Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

TECHNISCHE
UNIVERSITAT
WIEN

Vienna University of Technology

Dissertation

Metric Regularity in Model
Predictive and Optimal Control

carried out for the purpose of obtaining the degree of Doctor technicae (Dr. techn.),
submitted at TU Wien, Faculty of Mathematics and Geoinformation, by

Alberto Dominguez Corella MSc.

Mat.Nr.: 11936035

under supervision of
Prof. Dr. Vladimir Veliov
Institute of Statistics and Mathematical Methods in Economics

Vienna, November 2022



“aylolgig usip\ ML Te wuld ul ajgejrene si Sisay) 210190 Syl JO UoisiaA jeulblio panoidde ay L < any a3pajmouwst InoA
“regBnjian Yayloljqig UsIpn NL Jap ue 1sI uoneuassiq Jasalp uoisiaAfeulblo aponipab ausiqoidde siqg v_ﬂ—._u.o__ﬂ—_m



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M 3ibliothek,
Your knowledge hub

REVIEWERS

Prof. Dr. Fredi Troltzsch

Technische Universitat Berlin

Institut fir Mathematik

Sekretariat MA 4-4 Strafle des 17. Juni 136, Berlin, Germany

Prof. Dr. Arnd Rosch

Universitat Duisburg-Essen

Fakultat fiir Mathematik

Thea-Leymann-Strafie 9 D-45127 Essen, Germany



“aylolgig usip\ ML Te wuld ul ajgejrene si Sisay) 210190 Syl JO UoisiaA jeulblio panoidde ay L < any a3pajmouwst InoA
“regBnjian Yayloljqig UsIpn NL Jap ue 1sI uoneuassiq Jasalp uoisiaAfeulblo aponipab ausiqoidde siqg v_ﬂ—._u.o__ﬂ—_m



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

Affidavit

I declare in lieu of oath, that I wrote this thesis and performed the associated research myself, using only
literature cited in this volume. If text passages from sources are used literally, they are marked as such.

I confirm that this work is original and has not been submitted elsewhere for any examination, nor is it
currently under consideration for a thesis elsewhere.

I acknowledge that the submitted work will be checked electronically-technically using suitable and state-
of-the-art means (plagiarism detection software). On the one hand, this ensures that the submitted work
was prepared according to the high-quality standards within the applicable rules to ensure good scientific
practice ”Code of Conduct” at the TU Wien. On the other hand, a comparison with other student theses
avoids violations of my personal copyright.

Alberto Dominguez Corella
Vienna, November 2022



“aylolgig usip\ ML Te wuld ul ajgejrene si Sisay) 210190 Syl JO UoisiaA jeulblio panoidde ay L < any a3pajmouwst InoA
“regBnjian Yayloljqig UsIpn NL Jap ue 1sI uoneuassiq Jasalp uoisiaAfeulblo aponipab ausiqoidde siqg v_ﬂ—._u.o__ﬂ—_m



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

Abstract

The stability of optimal solutions is a central issue in control theory. In this thesis we study sufficient condi-
tions for various notions of stability in the context of optimal control. Under some structural assumptions,
an optimal control problem can be associated with a set-valued mapping, the so-called optimality map-
ping, which represents the first-order necessary conditions of the problem. The concept of metric regularity
abstracts the different notions of stability into properties of the optimality mapping. This thesis studies
enhanced versions of the known metric regularity properties and their interaction with optimal control prob-
lems; we also illustrate the role of stability with some applications in numerical analysis. This work is
cumulative; it consists of an introduction and four published or accepted journal articles. The introduction
is intended as a complement to the papers, providing adequate preliminaries as well as a summary of the
results obtained in the papers.

The first paper studies a stronger version of the so-called strong metric regularity property in optimal
control of ordinary differential equations. This notion allows to study stronger notions of stability than the
previous ones in the literature, and is suitable for a class of problems (affine with respect to the control
variable) for which the standard assumptions do not hold. An example is presented as well as an application
to numerical analysis, namely the so-called uniform Euler discretization method. The second paper goes
further in the error analysis of numerical methods for nonlinear optimal control problems and studies the
accuracy, by means of the metric subregularity property, of the so-called Model Predictive Control (MPC)
algorithm, a well-established and widely approach for generating feedback control strategy. Finally, the third
paper and the fourth one are both dedicated to the stability analysis of optimal control problems constrained
by elliptic partial differential equations. The third one studies in a general framework the subregularity
property, focusing on sufficient conditions and applications to the stability of optimal solutions. In the
fourth one, new assumptions are introduced in the literature in form of second order sufficient conditions
for optimality; moreover, it is proved that this assumptions are enough for stability of the optimal states.
Though the subregularity property is not explicitly mentioned in the last paper, all of the methods used
there come from the understanding of it and its corresponding translation to the stability analysis of the
optimal states.
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Kurzfassung

Die Stabilitiat von optimalen Losungen ist ein zentrales Thema in der Kontrolltheorie. In dieser Thesis unter-
suchen wir hinreichende Bedingungen fiir verschiedene Stabilitatsbegriffe im Kontext optimaler Kontrollethe-
orie. Unter einigen strukturellen Annahmen kann ein Optimalsteuerungsproblem mit einer mengenwertigen
Abbildung, der sogenannten Optimalitdtsabbildung, assoziiert werden, die die notwendigen Bedingungen
erster Ordnung des Problems darstellt. Das Konzept der metrischen Regularitiat abstrahiert die verschiede-
nen Stabilitatsbegriffe in Eigenschaften der Optimalitatsabbildung. Diese Dissertation untersucht erweiterte
Versionen der bekannten metrischen Regularitdtseigenschaften und deren Wechselwirkung mit Optimals-
teuerungsproblemen; Wir veranschaulichen auch die Rolle der Stabilitét mit einigen Anwendungen in der
numerischen Analyse. Diese Arbeit ist kumulativ; Es besteht aus einer Einleitung und vier Artikeln. Die
Einfiilhrung ist als Ergénzung zu den Artikeln gedacht, indem sie sowohl eine angemessene Einleitung als
auch eine Zusammenfassung der in den Artikeln erzielten Ergebnisse liefert.

Die erste Arbeit [14] untersucht eine starkere Version der sogenannten strong metric regularity bei der
optimalen Kontrolle von gewohnlichen Differentialgleichungen. Dieser Begriff ermdglicht es, stérkere Sta-
bilitatsbegriffe als die vorherigen in der Literatur zu untersuchen, und eignet sich fiir eine Klasse von
Problemen (affine), fiir die die Standardannahmen nicht gelten. Ein Beispiel wird vorgestellt sowie eine
Anwendung auf die numerische Analysis, das sogenannte uniform FEuler discretization scheme. Die zweite
Arbeit [1] geht weiter in die Fehleranalyse numerischer Verfahren fiir nichtlineare Optimalsteuerungsprobleme
und untersucht die Genauigkeit mittels der metrischen Subregularititseigenschaft (eine erweiterte Version)
der sogenannten Model Predictive Control (MPC )-Algorithmus, eine gut etablierte und weit verbreitete
Feedback-Control-Strategie. Die dritte [13] und die vierte Arbeit [12] schlieBlich widmen sich beide der
Stabilitatsanalyse von Optimalsteuerungsproblemen, die durch elliptische partielle Differentialgleichungen
eingeschrankt sind. Die dritte untersucht in einem allgemeinen Rahmen die Subregularitétseigenschaft,
wobei der Schwerpunkt auf ihren hinreichenden Bedingungen und ihren Anwendungen auf die Stabilitdt
von Kontrolllésungen liegt. In der vierten werden neue Annahmen in Form von hinreichenden Bedingungen
zweiter Ordnung fiir Optimalitét in die Literatur eingefiihrt; auflerdem ist bewiesen, dass diese Annahmen
fiir die Stabilitdt optimaler Zustédnde hinreichend sind. Obwohl die Subregularititseigenschaft im letzten
Artikel nicht explizit erwahnt wird, stammen alle dort verwendeten Methoden aus ihrem Verstédndnis und
ihrer entsprechenden Ubersetzung in die Stabilitidtsanalyse der optimalen Zustéinde.
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Chapter 1

Introduction

One of the central issues in optimization is the error analysis of methods, algorithms and techniques applied
to the calculation of optimal solutions. To get a quick picture of what this work is about, suppose that we
want to solve a given problem, but it is hard to do so. We might resort to solve “approximate” problems,
simplified version perhaps. If the approximations to the problem are consistent with the structure of the
original problem, one can expect that solutions of the approximate problems “converge” (in some sense) to
the solution of the original problem. Of course, difficulties may arise, such as that the solutions may not
be unique, or they may not even exist, etc. It is here when the notion of stability comes to mind, it is
then clear that this should be translated into a mathematical framework. The notion of continuity can, in
many cases, deal with the qualitative aspects of problems re-cast in terms of functions. However, in many
applications, a quantitative analysis is needed to understand the convergence relation of the approximate
problems and the required computational efforts. This quantitative analysis of stability can be abstracted
into properties of (set-valued) functions; the so-called metric regularity properties. Under some assumptions,
an optimal control problem can be associated with a set-valued mapping, the so-called optimality mapping,
which represents the first-order necessary conditions of the problem. Instead of investigating regularity
properties of an optimal control problem, we do this for the optimality mapping, which takes the form of a
(generalized) equation.

Metric regularity theory lies in the very heart of variational analysis, it can be consider a relatively new
discipline since it started in the 80’s. It arose largely out of the needs of modern optimization theory, in
which phenomena such as non-differentiability and set-valued mappings naturally appear. As we will see
along the introduction, the concept of metric regularity connects all the four papers in this thesis.

The chronological order of the papers is the following.

e Dominguez Corella, Alberto and Quincampoix, Marc and Veliov, Vladimir M.: Strong bi-metric regu-
larity in affine optimal control problems. Pure Appl. Funct. Anal., 6(6):1119-1137,2021

e Angelov, Georgi and Dominguez Corella, Alberto and Veliov, Vladimir M.: On the accuracy of the
model predictive control method. STAM Journal on Control and Optimization, 60(4):2469-2487, 2022.

e Dominguez Corella, Alberto and Jork, Nicolai and Veliov, Vladimir M. Stability in affine optimal
control problems constrained by semilinear elliptic partial differential equations. To appear in ESAIM.
Control, Optimisation and Calculus of Variations.

e Casas, Eduardo and Dominguez Corella, Alberto and Jork, Nicolai. New assumptions for stability
analysis in elliptic optimal control problems. To appear in STAM Journal of Control and Optimization.

The first paper [14] studies a stronger version of the so-called strong metric regularity property in optimal
control of ordinary differential equations. This notion allows to study stronger notions of stability than the
previous ones in the literature, and is suitable for a class of problems (affine ones) for which the standard
assumptions do not hold. An example is presented as well as an application to numerical analysis, the
so-called uniform Euler discretization method. The second paper [1] goes further in the error analysis of
numerical methods for nonlinear optimal control problems and studies the accuracy, by means of the metric
subregularity property (an enhanced version), of the so-called Model Predictive Control (MPC) algorithm,
a well-established and widely used feedback control strategy. Finally, the third paper [13] and the fourth

13
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14 CHAPTER 1. INTRODUCTION

one [12] are both dedicated to the stability analysis of optimal control problems constrained by elliptic
partial differential equations. The third one studies in a general framework the subregularity property,
focusing in its sufficient conditions and its applications to the stability of control solutions. In the fourth
one, new assumptions are introduced in the literature in form of second order sufficient conditions for
optimality; moreover, it is proved that this assumptions are enough for stability of optimal states. Though
the subregularity property is not explicitly mentioned in the paper, all of the methods used there come
from the understanding of it and its corresponding translation to the stability analysis of the optimal states.
Another important feature of the problem studied in [12] is that we consider a nonmonote non-coercive
elliptic equation of the type studied in [4, 5].

This introduction intends to be complementary to the main text (the papers) as well a brief summary
of the main results. We start motivating and reviewing some of the metric regularity properties in the
literature. After that, we will introduce the so-called Lagrange problem in nonlinear optimal control of
ordinary differential equations. With the adequate optimal control preliminaries at hand, we will proceed
to introduce the Model Predictive Control (MPC) method (an algorithm to compute feedback solutions of
optimal control problems). One of the main achievements of this doctoral work was showing that convergence
of the MPC method can be proved by means of the metric subregularity property (to be introduced in the next
section). Finally, we will comment on optimal control problems constrained by elliptic partial differential
equations, and the pertaining results in this thesis. The contributions of the author to each paper are
described at the beginning of each chapter.

1.1 Metric regularity properties

Metric regularity has become one of the central concepts of variational analysis in the last 2-3 decades. The
roots of this concept go back to a set of fundamental notions of regularity in classical analysis, which are
reflected in results such as the Implicit Function Theorem, Banach’s Open Mapping Theorem, the theorems
of Lyusternik and Graves, and Sard’s Theorem; see [22] for a broader discussion.

1.1.1 Motivation

In order to motivate the subsequent definitions, let as begin talking about optimization. A general optimiza-
tion problem can be described as a search problematic; one looks for an element of a set C that minimizes
(or maximizes!) a real-valued function f :C — R. More precisely, an element 2* € C minimizes f over C if

f@*) < f(x) for every x € C.

This problem is usually written as

min f(x). (1.1)

zeC

The function f is sometimes called the objective, the cost or the performance index, depending on the
circumstance and the nature of the problem. Let us get now into more technical details. In the presence
of a topology on C, one can talk about local minima. An element z* € C si a local minimum of f over C if
there exists a neighborhood O of z* such that

f(z*) < f(x) for every x € O CC.

Suppose now that C is a convex subset of a normed linear space X, and that C is endowed with the relative
topology induced by the norm on X. If the directional derivatives of f exist, then the first order necessary
condition for a local minimizer Z € C is

(Vf(Z),x—2)>0 VzeCl. (1.2)

This can be readily seen from the definition of directional derivative. Let X* denote the topological dual of
X. Defining

Ne(z):={ze X" : (z,y—z) <0 VyeCl},

1We restrict ourselves to talk only about minimization problems. It is well known that such problems can be stated in an
equivalent way as minimization ones, see, e.g., [16, p. 11]
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1.1. METRIC REGULARITY PROPERTIES 15

we can rewrite the first order necessary condition as the inclusion (generalized equation)
0 € Vf(Z) + Ne(z). (1.3)

Up to this point, it might seem that going from (1.2) to (1.3) is a mere phenomenon of semantics; but as
we will soon see, it leads to some interpretations and results that can be later applied to problem (1.1). For
example, consider the family of perturbed problems {775}56 - given by

min f(x) — &x. (1.4)

zeC

Given £ € X*, the first order necessary condition for a minimizer x € C of P¢ is
£ e Vf(x)+ Ne(x). (1.5)

Thus, the behavior of the solutions of each problem P¢ can be analyzed by means of the perturbed inclusions
(1.5). In the next subsection, we will review some of the basic definitions in metric regularity theory, this
will enable us to give better a better description of dependence of solutions of (1.5) on the perturbations.

One of the most important cases of generalized equations are the ones induced by differential variational
inequalities, see [2, 9]. These variational inequalities pop up naturally in optimal control. A broad discussion
of the importance of these variational inequalities as models of optimization problems can be found in [28].
These are objects of the type

0 = Dy—g(zy)

0 € hz,y)+ Ne(y),

where D means differentiation in a space of functions ). Such a differential variational inequality, accompa-
nied with side conditions for ), typically arises from the optimality conditions in optimal control theory.

1.1.2 Some definitions of metric regularity

In this subsection, we review some of the basic definitions that will be used in subsequent sections. Let
(My,dpr,) and (M, dpy,) be metric spaces, and ® : My — My be a set-valued mapping.
Consider the generalized equation

0 € ®(p). (1.6)

A solution of (1.6) is an element p € M; such that 0 € ®(p). Given a metric space (M, dys), the closed ball
centered at p € M of radius a > 0 is denoted by By, (p, a).

Definition 1.1.1. Let p € M; with 0 € ®(p). The mapping & is said to be strongly (metrically) regular
at p if there exist positive numbers «, 8 and s such that for each ¢ € By, (0,3) there exists a unique

p(q) € Bar, (P, ) satistying g € <I>(p(q)), and
dar, (p(q1), p(a2)) < kdar, (a1, 92)

for all g1, 2 € B, (0, 5).

One of the simplest cases of strong regularity is that of a linear operator from a euclidean space onto
itself; it is strongly regular if, and only if, its associated matrix is invertible. The notion in Definition 1.1.1
was introduced in [37] by Robinson in the 80’s, see also [18, Section 3G].

The strong regularity property has many useful applications. One of the most popular is the analysis
of convergence of the Newton method for generalized equations; see [18, Section 6C]. This analysis relies
on an adequate contraction mapping principle for set-valued mappings, see [18, 5E.3], which in turn relies
on the fact that the strong regularity property is stable with respect to adequate perturbations (Lipschitz
functions); this is the so-called Lyusternik-Graves Theorem, see e.g., [18, Theorem 2B.1] or [15, Theorem 1].

Nevertheless, the metric regularity property is not enough to cope with some of the applications, hence
the following definition was introduced in [36, Introduction], where a detailed explanation of the reasons
for appropriateness of this concept is given. Let Es be a subset of My and dg, a metric in Ey such that
(E2,dg,) is continuously embedded in (Ms,dys,) and dyy, < cdg, for some ¢ > 0.
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16 CHAPTER 1. INTRODUCTION

Definition 1.1.2. Let p € M; with 0 € ®(p). The mapping P is said to be strongly bi-metrically regular
at p if there exist positive numbers a, 8 and & such that for each ¢ € Bpg,(0,3) there exists a unique

p(q) € B, (P, ) satisfying ¢ € ®(p(q)), and
dar, (p(q1), p(g2)) < kdag, (g1, q2)

for all g1, ¢2 € By, (0, 5).

A Lyusternik-Graves type theorem for the bi-metric regularity property was proved in [32], where also
a study of the Newton method with this property was carried out, involving at each step linear quadratic
optimal control problems.

One can weaken the concept of regularity to include more features, such as two metrics in the domain
or Holder estimates instead of Lipschitz ones, etc. We present now an extension of the definition of metric
subregularity, see [1, 10].

Let Ey be a subset of My and dg, a metric in F; such that (Fy,dg,) is continuously embedded in
(My,dp,) and di, < cdyy, for some ¢ > 0.

Definition 1.1.3. Let p € F; with 0 € ®(p). The mapping ® is said to be strongly (metrically) ¢-subregular
at p if there exist positive numbers o and  such that

dE1 (paﬁ) S “dM2 (qa O>L (17)

for all ¢ € My and p € Ey N By, (p, ) satisfying ¢ € ®(p). If « = 1, we simply say that ® is strongly
subregular at p.

Results in the spirit of Lyusternik-Graves Theorem and analysis of numerical methods, such as the
Newton one, have also been studied in the context of the subregularity property; see [10].

1.2 Optimal control problems for ODE’s

In this subsection, we introduce an optimal control problem in Lagrange form. This is not a restrictions since
the general Bolza problem can be transformed into a Lagrange one. We talk briefly on the notation before
introducing the control problem. The elements of R™ are seen as column vectors. The inner products and
the norms in the euclidean spaces are denoted by (-,-) and | - |, respectively. Given a function ¢ : R® — R"
of variable z, we denote by 1,(z) its derivative at a point z € R®, represented by an r x s-matrix. For a
function ¢ : R®T4 — R of the variables z and v, 1., (2, v) denotes its mixed second derivative at a point (z,v),
represented by a (s x g)-matrix. The space L* ([a,b];R"), k € {1,00}, of functions 1 : [a,b] — R" has the
usual meaning. As usual, W1*([a, b]; R") denotes the space of absolutely continuous functions v : [a, b] — R”
for which the first derivative belongs to L*([a,b]; R"). We abbreviate sometimes W1 := Wb.1([0, T]; R"),
L' := L' ([0, T];R™).

1.2.1 The control model

Let T'> 0 and yo € R™. The space )V := {y € Whee (O, T, R") cy(0) = yo} is interpreted as the state space,
and U C L' (07 T, Rm) as the control set. Suppose that for each u € U there exists a unique function y,, € Y
such that

Yu = f("yuvu)’ (18)

where f: R x R™ x R™ — R” is a given function. Equation (1.8) represents the evolution of the system in
time. The optimal control problem is the following:

min{/OTg(t,yu(t),u(t))dt} (1.9)

ueU

where g : R X R™ x R™ — R is a given real-valued function. We make the following assumption for the
optimal control problem (1.8)-(1.9).

Assumption 1.2.1. The following statements hold.
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1.2. OPTIMAL CONTROL PROBLEMS FOR ODE’S 17

(a) The functions f and g are twice differentiable, and these functions, their first derivatives and their
second derivatives are Lipschitz.

(b) There exists a closed convex set U C R™ such that

U={ueL®0,T;R"):u(t) eU forae tel0,T]}.

Assumption 1.2.1 ensures that the subsequent mathematical objects are well defined. We define the
objective functional J : U — R by

T(u) = / ot yu(t), u(t)) dt.

Definition 1.2.2. We say that @ € U is a weak local minimizer of the optimal control problem (1.8)-(1.9)
if there exists €9 > 0 such that J(a) < J(u) for all u € U NBp1(a,ep).

We define the costate space by
A= {AeW">(0,T;R") : \(T) =0},
and the Hamiltonian H : R x R” x R” x R™ — R by
H(t,y, A\ u) == g(t,y,u) + (A, f(E,y, ).
The first order necessary conditions can be summarized in the next theorem.

Theorem 1.2.3. Let Assumption 1.2.1 hold. If @ € U is a local minimizer of problem (1.8)-(1.9), then
there exists a unique \g € A such that

0 = 7yﬁ+f('7yﬂaﬂ),
0 S Hu('ayﬁ7)‘ﬁ7ﬂ)T+Nu<a)7

where the (restricted) normal cone at u to the set U is given by

T
Ny (u) = {0 € L>(0,T;R™) : / (o(t),w(t) —u(t)dt <0 Ywe U} .
0
We now proceed to re-state the system of first order necessary conditions (1.10) as generalized equation.
Consider the sets M, := )Y x A x U, and
Z,:=L"(0,T;R") x L"(0, T;R™) x L>(0,T;R™), re{1,2}. (1.11)
Let daq, and dz, be the shift-invariant metrics in M, and Z,., respectively, given by

dm, (s psuw) == [ylwrr + | Awr + |ulr,
dz (&, p) = |&|r + |nle- + |p|Lss

where 1/r + 1/s = 1. The optimality mapping is defined as the set-valued mapping ® : M, — Z,. given by

Dy, A\, u) = A+ Hy( oy, A\ u) " . (1.12)
Hu(‘,yvA,u)T +NM(U‘)

Then the optimality system (1.10) can be recast as the inclusion

0€ Py, \,u). (1.13)
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We can now employ the notions of regularity introduced in Section 1.1 to study the stability of system (1.10)
in terms of inclusion (1.13).

The metric regularity of the optimality mapping has been studied under the classic (integral) coercivity
condition.

Coercivity condition. There is a constant ¢y > 0 such for any v € U — U the inequality

T
/ [<Hyy('?yﬁ7pﬁ7ﬂ)zvv ZU> + 2<Huy('7yﬁ7pﬁ)zv7v> + <Huu(a yﬁ7pﬂ7ﬂ)v7v>] dt Z 00”1}”%2
0
is fulfilled, where z, is the unique solution of the equation %, = fy (-, ya, @)y + fu(-, Ya, @)v with 2,(0) = 0.

This assumption is standard in optimal control; it goes back to the work of Hager [20], where it was used to
show convergence of the multiplier method in optimal control. It was also used in [17] to prove results about
convergence of discrete approximations in optimal control. One can interpret coercivity as a strong second
order sufficient condition.

Theorem 1.2.4. [16, Theorem 17.2] Suppose that the coercivity condition holds. Then the optimality map-
ping is strongly reqular at (ya, \a, @) as mapping from Mas to Zs.

There many useful applications of Theorem 1.2.4, see e.g., [17, Section 7] where some convergence results
of the Euler method are obtained.
1.2.2 Results on affine optimal control problems
We say that problem (1.8)-(1.9) is affine if the functions f and g have the following form
ft,z,u) =a(z)+ B(x)u and g(t,z,u) = w(x) + s(x)u. (1.14)

The case of affine problems is especially challenging due to the typical discontinuity of the optimal control
functions. In fact, assumptions like the coercivity condition cannot hold for this type of problems.

This impossibility is because the coercivity condition implies the Legendre-Clebsch condition (a.e. point-
wise coercivity condition), see [18].

Legendre-Clebsch condition. There is a constant ¢y > 0 such for any v € U — U and for almost every
t € [0,T] the inequality

(Huu(t ya(t), pa(t), a(t)v(t), v(t)) > collo(t)]?

is fulfilled.

From the latter condition we see that if Hy,, (¢, ya(t), pa(t) = 0 a.e in [0, T] then the coercivity condition
cannot hold (unless U is a singleton).

Before stating our contributions, let us comment on some of the results in the literature. A general
sufficient condition for strong sub-regularity of the mapping ® in the single metric daq, in M, is given in
[27, Theorem 3.1]. It involves the following assumption at a local minimizer a € U.

Assumption. There is a constant ¢ > 0 such for any v € U — @ the inequality

T T
/ <Hu(',yﬂ7pﬂ)av> dt+/ [<Hyy('7ya»Pa»ﬂ)Zmzv> +2<Huy('7yﬂ7pﬁ)zmv>] dt > COHUH%1
0 0

is fulfilled, where z, is the unique solution of the equation 2, = f, (-, ya, @)2zy + fu(-, Ya, w)v with z,(0) = 0.
Consider the metric space given by

Z*:=L"(0,T;R") x L' (0, T;R™) x Wh>(0,T;R™),
endowed with the shift invariant metric

dz-(&,m,p) := €| + [0l + [plwre.
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1.3. MODEL PREDICTIVE CONTROL METHOD 19

However, for affine problems, the strong bi-metric regularity property is more suitable, see [36, 35]. In
[36, Corollary 3.5], sufficient conditions for strong bimetric regularity (with respect to the metric spaces
My, Z; and Z*) for a Mayer problem were given. These conditions involve the non-negativity of the second
variation of the objective functional and a growth condition at the optimal control.

Our results on affine optimal control problems are as follows. In [14, Theorem 2.1], we obtained more
general sufficient conditions for the optimality mapping to be strongly bi-metrically regular (with respect to
the metric spaces M1, Z1 and Z*) at an optimal control @ € Y. One of the main features of these conditions
is that they do not involve the second derivative of the associated Hamiltonian with respect to the control.
Moreover, they do not require non-negativity of the second variation of the objective functional. We showed
in [14, Section 4] an example where the assumptions are satisfied for a non-convex problem; this is a new
finding in the optimal control context, in general. The assumptions in [14, Theorem 2.1] for an optimal
control @ € U can be read as follows, see [14, Assumption A2].

Assumption 1.2.5. The matriz
Huy(tvyﬂ(t)7pﬁ(t))fu(t7yﬁ(t)) is symmetric fOT a.e. te [O>T} .

Assumption 1.2.6. There exist positive numbers ag, Yo and co such for anyv € U—U, and o € Byy1,00(5,4,)N
(= Ny (u)), the inequality

T T
/ (o, v) dt + / [Eyy (- s s @) 20 20} + 2(Hoy (- g p) 20 0] dt > col[v]l2
0 0

is fulfilled. Here z, is the unique solution of the equation Z, = fy(-,Ya, @)z + fu(-, Ya, @)v with z,(0) = 0,
and ¢ = Hy, (-, ya, Ma)-

Theorem 1.2.7. [14, Theorem 2.1] Suppose that Assumptions 1.2.5 and 1.2.6 hold. Then the optimality
mapping ® in (1.12) is strongly bi-metrically reqular at (ya, \a, @) with respect to the metric spaces My, Z1
and Z*.

As an application, in [14, Section 5] we prove that the obtained sufficient conditions imply uniform first
order convergence of the Euler discretization scheme when applied to affine problems that are close enough
to a reference one.

1.3 Model predictive control method

The Model Predictive Control (MPC) is a method for on-line feedback approximation, the idea behind it
can be described as follows. Observe/measure the current state of a system, and from that compute very
rapidly an open-loop control solution to the problem at hand. The first portion of this function is then used
during a short time interval, after that a new measurement of the state is made. Repeating this over a time
interval will yield a feedback controller synthesis from knowledge of open-loop controls obtained, see [24, 38].

The main advantages of the MPC paradigm are that the feedback nature of the method provides addi-
tional robustness to disturbances, modeling inaccuracies, and implementation errors, in contrast to classical
optimal control theory. The MPC is a powerful method, but the rigorous mathematical theory investi-
gating the scope of validity and the efficiency of the MPC method under appropriate suppositions is still
underdeveloped.

This section contains a brief summary of the results in [1] including a short subsection with some of the
technical details of the problem as well as a description of the MPC algorithm.

1.3.1 The model
Consider now the following optimal control problem, further denoted by P, (0, yo):

min{J,,(u) — /OT g(w(t),y(t),u(t))dt}, (1.15)

ueU

subject to

y(t) = f(m,y,u) y(0) = yo. (1.16)
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Here the state vector y(t) belongs to R™ for each t € [0,T], and the control function u(-) belongs to the
set U of all Lebesgue measurable functions u : [0,7] — U, where U C R™. The function 7 represents an
uncertain time-dependent parameter which is known to belong to a set II of bounded Lebesgue measurable
functions 7 : [0,7] — R!. Correspondingly, f and g are defined on R! x R™ x R™ with values in R” and R,
respectively. The initial state yg € R™ and the final time 7' > 0 are fixed.

Problem P, (0, y9) will be considered under the following assumptions.

Assumption 1.3.1. The set U is convex and compact. The functions f and g are two times differentiable
with respect to (y,u), these functions and their first and second derivatives in (y,u) are Lipschitz continuous
with respect to (m,y,u).

For any 7 € II, along with problem P, (0, yo) we consider the family, denoted by Py (7, y;,), consisting of
problems which have the same form as (1.15)—(1.16) but with the initial time 0 replaced with any 7 € [0,T)
and yo replaced with any y, € R™. Of course, then only the restriction of the parameter £ to [r,T] matters.

Assumption 1.3.2. For everyu € U, yo € R™, and w € II equation (1.16) has a solution y on [0,T] (which
is then unique due to Assumption 1.3.1). For every T € [0,T), yr € R™ and w € II problem Pr(7,y,) has
an optimal solution.

Optimality in the last assumption means local optimality of the objective functional with respect to the
L'-norm of the controls. We now reformulate the optimality system in functional spaces. The space L4(7,T),
g=1,2,...,00, of vector functions on [7, T] (with any fixed dimension) has the usual meaning, with the norm
denoted by |- |zq. The space of all absolutely continuous vector functions on [r,T] is denoted by Wi (7, T),
with the norm |y|w11 = |y[z1 + |§]z1. Moreover, W' (r,T) is the space of functions A € Wh(7,T) for
which A(T") = 0. The notations of norms do not include the time horizon, but it will be clear from the
context. For the same reason we often skip the time horizon from the notations of spaces.

Denote

M, = Wh(r, T) x Wi (r,T) x Uy,  Z,:= L1, T) x R" x L'(7,T) x L=(r,T),

where U, = {u € L*(1,T) : u(t) € U for a.e. t € [r,T]} is the set of admissible control functions on [r, T},
thus Uy = U. We also set M := My and Z := Z,. The metrics in M, and Z,. are given in terms of norms
as follows: for p = (y,\,u) € M, and q = (§,v,n,p) € Z;

dpm, (p,0) = [plat, = [ylwra + Alwra + |ulps,  dz, (q,0) == lqlz, = [€]rr + [v[re + Inlrs + ol

In addition, we define in M%* as follows. Let I' C [0,7] be a fixed finite set. For u1,us € U, denote
d*(uy, uz) == 1inf{e > 0 : |uy(t) —uz(t)| <e forae. te€[0,T]\(I+[—¢,¢])}. (1.17)
Abusing the notation, we define M?* := M, with the shift-invariant metric
dpms(p,0) := lylwra + [Alwia + d*(u, 0).
For any w € II, 7 € [0,T), and y, € R™ define on M. the optimality map by
—y+ f(p,y,u)
o= B,
Hy(m,y, A u) T+ Ny, (u)

where now Ny (u) is the normal cone to U, at u in the space L!(7,T), that is,

T
NMT(U):{O’ELOO(T,T)Z/ (o,w —u) for all w € U}.

With these notations one can recast the optimality system for problem P (7, y,) as
0€ Py, (U, A ).

Obviously, due to the compactness of the set U, ®r ;. ) is a set-valued mapping from M to Z..
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1.3.2 The algorithm and the results

Let us fix a reference parameter 7 € II and denote by (¥, @) a solution of problem Pz (0, yo) (see Remark 77).
Let A be the corresponding adjoint function, so that the 0 € ®(y, A, u). The following assumption plays a
key role in the error analysis of the MPC method presented in the next section.

Assumption 1.3.3. The map ®;0.0,) : M — Z is strongly sub-regular at (3,0) (in the metrics dy and
dpge ).

The finite set " that appears in the definition of the metric d* is arbitrary, but it is appropriately specified
in [1, Section 4] for several classes of problems, together with sufficient conditions for Assumption 1.3.3.

It is assumed that for some parameter 7 € II equation (1.16) with 7 = 7 reproduces a “real” system,
the states of which can be measured (with a measurement errors). Recall that (7, @) is a reference optimal
solution of Px(0,yo). We describe now the MPC algorithm.

Given a natural number N, we denote by {t;}2_, the grid with step-size h = T//N, that is, t;, = kh,
k=0,...,N. To describe the k-th stage of the MPC algorithm we assume that an admissible control function
uV is already determined on [0,%;] and applied to the “real” system. Denote by y” the corresponding
trajectory, that is the solution of (1.16) with 7 = 7 and u = u’. Then the state of the “real” system
is measured with a measurement error ey, that is, the vector y,g = yN(ty) + e becomes available at time
tr. In addition, a prediction 7, € II for the time horizon [ty,T] is made. Then an approximate solution
(Gk, i) € WHL x Uy, of the problem Py, (tg,y?) is found, and u!V is extended to [0, 1] as u™ () = i (t)
for t € (tk,tk.:,_l}.

The process continues in the same way as long as k < N. The control u” is called MPC-generated
control and the corresponding trajectory xV of the “real” system (1.16) with u = u" and m = 7 is called

MPC-generated trajectory.

The quality of a prediction 7 € IT on [tg,T] will be measured by the norm ef, := |7 — 7y, 17|/, and
the pair (gx, @) is an approximate solution of problem Py, (tk,yg) in the sense that for some absolutely
continuous Ag the triplet py := (Jx, Ak, Ux) satisfies the inclusion (approximate optimality conditions)

@i € Pyt ) (Pr) (1.18)
with some g € Z;,. Most of the numerical methods for optimal control give approximations with a small
residual . The norm e} := [Gk|z, of the residual will be used as a measure of the accuracy of the

approximate solution (J, @) of problem Py, (¢, y?).

The main result in [1] gives an estimate of the difference between the MPC-generated control and the
optimal open-loop control for the reference problem (the latter corresponding to the “ideal” scenario where
the prediction, the measurement, and the solution of the auxiliary problems are all exact). A remarkable
feature of the estimation is that the overall error of the MPC-generate control depends on the average of
the errors appearing at the steps of the algorithm, thus occasional relatively large errors in the prediction or
measurement do not substantially damage the MPC-generated control. Another interesting feature of the
overall error is that for some classes of problems it depends linearly on the averaged errors appearing at the
steps of the method, while for other classes, the estimate of the overall error depends on the square root of
the averaged errors (and this estimate is sharp, see [1, Example 3.5]).

Theorem 1.3.4. [1, Theorem 8.1] Let Assumptions (A1)-(A8) be fulfilled. Then there exists numbers Ng,
0 >0, Cq, Cy, and Cs such that for any natural number N > Ny, for any sequence of measurement errors
{ex}, for any sequence of predictions m, € II and approzimation errors {e}} satisfying the conditions
|ek|—|—ez—|—e}j§5, Hak—’IZHLl <4, k=0,...,N—1,
N ulV) satisfies the estimate
C1 & if T =0,
CoVE +Csh  if T #p,

any MPC-generated trajectory-control pair (y
o =l + Y il < {
where
1 N-1
€= Z(|ek| +ef +el)
k=0

is the averaged error appearing at the MPC' steps.
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1.4 Elliptic optimal control problems

The optimal control of ordinary differential equations cannot cover all interesting and practical applications,
for instance, heat conduction, electromagnetic waves, fluid flows, freezing processes, etc. In this section we
introduce an optimal control problem governed by elliptic partial differential equations. Later in the section,
we comment the results obtained in the papers [12, 13]. The motivations for studying stability of solutions
comes from the error analysis of numerical methods, see e.g., [29, 30].

1.4.1 The control model

Consider the following optimal control problem

gﬁ{AL(x,y) dx}, (1.19)

subject to
Ly+d(,y)=u (1.20)

Here, £ : D(L£) — L?(f) is an elliptic operator representing the action of —div(AV) and D(L) is a set
encapsulating? the boundary conditions of a partial differential equation. More explicitly, (1.20) represents
either the Robin boundary value problem

—div (A(2)Vy) +d(z,y) = uw in Q

(1.21)
Alx)Vy -v+y = 0 on 0N
or the Dirichlet value problem
—div (A(2)Vy) +d(z,y) = u in Q
(1.22)
y = 0 on 00.

The set  C R™ is a bounded domain with Lipschitz boundary, where n € {2,3}. The unit outward normal
vector field on the boundary 0f2, which is single valued a.e. in 02, is denoted by v. The control set is given
by

U :={u:Q— R measurable : by <u(z) <by for ae. € Q},

where b; and bs are positive numbers satisfying b; < bs. The functions L,d : 2 x R — R are real-valued and
measurable, and A : Q — R™*™ is a measurable matrix-valued function.

Assumption 1.4.1. The following statements are assumed to hold.

(i) The set Q@ C R™ is a bounded Lipschitz domain. The matriz A(x) is symmetric for a.e. x in Q, and
there exists a > 0 such that & - A(z)€ > a|&|? for a.e. x in Q and all £ € R™.

(i) The functions L and d are Carathéodory, twice differentiable with respect to the second variable, and
their second derivatives are locally Lipschitz uniformly in the first variable.

(tii) The functions A, L(-,0), Ly(-,0),d(-,0) and dy(-,0) are measurable and bounded.
(i) The function d,(-,y) is nonnegative a.e. in  for all y € R.

The necessary optimality conditions (Pontryagin principle) for problem (1.19)-(1.20) is given by the
system

0 = LAX+dy(-,y)A—Ly(-,y), (1.23)
0 € A+ Ny(uw),

2See [13, Section 2.1] for a precise description.
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If u € U is a local solution of problem (1.19)—(1.20), then the triple (., Ay, u) is a solution of (1.23). Let us
recast system (1.23) in a functional frame. We introduce the metric spaces

M:=D(L)x D(L) xU and Z:=L*Q)x L*(Q) x L>=(Q),

endowed with the following metrics. For ¢; = (y;, A\j,u;) € M and (; = (&, m:,pi) € 2,1 € {1,2},
da(V1,902) = |y1 — Y2lr2() + | — Aelr2 o) + [ur — uz|L1 (),
dz(C1,C2) == 61 — &alr2() + [ — m2lr2(Q) + 1p1 — P2l (q)-

Both metrics are shift-invariant. Then the optimality mapping is defined as the set-valued mapping @ :
M — Z given by

Ly+d(y)—u
Dy, \u) = | LA+dy(y)A—Ly(y) |- (1.24)
A+ Ny ()

Then, as in previous sections, the optimality system (1.23) can be recast as the inclusion
0€ Dy, A\, u). (1.25)

Our purpose is to study the stability of system (1.23), or equivalently of inclusion (1.25), with respect to

perturbations in the right-hand side. We will consider the concept of subregularity, see Definition 1.1.3.

From now on, we write ¢ := (7, \, %) = (ya, \a, @) , where @ is a fixed local solution of problem (1.19)-(1.20).
The inequality (1.7) in the definition of (-subregularity, can be written explicit for this problem as

[y = valrz) + 1A = Aalrze) + [u — @) < H(\§|L2(Q) +nlz2) + |P|Loo(sz)> : (1.26)
Hence, if the optimality mapping is ¢-subregular, all solutions of the system

no= LA+dy(y)A = Ly(- ), (1.27)
p € A+ Ny(u).

that are near (yz, A\g, @) satisfy the Holder estimate (1.26) with respect to the perturbations ¢ = (&, 7, p),
provided they are small enough.

1.4.2 The results on elliptic optimal control problems

Results for optimization problems constrained by partial differential equations have been gaining relevance
in recent years, see [3, 6, 7, 8, 11, 33]. Most of the stability results for elliptic control problems are obtained
under a second order growth condition (analogous to the classical Legendre-Clebsch condition). For literature
concerning this type of problems, the reader is referred to [19, 21, 23, 25, 26, 34] and the references therein.
However, its stability has been only investigated in a handful of papers, see e.g., [11, 31, 33].

Stability of controls

We begin reviewing one of relevant results in the literature. In [33], the authors consider linear perturbations
in the state and adjoint equations. They use the so-called structural assumption (a growth assumption
satisfied near the jumps of the control) on the adjoint variable. This assumption has been widely used in
the literature on bang-bang control of ordinary differential equations in a somewhat different form.

In [13], we introduce in the literature the following assumption at a local minimizer @ € U.

Assumption 1.4.2. There exist positive numbers ag, o and k* € [1,4/n) such that

/Q Aav da + [ [Lyy (@, ya) — Aadyy (2. y0)] 22 dt > olol5ild . (1.28)

for all v € U — u with |v|p1 ) < ag. Here z, is the unique solution of the equation Lz, + dy(-, ya)zo = v.
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In [13, Section 6], we prove that the last assumption is equivalent to

Assumption 1.4.3. There exist positive numbers ag,vo and k* € [1,4/n) such that

/Q)\ﬂvdx—&—/Q[Lyy(x,yu) Nadyy (7, ya)] 22 dt>fyo|v\]zl(+§%

for allv € U —u withv € CFNB L1 (o) (U; ap), where z, is the unique solution of the equation Lz, +dy(ya)z, =
.

For a fixed 7 > 0, the extended cone is given by
=0 if |Ag(z)| > 7 ora(z) € (bi(x),b2(x))
CI=Rvel?Q):vx){ >0 if |Na(2)| <7 anda(z)=b(v)
<0 if |Ag(x)| <7 and a(zx) = ba(x)
The equivalence between the assumptions shows that for &* € [1,4/n), Assumption 1.4.2 is weaker than the
assumptions in [33], see [13, Section 6] for more details. Our main result in [13] is
Theorem 1.4.4. Let Assumption 1.4.2 hold. Then the optimality mapping ® is t-subreqular at 1) with
L= 1/k* as a mapping from M to Z.

This result generalizes the one in [33, Theorem 4.5]. One of the main novelties of our work is that using
Theorem 1.4.4, we proved stability of problem (1.19)-(1.20) with respect to nonlinear perturbations, see [13,
Section 5] for precise details.

Stability of states

Results in state-stability were also proved in [12]; they involve weaker assumptions than in [13], but also
yield less stronger theorems. There are some minor differences between the model in [12] and the one in
[13], the main one is that in [12], we considered an elliptic PDE with Dirichlet boundary condition and
with a convection term which makes the linear differential operator £ not monotone nor coercive. Before
summarizing our main result, we introduce new metric spaces

M= {(y,\) € D(L)x D(L): 0 € A+ Ny(Ly +d(-,y))} and Z*:=L*(Q) x L*(Q),
endowed with the following metrics. For ¢; = (y;, A\;) € M* and (; = (&;,m;) € 2%, 1 € {1, 2},

A= (Y1, %2) = |y1 — y2lr2 ) + A1 — A2lL2 (),
dz+(C1,G2) = &1 — &2l 2() + Im — m2lr2(0)
Consider also the optimality mapping ®* : M* — Z* re-defined as the set-valued mapping given by

* _ Ly+d(y) —u
TN = ( LA = Ly(-y) + Ady (- y) > ' (1.29)
Under a new assumption we proved Lipschitz stability of the associated states to the optimal controls with
respect to perturbations in the equation and the objective functional, which can be translated as subregularity
of the optimality mapping (1.29). To the best of our knowledge this is the first time this assumption is used
in the literature, and is worth pointing out that this assumption pops up naturally studying the subregularity
of the optimality mapping. The new assumption introduced to literature reads as follows.

Assumption 1.4.5. There exist positive numbers ag,yo such that
[ Awvde+ [ 1Ly(em) = Nadyyo ] 22t = 2002030 (1.30)
Q Q

for all v € U — u with |z,|p2(q) < ao. Here z, is the unique solution of the equation Lz, + dy(-,ya)zy = v.
We mention that the assumption is not only new in the context of optimal control of PDE’s, but in

general in optimal control. We are now ready to give the main result of [12] (stated in a equivalent different
form in terms of the optimality mapping ®*).

Theorem 1.4.6. [12, Theorem 4.4] Let @ be a local minimizer of (1.19)-(1.20) satisfying Assumption 1.4.5.
Then the optimality mapping ®* is strongly metrically subregular at (ya, A\a) in the metrics M* and Z*.

Some other complementary results were also proved in [12, Section 4], but those were more of a routine
task. Theorem 1.4.6 truly represents a novelty in the optimal control context. It is also worth-mentioning
that the elliptic equation studied in [12] was non-monotone and non-coercive, see [4, 5].
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Chapter 2

Strong bi-Metric Regularity in Affine
Optimal Control Problems

This chapter consists of the paper:

e Dominguez Corella, Alberto and Quincampoix, Marc and Veliov, Vladimir M.: Strong bi-metric regu-
larity in affine optimal control problems.

It was published in Pure Applied Functional Analysis (ISSN 2189-3756): Volume 6, pages 1119-1137, year
2021. The author of this thesis contributed with the proof of the so-called uniform Euler discretization
method in terms of sufficient second-order assumptions; he wrote the last section of the paper, and helped
with the technical details of all other sections.
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Strong bi-metric regularity in affine optimal control problems*

Alberto D. Corellal Marc Quincampoix* Vladimir Veliov®

Abstract

The paper presents new sufficient conditions for the property of strong bi-metric regularity
of the optimality map associated with an optimal control problem which is affine with respect
to the control variable (affine problem). The optimality map represents the system of first order
optimality conditions (Pontryagin principle), and its regularity is of key importance for the
qualitative and numerical analysis of optimal control problems. The case of affine problems
is especially challenging due to the typical discontinuity of the optimal control functions. A
remarkable feature of the obtained sufficient conditions is that they do not require convexity of
the objective functional. As an application, the result is used for proving uniform convergence
of the Euler discretization method for a family of affine optimal control problems.

Keywords: optimal control, metric regularity, affine problems, Euler discretization
AMS Clasification: 49K40, 49M25, 49J53

1 Introduction

Regularity properties of the system of first order necessary optimality conditions for optimization
problems play a key role in qualitative analysis and reliable numerical treatment of such problems
(see e.g. the books [1, 8, 4, 7]). For optimal control problems, the investigation of regularity
properties of the map associated with the Pontryagin maximum principle (called further optimality
map) was first initiated in [3], which deals with problems that satisfy the so-called coercivity
condition. The latter, however is never fulfilled for problems in which both dynamics and cost
are affine with respect to the control (further called affine problems). Results about strong metric
sub-regularity of the optimality map for affine problems were obtained in the recent papers [10, 9].
The property of strong metric regularity (see e.g. [4, Chapter 3]) of the optimality map proved to
be important for convergence and error estimates of numerical methods (discretizations, gradient
projection, Newton method, etc.). However, more suitable for affine problems is a specific extension
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the strong metric regularity introduced in [12] under the name Strong bi-Metric Regularity (Sbi-
MR). The present paper investigates this property for Lagrange-type affine optimal control problems
of the form

T
min{J(u) = /0 [w(t, z(t)) + <s(t,x(t)),u(t))]dt}, (1)

subject to
i(t) = a(t,z(t)) + B(t,z(t)u(t), =(0)=a", (2)

ut) e U, telo,T). (3)

Here the state vector x(t) belongs to R™, the control function u has values u(t) that belong to a
given set U in R™ for almost every (a.e.) ¢t € [0,7T]. Correspondingly, w is a scalar function on
[0,7] x R™, s is an m-dimensional vector function ((-,-) denotes the scalar product), a and B are
vector- /matrix-valued functions with appropriate dimensions. The initial state 2° and the final
time 1" > 0 are fixed. The set of feasible control functions u, denoted in the sequel by U, consists of
all Lebesgue measurable and bounded functions u : [0,7] — U. Accordingly, the state trajectories
x, that are solutions of (2) for feasible controls, are Lipschitz continuous functions on [0, 7.

It is well known that the Pontryagin (local) maximum principle can be written in the form of

a generalized equation
0€ F(y), (4)

where y = (x(-),u(-), p(:)) encapsulates the state function z(-), the control function u(-) € U, and
the adjoint (co-state) function p(-), and the inclusion 0 € F(y) represents the state equation, the
co-state equation, and the maximization condition in the maximum principle (the last being the
inclusion of the derivative of the associated Hamiltonian with respect to the control in the normal
cone to U at u(+)). The detailed definition of the mapping F in (4), called further optimality map
is given in the next section.

In the next paragraphs we remind the definition of Sbi-MR in the form used in [10] and [11]. Let
(Y,dy), (Z,dz), (Z,dZ) be metric spaces, with Z C Z and dy < d; on Z.1 Denote by By (g;a),
Bz(%;b) and IB;(2;b) the closed balls in the metric spaces (Y, dy), (Z,dz) and (Z, d) with radius
a > 0 or b > 0 centered at § and Z, respectively.

Given a set-valued map ® : Y = Z, graph ® := {(y,2) € Y xZ : z € ®(y)} denotes the graph of
®. The inverse map, @' : Z = Y, is the set-valued map defined as ®~1(2) :={y € Y : z € ®(y)}.

Definition 1.1. The set-valued map ® : Y = Z is strongly bi-metrically regular (Sbi-MR) (with
disturbance space Z) at § € Y for 2 € Z with constants k >0, a > 0 and b > 0, if (§, 2) € graph(®)
and the following properties are fulfilled:

(i) the map B (%;b) > z — ®~1(2) N By (§;a) is single-valued;

(ii) for all z,2" € IB;(%;b)

dy (®7(2) N By (§;a), @ 1(2) N By (§;0)) < kdz(z, 7). (5)

We stress that the difference between this notion and the standard notion of strong metric regularity

(see e.g. [4, Chapter 3]) is that the “disturbances” z have to belong to the smaller space, Z (with
the bigger norm), but the Lipschitz property in (ii) holds with respect to the smaller distance,

! This inequality can be understood as dz(z) < c¢d(z) for every z € Z, where ¢ is a constant.
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dz, in the right-side of (5). A detailed explanation of the reasons for the appropriateness of this
definition is given in [11, Introduction].

Sufficient conditions for more specific problems and some applications of the Sbi-MR property
are presented in [10] and [11]. The main aim of the present paper is to obtain new, more general,
sufficient conditions for Strong bi-Metric Regularity (Sbi-MR) of the optimality map F in an
appropriate space setting. A new feature of these conditions is that they involve not only the second
derivative of the associated Hamiltonian with respect to the control, but also its first derivative.
Thanks to that, they may be also fulfilled for problems with a non-convex objective functional,
which is a new founding in the optimal control context, in general.

We present the sufficient conditions for Sbi-MR, in Section 2 and give a detailed proof in Sec-
tion 3. In Section 4 we specialize these conditions to the case of affine problems with bang-bang
solutions and give an example where they apply to a non-convex problem. As an application, in
Section 5 we prove that the obtained sufficient conditions imply uniform first order convergence of
the Euler discretization scheme when applied to affine problems that are close enough to a reference
one. This result is of importance, for example, for the justification of Model Predictive Control
methods applied to affine problems.

2 Sufficient conditions for strong bi-metric regularity

We will use the following standard notations. The euclidean norm and the scalar product in R™
(the elements of which are regarded as column-vectors) are denoted by |- | and (-, ), respectively.
The transpose of a matrix (or vector) E is denoted by E'. For a function 1) : RP — R” of
the variable z we denote by ,(z) its derivative (Jacobian), represented by an (r x p)-matrix. If
r =1, V.(2) = ¥.(2)" denotes its gradient (a vector-column of dimension p). Also for r = 1,
¥,,(z) denotes the second derivative (Hessian), represented by a (p X p)-matrix. For a function
Y : RPT? — R of the variables (z,v), ¥,,(2,v) denotes its mixed second derivative, represented
by a (p x ¢)-matrix. The space LF([0,T],R"), with k = 1,2 or k& = oo, consists of all (classes
of equivalent) Lebesgue measurable r-dimensional vector-functions defined on the interval [0, 77,
for which the standard norm || - || is finite. Often the specification ([0,7],R") will be omitted
in the notations. As usual, W' = WL*([0,7],R") denotes the space of absolutely continuous
functions x : [0, 7] — R” for which the first derivative belongs to L¥. The norm in W1* is defined
as ||z|[1k := ||z||x + [|Z]x. Moreover, IBx (x;r) will denote the ball of radius r centered at z in a
metric space X.
Allover the paper we use the abbreviation

f(t,(ll',U) :a(t7$)+B(t7 x)ua g(t,(E,U) :w(t,x)—i— <S(t,$),u>. (6)
For problem (1)-(3) we make the following assumption.

Assumption (A1). The set U is convex and compact; the functions f : R x R™ x R™ — R™ and
g : RxR"™ x R™ — R have the form as in (6) and are two times differentiable in (¢,z), and the
second derivatives are Lipschitz continuous.

Define the Hamiltonian associated with problem (1)-(3) as usual:

H(t,x,p,u) :=g(t,z,u) + (p, f(t,z,u)), peR™
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The local form of the Pontryagin maximum (here minimum) principle for problem (1)-(3) can
be represented by the following optimality system for (z,u) and an absolutely continuous (here
Lipschitz) function p : [0,7] — R": for a.e. ¢t € [0, 7]

—&(t) + f(t, 2(t),u(t), z(0)-2®=0, (7)
= p(t) + Ve H(t,2(t), p(t), u(t)), p(T)=0, (8)
0 e VuH(t2(t),p(t), ult)) + No(u(t)), (9)

where the normal cone Nyy(u) to the set U at u € R™ is defined in the usual way,

No(u) = {yeR" | (y,v—u)<O0forallve U} ifuel,
vi = 0 otherwise.

Assumption (A1) implies that there exists a number M > 0 such that for any u € U the
corresponding solution z of (7) and also the solution p of (8) exist on [0, 7] and

max{a ()], [#(0)], [p(t)], B} < M for ae. t € [0,T]. (10)

In what follows, M will be any number larger that M.
Let us introduce the metric spaces

Y :={y=(x,p,u) € WhtxWwhix Ll . wel, z(0) = 20, p(T) =0, and x,p, &, p € Br~(0; M)}.

and
Z: =L xL®°xL®and Z:=L®°xL®xWh>®cZ.

The distances in these spaces are induced by norms, therefore we keep the norm-notations: for
y=(z,p,u) €Y

1yl =

and for z = (§, 7, p) in Z or in Z, respectively,

121z = 1€l + limlls +llolloo,  Ml2ll~ = €]l + lI7lloc + [loll1,00-

Notice that Y is a complete metric space, thanks to the compactness of the set U.
Now, we define the set-valued mapping F': Y = Z as

—&+ f(,z,u) 0
Fly):==| p+VH(,y) |+ 0 , (11)

where Np/(u) is the normal cone to the set U of admissible controls at u, considered as a subset of
L
0 ifugU

Ny(u) = { - .
{veL>®: vt)e Ny(u(t)) for a.e. t €[0,T]} ifuel.

Notice that F(Y) C Z, and V,H(-,y) € Z thanks to the affine structure of the problem, namely,
the independence of V,H(-,y) of u.
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With these definitions, the necessary optimality conditions (7)—(9) take the form
Fy) 30, (12)

therefore F' is called optimality map associated with problem (1)—(3). The main result in this paper
is a sufficient condition for Sbi-MR, of the optimality mapping F : Y == Z with perturbation space
Z. To do this we fix a reference solution g = (&,p,u). We mention that such always exists since
on assumption (A1) problem (1)—(3) has a solution. To shorten the notations we skip arguments
with “hat” in functions, shifting the “hat” on the top of the notation of the function, so that

ft) = f(t,fc(t)(i alt)), 8(t) = s(t,&(1)), H(t) = H(t,&(t),at), (), H(t,u) := H(t,&(t),u, p(t)),
etc. Moreover, denote

~

A(t) = folt, &) a(t)),  B(t) = fult,2(t),a(t)) = B(t,&(1), 6(t) := VuH(t) = B(t) " p(t)+5(t).

Let us introduce the following functional of L' > du — T'(du) € R:
T A A
I(6u) := / (o (032 (0), 52(8)) + 2( e (D)0 (2), 6u(t)) | dt, (13)
0

where 6z is the solution of the equation 0z = Adx + Bdu with initial condition 6z(0) = 0.

Assumption (A2). There exist numbers ¢, ag > 0 and 79 > 0 such that

T
/0 (o(t), bu(t)) dt + T(6u) > co6ul?,

for every du = v/ — w with «',u € U N Br1(4;ap), and for every function o € By, (5570) N

(=Nu(u)).

Assumption (A2) will be analyzed and discussed in details in Section 4. Now we formulate the
main theorem.

Theorem 2.1. Let Assumption (A1) be fulfilled for problem (1)-(3) and let §y = (&,p,u) be a
solution of the optimality system (12) (with F defined in (11)) for which Assumption (A2) is
fulfilled.  Let, in addition, the matriz H,.(t)B(t) be symmetric for a.e. t € [0,T]. Then the
optimality map F =Y = Z is strongly bi-metrically reqular at § for zero with disturbance space
ZCZ.

3 Proof of the main result

The proof of Theorem 2.1 consists of several steps.
Step 1. The following result (adapted to the present problem formulation, assumptions, and
notations) was proved in [11, Theorem 3.1].2

2 A Mayer problem is considered in [11], but the result also applies to Lagrange problems after a standard
transformation. Moreover, the assumptions in [11] are somewhat weaker than (Al).
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Theorem 3.1. Let the assumptions in Theorem 2.1 be satisfied. Then strong bi-metric reqularity
of the set-valued map y — F(y) at § for O (in the spaces as in Theorem 2.1) is equivalent to the
strong bi-metric regularity of the map y — L(y), at g for 0, where

—&+ f + A(w — &) + B(u — )
L(y) = pA"i‘ v{H—i_ny(y_g)
VuH + Huy(y - ?)) + NM(U)

The map L represents the partial linearization of F' around § = (&, p, ). Thanks to the identity
Hy, =0, L maps Y to Z, and moreover, g solves the inclusion L(g) > 0.
To shorten the notations, we set for this section (skipping the dependence on t)

W:=Hy, S:=H,, A=A=f,, B=DB=DB(%).

We remind the already introduced notation 6 = V,H. Then, also having in mind the identity
H,, =0, we can recast the definition of L(y) as

—@+d+ Az — &)+ Blu—a)
Ly)=| p—p+W(x—2)+ S5 (u—1a)+AT(p—p)
6+S(x—2)+BT(p—p)+ Ny(u)

Due to Assumption (Al), we have that &, A, p, W, 6 € L, and B, S € WL, We remind that
according to (12) and (11), @ satisfies the inclusion & + Ny () > 0.

Step 2. Define the map A : L' x Z — L in the following way: for v € L' and z = (¢, 7,p) € Z,
A(u, 2) == 6 + S(z[u, 2] — &) + B (p[u, 2] — p) — p, (14)
where (z[u, 2], p[u, 2]) is the solution of the system
i = 2+ A(x—2)+Blu—0a)—¢ z(0) =2, (15)
= p+Wa—-2)+8 (u—a)+ A (p—p)—m, p(T)=0. (16)
Further we skip the argument z if z = 0, so that z[u] = z[u, 0], p[u] = p[u, 0], A(u) := A(u,0).

Lemma 3.2. Strong bi-metric reqularity of the set-valued map L at § for 0 (in the spaces as in
Theorem 2.1) is equivalent to strong bi-metric reqularity of the map A(-,0) + Ny () : U = L™ at @
for zero, with disturbance space W C L.

Proof. We shall prove that the bi-metric regularity of the map A + Ny, implies that of L, which
will actually be used later. The proof of the converse is similar and simpler.
For any z = (¢, 7, p) € Z and u € L* we have from (15) that

lu, 2] = 2[u, 0] = 1°(6),  11"(E)ll1,00 < c1lléllos  [117()lI11 < cilzl 2, (17)

where [? is a linear map from L to W1 and ¢; and ¢} are independent of v and 2. Using this
and (16), we obtain (also in a standard way) that

plu, 2] = plu, 0] = 17(§, ), IP(§, m)[l1.00 < c2(l€lloo + ITllos),  N1P(6, m)ll11 < chll2llz,  (18)
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where [P is a linear map from L>® x L™ to W5, and ¢y and ¢, are constants such as ¢;. Notice
that the second inequalities in (17) and (18) imply that

max{|z[u, z](t)], |£[u, 2(t)], [plu, 2 (t)], [Plu, 2| ()]} < M + " ([€lloc + [[7]loc)  for ace. t € [0,T],

where ¢ is a constant. This will be used later to ensure that the appearing triples (u, z[u, 2], p[u, 2])
belong to the space Y.
We may represent

Alu,2) = Au) + Q(2),
where
Q(z) = SI*(&) + BTIP(&,m) = p,  [1Q(2)[|1,00 < 32|~
is a linear map and c3 is a constant.
The inclusion L(y) > z can be equivalently reformulated as

x=zu,z], p=pluz], Alu,z)+ Ny(u)>O0. (19)

In view of the obtained representations, the last relations are equivalent to
v =zlu] +1°(5), p=pl)+1"(E&n), Au)+ Q=)+ Ny(u) > 0.

Having in mind the estimations for |[{*(£)]1,00, [|IP(§, 7)||1,00 and [|Q(2)]|1,00, Obtaining Sbi-MR of L
from that of A + Ny becomes a routine task. We will sketch the rest of the proof for completeness.
First we observe that there is a constant ¢4 such that [|Q(2)|lec < callz]|z. Let k, @ and § be

the constants in the definition of the Sbi-MR of the map A + Ny. Fix

G=(c+Fra,  A=mn{l MY

R:c'l—l—c’z—l—am.
C3 C

For any z € Z with |z]~ < B we have [|Q(2)]1.00 < B. Then there exists a unique solution
u(z) € By (t; @) of the inclusion A(u, z) 4+ Ny(u) 3 0. Moreover, for z1, 2o € Z with ||z||~ < B we
have

[u(z1) — u(z2)lh < £[|Q(21 — 22)[[oc < carillzr — 22 2.

From the first two relations in (19) we have for x(z;) = x[u(z;), zi] and p(z;) = plu(z;), 2]
l2(z1) = z(22) 11 + [Ip(21) = p(22) 11 < chllzr = 22z + b1 — 22l 2.

Thus L is Sbi-MR at ¢ for zero with constants &, @, 3. O

Step 3. According to Lemma 3.2, it is enough to prove Sbi-MR of A + Ny in the spaces specified
in the formulation of the lemma. It is convenient to use the notation

(v, )y = /0 (o(8), u(t)) dt

for the duality pairing of L' and L*, where v € L>® and u € L'. The map A : L' — L™ is linear
and continuous, and we shall show that its derivative, A’, satisfies the equality

(N'u, 6u)y =T'(0u), Voéue L (20)
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where the mapping I' : L' — R is defined in (13).? In the notations introduced in this section the

definition of T" reads as
I'(ou) = (Wox,dx)1 + 2(Sdz, du)1, (21)

where dz is the solution of 0z = Adz + Bdu with 62(0) = 0. Let &p be the solution of the equation
—0p=A"6p+Wéoz+S"6u, p(T)=0.
Since u — A(u) := 6 + S(z[u] — &) + BT (p[u] — p) is linear, we deduce
N (u)du = Séx + B ép. (22)
Integrating by parts the expression (dp, 5'x>1 we obtain the equality
(6p, Adx + Bou)y = (6p,0x)1 = —(6x,0p)1 = (dx, ATop + Wz + ST ou);.

Hence,
(6p, Bou)y = (6x, Woxz + ST du)y,

(BT 6p, 6u)y = (Wéz,dx)1 + (Sdz, du)q,
(S6x,6u)1 + (BT 0p, du)y = (Wéz,dz)1 + 2(S0z, du) = T'(u),
which implies (20) in view of (22).
Equality (20) allows to reformulate the inequality in Assumption (A2) as

T
/0 (o(t), 0u(t)) dt + (N'Su, du)y > col|dul|? (23)

with o and du as in (A2).

Step 4. Next, we will prove that for every a € (0,aq) (see Assumption (A2)) and for every
A € Wh* with ||Afl1,00 < coc the inclusion

A(u) + Ny(u) 3 A (24)
has a solution @ € L' satisfying ||@ — 4|1 < a. For this, we consider the inclusion
A(u) + NMﬂBLl(ﬁ;a) (u) > A. (25)

This inclusion represents the standard necessary optimality condition for the problem

T
. 1
win {o(w) = [ [V Oelul 0,2l 0) + (SOlul). o) + (A0, u(o)] at}
where z[u] is defined around (15), with the control constraints u € U and u € By (t;«a). This is
due to the well-known fact that A(u) is the derivative of Jy at u in L' (the proof of this fact uses a
similar argument as the proof of the relation (20)). Due to the weak compactness of U N By (1; )
in L', this problem has a solution @, which then is a solution of (25).

3 Similar representations are known, see e.g. in [6], but in the space L?>. Here the space setting is different and
the specificity of the affine problem is essential.
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Now we use the relation
NunB,, (is0) (W) = Nu(u) + NB_, (30 (0)- (26)

It follows from [2, Theorem 3.1], which, formulated for the particular space setting and sets, U C L'
and V := By:1(4;a) C L', reads as follows: the equality (26) holds, provided that Epi sy + Epi sy
is weak™ closed, where Epi syy is the epigraph of sy, and syy : L™ — R is the support function to
the set W C L%, that is, syp(1) := sup,epw(l, w)1. Thus we need the following lemma.

Lemma 3.3. For the setsU and V defined in the last paragraph, the set Episy +Episy C L™ xR
is weak™ closed.

Proof of the lemma. Let (&, \x) € Episy and (ng, ur) € Episy be arbitrary sequences such that
&k + i — 1 in the weak™ topology and A\, + pr — v. We will prove that (¢, v) € Episy + Epi sy.
We successively obtain the inequalities

(M, v)1 < pg,  for every v € V,
(g, v)1 < — (M, )1 + e for every v € B (051),
e lloo < Ak + e — (€ + M1y )1 — A + (g, @)

< A+ pe — (g + Mk, 1),

where in the last inequality we use that @ € U, thus (£, ) < A;. Passing to the limit we obtain
that a||nkllec < v— (1, 0)+1 for every sufficiently large k. Since the balls in L> are weak™ compact,
we obtain that (a subsequence of) {n;} is weak® convergent to some n € L*. Then {&} is also
weak™ convergent to some &.

Since 0 € V, we have pi > sy(ni) > (nk, 0)1 = 0. From 4 € U, we get A\, > (&, u)1 > (§,0)1 — 1
for k large enough. Because the sequence A + py is convergent, and hence bounded, we deduce
that sequences A\, and py are bounded. So they converge respectively (up to a subsequence) to
some real numbers A and p.

Passing to the limit in the inequality (£x,u) < Ag, which holds for every u € U, we obtain that
(&, \) € Episy. Similarly, (n, 1) € Epi sy, which completes the proof of the lemma. O

Due to (26) and (25), there exists v € Np_, (4;0)(@) such that
v+ Aa) — A € —Ny(a),

hence,
(v, —u)yr + (A(a) — A,a—a); > 0.

We have (v, 4 — a); < 0 since @ € Bp1(u;«). Thus

(A(@),w —u)y; — (A, a—a)y, > 0.

0 > (A@),d—a
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Moreover, we have 6 € —Ny/(@). Then Assumption (A2) in the form of (23) applied for du = a — 4
and o = ¢ implies that
0> colla—aff + (A4 —a)r.

Hence,
1Al

€o
Since @ belongs to the interior of Byi(d; ), thus Np ,(aa)(@) = {0}, we obtain that v = 0,
therefore @ is a solution of the inclusion (24).

o =, < <a

Step 5. First, we shall estimate |[A(u1) — A(uz)||l1.00 for two functions ui, us € L'. Denote
du = uy — ug, 0x = x[uy] — xfuz], dp = plu1] — p[us]. Then there is a constant ¢; independent of uq
and wuo such that

[02]loc < erlldullr,  [I0plloc < erf|dul]s.

Using the definition of A and Assumption (A1) we can estimate
[A(u1) = Aug)loo < cofldullx
with some constant c¢y. Then

d . .
||E(A(u1) — Au2))| 1862 + BT 0p|oe + ||S(Adz + Béu) — BT (Woz + ST ou + AT6p)||s

AN

cslloul[1,

where c3 is another constant and in the last estimate we use the assumed symmetry of SB = E[WE .
Thus
[A(u1) = Aluz)[l1,00 < (2 + c3)llur — uzlly =t callur — usz|r. (27)

Now we choose the number « in such a way that
0<a<ag, coar < ay, (co+ cq)a < .

Consider two disturbances A;, Ay € W with |Aill1,00 < coa, and two solutions up, ug €
Bri(i;a) of (24) corresponding to A; and Ag, respectively. Similarly as in Step 4 we obtain
the following chain of inequalities:
0 > (A(ur) — Ay, ur —ug)1
(A(u2) — Ag,ur —ug)y + (A(ur) — A(ug), ur — uz)1 + (A2 — Ay, up — uz)y

= (o,u1 —ug)1 + (A'(ur —ug), u1 —u2)1 + (Ao — Ay, ug — ug)y (28)

= (o,ur —u2)1 +T(ur —u2) + (As — Ay, up — ug)y, (29)
where o := A(uz) — Ag. Using (27) we obtain

o= 61100 < 1A (3) = A@)ll100 + 142

1,00 < C4HU2 — ﬂ”l + coa < cpax + cpar < . (30)

Moreover, we have 0 = A(ug) — Ay € —Ny(u2) because ug solves the variational inequality (24)
with A = Ag. Having in mind also that |jug — 4|1 < o < ay, we can apply Assumption (A2) (in
the form as in (23)) to the last line of (29). We obtain

0 > collur — ual|? + (Aa — Ay, uy — ug)y,

which implies that [[u; — ug|1 < -[[A1 — Ag[|ae. This proves the Sbi-MR property of A + Ny with

1

constants k = (c¢g) ™", «, and 8 = cpa. The proof of Theorem 2.1 is complete.

10
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4 Some special cases

We begin with few comments. Assumption (A2) with the particular choice o = &, reads as
T
/ (6(1), Su(t)) dt + T(5u) > ol Sul|2. (31)
0

This inequality, required for all du € U — 4, is shown in [9] to be sufficient for the property of strong
metric sub-reqularity, which is substantially weaker than Sbi-MR. Moreover, the condition?

T
1
/ (G(t),0u(t)) dt + §F(5u,5x) > colloul|?, VYouelU —a, |oul; — sufficiently small,
0

is sufficient for strict local optimality of @ in an L'-neighborhood. This last condition is weaker
than (31), as shown in [9].
Assumption (A2) is fulfillled on the following (more compact) one.

Assumption (A2’). There exist numbers ¢y, ag > 0 and 7 > 0 such that

T
/ (o (t), du(t))| dt + T'(du) > col|ouli, (32)
0
for every function o € By, (6;70) and for every du € U — U with ||oull; < ap.
The implication (A2") = (A2) is obvious.

Now we focus on the first-order term in (32) under an additional condition introduced in [5] in a
somewhat stronger form and for box-like sets U.

Assumption (B). The set U is a convex and compact polyhedron. Moreover, there exist numbers
k> 0 and 7 > 0 such that for every unit vector e parallel to some edge of U and for every s € [0, T]
for which (6(s),e) = 0 it holds that

[(G(t),e)| > k|t — s| tels—7,s+7]NI0,T].

The next lemma claims that Assumption (B) remains valid for all functions o close enough to
6 in Whee,

Lemma 4.1. Let assumptions (A1) and (B) be fulfilled. Then there exist numbers k' > 0, 7/ > 0
and 7' > 0 such that for every function o € By, (5;7"), for every unit vector e parallel to some
edge of U and for every s € [0,T] for which (o(s),e) =0, it holds that

(o (t),e)| > k|t — 5] tels—7,s+7]N[0,T].

4 The left-hand side in the next inequality is just the second order Taylor expansion of the objective functional
J(u) in (1).

11
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Proof. The proof combines arguments from the proof of Proposition 3.4 in [11] and the proof
of Proposition 3.1 in [9], therefore we only sketch it focusing on the differences with the proofs
mentioned above.

First of all, Assumption (B) implies that the reference control @ is piece-wise constant. This
follows from the fact that (6(¢),e) has not more than 7'/7 + 1 zeros in [0,7] and U has a finite
number of edges. More details are given in the proof of Proposition 3.1 in [9)].

From the definition of &, (A1) and the fact that @ is a piece-wise constant function we obtain
that ¢ has a piece-wise continuous derivative. Let us fix e as in Assumption (B), and denote
Ge :=(0(t),e). Let 51,..., 5 be the zeros of 6, in [0,T]. For § > 0 define

Q(0) := UF_1[3; — 6,5 + 4].
Choose & > 0 so small that § < 7 and there are no other points of discontinuity of & in (8) except
possibly 1, ..., 5. Denote

o7 (8) = tligo o), oF(5):= tilgo o), i=1,...,k.

By choosing § > 0 smaller, if needed, we may ensure that

o(t) — &, (3:)] < g for t € [5; — 0,35, 6(t) — 67 (3:)] < for t € [3;,5; + d].

==

Then for every i and ¢ € [$; — 0, §;] we have from Assumption (B) that

t . t . t . .
=5l < ot - a5l = | [ Gu@ra6 < [ 1oz @lao+ [ 155 - 6ul6) a0
) L p Si A Si Si
o LAC
Hence,

: 3K
s B

b (50l >

Analogously we obtain the same estimate for |5 (5;)|.

Obviously there exists > 0 such that |6.(t)| > n for every ¢t € [0,7] \ ©2(6/2). By choosing
the number v € (0, /4] sufficiently small we have that for every o € By, (d;7) the function
oe = (0,e) has no zeros in [0,7] \ ©2(0/2). Now let us take an arbitrary o as in the last sentence.
Let s be an arbitrary zero of o in [0,7]. Then there exists §; such that |s — §;| < 6/2. For
t€[s—0/2,s4 0/2] we can estimate

oo (t)] = ‘/:de(e)de) > ‘/:é;e(e)da‘—/:|z76(9)—66(9)|d9‘ > ‘/stée(é?)de‘—ﬂt—ﬂ.

For the last integral we have

‘/ Ge(6 d0’ ‘/ (o de‘ /|ae —¢(6)] a6,

where ((6) is either . (3;) or o7 (5;) depending on whether § < 3; or # > §;. Thus we can estimate

3K K K
oe(®)] 2 1t — sl = St = sl =t — 5] = It — sl

Thus we obtain the claim of the lemma with <" = k/4, 7/ = §/2 and v = ~. O

12
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Proposition 4.2. Let assumptions (A1) and (B) be fulfilled. Then there exist numbers cy, o > 0
and vo > 0 such that

T
/O (o (1), Su(t))] dt > cofldullf, (33)

for every function o € By, (657) and for every du € U —U with ||dul|1 < «ap.
Having at hand Lemma 4.1, the proof repeats that of Proposition 3.1 in [9].

Remark 4.3. A more slightly precise modification of the proof of Lemma 4.1 shows that the
number £’ can be taken as any number smaller than s (from Assumption (B)). Moreover, the
constant ¢ in Proposition 4.2 is directly related with number ' (thus with ). In the simplest
case of scalar control and U = [uy, us] is straightforward. As obtained in the proof of Lemma 4.1,
Assumption (B) implies in this case that ¢ has finite number of zeros, 51, ..., $, and G is piece-wise
continuous. If the number @) satisfies

liminf|G(t)| > Q 1=1,...,k,

t—3;
(the liminf is taken over all ¢ at which the derivative exists) then a simple calculation shows that
the claim of Proposition 4.2 holds with any number ¢y < Q/(8k(u2 — u1)).

Example 1. This example shows that Sbi-MR of the optimality mapping may hold even for
problems that are non-convex, namely, the objective functional J in (1) is even directionally non-
convex at the optimal control 4. Consider the problem

min {J(u) = /01 {— %(x(t))2 — Bx(t) + u(t)} dt},
subject to
t=u, x(0)=0, wu(t)e]l0,1].

Here a and 8 are positive parameters satisfying 5 > 1, 2a < .
The solution of the adjoint equation p = ax + 3, p(1) = 0 is strictly monotone increasing and
the switching function, o(t) = p(t) + 1, is positive at ¢ = 1. This implies that only optimal control

has the structure 0,7]
N 1 fortel0,7],
i(t) = { 0 forte(r,1].

The corresponding solutions of the primal and the adjoint equations are

[t forte]0,7], o [ s+ +Bt—ar— B forte0,7],
x(t)_{T for t € (7,1], and p(t)—{ ’ tlar+B) —ar—p for t € (7,1].

A simple calculation shows that for 8 > 1 the optimal control 4 has

= 7(& — Oé) + \/(ﬁza Q)Q + 4a(ﬁ B 1) c (0’ 1)

13
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For the corresponding switching function 6 = p+ 1 we have 5’(7‘) = ar + > . Then Assumption
(B) is fulfilled with x < /. According to Remark 4.3, we have

1
/ |6 (t)ou(t)| dt > §||5u||% Vou € U —U with a sufficiently small ||dul|;.
0

Moreover,
1 1 t 2
I(ou) = —/ a(0z(t))*dt = —a/ (/ du(s) ds> dt > —a/|6ul|?.
0 0o “Jo

Thus for 2a < f Assumption (A2’) is fulfilled and the optimality mapping for the considered
problem is Sbi-MR at (Z, @, p) for zero. On the other hand, considering again the expression for the
second variation I, we see that I'(du) < 0, except some specially constructed control variations du.
Thus the objective functional J(u) in this example is not convex even directionally at the solution
point .

5 An application: uniform convergence of the Euler discretization

In this section we prove that the sufficient conditions for Sbi-MR (this is essentially Assumption
(A2)) imply a property that can be called uniform strong sub-regularity concerning a family of
optimal control problems “neighboring” a given reference problem. This property is shown to
imply a uniform error estimate for the accuracy of the Euler discretization scheme, applied to any
of the problems of the family.

We consider again the reference problem (1)-(3) together with the fixed solution (Z, p, @) of its
optimality system (7)—(9). Assumptions (A1) and (A2) will hold, with the additional supposition
in (A1) that f and g are time-invariant.

Together with the reference problem, we consider a family of problems of the same kind, each
defined by a pair of time-invariant functions m := ( 1, g) satisfying Assumption (A1) (with f and g
replaced with f and §). Any such pair will be called admissible, and (P;) will denote the problem
corresponding to the pair 7, that is, the problem

min { /0 " () u(®)) dt} (34)

ueU

subject to .

i(t) = f(z(t),u(t), 2(0)=a". (35)
Due to relation (10), we restrict our consideration to admissible pairs 7 defined on the set D :=
JBRn(Q, M) x U. Given a positive number p, we denote by 7, the set of all admissible pairs
m = (f,g) such that .

1f = fllreo + 119 = gll1,00 < p, (36)
where the Wl’oo—norn}s are taken for functions defined on the set D.
For a given m = (f, g) € H,, we consider the mapping ®, : Y — Z defined by

T — Jf(l‘, u)
Srwpw) = [ 5+l w) (37)
VuH (z,p,u) + Ny (u)

where H is the Hamiltonian corresponding to the pair 7, and where as before Ny(u) C L™ is the
normal cone to the set U of admissible controls at u. The following lemma is technical.

14
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Lemma 5.1. Let 7 = (f,§) belong to H, and or 1Y — Z be defined as

§071r(x7p7u) _ f(.'L‘,U)—f(]I,U)
pr(,pou) = | W2(z,pu) | = VeH(z,p,u) = ViH (z,pu) |- (38)
(pf’r(x,p,u) VuH(SL’,p,u) - VUH(x7p7u)

There exists a positive constant ¢ such that

dz(ex(y),0) <cp Vyey. (39)

Proof. Let y = (z,p,u) € Y. We estimate each one of the components of ¢, (y). First,

ler)lh = [1f (,u) = f(z,w)|1 < Tp.
In a similar way,
ezl = 1% H (2, p,u) = VeH (z,p,w)llh < |1 fo = follillplloo + 1132 — galh < (M +1)Tp.
Analogously,

192 ()]s < (M +1)p.
The result follows. -

We remind the notion of Strong Metric sub-Regularity (SMsR) for a set-valued mapping & :
Y — Z. We make use of this notion in the following results.

Definition 5.2. A set valued mapping ® : Y — Z is Strong Metric sub-Regular (SMsR) at y* for
zero if 0 € ®(y*) and there exist a,b > 0 and k > 0 such that for any z € Bz(0,b) and any solution
y € By (y*,a) of the inclusion z € ®(y) it holds that dy (y,y*) < kdz(z,0). We call a,b and k the
parameters of SMsR.

According to Theorem 3.1 in [9], Assumption (A2) implies that the optimality map F' in (11)
is SMsR at g for zero (see Section 4). We fix its parameters a,b > 0 and x > 0 of SMsR.

Proposition 5.3. Let m belong to H, and y* € By (y,a) be a solution of problem (Pr). There
exists a positive constant k' such that

dy (§.y") < #'p, (40)

for all sufficiently small p.

Proof. We can write ®, = ¢, + F, where ¢ is the map (38) in Lemma 5.1 and F is the optimality
mapping (11). Let ¢ > 0 be the constant in that lemma, so that dz(¢x(y),0) < cp for all y € Y.
We can choose p small enough to ensure ¢.(y) € Bz(0,b) for all y € Y. Since y* is a solution
of problem (P;), the inclusion 0 € . (y*) + F(y*) is satisfied. By SMsR, we have the desired
inequality with £’ := ck. O

Analogously as we defined the functional I'; given a m € H and a reference solution y* of problem
(P»), we consider the functional I'; : L' — R defined in terms of 7 and y* as in (13). Explicitly,

15
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T ~ ~
T (du) = /0 [ (5" (£)0(8), 8(8)) + 2( Huay* (1) 02(2), 5u(t)) | a,

where dz is the solution of the equation dz(t) = fo(z*(t), u*(t))dx(t) + fu(z*(t), w*(t))du(t) with
initial condition dx(0) = 0.
The following lemma establishes an estimation involving the functionals I';; and T'.

Lemma 5.4. Let m belong to H, and y* € By (,a) be a solution of problem (Pr). There exists a
constant n > 0 such that

T(v—u*) = Tr(v—u")| <npllv—u*||? Yoel,

for all sufficiently small p.

Proof. Using Proposition 5.3 and the Lipschitz continuity of the functions involved, we can find
positive constants ¢,, and cs such that

Hﬁx:v - ﬁ;le < Cwp, (41)
and R )

Let v € 4 and v/ = v — u*, we denote by 62 and dz* the solutions of
i = Az + Bv', 2(0) =0, i = A%z + B*, z(0)=0, (43)
respectively. There exist positive constants d; and do such that

max {[|02 |, [|027[Joo} < da[v"]|1, (44)

and
102 — 02"l oo < dapllv'|1- (45)

Now,

T T
(W) — Ta ()] < / [(Hméi‘,érﬁ)—(H;xéx*,dx*)]’+2 / [(ﬁuzé:ﬁ—Hzx(Sm*,v’)H
0 0

T T T
</ y<ﬁ1m5:e,5ge—5x*>|+/ |(ffm5i—f~l;‘m5m*,5a:*>\+2/ |( Hypbi — H 62%,0")|
0 0 0

< || Hyp0][1]|67 — 02" ||oo + ([ Haw (53 — 62™) |1 + [|(Haw — Hip)d2*[1)]102" [|oo+
2(||Hya (68 — 627)||oc + || (Huz — Hypp)0x™||00) |01

Taking (41)-(45) into account, the result follows. O

Theorem 5.5. There exist (,a,b > 0 and & > 0 such that if T € H¢ and y* € By(g,a) is a
solution for problem (Py), then the map @, is SMsR at y* for zero with parameters a,b, k.

16
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Proof. Let co, ag > 0 and 9 > 0 be the numbers in Assumption (A2). If y* is a solution for
problem (P;), we have 0 € ®,(y*). By Proposition 5.3, there exists ¢ > 0 such that for any
m € He, dy(9,y") < w/'C for some constant ' > 0. We consider ¢ small enough to guarantee
|6 — %100 <0 and ||& — u*||1 < ag. Let &g := g — || — u*||1, so Bp(u*; &) C B (u; o).

By Assumption (A2),

T

/ (6%, v—u*) +T(v—u*) > collv—u*||? VvelnBp(u;ag), (46)
0

or

T
/ (6%, 0 —u*) +Tr(v —u*) > collv —u*|)? + [Fﬁ(v —u*) —T(v—u*)| YveldnB(u*;a).
0

Taking Lemma 5.4 into account, we can choose ¢ smaller if needed to ensure

Fr(v—u*)—=T(v—u")> 702—0”1) —u*|? Yo €UN B (ut;ag).

Thus,
T
/ (o"v—u") +Tr(v—u") > C—OHU — w2 Yw eUN B (u;dg). (47)
0

Let L be a bound for the Lipschitz constants of f, g and H their first derivatives in x, and Hyy, Hyp.
It is casy to see that L := L+ 2(1+ M)( is a bound for the Lipschitz constants of f,§ and H, their
first derivatives in z, and Hy,, H up for all m € H,. Analogously, we can find a bound M, depending
on ¢ and M, for the functions f, H and their derivatives (see Remark 2.1 in [9]). Finally, (47)
implies that the hypotheses of Theorem 3.1 in [9] are fulfilled. We conclude that @, is SMsR at y*
for zero. According to that theorem, the parameters of SMsR can be chosen as depending only on
M,T,co and L. This completes the proof. O

From now on, we only consider elements m € H,, since the latter theorem ensures that each
map P, is SMsR at a solution y* € By (7,a) for zero. This automatically ensures that y* is the
unique local solution in By (g, a) of the inclusion 0 € @, (y).

Let {tn}gzo be a grid on [0, T] with equally spaced nodes and a step size h, that is, t;, = k¥T/N for
t=0,...,N. Given a m € H¢, the discrete time problem (Pfr‘) obtained by the Euler discretization
is

N—-1
min |h gz, u; 48
ueUN Zz:% o ] ( )
subject to 3
Tit1 = T; + hf(.ilfz, ui), xro = 20, (49)

The local form of the discrete time minimum principle implies that for any locally optimal solution
(z,u) of problem (P!) there exists a vector p = (po, ..., py) such that

Tiv1 = i + hf(zi,u), x0 = 2°, (50)
)\i = )\i-i-l + hvﬂ,‘ﬁ(x’w ui7pi+1)7 PN = 07 (51)
0 € Vi H (w4, wi, pis1) + Nu(us), (52)

17
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where i runs between 0 and N — 1. Let (2",u") be a solution of problem (P?) and p” the cor-
responding co-state vector, so that y" = (2", p",u") satisfies (50)-(52). In order to compare this
solution to the reference solution of y* = (z*, p*, u*) of the continuous-time problem (P;), we em-
bed the sequence (z",p" u") into the space W x Wl x L considering y5 = (1, pn, us) defined
by

t—t; t—1t;
zp(t) =l + A Sy =2l un(t) =l pa(t) = pl 4 A (Pl — P, (53)

for t € [ti,ti+1),i:o,...,N—1.

We need the following technical assumption to apply results in [9]. It is a crucial assumption, at
least because it may happen that y; is close to some other local solution of the continuous-time
problem, and we have to eliminate this possibility.

Assumption (C1). Let m € Hc. We assume that problem (Pr) has a solution y* in By (y,a).
Moreover, the embedded solution g, in (53) of problem (P?) belongs to By (y*, @) for all sufficiently
small h.

The following theorem is a direct consequence of Theorem 5.5 and Theorem 5.1 in [9].

Theorem 5.6. There exists a positive constant C' such that for all T € H¢ for which Assumption
(C1) holds, the estimate

lzn — 2111 + [|pn — 2" (|11 + lun —u™|l1 < Ch (54)

holds for all sufficiently small h.

Proof. By Theorem 5.5, the parameters a, b, & of SMsR of @, at y* for zero are the same for all
7 € H¢ satisfying Assumption (C1).

Let 7 € H¢. In order to make use of the SMsR property of the map @, we have to estimate
the residuals

Ay i=ap — f(zh, un),

Ay = pp + Vo H (xh, p, un),

Az = Vuﬁ(x?,p?,u?) — VuH (zp, pp,up), t € [tistiv1), i =0,...,N —1.
Repeating the calculations in the proof of Theorem [9, Theorem 5.1], we obtain

max {| A1, |21, [As]loc} < max {1, T} L(1 + 2M)h, (55)

where L, M are the numbers in Theorem 5.5. We can choose hg > 0 depending on L,M,T and b
so that ||Aq|l1 + ||Az|l1 + [|As]jec < b for all A < hy. The claim follows from the SMsR property
of ®, with C' := 3k(1 + 2M)Lmax {1,T}. The proof is complete since this holds for any arbitrary
7 € H¢ satisfying Assumption (C1). O

18
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Chapter 3

On the Accuracy of the Model
Predictive Control

This chapter consists of the paper:

e Angelov, Georgi and Dominguez Corella, Alberto and Veliov, Vladimir M.: On the accuracy of the
model predictive control method.

It was published in SIAM Journal on Control and Optimization : Volume 4, pages 2469-2487, year 2022.
The paper was written between the second and the third author in several stages, and in deep collaboration.
The thesis author (second) was very involved in all sections of the paper as well as with the main result.
The author wrote parts of each section, and helped the first author to write the section concerned with the
numerical analysis, although he was not involved in the computations (creating and running the program).
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On the accuracy of the model predictive control method*

Georgi Angelov' Alberto Dominguez Corella* Vladimir M. Veliov®

Abstract

The paper investigates the accuracy of the Model Predictive Control (MPC) method for finding on-
line approximate optimal feedback control for Bolza type problems on a fixed finite horizon. The pre-
dictions for the dynamics, the state measurements, and the solution of the auxiliary open-loop control
problems that appear at every step of the MPC method may be inaccurate. The main result provides an er-
ror estimate of the MPC-generated solution compared with the optimal open-loop solution of the “ideal”
problem, where all predictions and measurements are exact. The technique of proving the estimate in-
volves an extension of the notion of strong metric sub-regularity of set-valued maps and utilization of a
specific new metric in the control space, which makes the proof non-standard. The result is specialized
for two problem classes: coercive problems, and affine problems.

Keywords: optimal control, Lagrange problem, model predictive control, metric sub-regularity

MSC Classification: 93B45, 49M99, 49J40, 47J20

1 Introduction

Model Predictive Control (MPC) is a powerful method for approximate on-line feedback control, widely
used in industrial applications and recently in digital engine control and microelectronics, see, e.g., [21,
26, 29]. On the other hand, the rigorous mathematical theory investigating the scope of validity and the
efficiency of the MPC method under appropriate assumptions is still underdeveloped (see Remark 1.1 below
for some related comments). The present paper contributes to this theory by investigating the accuracy of
a version of the MPC method applied to a finite horizon optimal control problem (the so-called economic
MPC with shrinking horizon).
To set the stage, we consider the following optimal control problem, further denoted by &2,,(0,xp):

T
miy {7,(1):= g7 (7)) + [ g(p(0).2(0),u(r)) dr}, (1)

UEU

subject to
xX(1) = f(p(),x(t),u(t)) x(0) =xo. (2)
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Here the state vector x(7) belongs to R” and the control function u(-) belongs to the set % of all Lebesgue
measurable functions u : [0,7] — U, where U C R™. The function p represents an uncertain time-dependent
parameter which is known to belong to a set IT of bounded Lebesgue measurable functions p : [0, 7] — R’.
Correspondingly, f, g, and g7 are defined on R/ x R” x R” with values in R” and R, respectively. The initial
state xo € R” and the final time 7" > 0 are fixed.

A version of the MPC method (called further MPC algorithm) applied to the above problem is described
in detail in Subsection 3.1. Here, we briefly present the main result given in Theorem 3.1, Subsection 3.2.
It is assumed that for some particular parameter function, p, equation (2) represents a real system, therefore
problem (1)—~(2) with p = p (that is, problem Z2;(0,x¢)) is called reference problem. However, p and the
initial state xy are not assumed to be exactly known. The MPC algorithm generates a control function by
solving a sequence of auxiliary open-loop optimal control problems. Givenamesh0 =1 <t; <... <ty =T,
the auxiliary problem at the k-th step is of the same kind as (1)—(2), but on the shorter time-interval [t, T]. A
prediction p for the parameter function on [f;, T] is given, and the initial state at #; is obtained by measuring
the real systems state at time #;. Both the prediction and the measurement may be inaccurate. In addition,
the auxiliary problem at the k-th step is only approximately solved, which is another source of error. The
approximate optimal control in the k-th auxiliary problem is only applied to the “’real” system on the interval
[tk tr+1], then the procedure is further repeated on the next interval, resulting at the end in what is called the
MPC- generated control.

The main result in the paper gives an estimate of the difference between the MPC-generated control and
the optimal open-loop control for the reference problem (the latter corresponding to the “ideal” scenario
where the prediction, the measurement, and the solution of the auxiliary problems are all exact). A remark-
able feature of the estimation is that the overall error of the MPC-generate control depends on the average
of the errors appearing at the steps of the algorithm, thus occasional relatively large errors in the prediction
or measurement do not substantially damage the MPC-generated control. Another interesting feature of the
overall error is that for some classes of problems it depends linearly on the averaged errors appearing at the
steps of the method, while for other classes, the estimate of the overall error depends on the square root
of the averaged errors (and this estimate is sharp). We mention that an estimate of the difference between
the MPC-generated control and the realization of the optimal feedback control in the reference problem is
obtained [12]. In [11], this result is extended to a comparison with the optimal open-loop control in the
reference problem, as in the present paper. However, in both quoted papers the results are obtained within a
much more restrictive framework: a single prediction is used which does not change from step to step, the
results only apply to the Euler discretization of the auxiliary problems, and most importantly, the reference
optimal control problem is assumed coercive (see Subsection 4.1 for the notion). In fact, the main goal of
the present paper is to extend the results about the accuracy of the MPC method beyond the coercive case,
especially for affine control problems.

Remark 1.1. There is an amount of literature related to robustness of the MPC method, see e.g., [23, 19]
and several chapters in [26]. Stabilization or target problems for discrete dynamics are usually considered
for particular classes of problems, and various notions of robustness and approaches are investigated — see
e.g. the overview paper [3, Chapter by Rakovi¢]. The result in the present paper, as explained above, is
more related to the paper [20]. In that paper the accuracy of the MPC method is investigated (for a general
class of discrete-time problems) in terms of the objective value, only. Of course, this is the primal accuracy
criterion, however, it is of interest to know how close are the MPC-generated control and trajectory to the
one optimal open-loop ones for the case of exact and complete information. The present paper contributes to
this issue and, most importantly, employs and further develops the approach based on the general property
of strong sub-regularity of a map associated with the problem into consideration.
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The main result (the error estimate in Theorem 3.1) is obtained under general assumptions; the most
demanding one is the requirement that the map associated with the first order optimality conditions (called
optimality map) for the reference problem is strongly metrically sub-regular in an appropriate space setting.
In Subsection 2.1, we extend the abstract notion of strong metric sub-regularity of a set-valued map by
involving two metrics in the domain of the map. In Subsection 2.2, we define the optimality map and the
space setting. In the control space (which is a projection of the domain of the optimality map) we introduce
a specific new metric, which is of key importance for the analysis of the MPC method and may be useful in
other contexts.

The proof of Theorem 3.1 (given in Appendix) is non-trivial and substantially differs from all proofs of
error estimates in optimal control that the authors know.

Section 4 presents or recalls sufficient conditions for the extended strong metric sub-regularity of the
optimality map for two non-intersecting classes of problems: for coercive problems and for affine problems.
The paper concludes with an example where the MPC algorithm is applied to a spacecraft stabilization
problem. The numerical results confirm the theoretical error estimate and its sharpness.

2 Preliminaries

2.1 Strong sub-regularity

Here we introduce a notion which extends the property of Strong (metric) sub-Regularity (Ss-R) (see, e.g.,
[16, Chapter 3.9 ] and the recent paper [S]). Namely, we consider a general metric space % in which two
metrics are defined: d and d*, and another metric space 2 with a metric d%. We denote by B(y; ) the
closed ball with radius & > 0 in (%, d) centered at y, by B, (y; &) the ball with radius & > 0 in (#/,d"*), and
similarly, B (z; o) is the respective ball in .

Definition 2.1. A set-valued map ® : % = % is called Ss-R at (§,2) € & x & (with respect to the metrics
d and d*) if Z € ®(9) and there are positive constants o, B and K (called further parameters of Ss-R) such
that

d*(v,9) < kdz(z,2) forally € B(y;a), z € P(y)NBx(ZP).

The Ss-R property plays a fundamental role in the error analysis of numerical methods. It was introduced
under this name in [15], but has also been used under several other names (see also [22, Chapter 1] for the
related but stronger property of strong upper regularity). A more detailed historical account can be found in
[5, Section 1]. The extension with two metrics in %/, presented above, is essential for the applications in the
present paper.

The following simple claim is a modification of [5, Theorem 2.1] for the case of two metrics in Y.

Proposition 2.2. Assume that % is a linear space and ds is a shift-invariant metric in %. Assume, in
addition, there exists a number y > 0 such that d(y1,y2) < yd*(y1,y2) for everyyy,yo €% . Let ®: % = &
be Ss-R at (9,2) with parameters o, B’ and K'. Let the positive numbers €, L, K, &, 3 satisfy the relations

K./

T ~

a<a, Bruoa+e<pB, uyk'<l1, «

Then for every function ¢ : % — & that satisfies the conditions

dz(¢(9),0) <&, dz(o(y),p() <ud(y,9) VyeBFa),

the map @ + @ is strongly sub-regular at (9,2 + @(9)) with parameters o, 3 and K.
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Proof. Obviously, (§,2+ ¢(§)) € graph (¢ + ®). Let us fix arbitrarily z € B (2;) and y € B(J; ) C
B($;a’) such that z € @(y) + ®(y). Then z— @(y) € P(y), and

dff(Z— ¢(y)’2) < df'[(Z,f) +dgg’(§0(y), (P()A))) +d@"((P()A))7O)
<B+ua+e<p.

Due to the Ss-R property of @ we estimate

d*(y.9) < Kdz(@z—(y),2) SKdz(z2,2+0()) +Kdz(0(), ()
< Kdz(2,2+90) +K'ud(y,9) < K'dx(z,2+0()) + &' nyd (y.9),
which implies the claim of the theorem due to the definition of k in (3). O

2.2 The optimality map

Problem #7,,(0,x9) given by (1)-(2) will be considered under the following assumptions.

Assumption (A1). The set U is convex and compact. The functions f, g, and gr are two times differentiable
with respect to (x,u), these functions and their first and second derivatives in (x, ) are Lipschitz continuous
(with respect to (p,x,u)) with a Lipschitz constant L.

For any p € II, along with problem £7,(0,xy) we consider the family, denoted by %2, (7,x), consisting of
problems which have the same form as (1)—(2) but with the initial time O replaced with any 7 € [0,7) and
xo replaced with any x; € R”. Of course, then only the restriction of the parameter p to [7,7] matters.

Assumption (A2). For every u € %, xo € R", and p € II equation (2) has a solution x on [0, 7] (which is
then unique due to Assumption (A1)). For every 7 € [0,7T), x; € R" and p € IT problem &,(7,x;) has an
optimal solution.

Since the analysis in this paper is local, only local Lipschitz continuity of the functions mentioned in As-
sumption (A1) is needed; we assume global Lipschitz continuity to avoid routine technicalities. Assumption
(A2) is also stronger than necessary, again for the sake of transparency. Local existence around a reference
parameter and trajectory (to be introduced later) suffices.

Remark 2.3. Optimality in the last assumption means local optimality of the objective functional with
respect to the L'-norm of the controls. In fact, it is only needed that any solution (x,u) of Z,(7,x;) satisfies,
together with an absolutely continuous (adjoint) function A : [t,T] — R", the optimality (Pontryagin) system

0 = —x(t)+f(p(t),x(t),u)), x(t)—x;=0, 4)

0 = A(0)+VeH(p(1),x(1),A(t),u(r)), A(T)=Vgr(x(T)), (5)

0 € V,H(p(t),x(t),A(t),u(t))+ Ny (u(t)), (6)
where

NU(u):—{éqER | (g,v—u) <Oforallve U} iiz;g,
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is the normal cone to U at u, and the Hamiltonian H is defined as usual:
H(p,x,A,u) = g(p,x,u) + (A, f(p,x,u)).

Next, we reformulate the optimality system in functional spaces. The space LY(7,T), g = 1,2,... o,
of vector functions on [t,T] (with any fixed dimension) has the usual meaning, with the norm denoted by
| -1l4- The space of all absolutely continuous vector functions on [z, 7] is denoted by W!'!(z,T), with the

norm ||x|[1,; = ||x||1 + ||%||1. The notations of norms do not include the time horizon, but it will be clear from
the context. For the same reason we often skip the time horizon from the notations of spaces.
Denote

Yo =Wh (e, ) x W (e, T) x %,  Z;:=L'(1,T) xR" x L' (7,T) x R" x L(t,T),

where %; ={u € L”(7,T) : u(t) €U fora.e. t € [t,T]} is the set of admissible control functions on [7,T],
thus 2 = % . We also set Y :=Y; and Z := Zy. The metrics in Y; and Z; are given in terms of norms as
follows: fory = (x,A,u) € Yrandz = (§,v,n,7m,p) € Z;

d(y,0) = [yl := Il + 1A T+ llull, dz(z,0) = [lzll == IS 1+ VI 1l + 7]+ o]l

In addition, we define in Y a second metric, d*, as follows. Let I" C [0, T] be a fixed finite set. For u;,u, € %,

denote
d*(uy,up) :==inf{e >0 : |u;(r) —ux(t)| < € forae. 1t €[0,T]\ (T'+[—¢,¢€])}. @)

Somewhat overloading the notation, we define in Y the shift-invariant metric
d*(y,0) == [lx]l1 .0+ [[A 11 +d"(u,0).
Lemma 2.4. For every uy,uy € % it holds that
lur —uz|ly < yd*(ur,u2),
where y:=max{1,T +2Mdiam (U)} and M is the number of points in " .

The proof is straightforward. Since y > 1, we also have ||y|| < yd(y,0) for any y € Y.

Below we use the same notation for the Nemytskii operator and for its generating function: f(p,x,u)(t) =
F(p@),x(t),u(t), ViH (p,x,A,u)(t) = ViH (p(t),x(t),A(t),u(t)), etc. Forany p € I, T € [0,T), and x; € R"
define on Y; the set-valued map

0 _x+f(p7x7 u)
0 Cx(7) —xe
q)(p,‘:,xr)(y) = F(p,'r,xf)(y) + 0 , F(p,'r,xf) (y) = A +VXH(p,x,7L,u) s
0 A(T) —Vg(x(T))
N@T(M) VuH(paxakvu)

where now Ny, (u) is the normal cone to %; at u in the space L' (7, T), that is,

[ {rer=(x,T) : [I(),v(t) —u(r))dr <Oforallve %} ifuec %,
Nz (u) = {(z) ifud %

={leL”(t,T) : I(t) € Ny(u(t)) forae.t € [1,T]}.
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With these notations one can recast the optimality system for problem &,(7,x;) as
0e q)(p,‘t7x1)(x7 Aa M),

therefore the map @, ; .. is called optimality map. Obviously, due to the compactness of the set U, @, 7 )
is a set-valued map from Y; to Z;.

Let us fix a reference parameter p € IT and denote by (£,4) a solution of problem Z5(0,x0) (see Re-
mark 2.3). Let A be the corresponding adjoint function, so that the triplet § := (£,1,4) satisfies the opti-
mality system (4)—(6) with T = 0 and x; = xo, or equivalently, the inclusion 0 € P ¢ v (9). The following
assumption plays a key role in the error analysis of the MPC method presented in the next section.

Assumption (A3). The map @5 ) : ¥ = Z is strongly sub-regular at (¥,0) (in the metrics || - || and d* in
Y) with parameters &, 3 and &.

The finite set I that appears in the definition of the metric d* is arbitrary, but will be appropriately specified
in Section 4 for several classes of problems, together with sufficient conditions for (A3).

3 The accuracy of the model predictive control method

This section presents the main result: the estimate of the accuracy of the model predictive control method,
beginning with the description of the method in the context of finite horizon optimal control.

3.1 The model predictive control method

The MPC, applied to optimal control problems containing uncertain parameters, is a method for approxima-
tion of an optimal feedback control in real time by successively solving open-loop optimal control problems.
Each of these open-loop problems involve measurements of the current system state and predictions for the
uncertain parameters. In the next three paragraphs we present a version of the MPC method.

The optimal control problem into question is problem ,(0,x), considered under Assumptions (Al)—
(A3), where the parameter function p € I1 is uncertain. It is assumed that for some parameter p € IT equation
(2) with p = p reproduces a “real” system, the states of which can be measured (with a measurement errors).
As in the previous subsections we denote by (£, &) a reference optimal solution of Z2;(0,xo).

Given a natural number N, we denote by {#}Y_, the grid with step-size h = T /N, that is, 1, = kh,
k=0,...,N. The MPC algorithm generates in real time an admissible control function, denoted further by
uN . Tt is applied to the “real” system, that is, (2) with p = p, resulting in a “real” trajectory x".

Attime f, k =0,...,N — 1, the algorithm does the following.

1. Measure the state x"¥ (#;) with error ey, that is, the vector x,g = xV(#) + ex becomes available.
2. Make a prediction py € IT for the time horizon [t T.
3. Find an approximate solution (%, i) € W1 x %, of the problem 2, (t;,x?).

4. Define the control u" as u™ (t) = i (t) on (t, ;1] and apply to the “real” system on this interval.
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The process continues in the same way as long as k < N. The control " is called MPC-generated control
and the corresponding trajectory xV of the “real” system (2) with u = " and p = p is called MPC-generated
trajectory.

Two points are to be clarified. First, the quality of a prediction py € IT on [t, T]| will be measured by the
norm e, := || px — Py, 71|l Second, the pai~r (X, dy) is an approxirPate solution of problem 2, (;,xY) in the
sense that for some absolutely continuous Ay the triplet y; := (X, A, i1y ) satisfies the inclusion (approximate
optimality conditions)

I € ¢(pk7tk,xg)(fk) (8)
with some Z; € Z;. We mention that most of the numerical methods for optimal control give approximations
with a small residual Zx. The norm e := ||Z;|| of the residual will be used as a measure of the accuracy of

the approximate solution (%, i) of problem 2, (x,x?).

3.2 The main theorem

The formulation of the main theorem uses the notations e, ei , ey g, u" and ¥V introduced in the descrip-
tion of the MPC algorithm. In particular, (x,u") is the MPC-generated trajectory-control pair, which is
compared in the next theorem with the reference optimal open-loop solution (£,4) of the “real” problem
L p (O,XO).

Theorem 3.1. Let Assumptions (Al)—(A3) be fulfilled. Then there exists numbers Ny, 6 > 0, Cy, Ca, and Cs
such that for any natural number N > Ny, for any sequence of measurement errors {ey}, for any sequence
of predictions py € IT and approximation errors {e}} satisfying the conditions

lex| +ef + e < 8, e —al; <8, k=0,....N—1,

any MPC-generated trajectory-control pair (xN,u) satisfies the estimate

C & ifT=0
N _ ~ _a < 1 )
e =il = < { o 25 BT

where
1 ~ P u
&= — Z (lex| + e +ef)
N =

is the averaged error appearing at the MPC steps.

The proof of the theorem is postponed to Section 5. Below in this subsection we discuss the obtained result
and the assumptions.

Remark 3.2. About Assumption (A3). Assumptions (A1) and (A2) are standard and non-restrictive, although
somewhat stronger than necessary, as noted after their formulation. Assumption (A3) has to be explained.
First of all, what is the finite set I in the definition of the metric d* which is involved in (A3) through
the definition of strong sub-regularity? This set may depend on the reference optimal control # of the
unperturbed problem Z2;(0,x¢). Presumably, it consists of points of discontinuity of 7, but may be larger in
order to include points at which the optimal control of a slightly disturbed problem may be discontinuous.
Example 3.5 below illustrates this situation. The meaning of the metric d* is that the distance between two
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control functions is small in this metric when their values are close to each other, possibly excepting points
that are close to the set I'. This property of the metric with which the Ss-R assumption (A3) is fulfilled is of
key importance for that convergence and error analysis of the MPC method.

In the next section we shall provide sufficient conditions under which Assumption (A3) is fulfilled in
particular classes of problems with empty or non-empty set I'.

Remark 3.3. Discussion on the theorem. Theorem 3.1 estimates the error of the MPC-generated solution,
compared with the optimal solution of the reference (unperturbed) problem, caused by prediction errors
{e? }x, measurement errors {ey }, approximation errors {e} };, and the sampling size h. An important point
is that the error estimate in the theorem depends on the average error, &, which means that relatively large
errors may occasionally appear at some MPC steps without a substantial influence on &'.

A similar result as in Theorem 3.1 is obtained in [11] in the case I' = 0 (see Subsection 4.1 of the present
paper). Here we mention that in [11] a prediction made at the beginning is only used, that is, py = po for
all k. Moreover, the result in [11] only applies to the Euler method for approximately solving the auxiliary
problems involved in the MPC algorithm.

Remark 3.4. About the approximate solution of the auxiliary problems &,(t,x;). Finding an approximate
solution of the auxiliary problems is a separate issue that we do not address in detail in this paper. Nu-
merical solutions usually involve time-discretization. Discretization methods with first and second order
accuracy are known for coercive problems (see Subsection 4.1 for the last term), [8, 10], as well as for affine
problems with purely bang-bang optimal controls, [1, 25]. The error in solving the resulting mathematical
programming problems comes in addition. The above mentioned results are proved under assumptions that
imply strong sub-regularity (for appropriate sets I') of the optimality maps associated with the considered
problems.

Example 3.5. Sharpness of the estimate. Consider the problem

min{x' (1) —*(1)},

i) = p)x’@), x'(0)=0,
2() = ult), 0)=0,  u(r)e[-1,1].
The reference parameter is p = 1. The measurements are assumed exact, as well as the solutions of the
auxiliary problems at the MPC steps. Thus, in the notations in Theorem 3.1, & = h Y3 || px — p||oo-
The solution of each problem 22, (1, £(#)) is straightforward: here

- 1 -
A2() = —1+/t pu(s)ds,  (t) = —signA2(1).

For p we have 12(r) < 0 for all # € (0,1], hence @(s) = 1. For ¢ = 1 the control function 4 is not determined
by the Pontryagin necessary optimality condition, because iz(O) = 0. This does not matter from the control
perspective, but suggests to define I' = {0} (see Remark 3.2). As it will become obvious in the next section,
Assumption (A3) is fulfilled for this problem with this I".
Let us fix an arbitrary 6 > 0 and consider 2 = 1/N with N > 2 and such that 24 < §. Define pp = 1 +2h
and take all other predictions exact: py = 1,k=1,...,N—1. Then || pg — p|| < 2h < 8. Moreover, & = 2h>.
On the other hand, we have

A2(0) = —14+ (1 —h)(1+2h) = h(1 —2h) > 0.
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Since A¢ is linear and A3 (1) = —1, we obtain that A3(t) > 0 on [0,#;]. Hence, u™ (r) = iip(t) = —1 on [0,7].
Then
[ —al; > 2h.

Consequently,

[V —ally _ 2h
> > /2.
VE T \2h T

Since & can be arbitrarily small (for small %), the estimation in the theorem is sharp.

4 Sufficient conditions for strong sub-regularity of the optimality map

In this section we present some classes of problems for which Assumption (A3) has a more particular form
with a specified set I', thus Theorem 3.1 is applicable. In addition, we further discuss the approximation
issue mentioned in Remark 3.4.

4.1 The case of coercive problems

Following [9], in this subsection we consider the reference problem 27;(0,x¢) under the so-called coercivity
condition. To formulate it we use the following notational convention: we skip arguments of functions
with “hat”, shifting the “hat” over the notation of the function, e.g. fi(¢) := f(p(t),£(¢),0(t)), Hu(t) :=

A

Heo(p(1),2(1),A(1), (1)), etc. Here f, and H,, are the derivative of f and the Hessian of H, respectively.

Assumption (B1). There is a constant ¢y > 0 such for any v € % — % the inequality

"

(&7 (%(T))x(T),x(T)) +/OT [(Aec(0)x(0),x(0)) ++ 2{Ha(1)x(1), V(1)) + (B (1) (1), v(1))] dr = co|[v][3
is fulfilled, where x is the (unique) solution of the equation x(¢) = f,(£)x(r) + f,(t)v(¢) with x(0) = 0.

It was proved in [9] that Assumption (B1), together with (A1) and (A2), implies (A3) with I" = @, thus in this
case the metric in % is d* = || - ||, thus the metric in ¥ can be taken to be d* (y,0) = ||| 1.c0+ | A || 1 .00 + || ]| 0

Even more, Assumptions (A1), (A2), (B1) imply the stronger property of Strong metric Regularity (SR),
[14, Sect. 3.7] with respect to the norm ||| e + || 4[| 1.0 + || || in the space Y. An important fact is, that the
property SR is stable with respect to functional perturbations with a sufficiently small Lipschitz constant see,
e.g., [14, Proposition 3G.2]). Then it is easy to see that for sufficiently small inaccuracies |e|, ef and e all
the maps CID( i) that appear in the MPC algorithm are SR, hence Ss-R, with constants that can be chosen
uniformly with respect to k. In connection with Remark 3.4, we mention that thanks to the strong regularity
of the optimality map (or the uniform strong sub-regularity) one can claim O(h) uniform estimation of e} if
the Euler discretization with step size 4 is used in solving the problems Qp(tk,xg) (see [17]), and uniform
convergence of the Newton method (see [2]). However, this issue is not at the focus of the present paper and
we do not give precise formulations and details.

! The terminology of metric regularity was not used in [9] and the control system considered was stationary, but the result was
easily extended to the non-stationary case in many subsequent contributions, see e.g. [13].
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4.2 The case of affine problems with bang-bang optimal controls

In this subsection, we consider problem Z75(0,x¢) to be affine, i.e., the objective integrand, g, and the
right-hand side, f, in (2) are both affine with respect to u. The set U is assumed to be a convex compact
polyhedron. Using geometric terminology, we denote by V the set of vertices of U, and by E the set of all
unit vectors e € R™ that are parallel to some edge of U. As usual, we define the so-called switching function
6 :[0,T] — R™ by 6(t) := H,(t). Here and further we use the notational convention from the previous
subsection: arguments of functions with “hat” are skipped and the “hat” is shifted over the notation of the
functions.

Versions of the following assumption are standard in the literature on affine optimal control problems,
see, e.g., [1, 6, 18, 24].

Assumption (C1). There exist numbers 19 > 0 and iy > 0 such that if s € [0, T] is a zero of (6, e) for some
e € E, then

[(6(2),€)| = polt — s,
forallt € [s —no,s+no] N[0, T].
Assumption (C1) implies that # is bang bang and that, in particular, the set
I':={s€0,T]: (6(s),e) =0 for some e € E}

is finite. In what follows in this subsection, the metric d* in Y is defined through this set I, see (7). As it
will be seen in the proof of Theorem 3.1, the advantage of using this metric instead of the L'-norm is that
d*(u, i) being small not only implies that ||u — i, is small, but also that |u(¢) — i(z)| is small except on a
small set around the zeros of the switching functions (6(7),e), e € E. In this sense, u is structurally similar
to d.
Given € > 0, we denote
X(e):=[0,T)\ (T +[—¢,€]).

We recall the following lemma proved in the recent paper [7].
Lemma 4.1. [7, Lemma 2] Let Assumption (C2) be fulfilled. Then there exist positive numbers K and € such
that for every functions ¢ € L with |6 — 6 ||« < € and for every u € % satisfying o(t)+ Ny (u(t)) > 0 for

a.e. t €[0,T] it holds that
u(t) =i(t) forae. t € £(k||6—6).

With this lemma at hand, we are now ready to establish the following sufficient condition for the fulfill-
ment of Assumption (A3).

Theorem 4.2. Let problem Z5(0,x) be affine and let Assumptions (Al), (A2), and (C1) be fulfilled. Then
the following statements are equivalent:

(i) The map @50 ) : Y = Z is strongly sub-regular at ($,0) in the single metricd inY;

(ii) The map P50 ,) - Y = Z is strongly sub-regular at (9,0) in the metrics d and d* in'Y.

Proof. The implication (ii) = (i) is obvious. Let us prove the converse implication.

10
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Let d,B and K be the parameters of Ss-R of ®; ) (in the single metric d in Y). Then
e =%l + 1A = A+ Ju— )y < Rdz(z,0) ©)

forall y = (x,A,u) € B(§;&) and z = (€,v,m,p) € Bz(0, B) satisfying z € D(50.x)(y). Let us fix arbitrarily
such a pair (y,z). Define 6 : [0,7] — R" by o(¢) := V,H(p,y(t)) — p. Clearly o(t) + Ny (u(r)) > 0 for a.e.
t € [0,T]. Moreover, due to the affine structure of the problem, V,H (p,y) is independent of u, thus we can
estimate

IVWH (,3) = ViH (5, )|loo + [Pl < Ly (1= £lloo + |2 = A[) + [ o
Ly ﬁ'dz(Z,O) —I—dz(Z,O) = Edz(Z,O),

o =6l <
<

where L; is the Lipschitz constant of V,H(p,-).
Define y
a=a, p= min{ﬁ,e/&}, k= &4 ek,

where & and & are the numbers in Lemma 4.1. For the pair (y,z) we additionally assume that z € Bz(0, ).
Then by Lemma 4.1,
u(t) = i(r) forae. r € X(kédy(z,0)),

which directly implies d* (u, %) < k¢dz(z,0). Together with (9), we obtain that
d (yv)A)) < 5KdZ(Z,O) + de(Z,O) = kdz(z, O)a
which proves (ii) with Ss-R constants &, ﬁ, K. 0

A general sufficient condition for strong sub-regularity of the map @5 ¢ ) : ¥ = Z in the single metric
d inY is given in [24, Theorem 3.1]. It involves the following assumption.

Assumption (C2). There is a constant ¢o > 0 such for any v € % — ii the inequality

[ B0 9(0) -4 (5 G D) + [ [0 x0)) 4 2080 (0050), (03] 2 ol
(10)
is fulfilled, where x is the (unique) solution of the equation x(t) = f,(t)x(t) + f,.(t)v(¢) with x(0) = 0.

In [24, Theorem 3.1] it is proved that Assumption (C2), together with (A1), (A2), and the affine structure of
the problem, implies metric sub-regularity of the optimality map in the single metric d in Y. In contrast to
the L? coercivity condition in the previous subsection, Assumption (C2) requires “coercivity” with respect
to the L'-norm. It is well known that Assumption (B1) does not hold for affine problems, see [13, Lemma
3]. Another difference between (B1) and (C2) is that the inequality in (C2) involves not only a quadratic,
but also a linear form of v. It is remarkable that alone this linear term can ensure fulfillment of Assumption
(C1). Indeed, in [24, Proposition 4.1] it is proved that Assumption (C1) implies the inequality

[ w0y = vl

for a constant ¢; > 0 and all v € % —ii. In particular, if the quadratic form in (10) is nonnegative for
v € U —ii, then (A1), (A2), (C1) imply (C2), hence also Assumption (A3).

11
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4.3 A numerical example

In this section we illustrate the result obtained in Theorem 3.1 by considering a problem of axisymmetric
spacecraft spin stabilization from [28, p. 353]. The transversal angular velocity components @; and @, of
the spacecraft satisfy

O =Aoy+ —

M,
o = —Asinw, + —,
Ji

where A = J’;’hn, J; is the spacecraft transversal moment of inertia, J3 is the spacecraft moment of inertia
about the spin axis, n is the spin rate, M is the disturbance torque, which can be caused by thruster mis-
alignment, and M, is the control moment. Rescaling the time (t — Ar), denoting x; = @y, x, = @y, p = A}—[",
adding initial conditions, and considering u := % as a control variable, we reformulate the model as

X1 =x2+p, x1(0) =1,

Xy = —sinx| +u, xz(O) =1, (1)

—a<u<a,

where p(-) is a time-dependent parameter and « is a positive constant. The MPC algorithm is applied in [12]
to the following optimal control problem with the dynamic (11):

min{|x(T)|2+a/oT(u(t))zdt},

where « is a positive weighting parameter. This problem is coercive in the sense of Assumption (B1), which
makes the analysis in [12] possible. Here we consider the alternative objective functional

min{|x(T)|2+Oc/0T ju(o)] e} (12)

which may be more realistic in case of direct transformation of fuel into force, as in jet engines. The optimal
control problem (11)-(12) is not coercive, nor does it fit in the framework of affine problems. However,
following [27, Remark 3.3], we transform it to an affine problem by substituting

u=uy—uy, |ul=u;+uy, where uj,u;€l0,qal.

Thus, the affine optimal control problem we will consider is

min{ x(T))> + o /OT[ul (1) +ua(1)] dt},
subject to

X1 =x2+p, X](O):l,
Xp = —sinxy +uy — uy, x(0)=1,
Uy, up € [0,61].

We consider the last problem with the specifications T = 47w, @ = 0.25, a = 0.2, and reference parameter

p(t) =0. In the MPC simulation, the measurement error ey is sampled randomly from a uniform distribution,
with |ex| < 0.1. The parameter p(-) is piecewise constant on the uniform mesh of 3200 points in [0, T]; its

12
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values in every subinterval are chosen randomly in the interval [—0.05,0.05] with uniform distribution. For
solving the auxiliary problems ,@p(tk,xg) we use the Euler discretization scheme, which provides an error
e} of order O(h) see, e.g., [1, 24]); recall that e} := ||Z|| and that Z is the residual in (8).

We run the MPC algorithm with different mesh sizes N. Using the notations in Theorem 3.1, we consider

the quantity
[l — |y + [ — %1,

RE = :
VIS ledd + € + )+

(13)

which represents the relative error in the MPC-generated solution (x",u"). According to the error estimate
in Theorem 3.1, the quantity RE should be bounded. The numerical experiment confirms this, as can be seen
in Table 1. Moreover, the result suggest that the value RE stays away from zero when N increases, which
indicates that the estimate in Theorem 3.1 is sharp for this example.

We also observe in Table 1 that the objective values for the MPC-generated solutions decrease when N
increases, which is to be expected because of the more frequent measurements.

In Figure 1, we compare the obtained MPC-generated controls and the corresponding trajectories with
the open-loop solution @ = i1y — ;. The auxiliary controls i; and i, are of bang-bang type, while the
resulting optimal control u in problem (11)-(12) also takes value zero. The MPC-generated control "
differs from the optimal open-loop one in small intervals around the switching points of the latter, which is
consistent with the choice of the metric in d* in case of affine problems.

H N H 160 320 480 640 800 960 H

Obj. val. || 1.3221 0.7907 0.7204 0.6490 0.6274 0.6183
RE 0.6039 0.3205 0.2177 0.1245 0.1445 0.1346

Table 1: Objective values and relative errors RE of the MPC-generated solutions with different mesh sizes.
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Figure 1: Optimal open-loop control and trajectory, and the MPC generated solutions with N=160 and
N=960.
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5 Proof of the main theorem

In this section we use the notations introduced in Sections 2 and 3. In addition, y € Y; we define

comi=cton, e ={ 3} 5120

Proposition 5.1. Let assumptions (Al)—(A3) be fulfilled. Then there exist numbers & > 0, o > 0, By > 0,
and co such that for every T € [0,T), x; € R" and p € II satisfying

e —£(7)| < b, llp—Plle < b, (14)
and for every y = (x,A,u) € Yy with |lu — it < o and z: € P, ¢ 1.\ (v) N Bz, (0; Bo) it holds that

dz(v,3) < co([[zell + [P = Pllow + [xe = (7)) -

Proof. We shall fix the numbers &y > 0, ap > 0, Bp > 0 and ¢ below, in a way that they depend only on &,
ﬁ, K, L and T and may be viewed as constants. The numbers ¢y, ¢y, ..., that will appear later will also be
appropriate constants in the same sense.

Let us fix arbitrarily 7 € [0,7), x; € R", and p € II satisfying (14), along with y; = (x(-),A(-),u()) €
B(9;a0) and z¢ = (§,v,n,7,p) € Bz.(0; Bo) such that z; € ®(,, -, y(y7). We define

5(1) — A(t) forz € [O>T)> o ZZ(Z‘) fort € [O,T),
p(t)_{ i(’) fors € [7,T], (®) { u(t) forte|r,T].

Obviously ||p — plle = ||p — Plles | —dill1 = |lu— |1, and di(ii, &) = d(u,it). Similarly, we extend &,

N and p as zero on [0, 7), denoting the resulting elements of Zy by &, 7, p. Moreover, we define X as the
(unique) solution on [0, T] of the equations

i=f(p.xa)—&, Hr)=x:+v,
and the function A as the solution of

A =VeH(pF A i) —n, AT) =Vir(#(T)) +x.

Notice that %(¢) = x(¢) and A(¢) = A(¢) for ¢ € [z, T].
Let us estimate ||y — || Using Assumption (A1) and the Gronwall inequality we obtain that

1= %] < €1 (Ilﬁ—ﬁllw+ 1611+ e — ()| + !VI) <2 (So+1E N1+ 8 +[Vv]) < e3(8o+ zc])-
From here one can also estimate ||X — %||;, which gives

1% —%[|1,1 < ca(So+ [|zz]])-

Similarly we estimate

12 = All11 < es(8o+ flze)).

Moreover,
la—ally = [lu—al < oo.

14
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The last three estimates imply that

17— < c6(00+ 00+ Po) < &,

provided that the positive numbers dy, & and Py are chosen sufficiently sma~11.
Now we estimate the residual r := (rg, 7y, ry, 7z, 7p) € Zo which §:= (%, 4, i) gives in ;¢ ). We have

Irelly = ||f(p.%.0) — f(p,%.0)+ &, < TLIp— pllw+ &1,
vl = [%(0) —xo| < c1(llp—plleo + [xz = 2(T)| + |V]),

gl = ||%H(p.9) —VH (p.9) + 1|, <TL|lp— pllo+ 1l
lrzl = =,

Irplle = IVuH (D, 3) — Vil (p,5) +Plle < L|p— plleo+ [0 ]loo-

Summarizing, we obtain that
Il < 7 (llzell + [l = Blleo + [z = (7))
We can choose & and Sy smaller if needed so that ||r|| < 8. Due to Assumption (A3) we have that
do(5,9) < Keq ([|z2]l + [P = Pllew + [xe = £(2)])-
Since d;(3,¥) < d;(3,¥) and § =y on [7,T], we obtain the desired result with ¢y = Kc7. O

An alternative way to prove the last proposition is first to show that Assumption (A3) holds for all maps
D5 1.¢(r)) With 7 € [0,T), and then to apply Proposition 2.2.

Now we continue with the proof of Theorem 3.1.
Let &y, &, PBo and ¢ be the constants from Proposition 5.1. Define the following constants: M is number
of elements of I" (equals zero if I" = () and

D := diam(U), Ci := coLTe, Cy :=2DLe""\/coTM, C; := 6MDLeM . (15)
Let the numbers Ny and 0 > 0 be defined in such a way that
§+86<8&, d<a, 8<P,
where & := C,8 4+ C>\/6 + Csh, which is obviously possible. Moreover, denote
& =lei|+el +ef, i=0,...,N—1.

Since for any i € {0,...,N — 1} the triplet y = y; satisfies (8), we shall apply Proposition 5.1 with y = ¥,
T=1 Xg :x? =xN(t;) +e;, p = pi, zc = Zi. We have

i — Pl < €f <8< by,
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Proposition 5.1 gives
dy (i1, ) < co(lei| +ef +ef) = co&, (16)

provided that
’)gv(ll') —|—el~—)2(t,-)| < &. (17)

Let us fix an arbitrary k € {1,...,N — 1} and denote
di = i =l =), AW) =10 =20),  A=A), i=0,... .k

Assume inductively that .
A <6 and d; (i@, ) < coé;, i=0,... k. (18)

For k = 0 we have Ag = [x"(0) — £(0)] = 0. Thus (17) is fulfilled because |eg| < & < &. The second
inequality in (18) is fulfilled due to (16), thus the inductive assumption is fulfilled for £ = 0.
Due to Assumption (A1) and the construction of %" in the MPC method, we have for ¢ € [t, ;1 1]

At) < M+ t: £ (B(s),2" (), dik(5)) = F(B(s), %(s), a(s))| ds < Mg+ I(LA(S)JFL!ﬂk(S)—ﬁ(S)\)dS-

Tk

Using the Gronwall inequality we obtain that
A(r) < e (A, + hLdy).

Applied to Ay = A(fx41), this recursive inequality implies in a standard way that
k
Avsr < hL (e<’<+1)hLd0 bk 4.+ ehLdk> < e™LhY d. (19)
i=0

The key part of the proof is to estimate Zi'(:o d;. Let us denote

K = {ie{0,... .k} : |@;(r) —a(t)| < d}(i;,a) forae. t € [t;,1;41]},
K := {0,....k}\K.
Then
D forie K
. < =
di < { d;(i;,n) foricK. (20)
Denoting by s the number of elements of K, we have due to the inductive assumption (18), that
( coT
Zd_Zd-i-Zd <sD+Y di(a <sD—|—Zcoc§"k<sD—l—07é". 1)

€K ick ick €K

Let us assume that I" 2 0, that is, M > 0. The definition of the metric d* in (7) implies that for each i € K
there exists ¢ € (#;,1;+1) such that
dist(r,I") < d; (it;, ). (22)

Let m(i) be the minimal natural number (also including 0) such that

(t5i01) + h—-m(i),m(i)]) AT # 0.

16
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Then in the case m(i) > 0 we have that
((tistis1) +h[—m(i) + 1,m(i) — 1]) N = 0,

hence
(t+h[—m(i)+1,m@i)—1])NT=0.
Due to (22) we obtain that
d; (i, @) > hm(i) ~ 1), i€K. (23)

Denote by /j, j =0,1,...,N the number of those indexes i € K for which m(i) = j. The following relations
are apparently satisfied:

0 < lO < Mu
0<l;<2M, j=1,...,N, (24)
N
Z lj =S
j=0
Then, having in mind (23),
N
Y. d; (i,0) > 1Y max{0,m(i)— 1)} > h(0.10+0.ll +Y (- 1)1,). (25)
icK icK j=2

The minimum of the sum in the right-hand side with respect to {/;} subject to the relations around (24)
is attained at
lo=M,1;=2M, j=1,...,r, 41 =s—(M+2Mr),

where r = [E‘Iy

] and [a] means the integer part of a. Substituting /; in (25) we obtain that
s 2
L d; i) > 2hMZ j=1) =hMr(r=1) =M (52| =2)
From here and the second inequality in (18) we obtain that
s 2 ¢ & coT
(G =2) <3 5= e

hence )
s < 6M + ﬁ\/CoTMé"-

From (21) we obtain that
k
hY di < D<6Mh + 2\/c0TM\/§) Y eoT&, (26)
i=0
which combined with (19) and (15) gives
A1 < C1E+CoVE +Csh. 27)

This inequality was obtained in the case M > 0. However, in the case M = 0 the first term in the final
inequality in (21) is missing and the analysis simplifies, resulting in the same estimation for A | but with
M = 0, which implies C; = C3 = 0.

17
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Now, in order to verify the inductive assumption (18) we observe that & < §, hence from (27)
A1 < 615 +C_2\/5+C_'3h = 3,

thus the first inequality in (18) is satisfied for k+ 1. The second inequality in (18) for K+ 1 follows from
(16), which is fulfilled for i = k+ 1 because (17) holds:

o (1) + eret — £(tr31)] < Akt + lexsr] < §+8 < &.

This completes the induction step. As a result we have obtained that for any 7 € [0, T] if € [fy,#+1] then

A(t) < Ayt < C1E +CoVE +Csh. (28)
Now we estimate
v N=1 i N N—1 v N—1 N—1
A TR WY AR OIS WTAR I ESD WAL S RS W
i=0 i i=0 i=0 i=0
< D(6Mh+2\/c0TM\/g>+coTé”, (29)

where in the last inequality we use (26) for k = N — 1. Finally, we have

I =l < /OT £ (D), (0),u™ (1)) = £(B(e), 2(),a(r))] dr < LT||Allc +Ll|u™ — .

Combining this inequality with (28) and (29), and considering separately the case M = (0, we obtain existence
of constants C;, C, and C; for which the claim of the theorem holds.
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Chapter 4

Stability in Affine Optimal Control
Problems Constrained by Elliptic
Partial Differential Equation

This chapter consists of the paper:

e Dominguez Corella, Alberto and Jork, Nicolai and Veliov, Vladimir M. Stability in affine optimal
control problems constrained by semilinear elliptic partial differential equations.

It is conditionally accepted (after a minor revision) in ESAIM: Control, Optimisation and Calculus of Vari-
ations. The thesis author gave most of the ideas and proofs in the paper, and wrote the majority of the
paper; he was only helped with technical details and proof-reading.

69



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

Stability in affine optimal control problems constrained by
semilinear elliptic partial differential equations*

Alberto Dominguez Corellaf Nicolai Jork ¥ Vladimir Veliov®
August 14, 2022

Abstract

This paper investigates stability properties of affine optimal control problems constrained by semilin-
ear elliptic partial differential equations. This is done by studying the so called metric subregularity of
the set-valued mapping associated with the system of first order necessary optimality conditions. Pre-
liminary results concerning the differentiability of the functions involved are established, especially the
so-called switching function. Using this ansatz, more general nonlinear perturbations are encompassed,
and under weaker assumptions, than the ones previously considered in the literature on control con-
strained elliptic problems. Finally, the applicability of the results is illustrated with some error estimates
for the Tikhonov regularization.

1 Introduction

We consider the following optimal control problem

win { [ fute.) + s(ea] as}. 1)

subject to

—div (A(z)Vy) +d(z,y) = Blx)u in Q o)
2
A(z)Vy - v+ b(z)y =0 on 90.

The set Q@ C R™ is a bounded domain with Lipschitz boundary, where n € {2,3}. The unit outward normal
vector field on the boundary 02, which is single valued a.e. in 02, is denoted by v. The control set is given
by

U :={u:Q — R measurable: b;(z) <u(z) < by(z) for a.e. x € N},

where by and by are bounded measurable functions satisfying by (x) < bo(x) for a.e. @ € Q. The functions
W AXRR s: OXxR-R, d: QxR =R, 5:92— Rand b: 92 — R are real-valued and measurable,
and A : Q — R™ " is a measurable matrix-valued function.

There are many motivations for studying stability of solutions, in particular for error analysis of numerical
methods, see e.g., [30, 31]. Most of the stability results for elliptic control problems are obtained under
a second order growth condition (analogous to the classical Legendre-Clebsch condition). For literature
concerning this type of problems, the reader is referred to [18, 21, 22, 24, 25, 35] and the references therein.
In optimal control problems like (1)—(2), where the control appears linearly (hence, called affine problems)

*This research was supported by the Austrian Science Foundation (FWF) under grant I 4571-N.
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Hnstitute of Statistics and Mathematical Methods in Economics, Vienna University of Technology, Austria,
nicolai. jorkQtuwien.ac.at

SInstitute of Statistics and Mathematical Methods in Economics, Vienna University of Technology, Austria,
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this growth condition does not hold. The so-called bang-bang solutions are ubiquitous in this case, see
[4, 9, 10]. To give an account of the state of art in stability of bang-bang problems, we mention the works
[1, 28, 29, 33, 37] on optimal control of ordinary differential equations. Results for optimization problems
constrained by partial differential equations have been gaining relevance in recent years, see [5, 8,9, 10, 12, 34].
However, its stability has been only investigated in a handful of papers, see e.g., [12, 32, 34]. From these
works, we mention here particularly [34], where the authors consider linear perturbations in the state and
adjoint equations for a similar problem with Dirichlet boundary condition. They use the so-called structural
assumption (a growth assumption satisfied near the jumps of the control) on the adjoint variable. This
assumption has been widely used in the literature on bang-bang control of ordinary differential equations in
a somewhat different form.

The investigations of stability properties of optimization problems, in general, are usually based on
the study of similar properties of the corresponding system of necessary optimality conditions. The first
order necessary optimality conditions for problem (1)-(2) can be recast as a system of two elliptic equations
(primal and adjoint) and one variational inequality (representing the minimization condition of the associated
Hamiltonian), forming together a generalized equation, that is, an inclusion involving a set-valued mapping
called optimality mapping. The concept of strong metric subregularity, see [11, 16], of set-valued mappings
has shown to be efficient in many applications especially ones related to error analysis, see [2]. This also
applies to optimal control problems of ordinary differentials equations, see e.g., [15, 28].

In the present paper we investigate the strong metric subregularity property of the optimality mapping
associated with problem (1)—(2). We present sufficient conditions for strong subregularity of this mapping
on weaker assumptions than the ones used in literature, see Section 6 for precise details. The structural
assumption in [34] is weakened and more general perturbations are considered. Namely, perturbations in
the variational inequality, appearing as a part of the first order necessary optimality conditions, are consid-
ered; which are important in the numerical analysis of ODE and PDE constrained optimization problems.
Moreover, nonlinear perturbations are investigated, which provides a framework for applications, as illus-
trated with an estimate related to the Tikhonov regularization. The concept of linearization is employed in
a functional frame in order to deal with nonlinearities. The needed differentiability of the control-to-adjoint
mapping and the switching function (see Section 3) is proved, and the derivatives are used to obtain ad-
equate estimates needed in the stability results. Finally, we consider nonlinear perturbations in a general
framework. We propose the use of the compact-open topology to have a notion of “closeness to zero” of
the perturbations. In our particular case this topology can me metrized, providing a more “quantitative”
notion. Estimates in this metric are obtained in Section 5.

2 Preliminaries

The euclidean space R® is considered with its usual norm, denoted by |-|. As usual, for p € [1,c0), we denote
by L?(Q) the space of all measurable p-integrable functions 1 : Q — R® with the norm

5 1
[YlLr@) = (Z/ () dx)p.
=179
The space L () consists of all measurable essentially bounded functions ¢ : Q — R® with the norm
[U|Le< () = esssup [¢(z)].
zEQ

We denote by C(€) the space of continuous functions on € that can be extended continuously to Q equipped
with the L>°-norm. We denote by H'(Q) the space of functions ¢ € L*(Q) with weak derivatives in L*(Q)
endowed with its usual norm. The space H'(2) N C(Q) is endowed with the norm

[l @)nc@) = [Wla @) + [Ylc@)-

A function ¢ : © x R — R is said to be Carathéodory if 9 (-, y) is measurable for every y € R, and v (z, ) is
continuous for a.e. z € Q. A function ¢ : Q x R — R is said to be locally Lipschitz uniformly in the first
variable if for each M > 0 there exists L > 0 such that

[¥(z,y2) — (2, 91)] < Lly2 — y1]
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for a.e. z € Q and all y1,y2 € [-M, M]. In order to abbreviate notation, we define f,g: Q2 x R x R — R by

flzyy,u) == B(x)u —d(z,y) and g(x,y,u) = w(z,y) + s(z,y)u.

The following assumption is supposed to hold throughout the remainder of the paper. It ensures that the
mathematical objects related to problem (1)—(2) that we consider are well defined. Assumption 1 is quite
standard in the literature, see the book [39].

Assumption 1. The following statements are assumed to hold.

(i) The set Q@ C R™ is a bounded Lipschitz domain. The matriz A(z) is symmetric for a.e. x in Q, and
there exists o > 0 such that € - A(z)¢ > al€]? for a.e. x in Q and all £ € R™.

(i) The functions w,s and d are Carathéodory, twice differentiable with respect to the second variable, and
their second derivatives are locally Lipschitz uniformly in the first variable.

(iii) The functions A, 5,b,d(-,0),dy(-,0),wy(-,0) and s,(-,0) are measurable and bounded.

(iv) The function dy(-,y) is nonnegative a.e. in  for all y € R. The function b is nonnegative a.e. in O
and ‘b|Loo(aQ) > 0.

Items (i) and (iv) of Assumption 1 ensure that the partial differential equations appearing in this paper
have unique solutions in the space H(Q2) N L>°(Q).

2.1 The elliptic operator
We consider the set D(L) of all functions y € H*(Q) N L>(Q) for which there exists h € L?(Q) such that

/A(x)Vy : Vgodz—l—/ b(x)ypds(z) = / hodr Yo € HY(). (3)
Q a0 Q

As usual, ds denotes the Lebesgue surface measure. It is easy to see that for each y € D(L) there exists a
unique element b € L?(2) such that (3) holds. We define the operator £ : D(£) — L?(Q) by assigning each
y € D(L) to the function h € L?(Q) satisfying (3). By definition, a function y € H*(Q) N L>=°(Q) belongs to
D(L) if, and only if, it is the weak solution of the linear elliptic partial differential equation

—div(A(z)Vy) = h in Q,
A(x)Vy-v+bx)y = 0 on 099
for some h € L*(2). The following lemma is of trivial nature.

Lemma 2.1. The set D(L) is a linear subspace of H*(Q)NL>®(Q). Moreover, the operator L : D(L) — L%(Q)
s a well defined linear mapping.

If D(L) is endowed with the norm of L?(Q2), then £ is an unbounded operator from D(L) to L?(Q). Since
A(z) is symmetric for a.e. z € Q, by (3) we have

/[,ygodx:/y&pdx (4)
Q Q

for all y, » € D(L), the so-called integration by parts formula.

Remark 2.2. If 99 is of class C1'!, A is Lipschitz in Q, and b is Lipschitz and positive in 99, then
D(L) ={y € H*(Q) : A()Vy v +b()y = 0},

and Ly = —div (A(-)Vy) for all y € D(L), see [19, Theorem 2.4.2.6].

The following lemma shows the inclusion D(£) C C(Q). Tts proof can be found in [39, Theorem 4.7] and
follows the arguments in [4, 38].
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Lemma 2.3. Let o € L*(€2) be nonnegative and h € L?(Q). There exists a unique function y € D(L) such
that

Ly+a()y=h ()

and this function belongs to C(Q). Moreover, for each r > n/2 there exists a positive number ¢ such that

1Yo (@)nc@) < clhlor@)
for all a € L>=(2) nonnegative, y € D(L), and h € L*(Q) N L" () satisfying (5).

The following technical lemma can be deduced from Lemma 2.3, see the proof of [10, Lemma 3.4]. Its
use in optimal control of elliptic partial differential equations dates from the paper [9, Lemma 2.6]. It has
shown to be useful for diverse estimates, see [9, 34].

Lemma 2.4. There exists a positive number ¢ such that
lylL2(0) < clhlpi ()
for all @ € L>®(Q) nonnegative, y € D(L) and h € L?(Q) satisfying (5).

The proof of the next result can be found in [7, Theorem 2.11] in the case of a Dirichlet problem, see
also [20, Lemma 6.8]. Here we adapt the argument below Theorem 2.1 in [6, p. 618].

Lemma 2.5. Let a € L*(Q) be nonnegative, {hm}55_; be a sequence in L?(Q) and h € QQ(Q) For each
m €N, let y,, € C(Q) be the unique function satisfying LYy, + (-)Ym = hm, and let y € C(Q) be the unique
function satisfying of Ly + a(-)y = h. If hy, — h weakly in L%(Q), then y,, — y in C(Q).

Proof. Let p € (2n/(n+2),n/(n—1)). Then W1HP(Q) is compactly embedded in L?(2) and consequently, by
Schauder’s Theorem, L?(2) is compactly embedded in W'P(Q)*. By the latter compact embedding, every
weakly convergent sequence in L%(Q) converges also in W1(Q)* to the same limit. Define K : L2(Q) — C(Q)
by Kh :=y, where y € C(Q) is the unique function satisfying Ly + a(-) = h. The result follows from [27,
Theorem 3.14], since that theorem asserts that the linear operator K is continuous from L?(2) endowed with
the norm of W1?(Q)* to C(Q). O

Remark 2.6. Using the definitions of the set D(£) and the operator £, we can write in a shorter way the
partial differential equations involved in this paper. For example, given u € U, to say that y belongs to D(L)
and satisfies Ly +d(-,y) = B(-)u is equivalent to say that y belongs to H(2) N L () and satisfies the weak
formulation of (2), that is

/QA(x)Vy-V(pdz—i-/Qd(ac,y)gada:—i—/BQb(:r)y@ds(x):/Qﬁ(m)ugodac

for all ¢ € H*(Q)). This weak formulation makes sense since, by (ii) and (iii) of Assumption 1, for any
y € L*(Q), the function d(-,y) belongs to L>(2).
2.2 The control model
Having in mind Remark 2.6, given a function u € U we say that y, € D(L) is the associated state to u € U
if

‘Cyu:f('vyudu)' (6)

The following proposition shows that the mapping u — v, from U to D(L) is well defined. Its proof can
be found in the standard literature; it follows from [39, Theorem 4.8], see also [39, p. 212].

Proposition 2.7. For each u € U there exists a unique state y, € D(L) associated with w € U. Moreover,
{yu 1 uw €U} is a bounded subset of H' () N C(Q) and for each r > n/2 there exists ¢ > 0 such that

[Yus = Yur |1 ()nc(@) < cluz — uilrr()

for all up,us € U.
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We call the function G : U — H'(Q) N C(Q) given by G(u) := y, the control-to-state mapping. The
functional J : U4 — R given by

T(u) = / 92, yur ) de

is called the objective functional of problem (1)—-(2).
Definition 2.8. Let u belong to U.
(i) We say that @ is a global solution of problem (1)—(2) if J(a) < J(u) for all u € Y.

(ii) We say that u is a local solution of problem (1)—(2) if there exists g9 > 0 such that J(u) < J(u) for
all w € U with |u — u|p1(q) < €o.

(iii) We say that @ is a strict local solution of problem (1)—(2) if there exists g > 0 such that J(a) < J(u)
for all u € U with u # @ and |u — 4|1 (o) < 0.

Under Assumption 1, problem (1)—(2) has at least one global solution. The proof is routine and can be
obtained by standard arguments; namely, taking a minimizing sequence and using the weak compactness of
U in L3(Q).

Lemma 2.9. Problem (1)-(2) has at least one global solution.

In order to make notation simpler, from now on we fix a local solution @ € U of problem (1)—(2). We call
the function H : @ x R x R x R — R, given by

H(z,y,p,u) := g(z,y,u) + pf(z,y,u),

the Hamiltonian of problem (1)—(2). Given u € U, we say that p, € D(L) is the costate associated with
u el if
Lp, = Hy('7 Yus Puy u)

The following proposition shows that the mapping u — p,, from U to D(L) is well defined. We give the proof
of this elementary result because it seems not to be explicitly stated in the literature.

Proposition 2.10. For each u € U there exists a unique costate p, € D(L) associated withu € U. Moreover,
{pu :u €U} is a bounded subset of H*(2) N C(Q) and for each r > n/2 there exist ¢ > 0 such that

[Pus — Pus L1 (@)nc(@) < clue — uilLr @)
for all uy,us € U.
Proof. The existence and uniqueness follows from Lemma 2.3. Given u € U, the function p, satisfies
Ly + dy(,yu)Pu = gy, Yu, u).-

By (i), (4i7) and (iv) of Assumption 1, for each u € U, the function d,(-,y,) is nonnegative and belongs
to L>°(Q). By (i) and (i) of Assumption 1, for each u € U the function g, (-, yu,u) belongs to L>(€2).
Furthermore, since by Proposition 2.7 the set {y, : u € U} is bounded in C(£2), there exists M; > 0 such
that

19y (- Yu, W) | Lo () < My
for all w € Y. By Lemma 2.3, there exists a positive number ¢; such that for all u € U
IPul i1 (@)nc@) < clgy (s Yus )| L= (q)-

Thus, My := ¢ M is a bound for the set {p, : u € U} in H(Q) N C(Q). Let us,uz € U and r > n/2. We
have then

E(pUQ _plu) + dy(vyuz)(pug _pu‘l) = Hy('vyuzvpu1au2) - Hy('vyunpuﬂul)’
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By Lemma 2.3, there exists a positive number ¢y (independent of u; and us) such that
‘puz — Puy |H1(Q)nC(Q) < C2|Hy('7 Yuss Puy » Uz) - Hy(7 Yuy s Puy s ul)'L"(Q)~

By (i) of Assumption 1 and the boundedness of the set {p, : u € U} in C(Q), there exists L > 0 such
that

‘Hy('vyuzvpunuZ) - Hy('vyuupuuul)' < L(|yu2 - yul' + |’LL2 - U1|> a.e. in Q.
Consequently,

[Pus = Puy |H1(n)mC(Q) < CzL(\yul - yU2|LT(S2) + Jur — UQ‘L”‘(Q))

< CZL((mea‘SQ)%h/uz = Yuy | Loo () + U2 — UllLT(Q)>-

By Proposition 2.7, there exists a constant ¢ > 0 (independent of u; and wus) such that

[Yus — Yurlo@) < esluz —ui|pr(o)-
Thus,
[Pus — Pus |1 (@)nc@) < c2L(1+ ca(meas Q)7 ) |ug — ui |1 (q)-
The estimate follows defining ¢ := c2L(1 + c3(meas Q)%) O

We call the function S : U — H*(Q) N C(Q) given by S(u) := p, the control-to-adjoint mapping. The
following proposition gives us another useful estimate; it can be easily proved employing Lemma 2.4 and the
argument in the proof of [39, Theorem 4.16].

Proposition 2.11. There exists ¢ > 0 such that
[Yus = Yurl22(0) + [Pus — Pur|L2(0) < cluz — ur|p1 (o)
for all uy,us € U.
We close this subsection with the following result.

Proposition 2.12. Let {um}pr—; be a sequence inU andw € U. If uy, — u weakly in L*(Q), then yu,, — yu
and py,, — py in C(Q).

Proof. We prove only the convergence p,,. — p, in C(Q), the convergence v, — v, in C(£2) is analogous.
Let {pu,,, }7Z, be an arbitrary subsequence of {py,, }7,—;. By the compact embedding HY(Q) — L%2(Q),
there exists a subsequence of {p,,, }72,, denoted in the same way, and p € L2(2) such that Pu,,, — P in
L*(9Q). Since yy,,, — yu in C(Q), one can deduce that

Hy(': yum,k apumk>umk) - Hy(: Yu, D, U) WC&kIy in L2(Q)

By Lemma 2.5, we have p,,, — p, in C(9). The result follows, since every subsequence of {p,, }>°_; has
a further subsequence that converges to p, in C(Q). O

3 Differentiability of the mappings involved

In this section, we prove some preliminary results concerning the differentiability of the control-to-state
mapping, the control-to-adjoint mapping and the switching mapping (to be defined later). Some of these
properties are well known for the control-to-state mapping; see, e.g., [5, 9, 10, 34, 39]. Nevertheless, we require
more specific estimates than the ones in the literature. The differentiability of the control-to-adjoint mapping
and the switching mapping has not been studied before in the literature on elliptic control-constrained
problems, therefore we devote this section to obtain appropriate estimates needed in the study of stability in
the next section. In the sequel, we treat differentiability by means of Gateaux differentials, as they provide
a very natural setting that adjusts in a very versatile way to our purposes.
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3.1 The state and adjoint mappings

We begin this subsection recalling the definition of Gateaux differential, see [17, pp.2-4] or [23, p.171]. Let
Y be a Banach space and F : Y — Y a mapping. Given u € U and v € U — wu, if the limit

exists in Y, we say that F(u;v) is the Gateaux differential of F at u in the direction v. Note that by
convexity of U, u + v belongs to U for every u € U, v €U — u and € € [0, 1].

Recall that @ € U is a fixed solution of problem (1)—(2). As it is well-known, the Gateaux differential of
the control-to-state mapping at « is related to the linearization of the system equation around u. Bearing
this in mind, given v € L2(€2), we denote by z, the unique! solution of the equation

Lz, = fy(',ya,ﬁ)zu + fu(’7yﬂ7ﬂ)v- (7)

The proof of the following estimate can be found in the standard literature, see the proof of [39, Theorem
4.17] for the case of a Neumann boundary problem (the proof is the same for Robin or Dirichlet boundary).
It can also be deduced by the same arguments given in the proof of Proposition 3.2.

Proposition 3.1. For each r > n/2 there exists ¢ > 0 such that

[Yu — ya — Zu—ﬁ\Hl(Q)mC(Q) <clu— ﬂﬁ:*(ﬂ) VueU.

One of the first things that can be deduced from Proposition 3.1 is the differentiability of the control-
to-state mapping G. Given v € L2(Q) satisfying 4 + v € U, the Gateaux differential of the control-to-
state mapping G at @ in the direction v exists and is given by dG(u;v) = z,. Moreover, one can prove
that G is of class C2. This is a standard application of the Implicit Function Theorem to the function
F:D(L) x L"(2) — L"(Q) given by F(y,u) :== Ly +d(-,y) — B(-)u, where r > n/2; see [7, Theorem 2.12]
for details in the Dirichlet boundary case.

In order to study the Gateaux differential of the control-to-adjoint mapping we introduce the following
notations. Given v € L2(£2), we denote by ¢, the unique? solution of the equation

Lqy = Hyy (-, Ya, Pas ) 2o + Hyp (-, Ya, Pas W) qo + Hyu (-, Ya, Pa, 0. (8)

The following estimate is concerned with the differentiability of the control-to-adjoint mapping. To the
best of our knowledge, this result does not appear in the literature; therefore we present its proof, although
it is standard.

Proposition 3.2. For each r > n/2 there exists ¢ > 0 such that
Pu = Pi = Gu-alm@nc@ < cu—altig — Yuel.

Proof. Given u € U, we define 9, : Q — R* by v, (z) := (2, yu (), pu(z),u(z)). For each u € U, we denote
by Gu—a the unique solution of the equation

Lgu—u = Hyy(Va)(Yu — Ya) + Hyp(Va)Gu—a + Hyu(Ya)(u — ).

Let w € U and r > n/2 be arbitrary. Using the Taylor Theorem and (44)-(i7i) of Assumption 1, one can find
a1, e, a3 € L®(Q) such that

Hy(wu) :Hy(¢ﬁ) + Hyy(wﬂ)(yu — Ya) + Hyp(%)(pu —pa) + Hyu(wﬁ)v
+ a1 ()W — ya)® + a2 () (Yu — ya) (Pu — pa) + a3() (Yu — ya)v,

IThe uniqueness follows from Lemma 2.3, and the fact that equation (7) can be rewritten as

Lzy +dy (-, ya)ze = B()v.

2The uniqueness follows from Lemma 2.3, and the fact that equation (8) can be rewritten as

Lgy + dy(-,ya)qv = Hyy (-, ya,pa, @)z + Hyu (-, ya, pa, @)v.
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where v = u — u. Hence
£pu = pa — @) = Hyp(@a)(pu = pu = @) + [01() (g = ya) + 02()(pu = pa) + 03()0] (v = v0)-
By Lemma 2.3, Proposition 2.7 and Proposition 2.10, there exists ¢; > 0 such that
IPu — Pa — @l i @)nc@) < alvliyq)-
Now,
L(Gy — qv) = Hyy(Va)(yu — Ya — 2v) + Hyp(Va)(Gv — @v)-

By Lemma 2.3 and Proposition 3.1, there exists co > 0 such that

|(jv - QU|H1(Q)HC(Q) < Cle %T'(Q)~

Finally, by the triangle inequality
|Pu — Pa — qv|H1(sz)mC(Q) < [pu — pa — §v|H1(sz)mC(Q) + Gy — qv|H1(Q)ﬂC(Q)'
The result follows taking ¢ := ¢ + ¢o. O

Given v € L>(Q) satisfying 4 + v € U, the Gateaux differential of the control-to-adjoint mapping S at
in the direction v exists and is given by dS(u;v) = g,. It is worth mentioning that the map S is of class C?,
this can be seen applying the Implicit Function Theorem to the function H : D(L) x L"(Q) — L"(Q) given
by H(p,w) :== Lp — Hy(-, yu,p, u), where r > n/2.

We now state further properties concerning the mappings v — z, and v — g,.

Proposition 3.3. The following statements hold.
(i) For each r > n/2 there exists a positive number ¢ such that
20l 1 ()ne@) + 1l m@)no@) < cvlpr@) Yo e LA (Q) N L (Q).
(i1) There exists a positive number ¢ such that

|zul 220 + |qu|L20 < C|U|L1(Q) Yv € L2(Q).

(iii) Let {vr}72, be a sequence in L*(Q) and v € L*(Q). If vy — v weakly in L*(Q), then z,, — z, and
Qv, = Qv in C(Q).

Proof. Ttems (i) and (i7) follow from Lemma 2.3 and 2.4, respectively. Item (ii%) follows from Lemma 2.5. [

3.2 The switching mapping

Let us begin this subsection recalling the first order necessary condition (Pontryagin principle in integral
form) for problem (1)—(2). If u € U is a local solution of problem (1)—(2), then

/ [s(m, Yu) + B(x)pu] (w—u)de >0 Ywel. 9)
Q
The variational inequality (9) motivates the following definition. For each u € U, define

Oy = s('ayu) + 5()pu

The mapping Q : U — L*>(Q) given by Q(u) := o, is called the switching mapping. Given v € L2(Q2), we
define the linearization

Ty = Huy('vyavpﬁ)zv + Hup('vyﬂvpﬁ)qv~

This definition is justified by the following estimate.
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Proposition 3.4. For each r > n/2 there exists ¢ > 0 such that
low — 0a — Tu—alLe(q) < c|u—ﬂ|2Lr(Q) YueU.
Proof. Given u € U, we define 1, : Q — R3 by v, (z) := (2, y.(7), pu(x)). For each u € U, we denote

Ty—u = Huy(wﬂ)(yu - ?Jﬂ) + Hup('wﬂ)(pu _pﬂ)-

Let w € U and r > n/2 be arbitrary, and abbreviate v = v — @. Using the Taylor Theorem and (i7)-(4i¢) of
Assumption 1, one can find aq, a0 € L*(Q) such that

Hy(Yu) =Hu(Va) + Huy(Va)(Yu — Ya) + Hup(Va) (Pu — Pa)
+ a1 () (Yu = va)® + 2(-) (Yu — ya) (Pu — Pa)-
Therefore, by Proposition 2.7 and 2.10, there exists ¢; > 0 such that
| — 00 — Tl L (@) < e1|v[Fe -
Now,
|To = Tulnoe @) < [ Huy (s Yar Pa) Wu — Ya — 20) + Hup (s Yar Pa) (G — Ga — @)l (0)-
Hence, by Proposition 3.1 and 3.2, there exists co > 0 such that
7w — Tl ) < C2lv]Tr(o):
Finally, by the triangle inequality,
low — oa — Wv\Loc(Q) <loy— oz — 7~rv|L°<>(Q) + |7y — 7TU|L°°(Q)~
The result follows defining ¢ := ¢ + co. O

Proposition 3.4 yields immediately that the Gateaux differential of the switching mapping Q at u in any
direction v € U — u exists and is given by dQ(u;v) = 2.
One of the important features of the mapping v — 7, is the following.

Proposition 3.5. For all v € L?(Q2), we have
/ Ty dr = / [Hyy(x»yﬂ7pa7ﬂ)212; + 2Huy(-r>yﬂ7pﬂ7a)zv1}:| dzx.
Q Q

Proof. Tn order to simplify notation, we write 1z () := (@, ya(2), pa(x), @(x)) for each x € Q. Let v € L?()
be arbitrary. By the integration by parts formula (4), we get

/QHup(z/;a)qvv dx = /Q (Lzy + dy(z,ya)20) o do = /Q (Lqw + dy(,ya)qv) 20 dx
= /Q (Hyy (Va)20 + Huy(Ya)v) 2, = /Q [Hyy(ll)u)zg + Huy(wﬁ)zvv} dz.
The result follows since
/ Ty dr = / Hyy(Yg)zpv de +/ Hyp(Yz)quv d.
0 Q )

O

We give further properties of the mapping v — m, in the next proposition, its proof follows trivially from
Proposition 3.3.

Proposition 3.6. The following statements hold.
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(i) For each r > n/2 there exists a positive number ¢ such that

) Vv € LX(Q)NL(Q).

|70 | Lo () < clv

(ii) There exists a positive number ¢ such that
|7T1;|L2(Q) < C|U|L1(Q) You € L2(Q).
(iii) Let {vx}32, be a sequence in L*(Q) and v € L*(). If vy — v weakly in L*(2), then m,, — T, in
L>(Q).

Proposition 3.5 motivates the following definition. For each v € L?(12), define
A(v) := / [Hyy(x,yﬂ,pmﬂ)zﬁ + 2Huy($,yﬂ,pﬂ,ﬂ)zvv] dx. (10)
Q

Remark 3.7. We mention that the quadratic form A : L?(Q) — R is the second variation of the objective
functional J : U — R at u. By Proposition 3.5, we also have the following representation

A(v) = /vadm Vv € L3(Q).

We close this section with a result concerning the quadratic form (10).
Proposition 3.8. Let {v;}72, C L*(Q) and v € L*(Q). If vy — v weakly in L*(Q), then A(vy) — A(v).
Proof. By Proposition 3.6, m,, — m, in L>°(§), therefore

Avg) = /Q(va — )V dx: +/Q7TUU;g dr — /Qﬂ’v’l) dx.

4 Stability

In this section, we study the stability of the optimal solution of problem (1)—(2) with respect to perturbations.
As usual in optimization, the stability of the solution is derived from stability of the system of necessary
optimality conditions. The investigated stability property of the latter is the so-called strong metric Holder
subregularity (SMHSr), see e.g., [16, Section 3I] or [11, Section 4]. After introducing the assumptions we
study the SMHSr property of the variational inequality (9). Then the result is used to obtain this property
for the whole system of necessary optimality conditions

4.1 The main assumption

We begin the section recalling that @ € U is a local minimizer of problem (1)—(2), and the definition of the
quadratic form A : L2(Q) — R in (10).

Assumption 2. There exist positive numbers ag,vo and k* € [1,4/n) such that
- - k1
/ og(u—u)dr + Alu — ) 2’yO|u—u|L1(m7 (11)
Q

for all w € U with [u — 1|1 (o) < ap.

Assumption 2 resembles the well-known L2-coercivity condition in optimal control, with two substantial
differences: (i) the left-hand side of (11) involves a linear term (not only the quadratic form in the L2-
coercivity condition); (i¢) the L'-norm appears in the right-hand side of (11). Assumption 2 in the particular
case k* = 1 has been used before in the literature on optimal control problems constrained by ordinary
differential equations, see [28, Assumption A2’] or [29, Assumption A2]. A similar assumption was used in
[14, Assumption 2]. We first point out that if @ satisfies Assumption 2, then it must be bang-bang. A control
u € U is bang-bang if u(x) € {b1(z),b2(z)} for a.e. = in Q. The proof of this result follows the arguments
given in the proof of [10, Theorem 2.1].

10
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Proposition 4.1. If u € U satisfies Assumption 2, then u is bang-bang.

Proof. Let o and vy be the positive numbers in Assumption 2. Suppose that there exists ¢ > 0 and a
measurable set £ C Q of positive measure such that

u(z) € [bi(z) +€,ba(x) —¢] forae z€ k.

Define e* := min{ag(meas E)~!,e}. Let {v,,}3_; C L*(2) be a sequence converging to zero weakly in
L2() such that for each m € N, v, (%) € {—¢*,&*} for a.e. € Q. For each m € N, define
U () =

w(z) +om(z) if zek.
Clearly, for each m € N, u,, belongs to U and
[ty — U1 () = ¥ meas I,
Hence, by Assumption 2
k*41
/ oa(Uum — ) dz + A(um —0) > 70 (5* meas E) (12)
Q

for all m € N. Since u,, — @ weakly in L?(2), we have by Proposition 3.8 that the left hand side of (12)
converges to 0; a contradiction. O

Proposition 4.1 makes the following lemma relevant.

Lemma 4.2. Let u € U be bang-bang, and {ux}3, C U be a sequence. If up — u weakly in L*(Q), then
u, — u in L1(Q).

Proof. Let Q; :={x € Q:u(x) =b;j(x)}, i =1,2. Let xq, : @ — {0,1} denote the characteristic function of
the set €;, ¢ = 1,2. Now, by definition of weak convergence

/|uk—u|dx:/Xgl(un—ﬂ)dm—/XQQ(un—ﬁ)dx%O.
Q Q Q
O

The next proposition shows that the switching mapping satisfies a growth condition. The proof consists
of two steps. The first one is to show that Assumption 2 implies this growth condition for the linearization
of the switching mapping. The second step is to adequately use the linearization as an approximation of the
switching mapping.

Proposition 4.3. Let Assumption 2 be fulfilled. Then there exist positive numbers o and v such that
_ o k*
/Qau(u —u)dx > yu— u\Lf(E)

Jor allw € U with |u — @l ) < a.

Proof. Let ag,vo and k* be the positive numbers in Assumption 2. Fix r € (n/2,2/k*). Using Proposition
3.4, a constant ¢ > 0 can be found such that

|ow — 0a — Tu—alr~(@) < clu— ﬂ|2L/1T(Q) Yuel. (13)

From Proposition 3.5 and Assumption 2, we have

/ [aﬂ + nu_ﬂ} (u— @) da = / oa(u— ) dr + Au — 1) > rolu— 57, (14)
Q Q

11
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for all u € U with |u — @1 () < ag. Define v := 7/2 and
o := min {ao,'y%k*rcfﬁ} .
Then, by (13)
2 e k" k"
0w = 0 = Tu—alr=(0) < clu— |} q) = clu—Ulf1 g |u— UL q) < Ylu— Ul g (15)

for all u € U with |u — @|p1) < a. We have for all u € U

/Qau(u—ﬂ)d:c:/Q [aﬁwu,a}(u—a)dﬂ/ﬂ [ — 03— T (u — W

Consequently, by (14) and (15),

/Q ou(u—a)dx > yolu — 11|’z*12r5) —|ow — 0a — Tu—al Lo (@) |u — L1 ()
= (v0 = Mu—alji (g = vlu —alfi
for all u € U with |u — @|p1q) < a. O

4.2 Some existence and stability results

We now pass to some preparatory lemmas concerning the existence of solutions of inclusions (also called
generalized equations, see [36]) related to the first order necessary condition of problem (1)-(2). Given
r € [1,00], we denote by Br-(c¢; ) the closed ball in L"(€) with center ¢ € L"(2) and radius a > 0.
The variational inequality (9) can be written as the inclusion
0€o,+ Ny (u),

where the normal cone at u to the set U is given by

Nyg(u) = {a € L®(Q) /

o(w—wu)dz <0 Vwel/{}
Q

Lemma 4.4. For all p € L*°(Q) and € > 0 there exists u € U NBp1(u;¢) satisfying
p € oy + Nyng,, (ae) (0)-

Proof. Let p € L>(2) and € > 0. Consider the functional J, : i — R

Tp(u) := /Q [9(yu,w) — pu] dz = T (u) — /qu dz.

The functional J, has at least one global minimizer u, € U since U N By, (T;¢) is a weakly sequentially
compact subset of L?(2) and J, is weakly sequentially continuous. By the Pontryagin principle,

/ [0, — p|(u—u,)de >0 Yuecl.
Q

We have then that u, satisfies p € 0w, + Nynp,, (a:e) (Up)- O
Lemma 4.5. Let V; and Vs be closed and convex subsets of LI(Q) such that V1 N int Vo # (). Then
NV1ﬁV2 (u) = NVl (u) + NV2 (u) (16)

for allu € Vi N Vs.

12



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

Proof. Given a set W C LY(Q), let sy : L*°(£2) — R U {oc} denote the support function to W, that is

sw(h):= sup [ hwdz.
wew JQ

By [3, Proposition 3.1], the set Epi sy, + Epi sy, is weak* closed in L>°(€2). Then the representation (16)
holds according to [3, Theorem 3.1]. O

We can now prove existence of solutions of the inclusion p € o, + Ny (u) that are close (in the L!-norm)
to @ whenever p is close to zero (in the norm L®-norm). The proof follows the arguments in [13, p. 1127].

Lemma 4.6. Let Assumption 2 hold. For each € > 0 there exists 0 > 0 such that for each p € Br(0;0)
there exists uw € U NBri(u;e) satisfying p € oy + Ny(u).

Proof. Let a and 7 be the numbers in Proposition 4.3. Define gy := min{e,a} and § := f 7/2. Let
p € L>(Q) with |p|pe(q) < d. By Lemma 4.4, there exists u € U NBp1(u;¢0) such that

pEOTy+ NZ/{ﬂ]BLl(ﬁ;Eo)(u)’
Since trivially @ € U NintBr1(@,e0), by Lemma 4.5 we have
NMOIBLl(ﬁ;Eo)(u) = Nu(u) =+ NIBLl(E;Eo)(u)~ (17)
Thus there exists v € Ng_, (a;) () such that
p—oy—VE Ny(u).

By definition of the normal cone,

Q

OZ/Q(p—Uu)(ﬂ—u)dx—/u(ﬂ—u)dx. (18)

As u € Bp1(t;60) and v € Ny, (a;20)(u), We have

/ v(u—u)dr <0.
Q
Consequently, by (18) and Proposition 4.3
0= /Q (p = 0u) (@ — ) dx > =|p| oo oy lu = @l 10y + Y| =Gl g,
which implies
— L _1
lu— o) <77 F pl [ ) <27 F en < o
Asu € int B (u;€0), we have Ng | (a:c0)(u) = {0}. Thus by (17),

pET,+ NMO]BL1(E;50)(U) =0y + Nu(u) (19)
O

The following lemma shows how Proposition 4.3 (and consequently Assumption 2) is related to Holder-
stability.

Lemma 4.7. Let Assumption 2 hold. There exist positive numbers « and ¢ such that

1
fu =l < elplF% g (20)

for all p € L=(2) and u € Byri(u; @) satisfying p € oy + Ny(u).

13
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Proof. Let a and «y be the positive numbers in Proposition 4.3. Since p — o, € Ny(u), we have

/(p—au)(ﬂ—u)dm <0.
Q

By Proposition 4.3,

02/Q(p—au)(ﬁ—u)dxz/Qau(u—ﬂ)dx-i-/p(ﬂ—u)dm

Q

k41
27(/ |u—ﬁ|dx) —|p|Lm(Q)/|u—ﬂ\dm.
Q Q

_ 1 1/k” 1
/ lu—u|dr < (*|P|L°°(s2)) =7
Q v

1
% O

Hence

k%
:0|L=><>(Q)'

The result follows defining ¢ =

Lemma 4.7 requires that the controls are close (in the L'-norm) a priori for the inequality (20) to hold.
This assumption can be removed if the solution of the inclusion 0 € o, + Ny (u) is unique.

Lemma 4.8. Let Assumption 2 hold, and suppose additionally that uw € U is the unique solution of 0 &
0y + Ny (u). There exist positive numbers § and ¢ such that

1
|u - ﬂ‘Ll(Q) < C|P|Zoo(9)-
for all p € Br(0;0) and u € U satisfying p € oy + Ny (u).

Proof. Let o and ¢ be the positive numbers in Lemma 4.7. First we prove that there exists § > 0 such
that if w € U and p € L>*(Q) satisfy p € o + Ny(u) and |p|pe(q) < 6, then u € Bpi(d; ). Suppose
not, then there exist sequences {px}52, C L™() and {ur}p2, C U such that py € oy, + Ny(ug) and
|ug — ﬂ\Ll(Q) > a. Since U is weakly sequentially compact in L?(f2), there exists a subsequence of {ug}s2,
denoted in the same way, and u* € U such that u; — u* weakly in L2(Q2). Using Proposition 2.12, one
can see that pp — oy, — oy in L®(Q). Consequently, as pp € oy, + Nu(ug) for all n € N, we obtain
0 € oy + Ny (u*). Then, by assumption, u* = @, so u* is bang-bang. By Lemma 4.2, we have u — u* in
L1(2); a contradiction. The result follows from Lemma 4.7. O

4.3 Strong metric subregularity

Let us begin considering the following system representing the necessary optimality conditions (Pontryagin
principle) for problem (1)-(2):

0 = ‘Cy_f(vyvu)v
0 = ‘Cp_Hy('vyvpyu)y (21)
0 € Hu('7y7p)+NM(u)7

If w € U is a local solution of problem (1)—(2), then the triple (yy, pu, ©) is a solution of (21). Therefore, the
mapping that defines the right-hand side is referred to as the optimality mapping. In order to give a strict
definition and recast system (21) in a functional frame, we introduce the metric spaces

YV:=D(L)x D(L)xU and Z:=L*Q) x L*(Q) x L=(Q),
endowed with the following metrics. For «; = (y;, p;,u;) € Y and ¢; = (§,m4, p5) € Z, 1 € {1,2},

dy(P1,92) = [y1 — yalr2(@) + Ip1 — P2lr2(0) + (w1 — u2|L1(0),
dz(C1,C2) == |61 — &2 + Im — m2lr2) + p1 — p2lre()-

14
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Both metrics are shift-invariant. We denote by By (1; ) the closed ball in Y, centered at ¢ and with radius
«. The notation for the ball Bz ((; «) is identical. Then the optimality mapping is defined as the set-valued
mapping ¢ : Y — Z given by

‘Cy - f(7 y7u)
Hu('7y7p7 u) +Nu(u)

Then the optimality system (21) can be recast as the inclusion
0€®(y,p,u). (23)

Our purpose is to study the stability of system (21), or equivalently of inclusion (23), with respect to
perturbations in the right-hand side. From now on, we denote ¢ := (y,p,%) = (ya, pa, @) , where 4 is the
fixed local solution of problem (1)—(2).

Definition 4.9. The optimality mapping ® : Y — Z is called strongly Holder subregular with exponent
A > 0 at (,0) if there exist positive numbers ay, e and k such that

dy(4),9) < rdz (¢, 0)* (24)
for all v € By(¢); 1) and ¢ € Bz(0; ap) satisfying ¢ € ®(1).

More explicitly, the inequality (24) reads as

A
|y — yalr2) + [P — Palrz) + lu — 1|1y < H(|€|L2(m + nlr2) + |p|L°°(Q)) . (25)

Hence, if the optimality mapping is strongly Holder subregular, all solutions of the system

é Ey*f(7y7u)7
n o= ‘Cp— Hy('7y7p7 ’l,L), (26)
p € Hul(y,p)+ Nulw).

that are near (yg,pa, @) satisfy the Holder estimate (25) with respect to the perturbations ( = (&,n,p),
provided they are small enough.

Remark 4.10. If  is strongly Holder subregular at (1,0), then from (24) applied with ¢ = 0 we obtain
that ¢ is the unique solution of (23) in By (¢; 1), hence @ is the unique local solution of problem (1)—(2) in
this ball. In particular, @ is a strict local minimizer.

We are now ready to state our main result.

Theorem 4.11. Let Assumption 2 hold. Then the optimality mapping ® is strongly Hélder subregular at
(1,0) with exponent X = 1/k*.

Proof. Let a and ¢ be the positive numbers in Lemma 4.7. Let ( = (§,7,p) € Bz(0;1) and ¢ = (y,p,u) €
By (1); ) such that ¢ € ®(1)). By a standard argument, there exists ¢; > 0 (independent of ¢ and () such
that

[y — Yulroo @) + P = Pul Lo (0) < 01(|§|L2(m + |77\L2(Q))- (27)

Since H,, is locally Lipschitz uniformly in the first variable, and the sets {y, : v € U}, {p, : u € U} are
bounded in C(f2), there exists co > 0 (independent of ) such that

Hu9:0) = Hul s )l (@) < e2(Iy = vl + 10 = pulie (o)) (28)

Define v := p + Hy (', Yu, pu) — Hu (-, y,p). By (27) and (28), there exists ¢s > 0 (independent of ¢ and ()
such that

[V] oo () < 03(|5\L2(Q) + nlr2(a) + |P|L<>°(Q)> = c3/(|z-

15
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As pe Hy(y,p) + Ny(u), we have v € Hy(, yu, pu) + Ny(u). Then by Lemma 4.7,

1 1 1 1
fu— sy < el < el ICIE = cal¢]5 (20)

Now, by Proposition 2.11, there exists c5 > 0 (independent of ) such that |y, — yalr2) < cslu — @|p1 ().
Consequently, by (29)

Iy — valr2) <1y — Yulr2@) + W — Yal2 @)
1 _
< cimeas Q2 (|§|L2(Q) + |77|L2(Q)) + Cs‘u - u|L1(Q)
R B
< (eymeas 0 + csca)|C|E =i c6lC|E .

Analogously, there exists ¢; > 0 (independent of ¢ and () such that

1
[P — pulr2) < crl¢]%.

Putting all together,

1
[y — yalr2) + [P — Pulr2@) + lu — 1) < (ca +cs +c7)|C|5 .

Finally, let a; 1= a, ag := 1 and & := ¢4 + ¢6 + ¢7. Since the constants ¢4, cg and ¢7 are independent of v
and ¢, so is k. Thus we have (24) for all ¢ € By (¢; 1) and ¢ € Bz(0; ao) satistying ¢ € ®(v). O

The strong subregularity property defined above does not require existence of solutions of the perturbed
inclusion (26) in a neighborhood of the reference solution 1. The next theorem answers the existence
question.

Theorem 4.12. Let Assumption 2 hold. For each & > 0 there exists 6 > 0 such that for every ¢ € Bz(0;0)
there exists 1 € By (¥ €) satisfying the inclusion ¢ € ®(v).

Proof. For each u € Y and ( = (&,n,p) € Z, define vy ¢ := p+ Hy(, Yus Pu) — Hu('s Yu,c, Pu,c), where yy, ¢
and p, ¢ are the unique solutions of

Ey = f('ayau)+§>

By a standard argument, one can find positive numbers ¢; and ¢y such that

[Yuc = Yulr2(@) + Puc — Pul2) < @ (|§\L2(Q) + \77|L2(Q)), (31)

and vy, ¢|pe (o) < c2|C|z for all u € U and ¢ € Z. Let € > 0 be arbitrary. By Lemma 4.6, the exists dg > 0
such that for each v € B~ (0;d¢) there exists u € U N B1(u;e/2) satisfying v € o, + Ny (u). Define ¢ :=
min{c; '8o, (2¢1) " 'e} and let ¢* € Bz(0;6) be arbitrary; we will prove that there exists u* € U N B (;/2)
such that vy ¢« € oy + Ny (u*). First, observe that

‘l/u’c*lLoo(Q) < CQIC*‘Z < 50 YuelU.

Therefore, by Lemma 4.6, we can inductively define a sequence {u}32,; C U such that vy, o« € oy, ,, +
Ny (upgr1) and Jug — @l1q) < €/2 for all k € N. Since U is weakly compact in L?(£2), we may assume that
uy, — u* weakly in L?(2) for some u* € U. Weak convergence in L?(§)) implies weak convergence in L!(£2)
and B (u;e/2) is weakly sequentially closed in L!(§2), therefore u* € Bp1(u;¢/2). Using Proposition 2.12,
one can see that vy, ¢« — 0y, ,, = Vur ¢+ — 0y in L*(Q), and consequently that vy« ¢+ € gy + Ny (u*). We
conclude then that ¢* € ®(¢*), where ¥* := (yu» ¢+, Du= ¢+, u*). Finally, by definition of § and (31)

[v* _7;|y <calClz+e/2<e.

Thus, ¢* € ®(¢*) and ¥* € By (¢);¢), which completes the proof. O
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The next theorem claims that all solutions of the perturbed optimality system (26) are arbitrarily close
to the solution of the unperturbed optimality system, provided that the solution of the latter is globally
unique, Assumption 2 holds, and the perturbation is sufficiently small.

Theorem 4.13. Let Assumption 2 hold and suppose additionally that 1 is the unique element of Y that

satisfies 0 € ®(1). For each € > 0 there exists § > 0 such that if ( € Bz(0;9) and 1 € Y satisfy ¢ € ®(¢),

then ¢ € By (¢;¢).

Proof. Let §y and ¢ be the positive numbers in Lemma 4.8. Let ( = (§,n,p) € Z and ¢ = (y,p,u) € Y be
such that ¢ € ®(¢)). Define v := p+ Hy (", Yu, Pu) — Hu (-, y, p). Arguing as in the proof of Theorem 4.11, we
can find positive numbers ¢; and ¢, (independent of ¢ and () such that |v|pq) < ¢1/¢|z and

|y — yalrz) + [P — Palr2 o) < C2(|C\z + Ju — ﬂ|L1(Q))-

Let 6 := min{c; 6o, (2coc2) ™% ¢ 'e¥", (2¢2) e} and suppose that ¢ € Bz(0;6). As p € Hyu(-,y,p) + Ny(u),
we have v € Hy (-, Yu, ) + Ny(u). By Lemma 4.8,

1 1 1
[ —alpa) < colvlf(q) < cocfTICIE < cle/2.
Thus,

[y — valr2) + 1P — palrz) + v =t (o) < c2 (5 + 02_18/2) <e.

5 Nonlinear Perturbations

In this section we apply the subregularity results in Section 4 for studying the effect of certain nonlinear
perturbations on the optimal solution. We consider the following family of problems

min {/Q [g(m, y,u) + n(m,y,u)} d.’L’} , (32)

ueld
subject to
—div (A(z)Vy) +d(z,y) +E(zy) = B n Q
A(@)Vy v +b(z)y =0 on 0. ()

In order to specify the perturbations under consideration and their topology, we begin the section recalling
some elementary notions of functional analysis.

As usual, C(R®) denotes the space of all continuous functions w : R®* — R. For each m € N, let K,,
denote the closed ball in R centered at zero with radius m. Consider the metric on C'(R*) given by

o0
1 |wi —walpe(k,.)
d = — me.
o(wr,wa) mZ:1 97 1+ w1 — wal L (1)

This metric induces the compact-convergence topology on C'(R®). In this topology, a sequence {w,,}>°_; C
C(R®) converges to w € C(R?) if and only if |w — wp|r=kx) — 0 for every compact set K C R°. This
topology is also known as the compact-open topology, see [26, Chapter 7].

Lemma 5.1. For each compact set K C R® there exists m € N such that
|w1 — w2|Lm(K) S 2de(W1,WQ)

for all wy,wy € C(R®) such that do(wy,ws) < 27™.

17
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5.1 The perturbations

We begin describing the space of perturbations appearing in equation (33). Let T be the set of all continu-
ously differentiable functions & : R™ x R — R such that dy(x,y) + &, (z,y) > 0 for all x € Q@ and y € R. The
set T4 does not constitute a linear space, but it allows to have well-defined states for each perturbation.

Proposition 5.2. For each u € U and & € T, there exists a unique function y§ € D(L) satisfying
Lys +d(-,y5) + €, y3) = B()u.

Moreover, there exist positive numbers M and § such that |y5‘Loc(Q) < M for allu € U and £ € Y5 with

Proof. The existence follows from [39, Theorem 4.8]. Moreover, also from this theorem, there exists ¢ > 0
such that

|y1§‘L°°(Q) < c|ﬂ()u - d(-,O) - 5("0)|L°<>(Q)

for all w € U and ¢ € T,. Let K := Q x {0}, then by Lemma 5.1 there exists m € N such that
|95 L () < C(\ﬁ\Loc(Q)|U|Loo(n) +1d(-, 0)[ () + |E\Loc(1<))
< C(\B\Lw(m sup [uloe (@) + 1d(+, 0)| Lo (o) + dec(f,o))
uUe
< C(\ﬁ\Loo(m sup |ulre<(q) +[d(-, 0)| L= () + 1)
uel
for all u € U and € € T with do(€,0) < 27™. The result follows defining § := 27 and
M = C(|ﬂ|Lw(Q) sup |u|e< () +[d(-, 0)|p= () + 1)-
uel

O

We now proceed to describe the perturbations appearing in the cost functional (32). Consider the set
Y. of all continuously differentiable functions 7 : R™ x R x R — R such that n(z,y, -) is convex for all x € Q
and y € R. We have the following result concerning the adjoint variable of the perturbed problem. Its proof
is similar to the one of Proposition 5.2.

Proposition 5.3. For eachu € U, £ € T and n € Y, there exists a unique function p5" € D(L) satisfying
LpG" + [dy (- 95) + & (i) ]pe" = 9y (5, w) +my (95, ).

Moreover, there exist positive numbers M and § such that |p§’”|Loo(Q) <M forallueld, €Yy andne X,
with dc(€,0) + de(&y,0) + de(ny, 0) < 0.

We denote T := T x T, and write ¢ := (£,n) for a generic element of T. We endow T with the
pseudometric dy : T x T — [0, 00) given by

dT(C: CI) = dC(é.a 5/) + dC(&ya&;) + dC(nya 77;;) + dC(Tlua 777:)

5.2 The stability result
We are now ready to state problem (32)-(33) in a precise way. Given ( € T, problem P¢ is given by

win {70000 o= [ [ooa0 + ate o] ao. (34)

Due to the convexity of the cost in the control variable, each problem P; has at least one local solution.
For each ¢ € T, we fix a local minimizer @ € U of problem P.. By the Pontryagin principle, for each

¢=(&mn) €7, the triple (¢, pe, uc) = (ygc,pg’!],ﬁg) satisfies the system

0 = Ey—f('vyvu)_g('7y)7
0 = Ep—Hy(',y»p,u)‘H?y('ayaU) _Sy(Hy)pa (35)
0 € Hu(7y7p)+77u(7y7u)+Nu(u)

As a consequence of Theorem 4.11, we have the following result.

18
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Theorem 5.4. Let Assumption 2 hold. There exist positive numbers a, o’ and ¢ such that
liic — yalr2) + [Pe — Palrz) + e — @lpioy < edy (¢, 0)%
for all { € T such that |t¢ — |10y < o and dy(¢,0) < o.

Proof. By Theorem 4.11, the mapping & is strongly Hélder subregular at (¢,0) with exponent 1/k*. Let
a1,az and K be the positive numbers in the definition of strong subregularity. By Proposition 5.2 and 5.3
there exist positive numbers M and §y such that

Y& L= () + [P5 " L) < M

for all u € U and ¢ € T with dv(¢,0) < §y. Let K := Q x [-M, M]. By Lemma 5.1, there exists m € N such
that

|§(~,y5)|Lz(Q) < meas Q%|€|Loo(K) < QmmeaSQ%dc(f, 0) < 2™meas Q%dT(C, 0)

for all w € U and ¢ € T with dv(¢,0) < min{27™,dp}. Repeating this argument, we can find positive
numbers § and ¢y such that

€0, yi) 200) + 16 (5 ya)pi 200) + [0y (s w20 + 1u(, 4, w)| e < codr (€, 0) (36)

for all u € U and ¢ € T with dy(¢,0) < §. Using Proposition 2.11 and Lemma 5.1, one can find positive
numbers o and ¢’ such that

[9¢ — Yalr2o) + 1Pc — Palrz2Q) + e — @lpi) < a1
for all ¢ € T with |d¢ — @|p1q) < o and dy(¢,0) < §'. Observe that by (35), we have
R {(7?3<) L o
=y (3 P¢s Ue) + & (5 9)be | € PG, P tic)
_nu(vyCqu)

for all ¢ € Y. Let o := min{c; 'az,d,d'}. Then by Holder subregularity of ® and (36),
1
[9¢ = yalr2 ) + 1Pc — Palr2o) + lue — @) < ke dy (¢, 0)7

for all ¢ € T such that |i¢ — |1 (0) < a and dy(¢,0) < . The result follows defining ¢ := ﬁcé“%. O

5.3 An application: Tikhonov regularization

In what follows we present an application of the theory derived in the previous chapters, namely the so-
called Tikhonov regularization. For a more detailed description and an account of the state of art, the reader
is referred to [32, 41, 40]. We derive estimates on the convergence rate of the solution of the regularized
problem when the regularization parameter tends to zero. The results that appear in the literature require
the so-called structural assumption and positive-definiteness (in some sense) of the second derivative of the
objective functional. Using Theorem 4.11, we can obtain this results under weaker assumptions than used
in the literature so far. One can compare this results with [32, Theorem 4.4] (where a tracking problem with
semilinear elliptic equation is considered) when it comes to stability of the controls. In Section 6, we give
more details on how the assumptions in the literature interplay with Assumption 2.
We consider the following family of problems {P:}.>0.

. € 2
ggg{l{/ﬂg(x,y,u)der?/Qu dx}, (37)

Bx)u in Q

subject to

—div (A(z)Vy) + d(z,y)
A(x)Vy - v +b(x)y =0 on 990.

For each € > 0 we fix a local solution 4. € U of problem P..
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Theorem 5.5. Let Assumption 2 be fulfilled. Then there exist positive constants o and k such that
e — |1 (o) < wEMH (39)

for every e > 0 such that |4, — |1 (o) < o If in addition, each 1. is a global solution of problem (37)-(38)
then the last claim holds with o = +o0, i.e., for every € > 0.

Proof. Let a,a’and ¢ be the positive numbers in Theorem 5.4. Define 1. : R — R by n.(u) := eu?/2 and
¢ :==(0,n.) € T for each € > 0. Note that

= R f— J— — 3
778’ Z om 1 4 €m2/2 Engl om 9 em2 — 2:1 om-+1 €
for all € > 0. Analogously,
on > 1 em . m
d £.0):= < — =2

for all £ > 0. We conclude that dy({:,0) < be < o for all € € (0,e), where g := /5. By Theorem 5.4,

1

|t — ﬂ|L1(Q) < 5’%"68k
for all € € (0,2¢) such that |G- — u| < a. Let M > 0 be a bound for U/ in L>°(€2). We also have we have

| _u|L1(S2) <2M<2M57%

for all € > ¢¢. Hence, defining
K *max{5k*c 2M€01/k },

we obtain the first claim.

Let us prove the second claim of the theorem. First we prove that there exists ¢* > 0 such that
[tie — |1 () < « for all € € (0,6*). Suppose the opposite. Then there exists a sequence {ex}32, converging
to zero such that |i., — @[p1(q) > o for all k € N. Since U is weakly compact in L*(£2), we may assume
without loss of generality that u., — u” for some u* € Y. Since y,., — yu~ in C(£2), we obtain that

J(w*) < liminf [J(ugk,) + |L2<Q>} < liminf [J(a) + ’i’“|u|L2(Q)] = J(a).

By Remark 4.10, @ is a strict local solution, therefore u* = @. By Proposition 4.1, v* = u is bang-bang.
Weak convergence in L?(£2) implies that in L(£2); consequently, by Lemma 4.2, u., — u* in L'(Q), which is
a contradiction. Then the first claim of the theorem implies (39) for all e € (0,e*). For ¢ > ¢*, (39) remains
true if we increase the constant ¢ (if needed) so that ¢ > 2M (e*)~1/*". O

6 Assumptions related to subregularity

In this section, we gather some results concerning Assumption 2, in order to provide sufficient conditions un-
der which it is fulfilled. Furthermore, we analyze related assumptions and their relation between themselves.
Recall that w € U is a local solution of problem (1)-(2). Since @ € U satisfies the variational inequality (9),
we have

bi(x) if ou(z)>0

ba(z) if ou(z) <O.

We introduce the following extended cone suggested in [5]. For a fixed 7 > 0 define

=0 if |og(z)| > 7 or a(z) € (bi(x),ba(x))
Cr={wvel?Q):vx){ >0 if |oz(z)] <7 and a(z) = bi(z)
<0 if |oa(x)] <7 and a(x) = ba(x)
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We introduce the following modification of Assumption 2.

Assumption 2'. There ewist positive numbers g and o such that
/ oulu— @) da -+ Au — 1) > polu— alE7H,
Q
for all w € U with v — u € CF N B o) (U ap).

This assumption is seemingly weaker than Assumption 2. However, we will prove that the two assumptions
are equivalent. Before that, for technical purposes, we introduce the bilinear form T' : L2(Q) x L%(Q2) — R
given by

1
T(vy,v9) := 5/ [ﬂvlvg + szvl} dx. (40)
Q

The bilinear form is particularly useful because of the following property.
A(vy 4 vo) = D(vy,v1) + 2T (v1, v2) + T(va,v2)  Vor,vs € L*(Q). (41)
We will require the following technical lemma.
Lemma 6.1. For every positive number M, there exits a positive number ¢ such that
ID(v1,v2)] < elon}i{g) vzl o)
for all v1,v9 € B (0; M).

Proof. By Proposition 3.6, there exist ¢;, ¢z > 0 such that |7,[0 () < c1]v|r2() and |my|r20) < c2lv]L1(o)
for all v € L2(Q). Let M > 0 be arbitrary. Observe that

'/levz dx‘ < |y | pee (@ V2|21 () < ClM%|U1‘%1(Q)|v2|L1(Q)7
and that

’/Q Ty U1 dm‘ <oy L2 @) V12 @) < C2M%|U1|%1(Q)‘U2|L1(Q)
for all vy, vy € Bre(0; M). There result follows defining ¢ := 271 (¢cq + ¢2)M2. O
Proposition 6.2. Assumptions 2 and 2’ are equivalent.

Proof. Let ag and ~y be the numbers in Assumption 2’. Let u € U and define

w(z) —alz) if |oa(x)] <7

vi(x) :
0 if loa(z)] >,

and

0 if Jow(x)| <7

va(x) :
u(z) —u(x) if |oa(z)| > T

Clearly vy € CT and vy + v3 = u — @. Let M be a bound for U in L>°(2), and let ¢ be the positive number
in Lemma 6.1 corresponding to 2M. By Assumption 2,

/ og(u—u)dx = / ogv1 dx + / ogvo dx
Q Q loa|>T
= / ogvrdx + A(vy) — A(vy) + / oo dx
Q

loa|>T

> yolv1 M + Tlva| 1) — Avr),
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and
Alu —a) = A(v1) + 2T (v1, v2) + A(ve)
> A1) = 2efvn |} [Vl (o) — vzl igy 2l (@)
> A(v1) = 3cfva oy lu — 1l 7,

for v € U with |u — @|p1 ) < ag. Thus
/ oalu — @) do + Aw — @) = olor [ + loal i) — Sclual ool — alY2g,
Q

= yolor[*T! + Jva| £a (@) (T — 3cfu — mlL/f(sz))

for u € U with |u—u|p1() < ag. Now, by the reverse triangle inequality and Bernoulli’s inequality (consider
without loss of generality u # «)

k+1
o1} ) = (u = @) —valiig) 2 (|u —fpi) — |U2|L1(Q)>

_ Va|pi(n) k! _ V2|10
:|u—u|IZ]L(1Q)(1—7‘ @) ) 2|u—u|’2f(19)(1—(k+1)7| AT )

‘U_ﬂlLl(Q) |u—ﬂ|L1(Q)

Consequently,

/QUa(U —a)dz + A(u —u) > yolv|*H! + [va|L1 (o) (T — 3cfu — ﬂ|1L/12(Q))
> ol = al§ i) = 0k + Dl = alfs oy o2l 20 + [val ey (7 = 3elu — a3 g, )
> ~olu — alitly) + ol ey (T — ok + Dlu — @} ) — 3cu— a|;/f(m).
Choosing a small enough, one can ensure
/Qaﬁ(u — @) d + A(u— @) > yolu — stk + vzl 1o (T — ok + Du — @l ) — 3eu — a|;/12m))
> qolu =}, + Slvalire) > volu - alf i,

for all u € U with |u — g1 (q) < .

O
Proposition 6.2 allows to split Assumption 2 in two parts, as it follows in the next theorem.
Theorem 6.3. Let there exist numbers py, 2 € R and o« > 0 such that
/Q ogvdr > m\v\’fl(%) (42)
and
A(v) > palol§ ) (43)

for everyv € (U—a)NCTNB 11 (o) (G;a). If py +p2 > 0, then Assumption 2 is fulfilled, hence the optimality
mapping © (see (22)) of problem (1)—(2) is strongly Holder subregular with exponent A = 1/k* at the reference
point (§,p, ).

The proof consists of summation of (42) and (43) and utilization of Proposition 6.2 and Theorem 4.11.
The splitting of Assumption 2 has the advantage that the inequalities in (42) and (43) can be analyzed
separately. The next proposition is related to (42).

The following assumption has become standard in the literature on PDE optimal control problems with
bang-bang controls, see, e.g., [9, 12, 34, 42].
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Assumption 3. There exists a positive number po such that
meas{x € Q:|oz(x)] <e} < [oe™ Ve > 0.
Proposition 6.4. The following statements hold.
(i) If Assumption 3 is fulfilled then there exists p1 > 0 such that (42) holds for every v € U — .

(i) Suppose there exists v > 0 such that ba(x) —bi(x) > v for a.e. © € Q. If (42) holds for everyv € U —u
then Assumption 3 is fulfilled.

Proof. The proof of the first claim follows [34, Proposition 3.1], see also [9, Proposition 2.7]. It has been
also proved several times in the literature on ordinary differential equations in a somewhat stronger form;
see, e.g., [1, 28, 33, 37].

Let us prove the second claim. For each £ > 0, define

a(z) if loa(z)] > €

by () + ba(x)

2 ’bzm}

ue(x) = bi(z) if |oa(z)]<e and u(z)€ [

by (z) + bg(x)).

by(z) if |oa(z)] <e and ﬂ(az)e[bl(m), v

Clearly each u. belongs to U, and
_ 1
|ue(z) —a(z)] 2 Slba(2) — ba(2)] (44)

for a.e z € {s € Q:|oa(s)| < €}. From (42) we have

k41
ul(/ |ue — dx) < / og(ue —a)dx < 5/ |ue — @] da.
loa|<e loa|<e loa|<e

This implies

1

/ lue — @ da < pj ek, (45)
|loal<e

Using (44) and (45) we obtain that

1 1 2
meas {z € Q : |oa(z)| §5}=7/ vdr < f/ |be — by| dx < 7/ |ue — u| dx
VJjoal<e VJjoal<e V J9joal<e
< 2(;11)7%1/71 ek,

Thus Assumption 3 is fulfilled with po == 2(p1) v~ ". O
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Chapter 5

New Assumptions for Stability
Analysis in Elliptic Optimal Control
Problems

This chapter consists of the paper:

e Casas, Eduardo and Dominguez Corella, Alberto and Jork, Nicolai. New assumptions for stability
analysis in elliptic optimal control problems.

It is conditionally accepted (after a minor revision) in SIAM Journal on Control and Optimization. The
author of this thesis proposed the idea for the paper, and gave an outline of the main result’s proof; he wrote
a first version of the paper (including a sketch of sections 1-4) that was later corrected and enriched by the
other authors.
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NEW ASSUMPTIONS FOR STABILITY ANALYSIS IN ELLIPTIC
OPTIMAL CONTROL PROBLEMS*

EDUARDO CASAS', ALBERTO DOMINGUEZ CORELLA¥, AND NICOLAI JORK?

Abstract. This paper is dedicated to the stability analysis of the optimal solutions of a control
problem associated with a semilinear elliptic equation. The linear differential operator of the equation
is neither monotone nor coercive due to the presence of a convection term. The control appears
only linearly, or even it can not appear in a explicit form in the objective functional. Under new
assumptions, we prove Lipschitz stability of the optimal controls and associated states with respect
to perturbations in the equation and the objective functional as well as with respect to the Tikhonov
regularization parameter.

AMS subject classifications. 35J61, 49J20, 49K20, 49K40

Key words. Semilinear elliptic equations, optimality conditions, stability analysis, Tikhonov
regularization

1. Introduction. In this paper, we study the following optimal control problem

(P) min J(u) ::/QL(x,yu(a:),u(as))d:C,

uEUqq

where Uyg = {u € L*(Q) : ug < u(z) < up for a.a. o € Q}, —00 < uy < up < +00.
Here, g, denotes the solution of the semilinear elliptic equation:
—div(A(z)Vy) + b(z) - Vy + f(z,y) =u in Q,
(1.1)
y=0 on T.

Assumptions on the data of the control problem (P) will be given below. The
aim of this paper is to prove stability results for the local minimizers of (P) with
respect to perturbations in the data of the control problem. There are quite a few
previous papers devoted to this issue [14], [15], [16], [17], just to mention some of
them. In all these cases, the second derivative of L with respect to u is bounded from
below by a positive constant. This is the case where the Tikhonov term is involved in
the objective functional. Under this condition and assuming sufficient second order
optimality conditions (SSOC), the Lipschitz stability of the optimal controls is proved.
Here, we assume that u appears linearly in L(z,y,u) or even it does not appear at
all. Therefore, the previous results do not apply. In this case, under (SSOC) for
optimality, Lipschitz stability of the optimal states can be proved; see [7]. In Section
4, we obtain analogous estimates for the optimal states replacing (SSOC) by a weaker
condition; see (3.13). It is weaker because (SSOC) implies our assumption, but they
are not equivalent. In addition, our assumption implies strict local optimality of the
control; see Theorem 3.5.

*The first author was supported by MCIN/ AEI/10.13039/501100011033/ under research project
PID2020-114837GB-100. The second and third authors were supported by the Austrian Science
Foundation (FWF) under grant No 14571.
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de Telecomunicacién, Universidad de Cantabria, Santander, Espana, eduardo.casas@unican.es

Institute of Statistics and Mathematical Methods in Economics, Vienna University of Technology,
Austria, alberto.corella@tuwien.ac.at

STnstitute of Statistics and Mathematical Methods in Economics, Vienna University of Technology,
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2 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

In order to prove stability of the optimal controls when they are not explicitly
involved in the objective functional, besides (SSOC) an additional structural hypoth-
esis is usually assumed. This situation was studied in [21], where the authors proved
Lipschitz stability of the control with respect to linear perturbations simultaneously
appearing in the state equation and the objective functional. The drawback is that
the additional hypothesis is satisfied only by bang-bang controls. Here, we obtain
analogous estimates changing the mentioned assumption by a weaker one, see (5.2).
Though this second assumption (5.2) is stronger than (3.13), it can be satisfied by op-
timal controls independently if they are bang-bang or not. Moreover our assumption
(5.2) is satisfied if the (SSOC) and the additional hypothesis are assumed.

Finally, under the assumption (5.2), Lipschitz stability is established for the op-
timal states with respect to simultaneous perturbations in the equations and in the
objective functional with respect to the state and the control, and with respect to
the Tikhonov regularization parameter. The stability with respect the Tikhonov reg-
ularization has been studied in [7] and [20]. In [7], Holder stability of the states is
proved. In [20], stability of the control is proved under (SSOC) and the structural
assumption. The reader is also referred to [23], [24], [25] for the case of linear partial
differential equations.

In this paper, besides providing some new sufficient conditions for Lipschitz sta-
bility for the optimal control and associated states, we deal with a semilinear elliptic
state equation that is neither monotone nor coercive. Though some crucial results for
this state equation are taken from [6], some estimates have been proved that are not
available in the literature.

The plan of this paper is as follows. In Section 2, we analyze the state equation.
First, we establish some properties of the linear differential operator of the state
equation, and the full semilinear equation is analyzed in the second part of the section.
The control problem (P) is studied in Section 3. We prove that our assumption (3.13)
is a sufficient condition for strong local optimality. Session 4 is dedicated to the proof
of Lipschitz stability of the optimal states. In Section 5 we introduce the stronger
condition (5.2) replacing (3.13) that allows us to establish the Lipschitz stability of
the optimal controls. Finally, in Section 6, the Tikhonov regularization is considered.

2. Analysis of the partial differential equation. In this section we analyze
the equation (1.1). We split the section in two parts. In the first part, we establish
the results concerning the linear operator of the elliptic equation. In the second
subsection, the nonlinear equation will be studied.

2.1. Analysis of the linear differential operator. We define the differential
operator A : H}(Q) — H(Q) by

Ay = —div(A(z)Vy) + b(z) - Vy.

The following assumptions are supposed to hold throughout the paper. They ensure
that the mathematical objects under consideration are well defined.

ASSUMPTION 2.1. The following statements are fulfilled.

(i) The set Q@ C R™, n = 2,3, is a bounded domain with a Lipschitz boundary
I'. The mapping A : Q@ — R"*"™ is measurable and bounded in ), and there
exists Ay > 0 such that €T A(x)€ > Aa|€|? for a.e. x € Q and all € € R™.

(ii)) We assume that b € LP(R™) withp > 3 if n =3 and p > 2 arbitrary if n = 2.

Under theses assumptions it is known that A : Hi(Q) — H~(Q) is an isomor-
phism despite the fact that the operator is neither coercive nor monotone; see [6], [13,
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STABILITY ANALYSIS IN ELLIPTIC OPTIMAL CONTROL PROBLEMS 3
Theorem 8.3], [22]. The following identity is satisfied
(Ay, z) = / AVy - Vzdx—i—/ b-Vyzdr Vy,z € Hi(Q),
Q Q

where (-,-) denotes the duality pairing between H~1(2) and H}(Q).
Along this paper we will set

Wl = ( /Q |Vy<x>|2da:) .

The next lemma states some properties of A that will be used later.

LEMMA 2.2. The following statements are fulfilled:
(i) There exists a constant Cy , p such that Garding’s inequality holds

Ay
(2.1) (Ay,y) > THZ/H%@(Q) — Cnapllylliz) Yy € Ho().

(i) Leta € L°° () be a nonnegative function and h € H=*(Q). Ify € H}(Q) sat-
isfies Ay+ay = h and h is a nonnegative linear form, then y is a nonnegative
function as well.

(iii) Let a be as above and h € L"(Q) with r > 5. Then, the solution y of the
above equation belongs to H(2) N C(Y). Moreover, there exists a constant
C. independent of a and h such that

(2.2) 9l z20) + lYlle@) < CrllbllLr@)-

Proof. The proof of (2.1) can be found in [6]; see also [13, Lemma 8.4]. For the
proof of (i) the reader is referred again to [6] and [13, Theorem 8.1]. The H(Q)NC(Q)
regularity of y for functions h € L"(2) is well known; see [13, Lemma 8.31]. It remains
to prove the estimates (2.2) for a constant C, independent of h and a. Let us denote
by Ya,n € HE(Q)NC(Q) the solution of Ay+ay = h. With yo ;, we denote the solution
corresponding to a = 0. Then, the estimate ||yo,nl|c(q) < CllhllL- (o) is well known for
a constant C' depending on r, but independent of h. Let us write h = h™ — h™. From
(ii) we know that y, ,+ > 0 and y, ,- > 0. Now, since A(yq n+ — Yo n+) + (Yo, n+ —
Yo,n+) = —ayo n+, again by item (i), we obtain 0 < y, p,+ < yo p+ and consequently
[Yant @) < lwon+lle@). Analogously, by the same argument 0 < y, - < yo,n-
and consequently [|ya n-llc@) < [[vo.n-llo(q). Therefore,

1Ya.rllc@ < Wantllc@) + 1Yan-lle@ < lvon+le@) + lvon-llc@)
< C<||h+||L’“(Q) + ||h7||Lr(Q)) < 2C||hllL- (0,

where C' is independent of a and h. To prove the corresponding estimate in Hg ()
we use Garding’s inequality (2.1) and the above estimate:

Ay

4

< (AYa,ns Ya,n) + / ays p Az + Cay bllya,nll7z(o)
Q

YanllZ2 (@)

H%,h”%é(m < (AYa,n, Ya,n) + Crupl

r—1
YanllZ20y < 197 (Rl @) 1anllo@ + CaaslUlYanl o

= / hyandz 4 Ca 0
Q

<20 (1217 +2CCx 412 113 ), 0
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4 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

where || denotes the Lebesgue measure of 2. Since the above constants are inde-
pendent of a and h, the inequality completes the proof of (2.2).

Now, we consider the adjoint operator A* : H}(Q) — H~1(Q) of A. Since A
is an isomorphism, A* is also an isomorphism as well. It is obvious that A*¢p =
*diV(ATV(p) — div(cpb). The operator A* satisfies the same properties established in
Lemma 2.2. Indeed, the Garding’s inequality is consequence of (2.1) and the identity
(A*p, ) = (Ap, ). The proof of the estimate (2.2) is the same for the operator
A*. We only prove the statement (ii). Let h € H~1(Q) be a nonnegative linear
form. This means that (h,y) > 0 for every nonnegative function y € H}(9). Let
o € HY(Q) satisfy A*¢ + ap = h. Now, given a nonnegative function w € L?*(Q)
we take y € H}(Q) satisfying Ay + ay = w. By Lemma 2.2-(ii) we have that y > 0.
Then, we obtain

/wadx = (Ay +ay,p) = (Ao +ap,y) = (h,y) > 0.

Since w is an arbitrary nonnegative function of L?(£2), this inequality yields ¢ > 0.
We finish this subsection by proving an L*(2) estimate.

LEMMA 2.3. Assume that s € [1,"5), s' is its conjugate, and let a € L>(S2) be
a nonnegative function. Then, there exists a constant Cy independent of a such that

L (Q) < Cs/”hHLl(Q)v Yhe HY Q)N LY (Q
L@ < CollhllLr(0), OEE

l[yn|
2.3
23 L)
where yy, and gy, satisfy the equations Ayn+ayn = h and A*pp+apy, = h, respectively,
and Cy is given by (2.2) with r = ¢'.

Proof. We prove the estimate (2.3) for ¢y, the proof being identical for yj,. First
we observe that HZ(Q) C L (Q) € L#2(Q), hence ¢y, € L*(Q). As a consequence
we obtain that [y |* 'sign(pn) € L* (). Moreover, s < -"- implies that s’ > Z.

According to Lemma 2.2-(iii), the solution of Ay + ay = |¢n|*~‘sign(¢s) belongs to

HY(©) N C(Q) and satisfies [[yllcy < Culllonl*sign(on)lp ) = Collenly .
where Cy is independent of a and h. Using these facts we infer

lonlleor = [ lonl® do = Ay + ay. 1) = (A"n + apn.o)

= [ ke < Il eyl < ol llonl- o 0

This proves (2.3) for ¢p,.

2.2. Analysis of the semilinear equation. In this subsection, we formulate
some results concerning the semilinear equation (1.1). For this purpose we make the
following assumptions on the nonlinear term of the equation.

ASSUMPTION 2.4. We assume that f : Q@ x R — R is a Carathéodory function
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of class C? with respect to the second variable satisfying:

(2.4)  f(-,0) € L™(Q) with r > g and ?(@y) >0 Vy e R,
Y

82 f

of
(2.5) VM >0 3Cfn > 0 such that ‘ay(%y)' + 373/2

<x,y>\ < Cpont Vil < M,

VM >0 and Ve > 0 36 > 0 such that

2.6 o2 o2
N | - e

<e if [yl |ye| <M and |y2 — 1| <6,

for almost every x € Q.

THEOREM 2.5. Let Assumptions 2.1 and 2.4 hold. If u belongs to L"(2) for some
r > n/2, then there exists a unique solution y, € HX(Q)NC(Q) of (1.1). Moreover,
there exists a constant Ky, independent of u such that

(2.7) lyull ez ) + lvallo@) < Kre(llullr@) + 1 0)lzr@) +1).
Further, if {ux}32, is a sequence converging weakly to w in L"(Q), then yu, — yu
strongly in H () N C(Q).

The reader is referred to [6] for the proof of this result. As a consequence of (2.7)
we get

(2.8) Ky > 0 such that ||yullm ) + [vullc@ < Ku Vu € Uaa.

For each r > n/2, we define the map G, : L"(Q) — H}(Q)NC(Q) by G, (u) = ya..

THEOREM 2.6. Let Assumptions 2.1 and 2.4 hold. For every r > % the map G,
is of class C?, and the first and second derivatives at u € L"(S) in the directions
v,v1,v2 € L"(R), denoted by zy, = GL(u)v and zy v, v, = G (u)(v1,v2), are the
solutions of the equations

of _
(2.9) Az + 3y (z,yu)z = v,
of 0
(210) Az + 4By (%yu)z = - ayg (xvyu)zu,vl Zu,vg s

respectively.

The proof of this theorem is an easy application of the implicit function theorem;
see [6].

LEMMA 2.7. The following statements are fulfilled.
(i) Suppose that r > & and s € [1, -%5). Then, there exist constants K, depend-

n—2
ing on r and My depending on s such that for every u,u € Uyq

(2.11) 190 = Ya — Zau—allo@ < Kellyu — vall7er @)
(2.12) 190 = Ya — Zau—allLe@) < Msllyu — yallZ2(0)-

(ii) Taking Cx = Kav/|Q| if X = C(Q) and Cx = My if X = L?(), the
following inequality holds

(2.13) |lzuw — za0llx < Cxllyw —vallx|lza0llx Yu, @ € Uyq and Yo € LQ(Q).
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6 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

(iii) There exists € > 0 such that for all U,u € Uaa with [|yu — Yallcq) < € the
following inequalities are satisfied

1 3
(2.14) Slye = yallx < llzau-allx < Slye = vallx,
2

1 3
(2.15) Slznallx < lzuallx < Slenollx o€ 2(9).

Proof. Let us set ¢ = yu — Ya — zuu—a € Hi(2) N C(Q). From the equations
satisfied by the three functions and using the mean value theorem we get

0 0 0
Ap + a—£<x,ya)¢> = a%;(x, Ya) — %(w,ye) (Yu = ya),
where yy(x) = ya(x) + 0(2)(yu(z) — ya(z)) with 0 : Q@ — [0, 1] measurable. Using

again the mean value theorem we deduce

of
dy

o2 f

Ab+ 5 (@ ya)¢ = 075 (2, 39) (u - ya)?
) and ¥ : Q — [0,1] measurable. By

with yy(2) = ya(2) + 9(2)(ye(r) — ya(z)
(2.5) and (2.8) we infer the existence of C,

Lemma 2.2-(iii) and taking into account
independent of u, @ € Uyq such that

6llc@) < CrCr o ll(Yu — ya)?|

which proves (2.11) with K, = C.Cy k. To prove (2.12) we use Lemma 2.3 to obtain

L (Q) = CTOﬂKU”yu - yﬁ”%w(g),

6]l < CorCricy l(Wu — ya)? 1) = CsCr i 1y — Yall72(0)-

Taking My = CyCy iy, (2.12) follows.
Now we prove (2.13) for X = C(Q). Setting ¢ = z,, — 2z,, and subtracting the
corresponding equations we infer with the mean value theorem

of of of 0% f
¥ 2

Aw + 7y(x7yu)w = |:ay (xayﬁ) - Fy(‘rayu)} Zaw = 87y2($7y9)(ya - yu)zﬂ,v~

Taking » = 2 in (2.2) and using (2.5) and (2.8) it follows from the above equation

[¥llc@) < CoCro (W = yu)zawll2@) < Kav19QllYu — yalle@) lzanllc@),

which proves (2.13) for X = C(Q). The proof for X = L?(12) is analogous, we use the
estimate (2.3) for s = 2 instead of (2.2).
To prove (2.14) for X = C'(§2) we use (2.11) with r = 2 to get

9w — vallc@) < 0lo@ + lzau—allc@ < Kellyu = valFa) + 1zam—alo@)
< Ko/ |Q[|yu — yﬁ||20(§z) + ||Zﬁ,u—ﬁ||C(Q)-

Choosing 1 = [2K2+/|Q[] 7" the first inequality of (2.14) follows if |y, —yallc(e) < €1
To deal with the case X = L?(Q) we use (2.12) with s = 2 and obtain

9w = vall Lz < I9lc2@) + lzau—all2@) < Mallyu = yall72 ) + l2a,u-allz2 @)
< Mo/ [Qyu — valle@ 1yu — vallLz @) + za,u-allL2 @)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub
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Hence, taking e5 = [2M>+/|Q|]~! we obtain the first inequality of (2.14) with X =
L2(Q) if |lyu — vallo@) < 2. .
To prove the second inequality of (2.14) for X = C(Q2), we proceed as follows

lza,u-allc@ < lollc@ + v —vallew < Kov/ 1900 — vallg) + 19u — vallo)
3 .
< §||yu_yﬁ||C(Q) lnyU_yﬂ”C(Q) <.

Similarly the second inequality of (2.14) follows if X = L?(Q) with e, replacing ¢;.
Finally, we prove (2.15). Using (2.13) we obtain

| < Cx|lyu — vallx|lzavllx + llzawlx,
| < Ox|lyu — ZUEHX”ZTL,UHX + ||Zu,v||X~ o

qu,v”X S qu,v - Zﬁ,v”X + ||Zﬂ,v

1za0llx < llzu0 = za0llx + [0

Therefore, selecting ¢ = ﬁ, then (2.15) follows if ||y, — yallc@q) < e.

3. The Control Problem. In this section, we make assumptions on the objec-
tive functional J so that (P) has at least one solution and the first and second order
conditions for local optimality can be established. Since the problem is not convex,
we will consider not only global minimizers, but also local minimizers. Throughout
this paper, we will say that @ is local minimizer of (P) if @ € U,q and there exists a
ball B,(u) C L*(2) such that J(u) < J(u) for every u € UyqN B, (). We will also say
that @ is a strong local minimizer of (P) if @ € U,y and there exists € > 0 such that
J(u) < J(u) for every u € Upq with [|yu — yallc@) < e. If the previous inequalities
are strict whenever u # 4, then we say that @ is a strict (strong) local minimizer. As
far as we know, the notion of strong local minimizers in the framework of control of
partial differential equations was introduced for the first time in [1]; see also [2].

We make the following assumptions on L.

ASSUMPTION 3.1. The function L : Q x R? — R is Carathéodory and of class
C? with respect to the second variable. In addition, we assume that
(3.1) L(x,y,u) = Lo(z,y) + g(x)u with Lo(-,0) € L*(Q) and g€ L™=(Q),
VM >0 Jp € L*(Q) and Cpar > 0 such that

(3.2) L 0’L
—_— < —_— < <
|5y @y )| < on(@) and |Gy < Cou iyl < M,
VM >0 and Ve > 0 36 > 0 such that

(3.3) 9*L 9’L

<eiflyl lyel <M, Jy2 — 1] <9,

Tyg(mayzau) - aiyg(‘r?yhu)

for almost every x € Q.

Using Theorem 2.5, the assumptions on L, and the boundedness of U4 in L™ (),
the existence of at least one solution of (P) follows. Indeed, if we take a minimizing
sequence {uy}52,, we can assume that uy — @ in L>(Q). Then Theorem 2.5 implies
that y,, — ya strongly in H}(Q)NC(2). Further, using (2.8) and (3.2) with M = Ky
we infer with the mean value theorem

[ Lo(, yuy, (2))] < |Lo(z, 0)] + Yx, (2) K-

Then we can apply Lebesgue’s dominated convergence theorem to pass to the limit
in the objective functional and to obtain J(uy) — J(@).
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8 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

In order to derive the first order optimality conditions satisfied by a local mini-
mizer we address the issue of the differentiability of the objective functional J.

THEOREM 3.2. Suppose that r > 5. Then, the functional J : L"(2) — R is of
class C?. Moreover, given u,v,v1,vs € L"(Q) we have

B Twpw= [ (u+guds,
Q
0L 0% f
(3.5) J”(u)(vla U2) = /Q [Tyg(xv Yus u) - @uaiyg(xa yu) Zu,v1 Zu,vg dz,

where ¢, € H () N C(Q) is the unique solution of the adjoint equation

o 0L |
(3.6) A p + @(x,yu)w =% (2, yu, 1) in Q,
p=0onT.

This is a straightforward consequence of Theorem 2.6, Assumption 3.1, and the chain
rule. The only critical issue is the existence, uniqueness, and regularity of ¢,. But
this an immediate consequence of Lemma 2.2-(iii) that, as already mentioned, applies
to the operator A* as well. From this theorem, the optimality conditions follows in
the classical way.

THEOREM 3.3. Let u be a (strong or not) local minimizer of (P), then there exist
two unique elements j, ¢ € H3 () N C(Q) such that

Ay + f(x, ) =u in Q,
(37) { y=0onT,
_of, . oL, _ .
* “YJ _ 9k Q0
(3.8) A SDJ'_ ay (x’y>80 ay (-'L'yy,U) m di,
p=0o0nT,
(3.9) /(@+g)(u—a)d:rzo Y € Upg.
Q

The derivation of sufficient second order conditions for local optimality is more
delicate. First we introduce the cone of critical directions on which we formulate the
necessary second order conditions for optimality: if u € U,q is a local minimizer of
(P) we define

Cy={ve L*(Q): J'(@)v =0 and v satisfies the sign conditions (3.10)},

Uq s
U,

(3.10) v(x) { 20 ifa(z)

As usual, from (3.9) we deduce that (@ + g)(x)v(xz) > 0 for almost all x € Q if
v € L%(Q) satisfies (3.10). Therefore, the condition J'(ii)v = 0 for v satisfying (3.10)
is only possible if v(z) = 0 for almost every x € 2 such that (p+g)(z) # 0. Therefore,
Cy can be written

Cy = {v € L*(Q) : satisfying (3.10) and v(x) = 0 if |(@ + g)(z)| > 0}.
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STABILITY ANALYSIS IN ELLIPTIC OPTIMAL CONTROL PROBLEMS 9

It is well known that every local minimizer u satisfies the second order necessary
optimality condition: J”(u)v? > 0 for all v € Cy; see, for instance, [8]. However, based
on Cy it is not possible to get sufficient second order conditions for local optimality.
The reader is referred to [12] for a counterexample. A procedure suggested by several
authors consists in extending the cone of critical directions Cy; see [10, 11, 18, 19].
Two possible extensions of C seem natural after the above comments: for 7 > 0 we
define the extended cones

DI = {v € L*(Q) : satisfying (3.10) and v(z) = 0 if |(p + g)(x)| > 7},
G, = {v € L*(Q) : satisfying (3.10) and J'(@)v < 7|2, 11(0)}-
On any of these cones we can formulate sufficient second order conditions for local

optimality. Obviously, both are extensions of Cy. In [3], the authors introduced the
cone C7 = DI N GE, which is also an extension of C. They proved that the first

u?

order optimality conditions (3.7)—(3.9) along with the condition
(3.11) 36 > 0 such that J”(a@)v? > 6sz||2L2(Q) Vv e CF
imply the existence of kK > 0 and ¢ > 0 such that
_ R _ _
(3.12) J(u) + §||yu - yH%z(Q) < J(u) Vu € Uaq such that ||y, — Fllcq) < &

Actually, the proof of [3] was carried out for a parabolic control problem with g = 0.
However, the same proof works for the elliptic case and g # 0. Here, we formulate a
new assumption leading to the same result (3.12) as (3.11) does.

ASSUMPTION 3.4. There exist numbers a > 0 and v > 0 such that

(3.13) J'(a)(u—u)+J" (@) (u—u)* > ’YHZﬂ’u,gH%z(Q) Vu € Una with ||yu—1llc@) < a-

It was proved in [4] that (3.11) implies (3.13). Therefore, (3.13) appears as a weaker
assumption. However, the next theorem proves that it is sufficient to imply (3.12).

THEOREM 3.5. Let @ € U,q satisfy the optimality conditions (3.7)—(3.9) and As-
sumption 3.4. Then, there exists € > 0 and k > 0 such that (3.12) holds.

Before proving this theorem we establish some lemmas.

LEMMA 3.6. Let u € Uyq be fized with associated state y. Then, the following
inequality holds for all 0 € [0,1] and u € Uyq

(3.14) lva+ou-a) — Ulle@ < (CoCrry VIV — Yllo@) + Dllve — ¥lle@):
where Cy is the constant of (2.2) with r =2 and Cy k, is the one deduced from (2.5)
and (2.8).

Proof. The proof of this lemma is based on the analogous result for parabolic
control problems established in [5]. We take 6 € [0,1] and u € U,q. We set ¢ =
Yato(u—a) — [U + 0(yu — 7)]. Then, we have

-Agb + f(xayTH»G(u*ﬂ)) - [f(ﬂ?,g) + H(f(:v,yu) - f($727))] =0.
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10 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

Applying the mean value theorem, we obtain measurable functions 6; : Q@ — [0, 1],
1 = 1,2, such that

.0 ~ ~ ~
J (@, yatrou—a)) — f(2,9) = %(x, Y1) Watou—a) — ¥) andy1 = 7 + 01 (Yarow—a) — ¥)-

F@aya) — fle.g) = %u,mxyu ) with g =  + Oa(yu — 7).

Inserting these identities in the above partial differential equation we infer

0 0
A+ a—£<z,y1><ya+e<u_a) - 06—£<x,y2><yu g =0.

Noting that yg4g(u—a) — ¥ = ¢ + 0(y. — ), the above equality and a new application
of the mean value theorem lead to

2
Ao+ G @) = 0[5 (@) = )] = ) =05 L )

where y3 = y1 + 05(y2 — y1). Using (2.2) with r» = 2, (2.5), and (2.8) we infer
I#llo) < CoCrico |(Wu = 9)*ll2(@) < CaClrrc VI Y = Tl 0y
This implies
lYarocu—a) — Ullc@ = 16+ 0 — Dlc@)
< (C2C ku V1 Ny — Ulle@) + Dllve = dlle@): o
LEMMA 3.7. There exists a constant My > 0 such that
(3.15) lpulle@ < My Vu € Uga-
Moreover, given u € Uyq with associated state i and adjoint state ¢, we have
(3.16) leatow-a) — Plle@ < Cliyu —Flc@ VO €10,1] and Yu € Uad,

where C' depends only on f, L, Uyq, and €.
Proof. For the proof of (3.15) we use (2.2) with r = 2, (2.8), and (3.2) as follows

< My = 02||¢Ku||L2(Q)'

oL
leulle@ < 02“@(”5’3/“’“)‘ L2Q) ~

Let us prove (3.16). Given u € U and 6 € [0, 1] let us denote up = @ + 0(u — @),
Yo = Yuy, and @y = ¢,,. Subtracting the equations satisfied by ¢y and ¢ we get with
the mean value theorem

oL OF, oL oz
A (909 SO) + 6y(xvy)(909 90) - (9y (xayavua) ay (x,y,u)

2 2
o ) = G )] = [ 55 o) = o3 % 0.9 (o0 - ),

where yy = 7 + 9(yg — g) for some measurable function 9 : @ — [0,1]. Now, we
apply (2.2) with r = 2, (2.8), (3.15), (2.5), and (3.2) to get from the above equation

o — Plle@) < C2(Cr,ky + MuCr ik, )V IUlye — Ylle- 0
Then, (3.16) follows from Lemma 3.6.

gl
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LEMMA 3.8. For every p > 0 there exists ¢ > 0 such that if u € Uyq and ||y, —
QHC(Q) < € then

(B17) [ (@ +0(u — @) — J"(@)]0?| < pllzalliere Vo€ LA(R) and V6 € [0,1).

Proof. First, let us denote ug, yp, and @y as in the proof of Lemma 3.7. From
(3.5) we get

i i o 32L oL,
"+ 00— ) = @) < [ | W(x,ye,uw—a—ygm,y,u)]zig,v a
82
/ ‘ o — P Z‘ y@) ugv d.T—i—/ “P a .92 .27 y‘9> aiy‘];(x7g):|’z12m,v dz

/ \62L 7, @?(mwkzw—zqﬁm)

=L+ L+ I+ 1,

Let us estimate the terms I;. For I we deduce from (3.3), (2.15), and (3.14) that
for every p > 0 there exists € > 0 such that [; < p||za)v||2L2(Q) if |yu — Jllcw) < e
The same estimate can be deduced for Iy using (2.5), (2.8), (2.15), and (3.16). The
estimate for I3 follows from (2.6), (2.8), (2.15), (3.14), and (3.15). Finally, we estimate
Iy by using (2.5), (2.8), (2.13), (2.15), (3.2), (3.14), and (3.15) to infer that

L2(Q) ”Zug,v

Iy < (Crky + MuCr ) |zu,, £2()
< (Ot + My a0 llza.l e Cuan 1o — Tl lzas 2
<plzaoliz i lvw —Fle@ <e o
Hence, (3.17) is a straightforward consequence of the above estimates.

Proof of Theorem 3.5. Let us take u € Uyq with |y, —9llc(q) < a. By performing
a Taylor expansion and using that J'(@)(u — @) > 0 we obtain

[ (@) (u — @) + J" (@) (u — w)°] + %[J”(Uo) = J"(@)(u — @)*
l2au-allZ2 () — %I[J”(UG) = J"(@)(u— ).

Lemma 3.8 implies the existence of ¢ € (0, ] such that |[J” (ug) — J"(@)](u — ©)?| <
gHzﬂyu,ﬂHzB(Q) for every u € Uua with ||y, — ¥llc() < €. Inserting this estimate in
the above expression and taking e still smaller if necessary, we can apply (2.14) to
deduce

_ o 2 — 0 =112
J(w) 2 J(@) + o llzau-allza) 2 J(@) + EHyu = JllL2()- None

This inequality yields (3.12) with k = g.
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12 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

4. Stability of the states. In this section, we consider the following perturba-
tions of the control problem (P)

(P) min Jo(u) == /Q [L(z, Yy (7), u(z)) + ne(2)yg ()] d,

where yZ, is the solution of the equation

(4.1) { —div(A(z)Vy) +b(x) - Vy + f(z,y) =u+ & in Q,

y=0 on TI.

Here we assume that {¢.}.s0 and {n.}.>0 are bounded families in L?(Q) satisfying
that (&,7:) — (0,0) in L?(Q)? as e — 0. As a consequence of Theorem 2.5 we get
the existence and uniqueness of a solution y5 € H} () N C(Q) of (4.1). Moreover,
using (2.7) with r = 2 and the boundedness of {{.}.~o in L?(€2) we infer that the
set {y5 : u € Uyg and € > 0} is bounded in H}(Q) N C(Q). Therefore, increasing the
value of Ky, if necessary, we can assume that (2.8) and the inequality

(4.2) lvallzi) + Vel < Ku Vu € Uag and Ve >0

hold. We will prove that the solutions of problems (P.) converge to the solutions
of (P) in some sense to be precised below. Conversely, we will also prove that any
strict strong local minimizer of (P) can be approximated by strong local minimizers
of problems (P.). Finally, the Lipschitz stability of the optimal states with respect
to the perturbations is established. We start analyzing the difference between the
solutions of (1.1) and (4.1).

THEOREM 4.1. The following inequalities hold for every e > 0

(4.3) s = vullmi o) + lvs — vulle@) < Calléellrz@) Yu € L*(Q),
(44) =280 = zuwllzz) < O30k 1€l 2@ ll2unll 2(0) ¥(u, v) € Uaa x L*(Q),
where Cy is the constant given in (2.2) for r =2, Cy g, is the constant Cyar of (2.5)

with M = Ky given in (2.8) or (4.2), and z;, , denotes the solution of (2.9) with y;,
replacing Y, .

Proof. Subtracting the equations (4.1) and (1.1) and using the mean value theo-
rem we obtain

AW — ) + %;<x, Uo) (4 — ) = Eo.

Then, (2.2) implies (4.3). To prove (4.4) we subtract the equations satisfied by z, ,
and z,,, to obtain

A = 200) + GG = 200 = [ ) = B 00
Now, using (2.3) with s = 2, (2.5), (2.8), and (4.3) we obtain from the previous
equation with the mean value theorem

250 = allia < Col| [5E @) = 5 0080

L1(Q)

< CoCr iyl — yu)zu,v”Ll(Q)

< CoCr iy 1y — yull 2@ | 2unllz2 @) < C5C Ky €ell L2 @)l ZuwllL2 () o
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STABILITY ANALYSIS IN ELLIPTIC OPTIMAL CONTROL PROBLEMS 13

Now we analyze the convergence of problems (P.) to (P).

THEOREM 4.2. Let {u.}e>0 be a family of solutions of problems (P.). Any control
u that is a weak™ limit in L>(Q) of a sequence {uc, }3>; with e — 0 as k — o is a
solution of (P). Moreover, the strong convergence Yok, = Yu 0 HY(Q)NCO(Q) holds.

Proof. The existence of the sequences {ug, } 32, converging to @ weakly* in L>°(2)
is a consequence of the boundedness of Uyq in L>°(€2). From Theorem 2.5 and (4.3)
we infer

Ek

Hyu% — Yallmp ) + Hyffzk —vallew@)
< llvat, = vue, gy + 102k, = vue lle@) + 19u., — valluzo) + 9., — vallow
< Colléellzz) + 1., — vallmi@) + 1Yu., — Yallo@ — 0 as k — oo.

Using this fact, the convergence 7. — 0 as € — 0, (3.2), the optimality of u., for
(P., ), and again (4.3), we get

J(u) = leII;O Je, (ug,) < kli—>Holo Joo(u) = J(u)  Yu € Uyg, 0

which proves that @ is a solution of (P).

Now, we establish a kind of converse result.

THEOREM 4.3. Let @ be a strict strong local minimizer of (P). Then, there exist
g0 > 0 and a family of strong local minimizers {ue}e<s, of problems (P.) such that
ue. = @ in L(Q) and y_ — ya strongly in HE(2) N C(Q) as e — 0.

Proof. Since @ is a strict strong local minimizer of (P), there exists p > 0 such
that % is the unique solution of the problem

(Pp) min J(u),

where U, = {u € Uaa : |Yu — Yallc@) < p}. Now, for every e > 0 we define the

problems

(Pp.e) 5161112 Je(u). 0

Using Theorem 2.5 we deduce that U, is weakly™ closed in L>°(£2), hence the existence
of a solution u, of (P, ) can be proved as we indicated for (P). Moreover, arguing as in
the proof of Theorem 4.2, we deduce the existence of sequences {u., }7°, converging
weakly* to a solution u of (P,) in L>°(Q) and such that Yik = Yu strongly in
H(Q) N C(2). Since @ is the unique solution of (P,), we conclude the convergence
ue = 4 in L®(Q) and Y. — ya in Hg(Q2) N C(Q) as e — 0. Therefore, there exists
g0 > 0 such that ||y, —yullc(q) < p for every € < . This implies that u. is a strong
local minimizer of (P.) for every € < gp, which completes the proof.
Now we establish our main theorem of this section.

THEOREM 4.4. Let @ be a local minimizer of (P) satisfying Assumption 3.4 and
{ucYece, a family of local solutions of problems (P.) such that u. = @ in L>(Q) as
e = 0. Then, there ezist € € (0,e0) and a constant C' > 0 such that

(4.5) v, = Fllzz@) < C (Il ra@ + Inllzae)) Ve <é,

where §y = yg.
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14 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

Let us observe that Assumption 3.4 implies that @ satisfies (3.12). Hence, @ is
a strict strong local minimizer of (P) and, consequently, Theorem 4.3 ensures the
existence of a family {u,}.<c, of strong local minimizers of problems (P.) satisfying
the conditions of the above theorem. Before proving this theorem we establish the
following lemma.

LEMMA 4.5. Let u satisfy the assumptions of Theorem 4.4. Then, there exists
e > 0 such that

_ Y . _
(4.6)  J(W(u=1) > Sllawu-uliz) Yo €Uaa with yu = Fllow) <&

where vy is given in Assumption 3.J.

Proof. We denote by H :  x R® — R the Hamiltonian associated with the
control problem (P):

H(x,yv (p,u) = L(.’E,yﬂl) + QD[’LL - f(xvy)]

For every u € Uyq and v € L2(£2), we define 1, , € H} () N C(Q) as the function
satisfying

. of _oH
A wu,v + @(mayu)wu,v = 87y2($>yuy(pu7u>zu,v-

We split the proof into two steps.
Step I.- Here we prove that for every p > 0 there exists € > 0 such that for every
u € Ugaq with [|yu — ¥llc(q) < € we have

(17) | [ (o= &= a0 da] < pllzs -l

Setting ™ = ¢y, — @ —¥g,u—a and subtracting their respective equations it follows with
the mean value theorem

. of . oHm OH
A 7T+ @($7y)ﬂ - ay (-’I/',yu,gDu7’U,) ay (xayagoau)
o*’H, 0*’H o _
- TyQ(xazh 807u)zﬂ,u7ﬂ - m(%ya 807“/)(9011, - SD)
0’H . 0*H, 6
= TyQ(xvy%(paau@)(yu - y) - 8y2 (xvyvsau)zﬁ,ufﬂ
0*H 0’H o _
+ [m(xayev(pﬁauﬁ) - m(xaya%u)} (Qﬁu - 90)
0’H

= Tyg(x,yea @97”9)(yu - :U - Zﬂ,ufﬂ)

[i—
NS
=
N
|
gl

*H PH,
+ [ayQ (x,yg,cpg,u(;) - Tyg(xay’soau)

[82H (@ ) 0’H
8y6(p » Yo, Po, Uo ay@(p
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This implies
of
m(u—u)dr = / m( Azgu—a + (2, 9)2a,u—a ) dz

_ . Of
= L (.A T+ @(xay)ﬂ)zﬁ,u—ﬁ dz
0?’H

= TyQ(% Yo, 00, u0)(Yu — ¥ — Za,u—u)?a,u—a AT
Q

0’H 92H ,
Z - 8 i a2 d
+/Q {ayﬂ (z,Y0, 0, up) oy? (x,y,go,u)]zu’ufu T

il )~ 2 (.00
Bydy T,Yo, Lo, U Bydp Y, eu

(@u - @)Zﬁ,u—ﬁ de = Il + IQ =+ 13.

We estimate every term I;. For the first term we use (2.5), (2.8), (2.12) with s = 2,
(2.14) with X = L2(Q), (3.2), and (3.15) as follows
1| < (CL.ky + MuCrxu)lyu — ¥ — zau—allL2@)llza,u-allL2(0)
< (Cr,ky + MuClr ey ) Ma||yu — g”%‘?(ﬁ)”'zﬁ,u*ﬂHLQ(Q)
< 2(Cr,xy + MuCr i) Mo/ Qe za,u-all 72 (0
The second term is estimated with (2.6), (2.8), (3.3), (3.14), (3.15), (3.16), leading
to |I2] < p\|zﬁ7u_a|\%2(ﬂ) for p arbitrarily small if ¢ is taken according to p. Finally,
for the last term we use the same inequalities as for Iy and additionally (2.15) with
X = L3(Q) to get
115 < pllow — @llrz)ll2a,u-allL2 ()
< pCo(Cr ky + MuCl k) )V IUYu — lle@)llza,u—allz2@
<205(Cr iy + MuCl i )V Ul 2a,u—al T2 (0

where again p is arbitrarily small if € is chosen according to it. Thus, (4.7) follows
from the proved estimates.

Step II- Now, we prove (4.6). First, we observe that for every v € L*(Q)

of , _
ﬁvvd‘r:/ u,v Azﬁv“i’i T, Y)Za,w dx
[ s [ oAz + 5 @ 0)z0)
_ * 8f = _ 82H = = )2 — 7 (5)0,2
—/Q<A Va + dy (xay)wu,v)zu,v de = o Oy2 (x,y,(p,u)zﬁm dz = J"(u)v”,

where the last inequality follows from (3.5) and the definition of the Hamiltonian. Let
€ > 0 be such that (4.7) holds with p = 2. Then, using Assumption 3.4 and (4.7) we
get for u € Uag with |lyu — Yllo@) <¢
T 1) = [ (pu+g)u-0)ds
Q
= [(eu=p=bnau—)dr+ [ (ptg+ vaua)u—0)ds

Y _ _ _ _ Y
> _5”241,71711”%2(9) + [ (@) (u—a) + J" (@) (u — u)?] > 5”211,71*11”%2(9)' a
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16 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK

Remark 4.6. Let us notice that if @ is a local minimizer of (P) satisfying As-
sumption 3./, then there exists € > 0 such that there is no stationary point @ of (P)
different from @ such that ||ya — Yllca) < €. We say that i is a stationary point of
(P) if it satisfies the first order optimality condition. In particular, if 4 is a stationary
point then J'(4)(@ — @) > 0. This contradicts (4.6) if |ya — Jllc@) <e-

Proof of Theorem 4.4. Using the local optimality of u. we get

0> Jl(ue)(ue — )

oL oL
. A £ _ _
=J (ua)(ua u) +/Q {8y (x,yus,ug) Ay (xayugvua)] Zugue—a dx

oL
(4.8) —|—/ —(m,yis7ug)(zi€ we—T Zup uo—a) AT +/ 775225 . —a dw.
o Oy ’ Q ’

We estimate each one of these four terms. First, we observe that the convergence
ue — 4 in L*(Q) implies that ||y, — Ylle@) — 0; see Theorem 2.5. Hence, from
Lemma 4.5 we deduce the existence of £; > 0 such that

(4.9) J () (e = @) 2 22w, ue—allia) Ve <er,

For the second term we use Schwarz’s inequality, the mean value theorem, (2.8) and
(4.2), (3.2), and (4.3)

oL oL
/&:Z ‘Fy(xvy’isy us) - Fy(l‘,yus, UE) |Zu5,u5_,a‘ dx
< CrrullYa. = Yuellz@ 2ueue—all 20

(4.10) < CLku VIUC & L2 @) | 2u. u. —all L2 (0)-
Now we estimate the third term with (3.2) and (4.2), Schwarz’s inequality, and (4.4)

| 5t )
ol dy :

(4.11) [[9xy [l L2 C3 Cr ko el 2@ | 2ue e —all L2 (02)-
For the last term we use again (4.4) and the fact that {£.}.~0 is bounded in L?(Q)

|Zis,u5—ﬁ - Zus,ug—ﬁ| de < /Qd’Ku|Zig,uE—a - Zus7us—ﬂ| dz

/Q 0%, —al 42 < Inelza (125, - = 2ucue—allzze) + 2w —alae )
(4.12)
< (CRlNza) + 1) Il z2@) 20 -all @) < Cle 2@ 2u e -allz20)-

Inserting the estimates (4.9)—(4.12) in (4.8) we obtain for some constant C’ > 0 and
every € < €1

lewcine-allzzc@) < € (l6clzac@ + Inell)-

Finally, using (2.14) and (4.3) we deduce the the existence of g5 € (0,2;] such that
for every € < €2 we have

lya. = Ullz2@) < lya, — vullz2@) + 1Yu. = Fllr2)
< Cov/I9E: @) + 2w —allzaco)
< Cov/I9IEel| (@) +2C" (el zzcay + el ) ).

which proves (4.5). None
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STABILITY ANALYSIS IN ELLIPTIC OPTIMAL CONTROL PROBLEMS 17

5. Stability of the controls. In the previous section, we established Lipschitz
stability for the optimal states with respect to state perturbations in the objective
functional and to the force in the state equation. In order to obtain stability on the
optimal controls an additional assumption is usually required. The reader is referred
to [21] for the following assumption

(5.1) 3C > 0 such that [{z € Q: |(¢+g)(x)] <e}| < Ce Ve > 0.

Using this assumption and sufficient second order optimality conditions they proved
Lipschitz stability of the controls in the L'(2) norm. However, the assumption (5.1)
implies that @ is bang-bang. As far as we know, there is no proof for stability of
the optimal controls when they are not bang-bang. Assumption 3.4 that we have
considered in the previous sections is applicable for the case of optimal controls that
are not bang-bang. Nevertheless, it leads only to Lipschitz stability of the optimal
states. Here, we modify Assumption 3.4 as follows

ASSUMPTION 5.1. There exist numbers o > 0 and v > 0 such that for all u € Uyq
with ||y, — llcq) < o the following inequality is fulfilled

(652)  T@) )+ (@) w8 >yl o~ )

Under this assumption we will prove Lipschitz stability of the optimal controls. We
remark that (5.2) does not imply that @ is bang-bang. Moreover, it has been proved
in [9] that the sufficient second order conditions plus the structural assumption (5.1)
imply the existence of positive numbers v and « such that

(5.3) J'(a)(u—a)+J"(@)(u—1u)? > ’yHufﬂH%l(Q) Vu € Uyg with |lu—1al[ 11 o) < o

But we have the next equivalence:

PROPOSITION 5.2. The statement (5.3) is equivalent to the existence of positive
numbers 7' and o such that

(5.4) J'(@) (u—)+J" (@) (u—10)* > 7' [u—t]21 ) Vu € Una with [y, —Fllo@) < .

Proof. Let us assume that (5.3) holds, but (5.4) is false. Then, for every integer
k > 1 there exists an element u; € U,y such that

(55) (@) (s — )+ " (@) — 1) < s — il oy and g, — Tl < 1
Since {uy }7° | C Uyq is bounded in L>(€2), we can extract a subsequence, denoted in
the same way, such that u, — u in L°°(Q). On one side, (5.5) implies that y,, — ¥
in C(Q). On the other side, from Theorem 2.5 the convergence v, — v, in C(Q)
follows. Then, y, = ¢ and, consequently, © = @ holds. But (5.3) implies that @ is
bang-bang and, hence, the weak convergence uj, — @ yields the strong convergence
ur — 4 in L*(Q); see [9, Proposition 12 and Lemma 6]. Then, (5.5) contradicts (5.3).

Let us prove the converse implication. First we observe that given u € U,y we
get with the mean value theorem

of

A(yu - ﬂ) + Fy(x»g + g(yu - g))(yu - Q) =Uu— U.
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18 E. CASAS, A. DOMINGUEZ CORELLA, AND N. JORK
Now, using (2.2) with r = 2 we get
1
10 = Fllo@) < Callu = allr2(0) < Cav/up — tallu — |71 g

Then, taking o = we obtain that (5.4) implies (5.3) with v =+ o

a/2
C3(up—ua)’

From (2.3) we infer that (5.4) implies (5.2). Hence, the combination of sufficient
second order conditions plus (5.1) is a stronger assumption than (5.2).

THEOREM 5.3. Let @ be a local minimizer of (P) satisfying Assumption 5.1 and
{ucYece, a family of local solutions of problems (P.) such that u. — @ in L>(Q) as
e — 0. Then, there exist € € (0,£9) and a constant C > 0 such that

(5.6) e = @l oy < C (Il + Inclliz) Ve <é,

where §y = Yg.

The proof of this theorem follows the steps of the one of Theorem 4.4 with Lemma
4.5 replaced by the following:

LEMMA 5.4. Let u satisfy the assumptions of Theorem 5.3. Then, there exists
€ > 0 such that

(5.7) J'(u)(u—a)> %qu,u—ﬂHLQ(Q)HU — i) Yu € U with |yu — Yllo@) < e

where v is given in Assumption 5.1.

Proof. We use (4.7) with p = 52~ Assumption 5.1, and (2.3) to deduce for e > 0
small enough

T = [ (g +a)u—7)da

= / (@u - ()5 - wﬁ,u—ﬁ)(u - @) dx + / (@ + g + w@u_a)(u — ﬂ) d.l?
Q Q

> 5 zaneallia) + 17/ (0) (= @) + " ()(u — )’

Y _ _
> *§||Zﬂ,u—ﬂ||L2(Q) v — 1l (@) + Vlza,u—allL2@llv — @l L1 (), a

which proves (5.7).

Proof of Theorem 5.3. We follow the proof of Theorem 4.4 replacing the estimate
(4.9) by (5.7) to deduce with (4.8) and (4.10)—(4.12) the inequality

0> Jl(ue)(ue — ) > %qus,uE—HHL?(Q)HUE — || 1)

— Ctllzuce-all ez (€l 2@ + Inellzagey )-
Then, dividing this inequality by ||zu. u. —allz2(Q) we get

2C4

Jue — sy < = (Il e + el ). Nome

which proves (5.6) with C = %
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6. Some final state stability results. In this section we see how Assumption
5.1 allows us to prove Lipschitz stability for the optimal states for more general
perturbations of (P). Here, we consider simultaneous perturbations on the control
and state variables of (P):

(P.) min Jc(u) ::/QLE(:E,ny(x),u(x))dx,

u€Uqq

where ¢ is the solution of (4.1) and for every € > 0

&
Le(x,y,u) = Lo(,y) + n-y + geu + §u2.

As in Section 4, we assume that {{:}eso and {n:}c>0 are bounded families in
L2(Q) satisfying that (£.,7.) — (0,0) in L?(Q2)? as e — 0. Moreover, we suppose that
g — gllL=(q) — 0 as € — 0. Under these assumptions, it is immediate to check that
(P.) is an approximation of (P) in the sense of Theorems 4.2 and 4.3. Moreover, we
have the following Lipschitz stability property for the optimal states:

THEOREM 6.1. Let @ be a local minimizer of (P) satisfying Assumption 5.1 and
{ucYece, a family of local solutions of problems (P.) such that u. — @ in L>(Q) as
e = 0. Then, there ezist € € (0,e0) and a constant C' > 0 such that

6.1)  lya, —9llzz@ < C(erHL?(Q) +lnellz@) + llge = 9l +€> Ve <€,
where § = Yg.

Proof. Similarly to (4.8) we have

0> Jé(us)(us - ﬂ) = Jl(us)(us - ﬂ) + Q(eus + g — g)(us - ”L_l,) dx

oL . oL
+/Q {%(xayugvua) B %(x’yus7ua)} Fue ue—0 do

L
L TR ICAMENE I L P [ 12
Q 8y & e Ue Q e ,Ue
Then, using (5.7) and (4.10)—(4.12) we obtain with (2.3)
Y _ _
02 5z uc—alle2@) lue = allr(e) — (€||Us||L°°(Q) + [lge — 9||L°°(Q)) Jue — allL1(q)
Y _
= Ctllzu e -all @) (1€l 20 + Inellza@) = iz w—all e lue = @ll )
- Cl<5 +11ge = gl (@) + el L2y + ||775||L2(Q)) lue — |l L1 (q)-

where C" = max{1, [u,|, |up|, C1C2}. Dividing the above expression by |[u. — |11 ()
and using (2.14) we infer

/

_ 4C
Iy, = Bl < = (e + lge = gllioqe) + &z + Inellizey)-

Now, the rest follows as in the proof of Theorem 4.4
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