we obtain the following result.

Corollary 1.1.2. Let A, ,(Q) be given by (1.1.3) and consider a family of deformations P
satisfying (3.3.1). Suppose that Ay ,(Q) admits a unique positive minimizer u € ;' (Q). Then
the map € — 0(&) = A, ,(Pe(Q)) is differentiable at € = 0. Moreover

6'(0) =T°(1 +s)2/(u/d“')2X~vdx, (1.1.10)
aIQ

where X := 88|€:OCI>8.



Fractional Hadamard formulas, Pohozaev type identities and Applications 4

As mentioned earlier, Ay, ,(Q) admits a unique positive minimizer u € J¢;(Q) for 1 < p <2,
see Lemma 1.7.1 in the appendix. Therefore Corollary 1.1.2 extends, in particular, the classical
Hadamard formula, for the first Dirichlet eigenvalue A; »(€2) of —A, to the fractional setting.
We recall, see e.g. [65], that the classical Hadamard formula is given by

d

= = [ |Vul>’X - vdx. 1.
o] Mo @e(@) = [ 1VuPx v (1.1.11)

IQ

An analogue of Corollary 1.1.2 for the case of the local r-Laplace operator was obtained in
[84, 20]. We also point out that, prior to this paper, a Hadamard formula in the fractional setting
of the type (1.1.10) was obtained in [26] for the special case p =1, s = % N =2 and Q of
class C™. We are not aware of any other previous work related to Theorem 1.1.1 or 1.1.2 in the
fractional setting.

Our next result provides a characterization of constrained local minima of A, ,. Here and in the
following, we call a bounded open subset Q of class C!*! a constrained local minimum for Asp
if for all families of deformations ®, satisfying (3.3.1) and the volume invariance condition
|De ()| = || for € € (—1,1), there exists & € (0,1) with A ,(Pe(Q)) > A, (Q) for € €
(—&o,&0). Our classification result reads as follows.

Corollary 1.1.3. Let p € {1} U[2,00). If an open subset Q of RN of class C? is a volume
constrained local minimum for Q — A ,(Q), then Q is a ball.

Corollary 1.1.3 is a consequence of Theorem 1.1.1, from which we derive that if Q is a con-
strained local minimum then any element u € .77 satisfies the overdetermined condition u/d* =
constant on dQ. Therefore by the rigidity result in [43] we find that Q must be a ball. We point
out that we are not able to include the case p € (1,2) in Corollary 1.1.3, since the rigidity result
in [43] is based on the moving plane method and therefore requires the nonlinearity in (1.1.4)
to be Lipschitz. The case p € (1,2) therefore remains an open problem in Corollary 1.1.3.

We note that the authors in [26] considered the shape minimization problem for A ,(Q) in the
case p=1,5s= %, N =2 among domains Q of class C* of fixed volume. They showed in [26]
that such minimizers are discs.

Next we consider the optimization problem of Q +— A, ,(Q) for p € {1,2} and Q a punctured
ball, with the hole having the shape of ball. We show that, as the hole moves in & then A, ,(Q)
is maximal when the two balls are concentric. In the local case s =1 and N = 2, this is a
classical result by Hersch [67]. For subsequent generalizations in the case of the local problem,
see [61, 25, 77].

Theorem 1.1.4. Let p € {1,2}, Bi(0) be the unit centered ball and T € (0,1). Define

o = {a S B](O) : B'L‘(a) C B](O)}.

Then the map </ — R, a — Ay ,(B1(0) \ B¢(a)) takes its maximum at a = 0.

The proof of Theorem 1.1.4 is inspired by the argument given in [61, 77] for the local case
s = 1. It uses the fractional Hadamard formula in Corollary 1.1.2 and maximum principles for
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anti-symmetric functions. Our proof also shows that the map a — A ,(B;(0) \ B;(a)) takes its
minimum when the boundary of the ball B;(a) touches the one of By (0), see Section 1.5 below.
The proof of Theorem 1.1.1 is based on the use of test functions in the variational characteriza-
tion of A, ,(€2) and A, ,(P¢(Q)). The general strategy is inspired by the direct approach in [44],
which is related to a Neumann eigenvalue problem on manifolds. In the case of A, ,(P¢(Q)),
it is important to make a change of variables so that A, ,(P¢(€2)) is determined by minimizing
an £-dependent family of seminorms among functions u € JZ;’(Q), see Section 1.2 below. An
obvious choice of test functions are minimizers u and v for Ay ,(Q) and A ,(Pe(L2)), respec-
tively. However, due to the fact that u is only of class C* up to the boundary, we cannot obtain
a boundary integral term directly from the divergence theorem. In particular, the integration by
parts formula given in [95, Theorem 1.9] does not apply to general vector fields X which appear
in (1.1.8). Hence, we need to replace u with gyu, where g is a cut-off function vanishing in
a }-neighborhood of Q. This leads to upper and lower estimates of A ,(P¢(Q)) up to order
o(€), where the first order term is given by an integral involving (—A)*(gu) and V(gu). We
refer the reader to Section 1.4 below for more precise information. A highly nontrivial task is
now to pass to the limit as k — oo in order to get boundary integrals involving y := u/d*. This
is the most difficult part of the paper. We refer to Proposition 1.2.4 and Section 1.6 below for
more details.

The Chapter is organized as follows. In Section 1.2, we provide preliminary results on con-
vergence properties of integral functional, inner approximations of functions in .7’ (Q) and on
properties of minimizers of (1.1.3). In Section 1.3, we introduce notation related to domain
deformations and related quantities. In Section 1.4 we establish a preliminary variant of Theo-
rem 1.1.1, which is given in Proposition 1.4.1. In this variant, the constant I'(1 4 5)? in (1.1.8)
is replaced by an implicitly given value which still depends on cut-off data. The proofs of the
main results, as stated in this introduction, are then completed in Section 1.5. Section 1.6 is
devoted to the proof of the main technical ingredient of the paper, which is given by Proposition
1.2.4. In the last Section, we provided an alternative computation of the constant k; appearing
in (1.5.1).

1.2 Notations and preliminary results

Throughout this section, we fix a bounded open set Q C RY. As noted in the introduction, we
define the space 7’ (€2) as completion of C;°(Q) with respect to the norm -], given in (1.1.2).
Then 77’ (Q) is a Hilbert space with scalar product

(u,v) — _ o / / DO =vO)) ;0

|X y|N+25

RVRY
where cy 4 is given in (1.1.2). It is well known and easy to see that JZ;(Q) coincides with

the closure of C°(Q) in the standard fractional Sobolev space H*(RY). Moreover, if Q has a
continuous boundary, then %S(Q) admits the highly useful characterization

HF(Q)={we L, (RY) : W]l <o, w=0onR"\Q}, (1.2.1)

see e.g. [56, Theorem 1.4.2.2]. We start with an elementary but useful observation.



Fractional Hadamard formulas, Pohozaev type identities and Applications 6

Lemma 1.2.1. Let u € L*(RY x RN), and let (vi)i be a sequence in H#y(Q) with v — v in
() as k — oo. Then we have

lim
o |x — y[N+2s
R2N

() W) g | (”(”‘;j(y)”;igﬁ(x’” tady

Proof. We have

Vi\X)—V 2_ ViX)—V 2 X,
[ (000~ 1)y
R2N
Vil X)—V 2_ ViX)—Vv 2
< - | b =) S =0 duay

where

0x) =) = ) =)

[xx — y[NF2s
R2N
[ )=o) =) O o) = 40 4,
R2N
< 2 vk —Vvsvk+v]s = 0 as k — oo,
CN,s

O]

Throughout the remainder of this paper, we fix p € C(—2,2) with0<p <1,p=1lon(—1,1),
and we define

feC”(R), &()=1-p(). (1.2.2)
Moreover, for k € N, we define the functions
P, G € CHI(RY), pr(x) = p(k8(x)),  Gi(x) = {(kS(x)). (1.2.3)

We note that the function p; is supported in the %—neighborhood of the boundary, while the
function ¢, vanishes in the %—neighborhood of the boundary.

Lemma 1.2.2. Let Q C RY be a bounded Lipschitz domain and let u € 7(Q). Moreover, for
k €N, let uy := ug, € H§(Q) denote inner approximations of u. Then we have

up —u in 75 (Q).

Proof. In the following, the letter C > O stands for various constants independent of k. Since
pr = 1 — ¢, it suffices to show that

upy € g (Q) for k sufficiently large and [upkls >0 ask — oco. (1.2.4)
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For e >0, we put A = {x € Q : §(x) < €}. Since upy vanishes in ]RN\A%, 0<pi<lonRV

and |pr(x) — pr(y)| < Cmin{k\x—y\, 1} for x,y € RY, we observe that
u(y)pe(y)®
sz [Pl 2// \x y\N+23 dydx
RNRN
u)peO dx+ [ u(x)?pe(x)? lx—y| V"% dydx

2 ’x y’,ms y Pr y y

A4 A A RM\A 4

¢ k

>
EaEe

p0) + PO () —u )]

- 2// |x — y|N+2s

Ay
k

+C/ (x)*dist(x RN\A4) 2 dx

Z
k

< /u (X)/ (pk’i - y’N+2s d dx +// ‘N-&-Zs d dx

Ay Ag Ay Ay
k k k Kk
+C/ 25 2s( )
Z
k
<Ck2/ 2(x) / lx—y[>7%~ Ndydx+C/ / lx —y| ™V "> dydx
A4 B%(X) Ad RY\B) (x)
(x) — s
+// |N+2S dydx+C/ (x)262 (x)dx
Ag Ay A2
k k k
<Ck2S/ dx+// |N+ZS dydx+C/ (x)287 % (x)dx
Ay A4 Ay Az
k k Kk k
<c / e+ [ / ’Nm () ZuO) 4 (12.5)
Ay A

w\#
(SIS
(SIS

Now, since Q has a Lipschitz boundary, using [ g [x— [~V "> dy ~ d~*(x) see e.g [22], we

get
/uz(x)dfzs(x)dx < C/uz(x) / lx —y| V"2 dydx < Clu]?,
Q RV\Q

and therefore
(1.2.6)

/uz(x)d_zs(x)dx =0 as k — oo.

A
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Moreover, since also

2 0
// |x y|N+2s dydebN,s[M]‘”
we have
/ / ’ ’Nﬂs W10 fie 0 ask e (12.7)
xX=y

Ay
k
Combining (1.2.5), (1.2.6) and (1.2.7), we obtain (1.2.4), as required. O]

From now on, we fix a bounded C!''-domain Q c R"Y. We also let
CQ)={weC(Q):w=0 in RV\Q},

and we recall the following regularity and positivity properties of nonnegative minimizers for
As p(€2) as defined in (1.1.3).

Lemma 1.2.3. Let u € 5 (Q) be a nonnegative minimizer for A ,(Q). Then u € C§(Q) N
Cr (Q). Moreover, y := X € C*(Q) for some o € (0,1), and there exists a constant ¢ =
c(N,s,Q,a, p) > 0 with the property that

[Vl ca@) < ¢ (1.2.8)

and

IVy(x)| <cd* '(x)  forallxc Q. (1.2.9)

Moreover, y > 0 on Q, soin particular u > 0 in Q.

Proof. By standard arguments in the calculus of variations, u is a weak solution of (1.1.4). By
[96, Proposition 1.3] we have that u € L*(Q), and therefore the RHS of (1.1.4) is a function
in L*(Q). Thus the regularity up to the boundary u € C5(Q) is proved in [94], where also the
C%-bound (3.2.8) for the function y = % is established for some o > 0. Moreover, (1.2.9) is
proved in [42]. It also follows from (1.1 4) the strong maximum principle and the Hopf lemma
for the fractional Laplacian that  is a strictly positive function on Q. In particular, u > 0 in Q,
Therefore u € Cj;.(2) follows by interior regularity theory (see e.g. [97]) and the fact that the
function ¢+ tP~! is of class C* on (0, o). O

The computation of one-sided shape derivatives as given in Theorem 1.1.1 will be carried out
in Section 1.4, and it requires the following key technical proposition. Since its proof is long
and quite involved, we postpone the proof to Section 1.6 below.

Proposition 1.2.4. Let X € CO(Q,RY), letu € C5(Q)NC'(Q), and assume that l,l/ X extends

to a function on Q satisfying (3.2.8) and (1.2.9). Moreover, put Uy = ugy € CL (Q), where G,
is defined in (1.2.3). Then

lim VUk~X<u(—A)Sgk—I(u,gk)) dx = — / VX - vdx,
k—>ooQ
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where
K = — / H()(—AYR(dr — with h(r):=r.L(F) = max(n0PC(r)  (12.10)
R

and § given in (1.2.2), and where we use the notation

(u,v)(x) = bN,s/ (”(x)r)‘c(i);fxgv(y))dy (12.11)

RN

foru € C5(RN), v € CO(RV) and x € RV.

Remark 1.2.5. The minus sign in the definition of the constant K; in (1.2.10) might appear a
bit strange at first glance. We shall see later that, defined in this way, K; has a positive value.
A priori it is not clear that the value of K does not depend on the particular choice of the
function §. This follows a posteriori once we have established in Proposition 1.4.1 below that
this constant appears in Theorem 1.1.1. This will then allow us to show that K; = r(%ﬂ)z by
applying the resulting shape derivative formula to a one-parameter family of concentric balls,
see Section 1.5 below. A more direct, but somewhat lengthy computation of K; is possible via

the logarithmic Laplacian, which has been introduced in [23].

1.3 Domain perturbation and the associated variational problem

Here and in the following, we define Q¢ := ®¢(€2). In order to study the dependence of A ,(€2¢)
on &, it is convenient to pull back the problem on the fixed domain Q via a change of variables.
For this we let Jace, denote the Jacobian determinant of the map ®, € C!"! (R"), and we define
the kernels

Jaco, (x)Jace, () 1
’(bg(x) — CI)e(y)‘N+2s and KO(Xay) = CN,sm. (1.3.1)

Kg(x,y) = bN,s

Then (3.3.1) gives rise to the well known expansions
Jace, (x) = 1 +edivX (x) + O(€?),  deJace, (x) = divX (x) + O(¢) (1.3.2)
uniformly in x € RV, where X := 85‘820@[)5 € C%'(RV;RY) and therefore divX is a.e. defined

on RV. From (3.3.1), we also get

_ N+42s
2

_N— _N— X —
i e ] (RS R R ) B

and

it s -Px(x,y)+0(e)),

Oe () = @s )] 2 = | 2 (w429 22
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uniformly in x,y € RV, x # y with

X(x)—X(y)

Poe LR <EY),  Aley) =

Moreover by (1.3.2) and the fact that 9, ®,, X € C»!(R"), we have that

K£<x7y) = K()(X,y) +888 e

Kex,y)+ 0(*)Ko(x,y), (1.3.3)
and

aeKs(xa}’) = as .

70K£(x7y) +0(8)K0(X,y), (1.3.4)
uniformly in x,y € RY, x # y, where

% Ke(r.y)=- [(Njuzs)’iiii| Py (x,y)—(divX (x) - divX () | Ko(x,y).  (1.3.5)

In particular, it follows from (1.3.3) and (3.3.9) that there exist &,C > 0 with the property that

1
cKolxy) < Ke(x,y) <CKolx,y)  forallx,ye RY, x#yand € € (—&,&). (1.3.6)

Forv € 7’ (Q) and € € (—&y, &), we now define

¥, (€) : =3 / )2 Ke (x,y)dxdy. (1.3.7)
R2N

Then, by (1.1.3), (3.3.1) and a change of variables, we have the following variational character-
ization for A ,(Q¢):

A, = Aep(Qe) = inf [u]? : u € Q) /yuypdle
Qe

=infq % (€) : ve HF(Q /\v!”]ac@ =1 fore € (—&p,&). (1.3.8)

As mentioned earlier, we prefer to use (1.3.8) from now on where the underlying domain is
fixed and the integral terms depend on € instead. It follows from (1.3.3) and (1.3.4) that, for
given v € J#(Q), the function ¥, : (—&y, &) — R is of class C! with

7 =3 / ¥))? 0| ,_oKe (x,y)dxdy, (1.3.9)

where 85‘8201(8 (x,y) is given in (3.3.9),

|7/(0)] <C[v]*>  with a constant C > 0 (1.3.10)
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and we have the expansions
V(€)= %(0)+e/(0)+0(?)DF,  #/(e) = #/(0)+0(e) M (1.3.11)

with O(g), O(&?) independent of v. From (1.3.2), (1.3.6) and the variational characterization
(1.3.8), it is easy to see that

1
c < lfp <C for all € € (—&), &) with some constant C > 0.

Using this and (1.3.2), (1.3.6) once more, we can show that

1 1
= <|vellr@ <€ and

c < G < [vels < C. (1.3.12)

for every € € (—&, &) and every minimizer ve € J7;(Q) for (1.3.8) with a constant C > 0.
The following lemma is essentially a corollary of Lemma 1.2.1.

Lemma 1.3.1. Let (vi)i be a sequence in ;' (Q) with v — v in H° (). Then we have

lim %,(0) = %,(0)  and  lim % (0) = %, (0).

k—roo k—o0
Proof. The first limit is trivial since %;,(0) = [v]? for v € 7 (Q). The second limit follows from
Lemma 1.2.1, (3.3.9) and (3.3.8) by noting that u € L=(R" x R") for the function

w(x,y) = —(N +2s) ‘i:; Py (x,y) + (divX (x) + divX (v)).

1.4 One-sided shape derivative computations

We keep using the notation of the previous sections, and we recall in particular the variational
characterization of 4, = As »(Q¢) given in (1.3.8). The aim of this section is to prove the
following result.

Proposition 1.4.1. We have

07| _ e, =min 2;<S/(u/df)2x.vdx ue A,
A
0Q

where F€ is the set of positive minimizers for 2’5(‘),17 = A p(Q), X =0 ’820438 and Ky is given
by (1.2.10).

The proof of Proposition 1.4.1 requires several preliminary results. We start with a formula for
the derivative of the function given by (3.3.6).
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Lemma 1.4.2. Let U € C2'(Q). Then

74(0) = —Z/VU-X(—A)Sde. (1.4.1)
RN
Proof. By (3.3.9), (1.3.11) and Fubini’s theorem, we have
(N +25)by s (x—y) - (X(x) —X(v))
14(0) = / U6) = U0 s dady
+3 / ¥))2Ko(x,y) (divX (x) + divX (y))dxdy
]RQN
—(N+2s)by,s . (r—y) (X(x)—X(¥))
ol { (U0~ ey s
x—y|>u

+ / (U(x) = U(y))*Ko(x,y)divX (x)dxdy

—(N+25) szhm/ / )T X

‘x y\N“S”
RY RN\BM y)

+/ ¥))?Ko(x,y)divX (x)dxdy

Applying, for fixed y € RN and p > 0, the divergence theorem in the domain {x € RV : [x—y| >
u} and using that V |x —y| V"2 = —(N + ZS)M%, we obtain

~by Jim / / U()2Valx—y| ™2 . X (x)dxdy
RYNRM\B,, (y)
+ / (U(x)—U(y)) Ko(x,y)divX (x)dxdy
R2N
:_;llig%)/ / U(y))*Ko(x,y)divX (x)dxdy
RVNRN\B,, (y)
~lim [ / U()VU ()X (x)Ko(x.y)dxdy
RYRN\By (v)
i [ W00 XK do ()
Y 9B, ()
+ [ (W6 =U0)Kolx.y)divX ()dxdy
R2N
== lim (U(x) =U(y)VU (x) - X (x)Ko(x,y)d (x,y)

Px—yl>u
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limp 2 [ U - U)P0- ) X (5 do(xy)
u—0

lx—yl=u
bs 2U(x)—U(x+z)—U(x—
= ghm VU (x) - X (x) / () |(Z|Nfz)s ( Z)dzdx
RN RN\By, (0)
o limu VI [ U - U)o -2) (K0 - X)) doty)  (142)
[x—yl=n

Since U € C2"' (Q), we have that

20(x) ~U(x+2)~U(x—2)

2 u0J) VU(x)-X(x) / |z|N+2s dadx
RV\B, (0)
_ bwys 2U(x) —U(x+2)—U(x—2)
at / VU (x / pEs dzdx
= / VU (x) - X (x)dx. (1.4.3)

Moreover, since U is compactly supported, we may fix R > 0 large enough such that (U (x) —
U(y))? =0 forall x,y € Bg(0) with |x—y| < 1. Setting Ny, := {(x,y) € Br(0) x Bg(0) : |x—y| =
p} for 0 < pu < 1 and using that U, X € C%!(R"), we thus deduce that

N1 / (U@)—U ) (y—x) (X(x) =X(y))do(x,y)
be—yl=n

_ u—N—l—Zs/(U(x) —U®)*(r—x) (X(x) —X(y))do(x,y) = 0>~ '"%) >0, (1.4.4)
Nu

as u — 0, since the 2N — 1-dimensional measure of the set N, is of order O(N — 1) as u — 0.
The claim now follows by combining (1.4.2),(1.4.3) and (1.4.4). ]

We cannot apply Lemma 3.2.1 directly to minimizers u € 7’ () of A, ,(€) since these are not
contained in C}"' (Q). The aim is therefore to apply Lemma 3.2.1 to Uy := u¢; € Co' (Q) with
¢ given in (1.2.3), and to use Proposition 1.2.4. This leads to the following derivative formula
which plays a key role in the proof of Proposition 1.4.1.

Lemma 1.4.3. Let u € 5 (Q) be a solution to (1.1.4). Then we have

2, ()

7,(0) = )

/u”diVde—l—ZKs/(u/ds)zX.vdx.
IQ

Proof. By Lemma 1.2.3 and since Q is of class C"!, we have Uy := u{ € C2'(Q) C 5 (Q)
for k € N, and Uy — u in J4’(Q) by Lemma 1.2.2. Consequently, 7, (0) = /}im 7, (0) by
—>00
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Corollary 1.3.1, so it remains to show that

lim 75 (0) = 55 Q)

/ uPdivX dx+ 25 / (u/d*)*X - vdx. (1.4.5)
k—roo )2

Q 2Q

Applying Lemma 3.2.1 to Uy, we find that

4,(0) = —2 / VU, -X(~A)PUdx  forke N,
RN

By the standard product rule for the fractional Laplacian, we have (—A)*Uy = u(—A) ¢ +
G (—A)*u—1(u,g) with I(u, ) given by (1.2.11). We thus obtain

71,(0) = —Z/VUk-ng(—A)‘udx—Z/[VUk-X]u(—A)Sgkdx (1.4.6)
RN RN
+2/VUk-XI(u,gk)dx
Y
— 22,,(Q) / VU - X g dx—2 / VU X (u(-AY g~ 1(,60) ) d,
Q RN

where we used that (—A)*u = A, ,(Q)uP~! in Q. Consequently, Proposition 1.2.4 yields that

k—yoo

lim 77, (0) = ~2A,,() lim / VU - X g~ dx+ 2k, / v2X - vdx. (1.4.7)
— 00
Q Q

Moreover, integrating by parts, we obtain, for k € N,

1
/[VUk~X]gkup_]dx: p/[Vu”-X]g,gdx+/[ng-X]gkupdx
Q Q Q

= —1/updiVngzdx—2/upgk[X-ng]dx—i—/upgk[X-ng]dx. (1.4.8)
p p
Q Q

Since u” € C}(2) by Lemma 1.2.3, it is easy to see from the definition of g that the last two
terms in (1.4.8) tend to zero as k — oo, whereas

k—>o0
Q Q

lim [ uPdivX ¢t dx = / uPdivX dx.

Hence 1
lim/VUk-ngupfldx: —f/updiVde.
k—ro0 p
Q

Plugging this into (1.4.7), we obtain (1.4.5), as required. O
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Our next lemma provides an upper estimate for d,;

A
e=0 P

Lemma 1.4.4. Let u € 5 be a positive minimizer for ASO“D = A p(Q). Then

. AL, = AL, )
limsup ————* §2Ks/(u/ds) X -vdx. (1.4.9)
e—0" €

aIQ

Proof. For € € (—&, &), we define
2/p
V(e
j(e) == T”((g)) for k e Nwith 1(¢g):= /|u\”]accps (x)dx
Q
By (1.3.8), we then have A, < j(¢) for € € (—&,&). Moreover,
2 : %u(0)
() = gy = 1. Ki0) = W = Ay (@) andj0) = 2 =20,
which implies that
0|, My <70 =25 [ (w/dyX -vax,

IQ
by Lemma 1.4.3 and (1.3.2), as claimed. ]
Next, we shall prove a lower estimate for d, O?L‘f_ -

e’
Lemma 1.4.5. We have
A, — A0
liminf —2—>L > inf 21(Y/(u/a’s)2X-vdx cueH
e\,0t €

IQ

Proof. Let (g,), be a sequence of positive numbers converging to zero and with the property
that

lim —2 %P — |iminf £ > (1.4.10)
n—oo &y N0t €

&, 0 A€ 0

For n € N, we let v¢, be a positive minimizer corresponding to the variational characterization
of A% given in (1.3.8), i.e. we have
& _
Ay =N

Ven

(&n) and /vé’nJva;gndx =1. (1.4.11)
Q

Since vg, remains bounded in J7(Q) by (1.3.12), we may pass to a sub-sequence with the
property that ve, — u in JZ;(Q) for some u € J;’(Q). Moreover, ve, — u in LP(Q) as n — oo
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since the embedding 77’ (Q) — LP(Q) is compact. In the following, to keep the notation simple,
we write € in place of €,. By (1.3.10), (1.3.11) and (1.4.11), we have

%,.(0) = %, (€) —€7,.(0) + O(*) [vel; = AL, — €7, (0) + O(e*) = AE, + O(e)  (1.4.12)
and therefore

7,(0) = [u)? < liminf[ve)? = liminf 7, (0) < limsup A, < 20 (1.4.13)
e— ’

£—0 § =0 P’

where the last inequality follows from Lemma 1.4.4. In view of (1.3.2) and the strong conver-
gence ve — u in LP(Q), we see that

1= /vgJaccpsdx = /vg(l + edivX)dx + O(g?) = /updx—i-o(l) (1.4.14)

Q Q Q
as € — 0, and hence ||ul|;,(q) = 1. Combining this with (1.4.13), we see that u € J# is a
minimizer for A? , and that equality must hold in all inequalities of (1.4.13). From this we

S,p’°
deduce that
ve — u strongly in S5 (Q). (1.4.15)

Now (1.4.12) and the variational characterization of ),s(? », imply that

2/p
A0 / Vdx | <4, (0) = A p(Qe) — £%.(0) + O(&?) (1.4.16)
Q

whereas by (1.4.14) we have

/vgdx: 1 —s/vé’diVde—i— 0(e*) =1 —8/u”divXa’x+0(8)
Q Q Q

and therefore
2/p

2
/vé’dx =1- —S/ul’didex—ko(s). (1.4.17)
o p
Plugging this into (1.4.16), we get the inequality
€ 2e . 0 /
28,2 (1-= / W divXdx) A0, + ;. (0) + ole).

s, p = )
Q

Since, moreover, 7, (0) — #,/(0) as € — 0 by Lemma 1.3.1 and (1.4.15), it follows that

220
38, ~ 28, > e (#1(0) - =22 / wPdivXdx) +o(z)
' ’ p
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and therefore
AE,— A, > 2¢kK, /(u/ds)zX vdx+o(g)
aQ
by Lemma 1.4.3. We thus conclude that

AE — 7LO
lim 22— "r 5 oy / (u/d*)?X - v dx.
e—=0* E
aQ
Taking the infinimum over u € 5 in the RHS of this inequality and using (1.4.10), we get the

result. O

Proof of Proposition 1.4.1 (completed). Proposition 1.4.1 is a consequence of Lemma 1.4.4 and
Lemma 1.4.5. Indeed, let

A; p(Q) :=inf q 2K; /(M/d‘Y)ZX vdx :ue K
aIQ

Thanks to (3.2.8) the infinimum A, , () is attained. Finally by Lemma 1.4.4 and Lemma 1.4.5
we get

€ 0

AL, —A
As,p(Q) 2 aer ezolﬁp = lig{jglf% z As,p(Q)-

1.5 Proof of the main results

In this section we complete the proofs of the main results stated in the introduction.

Proof of Theorem 1.1.1 (completed). In view of Proposition 1.4.1, the proof of Theorem 1.1.1
is complete once we show that
2%, =T(1+5)2, (1.5.1)

where I is the usual Gamma function. In view of (1.2.10), the constant x; does not depend
on N, p and Q, we consider the case N = p = 1 and the family of diffeomorphisms ®, on R
given by ®@¢(x) = (14¢)x, € € (—1,1), so that X := J¢|,_ P, is simply given by X (x) = x.
Letting Qg := (—1,1), we define Qs = ®.(Qp) = (—1 —€,1+¢€). Moreover, we consider
we € I (Qe) NCH([—1 — €, 1+ €]) given by

272T(1/2)

_ 2 [4]2\s : R
we(x) = L((14+€)" — [x][7)% with by = TG 12T+ (1.5.2)

It is well known that w, is the unique solution of the problem

(—A)'we =1 inQ,, we=0 on ]RN\QS,
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see e.g. [95] or [43]. Recalling (1.1.4), we thus deduce that ue = A, 1 (Q¢)we is the unique posi-
tive minimizer corresponding to (1.1.3) in the case N = p = 1, which implies that ||ue |11 () = 1
and therefore

25.1(Qe) = [well iy = (14+€) "3 Vlwol| ). (1.5.3)

Moreover, by standard properties of the Gamma function,

1 1 1
Iwollo ) :&/(1—]x\z)"'dx:2&/(1—rz)sdrzfs/t_l/z(l—t)sdt
—1 0 0
_y L(1/2)T(s+1) , T(1/2)I(s+1)  2¥2T(s+1)?
7 T(s+3/2)  C(s+1/2T(s+1/2)  s+1/2

By differentiating (1.5.3), we get

25+1
0| _ o (Qe) =~

=S (1.5.4)
e= [woll 1 (m)

On the other hand, by Proposition 1.4.1 and the fact that u is the unique positive minimizer for
A1, we deduce that

‘ ‘ ‘ 224251 42
0| Ac1(Qe) = —2k[(uo/d*)*(1) + (o/d*)* (=1)] = =272k €3 A1 (Q0)? = — T
e=0 Iwollzs
(R)
We thus conclude that 25+ 1)[[wo]
S+ wollL (R) 2
Ks = SIESTY) =(s+1)
N
Thus, by Proposition 1.4.1, we get the result as stated in the theorem. 0

Proof of Corollary 1.1.3. Let h € C3(9Q), with [, hdx = 0. Then it is well known (see e.g.
[44, Lemma 2.2]) that there exists a family of diffeomorphisms ®; : RY - RN, e e (—=1,1)
satisfying (3.3.1) and having the following properties:

|®(Q)| = |Q] for £ € (—1,1), and X := J¢|,_,Pe equals hv on 9Q. (1.5.5)

By assumption, there exists & € (0, 1) with A, ,(Pe(Q)) > A, ,(Q) for € € (—&,&). Applying
Theorem 1.1.1 and noting that X - v = h on dQ by (1.5.5), we get

min F(1+s)2/(u/ds)2hdx rueH p>0.
aQ

By the same argument applied to —h, we get

max r(1+s)2/(u/df)2hdx cue sy <0. (1.5.6)
Q
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We thus conclude that

/(u/ds)zhdx =0 for every u € # and for all h € C3(9Q), with /hdx =0.
aQ Q

By a standard argument, this implies that u/d* is constant on dQ. Now, since u solves (1.1.4)
and p € {1} U[2,00), we deduce from [43, Theorem 1.2] that Q is a ball. O

Proof of Theorem 1.1.4. Consider the unit centered ball B; = B{(0). For 7 € (0,1) and ¢ €
(t—1,1—1), we define B’ := By(re;), where e, is the first coordinate direction. To prove
Theorem 1.1.4, we can take advantage of the invariance under rotations of the problem and may
restrict our attention to domains of the form Q(z) = By \ B'. We define

0:(t—1,1-7) =R, 0(1) := As p(Q(2)). (1.5.7)
We claim that 0 is differentiable and satisfies
6'(r) <0 fort € (0,1—1). (1.5.8)

For this we fix € (t— 1,1 —7) and a vector field X : RY — R given by X (x) = p(x)e;, where

p € CZ(B)) satisfies p = 1 in a neighborhood of B. For € € (—1,1), we then define ®, : RN —

RN by <I>£ (x) = x+ BeX(x), where B > 0 is chosen sufficiently small to guarantee that ®¢,
€ (—1,1) is a family of diffeomorphisms satisfying (3.3.1) and satisfying ®.(B;) = B; for
€ (—1,1). Then, by construction, we have

D (Qt)) = e (B1 \BY) = Bi \ @(B') = B \ B+Pe = Q(1 + Be). (1.5.9)

Next we recall that, since p € {1,2}, there exists a unique positive minimizer u € J¢’ ((t)) cor-
responding to the variational characterization (1.1.3) of A, ,(Q(¢)). Hence, by Corollary 1.1.2,
the map € — A ,(Pe(Q(1))) is differentiable at € = 0. In view of (1.5.9), we thus find that the
map 0 in (1.5.7) is differentiable at ¢, and

;jg Per@e@) =T+57 [ (2) xovar=r(+57 [ (%) max

2Q(r) B!

0'(t) =

(1.5.10)
by (1.1.10). Here v denotes the interior unit normal on dQ(¢) which coincides with the exterior
unit normal to B’ on dB', and we used that

X=e onodHB, X=0 ondB; =9Q(t)\dB

to get the last equality in (1.5.10). Next, for fixed € (0,1 — 1), let H be the half space defined by
H={xcRN:x-e; >t} andlet® = HNQ(t). We also let rz : RN — RN be the reflection map
with respect to he hyperplane dH := {x € RN : x-e; =t}. For x € R", we denote ¥ := ry(x),
u(x) := u(X). Using these notations, we have

0'(t) = T(1+5)> / (%)zvl dx

JdB!
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—T(1 +5)? / ((;)2(x)—<;>2(x)>v1dx. (1.5.11)

JdB'NO

Letw =1 —u € H*(RY). Then w is a (weak) solution of the problem

(=AW = A, ()T = A p(Qt)) " =c,w  in O, (1.5.12)
where
cp = As p(Q(1)) for p =2,
cp=0 for p=1.

Moreover, by definition, w =% > 0in H\ ®, and w =% > 0 in the subset [ry (B) NH]\ ® which
has positive measure since ¢ > 0. Using that w is anti-symmetric with respect to H and the fact
that A, ,(®) > ¢, (which follows since © is a proper subdomain of Q(z)), we can apply the weak
maximum principle for antisymmetric functions (see [43, Proposition 3.1] or [43, Proposition
3.5]) to deduce that w > 0 in ®. Moreover, since w Z 0 in RV, it follows from the strong
maximum principle for antisymmetric functions given in [43, Proposition 3.6] that w > 0 in ®.
Now by the fractional Hopf lemma for antisymmetric functions (see [43, Proposition 3.3]) we
conclude that
O<%:%—% and therefore %>%20 on dB'NO.

From this and (1.5.11) we get (1.5.8), since v; > 0 on dB' N O.

To conclude, we observe that the function 7 — A () = Ay ,(Q(2)) is even, thanks to the invari-
ance of the problem under rotations. Therefore the function 0 attains its maximum uniquely at
t=0. O

1.6 Proof of Proposition 1.2.4

The aim of this section is to prove Proposition 1.2.4. For the readers convenience, we repeat the
statement here.

Proposition 1.6.1. Ler X € CO(Q,RY), letu € C§(Q)NC' (Q), and assume that y := % extends
to a function on Q satisfying (3.2.8) and (1.2.9). Moreover, put Uy = ugy € civl (Q), where g

is defined in (1.2.3). Then

I}im VUk-X(u(—A)sgk—I(u,gk)> dx = —KS/I/IZX-vdx, (1.6.1)
—>00
Q 0

where

»L(r) (1.6.2)

K= — / () (=AYh(r)dr  with h(r):
R

and ¢ given in (1.2.2), and where we use the notation

I(u,v)(x) := /(u(x) —u(y))(v(x) —v(y))Ko(x,y)dy (1.6.3)

RN
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foru € CS(RN), v e CON(RV) and x € RV,

The remainder of this section is devoted to the proof of this proposition. For k € N, we define

g = VU - X <u(—A)Sgk I, gk)> . QR (1.6.4)
For € > 0, we put
Qf = {xcR" : [d(x)| < €} and Qf ={xeRV:0<d(x)<e}={xcQ:d(x)<e}.

For every € > 0, we then have
lim / grdx =0. (1.6.5)

k—roo
Q\Qf
To see this, we first note that ¢, — 1 pointwise on RN \ dQ, and therefore a.e. on RY. Moreover,
choosing a compact neighborhood K C Q of Q\ QF, we have

1—
(—A) / = g";\/ 5dy  forx € Q\QF and £ sufficiently large,

RN\K

where “; gl’}g +;1 <3 . ‘N — for x € Q\ Qf y € RV \ K and C > 0 independent of x and y. Con-
sequently, ||(—A)*G||z=(q\qe) remains bounded independently of k and (—A)*g; — 0 pointwise
on Q\ QF by the dominated convergence theorem. Similarly, we see that [|/(u, &) ||z=(@\0e)
remains bounded independently of k and /(u, g) — O pointwise on Q \ QF. Consequently, we

find that
18kl =(0\q¢) is bounded independently of k and gx — 0 pointwise on Q\ Q°.

Hence (1.6.5) follows again by the dominated convergence theorem. As a consequence,

lim [ gi(x)dx = lim / gk(x)dx for every € > 0. (1.6.6)
k—»oo k—o0
Q5

Let, as before, v : 9Q — RY denotes the unit interior normal vector field on Q. Since we assume
that dQ is of class C!'!, the map v is Lipschitz, which means that the derivative dv : TdQ — RV
is a.e. well defined and bounded. Moreover, we may fix € > 0 from now on with the property
that the map

Y:0Qx (—¢€,€) = QF, (o,r) = ¥(o,r)=0c+rv(o) (1.6.7)

is a bi-Lipschitz map with ¥(dQ x (0,¢€)) = QZ.. In particular, ' is a.e. differentiable, and the
variable r is precisely the signed distance of the point ¥(o,r) to the boundary 0, i.e.,

d¥(o,r)=r foroc€dQ,0<r<e. (1.6.8)
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Moreover, for 0 < &’ < &, it follows from (1.6.6) that

8/

lim/gkdx: lim /gkdx: lim//Jac\y(c,r)gk(‘{‘(c,r))drdc

k—yoo k—so0 k—yo0
Q o oQ 0

ke
1
— lim - / / ju(0,1)Gy (6, r)drdo, (1.6.9)
k—yo0 ka ,
Q

where we define

jk(6,r) = Jacy(o, %) and  Gy(o,r) = g (¥(o, %)) for a.e. o € 9Q, 0 < r < ke.

(1.6.10)
We note that _
Jkll=00x[0ke)) < IFacw||i=(q,) <o forall k, and Ll
klim Ji(o,r) =Jacy(0,0)=1 forae. c€dQ,r>0. (1.6.11)
—»00
By definition of the functions g, in (1.6.4), we may write
Gi(o,r) =GY(0,r)[Gi(o,r) —Gi(o,r)]  foro cdQ,0<r<ke (1.6.12)
with -
Gl(o.r) = [u(-A)'a)(¥(o.7))  and (1.6.13)

r

GH(0,1) = 11,60 (¥(0, 7).

In order to analyze the limit in (1.6.9) for suitable €’ € (0,¢], we provide estimates for the
functions Gg, G,ﬁ, G,% separately in the following. We start with an estimate for Gg given by the
following lemma.

Lemma 1.6.2. Let o € (0,1) be given by Lemma 1.2.3. Then we have
ENGAo,r) <C(r '+ forkeN,0<r<ke (1.6.14)
with a constant C > 0, and

lim k' GY(0,r) = I (r)w(0)[X(0) - v(c)] foro €dQ r>0 (1.6.15)

k—»oo
with the function r — h(r) =r’_{(r) given in (1.6.2).
Proof. Since u = yo°, we have

Vu=sd 'yVd+d°Vy =sd* 'yVd+0(d* "%  inQ
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by Lemma 1.2.3, and therefore, since ¢ = { o (kd) by (1.2.3),
VU, = V(ugk) - (s; o (kd) +kd{' o (kd)) wdIVd+ 0@ 1Y) Q.
Consequently, by (1.6.8) we have
(VU)o W] (0. 7) = (58 () +r8' (1) )wlo+ (o) (1) Va(o+vie)+o( (7))
for 6 € dQ, 0 < r < £ with O(r*~'*%) independent of k, and therefore
Go,r) = (s(r)+r'(1) wlo+1v(0)Vd(o+1v(0)) - X (o + V(o) ~r!
+kI o () foro €9dQ,0<r<ke.
Since a > 0, we deduce that
K1G0(o,r) (sg(r) n rg’(r)) w(0)Vd(c) X (o) = H(ry(0)X(6)-v(c)  ask — oo
for o € dQ, r > 0, while
ENGAo,r) <C(r %) forkeN,0<r<ke
with a constant C > 0 independent of k and r, as claimed. O

Next we consider the functions G,l defined in (1.6.13), and we first state the following estimate.

Proposition 1.6.3. There exists € > 0 with the property that

_ r C
|k zs(—A)Sgk(lP(G, %))‘ S m fork € N, 0 S r< k&‘/ (1616)
with a constant C > 0. Moreover,
]}im k’zs(—A)Sgk(‘P(G, %)) = (—=A)*¢(r) foroce€dQ r>0. (1.6.17)
—»00

Before giving the somewhat lengthy proof of this proposition, we infer the following corollary
related to the functions G;.

Corollary 1.6.4. There exists € > 0 with the property that

Ccr’

—s 1
|k Gk(o-,r)lgm fOrkeN,0§r<k£/ (1618)
with a constant C > 0. Moreover,
lim k°GL(0,r) = w(0)r' (—A)*¢(r) for o € 9, r> 0. (1.6.19)

k—yoo
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Proof. Since u = y&* we have u(¥(0,)) =k *w(oc+v(o))r' fork €N, 0 <r < ke, and

lim K'u(¥(c ;)):w(c)r‘ for 6 € 9Q, r > 0.

k—ro0

Since moreover ||y|;=(q,) < o, the claim now follows from Proposition 1.6.3 by recalling the
definition in Gk in (1.6. 13) ]

We now turn to the proof of Proposition 1.6.3, and we need some preliminary considerations.
Since dQ is of class C"! by assumption, there exists an open ball B C RV~! centered at the
origin and, for every ¢ € dQ, a parametrization f5 : B — dQ of class C"! with the property
that f5(0) = o and df5(0) : RV~! — R¥ is a linear isometry. For z € B we then have

fo(2) = f5(0) = dfs(0)z+ O([z]?)
and therefore
1£5(0) — f5(2)[* = |dfs(0)z* + O(|z]*) = |z]* + O(|z]*), (1.6.20)
(f(0) = f5(2)) - v(0) = —dfs(0)z- v(c) + O(|2]*) = O(|z]*), (1.6.21)

where we used in (1.6.21) that d f5(0)z belongs to the tangent space T5dQ = {v(c)}*. Here
and in the following, the term ¢'(7) stands for a function depending on 7 and possibly other
quantities but satisfying |€'(7)| < Ct with a constant C > 0.

Recalling the definition of the map W in (1.6.7) and writing Vs(2) := V(fs(z)) for z € B, we
now define

lPG: (—878))(3—)987 lPG(nZ):\P(fO'(Z),r):fG(Z)+rV0(Z). (1622)

Then Wy is a bi- Lipschitz map which maps (—¢€,€) x B onto a neighborhood of 6. Conse-
quently, there exists &’ € (0, §) with the property that

lo—y| >3 forally e RN\ Ws((—€,€) x B). (1.6.23)

Moreover, € can be chosen independently of & € dQ.
Coming back to the proof of Proposition 1.6.3, we now write, for 6 € dQ and r € [0,ke’),

(—A)’a(¥(o, %)) =cCNs (Ak(cr, r)+By(o, r)) (1.6.24)
" 50— )
Ar(o,r) = / ®(c, ) — y[N+2s dy
W ((—e.€)xB) Tk
and

Bk(67r) = (C( )r)_ (‘1\[)+25 Y-
RN\W, ((—&,¢) xB) Tk
Here we used that ¢, (¥(0, 7)) = {(r) for o € dQ, r € [0,ke’) by (1.6.8) and the definition of

Gr. We first provide a rather straightforward estimate for the functions By.
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Lemma 1.6.5. We have

_ c
k=%|Bi(o,r)| < e forkeN,0<r<ke, ccoQ (1.6.25)

with a constant C > 0 and
limk%|By(c,r)| =0  foreveryc € Q, r>0. (1.6.26)

k—ro0
Proof. By (1.6.23) and since r < k&', we have

r

r r_lo—yl
)

,
|¥(o —y|:]c5—y+%v(c)\2|0'—y\—%2 3 +¢é foryGRN\‘PG((—S,E)XB).

Recalling that { = 1 —p, ¢ = 1 — p and that py is supported in QF, we thus estimate

TP B K T

: [W(o,7) —yVF

RN\ ((—¢,e)xB

—N—-2s _N-=2s
S3/\/+2sm(r)|/(|c;_y|+3g’> dy+(£') N2 /|Pk()’)|dy
RV RY

<c(lp()l+1ei) <c(Ip(r)+k7).

Here and in the following, the letter C stands for various positive constants. This estimate
readily yields (1.6.26). Moreover,

_ _ _ C
KB <k (I +k) < s KT S s

— 14+ rl+2s

forkeN,0<r<ke, ocdQ,asclaimedin (1.6.25). O

To complete the proof of Proposition 1.6.3, it thus remains to consider the functions Ay in the
following. For this, we need the following additional estimates for the maps W5, 0 € dQ. We
note here that W is a.e. differentiable since it is Lipschitz, so the Jacobian determinant Jacy,
is a.e. well-defined on (—¢,€) x B.

Lemma 1.6.6. There exists a constant Cy with the property that for every o € dQ we have the
following estimates:

(i) |Jacy,(r,z)| < Cyfora.e. re(—€,€),z€B;
(ii) |Jacy,(r,z) — 1| < Co(|r|+ |z|) for a.e. r € (—€,€), zE€ B;
(iii)  |[Jacy, (r+t,z) —Jacwy, (r—t,z)| < Colt| fora.e. r € (—€,€),z€ B, t € (—e—r,e—7r);

Moreover, for c € dQ, r € (—€,€), zE B, t € (—& —r,€ —r) we have

1 1
(iv) & (P+127)? <|Wo(r0) —Wo(r+1,2)| < Co(r*+ )2,
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and for c € 9Q, r€ (—¢g,€),t € (—e—r,e—r)\{0} and z € ﬁB we have

B 2
v) ‘\‘Pa(no) ‘I’g(ﬂrh\l\z)\ —(1+|Z|2)‘ §C0(|t|—|—|r|+]tz\)|z|2;

t

—N-2s —N-2s

v |[%o(0) = Wolr+1,1tl2)| > = [Wo(5,0) = Wolr 1, t]2)

__ N+2s

SCO|I|1_N_2S(1+|Z‘2) 7.

Proof. The inequalities (i) and (iv) are direct consequences of the fact that W is bi-Lipschitz.
In particular, if Cy is a Lipschitz constant for ¥, we have

(P +12P)? = [(~£,.2) = [(r0) — (r+1,2)| < Col¥o(r0) — ¥o(r+1,2)|

foroc € dQ,re(—¢,€),z€ Bandt € (—e —r,e —r), so the first inequality in (iv) follows. By
making Cy larger if necessary so that it is also a Lipschitz constant for ¥, we then deduce the
second inequality in (iv).

To see (ii) and (iii), we note that d¥ is a.e. given by

d¥s(r,2)(r,2) = [dfo(2) + rdvs(2)]d +1'Vo(2)
for (r,z) € (—€,€) x B, (,7) € R x RN~!, which implies that
[d¥s(r,z) —d¥s(0,0)](r,7) = [dfs(z) — df(0)]d + rdvs(z) + ' (Ve (z) — Vs (0))

and
[d¥s(r+t,2) —d¥s(r—1t,2)|(r,7) = 2tdvs(2)7.

Since d f5, Vo are Lipschitz functions on B, dVs is a bounded function on B and the determi-
nant is a locally Lipschitz continuous function on the space of linear endomorphisms of R", it
follows that

Jacy, (r,z) —Jacy, (0,0)] < Co(|r|+z]) and  [Jacy, (r+1,2) —Jacy, (r—1,2)| < Colt|
fora.e. re(—¢,€),z€ B, t € (—€ —r,e —r). Moreover, Jacy_(0,0) = 1 since the map
RxRYT RN (¢,2) = d¥5(0,0)(r,2) = dfs(0)7 +1'vs(0)

is an isometry. Hence (ii) and (iii) follow.
To see (v) and (vi), we note that by definition of ¥ we have

Yo (r,0) =Wo(r+1,2) = fo(0) = fo(2) = 1V6(0) + (r +1) (Vo (0) — V5 (2))

forz€ B, re (0,¢') and r € (—e — r,e — r). Using moreover that (V5(0) — vs(z2)) - V6 (0) =
31Ve(0) = Vo (2) |2, we get

[¥o(r,0) = ¥o(r+1,2)] =1 +|fo(0) = fo(2)|” + (r+1)*|Ve(0) — Vo (2)
= 2(f5(0) — fo(2)) - Vo (0) —1(r+1)[Ve(0) = Vo (2)|* +2(r +1)(f5(0) — fo(2)) - (Vo (0) — Vo (2))
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=12 +f5(0) = fo (D) +r(r+1)vs(0) = Vo (2) 2
—2t(f5(0) = f5(2)) - Vo (0) +2(r +1)(f5(0) — f5(2)) - (V6(0) — V5(2))
=2+ 7>+ [lzlme(2) + r(r+1)ng(z) — 2tpe(2) +2(r +1)qqs(2)] |z (1.6.27)

forze€ B, re(—¢€,€)andr € (—e —r,€ —r) with the functions

_fe(0)— fo(2)* — [ _ Ve (0) = v (3)? (f5(0) — fo(2)) - V5 (0)

ol o T g T

46(2) = (f(0) _fc(Z))|Z'|gVG(O) - VG(Z))’ z€B\ {0},

which are all bounded as a consequence of the Lipschitz continuity of f; and v4 and of (1.6.20)
and (1.6.21). We deduce that

_ 2
‘|lPU(r7O) ‘P;r(V‘H‘aMZ)\ —<1+’Z|2)
t

= ‘ltZ!mc(lf\Z) +r(r+n)ng(|tlz) = 2tpo(|1]2) +2(r+1)qo (lt]2)|[2> < Collrz] + ||+ 1)) |2

forocedQ,re(—¢,e),te(—e—re—r)\{0}andz € ﬁB if Cy is chosen sufficiently large,
as claimed in (v).
For the proof of (vi), we now set wg(,1,2) := 4 |¥5(r,0) — Wo(r +1,t|z)|%, and we note that

1+z|? 1
plid foroc €dQ,re(—¢,e),r€(—e—re—r)\{0},z€ —|B

1 >
WG(r7 7Z) - C(2) |t

by (iv). Moreover, from (1.6.27) we infer that
Wa(r,1,2) = wo(ri—1,2)| = |2rtna [fl2) + 41 (go(|1]2) — po ([112)) |12 < Col]|2P

for 6 € dQ, re (—€,€),t € (—e—r,e—r)\ {0} and z € ﬁB if Cp is made larger if nec-
essary. Using these estimates together with the mean value theorem, we get that, for some

T=1(0,nt,z) with -1 < T <1,

[.(5,0) = W (r+1,1]0)] ™ = [ (5,0) — Wo r — 1, tfo)|

N+2s N+2s
Wd(r,tvz)_ Jg 7W6(r77taz)_ ;

_ M_N_ZS

N +2s)|¢t| N2 s
:( + S)|| Wo(r,’C,Z)fNHZH

_ N+2542 _ N+42s

< Colt TV )T 1P < Golel TN TR (1 [2P) 7

WO'(ratvz)_WG(n_taZ)

forz€ B, r€ (0,€') and t € (—e +r,€ — r) after making C larger if necessary, as claimed in
(vi). ]
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We now have all the tools to study the quantity Ax(o,r) in (1.6.24).

Lemma 1.6.7. We have

C
k=|Ar(o,r)| < T forkeN,0<r<ke, ocoQ (1.6.28)
r
with a constant C > 0 and
—A)S
khm k™ 2SAk(G r)= (b)&:(r) forevery o € Q, r > 0. (1.6.29)
—° N,s

Proof. For 6 € dQ and 0 < r < ke, we write, with a change of variables,

Ax(o,r) (1.6.30)
£(r) =) // §(r) — E(kF) )
= dy = J dzd
I o) 1 (7.0) Wy .o
Y5 ((—€,6)XB)
ke—r
§(r)=E(r+1)
Jalc\p(F . dzdt
kk£/ / V(L0 e (T
tN1 r—l—t t)z C(r)—C(r+t
- / H /J H) r - (rzlg\z N+2sdzdt
ke—r “PG(PO)_‘PG(T77)‘ '
B
s C r _C }"—l-l‘)
:k2 /%%(r,t)dt
R
with the kernels Kj : (0,k€’) x R — R defined by
N+2s J u,ﬂ
|t| / 2or (g Hk 22 N2 4% t€(—ke—rke—r),
Ki(r1) = £y [¥o(5:0) = %o, 5)]
0, t ¢ (—ke—rke—r).
Consequently,
Au(o,r) =K (Jkl(c,r) +J,%(c,r)> (1.6.31)
with

Ji(o,r) = i/ZC(r)—Cﬁ:FJFtZ)S—C(r—t) (A (r,t) + S (r,—t))dt
R

and

dt.

1/ (r+t)—C(r—t) A (rt)— 2 (r,—t)
4]R |t|25

]k Gr —
i
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By Lemma 1.6.6(i),(iv) and the definition of %}, we have

_ N+2s

K (r.1)] gcg”m/(w‘zﬁ) T <OV gy (1.6.32)

kB

I7]

for r € (—ke’,ke’) and t € R\ {0} with
2N — N+2s
ans = / (14+122) "2 dz < oo. (1.633)
RN~

Moreover, by Lemma 1.6.6(i)(ii),(iv),(v) and the dominated convergence theorem, we have

lim Ky (r,1) = /(1+|z|2)—7”525dz:a,v,s forevery r > 0,7 e R\ {0}.  (1.6.34)
m
RN—]

Using (1.6.32) and the fact that p = 1 — { € C°(R), we obtain the estimate

o |<C/|2c Sr+n-Co=nl

|t|1+23
2p(r)—p(r+t)—p(r—1)| c
- C/ e[+ di < 7% (1.6.35)

for k € N, r € (0,ke’) and 6 € dQ. Here and in the following, the letter C > 0 stands for
different positive constants. Moreover, by (1.6.32), (1.6.34) and the dominated convergence
theorem, we find that

28(r)=&(r+1)=8(r—1) an s (=A)°E(r)
Jm i 2 / o[+ bns( )’E(r) by
(1.6.36)
Here we have used the fact that
bN7saN7s = bl,sa (1637)

see e.g. [45].
Next we deal with JZ(o, ), and for this we have to estimate the kernel differences | (r,1) —
i (r,—t)|. By Lemma 1.6.6 (i), (iii), (iv) and (vi), we have

Jacy, (7t 11 Jacy, (54, & B\ 1N :
‘ v (55 % 2 — vo (% — 2 ST SC('J) (1+]z2) ="
Wo(2,0) — Wo (2, LE))| P (5,0) — Po (5, 1)

forz e \le r € (0,ke’) and t € (—ke +r,ke —r) and therefore

|Ki(r,t) — Ki (1, —1)|

dz < (1.6.38)

s C
1+ Faz< L [ A1)
kB RN-1

N+23 C
k
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for r € (0,ke’) and t € (—ke + r,ke — r). Moreover, by definition we have
|Ki(r,t) — Ki(r,—1)| =0 fort € R\ (—ke —r,ke+r), (1.6.39)

while for t € (—ke —r,—ke +r) U (ke — r,ke +r) we have |t| > ke — ¢’ > % and therefore,
similarly as in (1.6.32),

Ky (rt C N2 C N2 C
| kﬁ? ) <qp ) (kR dzéz/(lﬂzlz) Cdz< (1.6.40)

LB 2p

If] €

Note here that the constant C > 0 on the RHS depends on €, but this is not a problem. Combining
(1.6.38), (1.6.39), (1.6.40) and using that p = 1 — § € C°(R), we get

L1800 = Cr—0)] [Ku(r) ~ Kilt 1)
Renl<g [ e

R
_ _ _ _ —2s
<€ [Blrr-te=0l,, _C [lpe+0—pr=l,  C0+
k 1% k 1% k
R R

forkeN,occ€dQand0<r< ke Hence

and
lim J2(c,r)]=0  forallr>0. (1.6.42)
—>00

Now (1.6.28) follows by combining (1.6.31), (1.6.35) and (1.6.41). Moreover, (1.6.29) follows
by combining (1.6.31), (1.6.36) and (1.6.42). ]

Proof of Proposition 1.6.3. The proof is completed by combining (1.6.24) with Lemmas 1.6.5
and 1.6.7. O

It finally remains to estimate the function G% in (1.6.12).

Lemma 1.6.8. There exists € > 0 with the property that the function G,% defined in (1.6.13)

satisfies
C
k*Gi(o,r)| < s JorkeNoOsr< ke', o € IQ (1.6.43)
with a constant C > 0. Moreover,
lim kGi(o,r) = w(o)I(r) (1.6.44)
—>»00

with

I(r)= bl,s/ e (r+t)s+‘t)’ 1(52(:) —4r0) dt.
R
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Proof. The proof is similar to the one of Proposition 1.6.3, but there are some differences we
need to deal with. First, as in the proof of Proposition 1.6.3, we choose &’ € (0, ) small enough,
so that (1.6.23) holds. Similarly as in (1.6.24) we can then write

GH(0.r) = bs (An(0.r) + Bu(o.r)) (1.6.45)
" (w(¥(o, 7)) —u()(E(r) —a(y))
~ u(¥(o, "
Ay(o,r) = / ’fP(G r)y s Sk i
Y5 ((—€,6)XB) Tk
and
Bu(o,r) = (u(¥(o, 7)) —u)(E(r) — gy ))dy‘

lI]G’I N-+2s
RN\Wo ((—¢.6) xB) ¥oyp) =

As noted in the proof of Lemma 1.6.5, we have

r lo—y|

|‘I’(G,%)—y|2 3 +& foryc RV \Ws((—€,6) xB),0<r<ke.

Therefore, since u € L*(R"), we may estimate as in the proof of Lemma 1.6.5 to get

- p(r -
Bloni <l [ Gt PRa <ot ).
RN\ Wo((—€.€) <B) ’

Here, as before, the letter C stands for various positive constants. Consequently,

lim k|Bi(c,r)|=0  foreveryc € Q,r>0, (1.6.46)
—>00
since p has compact support in R, and

forkeN,0<r<ke,oecadQ. (1.6.47)

kis|§k(67r)’ SCkis(’p( )‘+k > — 1+ 1+s

Hence it remains to estimate gk(d, r). For this we note that, by the same change of variables as
in (1.6.30), we have

(W(£,0)) —u(Ws(7,2))(C(r) = C(kF) .
Ak (o,r) //Jac\yc Z,7) k X, (F.0) = W (7.0 P dzdF

—€ B

N

/C MHFH Hr)dt (1.6.48)

with the kernel

Kk(r,t)
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iy /(uwc(,:,o» u(¥o( FDaew () | e

N+2s
) W (1,0) — Wo( 5, 1E) V™

If]

0, t & (—ke—rke—r).
Since u € C*(RV) and ¥, is Lipschitz, we have
awo(1.0) a1 Moy < (M2 (M) < (MY (e
7k ok kT Tk k - \k

for 0 € dQ, r € (—ke,ke), t € (—ke —r,ke —r)\ {0} and z €
Lemma 1.6.6(1),(iv) as in (1.6.32),

kB. Therefore, by using

il

Ki(rt)| < C / (14121 + |z dz<C / (14 |2)) N "3dz < . (1.6.49)
RN-1 RN-1

Inserting this estimate in (1.6.48), we conclude that

s 6 =Cr+0)| . [lp()=p(r+1)] c
|Ax Gr|<C/ W“ dt—C/ PES dt§1+r1+s.

forkeN,0<r<ke, oecdQ. Combining this inequality with (1.6.47), we obtain (1.6.43).
Moreover, since u € Cj(Q) and y = % € C°(Q), we have

lim [u(‘Pc(]’;,O)) —u(Pe (T z))] = y(o)(r — (r+1)%) (1.6.50)

for 6 € dQ, r >0 and t € R and z € RV~!. Consequently, arguing as for (1.6.34) with
Lemma 1.6.6(i)(ii),(iv),(v) and the dominated convergence theorem, we find that

(ry = (r+1)%)
t]*
(1.6.51)

for 0 € dQ, r > 0 and r € R with ay  given in (1.6.33). Hence, by (1.6.48), (1.6.49), (1.6.51)
and the dominated convergence theorem,

lim Ki (1) = (o) = TR

k—so0 |t|s

[ (1P dz = an o)

RN-1

im k- 7Au(01r) = i) [ (r+t)f‘;)’§2(:) ~¢(r+1) dt =32 y(0)l(r) = l/f<;31<>

)
k—yo0

R

where we used again (1.6.37) for the last equality. Combining this with (1.6.45) and (1.6.46),
we obtain (1.6.44). ]

We are now ready to complete the
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Proof of Proposition 1.6.1. Combining (1.6.14), (1.6.18) and (1.6.43), we see that there exists
€' > 0 with the property that the functions Gy, defined in (1.6.4) satisfy

Gk(G,F) - rsfl _i_rsflﬂx
k — 1+r1+“'
with a constant C > 0 independent of k and r. Since s, € (0, 1), the RHS of this inequality is
integrable over [0, o). Moreover, by (1.6.15), (1.6.19) and (1.6.44),

1 . -

£ COklo.r) = [X(0)- V(o) w2 (o) (r) (r*(—4) ¢ (r) —1(r)) (1.6.53)

for every r > 0, 0 € dQ as k — oo. Next we note that, by a standard computation,

forkeN,0<r<ke (1.6.52)

(—=A)'h(r) = (=AY [FL.8(n)] = E(r) (=AY ry + 1 (=A)' E(r) = I(r) = . (=A)§(r) = 1(r)
(1.6.54)
for r > 0 since r’_ is an s-harmonic function on (0, ) see e.g [16]. Hence, by (1.6.9), (1.6.9),
(1.6.52), (1.6.53), (1.6.54) and the dominated convergence theorem, we conclude that

hm/gkdx—/h dr/[ (0)-v(0)]y*(0)do
IQ
- / H( ndr [[X(0)-v(e)y*(0)do,
IQ
as claimed in (1.6.1). ]

1.7 Appendix

Here we give a short proof of the uniqueness of positive minimizers of the problem (1.1.3) for
1<p<2.

Lemma 1.7.1. Let Q C RY be a bounded open set of class C"', let p € [1,2], and let uy and u,
be two positive minimizers of (1.1.3). Then u; = u,.

Proof. Suppose by contradiction that there are two different positive minimizers u;,u; for the
minimization problem. Then, since lurllzr() = llu2llr@) = 1, the difference u; — up changes
sign. Since moreover 7 and 7 are contlnuous positive functlons on Q by Lemma 1.2.3, there
exists a maximal 7 € (0, 1) w1th

Tu; <up on ﬁ
Moreover, Tu) # up since u; — up changes sign. Consequently, v := u; — tu; satisfies v > 0 on
Q and v # 0. Moreover, using that p— 1 € [0,1] and 7 € (0, 1), we find that
(A =2y~ ) > AW — (tu)P) >0 inQ,  v=0 inRV\Q

with A := A, ,(©) > 0. Now the strong maximum principle for the fractional Laplacian and the
fractional Hopf lemma implies that v = uy — Tu; is strictly positive in Q and - > 0on dQ. This
contradicts the maximality of 7. Hence uniqueness holds. O
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1.7.1 Alternative computation of the constant x;

In this appendix, we provide an alternative way to derive the explicit value of the constant K
given by (1.2.10). Since this part was omitted in the Paper [32] we give here the full argument
that uses the Logarithmic Laplacian introduced in [23]. For clarity of the exposition, we sketch
the proof into several steps. Recall the expression of k; given by (1.6.2). Recall also that
{ =1—p where p € C°(—2,2) such that p =1 'in (—1,1).

We start the journey with the following key observation

K = / H (r)(~AY h(r) dr,

where h(r) :=r’.{(r) = max(r,0)*{(r). Then

2k, = — / 1 r+g)dr—s/r;—‘(—A)S(r;p)dr.

R

Lemma 1.7.2. Let

Proof. To obtain the identity above the idea is to regularized 4’ by mean of the new cut-off
G (x) = 1—¢(x/k) = p(x/k), for x € R. Note that ¢, € C°(—2k,2k) and g = 1 on (—k,k).
Using this we write

m_/g V() (=AY h(r m+/frw (=AY h(r)dr

- / Cr)h(r) (~ AW (1) dr / L)) (~a)h(r) dr+ / (/R (1) (~AV h(r) dr

:_/ () (=AY (G (r dr—/gk AVh(r dr+/§ r /K (F) (— A h(r) dr
N (1.7.1)
:_/Ek(r)h( )(— dr—/h’ AV &) dr+/h (G ) (r) dr
/ G ARt [ CCr /O )-8y () dr
R

Here we used that

/@ W () (— ) /@ ymow—/qmmapgw@w

This can easily be seen by integration by parts and using that dr0(—A)* = (—=A)* o d, when
acted on C;°(R) functions. We observe that limy_.. [ Ck( YW (r)(=A)*h(r)dr = k5. On the
other hand since §;(r) = {(r/k) = 0 for all r € (—k, k) we can show that

tim [ ZL(r)h(r)(~8)*h(r)dr =~ lim / GLAA(r) (~A) (7 p) (r) dr =0

k—roo k—yo0
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and

5] oo

lim [ &(r/IH (r)(=A)h(r)dr = = lim [ §(r/k)H (r)(=A)*(r,p)(r)dr =0,
k k

where we used that (—A)*r}. = 0 on (0,c0). From these and (1.7.1), we get

2k, = — lim [ B (1) (=8 Ge(r)dr-+ lim [ W ()G ) () dr =: 1+ 1.
R R

By rescaling, we get

/h AV &(r) dr—/k‘ h(kr)H (kr)(—A)*p(r)dr

Since for k large enough, p’(kr) = 0, By using the expression of A and that p € C°(R),

we bound
2s5—1
sre

[ Rk )i (kr) (=AY (r)] < C(P) 77

for some C(p) > 0.

and by dominated convergence theorem, we get

L= /sr?f Y—A)p(r)dr
R

Similarly, we have

R2

|I" _ ;.] 1425
By a similar argument as above, we bound

-2y 01 = PO k) <fw ~clpy P =PI =7

| "'|1+2s + |r77-]l+23 )
for some C(p) > 0. Applying dominated convergence theorem, we get
i ( p())(r—7)
12_/rs |r,~11+2s drdr

Adding [; and I, we get
2 = =5 [P0 (# G dr
R

35
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In the second step we show that the constant x; does not depend on the cut-off function p. This
is the contain of the following lemma

Lemma 1.7.3. We have

u’logu
2K‘s:s/ril(—A) (rp)d sb]spv/‘1 ﬁ“s
R

Proof. The identity above is obtained by using the principal value definition of (—A)* combined
with some elementary tools such as fundamental theorem of calculus and the Fubini theorem.
By expanding, and using that, for fix r > 0,

lim / p PO PO s iy / fip’(r)_p D g,

£—-0F + |I’—I~”|1+2‘Y e—0t r—f”l+2s
{|r—F|>€} {|r=F|>re}
we obtain
/rY r.{)dr=by, Y/rY p-v fip’( r) ’ﬁ(zs)drdr
_ 1 ~5 p( ) p(i;) ~
_bl,s/r+ elir(r)l+ / r+7|r_r|l+k dF
—oo {|r—F|>re}

e—0t

1
F(r 1 p 7 r
d"ggf(f)g — <r> - r/r|>s‘_fW/P <r(tr—|—1—t)> (1—;)6”

w', (1 —u)
_bls/dr lim /x“ u|>8 u|1+2s/p r(tu+1—t)) dtdu.

e 1
g 7 ) i
:bLS/’i ! lim /Xr—f>r£‘r_;‘1+zs/P/(Ft+(l—t)r)(r—r)dt
0

Now the idea is to take out the limit in the identity above, and use Funibi theorem to arrive at the
result. To do so one needs to regularize the integrand. For that we fix 6 small so that 1 —26 >0
and we consider the function ¢ € C°(1—268,1+26) suchthat 9 =11in (1 —6,1+06). Replacing
w) by ' = (1—@)u’, + u’_in (??) we get

)(1—
/rs )drfbls/dr lim /}ql M>EW/p r(tu+1—t)) dtdu

u' (1 —u)
+b1s/dr/ ’l—zt’lizs /p r(tu+1—t))dtdu:=Jy+ J,. (1.7.2)
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Define F, € C°(1 —28,1+28) by

1

Fy(w) = @i, (1 =) [ p' (rlou-+ 1 1)) i,

0
We then have that

u' (1 —u) F.(1)—F.(u
/%|1 u\>8(p + |1+23 /p tu+1_t)) dr = / 1(_)M|N+(2s)du
{[1—u[>€}

Since F, has compact support, we have (see e.g [46, Lemma 2.1], )

/ F(x) = F(y) < C”Fr”CZ(RN)

T — N Y S T whenever F € CJ'(Q).

b—y|>€}

By the dominated convergence theorem

(oo} 1_
/dr lim /x“ ubg"’”* ,1+i /p F(tu+1—1)) dedu
0

e—0t

(1—
= lim dr/%“ u|>£ ”+ ‘HZS /p r(tu+1—t)) dtdu.

8%0*

Consequently, by using Fubuni’s theorem, we obtain

B . 7 ou’ (1 —u)
2Ks_Sb1S££%l+!drﬂlelM|>£|1|1+25/p tu+1_t)) dtdu

(e} 1_
+sb1,s/dr/ ’1¢)u+1+2c - /p r(tu+1—t))dtdu
0 R

l—u

1 o
:Sblv‘igliﬁr&/x\l—ubs u’1+2s //drp r(tu+1—t))dtdu
00
(1 (1 7
— M —u
+sb17s/ +|1+25 //d F(tu-+1—1)) di du
R 00

1 1
, (pui(l—u)/ / o)u’, l—u)/ dt
— by, 1 / » —sby d
s l’ssg& Xl1-ul>e |1 —u|!+2s tu+1—t |1 —u|!+2s ) tu+1—t “
R

_ N ou*(1—u) logu (1—¢@)u*(1—u) logu
= _Sbhsslg(r)ﬂ/xllfu|>€ 11— u[1+2 M_ld”_SbLS/ IT—u[l+ u_ldu
0
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) 7 u*logu u*logu
= sbl,sslg(l)l+/7(1u>e| |1+2Y = sby sP- V/ |1 |1+2c
0

O

Before we continue, let us make the following observation. Recall that the function f: R —
(0,00), r = r*_ is s-harmonic in (0, ), i.e,

(=A)’F.=0 in (0,4) (1.7.3)
Differentiating, at least formally, (1.7.3) in s gives
[Os(=A)1r. + (=A)*[05(-)](r) =0 in (0,00) (1.7.4)

Evaluating (1.7.4) at 1 we obtain
u*logu o s
biopy / 1= (12871 ) (1),

Thus, if one can give sense to the differentiation formula in (1.7.4), one can deduce the value of
ks by evaluating the identity at 1. In fact we only need to give sense of (1.7.4) in the neighbour-
hood of 1. This will be the aim of the following lines. Let us firs recall the following zero order
nonlocal operator introduced in [23]. Let u € Cf‘(RN ) with a > 0. It has been proved in [23]
that the map s — (—A)*u € LP(RY) is differentiable at O for all p € (1, ] and that the derivative
called the Logarithmic Laplacian and denoted by L, is given, for all x € R, by

Lau(x) = by / Wd — by / ’”( )’Ndy+pNu( ), (1.7.5)
By (x) RV\B) (x)
with .
by =nN20(N/2) and py=2log2+ 11:((11\]\,//22)) +I7(1).

To make sense of the differentiation formula (1.7.4), we regularised the function f(r) = r by
mean of the cut-off Wy € C2° ((—,—2k) U (,2k)) defined by

Wi (r) = Ge(r)pi(r), (1.7.6)
where py(r) = p(r/k). The starting point is to established the following
(=AY (@O + (=4 eLa] ()1 =0 in  2'(1/2,2). (1.7.7)

To see (1.7.7) one notices that since (-)*, ¥x € C°(R;) and dy(—A)* = Ly o (—A)*, when acted
on smooth enough functions, then

(=AY (s[Wh ()3 ) (x) = A5 [(=A)" Wi ()3 ] (x) — Lao (AP [Fr(-)3](x)  V(s,x) € (0,1) xR
(1.7.8)
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Here L, is given by (1.7.5). Next, let y € C°(0,1) and ¢ € C;°(1/2,2). Define g = x¢ €
CZ((0,1) x Ry). We multiply (1.7.8) by g and integrate by parts over (0,1) x R, to get

(AT (6)2(5) (~AY @(x), dds
(0,1)xR

—— [ MOIZ A pWdxds— [ (Bl)) @(s) (~A) o Lap() duds.

(0,1)xR (0,1)xR

We have the following estimates

: by, C(9) C(e)
—A)* < ’ d L < . 1.7.
[(=A) o(x)| < s(—5) 1+ 172 an ILag(x)| < T (1.7.9)
Since (—A)*(-)%. =0in R, we have
lim W (0, ()7 (5) (—A) (x) dxds = / 2 / 2 x)dxds =0. (1.7.10)
—»00
(0,1)xR. R

Using the definition of ¥, and the dominated convergence theorem, we easily find that

1

1
Jx6)| [ (8s[(~)i])(X)(A)“'fP(X)dXI ds=— [ 1(s) { %8y o Lag() dx] ds.
0 R

0 R
(1.7.11)

Since the maps s — [ (ds[(-)%])(x)(—A)*@(x)dx and s — [px° (—A)* 0 La@(x)dx are locally
integrable on (0, 1) (even continuous!), we have

/(9s[(-)i])(X)(—A)sqo(x)dx = —/xi(—A)soLArp(x) dx, (1.7.12)

R R

as wanted. In the next lemma we improve the identity (1.7.7) to
(=) (3[()3]) +dsLa(lw)()]-17*) =0 in 2'(1/2,2), (1.7.13)

with dg := by 5 [ W dy. Equivalently, we shall proved that

[(—A) 0 LAl ()} = diLa(L(—w0)()]-|7*) in 2'(1/2,2)
This is done by an integration by parts and using the identity (see e.g [16, Theorem 2.1.10])
(A () =dl(wg()|-[* in R (17.14)

We now prove the
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Lemma 1.7.4. Let Wy be given by (1.7.6). Then we have

/ 2 (—A) o Lag(x)dx = d / 1) (0) 1 La0(x) dix, (1.7.15)
R R

where dg := b ¢ f(;o#;msd)’-

Proof. We note that

/xi(—A)s oLa@(x)dx = ]}E?Q/Tk(x)xi(—A)s oLa@(x)dx
R R
= lim [ (—A)*(Wk(-)%)(x)La@(x)dx. (1.7.16)

k—roo
R

We start by proving the following two estimates, for all k > 2,

—2s 2s
|[(=A)Wi(x)| < C<1+ ‘i/k’st + 1+ |]1ix|1+2s +k—2s1{\x\<1}(x) + |x’_1_251{|x|>k}(x)>
(1.7.17)
and .
10 0] <€ (s + ) (1718
’ T\ L+ kxS T x k|

We start with (1.7.17). We have ¥, = ¢ (x)px(x), where pr(x) = p(x/k). Then
(—A)"Wi(x) = Gk (x) (=A)’Pe(x) = Pi(—A)’ P (x) +1(Px, Pi) ()
By the scaling property of the fractional Laplacian,
(=AY Pe(x) = k2 (=A)p(x/k),  (=A)°Prlx) = k*(—A)°p (kx).

Now for |x| < 1, we have

1P pr) )] = b1« / pk(g(_ly]’j]ﬁfy))dy <Ck %,

ly|>k

If k > |x| > 1, then
1(pr; Pre) (x) = 0.
It |x| > k then

(0 i) ()| = b1y / Pk(y)(Pk(x)l;Pk(y))dy <1
1<k |x — y| s

We thus get (1.7.17) from the above estimates and (1.7.9).
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Next, we estimate

X x5, —(x y
R

1(¥r, ()3) (%) dy

+ms/g: Bl pA»EﬁEE SLERIN

Hence by change of variable

12 (3 |<Ck~‘/"’ (Pt g /!p )l

1
<Ck' ——————+Ck*

1+ [kx|1+s 1+ |x/k|1+s”

That is (1.7.18).

Next, we put v = Lo € L (R). Then by (1.7.17) we have

-1
le < —ZS/ 2s/
|/X+ k(X)v(x) dx| <Ck Tl /k‘1+2§dx+c1< 1+’kx’1+25

1
4ok / X dx+C / 2 gy

0
s—1

—s Y -1 y
<Ck ‘s/id +CK /707
= [ERNIEE 1+ [y @
R. R,

+Ck ¥ +Ck 1.

Therefore
lim [ x] (=AW (x)v(x)dx = 0. (1.7.19)

k—ro0
R

Next, we estimate, using (1.7.18),

k™ min(1, |x 1
/I(Tk’(')s)“ J=e /1+|k = +/ T i

k™S min(1, |x|~ 1 k~*min(1, |x|~ 1)
<C dy / )gx s / d
/1 e |1+s +C T TR x
1<|x|<k

k~*min(1, x|~ 1)
C d
+ / 1+ /K| T+ x
k<|x]
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—1
—1 — — —1 —, |y|
1<|x|]<k 1<y
<CK '+ Ck*logk.
It follows that, for v = La ¢,
klim I(Wk, (-)%) (x)v(x)dx = 0. (1.7.20)
—»00

Recalling (1.7.14) we obtain
(—A)Y (Wa()) = (VL (~A) Wi +dyl (g - | "B~ I(¥5, ()5). on R\O  (1.721)

In view of this, (1.7.19) and (1.7.20), we can use the dominated convergence theorem to to get

lim [ (=) (B (L) dr = [ 1 wg) (@l Lsp(x)dx.
R

Using this in (1.7.16) we get the result. 0
We finally prove the following

Lemma 1.7.5.
21, =T%(1 +5)

Proof. Now we are going to compute the integral above. Thanks to Lemma 1.7.4 and 1.7.12

J@IODEA oWdr=d, [1( o @l Lagpdr Vo eCT(1/2,2)
R

R
Since () € C*(1/2,2)NLI(R) and 1(_..q)|-|~* € C*(1/2,2) NL{(R), we have that
(—A)*(05(-)%) (x) = dsLa (1(—wy| | ™) (%) for all x € (1/2,2). (1.7.22)

In particular, we can evaluate at 1 and use (1.7.5) to obtain

(A @OD1) = ~pyshi, / Teie=ts

.
—d
s/l+y
0

S} (=)

y y'
= _bl.s/ dy/ dy-
’ ) (l_i_y)l-‘rls ) 1+y
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After rescaling and using the formula for beta function, see e.g [101], we get

o | 1
—2K, = —sbljsp.v/“y_lycﬁf_ydy: —Sb17s/(1 _y)sys—] dy/(l —y)sy_l_sdy
0 0 0
(3+9) D(1+5)I(s)
(2—s) T(1+2s)

r
=—5*(1 —s)n—l/%vF [(1+5)T(—s)

= -T*(1+5).
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Chapter 2

Symmetry of odd solutions to
equations with the fractional Laplacian

This chapter is devoted to the paper [P2], a joint work with S. Jarohs. The exposition is as
in the original paper. The main finding of the paper is a new maximum priciple for doubly
antisymmetric functions and a corresponding Hopf type lemma. The result is used to obtain new
symmetry results for odd solutions to equations with the fractional Laplacian. It is also used in
Chapter 4 to study optimal obstacle placement problem for the second fractional eigenvalue.

2.1 Introduction

In the following, we study symmetries of odd solutions to the nonlinear problem

FMM:f@m in Q

2.1.1
u=0 inRV\ Q 1D
where Q C RY is an open set, f € C(Q x R), and (—A)*, s € (0,1) is the fractional Laplacian
given for ¢ € CZ(RY) by

s bys [2¢0(x) —@(x+y)—@(x—y)
(=AY 'o(x) = 5 |y[V+2s dy,
RN

with a normalization constant by s > 0.

Symmetries of nonnegative solutions to problem (2.1.1) have been studied in detail by various
authors (see [10, 71, 74]), where f satisfies some monotonicity and symmetry in x; and Q
is symmetric in x;. Here, we aim at investigating (2.1.1), where Q has two perpendicular
symmetries and the solution « is odd in one of these directions. For the variational framework,
see also [98, 99, 4, 5] and the references in there. To give a precise framework of our statements,
we assume the following:

(D) QC RN with N e N, N >2is open and bounded and, moreover, convex and symmetric
in the directions x; and xy. That is, for every (xi,...,xn) € Q, 1,7 € [—1,1] we have
(txl,XQ coyXN=1, TXN) € Q.

44
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(F1) f € C(Q xR) and for every bounded set K C R there is L = L(K) > 0 such that

sup |f(x,u) — f(x,v)| <Llu—v| forall u,v€K.
xeQ

(F2) f is symmetric in x; and monotone in |x;|. That is, for every u € R,x € Q,and ¢ € [-1,1]
we have f(txy,xp,...,xy,u) > f(x,u).

In this work, we consider weak solutions of (2.1.1), i.e., u € J#F(Q) ;== {v € H*(RY) : u=
0 on RV \ Q} is called a (weak) solution of (2.1.1), if

Es(u,v) = /f(x,u(x))v(x) dx forallve 75 (Q),
Q

whenever the right-hand side exists, where

(i) = bg,s / / (u(X)—ﬁc(i)if;gZ—V(y)) dxdy (2.12)
]RN RN

is the bilinearform associated to (—A)*. Here, H*(RV) = {u € L>(RV) : & (u,u) < oo} is the
usual fractional Hilbert space of order s (see e.g. [4, 5, 17]).

Denote e; := (8;j)1<j<n € RV, where §; ;= 1if j =iand O otherwise is the usual Kronecker
Delta. Moreover, for A € R, consider the halfspace

Hj ={xeR : x>} ={xeR" : ;> 1} (2.1.3)

and denote by
ria RY S RY r () =2(A —x-ep)ei+x 2.1.4)

the reflection of x at dH; 5 (4). Note that 71 o(Q) = ry,0(Q) = Q, if assumption (D) is satisfied.
We call u: RY — R symmetric with respect to H; ., if uor;; = u and we call u antisymmetric
with respect to H; 3, if uor; = —u.

Theorem 2.1.1. Let Q C RY satisfy (D), f € C(Q x R) satisfy (FI1) and (F2), and let u €
() be a continuous bounded solution of (2.1.1), which is antisymmetric with respect to
Hyo and u > 0 in HyoN&. Then u is symmetric with respect to Hy o and either u =0 in Q or
M|QQH1.OQHN‘O is strictly decreasing in x1, that is, for every x,y € QM Hy o N Hy o with x; <y we
have u(x) > u(y).

We note that Theorem 2.1.1 is not surprising in the local case, where (—A)* is considered with
s =1, 1if we have u > 0 in Hy o N Q. In this case, the conclusion follows by simply considering
the solution restricted to its part of nonnegativity and apply the usual symmetry result due to
[54]. We emphasize however, that if this positivity assumption is reduced to a nonnegativity
assumption, then in general the claimed monotonicity is not true in the local case and presents a
purely nonlocal feature. Moreover, in the nonlocal setting, we are not able to simply restrict the
solution to its set of nonnegativity. Due to this, we present in Section 2.2 below new maximum
principles for doubly antisymmetric functions to certain linear problems, which we believe are
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of independent interest.

Let us emphasize that if u € L*(R") is antisymmetric with respect to Hy p, it follows that for
any x € Hy o, such that u is regular enough at x, we have with a change of variables

1 1
=y =l

(A ulx) =ty Jim [ (o —u()

e—07T

y)’N_i_QS) dy= (_A|HN,0)SM(X)7
HN.O\BS(X)

where (—A|g,,)* denotes the so-called spectral fractional Laplacian (c.f. [18] for s = 1/2).
In particular, this difference of the kernel function does not meet the assumptions needed to
conclude the symmetry result by a restriction to Hy o and applying statements of [74].

In the particular case, where Q = B;(0) is the unitary ball, it was shown in [41] that the second
eigenfunction of the fractional Laplacian in B; (0), denoted by ¢,, is odd and can be chosen to be
positive in {xy > 0}. Due to the regularity of ¢,, Theorem 2.1.1 yields that fori=1,...,.N—1
we have

i. ¢ is symmetric with respect to H, o (see also [70]) and
ii. ¢2fy,>0) is decreasing in x; > 0.

We emphasize that such a statement already follows due to [41] combined with [38], since
thus the second eigenfunction can be written as a product of the first eigenfunction with a
homogeneous function.

To give a more generalized application of our results to a class of nonlinear problems, we
consider for 1 < p < % the minimization problem

(2.1.5)

s
M p(Q) = EIJI%l}%Q
ucsty

S8 (Jolutlr ax)”"

Clearly, the minimizer exists and is a solution of (2.1.1) with f(x,u) = |u|P~%u (see e.g. [98,
99]) and, since &(|ul, |u|) < &(u,u) it can be chosen to be positive. For more information
about the minimization problem (2.1.5) we refer to [82]. In the local case s = 1, this is a well
known problem, see e.g. [49, 76]. If Q satisfies (D), then it follows that this minimizer is also
symmetric with respect to the symmetries of Q (see [71]). In this case, we can also consider the

minimizer in the set of J;’()-functions, which satisfy u = —uory o, that is
&,
hip(Q):=  min ) . (2.1.6)
Ao (folutx)lP dx)
u=—uory

In the next theorem, we prove that minimizers of (2.1.6) have constant sign in QN Hy ¢ and in
the particular case p = 2 we also prove a simplicity result for A, p(Q).
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Theorem 2.1.2. Let 1 < p < 25 with N > 2 and let Q C RY satisfy (D) with dQ of class C"*\.
Then there is a nontrivial solution u € J;(Q) of

{(—A)su = lip(9)|u\p72u in Q

(2.1.7)
u=20 inR¥\ Q

which is continuous, bounded, and antisymmetric with respect to Hy . Moreover, u is of one
sign in QN Hy o and hence it is symmetric with respect to H) o and M’QﬂHl,OmHNVO is strictly
decreasing in x1. In particular, u can be chosen to be positive in Hy N Q. Furthermore, if p =2,
then the minimizer is unique up to a sign.

The existence, as mentioned above, follows immediately from a minimization problem. More-
over, by the known regularity theory it follows that indeed we have u € C*(Q) N C*(R"), see
e.g. [94, 57]. We show here that this minimizer can actually be chosen to be nonnegative in
QM Hy and thus the conclusion follows from Theorem 2.1.1.

The Chapter is organized as follows. In Section 2.2 we give the framework for supersolutions
and maximum principles used later on. Section 2.3 is devoted to prove Theorem 2.1.1 and in
Section 2.4 we show Theorem 2.1.2.

Notation The following notation is used. For subsets D,U C RY we write dist(D,U) :=
inf{|x—y| : x€ D, ye U}. If D= {x} is a singleton, we write dist(x,U) in place of dist(x,U).
For U C RY and r > 0 we consider B,(U) := {x € RN : dist(x,U) < r}, and we let, as usual
B,(x) = B,({x}) be the open ball in RV centered at x € RN with radius r > 0. For any subset
M C RV, we denote by 1, : R¥Y — R the characteristic function of M and by diam(M) the
diameter of M. If M is measurable, |M| denotes the Lebesgue measure of M. Moreover, if
w: M — R is a function, we let w™ = max{w,0} resp. w~ = —min{w,0} denote the positive
and negative part of w, respectively, so that w =w" —w~. Finally, H; ; and ri 5, are as defined
in (2.1.3) and resp. (2.1.4) fori € {1,...,N} and A € R. Finally, Q C RN is always an open set
satisfying (D).

2.2 A linear problem

For this section, we fix A, € R and denote H; := H; , and Hj := Hy 5. Similarly, ry :=ryy

and rp :=ry 5. We call w: RN — R doubly antisymmetric (with respect to Hy; and H,), if
wori=—-w inR fori=1,2.

Moreover, if U C RV is open, we let
(w(x) —w(y))?
7*(U) = {’4 € Lp,.(RY) : ps(w,U) = //’x_y’]\przS dxdy < °°}-
U RN

Note that clearly J#; (U) C H*(RY) c ¥*(RY) C #*(U). In the following Lemma we collect
some statements corresponding to the space #*(U). The proofs can be found e.g. in [74, 73,
72].
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Lemma 2.2.1. Let U C RY open and bounded. Then the following hold.
i. & iswell defined on V*(U) x A (U).

ii. If we V5(U), then also w*,|w| € ¥S(U). Moreover, if w >0 in RN\ U, then w= €
5 (U) and we have
Ew ,w) < =&(w,w).

iii. Let i=1ori=2and U C H;. If we V*(U) is antisymmetric in x;, then wly, €
V3(U). Moreover, if w> 0 in H;\ U, then w™ 1y, € G (U) and &(w™ 1y, w™ 1g,) <
—&(w,w™ 1g,).

The following Lemma gives an extension of Lemma 2.2.1.iii to the case of doubly antisymmet-
ric functions.

Lemma 2.2.2. Let U C HiNH, and w € ¥V*(U, ) be doubly antisymmetric, where U 5 =
UUur(U)Un(U)Ur(rnU)). Then v =wlyly —whlyely, € (U Ur(U)) and we
have

&s(w,v) +&(v,v) <0,

where equality can only hold if v =0, that is, if w > 0 in Hy N Hj.

Proof. First note that since w is antisymmetric with respect to H;, i = 1,2, Lemma 2.2.1 and its
proof imply w; :==wly, € »*(UUr;(U)),i,j=1,2,i% jand

pY(W”UUV](U>) < pS(W7U1,2) and éi(wl_,wl_) < _éaY(Wawl_) for la.] = 172’ i 7& .]

Similarly, also w, is antisymmetric with respect to H; (resp. w; with respect to H) and thus
also W12 1= Wwi 1H2 = W21H1 S Af/S(U) with

ps(wi2,U) < min {ps(wl,UUrz(U)),ps(Wz,UU’”l(U))}

and it holds
Ex(wy 2w 2) < — max{(g’s(wl,wiz),é"s(wz,wiz)}.

Similarly, we also have w;, » = wylye € ¥ S(r1(U)) with
Ps(Wry 2,71(U)) < ps(wa,UUr(U)).

It thus follows that v = w™ 1y, 1y, —w" lgelpg, = wi, — W:}qz € AP(UUr(U)). Using the
monotonicity of |- | and the antisymmetry of w and denoting r| » := rj ory = ry or; we have by
several rearrangements and substitutions

Cis(g(wv )+ &) // — |xw+y|vN)£zBHV(x)_v(y)] dxdy+//...+2//...

Hy H Hj Hy Hy Hy
= [ [Rn s a2 [ [P S

H, H Hy H
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(w+v)(x) —(w+v)(y)][v(x) — —(w+v) )] ©)
_// x— y|V+2s dxdy 2// ’,,2 y|N+2v dxdy
H, H) H, Hy
= [(W+V)(x)_(w+v)( )H x dxdy+ 12
’x_y’N-l-Zs
H\NH, HNH> HQ\H[HQ\H[ HZQHIHQ\HI
w+v
o [ e e [ [ [ [ [
HyNH HNH, H)\H| H,\H| HyNH\ Hy\H, H,\H| HyNH,
. (034970 = o 4w ) O () v )]
’x_y’N-l-Zs
H\NHy HINH,
I _ _wt + ot
L[ [ e o,
X—=Yy
H)\H\ H,\H|
o\ (o) - + -
R T U R T AT UER
HzﬁH1H2\H1 ’x_y| A
[—w(x) —(w+w ) )W () [—w(x) —(w=wH) MW" ()
-2 — o dxa’y—i—Z/ / —— e dxdy
[r2(x) — | ra(x) =yl
HyNH| HyNH, HZ\HIHZ\HI
+ —
H2\H1H2QH1 z y Hanle\Hl 2 y
W (x) —wm )]~ (x) —w= ()]
= [c — y[VF2s dxdy
H\NH> HyNHy
[—w™ (%) +w” )][w* (x) —w ()]
B / / X — y| V2 dxdy
Hy\H{ H)\H,
wr ()" (x) +w™ ()]
-2 / / |x y|N+2s dxdy
HZQH]Hz\H]
w(y) [—w(x) +w™ ()" ()
-2 f / ‘rz ’NHA axdy+2 [ f ) ddy
H,NH| HyNH; HZ\HI HZ\HI
~()w" w(y)
+2/ / ]rz y‘N+2s dxdy 2/ / !rz y|N+2S dxdy
Hy\H, HyNH, HyNH\ Hy\H,
w( +
w™ “w ()
/ / |x y|N+2v dxdy - / / |x y|N+2s dxdy
Hy\NH, HiNH: Ho\Hy Ho\H
\NHy HiNH, 2\H Hy\H\
y) +wt()w"(x)
+2 / / |x N dxdy

H>NH; H>\H,
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+2 / / |FZS) ‘SMS dxdy —2 / / |r2W(S; |N+2S dxdy

HyNH| HyNH, HZ\H] HZ\HI
ww(y)
5 / / )y iy +2 / / ‘rz ’N% dxdy
H2\H1 H>,NH, H>,NH, HZ\HI
wh (x)w™ (y) ()w* ()
-2 [ ] peaz [ [ R e
H|NH, HINH> HQ\HIHZ\HI
w— (x)w™ () +w ()wt (x)
+2 / / |x_y|N+2S dXdy
HyNHy Hy\H,

+ - +
+2/ / wr()w (y) — WN+(2)W dxdy — 2/ / x)w'(y) WNSS)W ) dxdy
[ra(x) — y|VH2 (x) =l
HyNH| HyNH, HZ\HI HZ\HI

[ MO W )y [ O )

|ra(x) — y[N+2s |ra(x) — y[N+2s

Hy\Hy HyNH, HyNH, Hz\ H]
W @w ()
- _2H20/Hl Hgﬁ/Hl \rz( ) y’N+2v e 21'12\/1‘11 Hz\/Hl ””2 y\N+2y dxdy
! 1
_2H2m/H1 th/Hl \x )"NHY |2 (x) _y|N+2s> dxdy
1 1
_ZHZ\/Hle\/HI |x y|N+2s_ |r2(x)—y|N+ZS> dxdy

+2 / / w b D) 2 O () gy,

HyNHy H,NH;
+ + W +
R s S B P
nix)—
HyNH| HyNH, 2 Y
+ _ - _
o [ [ OO D) 4,
\7172(?6) —y[Nras
H>,NH| HNH|
w(xw™ / /
=-2 dxdy —?2 dxd
/ / 12 (x) — |N+2s ray = |r2 |N+2s Y
HyNH| HyNH, Hz\H] Hz\H]
1 1
2 [ [ w0 (e o) A
HyNH| HyNH,

-2 / / W(X)W+(y)(|x_;|N+2s e _1y|N+2S> dxdy

H)\H| H)\H,
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wr()w™ (y) +wt ()w™ (x)
+2 / dxdy
HyNH| HyNH, |r1 (X) y‘N+2S
— — — _ + —
5 (|) : )(y) ()|§v +);v W) dy 12 / w (X)“:} ((yx)) W|N(f2>:v O 4 dy
ra(x — :
H,NH, H,NH,; 2 H,NH| H,NH, 1.2 Y
w™ ()w (y) / / w™ ()w (y)
=2 — " dxdy—2 dxd
() -V T 200~ () T
H,NH| HyNH, HyNH| HyNH,
1 1
-2 / whx)w (y - dxdy
HyMHy HynH o )<‘X—y‘N+2S "’Z(X)—)’|N+2S>
2 1412 1
1 1
-2 / / wT(xX)w (y — dxdy
HoNH, HyH o )<|x—y|N+2s |Vl,2(x)—r1(y)N+2S>
1 1
wr()w™ () +wt (n)w (x)
+2 / / dxdy
H>yNH HyNH, ()= y‘NHY
wh()w™ (y) —w™ (x)w™ ()
) / / dxdy
HyNH| HyNH, |r2 X) ( )‘N+2s
w ()w=(y) —wr()w™ (y)
+2 / dxdy
HyNH| HyNH, |r172 (X) ‘N+2s
w(x)w(y) / / n _ 1 1
=4 ——— " dxdy—4 w'(x)w — dxd
o) e 0 W O[3 ~ ) 45
H>,NH| H,NH, H>,NH| HNH|
+ - + -
42 / wt(x)w (y)—l—ngY)w (x) dxdy
HyNH, HoNH, 71 () =y
w (x)w™ () wo(w (y)
o [ avdy+4 [ [ R dva
. rial) =V T riale) =y T
»NH| HyNH\ H>,NH; HNH,
1 1
=—4 w (x)w (¥ - dxdy
H)NHy HoNH o )(|r2(x)_y‘N+2S |r12(x) —y|N+2S)
2 1412 1
1 1
—4 / / wh (x)w™ () — dxdy
AR (|x—y|N+2s 0 —5P)
1 1
wh (x)w™ wrw ()
) [ i
1 (x) — ‘N+29 y— ri2(x) — [ria(x) —yV 2 Yy
H>yNH, HoNH, HyNH HyNH,
1 1
=4 / w(x)w (y - dxdy
AR o T e )
1 1
1 1 1 1
—4 / wh()w™ — — + dxdy.
OO0 (= ~ Ty~ @ T ) 4

HyNH| HyNH,

51
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From here the statement of the Lemma follows, once we show the following claim:

1 1 1 1
- - +
|x_y|N+2x |r2(x) _y|N+2s |,,.1 ()C) _y‘NJer ’rl,Z(x) _y|N+2s

for all x,y € Hy N Hy We write

Claim:

>0, (22.1)

1 1 B 1 ( Ix—y|? )%
= yNE2 |y (x) — y|NE2 x— y[NH2s ra(x) =y

and

1 B 1 B 1 _( 71 (x) —y|? )%S
[r1(x) —yVH2 rp(x) —yVE2 i (x) —y|VE2 |r12(x) —y[? '

In the following, fix x,y € H; N H, and without loss we may assume e; = (1,0,...,0) and
e; = (0,1,0,...,0). Indeed, otherwise we may rotate the half spaces and since & is invariant

N
under rotations the situation remains the same. Then with D := ¥ (x; — y)?

r1(x) =y = (1 +31)% + (2 —y2)> +D = 4xiy1 + (x1 —1)° + (2 —y2)* + D = dxiys + [x—y|?
r2(x) = 1% = (x1 = y1)* 4+ (2 +32)> + D = 4xay2 + (x1 —y1)* + (22 —y2)> + D = 4dxoyr + [x —y[?
ri2(x) =y1* = (11 431)* + (2 +2)* + D = dx1y1 +4x2y2 + (x1 —y1)* + (22 —y2)* +D
= 4x1y) +4x2y: + [x —y|?
Thus with M := |x — y|> we have

1 1 1 1
M [ra(x) =y (x) =y N

1 M ‘
(- Ge)

1 M \¥+s M \Y+s M Tt
(G ) ) )

1 | M Tts M Tis M Tts
e ) Gte) ) ™)
M5+s dx1y) +4dxoy2 + M dxiy1 +M 4dxyy, +M

Using the notation a = 4x;y; > 0 and b = 4x,y, > 0, we may consider for fixed M > 0 the map
M Yots M N5+ M N\5+s
0P By (b 1 (ALY (M E My
Fi10,) (@.b) = 1+ o m at+M b+M
Then (2.2.1) follows once f > 0. Note that

+

| >’2V+1+s Lo\ 2t
a

N ( -
Vi(a.b)=—(5 +omz | A Y

| ¥bl+s Lo\ 2
a+b+M \btM
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Clearly, f has a saddle node at (0,0), but note that for any (c,d) € [0,)? we have

Vf(a,b) <2> >0,

so that f is increasing in any direction (c,d). In particular, since f(0,0) = 0, it follows that
f(a,b) >0 for a,b > 0. Hence (2.2.1) follows, which implies the assertion of the lemma. [

In view of Lemma 2.2.1 we may define doubly antisymmetric supersolutions as follows. Let
UCH NH;and ¢ € L*(U). Then w € ¥*(U) is called a doubly antisymmetric supersolution
of

{(_A)SW >c(x)w inU, (2.2.2)

w>0 iIlH]ﬁHz\U,
if w is doubly antisymmetric and satisfies
E(w, @) > /c(x)w(x)(p(x) dx for all nonnegative ¢ € S5 (U).
U

In the following, for an open set U C H; N H, let

&5 (u,
Awy= i o
ue ’(A%rl W)) [[ull L2(Uur (U))
uori;=—u

We emphasize that A, (U) > 4, (U Ur{(U)), where A (D) denotes the first Dirichlet eigenvalue
of (—A)* in D. Since (see e.g. [74, Lemma 2.1])

sup  Ai(D) — o0 asd — 0,
DCRY open
ID|<6
it follows also that
sup A, (U) = as|U|—0. (2.2.3)
UCRY open
U]<s
We thus can show the following version of a small volume maximum principle for doubly
antisymmetric supersolutions.

Proposition 2.2.3. Let c.. > 0. Then there is 6 > 0 such that the following is true. For all U C
H\NH, open with |U| < 6, ¢ € L*(U) with ¢ < ¢, and all doubly antisymmetric supersolutions
wof (2.2.2) it follows that w > 0 in Hy N H>.

Proof. Let c. > 0. By (2.2.3), we may fix 6 > 0 such that c., < A; (U) for all open sets
U C HiNH, with |U| < 8. Fix such an open set U and let ¢ € L*(U). Then note that we may
reflect ¢ evenly across dH;. Then we have for any with respect to d H; antisymmetric function
peHy(V),V=UUr(U)witho >0inU:

E(w9) = Ew109) + E(w 1,0 9) > [ cmx)ow)+ [ cwvpl) dx
U ri(U)
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= /c(x)w(x)(p(x) dx.
v

Here, we have used the antisymmetry of w and ¢ with respect to dH; and Lemma 2.2.1 to have
lug € A5 (U), 1,, )¢ € #5 (r(U)), and

B0 L)) = Elwori Lypon) = Ew1u9) = [clwx)o@ dr= [ comw(x)p() dx,
U ri(U)

since we extended c evenly across dHy. Then v =w" Ly, 1, —w' 1pely, € S5 (U U (U)) by
Lemma 2.2.2 and we have by symmetry

E(w,v) = /c(x)w(x)w_(x) dx — / c(x)w(x)wt (x) dx

U ri(U)
_ / c(x)(w (x))? dx— / c(x)(w (x))? dx
U r(U)

> —lljs</(w_(x))2 dx+ / (wh(x))? dx) = —Afs\|v\|iz(v) > —&(vv).
U ri(U)

Hence with Lemma 2.2.2 we have 0 < &;(w,v) + &(v,v) < 0 and this can only be true if v =
0. O

In the next statement, we give a Hopf type lemma for equation (2.2.2) similar to [43, Proposition
3.3].

Proposition 2.2.4. Let U C H N H, open. Furthermore, let ¢ € L (U) and letu € ¥*(U) be a
doubly antisymmetric supersolution of (2.2.2). Assume u > 0 in Hy N H,. Then either u =0 or
u>0in U in the sense that

essinfgu > 0 for all compact sets K C U.
Moreover, if there is xg € dU \ [0H, U dHa] such that
i. there exists a ball BC U with dBN U = {xo} and A; (B) > c and
ii. u(xp)=0,
then there exists C > 0 such that

u> Cdy in B

)

where 8 denote the distance to boundary of B, and, in particular, if u € C(B), then
—t

liming 00 V(%))
t10 15

> 0.
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Proof. Assume u # 0. Then there exists a set K C H; N H; such that |K| > 0 and such that
€ := essinfxu > 0. (2.2.4)

Let B C U be an open ball such that dist(B,K) > 0 and dBNJH; = 0 for i = 1,2. By making B
smaller if necessary, we may assume
Ar4(B) > ¢ (2.2.5)

Let yp € 7’ (B) be the solution to
(—A)SIIIB =1 in B

Recall that there exists ¢; = ¢;(N,s,B) > 0, i = 1,2 such that c;d}; < yg < cpdj,. For any a > 0,
we define
u:= I/IB—I-OCIK—l[/rI(B)—OClrl(K) and WI=U—UOTI

It is clear that wor; = —w = wor, that is, w is doubly antisymmetric. Let ¢ € 7’ (B) with
¢ > 0. Then, we have

&(w, @) = &(w, @) — &i(wors, 9)
dy dy
:/(p(x)dx—abNV‘g/(P(X)/de+ chN_,s/(p(x) / mdx

B ri(K)
+sz/(P / . WB’N+23dydx+b /dedy%—abzvc//h_m;}))w%
— by, / ’(p(r’(NJ)r)zsdxdy by, / W"(EC)(_ ;va(:i(y D dray
K) xr2(B) r1(B)xr2(B)
B / Pl “”NS/ [|x—y1\N+2s S een <1y>|N+2S - |x—r2<1y>|N+2s s rl,;(y)wﬂs}dy
+ow /x—r1 |N+25d +sz/‘%dy sz/Wdy>
/(p by s/ [\x —yI\N”“' C-n (1y) N4 x— 1 (ly) s s ”1,21()’)\1”2“} @

1 1 1
b " { + }d )
vyl (RN)/ Ix—rl(y)IN“‘JrIx—rz(y)lN“s x —rp2(y)[NH2 g
B

1 1 1 1
< ~abw, [ | - - Jav).
B/(p(X)(K aN’AK/ lx—y[NF2 =y (y) |V \X—rz(y)!N”SJr!x—l’l.,z(Y)\N”S Y
(2.2.6)
with

1 1
Ki=1+b - }d o,
+bn || VBl (RN) B/ |N+2s + x— rz(y)|N+25 + |x—r172(y)|N+25 y <
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where we have used that the boundary of B does not touch dH; U dH,. Since B and K are
compactly contained in H; N H>, it follows that

| 1 1 !
Cm i B _ > 0.
xeéf‘yeK<\x_y\N+zs =i () V2 |x—r2<y>rN+2S+!x—ruz<y>|”*25>

Since ¢, yp € L*(U), we may hence choose o large enough so that

caby, [ [ : S L ay<cun)
— , — — c(x X
v ) ey e O R0 T e 2s) Y SV

for all x € B. Consequently, equation (2.2.6) gives

E(w, ) < / c(x)@(x)yp(x)dx  for all nonnegative ¢ € .7’ (B).
B

Therefore —w satisfies in weak sense
(—A)(—w) > c(x)(~w) inB,
( ) >0 in HlﬂHz\B, 2.2.7)
—wor,=w inRN fori=1,2.
Next, consider ug := u — %w with € given in (2.2.4). Then u, also satisfies in weak sense (2.2.7)
where the nonlocal boundary condition is satisfied by the choice of €. By (2.2.5) and Lemma
2.2.3 we conclude that u > £yp > £c1d} in B. Since B is chosen arbitrary, the above implies

that u > 0 in U as stated. If in addition there is xo € dU \ [0H; U dH,| with the given properties,
the above argument yields in particular

—tv —tv
liminf 0 — TVX0)) (xo (x0)) > €lim VB = 1v(x0))
10 15 t10 s
This finishes the proof. O

> 0.

Remark 2.2.5. To put the Hopf type statement in Proposition 2.2. 4 into perspective, consider
in Problem (2.1.1) the nonlinearity f(x,u) = |u|>~2u with 2} := . the critical fractional
exponent. It was shown in [95] that there is no positive bounded solution if Q is starshaped.
Up to our knowledge, it remains an open question, if there is a sign-changing solution to this
problem. Assuming that Q is bounded and starshaped with C*' boundary and there exists a
bounded solution of (2.1.1) with f(x,u) = |u|>»2u, it first follows that u € C*(RVN) NC*(Q)
(see e.g. [94]) and the fractional Pohozaev identity from [95] implies

[ (Grsar) v do =0

IQ
However, by [43, Proposition 3.3] it then follows that if Q has additionally a symmetry hyper-
plane T and u is odd with respect to reflections across this hyperplane and of one sign on one
2
side of the hyperplane, then (W) > 0on dQ\ T. Whence, there cannot be such an odd

solution of the problem. Similarly, using instead Proposition 2.2.4, it follows that there can also
be no doubly antisymmetric solution of this problem if Q satisfies (D).
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2.3 Symmetry of solutions

In the following, we use the notation from Section 2.2 and assume Q C RY satisfies (D). More-
over, f € C(Q x R) satisfies (F1) and (F2) and let u € L*(U) N7’ (Q) be a solution of problem
(2.1.1) which satisfies uo ry o = —u. Note that by (F1) and [94] it follows that u € C*(R). For
A € R we may than define

v (x) = u(rp(x)) —u(x).

Then it follows that v, is antisymmetric with respect to Hy o and H j, hence doubly antisym-
metric, and it satisfies due to (F2)

. 2.3.1)
vy >0 lnHN70ﬂH17A\Q;L,

{(A)svl >cp(x)vy inQy = QNHyp NHy y,

e JOxu(ry (%)) — f(x,u(x))
X, ulrp 1\X))) — J X, ulx i e

cp(x) = u(ry 1 (x)) —u(x) u(ra.1(x)) 7 u(x)

0 u(rk’l(x)) = u(x)

Note that by assumption (F1) we have

sup sup |cy (x)] =: oo < oo
AeRxeQy

Finally, let A; :=sup,.qx.

Proof of Theorem 2.1.1. Assume that u is nontrivial. We apply the moving plane method to
then prove that u is symmetric with respect to H; o and decreasing in x;. For this let

Ao :=inf{Ad € (0,41) : vy >0inQ, forall u € (A,A4)}

Next note that by (D) and Proposition 2.2.3 it follows that there is € > 0 such that v, > 0
for all A € (4; —€,A;) and thus by Proposition 2.2.4 we have Ay < A; — €. Assume next by
contradiction that A9 > 0. Then by continuity v, > 0 in HyoNH, j,. By Proposition 2.2.4 it
follows that either vy, = 0 or vy, > 0.

If vy, = 0, this implies that we have u = 0 in Q\ H, 3,_,. But then, we can also start moving
the hyperplane from the left (working instead with RV \ H 1,4)» up to the same Ay. It then follows
that u has two different parallel symmetry hyperplanes, but since u vanishes outside of Q, this
implies # = 0, which cannot be the case.

If vy, > 0, let § > 0 be given by Proposition 2.2.3 according to c... Then by continuity there
is u > 0 such that and a compact set K C €, such that |Q; \ K| < g and vy, > 2p in K.
Again, by continuity, we can find 7 € (0,A4; — Ay) such that vy > u for all A € [Ag — 7, Ag]. Let
Uy :={x€Q, : v, <0}. Then, by making 7 smaller if necessary, we may also assume |Uj | < &
for all A € [A) — 7,4]. A combination of Proposition 2.2.3 and 2.2.4 gives a contradiction to
the definition of Ag.

Whence, Ay > 0 is not possible. Thus Ay = 0 and this finishes the proof. 0
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2.4 A symmetric sign-changing solution
Let Q C RY open and bounded and consider the functional
J: 5 (Q) = R, J(u) = &(u,u).

Let M :={u € H(Q) : u=—uory, [olu(x)|” dx=1} with 1 < p < ;5. Then by a
constraint minimization argument using the framework as explained e.g. in [98, 99], see also
[12], it follows that there exists such a minimizer u of J|». That is, the minimum

A

1,p :{ll'éiAI/IléDs(u,M) (241)

is attained. Similar to [12, Theorem 3.1], it can be shown that this minimizer is bounded and
then, by an iteration of the results of [94, 57], we have u € C*(Q). If in addition dQ is of class
C"1, then [94, 57] also imply that u € C*(RN).

Proof of Theorem 2.1.2. Let l; » be as in (2.4.1) and let u be the minimizer as explained in the
above remarks. In view of Theorem 2.1.1 it remains to show that u can be chosen of one sign
in Qt := QN Hyyp. In the following Q~ = Q\ QF. Assume by contradiction that u changes
sign in QT and let Q] :={x € Q" : u(x) >0} and Q := {x € Q" : u(x) <0}. We also let
Q =rno(Q]), and Q5 = ry (€5 ). By the property of u, it is clear that u < 0 in Q| and u >0
in Q, . Now let # be defined by

u=lg+|u| —lg-|ul. (2.4.2)

Then & € M, that is u € 7 (Q) satisfies o ry o = —u and
/|ﬂ\pdx:/(\ﬁ|2)p/2dx:/(1Q+|u]2+lgf\u|2)p/2dx:/|u|pdx: 1. (2.4.3)
Q Q Q Q

Moreover, we have

2
bN’Séi(ﬁ,ﬁ)
— _ 2 —
(a(x) —u(y)) (a() —7(y))* 2( dy
N/N x— y|N+2s dxdy :Q/Q x—y[V2s dxdy +2/ N/ ‘x_y‘N+25dx
RN xR X R \Q
(a(x) —u(y))* a(y))” (x)dy
_ [ W EY) / dxdy+4/ / dx
Q+[Q ‘x y‘N-&-Zs ’ _y’N—l—Zv el ‘X y‘N+2s
(lu()] = |ue(y) (Ju(x)] = Ju(y)])*
d dy dxd
/+ - y|N+25 + / — y|N+25 ray
QtxQ Q= xQ~
2 () +116))° dy+4 244
+ |X y|N+2€ + |x y|N+2Y ( o )

Q xQ+t RM\Q
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Using the notation above, we rewrite

2
[ RO,

QtxQt !x—y!N“S
(e(x) —u(y)) )* = (ux) —u(y))?
- () =u(n)” dy+2 / dxdy
QJrX/QJr |X y|N+25 Q+ Q+ |x y|N+25
X
(u(x) —u(y))” ) u(y)) u(x)u(y)
QtxQ+ QfxQf

Similarly we have

(Ju@)|—lu))* (u(x) —u(y))’ Ju(y)
/ dxdy = / 7)) dxdy+4 / ﬁdd

’x_y’N+2s ’x_ ’N+23 N+2s
Q- xQ- Q- xQ- Q; xQ5
(e(x) —u(y)) d dy+4 VY . 2.4.6
x— y[Vt2s + ’N+2; (2.4.6)
Q- xQ-
Now using that Q" = rN(Qj), j=1,2 we get
2
(Ju(x)| = u()])
/ x|V dxdy
Q= xQF
(u(x) — ¥))* = (ux) —u(y))®
/ i y’N-‘rZs d dy+ / ’x YN+ dxdy
Q- xQt Q; xQf
)? = (u(x) —u(y))?
+ / dxdy
oo |x y[N+2s
X
(u(x) —u(y)) x)u(y)
/ ’x y’N+2s d d +2 / ’N+2sd d +2 / | _ |N+2sd d
Q- xQt
1 2
(u(x) —u(y))’ u(x)u(y)
A7) dxdy —4 dxdy. (2.4.7)
QX/Q+ b=y !"NO(X) yts

Summing up (2.4.5), (2.4.6) and (2.4.7), and taking into account (2.4.4), we obtain

—4
CNS M M / / |x y|N+2s

RV\Q
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(u(x) — / / dy
= d d 2
/ - y|N+2s y- Jx— y[N¥2s

RN xRN RM\Q
Ju(y) u(x)u(y)
+8 / mdxdy 8 / ’rN 0 ) y’N-‘rQS dxdy (248)
Q+ Q.+

By a change of variable it is clear that
dy
2 —————dx =4 d
/ / x— y’N+2s r= / / Jx— y[N¥2s x
RM\Q RM\Q

Putting that into (2.4.8) gives

2
& (07
Cra (u,m)
_ (u(x) —u(y))® ! !
= | T s | o) e e e
RN xRN Qf xQf ’
(2.4.9)
Now since o ry = —i, it follows from the variational characterization of 4, () in (2.4.1)
with (2.4.9) and (2.4.3) that
AL (Q) < &(u,u) = & ! !
(@) S GET) = ) 440, [ ) [ sy
Qf xQf
=1 (Q)+4 ! ! dxd
- 17p( )+ CN75 / M(x)u(y)[|x_y|N+2s - |I"N7()(X)—y|N+2Si| xay.
Qf xQF
That is

1 1
0< / u(x)u(y) [‘x_y‘,vm ~Twol _y‘ws}dxdy <0.
QF xQF ’

Whence u =0 in Q;’ and therefore u > 0 in Q. This is in contradiction with the hypothesis. It
follows that u does not change sign in Q" and, without loss of generality, we may assume u > 0
in Q. By the strong maximum principle [43, Corollary 3.4] we have u > 0in Q7.

For the additional statement let p = 2 and let u,v be two normalized minimizers for A,,(Q).
Assume further they satisfy the sign property in Theorem 2.1.2, i.e. they are of one sign in
QN Hyp. Then, if u —v is not identically zero, it must change sign in QN Hy . Indeed, if
not, we may assume u —v > 0 in QN Hy o by [43, Corollary 3.4]. Therefore 1 = [, wdx =
2 Jonmy, urdx > 2 [ Hyo v2dx = 1 a contradiction. Note that if u # v, then also (u—v)/||u —
il 2() 1s a minimizer. But by the above argument, u — v cannot change sign in &N Hy .
Whence u = v as claimed. O



Chapter 3

A generalized fractional Pohozaev
identity and applications

This Chapter is based on the paper [P4], a joint work with M. M. Fall and T. Weth. The expo-
sition is as in the original paper. The main achievement of the paper is a generalization of the
fractional Pohozaev identity obtained by X. Ros-Oton and J. Serra in [95]. The result can be
seen as a fractional version of [90, Identity (4)] by P. Puccin and J. Serrin. We apply the result
to derive nonnexistence results for fractional semilinear Dirichlet boundary value problem with
Lipschitz nonlinearity. We also apply the identity to compute the shape derivative of the frac-
tional Dirichlet simple eigenvalues.

3.1 Introduction

Let Q be a bounded open set of class C'*! and s € (0,1). We consider the semilinear fractional
Dirichlet problem
(~A’u=f(u) inQ,  u=0 onRY\Q. (3.1.1)

Here (—A)* denotes the fractional Laplacian, which, for sufficiently regular functions ¢, is
pointwisely given by

by [20(x) —@(x+y) —@(x—Y)
(-A) e szPV/ x _y‘N+25 =5 J RS dy.

. N (¥
with by = ™ 254° l_((fs?. Moreover, we assume that

f:R—Rin (3.1.1) is locally Lipschitz, (3.1.2)

and we let F € C'(R) be defined by F(t) = [y f(s)ds. We consider (3.1.1) in weak sense. For
this we define

AP (Q) ={uc H'R"):u=0 on R¥\Q} c H*(RY). (3.1.3)

61
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Here H*(RY) is the set of those functions u for which & (u,u), with & define as in (3.1.4), is
finite. By definition, a function u € J7° () N L*(Q) is a weak solution of (3.1.1) if

&(u,v) = / Flwvdx  forallv e A5(Q),

where

(v,w) = &(v,w) _ bws // (wlx) =w(y)) dxdy. (3.1.4)

N+2s
s h ﬂ
From (3.1.2) and the elliptic regularity theory for weak solutions developed in recent years (see
[94, 102]), it follows that every weak solution u € 7’ () N L*(Q) is contained in the space
C3(Q)NCET¢(Q) for every € € (0,254 1). Here Cs( ) ={ucC(Q):u=0 in RV\QL

Moreover, it has been proved in [94] that

the function v, := = extends uniquely to a function in C*(Q) for some o > 0,

where, here and in the following, we let d(x) = dist(x, RV \ Q) for x € RV,
In the seminal paper [95], Ros-Oton and Serra introduced and proved a fractional Pohozaev
identity which states that every (weak) solution of (3.1.1) satisfies

ru+g{/%%wwG:2N/Fwyu—mhag/fmm¢n (3.1.5)

see [95, Theorem 1.1]. Here v in (3.1.5) is the unit outer normal vector field. This identity has
proved to be highly relevant in the study of (3.1.1). In particular, it yields a nonexistence result
for (3.1.1) in the case where Q is starshaped and f satisfies a supercritical growth condition,
see [95, Corollary 1.3]. Somewhat surprisingly, (3.1.5) is already useful in the linear case
f(u) = Au, as it gives valuable information on the fractional boundary derivative v, := % of
Dirichlet eigenfunctions of the fractional Laplacian (—A)*. In particular, as we shall see in
Section 4.1.1 below, it allows to show the simplicity of radial Dirichlet eigenvalues of (—A)* in
the case where € is a ball or an annulus. Moreover, (3.1.5) has been used recently in [41] to
prove the nonradiality of second Dirichlet eigenfunctions of (—A)* in the case Q = B;(0). Note
that these properties are standard in the local case s = 1, where tools like separation of variables
and ODE techniques are available.

The main purpose of this paper is to present a generalization of the identity (3.1.5) depending
on a given Lipschitz vector field X € C%!(RY,RY). We recall that every such vector field is a.e.
differentiable on RY, so its derivative d X and also divX are a.e. well defined on R". For every
such vector field, we let

X@—XM)@—W} 1
e —y[? e — y|N 2
(3.1.6)

Kx(x,y) := —= {(divX(x) +divX(y)) — (N +2s) (
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for x,y € RV, x # y, and we call Ky the fractional deformation kernel associated with the vector
field X. We will justify this name further below. Moreover, we denote by & the bilinear form
associated to the Kernel Ky, i.e,

Exy(v,w) := / /(v(x) —v())(w(x) —w(y))Kx (x,y)dxdy forall v,w € H*(RY). (3.1.7)
RN RN
Our first main result for problem (3.1.1) is the following.
Theorem 3.1.1. Let u € () NL*(Q) be a (weak) solution of the problem (3.1.1). Then we

have

F(1+s)2/(

2Q

u

dS)ZX vdx = Z/F(u)didex— Exy (u,u)  forall X € COH(RY,RY) (3.1.8)
Q

with F (t) = [y f(s)ds. Here v is the outer unit normal to the boundary and &, (u,w) is defined
as in (3.1.7).

Theorem 3.1.1 is a particular case of the following more general identity.

Theorem 3.1.2. Let u € H*(RY) such that u =0 in RN \ Q. Moreover; assume (—A)*u € L(Q)
if2s > 1 and (—A)’u € C7¥ (Q) NL*(Q) with ot > 1 —2s if 2s < 1. Then we have

u-X(—A)udx = —I? s
2Zv X(~AYud r(1+)/(

aIQ

u
E)Zx-vdx—(fx(u,u), (3.1.9)

for any vector field X € CO' (RN, RN).

To deduce formula (3.1.8) from (3.1.9) it simply suffices to use the pointwise identities (—A)*u =
f(u), VF(u) = f(u)Vu and to integrate by parts, noting that F(0) = 0. As noted already above,
the regularity assumptions of Theorem 3.1.2 are satisfied in this case as a consequence of as-
sumption (3.1.2) and the elliptic regularity theory for weak solutions developed in [102, 104].
We note that Theorem 3.1.2 generalizes [95, Proposition 1.6] where the particular vector field
X =id: RY — RY is considered. Indeed, in the case X = id, we have

bN K
2

divX =N and Kx(x,y) = (N—=2s)|x—y| ™% forx,ycR",

s0 (3.1.9) reduces to
2 [ (x-Vu)(—A)udx = —T*(1+5) (%)zx-vdx—(N—Zs) u(—A)’udx.
f It /

Q Q

This is the identity stated in [95, Proposition 1.6]. Moreover, for every weak solution of (3.1.1)
we have

Sy () = (N — 25)& () = (N — 25) / F(w)udx
o)
in this case, and therefore (3.1.8) reduces to (3.1.5).

We also note the following integration-by-parts formula, which is an immediate consequence
of Theorem 3.1.2.
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Theorem 3.1.3. Let u,w € H*(RY) be functions with u =0 =w in R¥ \ Q. Moreover, assume
(—=A)u, (—A)'w € L*(Q) if 2s > 1 and (—A)*u, (—A)’'w € C* (Q)NL*(Q) with ¢ > 1 —2s if

loc

2s < 1. Then, for any vector field X € CO' (RN, RN), it holds that

/VM'X(—A)Sde:—/VW-X(—A) udx —T*(1+5) /——X vdx— &k, (u,w). (3.1.10)

To deduce this theorem from Theorem 3.1.2, it suffices to apply (3.1.9) to u,w and u+w and to
evaluate the difference &k, (u+w,u+w) — &k, (w,w) — &k, (u,u). We note that Theorem 3.1.3
is stated in [95, Theorem 1.9] in the particular case of constant coordinate vector fields X = e;,
i=1,...,N,in which Kx = 0 and therefore (3.1.10) reduces to

/uxl.(—A)Swdx:—/wxl.(—A) udx —T%(1+5) /dY - Vidx.
Q Q

The following corollary of Theorem 3.1.1 is devoted again to problem (3.1.1) and deals with a
class of vector fields leading to the same RHS as in (3.1.5) (up to a constant).

Corollary 3.1.4. Let X € C%'(RV RN), and suppose that
(X(x)—X(y))~(x—y):c|x—y|2 for all x,y € RV (3.1.11)

with some constant ¢ € R. Moreover, let u € J¢;(Q) NL*(Q) be a (weak) solution of the
problem (3.1.1). Then we have

F(1+s)2/(d) X-vdr=c( ZN/ u)dx — (N —2s) /f Juds). (3.1.12)

IQ

Remark 3.1.5. It is easy to see that condition (3.1.11) is equivalent to
(dX(y)h)-h=c|h|*  forae.yec R" and every h € R". (3.1.13)

Applying (3.1.13) to the coordinate vectors e1,...,ey € R, we deduce that divX = cN a.e. on
RYM. We note that condition (3.1.11) is satisfied if

x—=>X(x) =cx+Y(x)+v, (3.1.14)
where v € R" is a constant vector and Y is any linear combination of the vector fields
x = YV (x) = xie; — xje;, 1<i<j<N.
In Section 3.2 we also deduce the following corollary from Theorem 3.1.1.
Corollary 3.1.6. Let X € C%'(RV, RY), and suppose that

divX(x) > ¢ and (X@®)=X(y) - (x—y) < calx—y?  forallx,yeRY (3.1.15)
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with constants c1,cy € R. Moreover, let u € 7 () NL*(Q) be a (weak) solution of the prob-
lem (3.1.1) with a nonlinearity f satisfying (3.1.2) and F(t) = [y f(s)ds > 0 for t € R. Then we
have

I'(1 +s)2/ (%)ZX vdx < /<2czNF(u) —[2¢1 - (N+2s)cz]f(u)u>dx. (3.1.16)
20 Q

In particular, if f(u) = |u|P~2u for some p > 2, then

F(1+s)2/(%)2X-vdx§<
aQ

ZCZN

— [2¢1 - (N—|—2s)cz]> /yu|de. (3.1.17)
Q

Corollary 3.1.6 gives rise to the nonexistence of nontrivial solutions of (3.1.1) in the case where
u f(u) = |u|P~2u is a homogeneous nonlinearity with supercritical growth. In particular, the
following non-existence result is an immediate consequence.

Corollary 3.1.7. Let X € CO'(RY,RV) be a vector field satisfying (3.1.15) with some constants
cy>0andc; € (%,czN}. Moreover, suppose that

2N
0 _(N+2s)

&)

O<s<(?—g), p>
2

and let u € ¢ (Q) NL*(Q) be a (weak) solution of the problem
(=AYu=|uPu inQ, u=0 onRV\Q (3.1.18)
If X-v>0o0ndQ, thenu=0.

If (3.1.11) holds for a vector field X € C%!(RN RV) with some ¢ > 0, then, by Remark 3.1.5,
condition (3.1.15) holds with ¢ = ¢, and ¢; = N¢;. In this case, Corollary 3.1.7 reduces to the
following statement.

Corollary 3.1.8. Let X € C%' (RN, RY) be a vector field satisfying (3.1.11) for some ¢ > 0.

Moreover, suppose that
2N

> [
P~ N2y
and let u € J§(Q) NL*(Q) be a (weak) solution of problem (3.1.18). If X - v > 0 on dQ, then
u=0.

N >2s and

Example 3.1.9. We briefly discuss applications of Corollaries 3.1.7 and 3.1.8 to some specific
domains.

(i) In the special case X = id, Corollary 3.1.8 yields the nonexistence of nontrivial solutions of
(3.1.18) for starshaped domains, as stated in [95, Corollary 1.3].

(ii) A specific example of a non-sharshaped domain Q C R? to which Corollary 3.1.8 applies is

given by
Q={xe R? : x%—i— 10(x%+x1)2 <1}
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Here, we choose the vector field
X :R*> > R?, X (x1,x2) = (5x1 — 4x2,5x3 +4x1),

so X = 5id —4Y!'? with the notation of Remark 3.1.5. Hence (3.1.11) is satisfied with ¢ =
5. Moreover, a careful estimate shows that X - v > 0 on dQ (see Figure 1). In [92, p. 92],

0.5

0.5

Figure 3.1: Domain Q and flow lines of the vector field X.

further (non-explicit) examples of non-sharshaped domains Q C R" and vector fields X of the
form (3.1.14) for some ¢ > 0 satisfying X - v > 0 on dQ are given in the context of the Dirichlet
problem for the classical local equation —Au = |u|P~?u.

(iii) We consider N > 2 and, for € € [0, 1), the vector field X, € C%! (RN, RV) given by X (x) =
(x1,x2,...,xy), which satisfies divX; =N — 1+ ¢€ and (X(x) —X(y)) - (x—y) < |x—y|* for
x,y € RV, Hence (3.1.15) is satisfied withcy = l and ¢; :=N— 1 +¢€ € [%,QN]. Consequently,
for any bounded domain  C R satisfying

Xe-v>0 on 0Q, (3.1.19)

Corollary 3.1.7 yields nonexistence of nontrivial solutions to (3.1.18) if 0 < s < min{1 ,% —
l1+¢}and p > % To give specific examples, we restrict our attention to rotationally
symmetric domains of the form

N
Q={xcR": g(x%)+1<2x% <0}
(=2
with k¥ > 0 and a C2-function g : [0,%0) — R having a simple zero at some point 7 > 0 with the
property that g < 0 on [0,r) and g > 0 on (r,%). Then Q is a bounded domain of class C, and
it can easily be shown that (3.1.19) holds for € > 0 sufficiently small, so in particular for € = 0.
As an explicit example in dimension N = 2, we consider the non-starshaped domain

Q={xeR?: 37 -5x]+:0 -1 +4* <0}

In this case, a careful estimate shows that (3.1.19) holds with € = % (see Figure 2 below).
Hence Corollary 3.1.7 yields nonexistence of nontrivial solutions to (3.1.18) for s € (0, %) and
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Figure 3.2: Domain € and flow lines of the vector field X .

p> 17425,. A related study of non-starshaped rotationally symmetric domains in the context of

the second order semilinear elliptic PDEs is contained in [85, Section 2].

Next, we briefly comment on the proof of Theorems 3.1.1 and 3.1.2, which relies on some
integral identities and boundary estimates obtained recently by the authors in [32] to obtain a
Hadamard formula for the rate of change of best constants in subcritical Sobolev embeddings
with respect to domain deformations. In particular, this Hadamard formula applies to the first
Dirichlet eigenvalue of (—A)*. It is one aim of the paper to indicate close connections be-
tween Hadamard formulas and Pohozaev identies in the fractional setting. In fact, both in the
Hadamard formula given in [32, Theorem 1.1] and in fractional Pohozaev type identies, the
boundary term on the LHS of (3.1.8) appears. Moreover, the bilinear form &k, (u,v) related to
the fractional deformation kernel Ky defined in (3.1.6) arises as a derivative
% £—0 E(uo®dg,vodg), where & is the unperturbed bilinear form given in (3.1.4) and € — P,
is a family of diffeomorphisms RN — RY with % ‘ g:oq)«? = X, see [32] and Section 3.3 below
for more details. The connections will be further stressed in Theorem 3.3.1 below, which is a
variant of the Hadamard formula given in [32, Corollary 1.2] dealing with arbitrary Dirichlet
eigenvalues of (—A)*.

As a further application of the fractional Pohozaev identity in the form (3.1.5), we derive, in
Theorem 3.4.1, the simplicity of radial eigenvalues of (—A)*® in a ball or an annulus, and in
Theorem 3.4.3 we provide a multiplicity estimate in general (disconnected) radial open bounded
sets. The proofs of these facts are extremely simple but have not been noticed in the literature
up to our knowledge. As an application of Theorem 3.3.1, we also derive, in Theorem 3.4.1,
a rate of change formula for radial eigenvalues with respect to radial deformations of balls or
annuli.

The Chapter is organized as follows: Section 3.2 is devoted to the proof of Theorem 3.1.2,
Corollary 3.1.4 and Corollary 3.1.6. In the last section, we use the identity (3.1.8) to derive
Hadamard formula for simple eigenvalues of the Dirichlet fractional Laplacian and we apply
the latter to radial eigenvalues of bounded radial domains.
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3.2 Proof of the generalized integration by parts formula Theorem
3.1.2

This section is mainly devoted to the proof of Theorem 3.1.2. Throughout this section, let X
be a vector field of class C*'! which satisfies a global Lipschitz bound. Recall the definition in
(3.1.7) of the bilinear form &k, associated to X. We first need the following result.

Lemma 3.2.1. Let U € C*(Q) for some o > max{1,2s}. Then we have
i (UU) = —2 / VU -X(—A)Udx. (3.2.1)
RN

A similar statement has been proved under slightly stronger regularity assumptions on U in [32,
Lemma 4.2]. Here we give a somewhat simpler proof which is also consistent with the present
notation.

Proof. By symmetry of the kernel and Fubini’s theorem, we have

8k, (U,U)
— % (U(x) —U(y))2 |:diVX( )+13i\;5((y) —(N+2S) (X(x) __X(izr)l;f);_y)}d)“ly
2 |x — | lx—y
divX(x

_szhm/ / U(y))? [|x_y|§v+)2 ~(N+2s )|(_y|)N+2S(+3d dy

RV RN\B,, (y)
—szhm/ / U(y))? Vx<|x—y|*N*2SX(x)> dxdy.

RVNRN\B,, (y)

Applying, for fixed y € RN and u > 0, the divergence theorem in the domain R" \ Bu(y), we
obtain

/ K (6.0) (U () ~U ) ddy (322)
—szhrn/ / )ZM%~X(x)d6(y)dx
RN 9By, (y)
VU
—2bN§11m/ / \x ;)‘NHS X)X (x )dxdy =11 -2D.
RN RM\B,, (v)

Since U € C¥(Q) for some a > 2s, we may use Fubini’s theorem and the change of variable
(x,y) — (y,y —x) to see that

L= bNYhm / / ’x’N+2v )VU( )X (y)dydx
]RN\B
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_ b s / 2U()’>—U(y—x)_U(y+x)VU(y)-X(y)dydx

2 |x|N+2S
RZN
_ by 2U(y) —U(y—x) —U(y+x)
/ VU(y / [x|N+2s dxdy
- / VU (y _AYU(y)dy. (3.2.3)

Moreover, also by Fubini’s theorem, we have

= lmu V[ U0 U0 -0 KW X0 o)) (24)

le—yl=n
Moreover, since U is compactly supported, we may fix R > 0 large enough such that (U (x) —
U(y))? =0 forall x,y € Bg(0) with [x—y| < 1. Setting Ny, := {(x,y) € Br(0) x Bg(0) : [x—y| =
u} for 0 < u < 1 and using that U, X € C%!'(R"), we thus deduce that

p N [ U - U0)P -0 (X ) - X)) do(.y)

Pe—yl=n
— 2 [ -V -0 (K@) - X)) dolxy) = 0 7) 0,

Ny

as . — 0, since the 2N — 1-dimensional measure of the set N, is of order O(N — 1) as 4 — 0.
Thus (3.2.4) yields I} = 0, and together with (3.2.2) and (3.2.3) the claim follows. ]

Next we consider u € 7’ (Q) satisfying the assumptions of Theorem 3.1.2, and we recall that
u € C5(Q)NCY () with o > max(1,2s) by the standard regularity theory. We cannot apply
Lemma 3.2.1 directly to u since u does not have compact support. We therefore consider inner
approximations Uy := u¢; for k € N for suitable functions ¢, € C'(RV). To define ¢, we
note that, since Q is of class C"! by assumption, the signed distance function to dQ is also
of class C1'! in a neighborhood of dQ. We therefore may consider a function d € C1''(RN)
which is is positive in Q, negative in RV \ Q and coincides with the signed distance to 9 in a
neighborhood of Q. We then define ¢ € C1'' (RV) by

Gk(x) =1 - p(kd(x)).
where p € C°(—2,2) is fixed with 0 < p < land p =1on (—1,1). By [32, Lemma 2.1 and
2.2], we have, for arbitrary u € 7’ (Q),
UG — u in 5 (Q) and &k, (uGk, ug) — &k, (u,u) as k — oo, (3.2.5)

Indeed, the latter is true for more general kernel functions (x,y) — K(x,y) in place of Kx as
long as (x,y) — K(x,y)|x — y|¥*2 defines a function in L*(RY x RY). To complete the proof
of Theorem 3.1.2, we need, as a final tool taken from[32], the following limit identity.
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Proposition 3.2.2. We have'

lim [ V(ug) -X(u(—A)SCk—I(u,Ck)) dx = r(12+s)2 / (%)Zx-vdx, (3.2.6)
Q Q
where ,
g ) = 2 [ (02 “’iyz);%’;(j;) —a)) 4, (3.27)
RN

Proof. As stated in [32, Prop. 2.4 and Remark 2.5], the identity (3.2.6) holds for functions
u € C5(Q)NCL.(Q) satisfying, for some & > 0, the following regularity properties:

u _
EeC"‘(Q) and  d'"*V(

u
ds
The first property is satisfied under the assumption of Theorem 3.1.2 by the regularity theory in

[42]. Moreover, the gradient estimate for % holds as well in this case, as proved in [42].
Hence the identity (3.2.6) holds if u satisfies the assumptions of Theorem 3.1.2? O

) is bounded in a neighborhood of dQ. (3.2.8)

We may now complete the

Proof of Theorem 3.1.2 . Applying Lemma 3.2.1 to Uy = ug, we find that

ng (Uk,Uk) = —Z/VUk -X(—A)sdex = —Z/VUk ~X(—A)5dex for k € N.
RN Q

By the standard product rule for the fractional Laplacian, we have
(—A)’Ur = g (—A) ’u~+u(—A)’ g — I(u, ) in Q

with I(u, ;) given in 3.2.7. We thus obtain

(goKX(Uk,Uk) = —2/ngUk-X(—A)sudx—2/VUk-X(u(—A)Sgk—I(u,gk)> dx,
Q RN

- —Z/Q,fVu-X(—A)Sudx—Z/VUk-X<u(—A)Sgk—I(u,gk)) dx
Q RN

72/unggk-X(fA)Sudx.
Q

Since (—A)*u € L*(Q) and u € C;(L2), we easily find, by definition of {, that

/unggk -X(—A)’udx —0 as k — oo. (3.2.9)
Q

INote that sign of the RHS of (3.2.6) differs from [32] since the inner unit normal is used in [32]

2In [32, Prop. 2.4], the property ug; € Cg 1 (Q) for all k is unnecessarily stated as an assumption. Only the bounds
3.2.8 and the C"!-regularity of the functions & are used in the proof.
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Taking the limit into the identity above and using (3.2.5), (3.2.6) and (3.2.9) we deduce

k—>o0

Exy (u,u) = lim ¢ (u) = —2/VM'X(—A)Sudx—F2(l +s)/ (%)ZX -vdx. (3.2.10)
Q 90
The proof is finished. O

Next we give the

Proof of Corollary 3.1.6. As noted in Remark 3.1.5, it follows from assumption (3.1.11) that

bN7SC

2
Hence for every weak solution u € 75’ (Q) N L™ (L) of (3.1.1) we have

divX =cN and therefore Kx(x,y) = (N—2s)]x—y| ™% forx,y c RV,

Exy (u,u) = ¢(N —25)8 (u,u) = c¢(N —2s) /f(u)udx.
Q

Therefore (3.1.8) reduces to (3.1.12) in this case, as claimed. ]

We close this section with the

Proof of Corollary 3.1.6. We first note that the second condition in (3.1.15) implies that
(dX(y)h) -h<coh|>  forae.yeRY andevery h e RV, (3.2.11)

Applying (3.2.11) to the coordinate vectors ej,...,ey € RY and combining the result with the
first condition in (3.1.15), we deduce that

¢ <divX <N ae. onRY. (3.2.12)

In particular, this implies that

for x,y € RV,
Hence for every weak solution u € 775’ (Q) NL”(L) of (3.1.1) we have

Ey (u,u) > [2¢1 — c2(N +25)] & (u,u) = [2¢1 — c2(N +2s)] /f(u)udx.
Q

Since F(u) is nonnegative in Q by assumption, we thus conclude from (3.1.8) and (3.2.12) that

(1 +s)2/ (%)ZX-vdx: 2/F(u)diVde—£’x(u,u)
2Q Q
< /<2C2NF(M) - [2¢; —cz(N+2s)]f(u)u)dx,
Q

as claimed in (3.1.16). Moreover, (3.1.17) is a direct consequence of (3.1.16). ]
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3.3 A Hadamard formula for the fractional Dirichlet eigenvalue
problem

Let Q C RY denote a bounded open set with C'"!-boundary. From now on we fix £ > 0 and a
family of deformations {®; } ec(—en,ep) With the following properties:

&, € CYH(RY;RY) for £ € (—1,1), &y = idgw, and

(3.3.1)
the map (—1,1) — C"(RY,RY), & — @, is of class C*.

By making & > 0 smaller if necessary, we may then assume that ®, : RY — R" is a global
diffeomorphism for € € (—&, &), see e.g. [28, Chapter 4.1]. For € € (—¢&),&), we write
Qe =P, (Q).

The aim of this section is to establish the following rate of change formula for Dirichlet eigen-
values of the fractional Laplacian with respect to the domain deformation given by ®;.

Theorem 3.3.1. Consider a C'-curve
(—&0,80) = 5 (Q), € Ug
with the property that, for every € € (—&, &), the function
Ve i=ug o, € AP (Qe)
is a nontrivial weak solution of the Dirichlet eigenvalue problem
(=AY ve =A(e)ve inQe, ve=0 inRV\Q, (3.3.2)

for some A(€) € R. Then the function € — A is of class C' on (—¢&y,€&), and we have the
identity

D149 fyo (u/d?)* X - vx
e:O)L (€)=- (}2 u?dx

with u := ug and the vector field

X

X::(9g

e € CHY(RN RY). (3.3.3)
£=

For the proof of this theorem, we introduce some notation. In weak sense, the eigenvalue
equation for v, reads

& (ve, @) = lg/ve(pdx for all @ € 7 (Qe). (3.3.4)
Qe

Using the fact that the map

Ay Q)= A (), y yod;!
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is a topological isomorphism, we may rewrite this property, by means of integral transforma-
tions, in the form

&% (g, @) = A(€) / ue@lace, dx  forall p € A3 (Q). (33.5)
Q

Here Jacg, denotes the Jacobian determinant of the map @, € C'!(RY  R"), and
1 \y
£ 0.0) =5 [ 00 =) (0w~ e0)Kelx)dxdy  forn @€ AF(Q)  (36)
R2N

with the kernel

Jace, (x)Jaca, (v)
7| De (x) — Pe(y) [N T2

for € € (—&p,&). (3.3.7)

The first step in the proof of Theorem 3.3.1 is the following lemma.

Lemma 3.3.2. (i) The map
(—&0,80) X I (Q) x AT (Q) — R, (g,v,w) = & (v,w)

is of class C' with

E(vw):=0de|  EF(v,w) = E9 (u,v) (3.3.8)

e=0
forv,w € JG(Q), where X is given in (3.3.3) and the kernel &x (v,w) is defined in (3.1.7).
(ii) The map
(—e0,80) X [2(Q) x [X(Q) R, (£,m,w) — / vwlace, dx
Q

is of class C' with

O¢

. /vavapg dx = /vwdivX dx  forv,we L*(Q).
=l
Q

Proof. We only give the proof of (i), the proof of (ii) is similar but easier. We first note that, by
direct computation, we have

¢

i (|x— YV (x, y)) (3.3.9)
(X(x) =X (y))(x—y)

=bys { (divX (x) +divX (y)) — (N +2s) — } =2lx— y|N+2SKX (x,)
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uniformly in x,y € RY. Next we consider the space £ (.7 (Q)) of continuous symmetric
bilinear forms on .’ (€2), which is endowed with the norm

[b(v,w)]

(Ve [[wll e

1]l 2 := sup{ vw e A5(Q)\ {0}

It then suffices to show that
the map (—&y, &) — L2(HF(Q)), € — &F is of class C! with Oc|,_&° = &,  (33.10)
where & is defined in (3.3.8). To see the differentiability at € = 0, we note that, since
Ke(x,y) — by slx =y V7 —2Kx (x,y) = o(g)[x—y| '

by (3.3.9), we have, for v,w € S (Q),

EE(v,w) —E(v,w) — & (v,w)

/ (v(x) = v(3)) (w(x) = w(y)) (Ke (x,5) = ewslr =y ™V 72 = 2Kx (xy) ) dxdy
R2N

1

T2

—o(e) [ () v wl) = W) Kol y)dady < o(@)|1vl ]y
R2N

as € — 0, where o(¢) is independent of v and w. Consequently,

|&EE(v,w) — E(vyw) — E(v,w)|

ol Tl

6%~ & — e8| 42 = sup{ Svw e 5 (Q)\ {0} =ofe),

and this shows that the map € — &¢ is differentiable at € = 0 with Jde ‘ N &€ = &. For g €
(—&o, &) different from 0, the same argument shows that € — & is differentiabe at €,, where
88‘8:8 &€ has the same form as 38‘520 &% in (3.3.8) with X replaced by X, := 38‘525 o,

Finally, the continuity of the map

(—&0,8) = LA (Q)), &> 0|, &5

E=E&

follows in a straightforward way from the fact that the map
(—&0,80) — L°(RY xRY), & [x—y[N ™Ky, (x,y)

is continuous. The proof of (3.3.10) is thus finished. ]

We may then complete the

Proof of Theorem 3.3.1. Since A(g) = _E (e te)

T Joulace, dx
that the map € — A (¢) is of class C!. So we may differentiate the equation

for € € (—&, &), it follows from Lemma 3.3.2

£ (g, ug) = A(€) / WXace, dx,
Q
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at € = 0, noting that

a{;‘ gg(ug,ug):g(u7u)+2g(ag|gzoue,u)
=0
and
a&‘ 8:0(1(8>/M§J3C¢8dx) = (88’8:0}”(8»/Mzdx+2k(o)/<a£}g:0"e)(de+7t(0)/u2didex,
Q Q Q o
Since

8 (e _gtert) = 2(0) [ (e ot Jud
Q
as a consequence of (3.3.5), we deduce that

&) = (9],_y2(2)) / W dx+2.(0) / WdivX dx.
Q Q

On the other hand, the generalized Pohozaev identity (3.1.8) for u gives, with F(u) = %uz,

ds

/ Kx (x,y) (u(x) —u(y))? dxdy = ).o/uzdidex—F(l +5)? / (l)zx -vdx
R2N Q 0Q

Recalling (3.3.8), we conclude that

T(145)% f5q (u/d*)* X - vdx

O]y () = - s ,

as claimed. O

3.4 Application to the radial eigenvalue problem
In this section we study the eigenvalue problem
(=A)P*w=puw inQ, u=0 inQ°, (34.1)

among radial functions. For this, we let H; ;, denote the subspace of radially symmetric func-
tions in the space 7’ (Q). By definition, a function w € H? , is an eigenfunction of (4.1.1)
corresponding to the eigenvalue u if

Ei(w,v) = 1(Q) / wEw)dx  forall y e HY, . (34.2)
Q

In the following, we will call u a radial eigenvalue for u if there exists an eigenfunction w €
H} , for p. Itis a well-known fact that the radial eigenvalues of (4.1.1) form an increasing
sequence of numbers 0 < f; < tp < pz < --- " +oo, counted with possible multiplicity.
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While the simplicity of t; is a classical fact (see e.g [55]), the same property seems unavailable
in the literature for higher eigenvalues. In this section, we shall show, by means of the fractional
Pohazaev identity (3.1.5), that all radial eigenvalues are simple in the case where € is a ball or
an annulus in RV,

For a related question, we refer to [50] where for Q = R" simplicity result has been obtained
for Schrédinger operator with a increasing radially symmetric potential. The second aim of this
section is to derive, from Theorem 3.3.1, a Hadamard formula for the dependence of the k-th
eigenvalue [ on the inner and outer radius of Q.

The following is the main result of this section. Here and in the following, we identify a radial
function u = u(x) with the associated function u = u(r) of the radial variable.

Theorem 3.4.1. Let 0 < iy, < roye < oo and suppose that either
Q=B8B,,(0) or Q =A(Fipn,Tour) :={x € RY : rin < |x| < Four }-
Let k > 1 and let Ay be the k-th radial eigenvalue of (4.1.1). Then we have:
(i) M&(Q) is simple.
(i) A depends in a differentiable way on r,,; with

78

a”'out

= —T(1+5)*1S" 0 v (row)- (3.4.3)

Moreover, in the case where Q = A(Finn, Four), A depends in a differentiable way on riy,
with
78

arinn

=T(1+5)2S" [ i (rinn) (3.4.4)

Here u € H: , is the (up to sign unique) L?*-normalized eigenfunction associated with Ay,
and , is the continuous extension of s to €, as before.

Notice that the statement of the theorem is new for k > 1 but is already known for k = 1. In fact,
as we already mentioned above, the simplicity of the first (radial) eigenvalue is a classical fact,
while the identities (3.4.3) and (3.4.4) follow from [32, Corollary 1.2] in this special case.

In the case N = 1 the annulus A(riy,, 7o) is a disconnected set. It is therefore natural to ask
whether at least a weaker variant of Theorem 3.4.1 still holds on other disconnected radial open
sets. The following result gives a partial answer to this question.

Theorem 3.4.2. Consider, for some n € N, real positive numbers

0<rilnn<r{1mt<r12nn<r3ut<"‘<r;;zn<’ﬂut<°°

o

and suppose that either

n

n
Q=B (O)UUA(r;nn,rlom) or Q:UA(r;nnvrlom)-

out
i=2 i=1

Then every radial eigenvalue of 4.1.1 on Q has multiplicity at most n.
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Note that Theorem 3.4.1(i) is a special case of Theorem 3.4.2. In the following, we therefore
give the proof of Theorem 3.4.2 first and then add the proof of Theorem 3.4.1(ii).

We start by noting the following direct consequence of the fractional Pohozaev type identity
(3.1.5).

Proposition 3.4.3. Consider, for some n € N, real positive numbers

0<rl <yl

out

<r <r

out

<< rmn < rom < oo

mnn mnn

and suppose that either

'Q‘ B (O)UUA(r:nnvr;)ut) or Q UA mn7 out)

& i=2 i=1
Moreover, let u € H; , be a solution of (4.1.1).
(i) We have

u=0 if and only if Yy ( ()ut) WM( out) = WM(rZLtt) =0. (3.4.5)

(i) If Q = UA( Fipms ri ), then

SN 11‘* 1+ 2 n ; ;
Q/u dx = ||2s§JS);<(rout) q/u( out) (rinn) lI/u( mn)) (346)

(iii) IfQ:Br}, ( )U UA( Tinn out) then

/ 12 dx = (3.4.7)
Q

SN71 (1+ 2 n ; ; ;
‘ ’2S5.l S) ((rtl)ut) V/u( ()ut) Z(roul) WM( (Jut) (rinn)Nq/If(rinn))'
i=2

Here, as noted before, we write u and y,, as a function of the radial variable.

Proof. Applying (3.1.5) with f(u) = pu and F(u) = Su?, we obtain

I(1+s)? u\?
2
dx=—=2 [ () xvdo(x), 348
/u X 251l / )XY o(x) ( )
Q IQ

where, as before, v denotes the outer unit normal on dQ. The formulas (3.4.7) and (3.4.6)
follow directly from (3.4.8) and the radiality of u in view of the fact that the outward unit
normal v on dQ is given by

if |x| =1, forsome i€ {l,...,N};

X
m out

- = if |x| = r},, forsome i € {1,...,N}.
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To see (3.4.5), we note that u = 0 trivially implies v, (. ,) =0 fori = 1,...,n. On the other
hand, if y,(rf,) =0 fori = 1,...,n, it follows from (3.4.7) and (3.4.6) that [, u*dx < 0 and
therefore u = 0. Hence (3.4.5) follows. L]

We may now complete the

Proof of Theorem 3.4.2. Let, for u >0, V, C H; , denote the space of radial solutions of the

eigenvalue problem (4.1.1). From (3.4.5), it follows that the linear map

GV B 0w = (Vb))

is injective. Hence the space V), is at most n-dimensional. It thus follows that every positive
eigenvalue u of (4.1.1) has multiplicity at most . O

In the remainder of this section, we give the

Proof of Theorem 3.4.1(ii). We only prove the differentiability of A; as a function of r,, and
the formula (3.4.3), the differentiability as a function of r;,, and the formula (3.4.4) follow in a
similar way.

We fix 0 > 0 with § < r,, incase Q=B,,,(0) and 0 < ryyr — ripy in case Q = Q = A(Tinn, F'our)-
Moreover, we let 2 € C'"'(RY RY) be a vector field with

) )
forx € A(Four — = rowr + =)

X(x) > >

N
and
X=0 inRN\A(rout_6ar0ut+5)'

For £ € R, we now define ®; € C1'(RV RY), & (x) = x+ X (x). Then @, satisfies the as-
sumptions (3.3.1), so we may fix & € (0, g) sufficiently small so that ®, : RY — RV is a global
diffeomorphism for € € (—&, &). Moreover, for € € (—&), &), we write Q, = P (Q). By our
choice of 0 we have

Q¢ =B,,,+¢(0) if Q=8 (0) (3.4.9)

and
Q¢ = A(Finny Towr + €) it Q=AFimn,Tou)- (3.4.10)

Next, for € € (—g,&), we let A(€) denote the k-th eigenvalue of (4.1.1) on Q = Q.. By
Proposition 3.4.3(i), there exists a unique eigenfunction ve € J4;(€¢) corresponding to A (€)
with Wy, (rou + €) > 0 and the normalization |[ue |;2(q) = 1, where we define

Ug 1= Ve 0D, for € € (—&p, &).

We claim that
the curve (—¢,&) — ' (Q), € ue is of class C'. (3.4.11)
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Once this is proved, it follows from Theorem 3.3.1 and the definition of 2" that € — A(€) is a
differentiable function with

oo (&) =—T(1+9° [ (
IQ
Thus (3.4.3) follows by (3.4.9) and (3.4.10). As mentioned before, (3.4.4) follows by a similar
argument.
It thus remains to prove (3.4.11). More precisely, it suffices to prove, using the simplicity of the
eigenvalue A (&) and the implicit function theorem, the differentiability of the map € — u in a
neighborhood of € = 0. For € € (—&), &), we define the linear maps

u

2 _ _
ds) X -vdx=—T(14)2S" 2 (rpu).

Le € X(Hjad’( }Yad),)’ [LEV]W = é"s(\;?w)
and
Je € L (HYy (Hyy)') s [Jeviw = /vava>8 dx.
Q

Here, as usual, (Hfad)’ denotes the topological dual of H? ,. With this notation, we can write
the property (3.3.5) in the form

Leu=AJeu  in (HS,)'. (3.4.12)
Moreover, as a consequence of Lemma 3.3.2, we see that the maps

(—€0,8) = L (Hogs (Ho)),  €—Le, €U

rad» rad
are of class C'. Consequently, the map
Y:(—€,&) X% (0,00) xH: ; — R x (Hrlad)', Y(e,Au) = (Hu||iz(g) —1,Leu— AJeu)
(3.4.13)
is also of class C!, and by definition we have

Y(e,A(€),us) =0 for € € (—&y, &). (3.4.14)

Moreover, we have

0xX
m(o’lyu)(u[’h‘}) = (2<M,V>L2(Q),L()V— A,V—IJJ()(I,[>

for (A,u) € (0,00) x H; , and (u,v) € R x H} ,. We claim that

)3
(A, u)

Indeed, since the radial eigenvalue A (0) is simple by Theorem 3.4.1(i), the linear map

(0,A2(0),up) € £ (R xH! ;R x (Hrlad),) is a topological isomorphism. (3.4.15)

vi= Loy —A(0)Jov

defines a topological isomorphism between the spaces {v € H\ , : (v,uq) 2@ =0} and Y :=
{o € (H,) : @(up) =0}. From this we readily deduce (3.4.15).
From (3.4.14), (3.4.15) and the simplicity of the eigenvalue A(g), it follows by the implicit

function theorem that the map € — u, is of class C' in a neighborhood of € = 0, as claimed. [



Chapter 4

Nonradiality of second fractional
eigenfunctions of thin annuli

This Chapter is based on the paper [P4], a joint work with S. Jarohs. The exposition is as in the
orignial paper. The paper deals with symmetry properties of second fractional eigenfunctions
of annuli. It is proven that for annuli with small width, a second fractional eigenfunction cannot
be radial. The latter is used to maximized the second fractional eigenvalue in annular-shaped
domains of the type B\ B where B is a fixed ball and B’ is ball whose position is varied within
B.

4.1 Introduction

Let Q be a radial open bounded subset of RN, N > 1. In the first part of this note, we are
interested to symmetry properties of weak solutions to the eigenvalue problem

(~AY¢=p¢ in @ ad @=0 in RV\Q. 4.1.1)

where (—A)* is the fraction Laplacian operator which is defined, when acted on smooth function
¢ € CZ () by

s bys [20(x)—@(x+y)—@(x—
(—A) (P(-x) — 1;7 (P( ) (P(|y|Nj/2)S (p( y)dy, XERN
RN

AST(N 4 ¢
with by ¢ = “4NF( 2 +‘s). Here, a function ¢ is called a weak solution of (4.1.1), if ¢ € J5(Q
: % ¢ 0

n2T(1-s)

and for all y € 7’ (Q) it holds that

.= [ PNV V0D i
R2N Q

As usual, 7 (Q) is defined as the completion of C*(Q) with respect to the norm || y/|| 7, (B ©=
&s(y, y). Recall here, that since Q is bounded, it follows that &; is a scalar product on .}’ (€2).

80
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Recall moreover that when © has a continuous boundary then the space 77 (Q) coincides
also with the space {v € L? (RY): &(v,v) <o and v=0 in RN\ Q}. We refer to [31,
56] for more details and for more information about fractional Sobolev spaces. By standard
theory it follows that there is an increasing sequence of real numbers 0 < A; (Q) < A24(Q) <
- Ajs(Q) <--+ 7 4o such that for each A ((Q) the equation (4.1.1) has a nontrivial solution
¢ and that the first eigenvalue A, () is simple, i.e, the corresponding solution ¢@; is unique up
to a multiplicative constant and, moreover, can be chosen to be positive. As a consequence of
the latter, it is known that ¢; always inherits the symmetry properties of the underlying domain
Q. In particular when € is radial, one obtains that ¢, has to be radial. However for j > 2, since
simplicity fails in general, it is a nontrivial task to decide whether the corresponding solutions
would inherit the symmetry properties of the domain Q or not.

A conjecture by Bafiuelos and Kulczycki (see [38]) states that when Q is a ball and j = 2, then
a solution corresponding to (4.1.1) with u = A, ((Q) cannot be radial. Several partial answers
were obtained in [9, 8, 38, 48, 78] and it is only recently that the conjecture is fully solved
in [41] by estimating the Morse index of a radial eigenfunction (see also [9], with a different
approach to prove this conjecture). The study of the Morse index of radial functions was in
particular studied in [1] for the Laplacian, that is the case s = 1, in balls and annuli. In [41] this
approach has been extended to the nonlocal framework in balls. Our first result concerns the
extension of the Bafiuelos-Kulczycki conjecture to annuli and is in the spirit of [1, 41] in annuli.
We show the following for Ag := {x e R¥ : 0 <R < |x| < R+ 1}.

Theorem 4.1.1. There is Ry > 0 such that for any R > Ry any second eigenfunction correspond-
ing to Ay 5(AR) is nonradial.

Note that due to the scaling properties of the fractional Laplacian we immediately deduce the
following corollary to this result.

Corollary 4.1.2. There is 1 > 0 such that for any T € |1y, 1) any second eigenfunction corre-
sponding to A 5(B1(0) \ Bz(0)) is nonradial.

To prove Theorem 4.1.1, the main point is to establish that any second radial eigenfunction ug
of Ag satisfies 28 (R) 28 (R+ 1) < O for R sufficiently large. Once we have this, one can argue
exactly as in [41] to conclude the proof of the Theorem. As already mentioned in [41], such
property cannot be proved by using the classical Hopf lemma since ug is sign changing; and it
also does not follow from the fractional Pohozaev identity (see e.g [104]) either. To obtain the
latter, we use compactness argument to show that, along some subsequence, Yy := w — %
in C°(]0,1]) where ¢ is a second eigenfunction of the unit interval (0,1). From there we de-
duce the claim since the limiting problem has already the desire property by the result of [41].
We note that indeed we expect the conclusion of Corollary 4.1.2 to hold for any 7 € (0, 1), and
thus we only give here a partial answer.

Our next results concerns the maximization of A,  of certain shifted annuli. To be precise, given
7 € (0,1) we aim at finding

sup 2,(B1(0)\ Be(a).
aEB],T(O)
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For the classical case of the Laplacian the corresponding problem was studied in [39], where it
was proven that concentric spheres maximize the second eigenvalue, i.e. Sup,ep, (o) A2,1(B1(0)\
B:(a)) = A2,1(B1(0) \ Bz(0)). We show the following.

Theorem 4.1.3. Let N > 2 and assume any second eigenfunction of the annulus B1(0) \ B;(0)
cannot be radial. Then

22,5(B1(0) \ Bz(a)) < A2,5(B1(0) \ B:(0)) forall a € B;_(0) (4.1.2)
and equality holds in (4.1.2) if and only if a = 0.

Note that by Corollary 4.1.2, the assumption of Theorem 4.1.3 is satisfied when 7 is sufficiently
close to 1. To prove the Theorem 4.1.3, the key observation is that the second eigenvalue of
an eccentric annulus is always controlled by its first antisymmetric eigenvalue and that for an
annulus the two numbers coincide. These two properties allow to reduce the proof of (4.1.2)
into proving that the first antisymmetric eigenvalue of an eccentric annulus decreases when the
obstacle (the inner ball) moves from the center to the boundary of the unitary ball. To get the
latter, we use a shape derivative argument combined with the maximum principle for doubly
antisymmetric functions that we established in [34]. We refer to Section 4.6 for more details.

The Chapter is organized as follows: Section 4.2 and 4.3 contains preliminaries results that
will be used later in Section 4.4 to obtain uniform Holder estimates of the fractional normal
derivative. Section 4.5 is devoted to the proof Theorem 4.1.1 and in the last Section we prove
Theorem 4.1.3.

4.2 Preliminary results

LetI'(z) = [y " le™" dt, z > 0 be the Gamma-function. In the following, we use strongly the
identity

r  T(a)T(b)
fi b>0.
0/ T mye® = Tlagp) Oreb>

Lemma 4.2.1. Let N € N, N > 2, s € (0,1), and consider the function

1 N-3
o [0 T ) " an. 150
¢:[0,1] =R, o) = o (R
(3 +s)r(%1)

F(NJEZS) )
Then the following holds.
(i) If s> 3, then @ € CO1([0,1]).

(ii) Ifs € (0,1), then @ € C®%([0,1)).
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iii) If s =1, then ¢ € C%°([0,1]) for all € (0,1).
2

In particular, ¢ € C*+9([0,1]) for some 8§ = §(s) >0

Fi hat if N = 3, then it directly follows that ¢(0) = L) = LC5) 2
Proof. First note that if N = 3, then it directly follows that ¢( )—1_(3+22S) = Mg tE) = Tn

and for t > 0 we have

1

1 2t1+2s 1 1 2 t1+25
o=t [ L a1y 2
; (t2+h)"2 1425 \g!t=s (1+12)2 1+2s (1+12)—

so that it follows easily that ¢ € C%1([0,1]).
In the following let N # 3. We begin by transforming the integral slightly. Note that for r > 0

and with the substitution i = f(7) := {1 we find
1 N-3 N-3
_asay [(B(L=h)) > Ly [1(E —f) =
(p(t) =t 2 N+2v =t 2 N+2Y T
L) (t >>
” N3
_ 1+2s/ Tz
t - dT
) (V124 5)"F
1+25/
t -dt
S (14027152 4 (142)7)
(1425 /°° 5 .,
= T
N+2s N_1_ 2 N+2s
1+ ) (+0F 155 (2 40
1 LN o N2 7 r%
— ()T [
L (10 () 4 1)
f(tz) FTN 2 N+2s p TNT{,’
— 2 f( ) : N_|_g N+2s dt
1 1—s 2
f(?) ) (147) (F(2)+1)>
—(1-7)%'T /m TN% dt
| @ = "
where we put T = f(¢*) and used that f~!(a) fora € [0,1). Whence
N—1 _ 142s ) ’L'NT?3
o) =(1-7)5'1"% / . —
0 (1+1)2 (T+7) >
oy N-1_ N-3
- 5 T>hz~
:(1—T)”T'T1*f/ e dh
) (14 Th):"'=5(T +Th)
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N+2s

N
2
O/ 1+Th)>"1- S(l—i—h)T

that is, (7))

@(\/fI(T)) for T € (0, }]. Moreover, note that

N—
)z dh <
O/ 1+Th)21- S(1+h)N+23

=z INEERNC=
SPRLTES L

t—0

®(0) := lim®(T) :/
0

Whence @ : [0, %] — R is continuous and thus it follows that also @ is continuous. To show the
Lipschitz continuity of ¢, we use the representation via ® and consider different cases.

The case s > % Let0<A<B< % Then

1 1

¥ 1 YN _1-s dh
(14+BR) 27175 (14Ah)>

o) o)< 1) [ *
0

S}

N-3
h 2

N— N-1
+/ _dn|(1=B)"T —(1-4)"F
S (14ah)> 175 (14 "5
o N
e 1
<|——1—s|/ _ sup — dh|A— B
T xelaB) (14+xh)2~*

N-3
dh sup (1—x) 2 |A—B.

L N- 1/°°
2 S (I4an)i-t- S(1+h)””’

x€[A,B]
Clearly, using (4.2.1),
-1 p > _ N+l
/ wz dh sup (1-— >”T’SLEV2 )¢,
2 ) (1+Ah)? 3-1- S(1+h) xElALB| I'(3)

Moreover, if % = s we have sup,c 4 p) m = 1 and thus also

\ 1—s] / L

5 =S s P

NE B (14xh) 2
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< Nl N+1
N h N I'(s—3)I

R PP L R Lk A s 0
2 S (1+n)>ts 2

Whence & is Lipschitz continuous. Thus, for 0 < a < b < 1 we find with C3 = max{C;,C,}
2

pla) —05)| = o)~ a2 <0 -
Pl —el=%1ra 1+621 = P+ 1482

X
<Cs sup |7||a2—b2|§C3|a—b|,
x€la?,b?] (1 +X2)2

using that a,b < 1. Whence, ¢ is Lipschitz continuous in this case.

The case s < % We use the inequality

‘x2s7N _ y2s7N‘ <clx— y|2s (X*Z*N +y*27N> for x,y >0

foraconstantc =cgy > 0. Let0 <A <B < % Proceeding as in the previous case, we find with
the above inequality

T (1+Bh)*™ 17 — (1 + AR~ 2

dh—i—C]’A—B’

h¥+25 v y
SC1|AB|+C|AB|2‘Y/(1h)Mmax{(1+Ah)1_S_2,(lJrBh)l‘s—z}alh
Th) T
0

< hNT’3+2x
gcl\A—B\+c|A—B\25/7Mdh
5 (I+h) >

Similarly as in the previous case we find

2

9(a) = 9(b)| = | () —

b2
1+b2)" < Cala® — B2 < Cyla—b|>.
This shows the case for s < %

The case s = % Let o € (0,1). Then we have for 0 < x < y by Holder’s inequality with 1‘; =0,
1

~=1-0

q

3—N
<|

y
_ 1-o
> ”x—ylc’(/tq(%) a't)

85
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N-3 .
< ey ma {50y )
2(q(F)+1)te
3N g H,G}

|N_3| 1-o o
= (1-0o X— max{x 2
2(%—0)14( ) el

:ZC5

=

Then we find similar to the previous case for 0 <A < B <

N-3

0B - o)< [
0

3-N
2

3N 3N
(14+Bh)2 — (1+Ah)" 7 | dh+C|A - B|

oo

n'zi+o

§C1|A—B|—|—C5\A—B\°/7
) (1+m)"

max{(1+Ah)’Z ~°,(1+Bh)’2 °} dh

T opiste
1

_ 2
7(c1+c5 =y

As before we conclude that ¢ € C%°([0,1]). This finishes the proof.

A a corollary we have the following

Corollary 4.2.2. Let R > 1 and define
do
| T

(t4R)(1£r+R) (SN’I 761)

Fr:[—2,42] x[0,2] =Ry, (t,r)— Fg(t,r)=
N—1
P ol 142s
il ) (57) for r=0.

F(N-i2-2s) ’
Then, there exists C, 8 > 0 (independent of R) so that
\Fr(t,r) —Fr(t', /)| <C(|r—=r [+t —¢"*%), Vrr €l0,2] and Vit e[-2,+2].

Proof. For simplicity we let

wolrur) = \/(t+R)itir+R)

1

Since the integrand is invariant under rotation, by changing variables y = y + 1z (¢, r)ey we get

dy dy
FR(t,r) = / P / S NIE
(I+1y*) = S o (1+|y—1r(t,r)en|?) 2

TR(I,V) (SN71 7(31\/)
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dy
B / 2 ) N+2s
aegnr LT D= 2w )y en+g(t,r))

_ / dy
- Ni2s
TR(t,r)SN-1 (1 + ZTI%(t’ r) o ZTR(I’ r)y ’ eN) :

We first start with the case N > 3. Passing into spherical coordinates we get
Frlt,r) / 46 ---dBy o7~ (1,r)sinV2(6)) sin3(82) - - -sin(Oy_2)

(0 7C)N 2
2r

de
X/ ) N+27
5 (14273(t,r) —273(t,r) cos 61) 2

N+25

/” 1t r)sin¥2(0))
= 27'CCN
(1+213(t,r) —273(t,r) cos 6;) 2

N1
where cy = 1 for N =3 and cy = [y z)v-3 sinV3(6,) -+ -sin(By_2)d6y---dOy_» = g(i) for
2

N > 3. Using the change of variables i = cos 0, we obtain
+1 _
7 - dh

N2 (1 p2\1/2

4 (1 +213(t,r) —2r,%(t,r)h) = )

+1 (1 _h2)N773
=2menTy ' (t,7) v dh
4 (1+21,%(t,r)—21,%(t,r)h) ’

Fr(t,r) =2mcy

’ T 2—h)"T
=2menty B () / : -dh
0 (gumt2h) °
_ 1 _ _
s (! )1+2s/ RE(-nT
(M) “2x(1,7) / N2

N—1
T2 1
= Nl)(p<2TR ) Vie[-2,42],Vre(0,2],

(%5 (t,r)

with ¢ defined as in Lemma 4.2.1. By Lemma 4.2.1 we deduce that for N > 3 and s € (0,1),
forall r,r € [0,1] and for all 7,1’ € [-2,2],

o 1 1 1 s+6
|FR(t,r)_FR(t’r)|SC‘(p(sz(t’r))_(p<2TR(I,V))‘ ClTRtr) TR(II?F/)‘
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C‘ r r/ s+0
- ORI+ +R) /(T +R) (1 +R)
SC(Ir—r[HO e —=1Pr9),

for some 6 > 0 and C > 0 independent of R. The case N = 2 is treated similarly. O

4.3 Uniform estimates of the first and second eigenvalues of the an-
nulus Ag.

The aim of this section is to obtain a uniform control of the second fractional eigenvalue of the
annulus Ag = {x € RV : R < |x| < R+ 1}. For that, we let 1; ;(Ag) and A, ;(Ag) be respectively
the first and the second fractional eigenvalue of Agz. We start with the following

Lemma 4.3.1. There exists a positive constant C(N,s) > 0 so that
A15(AR) <C(N,s) forallR>1. (4.3.1)

Proof. Let A;4(0,1) be the first eigenvalue of the interval (0,1) and ¢; be the corresponding
(normalized) eigenfunction. Consider ®g : x — @ (|x| — R). It is clear that ®g = 0 in RV \ Ag.
Moreover

R*(N—l)/ (qDR(x)—@R(y))zdxdy

|x_y|N+2s
R2N
I —1N-1 —R)—¢i(r—R)*
-] ’NRNCIVI (on(r )~f”jv(+r23 ) g6 ddarar
0 v |re — 76|
[ LR EER]T / / d6 i
— de —drd
_4_4 RN (o7 (r+R)O— (F+ RNV
[ lr+RE+R]" / 46 )
- drdF.
wN// RV (0:(r) - (r+R)e — (F+ RGP+
_R—R N1

4.3.2)

Here wy denotes the volume of the (N — 1)-dimensional unit sphere S¥~!. On the other hand,
we have
do

de
/ R R 9N+25 = / Nt2s
V-1 ’ I’-f— )61 (l’+ ) ‘ SN-1 ((r+R)2—|—(F+R)2—Z(r—l—R)(l’—i—R)el‘9) 2

do

o (=72 REH RN —er-0))
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do

g1 ((r=P2+(r+ R)(F+R)Jer — 62)

N+2s
2

_ 1 / do
- _ =IN+2 N+2s
| — F[Nt2s <1+(r+R )(F+R) |9|2) p

SN71761

[r—F7|?
o ~|‘1‘2"' / do 4.3.3)
(r+R)'T F+R)'T (1+]62)" 5" o
(r+R)Er+R) (SN_lfe )
T !
In the following define
N-1 N-1
R)z (F+R) 7
Kn(r,7) = UFR) 2 (FHR) 2 / _ 46 4.3.4)
R (1+6p)"
(r+R)(7+R) (SV1—ey)
BT el
Plugging (4.3.3) into (4.3.2) gives
ey [ (@r(x) —Pr())?
R )/ x— y[N+2s dxdy
R2N
o /°°/°°(<P1(r)—<p1( ) (r+ R (R / do
N_ F ’r_,:’H-Zs RN-1 ~ (1+‘9|2)%
VTR -1y
l )’ : Kr ()
}" ~ ~ 2 R\ T ~
= (J)N// |r_r|1+25 KR(r,r)drdr-f-Z(DN/q)l (I") mdi’ (435)
—2-2 0 (=R2o)\(=2,2)

We know, see Lemma 4.2.1 and the change of variables in the proof of Corollary 4.2.2, that

(V+R) (r—i—R)T ' _
RV F(N;])(p( (r+R)(F L R) >1 as R=

(4.3.6)
for all r,7 € (—2,2), where ¢ is defined as in Lemma 4.2.1 (see also [23, Lemma 5.1] for a

KR(I", }7) =

Ir—7 n'7 D(142)
F(N—&Z-ZS)

different proof). Hence, the first integral in (4.3.5) is comparable to f 12 5 %d rdF
for R sufficiently large. In other words

o1 (7))’

|r_r|1+2¥

Kg(r,F)drdF < Co(N,s)[@1]fps(_20)  (43.7)

N\m

2
Ci(N,$)[@1 )35 _22) §/
7

for R sufficiently large. To estimate the second integral in (4.3.5), we write

KRrr B
[ / M/ &

(=R.=)\(=22)
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Using the new variable 7 = %, we may write
/ do (r+R T (R-PT / do
N+23 - \N—1 R N+2s
NGTI=) (1+18F) r+7) S “JF(HT‘QP)
W(SN—I,Q)
N-1 N-1 do _ 7
= (r+R) "W VFT (7 r+R) T v = (%),
ol (14| g ) = TR
where we set
_ do
flp)= / A= (4.3.8)
VP(P+1) (SV1—ey)
‘We also have
- =2
g r+R)¥ 5 % 1 do
/ = [ R s [ e
R R GRIER) (1+16]%)
W(SN—I,EI)
N1 R
= (r+15)12 / _r ¥‘ : 1+2 / a9 N+2
— ~ S s
k 2 I’+7’) (r+R)(Rj>( N-1 ) (1+‘9|2)
(SNl —¢
(r+F7)
(R+7)(R-2)
N—1 r+
r+R) 7z _ T _{_N-1 r o _N-1— dr
:( RN)I / (R+r) 2Y(1+r+R)2Y 1r2 (1+F+R) 2 f(r+R>r+R
0
r+
(r+RN! —23/ 2s—1( p )Nzl
- RN,1 (R+r) (1+p) 1+p (p)dp
0
(r+RN! 2 i 251 de
>~ RN-1 (R‘i‘r)i S/(1+P) - / (1+’9|2)N-¢2—2v p
0 p(p+1)(SN"—e)
Now since
N—1
- de nr T(HE)
flp)= / (1+|6’2)N+2Y — F(NJQZS as p—oo

p(p+1) (S¥~"—e)

there exists m > 0 large enough so that f(p) < C(N,s,m) for p > m. From this, the continuity
of p — f(p) and the estimate above, we get

R de

/ dfg%mw ‘/<1+p)2~“] / o dp
R (1416[*)2

-k 0 p(p+1)(S¥1—er)

(Sl
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R
m 2
< VIR (14 F(p)dp +C(N.s.m) [ (1+)* dp
0 m
< C(N,s,m)R™>(1+R*) <C(N,s). (4.3.9)
Similarly, by the change of variable 7 = % we get
T r KR I, I")
condi = d7
2/ r 2/(,:_,,)1+2s
(r+R)'T" 7 N 1 do
= R [
RN-1 ) (r_rl+2s ] (1+|9| )N+2
W(SN’I—Q)
(r+l§)(R+2)
N-1 -r
(r+R) 2 s pe_jN-L, T _Nd_, T dr
- 7 R S(__ 1 Al _ 1
RV (Rr) g =07 7 o= 2 80aR) e
r+R
R+2
2—r
(r+R)N"! R N1
= R [(p =129 (o~ 1) g(p)dp
1
R+2
1 _ p Y1
<2VIRT / (p—1)* l(ﬁ) > g(p)dp
1
2R i 2 1R
N-1
< NIRRT [ p! (pT) 2 g(p+1)dp =2V ‘/pzs : [p P } (Rp+ 1)dp,
0
with
_ do
g(p) = / e forall p>1. (4.3.10)
(e
plp—1)(SV"—er)
Since
N—
de A N b , .
gRp+1) = / o) — () uniformly in p,
RP(RP+1)(SN"—61)
and that 2 +p1 /R remain bounded for R large enough, we deduce from above that
/ R 1+2 dF < C(N,s)/pzs’ldp <C(N,s)  asR—oo. (4.3.11)
—7)
2



Fractional Hadamard formulas, Pohozaev type identities and Applications 92

Estimates (4.3.9) and (4.3.11) yield

Kr(r,7) .
/ mdFSC(NaS)- 4.3.12)
(7Rv°°)\(72¢2)
Hence,
l K(17) :
nr - _2s
/‘Pf(r) fowdr < C(N,s)/(plz(r)(l +r73)dr < C(st)[q)l]%p(R)'

0 (—=Re0)\(=22) 0

(4.3.13)

Putting together (4.3.5), (4.3.7), and (4.3.13) we obtain that

Pp(x) — D 2
R-D / : R|Ecxz |Nf2(sy)) dxdy <C(N.s)  asR—eo. 4.3.14)
RZN y
Next, since
1 1
R-D) / &2 (x)dx = oy / (1+ /RN o} (r)dr — oy / oidr = ay (4.3.15)
Ar 0 0

as R — oo, it follows that

ll Y(AR> = lnf 2 j]RZN ‘x—y|N+2s dxdy

ue Ay (Ar) Jagu?(x)dx
_ ))2
bg’s fRzN 4(@1{\5(31)”?52(5} ) dxdy
< 5 <C(N,s)
fAR D (x)dx
as R — c by (4.3.14) and (4.3.15). This shows the claim holds for R > R for some fixed Ro > 1.
The assertion of the Lemma then easily follows. O
From Lemma 4.3.1, we deduce the following
Lemma 4.3.2. There exists C(N,s) > 0 such that
A s(AR) < C(N,s) forallR<1 R — oo (4.3.16)

Proof. As in the proof of Lemma 4.3.1, it is enough to show that the claim holds for R > R for
some Ry > 1. Before we start the proof of this, we explain very briefly the idea of the argument..
Let ¢, be a (normalised) second eigenfunction of the interval (0,1). We define

Wr(x) = @>(Jx| —R) forall x € RV,
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Next we let Y to be the projection of Wg into the R@; 4, where @ 4, is the first eigenfunction
of Ag. That is,

TR = lI’R - [/(PI,AR (X)TR(X) d'x:| (plaAR = lIlR - aR(plvAR'

It is clear that Yz = 0 in RV \ Ag and that [, Yr(x)@; 4, (x)dx = 0. Moreover, Yg € H*(RY) by
construction. By the variational characterization of A, ;(Ag), we get

2 Jre Wd dy
)LZ,S(AR) § iy
CN,s fA ( )

O 2
e %d dy-+ 03 fyow P8O gy — 2032 ((AR)
e PR(x)dx — o

¥
fRZN %dxdy — 061%11@ (AR)

Ja, YR(x)dx — o} 4.3.17)

To prove the lemma, we need a uniform upper estimate of the RHS of (4.3.17). First of all,
following the argument of the proof of Lemma 4.3.1, we get

2
- Pr(x) — k()
R~ 1>/( e Ay SCNs) asR e (4.3.18)
R2N
Therefore we need to show that R~ (fA Wi (x) dx— of) >c>0asRHoo Since R~(V-1) fAR‘PIZe(x):

a)Nfo (1+§) - (pz( r)dr — @y as R — oo, we need to show that R~ A O — ' < Wy as R — oo,
But this follows, once we show

1
L / o1 ap (- FR) Qa2 (r)dr — /<p1 (r)@a(r)dr =0, (4.3.19)
0

as R — oo where ¢; is the first eigenfunction of 4; 4(0,1). The rest of this section is devoted to
the proof of (4.3.19). To that aim, we let ¢; 4, to be the normalized first eigenfunction so that

1

1= /(Pf,AR(X)dx: woyRV ! /(1 n I%)N”(pﬁAR(- L R)dr (4.3.20)
0

> a)NRN*I/(pfAR(‘JrR)dr.
0

By a similar computation as above, passing into polar coordinates in the identity

S(N-1) C(N—1) (@1.4.(x) — P14, ()
Ms(AR) / OF 4, (X)dx =R / [ — y[N s dxdy,

bN s
R2N
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we obtain for R sufficiently large

1
— 2
C(V.5) 2 5= AagAn) [(14+r/RV19F 4, (- + Rdr
N,s
0

Kg (7, r)drdF

:7f(%m0+m—%mﬁ+my

‘r_f‘l+2S
“R-R
a a 2
(@1.45(r+R) — @14, (F+R)) e 2 Kp(r,F)
:// R ’r_F’]+25R KR(V,I’)dY‘d}"—i—Z/(pI (r) md}”
—a-—a (7R,oo)\(7a,a)
a 2
R PR
- | /(qh AR(r+’r>_ ;,?liR(r+ ) gt Pyarar
2
> C(N,s) [(pLAR(- +R)} iy Torallail<a<e 43.21)

with Kg(-,-) given by (4.3.4) . In the last line we used that
¢(N,s) > Kg(r,7) > C(N,s) V7€ |[—a,al,
for R sufficiently large. Hence, we may assume, up to passing to a subsequence, that
@1a,(-+R) = . weaklyin Hy (R) and @a,(-+R) =t inL*(0,1) (4.3.22)

and
@14z (-+R) = u., ~ pointwise in (0,1). (4.3.23)

To see the equation that u., solves, we let y € C;°(0,1) and define yr(x) = y(|x| —R) so that
Yr € CZ(Ag). Then, we get as above

1

2
Wll,s(AR)/RNfl(l +£)N71<P1,AR(V+R)V’( r)dr = A1 5(Ag) /fpl Ar () WR(x

0
jj P1an(r+7) — 1ag (F+R)) (W(r) — w(P)

r— A2 Kg(r, 7)drdF
—2—
Kg(r,7)
+2/(p17AR(}’—|-R)l[/(I’) / md}’d}’l (4.3.24)
0 (—R,oo)\(—272)

By the strong convergence there exists a subsequence, still denoted by R, so that

|@1a,(-+R)| <h with heL*0,1). (4.3.25)



Fractional Hadamard formulas, Pohozaev type identities and Applications 95

Moreover, for any r € (0,1), we know from above that

72 oo
Kr(r,7) . Kr(r,7) Kr(r,7)
4 ) |r_f|l+2sdr_ / |r_;|1+2sdr / ‘r_f-‘H»str
(—Reo)\(—-2.2
R-2
r+2
r+R 2 o N
S Al RN_) (R+7)” /(1+p)2 l(lip) " F(p)dp
0
(r+RN-! i
1Nt CN-1_
+ v (R+7)” S/(p—l)zs "o (p—1)""2 g(p)dp
1

< C(N,s)(14+r7%), (4.3.26)

where f and g are defined in (4.3.8) and (4.3.10) respectively. Putting together (4.3.25) and
(4.3.26) gives

P
e Ry [ D g <cvsprwinn ). s
R\(0,1)
Moreover )
/ W)W (r) (14 2)dr = / WP (r) (147 2)dr < oo, (4.3.28)
0 sup(y)

Consequently, the dominated convergence theorem yields

1
) KR(I’,f) -
Igg{}o/Q’LAR(VﬂLR)‘I/(r) / mdrdr
R\(—2,2)
1
KR(rvf) ~
:/ 1%2330 mdrdr
0 R\(0,1)

N-1

1 s
:O/uw(r)l//(r)[lim (RN 1(I;Jri) 0/(R12+p)25"1(1f(;3)§)p)2f((R—2)p)dp]dr

R—o * R

N-1

1 2-
+ futwo[fim (G [ - i) () | 8k 2plar
0 1
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1

1
= KNJ/Moo(r)q/(}’)z— |:(r+2)725+(2_r)72sj|dr
S
0
= KNS/ / ‘r r‘l+2v /|r r|1+2Y
1
dr
- KNJ/ =V / [r— 142 (4.3.29)
0 R\(=2,2)
with

k(N.s) = lim (R —2)p) = lim g((R+2)p) =

R—o R0 - 1—*( N+2s

As for the first integral in (4.3.24), we write

2 2 - ~
/ / P1ag(r +R) — ﬁlrm(fr’:;f))(W(r)_W(r))KR(r,F)drdf
—2-2

2

Z

2 2 - ~
o] OO 1)
—2-2

(@1.a,(r+R) — (p17AREF+R)) (W(r)_wf))drdf
‘r_r‘l—&-ls

N\I\J

= 622 (Prap W(-+R)) +E 22 r (P14, +R), W). (4.3.30)

On one hand, by the weak convergence (4.3.22) we have

[ ) (w(r) — y(P)
—Moo r)— r
Jim &) (@rax(- +R), // PEIEe drdF. (4.3.31)
—-2-2
On the other hand,
‘g(—Z,Z),R((Pl,AR(' +R),y) ‘

2 2 _ ;
< sup }KR(-,-)K(N,s)|//‘((pl-AR(’""“R)_(PI,AR(V-I-R))(I//(r)—y/(r))‘

rFe(=2,2) A [r— |12
<30 (R ) =KV tan 4 R W2
rre(=2,
<C(N,s,¥) sup |Kg(-,-)—K(N,s)| =0 as R— oo, (4.3.32)

rie(—2,2)
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where we used (4.3.6) and (4.3.21). Plugging (4.3.31) and (4.3.32) into (4.3.30) yields

2 2 ~ ~
/ / Puan(r+R) = QP+ R) (W) = W) oy
|r_r|1+23
—-2-2
[ 1 (1) — uaP) (w(r) — w(P)
K(N,s) /2 { Pt drdr. (4.3.33)

Now with (4.3.29) and (4.3.33) we can pass to a limit in (4.3.24) to obtain (along a subsequence)

1 ~ ~
o [ el )W ()dr = k(N.5) b’;’s lelr) = u|°r° (_r)f)fl‘fz(sr) —VD) g
0 R2
_ b; / (1o (r) — ”;(_r)r)‘(l‘fz(r) V) gz forally € €2(0,1),

R2

_ s#T (5 +s) 71.'% C(s+1)  s#T(s+1) . .
where we used that by sk (N,s) = n%l"(zl—s) T 2) — ﬁr(l_ZS) = b ;. Since u, > 0in (0,1)

by the pointwise convergence (4.3.23), it follows that A = A4; (0, 1) and u. = @; > 0 by the
normalization condition. In conclusion, we have for R — oo

g
= [0+ Y R
R 2
0
1 1
— /uoo(r)(pg(r)dr: /(pl(r)q)z(r)dr:O. (4.3.34)
0 0
Whence, (4.3.19) holds and Lemma 4.3.1 follows. ]

4.4 Uniform estimate of fractional normal derivative of second ra-
dial eigenfunctions of Ag

For simplicity we denote by ug a fix radial eigenfunction (if any) corresponding to A ;(Ag)
and define wg := #ig(- + R) where ug(x) = ug(|x|). From the calculation above, we know wg €

H; .(R). Moreover, it solves weakly the equation

LWk +wrVe = Mg (AR) (14+r/R)Y 'wg  in - (0,1) (4.4.1)

where

(Liatw) = [ (ulr) = () ow(r) = w(7) Ki(rP)drF,

R2
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with Kg(r,7) = 1(_22)(r) 1 (_2.2) (F)Kr(r, ), where
Rl 1 (r+R) T (F+R)'T / do

rF) = — —_—

R ‘r_r‘l-’rZA RN—] (1+‘9’2)%

VERE vy

and . 7
Kr(ri7)
(7R7°°) (7272)
Note that for R large enough we have
C(N,s)|r—7"1"2 < Kg(r,7) < C(N,s)|r—7"'""% and (4.4.2)
0 < Vg(r) <C(N,s) (4.4.3)

Let wg € H}, .(R) be a solution to (4.4.1) and d(-) = min(-, 1 —-) be the distance function to the

boundary of (0,1). Then we have

Proposition 4.4.1. There exist a constant C(N,s) > 0 so that for all B € (0,s) we have
WR
| - s s oy < CW,s) forall R>2. (4.4.4)

Proof. Let

woliur) = \/(t+R)£tir+R) 7

and consider the function Ag, : R x [0,00) x {1} — R defined by

IKR (t,r,£1) = rl+23ER(t,t +r)

(t+R)T (t+r+R)T / do
RN-1 ey (IF 6[2)"5*
for all » # 0 and
A S— N-1 ¥F(1J52S)
Ay (1,0, 1) = lim A (1,1, 1) = (1+1/R) (oE)
By Corollary, 4.2.2 we have
1A kel o5 (L22x02x (1) < Cy uniformly in R >> 1. (4.4.5)

Quoting [40, Theorem 1.8] we get

WR
| 2]

N—1
e oy < CUMRl iz + Iwall + Aas(Ar) (1 1/R)Y willim), 446)



Fractional Hadamard formulas, Pohozaev type identities and Applications 99

forall B € (0,s) with C > 0 independent of R by (4.4.5). Here [[wg|| ¢ := g 1|V+W;l+23 dr. By [12,
Remark 3.2] we get
N/4s
sup wi(r) = sup up(r+R) = [lugll=a) < CV,5) [Ras(Ar)]| 20
re(0,1) re(0,1)

< C(N,s) as R — oo, (4.4.7)
where we used Lemma 4.3.2. Combining (4.4.2), (4.4.3), (4.4.5) and (4.4.7), we see that the
RHS of (4.4.6) is bounded independently of R, as claimed. O

Corollary 4.4.2. There exists ¢, € (0, 1) solving

(=A@ =A2(0, 1)@ in  (0,1) (4.4.8)
so that, along some subsequence still denoted by R, it holds
W P2
o c®(jo,1)). (4.4.9)
Proof. By Proposition 4.4.1 and the Arzela-Ascoli theorem, there exist g € C*~#([0, 1]) with
% — oo uniformly in [0, 1].

It remains to show that g = E for some @ solving (4.4.8). By a similar argument as for the
case of the first eigenvalue, one obtains (along some subsequence):

Wr — We weaklyin HJ (R) and  wgp—we. in L*(0,1) (4.4.10)

and
WR — We pointwise in (0, 1) (4.4.11)

Passing to a limit in (4.4.1) as we did in the proof of Lemma 4.3.2, we get

1 ~ o
M/V/(F)Woo(}’)dr: K(st)CN,S/(Wm(r>_Wm(r»(ll"(r)_l”(r))drdf
0

2 ‘r_,:‘l—l—Zs
R2
_ s [ (Weo(r) = wee(F)) (W (r) —W(F)) ,
=5 2 1 drdF,
R

for all y € C(0,1). Since w., changes sign (by (4.4.11)), we have that A.. > A, 4(0,1). More-
over, since R~V _1)061% — 0 as R — o by (4.3.34), passing to the limit (along a subsequence) in
(4.3.17) we get

drdi = 1,4(0,1),

. (N s)ens [ @2(r) — (7))
Ao = lim 2,5(Ag) < - /

~’1+2s

where @, is a normalized eigenfunction of A, (0, 1). We deduce that A., = A5 4(0, 1) and there-
fore we, is a second eigenfunction. By the pointwise convergence (4.4.11) and regularity we
see that %8 — “= in C{) (0,1) and by uniqueness of the limit we deduce that ge = %= with we

solving (4.4.8). O
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4.5 Proof of the nonradiality of second eigenfunctions

We now have the necessary ingredient needed to proceed to the proof of Theorem 4.1.1.

Proof. Assume there is a second radial eigenfunction ug corresponding to A, ;(Ag). To reach
a contradiction, we prove that such up must have Morse index greater than or equal to N + 1
and this would contradict the fact of ug being a second eigenfunction. Let wg := ug(- + R),
we know by Corollary 4.4.2 that there exists some subsequence still denoted by R along which
we have “& — 2 in C°([0,1]) where d = min(r,1 —r) and ¢ is a second eigenfunction. We
also know that ¢, is antisymmetric and it vanishes only at r = 1/2 see e.g [41, Theorem 5.2].
Moreover, % (1)%(0) < 0 (the latter can be seen, for instance, by applying the Hopf lemma for

entire antisymmetric supersolutions in [43, Proposition 3.3]). Consequently, we have

UR ur
dS dS
a,' AR

Here, d(x) = min (|x| — R,R+ 1 — |x|). Without loss of generality we may assume

) <0 for R >0 sufficiently large.
auutAR

u u
5| >0 and  ZH <O 45.1)
aoutAR ai AR
For simplicity we let ¥, := % :[0,1] — R so that Yg(1) > 0 and Yg(0) < 0. In the spirit
of [41], for any fix direction j € {1,--- N}, we define
dy= () Ly = (R) Ly, (4.5.2)
where 3
UR .
) . —(x), if x € Ag;
v;?:]RN—HRN, x5 vh(x) = aXj() k
0 if x € RN\ Ag.

Now the point is because of (4.5.1) we find that d{é € ' (Ar). Indeed, By [42] we know that

4 (Vg V() = —svr(x)  Vx€ddp with we()= lim R0 (453
Ardy—x d’ (y)
Applying this to the inner and outer boundary of Ag gives respectively
sPR(0) = lim ' 59, wg(t)  and  —syR(1) = lim (1 —1)""59,wx(t), (4.5.4)

t—0+t t—1-

from which we deduce that v{e (x) = 8rﬁR(\x\)|);—j| < 0 near d,,,Ag Whenever x; > 0 since Yg(1) >
0 by (4.5.1), that is, (vé)*lHi = 0 near d,,Ag. Hence, dy = 0 near dp,Ag N H{. By the
same reasoning we show that dlje = 0 near d,,Ag NH’. Consequently dlje = 0 near 80!41AR.
Similarly, since Yg(0) < 0 by (4.5.1), using the first identity in (4.5.4) we show that dj = 0
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near d;,Ag. In conclusion we have supp(dé) CC Ag. By [41, lemma 2.2], to conclude that d,é €
A (Ag), one simply needs to check that dy, € 72 (Ag). For this one argue as in [41, Lemma

2

3.5]. In fact, since for all Q' CC Ag, we have that Q' U 6;(Q') CC Ag and [(v}é)*lH_/]HS(Q,) <
i

ey 12 . /- L
[(VR) 1 H ] s (Q,ch (Q/)), we may assume without loss that Q' is symmetric with respect to

the reflection o; across the hyperplane 8Hi and then argue as in [41, Lemma 3.5]. Having

dé € J;'(Ag) forall j € {1,--- N}, we can argue as in [41] to show that ug has Morse index
greater than or equal N + 1 and this contradicts the fact of u is a second eigenfunction. O

4.6 Maximization of the second eigenvalue

We first start with some preliminaries. In the following, let T € (0, 1) be fixed. For simplicity,

we let Q, := B (0) \ Bc(aey) forall a € (—1+ 17,1 —7) and defined A, (a) := 4, (L) by

; u(x)—u(y))?
O o W) gy

fQH u*(x)dx

where oy is the reflection with respect to the hyperplane dHY := {x € RV : xy = 0}. It is
a standard fact that the infimum in (4.6.1) is achieved by some u# which solves the equation
(—=A)°u = 2, (a)u in Q, in the weak sense. We recall the following properties of minimizers
of (4.6.1).

Ay s(a) = inf LU € A (Qu)uooy=—uyp, (4.6.1)

Lemma 4.6.1 (Theorem 1.2, [34]). The function u achieving the infimum in (4.6.1) is unique
(up to a multiplicative constant) and it is of one sign in Q} := Q,N{x € RN : xy > 0}. Without
lose we may assume u > 0 in Q.

Using the variational characterization

by —u(y))?
3 faw U0 ddy

A2 s(a) = inf To 12 (x)dx

e A5 (@), [uDen(dx =01,
Q

a

and recalling that the first eigenfunction @, of , is symmetric with respect to oy, one easily
checks that
22,5(Qa) < Ap(a) Vae (—-1+1,1-71) (4.6.2)

The following observation is of key importance for the proof of Theorem 4.1.3.

Lemma 4.6.2. Assume a second eigenfunction of the annulus B (0) \ B£(0) cannot be radial.
Then we have

J.(0) = A7 0) 463)
Proof. By (4.6.2), it remains to prove A, ,(0) > /11_73(0). For that we let /'LJ(NHI), [ >0 and
j > 1 be the set of radial eigenvalues of the problem (—A)*u = Au in Qy C R¥*? and u = 0 in

RN+20\ Qq. By [37, Proposition 3.5, (ii)], we know that the first eigenfunction (pl(N+2) (-]) gives
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rise to N-linearly independent eigenfunctions xl(pl(Nﬂ) (|x]),--- ,xN(pl(Nﬂ) (|x]) to the problem
(—=A)*u=Auin Qy C R and u =0 in R\ Q) with the same eigenvalue AI(NH)
the second eigenvalue A ; of Q is given by A, 4(0) = min(kl(NJrz) , AZ(N)). Since by assumption a
second eigenfunction cannot be radial, we deduce that A, ; = )LI(N+2). Therefore the eigenspace

. Consequently,

corresponding to A, s is spanned by the functions x — x j(p1(N+2)(]x]) with j =1,--- ,N. Using

xN(pl(N+2)(| |) as a test function in (4.6.1) we get 42 ,(0) > A, ((0) as wanted. O

Next we prove

Proposition 4.6.3. The mapping (—1+1,1—1) =Ry, ar> A (a) is differentiable. Moreover,
(A1) (0)=0and (A;)'(a) <0 forallac (0,1-1).

Proof. Fix a € (—1+71,1—1) and let p € CZ°(B;) so that p = 1 near B(ae;) and po oy =
p. For any € € (—&y,+&), we consider the maps ®¢ : RY — RN x s P (x) = x+€p(x)ey.
By making & sufficiently small if necessary, one may assume that ®, : RY — R is a global
diffeomorphism for all € € (—¢&y, +&y). Moreover, it is easily verifiable that ®,(Q,) = Q¢ and
hence A, (a+¢€) =2 (@¢(£4)). Now it suffices to prove that the function & — A, (P¢(Q4))
is differentiable at 0 and this is a consequence of the simplicity of )Lfy .(a) stated in Lemma 4.6.1.
Indeed, let u be the unique normalized minimizer corresponding to A, (), then the function

B uoq)g_] — [uquS_I]OGN
B 2

We :

is admissible in the variational characterization of A, (a4 €) and therefore

b S € —We 2
3 Jpan Mgl dxdy B

A(a+e) < =:m(¢).
b Jo.. we(x)dx
Since m(0) = 4, (a), we deduce that
Al (a+¢€)—A (a
limsup a(ate) = A, (@) <4 m(e). (4.6.4)
e—0t € de€ |e=0

By a simple change of variables and using that @ o Oy = Oy © ¢, one obtains

4

T E:Om(e) = /(u(x) —u(y))*Ky (x,y)dxdy+7t[s(a)/uz(x)divX(x)dx, (4.6.5)
RV Qq

where

Kx(x,y) = bg’s {(divX(x) +divX () — (N+2s) (X(x) —|f Eyy)|)2~ (x—y) } M
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and X = pe; € C2(B1,RY). Since u solves weakly the equation

(=A)'u=2A(a)u in Qg
u e Ay (Qa),
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the standard regularity theory see e.g [94] gives u € L™(Q,) NC},.(Q,) and therefore u satisfies

the assumptions of [33, Theorem 1.2]. Consequently

[ () = ()R ()

RzN

=T%(1+ys) /(u/S)ZX-vdx+2/Vu~X(—A)Sudx
2Q, Q,

=T?(1+5) /(u/a’s)zX-vdx+2/'Llfs/uVu-de
2Q, Qg

—T2(14+) / (u/d*V2X - vdx—Af(a) / W2 () divX (x) dox
2Q, Q,

Here v is the outer unit normal to the boundary. Plugging this into (4.6.5) and recalling (4.6.4),

we conclude that

A’l_,s(a + 8) - )‘ljs (a)

limsup <% (145) / (u/d*)X - vdx
e—0* €
2Q,
=T?(145) (u/d*)*ey - vdx
dB(aey)

Furthermore, arguing as in [32, Lemma 4.5], we also obtain

Al (a+¢€)—A]
liminf 15(a+€) “(a)zrz(HS) / (u/d*)2e; - vdx

=0t €

dBz(ae;)

Combining (4.6.6) and (4.6.7) yields

Al (a+€)—A[
0¢ A (a+¢€):= lim slate)—4;(a)

e—0t &

—T2(1+5) / (u/d*)2e, -vx.
BBT(ue])

Applying (4.6.8) to € — A, [(a — &) gives

. A‘li.s(a—i_g) _;Lfs(a)
lim — :
e—0~ )

:—&jlis(a—s):l“2(l+s) / (u/d*)?e; - vdx
dB:(aey)

(4.6.6)

(4.6.7)

(4.6.8)

(4.6.9)
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Consequently

Ar A
(A1,)'(a) = lim “(Hsi 1=S(a):r2(1+s) / (u/d*)?e; - vdx, (4.6.10)

dB:(ae))

for all a € (—=1+17,1—1). Since A/ (a) = A, (—a), we have (4;)'(0) = 0. Next fix a €
(0,1 —7) and let H, := {x € R" : x; > a}. Moreover, let us denote by o, the reflection with
respect to the hyperplane dH,,. For simplicity, we let % := uo 6,, w :=u—u and B := B(aey).
It is not difficult to check that w solves

(=A)'w =2 (a)w in 0:=H,NQ; .
Moreover, by Lemma 4.6.1 we have
w>0 in H,NHY\®.

By [34, Proposition 2.3], the maximum principle for doubly antisymmetric functions, we get
that w > 0. Consequently w > 0 in ® by the strong maximum principle [34, Proposition 2.4]
since w > 0 in 0,(B1) NH, ﬂHf \ ©. Finally, by [34, Proposition 2.4], we deduce that
0<K—E—1 on OB“NHYNH, =0B*NH,NQ" (4.6.11)
s ds ds e @ e A
It is also clear that "
o >0 on OB“NH,NQ; . (4.6.12)
Now using the fact that oy (83“ NH, ﬂQj{) =dB*NH,NQ,,0n(V-e;)=V-e;and Oy0o 0, =
0,40 Oy, We get

[ Gvade= |G- (G e

0B 0B*NH,
= [l @ et [ G G s
IBNH,NQS dBNH,NQy
= [ Gy G e [ [N (G eas
OBINH,NQS OBINH,NQS
=2 / ()= ()] v-erax

dBNH,NQS
_ / %(%Jr%)weldx. (4.6.13)
dBNH,NQS

Combining (4.6.10), (4.6.11), (4.6.12) and (4.6.13) we conclude that

(;Lﬂy)/(a)zrz(l—i-s)/(u/ds)zv-eldx<0 Vae (0,1-1),
dB

as wanted. O



Fractional Hadamard formulas, Pohozaev type identities and Applications 105

We are now ready to complete the proof of Theorem 4.1.3.

Proof of Theorem 4.1.3. Since the problem is invariant under rotation, we may consider without
loss domains of the form

Q, =B \ B¢(aey), for a€[0,1-1).
By (4.6.2), Lemma 4.6.2, and Proposition 4.6.3, it immediately follows that
Aas(a) < Ay g(a) < Ay 4(0) = A2,5(0),

forall a € (0,1 — 7). The proof is finished. O



Chapter 5

Summary

The main topic investigated in this thesis is the computation of the boundary expression of the
shape derivative of the best constants in the Sobolev embedding 7 (Q) —<— L(Q) in the
subcritical regime p € [1, (Nfijgsﬁ) Here ™ = max(a,0) and by convention we set § = oo.
Before the present work, very little was known about the shape derivative in this fractional
setting. Up to our knowledge, the only work addressing this topic is the paper [26]. In there,
the authors compute the shape derivative of the functional Q — J¢(Q) = —1 [o f(x)uy(x)dx,
associated to the solution of the Dirichlet boundary value problem (—A)l/ 2u=finQ,u=0
in RV \ Q, where f € C*(R?) and Q is a bounded open set of R? of class C*. They showed
that the latter can be expressed as a boundary integral involving the fractional normal derivative
ur/d 172 Precisely, they showed that

d
—Jr(Q
dt f( t)

ur \2
:CO/(W) X vdx (5.0.1)
=0 oQ

with some explicit constant Cy, where Q, := ®,(Q) with @, being the flow associated to the
deformation field X € C2°(R?,IR?). Here d = dist(-, RV \ Q) denotes the distance function to the
boundary and v is the interior unit normal vector field.

The formula (5.0.1) was the best known regarding the boundary expression of shape derivative
of nonlocal shape functionals and a more general formula was missing in the literature. The
paper [P1] fills that gap. More generally, in [P1] we compute the one-sided shape derivative of
the best constants A, ,(€2) in the Sobolev embedding 7’ (Q) << LP(Q) and as a consequence
we obtain the fractional version of the so called Hadamard formula established in [60] for the
classical Laplacian. Before we state the result explicitly, we first fix the following notations.
Let N > 1 and fix & : RV — R" a family of deformations with the property

@, ¢ CVY(RN;RY) for & € (—1,1), @y = idgw, and

(5.0.2)
the map (—1,1) — COL(RY,RY), & — ®, is of class C2.

Then we have the following.
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Theorem 5.0.1. Let Q C RY be a bounded open set of class C''', and let A ,(Q) be given by

by.s —u(y))?
2 fraw U0 ddy

Asp(Q) = inf ,
)= T Ualuldo?
u#0
with p € [1, (Nz%ﬁ) Consider a family of deformations ®; satisfying (5.0.2), then for g > 0

sufficiently small, the map (—&y,&) — R, &€ — A ,(Pe(Q)) is right differentiable at € = 0.
Moreover,

8;"820%7[,((1)8(9)) =min<{ I'(1+5)? /(u/ds)zX-vdx Tue Ay, (5.0.3)
2Q

where v denotes the interior unit normal on dQ, F the set of positive normalised minimizers

for A; ,(Q), X = %Cbg

and 1" the usual Gamma function.
e=0

We mention that for p in the range [1,2], A, ,(€) has a unique normalized minimizer u. In this
case, Theorem 5.0.1 reduces to the following.

Corollary 5.0.2. Let p € [1,2] and let A, ,(€) be as above. Then the maps € — Aq ,(€) is
differentiable at 0. Moreover,

= -T%(1+ys) / (u/d*)*X - vdx, (5.0.4)
£=0 oQ

where u is the unique normalized minimizer corresponding to A ,(2).

Identity (5.0.4) extends in this fractional setting the so called Hadamard formula obtained in [60]
for the classical Laplacian. The identity (5.0.4) is used to study the optimal obstacle placement
problem for the torsional rigidity and the first eigenvalue of the fractional Laplacian in the spirit
of [77, 91]. This amounts of finding the position of a spherical obstacle B; within a bigger ball,
for instance within B;(0) which maximizes or minimizers the corresponding functional. We
prove that in order to maximize the eigenvalue or the torsional rigidity, the obstacle must be
located at the center of the ball. The precise statement of the result is as follows.

Theorem 5.0.3. Let p € {1,2}, Bi(0) be the unit centered ball and T € (0,1). Define
o = {a S Bl(O) : BT(LZ) C Bl(O)}.

Then the map </ — R, a — Ay ,(B1(0) \ B¢(a)) takes its maximum at a = 0.

The idea of the argument is inspired from [61, 77] and it consists of analysing the derivative
of the eigenvalue with respect to the position of the obstacle. Thanks to (5.0.4), the latter is
expressed as a boundary integral involving the fractional normal derivative u/d* of the solution
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of the underlying equation (—A)*u = A, ,(B1(0) \ Bz(a))u”~! in B1(0) \ B(a), u =0 in RV \
(B1(0) \ B¢(a)) with p € {1,2}. To analyse its sign we use reflection techniques based on
maximum principles for antisymmetric functions established in [43].

In the paper [P4] we extend the result of Theorem 5.0.3 to the fractional second eigenvalue
A2 5. In order to do that we introduce and prove in [P2] a new maximum principle for doubly
antisymmetric functions. This is stated as follows.

Proposition 5.0.4. Let H and H be two half spaces such that the hyperplanes JH and oH
are perpendicular, and let r, ¥ be the reflections with respect to dH and dH respectively. Let
w € H*(RN) be a weak doubly antisymmetric supersolution to the problem

(=AYw=c(x)w in UCHNH, w>0 in HNH\U, (5.0.5)
in the sense that

wor=—-w=wof and &w,Q) Z/C(x)w(x)(p(x)dx Voe b (U),p>0inU.
U

. . . . Es(u,u)
Assume ||c||=@) < A G(U)  with A (U) := inf —— .
) b b ue Ay (VURD)) Joorw u? (x)dx
u#0

uoF=—u

Thenw>0inU.

As a consequence of Proposition 5.0.4, we deduce the following symmetry result regarding
solutions to the equation (—A)*u = f(x,u) in Q, u=0in RV \ Q.

Theorem 5.0.5. Let Q C RY with N € N, N > 2 be open and bounded and, moreover, convex
and symmetric in the directions x| and xy. Let f € C(Q x R) be locally Lipschitz in its second
variable, that is, for every bounded set K C R we have

sup|f(x,u) — f(x,v)| < L(K)|lu—v| forallu,veK.
xXEQ

Assume further that f is symmetric in x| and monotone in |x;|. Then, every continuous bounded
weak solution of (—A)u = f(x,u) in Q, u=0in RN\ Q, which is antisymmetric with respect
to aHN70 and u > 0 in Hy o N Q is symmetric with respect to dH\ . Moreover; either u =0 in Q
or u|gmH]10,—]HN‘0 is strictly decreasing in x1, that is, for every x,y € QN Hj 0N Hy o with x; <y
we have u(x) > u(y). Here, we denote Hjg = {x € RV : x; > 0}.

The other main achievement of this thesis concerns the Dirichlet boundary value problem
(—=A)*u = f(u) in Q and u = 0 in RV \ Q where f is a locally Lipschitz nonlinearity and Q
is a bounded open set of class C L1 In the seminal work [95], X. Ros-Oton and J. Serra found
and established the so called Pohozaev identity for the fractional Laplacian, which states that
any bounded weak solution u of the problem (—A)*u = f(u) in Q and u = 0 in RV \ Q satisfies

C(1+4s)* [ (u/d*)*x-vdx=2N [ F(u)dx— (N —2s) | f(u)udx. (5.0.6)
4 / /
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Here, v is the unit outer normal vector field, F(t) = [j f(s)ds and " the usual Gamma func-
tion. Since its discovery, identity (5.0.6) has been used widely in the analysis of the equation
(—=A)u= f(u) in Q, u=0in RV \ Q. In particular, it has been used in the recent work [41] to
answer a conjecture by Bafiuelos and Kulczycki regarding the shape of fractional second eigen-
functions of balls. Our main achievement in the paper [P3] is a generalization of (5.0.6). The
result is stated as follows.

Theorem 5.0.6. Let X € C%' (RN RN) be a globally Lipschitz vector field and let Kx (x,y), x #y
be the fractional deformation kernel defined by

Ky (x,y) := % { (divX (x) +divX (y)) — (N 4 25) (X(x) —|f£y)))|)2~ (x—y) } r—y| N2,

Let

Exy (u,w) == / (u(x) — u(y))(w(x) —w(»))Kx (x,y)dxdy for all u,w € H*(R"),
R2N

be the bilinear form associated to the kernel Kx. Then, any bounded weak solution of the
problem (—A)u= f(u) in Q, u=0in R\ Q satisfies

(1 +s)2/ (u/dS)ZX vdx = 2/F(u)diVde— Exy (u,u), (5.0.7)
Q Q

where F(t) = [ f(s)ds, v the outer unit normal to the boundary dQ and T the usual Gamma
function.

Theorem 5.0.6 is used to derive nonnexistence results for the Dirichlet problem (—A)‘u =
lulP~2u in Q and u = 0 in RV \ Q in the supercritical regime p > % It is also used to
compute the boundary expression of the shape derivative of simple eigenvalues of the Dirichlet
problem (—A)*u = Auin Q and u = 0 in RV \ Q.

We obtained Theorem 5.0.6 as a particular case of the following integration by parts formula,
which can be seen as a generalization of [95, Proposition 1.6] by X. Ros-Oton and J. Serra.

Theorem 5.0.7. Let u € H*(RY) such that u=0in RN \ Q. Moreover, assume (—A)*u € L(Q)
if2s > 1 and (—A)’u € CJ () NL*(Q) with o > 1 —2s if 25 < 1. Then for any vector field

X € CO' (RN, RN), it holds that

Z/Vu X(—=A)udx = —-T?(1+5) /(u/ds)zX vdx — Ex, (u,u). (5.0.8)
Q 2Q

The proof of Theorem 5.0.7, similar to that of Theorem 5.0.1, is based on an approxima-
tion argument. It mainly consists of two steps: We introduce a cut-off function ¢, that van-
ishes in the %—neighbourhood of the boundary dQ and approximate the quantity &, (u,u) by
&k, (Gku, Gru). By an integration by parts, we write the quantity &x, (Gxu, Gru) into the compact
form &, (Gkut, Gkt) = —2 fpn V(Gtt) - X (—A)*(Gru)dx. The problem then reduces into finding
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the limit limy e cx(#) = —21imy_se0 [pnv V(Gett) - X (—A)*(kt)dx. By the choice of the cut-off
function, the domain of integration in the latter equality is replaced by Qf := {x € Q:d(x) < €}
for all € > 0 and therefore we are lead to establishing the identity

—Zgim /V(gku)-X(—A)s(gku)dx: —F2(1—|—s)/(u/ds)zX'vdx—Z/Vu-X(—A)sudx,
—>00
Qf o0 Q

for all € > 0. This is done by flattening the boundary and using the dominated convergence
theorem.
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