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Chapter 1

Introduction

In today’s increasingly interconnected industry and data-driven world, large-scale optimization
problems have gained widespread prominence in modeling problems from various domains, such as
in the field of energy management [SABT23|, in the optimization of the social welfare [Wan17], in the
training of neural networks [MMNI8, MMMT19]. A key characteristic of these optimization problems
is the inclusion of an aggregate term in their objective function, which captures the interactions
among individuals, supposed to be in great numbers. In general, resolving these optimization
problems poses significant challenges due to their high dimensionality and non-convex nature.

Mean-field-type optimization problems constitute a powerful framework for addressing such
problems. They offer an asymptotic perspective as the number of individuals tends to infinity.
By solving mean-field-type optimization problems, we gain valuable insights into the solutions of
the underlying aggregative problems with finitely many agents.

In the context of differential games, this asymptotic modeling approach yields equilibrium prob-
lems which are commonly referred to as mean field games (MFGs). They were introduced in 2006
independently by J.-M. Lasry and P.-L. Lions in [LL07] and M. Huang, R.P. Malhamé, and P.E.
Caines in [HMCO06]. MFGs have found significant applications in diverse areas, like crowd motion
[LSTTI0], sociology, biology, macroeconomics |[ABL'14|, trade crowding [CLI8a], and finance.

This thesis is dedicated to the numerical analysis and to methods for mean-field-type optimiza-
tion problems. This introductory chapter is divided into two parts: In Section we provide an
overview of the general frameworks for constraint convex optimization and MFGs; in Section [1.2
we highlight the main results of the four chapters of the thesis.

e Chapter |2 and Section Large-scale nonconvex optimization: randomization,
gap estimation, and numerical resolutiorﬂ We address a large-scale and nonconvex
optimization problem, involving an aggregative term. This term can be interpreted as the
sum of the contributions of N agents to some common good, with N large. We investigate a
relaxation of this problem, obtained by randomization. This relaxation lies in the framework
of the MFO problem presented in Section The relaxation gap is proved to have an order

LChapter [2] corresponds to the article [BLOT22] accepted for publication in SIAM Journal on Optimization and to the
article [LOP22| accepted in SIAM CT23. The article [BLOT22]| is a joint work with J.F. Bonnans, N. Oudjane, L. Pfeiffer, and
C. Wan. The article [LOP22] is a joint work with N. Oudjane and L. Pfeiffer.



O(1/N). We consider the Frank-Wolfe algorithm for the resolution of the randomized problem.
Each iteration of the algorithm requires to solve a subproblem which can be decomposed
into N independent optimization problems. A sublinear convergence rate is obtained for the
FW algorithm. In order to handle the memory overflow problem possibly caused by the
Frank-Wolfe algorithm, we propose a stochastic Frank-Wolfe algorithm, which ensures the
convergence in both expectation and probability senses.

e Chapter 3] and Section [[.2.2} Mean field optimization problems: stability results and
Lagrangian discretizationﬂ We formulate and investigate a mean field optimization (MFO)
problem involving probability distributions u with a prescribed marginal m. The cost function
depends on an aggregate term, which is the expectation of u with respect to a contribution
function. This problem is of particular interest in the context of Lagrangian MFGs and
their discretization. We study the first-order optimality condition, prove strong duality, and
investigate stability properties of the MFO problem from both primal and dual perspectives.
In our stability analysis, we propose a feasible approach for recovering an approximate solution
to an MFO problem with the help of an approximate solution to an MFO with a different
marginal m, typically an empirical distribution. We combine this recovery method with
the stochastic Frank-Wolfe algorithm stated in Section to derive a complete resolution
method.

e Chapter[d and Section[I.2.3} Error estimates of a theta-scheme for second-order mean
field gamesﬂ We introduce and analyze a new finite-difference scheme, relying on the theta-
method, for solving monotone second-order MFGs. These games consist of a coupled system
of the Fokker-Planck and the Hamilton-Jacobi-Bellman equation. The theta-method is used
for discretizing the diffusion terms: we approximate them with a convex combination of an
implicit and an explicit term. On contrast, we use an explicit centered scheme for the first-
order terms. Assuming that the running cost is strongly convex and regular, we first prove the
monotonicity and the stability of our theta-scheme, under a CFL condition. Taking advantage
of the regularity of the solution of the continuous problem, we estimate the consistency error
of the theta-scheme. Our main result is a convergence rate of order O(h") for the theta-
scheme, where h is the step length of the space variable and r € (0, 1) is related to the Holder
continuity of the solution of the continuous problem and some of its derivatives.

e Chapter [5land Section[I.2.4f A mesh-independent method for second-order potential
mean field gamesﬂ This part investigates the convergence of the generalized Frank-Wolfe
algorithm for the resolution of potential and convex second-order MFGs. More specifically, the
impact of the discretization of the MFG system on the effectiveness of the generalized Frank-
Wolfe algorithm is analyzed. The article focuses on the theta-scheme introduced in Section
A sublinear and a linear rate of convergence are obtained, for two different choices of
step sizes. These rates have the mesh-independence property: the underlying convergence
constants are independent of the discretization parameters.

2Chapter [3|is a joint work with L. Pfeiffer.
3Chapter [d] corresponds to article [BL.LP22] accepted in ESAIM: M2AN, this is a joint work with J.F. Bonnans and L. Pfeiffer.
4Chapter [5|is a joint work with L. Pfeiffer.



1.1 Elements of convex analysis and mean-field-game models

Section [1.1.1] contains a recap of the duality theory for convex optimization problems and a pre-
sentation of the Frank-Wolfe (FW) algorithm, its generalization, and convergence results. We next
present the different potential MFG models that we have investigated. For each of them, we explain
how the FW algorithm can be applied and we highlight the interest of this method. Section |1.1.2
is dedicated to second-order MFGs. We present in Section [1.1.3] a general framework for discrete
MFGs, which contains the finite difference scheme for second-order MFGs investigated in this the-
sis. In Section we describe two potential problems associated with Lagrangian MFGs. They
fit into a general class of optimization problems that we refer to as Mean Field Optimization (MFO)
problems. We give a precise formulation of MFO problems and describe the associated optimality
condition.

1.1.1 Convex optimization and the FW algorithm

We first introduce a general class of convex optimization problems and explore their relation with
their dual problem. This provides us with a theoretical background for the application of various
primal algorithms and primal-dual algorithms. Next, we focus on the Frank-Wolfe algorithm and
its variants and present convergence results.

Constraint convex optimization and duality. Let H be a real Hilbert space and let f: H — R
be a convex and lower semi-continuous (1.s.c.) function. Consider the following general optimization
problem:

r12}fC fx), (1.1.1)

where K is a non-empty, bounded, closed, and convex subset of H. The existence of a solution to
problem ((1.1.1)) derives from [Brélll Cor. 3.23]. It is convenient to consider the following equivalent

formulation of (1.1.1)):

Inf f(z) + xic(2), (1.1.2)

where yx denotes the indicator function of K, which is 0 for € K and +oo for x ¢ K. The dual
problem of (1.1.2)) reads [BCII, Def. 15.19]:

— f*(A) + inf (\, z)), 1.1.3
sup (= f*(N) + inf (A, ) (1.13)
where f* is the Fenchel conjugate of f. Since f and xx are convex and l.s.c., the domain of f is H,
and K is non-empty, we deduce from the Fenchel-Rockafellar theorem [Roc97|[BCI1I, Thm. 15.23]
that the dual problem (|1.1.3)) has a solution and that the strong duality holds for problem ([1.1.1)),
i.e.,

val(TT1) = val(TT3).
Let us define the Lagrangian associated with ((1.1.1),

L:KXxH—=R, (x,\)— —f(N\)+ () z).

We have obtained the existence of solutions for both the primal problem (1.1.1)) and the dual
problem ([1.1.3). Additionally, given (z*, \*) € K x H, the following two assertions are equivalent:



1. The point z* is a solution of ([I.1.1)) and the point A\* is a solution of (|1.1.3)).

2. The point (z*, \*) is a saddle point of the Lagrangian L, i.e.,

inf L(z,\*) = L(z",\") =sup L(z",A). (1.1.4)
el ANEH

This equivalence provides us with two general perspectives for solving : (1) We can focus on
the primal problem and compute a sequence of feasible candidates, letting the cost function decrease
and converge to the optimum value; (2) We can find a saddle point (z*, A\*) of the Lagrangian L,
alternating between minimization and maximization phases for the primal and dual variables.

In the realm of numerical optimization, numerous algorithms have been developed to tackle
problem . Among these, first-order algorithms have gained popularity thanks to their con-
vergence guarantees and ease of implementation.

From the primal perspective, problem can be solved using the FW algorithm [FW56]
(also known as the conditional gradient algorithm [DHT78]). Some algorithms having a forward-
backward splitting structure can also be employed, such as the projected gradient descent [CW05]
and its accelerated variant known as “FISTA” [BT09], the mirror descent [BT03] and its accelerated
version of the entropic descent algorithm [KBBI5].

From the primal-dual perspective (or “Arrow-Hurwicz” type), we can utilize the (inexact) Uzawa
algorithm [EG94] to address the saddle point system . Recently, the Chambolle-Pock algo-
rithm and its accelerated variant were investigated in [CP11], [CP16] for resolving (1.1.4).

The successful application of the aforementioned first-order algorithms relies on the availability
of certain “oracles”. For instance, in the case of the FW algorithm, it is assumed that some
linearized version of (defined in (|1.1.5))) is computationally tractable. Concerning primal-
dual algorithms, knowledge of the prox operator of f and the ability to perform projections onto
K are required.

The Frank-Wolfe algorithm. The FW algorithm was initially introduced in [FW56] for solving
quadratic programming problems. Subsequent research in [DH78| demonstrated that the algorithm
converges in a more general setting. Some variants of the FW algorithm can be found in [Jag13],
LJJ15]. The FW algorithm, applied to problem , is described in Algorithm It requires
the following assumption:

e The function f is continuously differentiable and its gradient V f is Lipschitz continuous.

Let us mention that the subproblem (1.1.5)) in Algorithm is equivalent to minimize the first-order
Taylor expansion of f at point z¥, i.e.,

inf f(aF) 4+ (Vf(ab), 2 — 2F).

el

Let us also mention that the resolution of the subproblem is equivalent to the evaluation of the dual
criterion (in (1.1.3))), for A = V f(2*). The evaluation of f*()) is direct, since by the Fenchel-Young
inequality, we have f*(\) = (\, %) — f(z).



Algorithm 1.1: Frank-Wolfe Algorithm
Initialization: z° € K;
for k=0,1,2,... do

Find a solution Z* to the subproblem

. k .
inf (Vf(z"), ); (1.1.5)

Choose wy, € [0,1];

Set 2P+l = (1 — wp)x® + wiz¥;

end

A commonly used choice for the learning rate wy, in Algorithm is 2/(k + 2), as suggested in
IDHT78, |[Jagl3|]. Another approach for determining wy, known as the line-search method, consists
in solving the following one-dimensional optimization problem:

wy, € argmin f(zF 4+ w(@® — zF)),
wel0,1]
where Z* is the solution of the subproblem (1.1.5). Alternatively, if we know the Lipschitz constant
L of Vf, we can use the following one-dimensional quadratic programming approach to determine
Wy, in which the cost function is a quadratic majorization of f(z* + w(z* — z¥)):
L =k k|2
wy, € argmin f(z¥) + (Vf(2¥), zF — 2w + MwQ. (1.1.6)
we(0,1] 2
It has been proven (see [DHTS| [Jag13]) that for all the choices of wy mentioned above, Algorithm
exhibits a sub-linear convergence rate. This means that there exists a constant C, independent
of k, such that for any k > 1,

f(a®) — val(T.11) < % (1.1.7)

Remark 1.1.1. The interest of the FW algorithm relies on the (fast) resolution of the subproblem
(T.1.5) at each iteration. Let us consider the case where K is a convex polyhedron in R?. Then the
subproblem corresponds to a linear programming problem, which can be efficiently solved
using the simplex algorithm [Dan63]. It is worth noting that the simplex algorithm returns a
vertex of IC as a solution [Dan63]. This provides us with the intuition that when applying the FW
algorithm to a problem involving probability measures, the solutions of the subproblems are Dirac
measures (which can be seen as extreme points of sets of probability measures).

Generalized FW algorithm. In some cases, the function f is decomposed into the sum of two
convex functions, where one is differentiable and the other may be non-smooth, as for example
in “Lasso” regression [Tib96]. More precisely, we replace our original assumption on f by the
following:

e The function f is expressed as f = fi + fo, where f1 is convex and Ls.c., fo is convex,
continuously differentiable, and its gradient V fy is Lipschitz continuous.

10



If f1 is not differentiable, then the subproblem is not well-defined. To overcome this limita-
tion, Bredies et al. [BLMO09] proposed the generalized Frank-Wolfe (GFW) algorithm, described in
Algorithm [I.2] It is also referred to as the generalized conditional gradient algorithm. In their work,
they established a connection between the GFW algorithm and the “ISTA” algorithm [DDDMO04],
which is widely utilized for solving inverse problems. Compared to Algorithm Algorithm
introduces a modification: is replaced by a new subproblem, which results from a partial
linearization of f, denoted by fii,,, and defined as follows: For any y € I,

fing: K =R, 2= fi(z) + (Vfa(y), x). (1.1.8)

Algorithm 1.2: Generalized Frank-Wolfe Algorithm
... as Algorithm except replacing (|1.1.5)) by

HellfC flin,zk (!E), (119)

x

As in the original FW algorithm, if we choose the learning rate wy = 2/(k + 2), then Algorithm
exhibits a sub-linear convergence rate, as shown in . In a recent study [KW22], several
convergence results have been established for the GFW algortihm, under various assumptions. In
particular, an improved convergence rate can be achieved when f; is assumed to be strongly convex.
In this case, the learning rate wy, is determined by solving a similar quadratic programming problem

to (CL9),
I/ ~k k|2
wg € argmin —fBrw + MwQ, (1.1.10)
we[0,1] 2

where z¥ is a solution of (1.1.9), L’ is the Lipschitz constant of V fz, and

ﬁk = flin,mk (xk) - flin,:p"’ (fk)7 (1111)

which is positive by the definition of Z*. Following the terminology in [L.JI6], we call 8; the “Frank-
Wolfe” gap at the point 2. One can deduce from the convexity of f that z* is a solution to the
primal problem if and only if 5 = 0. Under the rule , Algorithm exhibits a linear
convergence rate. In other words, there exist positive constants C' and ¢ € (0, 1) such that for any
k>1,

f(a®) — val([I.11) < O6". (1.1.12)

1.1.2 Second-order MFGs

As mentioned at the beginning of this chapter, second-order MFGs describe the asymptotic behavior
of Nash equilibria in N-player stochastic differential games, as the number of players N tends to
infinity. In this section, we begin by considering a specific N-player differential game. From there,
we introduce the MFG associated with this N-player game, which takes the form of a forward-
backward partial differential equation (PDE) system. Next, we discuss the case of potential MFGs,

11



for which the aforementioned PDE system can be interpreted as the first-order optimality condition
associated with an optimal control problem of the Fokker-Planck equation.

An N-player differential game. We introduce an N-player differential game with a fixed time
horizon T > 0. The notation T¢ represents the d-dimensional torus, P(T?) denotes the set of
probability distributions on T¢, and P(T, T?) denotes the set of flows of distributions on T?, i.e.,
{m | my € P(T%),0 <t < T} Let Q denote [0,T] x T¢. The dynamic of each player i is governed
by the following stochastic differential equation (SDE):

dot = vidt +V20dW}, for0<t<T, zh ~ me. (1.1.13)

Here, o > 0, m§ € P(T?) represents a fixed initial distribution, and (W?)Y, are independent Brow-
nian motions. The variable (v%)te[o’T] is a stochastic process, adapted to the filtration generated by
all Brownian motions and initial conditions of the agents.

Each player i has a cost function f* defined as follows:

T

Fi(wi,m™) = E [ | i)+ £ i+ )| (1.114)
t=0

Here, ¢¢: Q x R — R represents the running cost, ¢g°: T¢ — R denotes the terminal cost, and

¢ Q x P(T% — R is a coupling function. Additionally, m~* € P(T,T?) is the flow of empirical

distributions m;* = A > ji Ot

In general, addressing the N-player game system (1.1.13))-(1.1.14]) becomes challenging as the
number of players N increases. However, we can make the following two observations on the system

([T.1.13)-(T.1.14):

e As N grows, the contribution from each individual player becomes negligible compared to the

overall distribution m—*.

e If we fix the second variable of f?, i.e., the empirical distribution m ¢, then all players have a
common best response strategy, which is the solution of ((1.1.16)) as stated later.

These observations lead to the MFG stated in the following paragraph, which captures the behavior
of the entire population rather than focusing on each individual player.

Second-order MFGs. In the MFG associated with the N-player game (1.1.13)-(1.1.14])), we fix
the second variable of f? for each i by a common flow in P (T, T%). The Nash equilibrium of this
MFG is a pair (v*,m*) satisfying the following fixed-point system:

{”* € BRY(m"), (1.1.15)

m* = Law(z"").

Here, BR® is the best response mapping which returns the solution of the following individual

optimal control problem, in which m* is seen as a parameter:

inf, E [ftio (e, ve) + fO(E ze,my)dt + gc(:z:T)] ,

(1.1.16)
s.t. dxy = vedt + V20dWy, for 0 <t < T, xo ~ mg.

12



Simultaneously, Law(z"") represents the flow of probability measures Law(x”{*)te[oﬂ, where v
satisfies the following SDE:

dry” = vidt +V20dW,, for0<t<T, zy ~m. (1.1.17)

Hamilton-Jacobi-Bellman equation. A widely used technique for addressing the stochastic
optimal control problem ([1.1.16)) relies on the Hamilton-Jacobi-Bellman (HJB) equation [FR75,
BCDO97]. To analyze ([1.1.16)), we introduce the value function u*: @ — R, defined as follows:
inf, E [fszt oty g, v) + fE(t, e, mf)dt + g°(x7)|

u*(t,z) =
s.t. de; = v dr + V20dW,, fort<rt<T, Ty = T.

Under suitable assumptions, u* is the viscosity solution [FR75| of the following HJB equation:

{—atu —oAu+ He(t,z,Vu(t,z)) = f(t,z,m;), V(t,r)€Q, (1.1.18)

u* (T, x) = g°(x), Vo € T9.
where the Hamiltonian H€ is related to the Fenchel conjugate of £¢:

Hc(t,.fl/‘,p) = Sup <_pa U> - fc(t,x’fy),
vERC

Optimal control. In the case where H€ is differentiable with respect to its third variable, we can
derive the following closed formula for the optimal control of (|1.1.16)):
vi(t,x) = —Hy(t,, Vu*(t,z)), V(t,x)e€Q. (1.1.19)

Note that here the optimal control is expressed in feedback form, that is to say, as a function of
time and state (and not as a stochastic process). When the optimal feedback is utilized, the state
is the solution to the closed-loop equation:

dz?” =i (t,z?")dt +V20dW;, for 0<t<T, zy ~ms. (1.1.20)
From now on, we only consider optimal controls described in a feedback form.

Fokker-Planck equation. Suppose that v* is Lipschitz continuous. It is proved in [CarlQ] that
m* (the flow of the distribution of the solution of (|1.1.20)) is a weak solution of the following
Fokker-Planck (FP) equation:

(1.1.21)

om —ocAm +div(v*'m) =0 V(t,z) € Q,
m(0,z) = m§(z), Vo € T

MFG equations. Let us combine equations (|1.1.18))-(|1.1.21]). The fixed point problem ([1.1.15)) is

equivalent to the following coupled PDE system, including a backward HJB equation and a forward
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FP equation:

(i) —Ow—ocAu+ HC(t,z,Vu(t,x)) = f(t,xz,m(t)) (t,z)€ Q,

(ii)  w(t,z) = —HS (t,z, Vu(t,x)) (t,z) € Q,

(iii)  Oym —ocAm i div(vm) =0 (t,z) € Q, (MFG)
(iv) m(0,z) =mf(x), w(T,z)=g(x) T € T

The existence of classical solutions of can be established under appropriate regularity
assumptions, relying on Holder estimates for parabolic equations and on fixed point arguments,
see [LLO7, [Car10, BHP21), [Kob22] for example. The existence of a weak solution for a variant of
with possibly degenerate coefficients and local coupling is proved in [CGPT15] by a duality
method.

To ensure uniqueness of the solution to , a widely adopted assumption is the Lasry-
Lions monotonicity assumption [LL0O7] for the coupling cost f¢: For any t € [0, 7], for any m; and
mo € P(Td),

/W (fc(t,x,mﬁ - fc(t,w,mz)) (ma(z) — ma(z))dz > 0. (1.1.22)

Potential MFGs. As introduced in [LL07] and studied in [CGPT15, [BCS17, BHP21], the system
(MFQ)) is said to be potential (or variational) if there exists a function F¢: [0, T] x P(T,T¢) — R?
such that for any ¢ € [0, 1] and my, ms € P(T?),

1
Fe(t,my) — F°(t,mgq) = / /er fe(t, z,my + s(ma —my))(mea(x) — my(x))dxds. (1.1.23)

In the presence of such F¢, system (MFG|) can be interpreted as the first-order optimality condition
of an optimal control problem driven by the FP equation,

inf /zc (t, 2, v)m(t,z dtd:v+/ Fe(t,mit ))dt+/ (a)m(T, z)dz,

Td
(1.1.24)
om — oAm + div(vm) =0, V(t,z) € Q,

such that
m(0,z) = m§(x), vz € T

Under the monotonicity condition , F¢ is convex with respect to its second variable. How-
ever, problem itself remains non-convex due to the lack of convexity of the term ¢¢(v)m and
the non-convexity of the admissible set. Fortunately, by employing the classical Benamou-Brenier
transform, which maps (m, v) to (m,w) = (m, mv) (see [BCS17] for more details), problem

can be transformed into an equivalent convex problem, given by:

B T
inf /QE [m, w](t,x)dtdm—i—/o F (t,m(t))dt—ﬁ—/qrdg (x)m(T, z)dz,

(m,w)

(1.1.25)
om — ocAm +div(w) =0, VY(t,z) € Q,

such that
m(0,z) = m§(z), Vr € T,
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where the function Ec[m, w]: @ — R is the perspective function of /¢ and is defined by

s (t, T, w(t’x))m(t,x), if m(t,x) #0,

m(t,x)

00, otherwise.

If the MFG system has a classical solution, then we can restrict the problem to the
Hilbert space L2(Q) x L%(Q,R%). In this scenario, problem fits into a similar framework
to the abstract optimization problem (I.1.1). We refer to [LLO7, [CGPTT5, BCSI7] for the dual
problem of , which is an optimal control problem driven by the HJB equation.

Numerical methods exploiting the convexity of can be applied to find a solution of
(1.1.25)), such as the fictitious play [CH17, [HS19] and the GFW algorithm [LP22] from the primal
perspective, the ADMM (Alternating direction method of multipliers) algorithm [BCI5l [And17]
and the Chambolle-Pock algorithm [AL20] from the primal-dual perspective.

1.1.3 Discrete MFGs

We describe in this section a class of fully discrete MFGs (discrete in time and space), with a
potential structure. This class is inspired from [BLP23] and the early reference [GMSI10] about
discrete MFG models. The main motivation behind our discrete MFG is to provide an abstract
framework for the analysis and the resolution of the finite-difference method developed in Chapter

2]

Data of discrete MFG. Given a finite set A, we denote by R(A) (resp. R4(A)) the set of functions
from A to R (resp. R?). Fixing 7' € Ny and a finite subset S of R?, let us define:

T={01,....7-1}, T={0,1,...,T}, P(%,S):{meR(’rxs)|weﬁm(t,.)ep(5)}.

As in the continuous case, for the description of our discrete MFG model, we need a running cost
£, a coupling cost f, an initial condition mg, and a terminal cost g, where

0:TxSxRESRU{c0}, f:TxSxR(S)—=R, mgeP(S), geR(S).

For a given m € 73(7~', S), we denote by £, the map defined by

b (tz,w) € T X S Ut z,w) + f(E 2z,m(t)),

where m(t) = (m(t, z))ges. To formulate the discrete MFG system, we also need a control bound
D > 0. The admissible control space, denoted by R%(’T x S), is the set of all elements v in
RY(T x S) such that ||v(t,z)|| < D for any (¢,z). The probability of the motion from one state
x € S to another state y € S at a time ¢ € T under some control v € RdD(T x S) is given by

7T[’U] (t, €, y) = ﬂ-(ta T, Y, U(t7 .%')),

where 7 is a function from 7 x S x S x R? to R. We will assume that 7 is an affine function with
respect to the last variable (the control variable).
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Compared to the fixed-point problem ([1.1.15)) for continuous MFGs, the Nash equilibrium of
our discrete MFG is a pair (v, m) satisfying the following;:

{@ € BR(m),

1.1.27
m = (Law(X})) ( )

teT"

Here BRY is the best response mapping corresponding to a stochastic optimal control problem. For
the sake of concision, we directly consider controls in feedback form, i.e. as deterministic functions
of time and space. So BR%(m) is the solution to

T—1

(L X0 u(t, XO)AL + g(X2) ] (1.1.28)
t=0

inf
vERd (TxS)

where (X{),.+ denotes a Markov chain satisfying

P[X{, =y | X} =] =n)(t,z,y), fort €T, X{ ~mo.

Formulation of discrete MFG. Similarly to the continuous case, the discrete fixed-point problem
(T.1.27) is equivalent to a coupled system, involving the variables u € R(T x S), v € RYT x S),
and m € P(T, S):

(i) uw=HJIB(m),

(ii) v=V(u), (DMFG)
(iii)) m = FP(v),

where the Hamilton-Jacobi-Bellman mapping HJB, the optimal control mapping V, and the
Fokker-Planck mapping FP are defined as follows:

e Given m € P(T, S), u = HIB(m) € R(T x S) is the solution to
u(t,z) = inf £, (t, 2, w)At + ZyES w(t,z,y,w)u(t+ 1,y), V(t,x) €T xS,

llwlj<D (1.1.29)
u(T,z) = g(x), vV € 5.

e Given u € R(T x §), v = V(u) € RYT x §) is defined by

v(t,x) = argmin £(t,z,w) At—{—z (t,z,y,wu(t+1,y), V(t,z)eT xS. (1.1.30)
lwl|<D yes

e Given v € RYT x S), m = FP(v) € R(T x S) is defined as the solution to

m(t+1,y) = 3 es 7 (b, 2,y,0(t, x))m(t,z), V(t,y) €T xS,

m(0,z) = mo(z), Vr € 5.

(1.1.31)
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The existence of solutions of (DMFG|) can be proved by applying the Brouwer fixed-point
theorem to the mapping FP o V o HJB. The uniqueness of the solution of (DMFG]) relies on a
discrete version of the Lasry-Lions monotonicity condition ((1.1.22)): For any mj and mgy € P(S),

> (ftzma) — ftz,m)) (ma () — ma(x)) > 0. (1.1.32)

€S

Potential discrete MFG. Similarly to the potential system in the continuous case (|1.1.23)), we
call (DMFG) a potential game if there exists F': T x S — R such that for any ¢t € T and for any
mq and mgy in P(S), it holds

1
F(t,my1) — F(t,mq) = /0 Z f(t,z,my + s(ma —my))(ma(x) — my(x))ds. (1.1.33)
z€S

This formulation allows us to consider a discrete time and finite state optimal control problem
associated with , similar to in the continuous context. By applying the Benamou-
Brenier transform to the aforementioned optimal control problem, we obtain the following equiva-
lent convex problem (similar to in the continuous context):

inf  J(m,w), subject to: (m,w) € A. (1.1.34)
meP(T,9)
weRY(T x.9)

where the cost function J and the set A are defined by

J(m,w) = At S lm,wl(t,x) + ALY F(t,m(t) + Y gl@)m(T,z);

teT z€S teT €S

A= {(m,w) e P(T,S) x RYT x S) } Jv € R4(T x S) such that m = FP(v), w = mv}.

Here, ¢ is the perspective function of ¢, as the definition in (1.1.26). The equivalence between
(DMFG]) and (|1.1.34]) is discussed in the next paragraph.

A partially linearized problem. Noting that the coupling cost f corresponds to the directional
derivative of F', one can easily express the linearization of the term ), F'(t,m(t)) in the objective
function J. Exploiting the convexity of problem along with this linearization, we are
motivated to utilize the GFW algorithm to solve . In this context, we consider the
following partial linearization of J at any point m’ € P(T,S) (which is similar to ): For any
(m,w) € P(T,S) x RYT x S), let

T (m,w) = ALY > L, w](t,2) + f(t,z,m/()m(t,z) + Y gl@)m(T, ).
teT xS TES

The associated optimal control problem writes:

inf  Jp (m,w). (1.1.35)
(m,w)eA
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Problem (|1.1.35)) plays the role of the partially linearized problem ([1.1.9) of Algorithm and
will be solved at each iteration. Note that in (1.1.35)), the third variable in f is fixed to m/. A

major observation is that Problem is equivalent to the stochastic optimal control problem
(1.1.28]). Therefore, can be addressed by the dynamic programming principle. More
precisely, the solution of is given by the mapping BR.: 73(7-, S) — A defined as follows:
Given m’ € P(T, S), we obtain (1, w) = BR(m’) by successively computing

5 =VoHIB(m'), m=FP®®), and @ =md. (1.1.36)

We refer to BR as the best-response mapping: Given a prediction m’ of the equilibrium distribution
of the agents, ¥ (as defined above) is the optimal feedback for the underlying optimal control
problem and m the resulting distribution.

If we assume furthermore that the running cost ¢ is a-convex with respect to its third variable,
then for any (m,w) € A and for any v such that w = muv, it holds that

Ty (0, W) — Ty (772, D) > %Atz > llw = o)t 2)|Pmt, x), (1.1.37)
teT zeS

for m’/, m, 0, and w defined as above. Compared to , the term J,,, (m, w) — Jy (2, @) plays
the role of the “Frank-Wolfe” gap at point m’ in the GFW algorithm applied to (1.1.34)).

We mention that inequality holds true not only in the potential case, but also in the
non-potential case (when F' is absent but the monotonicity assumption of f still holds). A similar
inequality with the same nature for the continuous case has been investigated in [LP22, Lem.
29]. By combining with the discrete monotonicity condition , we can establish
the uniqueness of the solutions for both and , as well as their equivalence, as a

consequence of
1. System (DMFG] has a unique solution (u,v,m).
2. The point (m,w) is the unique solution to ([1.1.34)), where w = muv.

Inequality (|1.1.37) also plays a crucial role in the proof of the fundamental inequality stated
below, which is an essential part of the stability analysis of the finite-difference scheme presented

in Section Additionally, (|1.1.37)) serves as a key step in the convergence analysis of the GFW
algorithm discussed in Section

The fundamental inequality. The fundamental inequality, which is established for ,
allows us to quantify the variation of the control variable v when the system is subject
to perturbations. Let us consider a perturbed version of with additional terms (n,6) €
R?(T x S) in the right-hand side:

(i) w=HIB(m;n),
(ii) v=V(u), (PDMFG)
(iii) m = FP(v;6),
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where HIB(m;n) is defined by adding n(t, z) to the right-hand-side of the first line in for
each (t,x) € T x S. Similarly, FP(v;J) is defined by incorporating ¢ into following the
same approach.

Let (u,v,m) and (@, v,m) be solutions of and (DMFG)), respectively. Assume that
m > 0 and £ is a-convex with respect to its third variable. We can now state our fundamental
inequality (see Proposition for a rigorous statement):

Ala S w=v)Pm+m)t,z) <Y > (u—u)(t+1,2)d(t )+ (m—m)n(t,z). (1.1.38)
2

teT xeS teT zeS

This inequality will be of key importance for the stability analysis of the theta-scheme.

1.1.4 MFO problems and Lagrangian MFGs

In this section, we introduce a class of convex optimization problems involving probability measures,
which we call Mean-Field Optimization (MFO) problems. We first define MFO problems and
provide a first-order optimality condition, which turns out to be equivalent to the Nash equilibrium
conditions for a quite general class of games with non-atomic agents. Next we give two examples
of potential Lagrangian MFGs which fit into this class.

MFO problems. Optimization problems involving probability measures have shown great promise
in understanding and analyzing various aspects of neural networks (NN). One notable contribution
in this regard is made in [MMNI18], where the authors employ a mean-field approximation to
investigate the asymptotic behavior of one-hidden layer NN as the number of neurons tends to
infinity. In contrast, the article [CB18] focuses on the search for global minima of a convex function
of a measure, through its many-particle limit. The authors explore the behavior of a non-convex
particle gradient descent algorithm and establish its convergence properties.

Motivated by the previously mentioned articles, we introduce a general class of optimization
problem that we refer to as Mean-Field Optimization problems. We consider two Polish spaces,
denoted by X and Y (which are complete and separable metric spaces), and a closed subset Z of
X x Y. Let m be a probability measure on X and let g be a Borel measurable function mapping
from Z to H. Our objective is to solve the following problem parameterized by m:

inf du |, P,
HEPm(Z) / </Zg H) (Prm)

where the integral |, , gdp should be interpreted in the Bochner integration sense [Cohl3, Appendix
E]. The admissible set P,,(Z) is the set of all probability measures on Z whose marginal distribution
on X is m. We assume that f is convex and differentiable, V f is L-Lipschitz, and ¢ is bounded
and continuous on Z. We call problem an MFO problem, consistently with the terminology
introduced in [CCRW23|. Problem can be viewed as a social welfare optimization problem
with considering nonatomic agents (the case with atomic agents is explored in [Wan17, BLOT22]).
In problem , the agents’ positions are distributed according to a measure m, and the set Z
represents the collection of feasible pairs of agent positions and strategies. The function g(z,y)
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captures the contribution made by an agent located at position x and following strategy ¥ to some
common goods. The objective function f in (P,,)) serves a similar purpose as in (]ED, representing
a social cost evaluated at the aggregate term |, 5 9.

Remark 1.1.2. Problem (P,,) can be reformulated as a convex optimization problem of the form
(TII) by setting K = G = { [}, gdp, |, € Pra(2)} in (TLI).

We next introduce a linearized version of (P,,|) around a given measure i, which appears in the
application of the FW algorithm. It is given by

inf A gz, y))du(x, 1.1.39
Lt [ Oatduta) (1.1.39)
where A\ = Vf ( | 7 gd/l). The solutions of this problem can be characterized through the best-
response mapping BR), a set-valued mapping defined from X to subsets of Y as follows:

BR)\(Z') = argmin <)‘a g(:U,y)),
Y€y
where Z, is the set of y € Y such that (x,y) € Z. Then, any pu € Py, (Z) is a solution to ([1.1.39)) if

and only if
supp(uz) € BRy(z), for m-a.e. z € X. (1.1.40)

Here (pz)zex denotes the disintegration of i (see Theorem and supp(u,) denotes the support
of p,. This equivalence motivates the use of the FW algorithm: the linearized problem, originally
posed on P,,,(Z) can be solved through the evaluation of BR), that is to say, through the resolution
of simpler problems, posed on Z.

We next discuss the first-order optimality condition associated with the problem . Given
i € Pn(Z), we have that i is a solution to (P,,)) if and only f is the solution to the linearized
problem around f itself. A similar first-order optimality condition for the Lagrangian MFG can
be found in [CHI17, Eq. 3.13]. As a result, the MFO problem is equivalent to the following
equilibrium problem consisting in finding a pair (u, \) satisfying the following:

{ supp(pa) € BRA(z), m-a.e. (1.1.41)

A=V (Jz9m) -

This coupled system can be interpreted as the Nash conditions for a game with non-atomic agents:
an agent at position x must minimize (A, g(x,-)) and A is a coupling variable, common to all
agents, which results from their collective behavior u. Several games fit into this framework, in
particular, aggregative congestion games [LOW22| and nonatomic potential games [CL18b]. In the
next paragraph, we give two examples of potential problems associated with Lagrangian MFGs.

Lagrangian MFGs. The concept of the Lagrangian MFGs follows from [BCS17, [SS21], [CCIS|
Sar22, [MS19, [CMS16]. In the context of the MFGs described with a coupled system of PDEs, we
adopt an Eulerian point of view, which considers the evolution of the distribution of players over
time. In contrast, the Lagrangian framework focuses on the distribution of the players’ trajectories
(which are not subject to Brownian perturbations).
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Let us give a first example of a Lagrangian MFG, adapted from [Sar22]. Fix a domain Q C R
Let AC([0, T], R?) be the set of all absolutely continuous functions from [0, 7] to R%. For any z € ,
we denote,

I:={y e AC([0,T],RY) | ~(t) € Q, ¥t € [0,T]}, I, ={yel | y(0) =z}

Let Z = {(z,7) | x € Q, vy €TI'y}. Let m € P(Q) be the distribution of initial states of players.
Define the admissible set of distribution of trajectories:

Pu(Z) ={p € P(Z) | m#tp=m},

where m1: Z — Q, (z,7) — z. Define e;: I' = Q,v — ~(t) and mo: Z — T, (z,7) — . Consider
the following optimization problem:

T

T
Lt [ @ sodne) + [ Pedmm s [ 0@, (1)

where £¢ and ¢° follow the same definitions in Section and F¢ satisfies . The mono-
tonicity condition on f¢ implies that the function F° is convex, as in the second-order case. It
is easy to reformulate as a particular case of an MFO problem. Moreover, utilizing the
optimality condition , we can obtain an equivalent formulation of as a Lagrangian
MFG. This example is discussed more in detail in Chapter [3] Section [3.1

We next present the potential formulation of another class of Lagrangian MFGs, involving a
price variable, and taken from [GHS22|. For these MFGs, we take

7 = {z = (z,7) € QxW1*°(0,T;R%) |z €Q, v(0) ==, v(t) €Q, |¥(1)]| < C, for ae. t € (O,T)},

where Q C R? and C > 0 are fixed. We next introduce a function ®: [0,7] x RY — R and consider
the problem

T

| ' | a0 i@ + [ o (t, / wt)du(z)) dt+ [ FOTNduCe), (1143

where £¢ and ¢¢ play the same as in second-order models. Again, this problem can be put in the
form of an MFO problem and the associated optimality condition provides us with an interpretation
of the problem as a Lagrangian MFG. More precisely, the variable A (appearing in plays
the role of a price variable. We give more details about this class of problems in Section [3.6)

1.2 Contributions of the thesis

In this section, we provide a detailed description of the contributions of this thesis. Section [1.2.1
addresses a large-scale aggregative nonconvex optimization problem from both theoretical and
algorithmic perspectives. Section is dedicated to the study of the MFO problem , which
generalizes the relaxed problem of Section[I.2.1] In Section[I.2.3] we explore a novel finite-difference

discretization method (referred to as (Theta-mfg))) for the second-order system (MFG|) and we
analyze its convergence properties. Lastly, in Section we focus on the “mesh-independent”
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convergence of the Generalized Frank-Wolfe algorithm for the problem (1.1.24)), discretized with
(Thetamig).

We mention that all constants C' used in the rest of this chapter are independent from each
other, unless explicitly indicated.

1.2.1 Large-scale nonconvex optimization: randomization, gap estimation, and
numerical resolution

Framework and motivation. This section, associated with Chapter |2} is devoted to the theoret-
ical analysis and the numerical resolution of the following large-scale, aggregative, and nonconvex
optimization problem:

L
Glz)= D gi(z)
;g’( J(x) = f(G(x)), where: N ;

(P)
X = Hz’]\il &i.

Here, N can be seen as the number of agents and is assumed to be large. The key feature of
this problem is the aggregative form of the function G, which is the average of N contribution
mappings ¢;. Each contribution mapping is defined on a set &; and maps to a Hilbert space H.
The aggregate G(x) represents the collective contribution of all agents. While very few structural
assumptions are made on the sets X; and the mappings g;, we will assume that f is convex, with
a Lipschitz-continuous gradientand that the image sets g;(X;) are all bounded. The central idea in
Chapter [2|is that when N is large, the problem can be well approximated by a convex problem.

Problem finds applications in various domains including social welfare optimization [Wanl1T],
power system management [SABT23], and resource allocation problems [BBG™20]. It finds applica-
tions in supervised learning, such as training neural networks with one hidden layer [MMN18|,I(CB18§],
sparse reconstruction problems [Mal09, MBP14], and the dual problem of linear support vector ma-
chines (SVM) [SST09, [FR16].

Organization. We first propose a novel relaxation technique based on randomization to convexify
problem . Then, we provide an upper bound of the relaxation gap, which is of order O(1/N).
Next, we show that this gap estimate can be improved by studying a geometric relaxation of .
From the algorithmic perspective, we introduce a method called the selection method, to reconstruct
an approximate solution to the primal problem out of an approximate solution to the relaxed
problem. We derive from this method a general method, that we call Stochastic Frank-Wolfe (SFW)
algorithm, for the resolution of . It combines the FW algorithm with the selection method. We
provide a convergence result for the SFW algorithm. Finally, we apply the SFW algorithm to solve
a mixed-integer quadratic programming problem and a high dimensional optimal control problem.

Randomized relaxation and a first gap. For any ¢ = 1,..., N, given a probability measure p;
on &;, we denote by E,,,[g;] the integral of g; against the distribution p;, i.e., f v 9idp;. The relaxed

version of is obtained by replacing the variables x; by probability measures p; and by replacing
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the contribution mappings g;(z;) by Eg,[pi]. The resulting randomized problem writes:

1 N
EGl = = ) _Eulgl
inf J(u) = f(E,[G]),  where: g N ; e

Jnf) (PR)

N
P = Ilizi P(X).
Problem (PGR]) is indeed a relaxation since for a tuple of Dirac measures p = (0z,,...,0z,), We
have J(pn) = J(x1,...,2n). One can see that the admissible set P is convex and that E,[G] is

linear with respect to u. Therefore, the relaxed problem is a convex optimization problem.
We call relaxation gap the quantity

val(PG) — val (PGR).

It is easy to see that the relaxation gap is nonnegative.

Theorem 1.2.1 (Proposition and Theorem [2.2.9). Let 1 = (1;)i=1,....n, where p; € P(X;) for
any t. Let (X;)i=1,..n be N independent random variables such that X; ~ p;. Then there exists a

constant C > 0 independent of N such that for any e > 0,

C
E[J(X)] - T (1) < 5

P (J(X) — T(w) < % + e> >1—exp <_NC€2> . (1.2.2)

(1.2.1)

A consequence of the following result is that the relaxation gap is of order O(1/N). Here, we
present a brief proof of (1.2.I)). Let us consider Y = % Zfil 9i(Xi). Then, we have E[J(X)] =
E[f(Y)] and J(u) = f(E[Y]). By exploiting the independence of X;, we can deduce that the
variance of Y has an order of O(1/N). Using the Lipschitz continuity of Vf, we obtain the
inequality:

F(¥) < F(EIY) + (VAEYD,Y ~EY]) + | ~E[Y]|,

where L is the Lipschitz constant of V f. By taking the expectation on both sides of the inequality,
we obtain ([1.2.1]), as the first-order term is zero and the quadratic term corresponds to the variance
of Y. The proof of ([1.2.2) relies on McDiarmid’s inequality [McD89], a concentration inequality.

Geometric relaxation and a refined gap. It is convenient to write the primal problem in
an equivalent form:

N
1
y1gf_'5 f(y), subject to: ye ) = N ;yz‘, (PG)

where V; = ¢;(&;) for any ¢ = 1,..., N. Indeed, by definition of Y, any y € H lies in Y if and
only if there exists « € X' such that y = % sz\; gi(x;). For such an z, we have f(y) = J(z). It is
natural to consider the following relaxation:

in?f; f(y), subject to: y € conv()). (PGR)
ye
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It is not difficult to observe that val(P)) = val(PG) and val(PR) = val(PGR)). Thus, the random-
ization gap is equal to val(PG|) — val(PGR)). Let ¢ be the dimension of the aggregate space H. We
have the following refined gap estimate (in comparison to (1.2.1))).

Theorem 1.2.2 (Proposition [2.4.9). There ezists a constant C, independent of N, such that

C'min{q, N
val(PC) - val(PCR) < <N (1.23)

The proof of this sharper relaxation gap relies on a notion of measure of nonconvexity for sets,
introduced in |Cas75]. Given a subset K of H, we call nonconvexity measure of /C the number p(KC)
defined by

1/2
p(K) :< sup inf Var(Y)) ,
yEconv(K) E[Y]=y

where Y is a finitely supported random variable in I and Var(Y") is the variance of Y in the sense of
[Vil03, Rem. 7.5], i.e. Var(Y) = E[|Y —E[Y]|?]. With the help of p, we can establish the following
inequality, with a similar proof to the one of Theorem [1.2.1

N 2
L L
val(PG) — val(PGR) < 5,0(37)2 < WP(Z%) -
i=1

Next, we apply [Cas75, Thm. 2|, which is derived from the Shapley-Folkman lemma, to obtain the
following bound:

N 2
) < N2
p(;)ﬂ,) S gy, 2 e
= |Ql=min{g,N} €@
Combining the preceding two inequalities, we obtain ((1.2.3)).
Stochastic Frank-Wolfe algorithm. From Theorem [1.2.1] we can conclude the following selec-

tion method to retrieve an approximate solution of (]ED from an approximate solution of :

o Selection method. Given u; a probability measure on X; for any ¢ = 1,..., N, we take N
independent random variables X; such that X; ~ u;.

Inequalities (1.2.1) and ((1.2.2)) indicate that the error resulting from the selection method decreases

to 0 as N goes to infinity in both expectation and probability senses. The remaining question is
to solve the randomized problem . Let us consider the following linearization of the objective
function J of at some point i € P:

N

(VIEIG). Bl = 5 3 (VIEG). [ ).

i=1
As a consequence, if we want to minimize the above function on p over P, then it is equivalent to
solve the following N subproblems: for i =1,..., N,

inf )<Vf(EM[G]), /X gid,ui>. (1.2.4)

i E’P(Xl
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The decomposition of the primal problem into N smaller subproblems offers several advantages.
Firstly, it allows for easier handling and enables parallel computation. Secondly, the subproblems
have solutions which are Dirac measures: if z; minimizes (f(Ez[G]), gi(-)( over Aj;, then 4y,
is a solution to . These properties motivate us to apply the FW algorithm (Algorithm
to solve problem , in which the linearized problem is equivalent to the N subproblems
. We have a sublinear convergence rate for the FW algorithm for problem by taking
wi, = 2/(k + 2) as shown in (1.1.7).

A memory overflow problem can arise when applying the FW algorithm to problem : The
FW algorithm possibly requires storing N new points in the support of the solution at each iteration.
This means that KN storage spaces are needed to store the result after K iterations, which can
become prohibitive when the number of iterations K is large. This difficulty is mentioned in the
related work [BSR17, [CBI8|. To overcome this problem, we propose a variant of the FW algorithm,
in which the selection method is utilized ny times each iteration k£ of the FW algorithm. We call
this variant the Stochastic Frank-Wolfe (SFW) algorithm. It is presented in Algorithm

Algorithm 1.3: Stochastic Frank-Wolfe Algorithm
Initialization: 20 € X’;
for k=0,1,2,..., K do

Step 1: Resolution of the subproblems.
Compute y* = % 371, gi(a});
fori=1,2,...,N do

‘ Find i‘f € argmin;ciEXi <Vf(yk)a gt('rz»a
end

Step 2: Update.
Choose ny, € N*. Set wy, =2/(k +2).;
for j=1,2,...,n; do
fori=1,2,...,N do
Simulate )\f’j ~ Bern(wy), independently of all previously defined random variables;
Set i:i” =(1- )\f])xf + )\f’jfcf;
end
Set #FJ = (i?’j)izl’m’]\[;
end
Find 2" € argmin{J(z) |z € X*}, where X* = {&*J, j =1,2,... ni} U {a*};

end

Starting from an initialization z° € X, Algorithm generates a sequence (xk Jken in X. For the
analysis of the algorithm and for its description, it is convenient to introduce p* = (O - ,515% ).
With this notation at hand, we first observe that y*, as defined in Step 1 of Algorithm satisfies
yk = % Zfil E,x[gi]. Thus the Step 1 of Algorithm plays the same role as in the FW
algorithm for , which is decentralized and can be computed parallelly. Let us focus next on
Step 2 of Algorithmand let us define ji* = (6z1,---, 0z ) and fF = (1—wp) P +wpi®. In contrast
with the learning procedure in the FW Algorithm, we do not directly use /¥ at the next iteration
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but instead employ our selection method n; times to generate n; random variables (:%k’j )i=1, . mn -
Finally, Step 2 selects a random variable #%7 which minimizes J.

The following result concerns the convergence of Algorithm As the outputs of Algorithm
[1.3] are random variables, we provide convergence results in expectation and probability senses for
the optimality gap

v, == J(z*) — val(PGR]).
Theorem 1.2.3 (Theorem and Corollary [2.3.8)). There exists a constant C > 0 such that

C
Elyk] < I for K=1,2,...,2N. (1.2.5)

Moreover, there exists C' > 0 such that for any A > 0, if we take nj, > maX(ATkQ, 1) for any k, then

cC+cC

A
Plyg < } >1—exp <—12>, for K=1,2,...,2N. (1.2.6)
The proof of the theorem relies on a similar approach to the classical analysis of the FW
algorithm. In a first step, we prove the following inequality:

C
VKSE-FSIQ

where Sk is a random variable that accumulates the errors arising from the selection method at each
iteration. Then follows from the fact that E[Sk]| = 0. The proof of is considerably
more intricate, it requires the computation of an upper bound of ]P’[S K > e], obtained with an
extension of McDiarmid’s concentration inequality provided in [Dell5, Thm. 7).

A more precise convergence result has been obtained in Theorem In particular, we have
a more precise formula for the probability in , which outlines the benefit of increasing the
number of simulations ny.

Numerical simulations. In Sections [2.6] and [2.7, we show the effectiveness of the SFW algo-
rithm by applying it to two different problems: a mixed integer quadratic program (MIQP) and
an aggregative battery charging problem discussed in [LOP22|, which involves a high-dimensional
optimal control setting. For the MIQP problem, our numerical results indicate that the SFW algo-
rithm exhibits a superior convergence rate compared to the sublinear rate predicted by the theory.
Moreover, in terms of computation time, the SFW algorithm outperforms popular solvers such as
SCIP and GUROBI, for sufficiently large values of V. In the case of the battery charging prob-
lem, the SFW algorithm avoids the curse of dimensionality, which often plagues high-dimensional
optimal control problems. By using the SFW algorithm, we can compute an approximate optimal
control in a tractable manner.

Literature comparison and perspectives. If we assume that is convex, then classical
Lagrangian relaxation (Chapter XII of [HUL93|]) methods can be applied. Thanks to the aggregative
form of G, the dual problem of has a separable structure, as explained in [SABT23| [PacIg]
in related contexts. As a result, the primal-dual algorithms mentioned in Section can be
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employed to address . Furthermore, if we make additional assumptions regarding the regularity
of g; and AXj, the block coordinate descent (BCD) algorithm (and its extensions, see [BT13), [FR16])
could be utilized to tackle . Despite the nonconvexity of problem , numerical approaches
leveraging the separability of the cost of the dual problem are particularly appealing, since they
allow for a decomposed resolution of the problem. Yet they raise two difficulties: the potential
large duality gap and the reconstruction of a primal solution from the dual optimal solution.

These two difficulties were already addressed by Wang in [Wanl7]. She proposed a convex
relaxation of the problem, based on the same geometrical approach of , that allows to
obtain an estimate of the duality gap decreasing with N. Her main tool was the Shapley-Folkman
lemma [Sta69], which allows to show that the image of G is close to a convex set.

In comparison to the theoretical results in [Wanl7], we provide a sharper estimate of the relax-
ation gap. According to Theorem the refined gap is of the order O(min(q, N)/N?), where q
represents the dimension of H. This estimate is tighter to the one obtained by applying [Wanl7,
Thm. 3.5], which yields a gap of the order O(¢?/N?).

Let us compare our algorithmic approaches with the one in [Wanl7]. Both approaches leverage
the decomposability of the problem into N problems and require that the subproblems can be
easily solved. The method in [Wanl7, Algorithm 2] requires to compute the full set of £&-optimal
solutions, which is more demanding. Contrary to [Wanl7], Algorithm does not require to
perform Shapley-Folkman decompositions. This is a major advantage when the dimension of the
aggregate ¢ is very large. As a counterpart, we are only able to find O(1/N)-optimal solutions,
while the algorithm of [Wan17] can find O(q?/N?)-optimal solutions.

The design of a method for the computation of O(min{q, N}/N?)-solutions will be the topic
of future research. We also aim at working on more complex problems, involving for example
convex constraints on the aggregate, as for example the resource allocation problems investigated
in [BBGT20]. Such constraints could be handled with extensions of the Frank-Wolfe algorithm for
non-smooth costs as those proposed in [SEME20, [YFC19]. Finally, we intend to apply our method to
large-scale optimal control problems, which have more complex structure than the battery example
presented in this work, such as nonconvex variants of the problem investigated in [SAB™23].

1.2.2 Mean field optimization problems: stability results and Lagrangian dis-
cretization

Framework and motivation. In Chapter 3 of this thesis, our focus is on the MFO problem
(P,)), which is motivated by the price model of Lagrangian MFG ((1.1.43]). Recall the formulation

of (Py,):
inf du | . P
HEPm(Z) f (/Zg u) (Pm)

We refer to Section for a description of the applications of this class of problems and their
connection with some potential Lagrangian MFG models. Let us emphasize that the relaxed prob-
lem associated with the aggregative problems of the previous section, problem , fits into the
general framework of MFO problems.

27



Organization. We start with the derivation of the first-order optimality condition of problem
(P,s). Then, we study the stability of the primal problem with respect to its parameter
m. Additionally, we formulate the dual problem of , demonstrate the strong duality, and
investigate the stability of the dual solution. At a numerical level, we propose to discretize the
marginal m and to solve the resulting problem with the SFW algorithm (Algorithm . We study
the convergence of this method. Finally, we perform some numerical simulations for a Lagrangian
MFG model taken from [GHS22].

First-order optimality condition. Recall the definition of the individual best-response mapping
BR, from X to subsets of Y:

BR)\(LU) = argmin <)‘7 g(‘rvy»
YE€Zs

Theorem 1.2.4 (Corollary [3.3.5)). Any i € P,,(Z) is a solution to (P,)) if and only if the following
equilibrium conditions are satisfied:

A=Vf([,9dn),

supp(fiz) € BRx(z), m-a.e.

(1.2.7)

The proof follows the main steps described previously in Section We first prove that
is a solution to if and only i is the solution to a linearized problem around . Then, in a
second step, we provide a characterization of the set of solutions of the linearized problems: at
a technical level, the main difficulty of this step is related to the application of the measurable
selection theorem.

Additionally, we provide an existence result for the solution under a “tightness” assumption on

the minimizing sequence of (P,,]).

Stability analysis. Let my and m; be two probability measures in P(X). We consider two
instances of problem with m = mg and m = m;, denoted as (P,,,) and (P,,,) respectively.
We are first concerned with the variation of the optimal cost, in relation with the Kantorovich-
Rubinstein distance d; between mgy and m;.

We perform the stability analysis under the following additional assumption: There exists L, > 0
such that for any x; and x2 in X, for any y; € Z,,, there exists y2 € Z,, such that

lg(z1,y1) — g(w2,y2)|| < Lydx (w1, 22). (1.2.8)

Theorem 1.2.5 (Theorem [3.3.16)). There ezists a constant C > 0, independent of mo and my,
such that
’val(Pmo) - val(Pml)‘ < Cdi(mg, my).

The proof of Theorem [I.2.5] relies on a recovery method, described in Algorithm [3.I} which
bridges approximate solutions for problems (P,,,) and (P,,,). More precisely, given an approximate
solution fig for (P,,,), the recovery method provides a way to derive an approximate solution
uy for (P,,,). To provide an intuitive understanding of our recovery method, we consider the

28



following particular case where mo = N va 10,y M1 = & ZN ., and fig = « va 10(zs,y:)- Here
)N, xz e XV and Yi)ie1 € Zy.. From PC19 Prop 2.1], there exists a permutation of
i=1 =1 1 i= 1
Z1,...,ZN}, denoted by {z},..., 2y}, such that p* = <: (z:,2;) 18 @ solution of the following
1 N N i=1 O(s, i)
optimal transport problem:

inf / dx(z,2")dp(z,2"), (0OT)
pEll(mo,m1) J X x X

where II(mg, m1) is the set of all transference plans between mg to mi. As a consequence,

dy(mo, my) :/ dx (z,2")dp* (x,2") de (24, x5)
XxX

By (L.2.8), for any i, there exists y; € Z,, such that ||g(«},y;) — g(zi,4i)|| < Lydx (i, 25). In our
recovery method, each z; is transported to x} while simultaneously y; is transported to the point
Y; € Zy for i =1,...,N. This can be expressed as follows:

N

N
1 1
fio =5 D 0wy — M1 =35 D Ol (1.2.9)
=1 =1

The distribution p; belongs to Py, (Z), moreover,

dpo — d = i»Yi) — g ;77{
H/Zguo /ng | Z 9(zi, yi) — 9(z,9})

N
L
< ﬁg > dx(zi,7}) = Lydy (mo, my).
— ,
Therefore, by utilizing the special recovery method ((1.2.9)) for this particular example, we can

(1.2.10)

obtain a feasible solution for (P,,,) while effectively controlling the distance between the aggregate
terms by the distance dj (mg, m1).

In the general case, where an optimal-assignment-type solution is not available for the optimal
transport problem , the Gluing lemma [Vil09, p. 11] is employed in the recovery method. This
allows us to construct a probability measure v € P(X x Y x X) such that its marginal distribution
with respect to the first two variables is equal to jip and such that the marginal distribution of the
first and third variables is p*, where p* is a solution of . Then, we introduce the set-valued
function S: Z x X ~ Z,

S(z,y, ') ={(«",y) € Z | llg(a',y) — g(z,y)|| < Lgdx (z,2")}.

We prove that S admits a measurable selection s under suitable assumptions. In our general
recovery method, the resulting approximate solution of problem (P,,,) is given by w1 = s#p*. We
prove similar results as in (1.2.10)) in this general case, from which Theorem 5| follows.

Dual problem. As mentioned in Remark we can reformulate problem as a convex

optimization problem of the form (L.1.1)) by setting K = Gy, = { [, gdu, |, n € Pp(Z)} in (L1.I].
Similarly to (1.1.3)), the resulting dual problem writes:

sup —f*(A) = xg,, (=A)-
AEH
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The previous dual problem is equivalent to

— inf D, (\) = () — inf (A, g(x,y))d : D
D=1 0 = [ int O gla ) dmo) (D)
We first show the existence and the uniqueness of the solution to the dual problem (D,,)). This can
be established based on two observations: (1) the function f* is strongly convex, (2) the second
term in Dy, (A) is convex with respect to A. Next, assuming that Gy, is a closed set, we establish
the strong duality relation between problems (P,,|) and (D,,)) with the Fenchel-Rockafellar theorem.
Let A*(m) be the solution of the dual problem (D,,)). Define the following function:
v: P(X)x X =R, (m,x) — ian (N*(m), g(z,y)).
YELy

Thanks to the strong duality, we can prove the stability of the dual problem and characterize the
directional derivative of the optimal cost of (P,,|) with respect to m.

Theorem 1.2.6 (Lemma and Proposition [3.4.5)). There exists a constant C' > 0 independent
of mg and my such that

masc { [P, (N (m0)) = Doy (A ()], A" (mo) = A" ()| } < Cd (mo, my).

The function v is the directional derivative of the value function of , i.e.,

1
val(P,,,) — val(P,,,) = /t:O /X v(mo + t(m1 — mo), x)d(m1 — mo)(z)dt.

Discretization. We present an original resolution method for the MFO problem . Our
approach relies first on a discretization of the marginal m, as proposed in [Sar22] for Lagrangian
MFGs. We approximate the common marginal distribution m in by an empirical distribution
my = % Zf\il 0z,, where z; € X for i =1,..., N and N is a sufficiently large integer. This allows
us to write the associated discretized problem for as

inf du | . Py
HEPm y (Z) f </Z g M) ( )

We can establish a connection between problem (P, |) and the relaxed problem introduced
in Section First, we observe that a probability distribution p belongs to P, (Z) if and only
if there exist y; € P(Zy,) for each i = 1,..., N such that p = + Zfil 0z, ® pi. This leads to the

following equivalent formulation of the discretized problem:

N
1
inf - i, zd i\Yq . 1.2.11
uieP(Zzi)f <N ;/ZI 9(i, yi)dp (y)) ( )

We can observe that ((1.2.11]) is a special case of (PR]) by choosing X; = Z,, and ¢;(-) = g(z, ).
This equivalence allows us to apply the SFW algorithm (Algorithm [L.3]of Section [1.2.1)) to (L.2.11).
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In this context, if y € Hf\; 1 Zz, is the result after some iterations of Algorithm then the
subproblems for the next iteration are

N
1
¥i € BRy(z), where A = N Eg(xi,yi). (1.2.12)

Finally, the combination of Algorithm with the recovery method (Algorithm [3.1]) allows to
obtain an approximate solution of (P,,)) whose quality improves as the discretization parameter N
increases. Here, we describe this combination:

1. Let y& € Hfil Z,, be the output of Algorithm applied to (1.2.11)), for 1 < K < 2N and
for arbitrary numbers nj, > 1 of simulations. Let pf = & Zfi 10(z0,y5)-

2. Move on to the recovery method (Algorithm with the following inputs: mg = my,
mi1 =m, and Jig = ,u% . The output is denoted as i, which is an element of the set P,,(Z).

Combining the convergence result of the SEFW algorithm (Theorem [1.2.3|) with the stability of the
primal problem (Theorem [1.2.5)), we have the following convergence result.

Theorem 1.2.7 (Theorem [3.5.8). There exists a constant C > 0, independent of my and m, such

that
E [f </ngﬂK)} —val <C <Il( +d1(mN,m)> :

Remark 1.2.8. According to Theorem in order to achieve better convergence, it is desirable
to find an empirical distribution my = % Zfi 10z, that is as close as possible to m in terms of
the di-distance. This problem is commonly referred to as the optimal quantization problem. A
precise estimate on da(my, m) is given in [MMI6, Prop. 12], and we slightly modify this estimate
for dy(mpy, m) in Lemma For more detailed information concerning optimal quantization, we
refer to |[GG12].

Numerical simulations. We apply in Section [3.6| our discretization method and the SFW al-
gorithm to a Lagrangian MFG taken from [GHS22|, in which the agents exploit their own stock
of an exhaustible resource. In this model, the agents have different initial stock which follows a
distribution m. The agents make decisions regarding their selling speed. The price of this resource
at a time t is a decreasing function of the aggreagate selling speed at t. Following [GHS22|, the
main purpose of this model is to find the Nash equilibrium as defined in .

Literature comparison and perspectives. Our first-order necessary and sufficient optimal-
ity condition is similar to the Nash equilibrium conditions studied in [CL18bl Sec. 3] for
nonatomic potential games and in [CCI18| Def. 3.1, Eq. 3.32] and [SS21l, Def. 2.2] for Lagrangian
MFGs. The authors of [CC18] also establish the existence of solutions to the associated Nash
equilibrium problem using Kakutani’s fixed point argument.

The article |[CHIT7, Sec. 3] proposes a resolution of the potential Lagrangian MFGs with the
fictitious play algorithm, which can be seen as a specific case of the FW algorithm with the learn-
ing rate wy = 1/(k + 1). The possible memory overflow problem and the need to discretize the
distribution of the initial conditions of the agents are not discussed.
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The article [Sar22] investigates the discretization of a Lagrangian MFG with local congestion
terms. The author proposes a regularization technique for the congestion term, a discretization in
time of the trajectories, and a discretization of the initial distribution of the agents, leading to a
nonlinear program which is solved with the quasi-Newton method. Convergence properties for the
discrete solutions have been obtained.

Let us discuss on some possible extensions of this work. An easy way to construct my, in com-
parison with an optimal quantization approach, consists in drawing N samples of the distribution
m and to construct the corresponding empirical distribution. One could modify the convergence
analysis done for Theorem [I.2.6]to take into account the randomness of my, utilizing concentration
inequalities such as [FG15, Thm. 1, Thm. 2]. They indeed allow to estimate d,(my,m) in both
expectation and probability senses, where d,, is the Wasserstein distance of order p.

Another perspective deals with the study of a fully discretized version of the MFO problem
. A crucial step in the SFW algorithm is the resolution of the subproblems (involved
in the definition of the best response mapping). These subproblems could be posed over an infinite
dimensional space, as for example, in the price model . In general, one has to discretize
those problems (as is done in [Sar22), Sec. 5]). One could extend the convergence analysis and look
for a quantitave result that takes into account the effect of the discretization of the subproblems.

1.2.3 Error estimates of a theta-scheme for second-order mean field games

Framework and motivation. This section is associated with Chapter[d It is dedicated to a novel
finite-difference scheme for the second order MFGs system , relying on the theta-method.
Let us denote by Vj, divy and Ay the discrete gradient, divergence and Laplace operators of the
centered finite-difference scheme. Let 6 € [0,1]. Let us first describe the discretization of the FP
equation. At any time ¢, the theta-scheme of the FP equation consists of two steps:

1. An explicit scheme for an intermediate FP equation, with a weight (1 — 6) for the Laplacian

erm: m(t+1/2) — m(t)

At

— (1 =0)oApm(t) + divy(mo(t)) = 0. (S1)

2. An implicit scheme for an intermediate heat equation (without divergence term):

m(t+1) —m(t+1/2)
At

— 0o Ap(m(t+1)) =0. (52)

Notice that when there is no divergence term (v = 0), the above scheme — coincides with
the classical theta-scheme for the heat equation [AIl07]. For the HJB equation, we propose an
adjoint scheme; at each time ¢, two steps are performed: (1) an implicit scheme for an intermediate
heat equation (without the Hamiltonian term) and (2) an explicit scheme for an intermediate HJB
equation.

Let us describe the main properties of the theta-scheme, which justify our interest for it. If
6 = 0, our scheme is an explicit scheme which has a natural interpretation as a discrete mean
field game. However, it is not clear whether the explicit scheme for the FP equation, when 6 = 0,
enjoys stability properties for some 2-norm. To ensure stability, a natural idea consists in taking
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an implicit scheme for the second-order term, i.e. §# = 1. This yields a mixed scheme (implicit for
the Laplacian term and explicit for the divergence term). We emphasize that the divergence term
should remain explicit, in order to guarantee that the discrete system has a structure of .
When 0 = 1, we see that is an explicit scheme of a continuity equation (without diffusion term).
To ensure the monotonicity of , an upwind discretization for the divergence term should be
employed, instead of centered scheme. In comparison with a centered discretization, the upwind
discretization has the following disadvantages: (1) the consistency error is of a lower order, (2) we
need then to construct a numerical Hamiltonian (see [ACDI0, [ACCD13|) to preserve the adjoint
structure. Finally, we propose to take 6 € (1/2,1) in — and to keep the centered scheme
for the first-order term. The ¢?-stability and the monotonicity property hold in this case by some
discrete energy estimate and a CFL condition detailed later. We end up with a discrete system
which has a structure of , has a higher order for the consistency error, and which does not
require the construction of a numerical Hamiltonian.

Organization. We first introduce the theta-scheme associated with and state our main re-
sult on the error estimate of this theta-scheme. This theta-scheme lies in the framework of .
The existence and uniqueness of the solution of the theta-scheme is deduced from condition (CFL|)
and . Subsequently, we present several stability properties of the theta-scheme. Next, we
discuss the consistency error of the theta-scheme. Finally, we give the sketch of the proof of the
main result, which is based on the stability and the consistency analysis.

Formulation and the main result. The main assumptions on the data of (MFGJ), which hold
true in the subsequent sections, are as follows:

e The functions ¢°(-, -, v), £5(-, z,v), g°(-), f°(-,-,-) and m§(-) are L°-Lipschitz continuous, where
the Lipschitz continuity of f¢ with respect to m is for the || - || 2-norm;

e The running cost ¢ is a“-strongly convex with respect to the control variable;
e The monotonicity condition (|1.1.22)) holds;

e The continuous system (MFG]) has a unique solution (u*, v*,m*), with u*, m* € C1+7/22+7(Q)
and v* € C"(Q) N1L>([0,1];C**7(T)), where r € (0,1).

The terminal time in is fixed to 1 in this section. We discretize the time horizon [0, 1]
into T" equal steps, resulting in a time step size of At = 1/7". Similarly, we discretize the state space
T? into a grid with N points in each dimension, leading to a spatial step size of h = 1/N. The
discretized time horizon is denoted by T (or T if the terminal time is included) and the discretized
state space is denoted by S. For any = € S, we denote B (z) = Hle[a; — hei/2,x + he;/2), where
(€i)i=1....a is the canonical basis of R?. For any function ¢ € R*(T x S) and any (p,q) € [1,00]?,
we define the norm [l = Il (It Y lers)) szl

Let ¢, H, f, mg, and g be the discretization of ¢¢, H¢, f¢, m§, and g°, respectively, as defined
in —. We note that the discretization of H¢ in this context does not require the
construction of a numerical Hamiltonian, in contrast to [ACCDI13]. Taking any 6 € (1/2,1), we
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can now introduce the theta-scheme of (MFG)): Find (u,v,m) € R(T x S) x R T x S) x R(T x S)
such that V(¢,z) € T x S,
(i) u=HJIBg(m),

(il) v =Vy(u), (Theta-mfg)
(iti) m = FPy(v),
where the Hamilton-Jacobi-Bellman mapping HIBg: P(T,S) — R(T x S), m > u, is defined by

— L) w1 20) o At +1/2,2) = 0,
—uE 2 b)) g)gAyult + 1/2,2) + HIVau(-+ 1/2,)](t ) = F(t 2, m(t)),

u(T, x) = g(x),

the optimal control mapping Vy: R(T x §) — RY(T x S), u — v, is defined by

— L)l /28) g Ayu(t +1/2,2) = 0,
U(ta l‘) = _Hp(t7 Zz, th(t + 1/25 ‘T))v
and the Fokker-Planck mapping FPy: R4(T x §) — R(T x S), v — m, is defined by

mltt1 20— m(t) _ (1 — ) Apm(t, z) + divy,(vm)(t, ) = 0,

m(tH"”)XQL(tH/ZI) —OcApm(t+1,2) =0,

m(0,z) = mo(z).

From the definitions of HJBy and FPy, we see that the adjoint structure of the coupled system
(MFG]) is preserved in the resulting discretized system, which is an important property for the
stability analysis in this section and for the potential case discussed in Section We fix now a
constant M, defined as follows:

M= ¥(2<max 165 (¢, 2, 0)|| + Vd(L§ + LG + Lg)). (1.2.13)
We prove in Theorem [£.4.4] that the constant M is an upper bound of [|v]/ss,co- We consider the
following condition on (At, h):

h? 2(1 —0)o
At< ——— h<< ———
~ 2d(1—-0)o’ - M
The main result of this section is the following error estimate on ((Theta-mfg]).

Theorem 1.2.9 (Theorem [4.2.10). Let 6 € (1/2,1) and let (At,h) satisfy the condition (CFL)).
Then (Theta-mfg) has a unique solution (up,vn, mp). Moreover, there exists a constant C > 0,
independent of At and h, such that

(CFL)

[un = uhlloo,co + Imn = mpfloo,r < CRT,

where w,m; € R(T x S) are defined by u}(t,z) = u*(tAt,x) and m(t,z) fB *(tAt,y)dy.
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Existence and uniqueness. Recall our general framework for discrete MFGs, introduced in

Section We prove in Lemma that (Theta-mfg)) is equivalent to the system (DMFG).

We provide an explicit formula for the mapping 7 describing the probability transitions under a
given control. A key point is that (¢, x,-,w) must be a probability distribution over S, which

can be established under the CFL condition. The uniqueness of the solution of (Theta-mfg)) is a
consequence of the fundamental inequality (|1.1.38]).

Stability of the theta-scheme. Following the general perturbation system , we intro-
duce the perturbed version of with additional terms (1, ) € R%(T x S):
(i) u=HIBy(m;n),
(i) v =Vo(u), (1.2.14)
(iii) m = FPy(v;9).

Let (u,v,m) and (up,vp, my) be solutions of (1.2.14) and (Theta-mfg)) respectively. Suppose that

m > 0. Our stability analysis consists of the following three properties, related to each of the
mappings HIJBy, Vy, and FPy:

1. Stability of the HJB equation. From the dynamical programming principle and the regularity
of f¢, we can derive the following inequality:

C

L
i = unllooe < a7zl = e + 17l1cc (1.2.15)
where L¢ denotes the Lipschitz continuity modulus of f¢.

2. Stability of the optimal control. We deduce from the fundamental inequality (1.1.38) that

Atat [l = vnll*(m +ma)|, ; < SN (= up)(t+1,2)8(t,2) + (my, — m)(t,2)n(t, ).

2 teT z€S
(1.2.16)

3. Stability of the FP equation. To analyze the stability of the FP equation, we consider the
energy estimate for the discrete parabolic equation given by:

{W —0ARu(t 4+ 1) — (1 = ) Appu(t) + divypo(t) = divydy (t) + (L),
1(0) = po,
where 1,02 € R(T x S) represent perturbations in the form of discrete divergence and other

forms, respectively. Assume that ||v]/sc,0co < M. Then, there exists a constant C' independent
of h and At such that

w0 5 < (ol + [l + S &t (I + o)) 2m

TET

The notation V; denotes the forward finite-difference operator. The proof of the energy
estimate is similar to the one for parabolic PDEs, see [Lio71l, [LSUSS], and the one for
the implicit scheme, see [ACCD13|. Let us emphasize the fact that for establishing ,
we need to take 6 > 1/2.
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Consistency error. Recall the definition of (uj},,m}) in Theorem [L.2.9] For (t,z) € T x S, let
vp(t,x) = —Hp(t, x, Vyuy(t +1/2,2)),

where uj (t +1/2) and uj (t 4 1) satisfy the first line of HJBy for any t € 7. Define the invertible
matrix By = Id — §ocAtAy. Using the regularity of the continuous solution, we have the following
consistency result.

Theorem 1.2.10 (Lemma [4.5.5)). The triplet (uy, vy, m}) satisfies the perturbed system (|1.2.14)
with perturbation terms n and § such that

n= O(Athr)7 By = Atdivh(51) + O(Athr—’—d), where 61 = O(h2r+d)'

Sketch of the proof of Theorem Let us define e = At H|v,’fb - vh|2m;H1 I

e By combining the stability property for the HJB equation (|1.2.15]), the fundamental inequality
(1.2.16)), and the consistency error from Theorem [1.2.10, we can derive an upper bound of €

as a function of ||mj — mp/ec2 and h.

e Using the stability of the FP equation ((1.2.17) and considering the consistency error from
Theorem [1.2.10] we can derive an upper bound of ||m} — my||o,2 depending on € and h.

Combining the previous two estimates, we can deduce that |[m} — mp|lec2 < CA™ %2 for some
constant C' independent of At and h. The conclusion of Theorem follows from Holder’s
inequality for discrete norms (see Lemma [4.2.2)).

Literature comparison and perspectives. In 2010, a first result concerning the convergence
of a finite-difference scheme for stationary MFGs was obtained in [ACDI0]. In this article, the
authors also proposed an implicit scheme for time-dependent MFGs and proved the existence and
uniqueness of the solution of this scheme. In 2013, a convergence result was obtained for the same
implicit scheme in [ACCDI3|] when the Hamiltonian has a monomial form. The two cited works
assume the existence of a classical solution of . In 2016, in the absence of this existence
assumption, [AP16] proved that the solution of the implicit scheme converges to a weak solution
of when the grid steps tend to zero.

We mention the articles [CS14) [(CS15, [HS19] investigating semi-Lagrangian discretizations of
MFG systems. We also mention the article [BC22] which contains an explicit rate of convergence
for a semi-discretization in space, obtained with finite differences. To the best of our knowledge, the
work presented in this section is the first one, in the context of MFGs, to give a precise convergence
order for a fully discrete numerical scheme.

We will discuss in the next section the resolution of with the Generalized Frank
Wolfe algorithm. As will be explained, the application of this algorithm is made possible by the fact
that the potential structure of continuous MFGs is preserved at the discrete level by .
The GFW algorithm essentially relies on successive resolutions of the discrete HJB and the Fokker-
Planck equations, which do not require to solve nonlinear equations (as would be the case with
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the fully implicit scheme of [ACCD13]). Future work could focus on the numerical analysis for an
extension of the theta-scheme relying on splitting methods [Tho95l Sec. 4.4], applied to the discrete
Laplacian involved in the implicit linear equations. This would allow to facilitate the resolution
of the discrete HJB and Fokker-Planck and thus to reduce the numerical complexity of the GFW
algorithm.

Another perspective concerns the extension of to more complex MFG models, such
as the MFG models with a coupling through a price variable [BHP21]. They fall into the class
of MFGs of controls (abbreviated MFGCs), since the price depends on the distribution and the
control of the agents. Note that the price appears in the Hamiltonian of the HJB equation of the
coupled system. Omne would have to propose a suitable discretization of the additional coupling
relation (involving the price variable) and to establish a fundamental inequality for the obtained
discrete setting. This would allow to conduct a stability analysis. Let us mention that the article
[LP22] already contains stability results for such MFGCs, in the continuous framework. Concerning
consistency, the analysis would exploit the regularity properties of the continuous solution obtained
in [BHP2I], in particular, the Holder continuity of the price variable.

1.2.4 A mesh-independent method for second-order potential mean field games

Framework and motivation. In this section, we investigate the resolution of a second-order
potential MFG, which is equivalent to the optimal control problem . As already mentioned
in Section the potential structure is preserved by . As a result, the discrete MFG
can be addressed with the GFW algorithm, described in Section [1.1.3

The general objective is to show that the performance of the GFW algorithm is not impacted by
a refinement of the discretization grid. The main results of this section are two mesh-independence
properties for the resolution of with and the GFW algorithm, as stated in Theo-
rems|1.2.12{and[1.2.13| The terminology mesh-independence was coined in the article [ABPR&6]. It
is said that an algorithm satisfies a mesh-independence property when approximately the same num-

ber of iterations is required to satisfy a stopping criterion, when comparing an infinite-dimensional
problem and its discrete counterpart.

Organization. We begin by presenting the GFW algorithm for the resolution of general potential
and discrete MFGs. We provide two results concerning the rate of convergence of the potential
cost. One rate is sublinear and the other is linear, depending on the choice of the learning rate
—. Next, we prove that the GFW algorithm exhibits mesh-independent sublinear and
linear convergence rates when applied to (Theta-mfg)) . These convergence results rely on the study
of the semi-concavity of HIBy, the ¢?-stability of FPy, and the £>®-stability of FPy o V4 o HIBy.

GFW algorithm for potential discrete MFG. Recall the data of (DMFG]|: The time space
T, the state space S, the running cost ¢, the coupling cost f, the initial condition mg, and the
terminal cost g, where

:TxSxRsRU{o0}, f:TxSxR(S)—=R, moeP(S), geR(S).
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We assume that £ is a-convex with respect to its third variable, f is L-Lipschitz with respect to
its third variable, and the discrete potential condition is satisfied.

We present the GFW algorithm for solving the potential discrete MFG in Algorithm As
discussed in Section [1.1.3] at each iteration of the GFW algorithm, we are required to solve the
partially linearized problem . The solution to this problem is obtained through the best-
response mapping BR: P(T,85) — A, which is defined in ([.1.36). For the learning rate A in
Algorithm we propose the following two rules:

1. an open update rule as in Algorithm

2
Ay = ——; 1.2.18
P E+2 ( )
2. a closed update rule similar to the line search (1.1.10]) used in Algorithm
j k(mk wk) — j k(mk wk)
A\ = mi i d i ’ ,1p. 1.2.19
‘ m{ LISk — |, (219

Algorithm 1.4: GFW for potential discrete MFG
Initialization: (m°, w®) € A;
First iteration: (m!, w') = (m° w°) = BR(mP) ;
Choose an update rule from (1.2.18)) and ((1.2.19) ;
for k=1,2,...do

Step 1: Resolution of the partial linearized problem.
Set (m*, w*) = BR(m");

Step 2: Update.
Set Ar € [0,1] by the chosen update rule;

Set (mFT1 whtl) = (1 — \p)(mF, wk) + A\ (m*, @*);

end

To state the convergence results of Algorithm we need to introduce three key constants.
The first two are defined by

Ci= sup HFP(v)||§O72 and Cy= sup |[FPoVoHIB(m)|c,cc-
vERL (T%S) meP(T,S)

The third constant C3 is such that for any vy, ve € RdD(T x S), we have:

IFP(01) — FP(02)[%2 < C3At > > [|(v1 — v2)(t, 2)FP(01) (¢, ) >
teT zeS
We will see later that for the theta-scheme (which is a particular case of (DMFG]), estimates of the
constants C7 and C3 derive from an energy estimate and an estimate of the constant Cj
can be deduced from a semi-concavity property of the discrete HJB mapping and the £*°-stability
of FP oV oHJB.
Recall that J is the ob jective function in the convex optimal control problem associated

with the potential (DMFG). Let (m,w) be the solution of (1.1.34)).
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Theorem 1.2.11 (Proposition [5.3.1] m We consider the sequence
rithm (L.4). Let D = C1Ly|S|*/? and ¢ = max {1

(mg, w )k>1 generated by Algo-
1

FToXeNMISIVER §}

1. Sublinear rate. If the chosen update rule is , then,

~ ~ 8D
J(m*, wh) — J(m, o) < - Vk>1 (1.2.20)
2. Linear rate. If the chosen update rule is (1.2.19), then,

J(mP, w®) — J(m,w) <4Dck, vk >1. (1.2.21)

The proof of Theorem [1.2.11] is similar to the convergence analysis of the GFW algorithm in
Hilbert space [KW22] and the one for continuous potential MFGs [LP22].

We can see from Theorem that the convergence constants D and c rely on various factors,
including the strong convexity constant «, the product L¢|S ]1/ 2 and the three key constants Ci,
C5, and C5 defined earlier. In order to investigate the mesh-independent property of Algorithm
when applied to some numerical discretization of the potential , the crucial point is to
establish the independence of these factors with respect to the discretization parameters At and h.

Now let us apply Algorithm to the theta-scheme associated with the potential . We
make the same assumptions for this continuous system as in Section [1.2.3] From Lemma the

associated theta-scheme ((Theta-mfg)) preserves the potential structure in the sense of (1.1.33)).

A mesh-independent sublinear convergence result. In this paragraph, we will see that the
constant D is independent of At and h. Combining with (|1.2.20)), a first mesh-independent sublinear
convergence result is obtained in Theorem [1.2.12] We have the following two a priori estimates:

e Lemma shows that o = ¢, Ly = L°h~%2 and |S| = 1/h%, where a° is the strong
convexity constant of £¢ and L€ is the Lipschitz constant of f¢;

e The energy estimate ([1.2.17)) implies that C7 and C3 are mesh-independent, since the constant
C in (1.2.17) is independent of At and h.

From the definition of the constant D and the above two points, we derive the mesh-independence
of D. Let (up,vp,, mp) be the solution of (Theta-mfg)). Let us set v, = J(m*, w*) — J(m,w). We
have the following convergence result.

Theorem 1.2.12 (Sublinear rate, Theorem|[5.4.5). In Algorithm|[1.4), apply the update rule (1.2.18).
Then there exists a constant Cy, independent of At and h, such that for any k > 1,

< 2.
Vi 2

A mesh-independent linear convergence result. To explore the mesh-independent linear
convergence rate of Algorithm for , it is necessary to establish the independence of
the constant Co with respect to the discretization parameters At and h. To accomplish this, we
need to study the £°°-stability of FPy o Vg o HIBy. Two additional assumptions are required:
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e The functions ¢°(t, z,v), f(t,z,m) and g°(z) are L-semi-concave with respect to z, for any
t€[0,1], v € R4 and m € P(T9);

e The function ¢¢ has a separable form with respect to v, i.e. £°(¢,z,v) = Zgzl U6(t, x,v;), where

v; is the i-th coordinate of v.

We refer to [CS04, Def. 1.1.1] for the definition of the semi-concavity. Under the previous two
additional assumptions, we have a second convergence result.

Theorem 1.2.13 (Linear rate, Theorem . In Algorithm apply the update rule (1.2.19)).
Then there exist two constants cg € (0,1) and Cy > 0, both independent of At and h, such that for
any k > 1,

Y < Cach.

The proof of Theorem [1.2.13| relies on the ¢*°-stability of FPy o Vg o HJBy. The proof of the
(>-stability of FPy o Vy o HIBy is inspired from the continuous case (see for example [CL18al,
Lem. 5.3]). Let us outline the proof in the continuous case:

1. The semi-concavity of the solution u of the HJB equation implies that D?u < L - Id;

2. Combining with the convexity of H¢, we deduce that there exists some constant C' > 0 such
that —div v = Tr(HS,[Vu] D*u) < C uniformly;

3. Since div v is the coefficient preceding m in the FP equation, the maximum principle of
parabolic equations implies that ||m|jL~ < exp(C)|m§|L= (the terminal time is 1).

In our discrete context, we first prove that for any m € P(T,S), the function u = HIBy(m)
is 3L-semi-concave with respect to z. Let v = Vy(u) and m = FPy(v). Thanks to the semi-
concavity of u, there exists a constant C' independent of At and h such that —divyv(t,z) < C. As
a consequence, we can deduce that [|[m(t +1,)|lcc < (1 + CAL)||m(t, )| for any t € T. It follows
that [|m]|cc,00 < exp(C)||mol|so- Since the right-hand-side of the previous inequality is independent
of the input m, it gives an upper bound of Cs, which is mesh-independent. Combining with ,

Theorem [1.2.13] follows.

Literature comparison and perspectives. Various methods have been proposed in the liter-
ature for the resolution of potential MFGs, besides the GFW algorithm that was analyzed in the
continuous setting in [LP22]. Note that the sublinear and linear convergence rates have obtained
for the continuous model in this reference. Note also that the GFW algorithm can be seen as a
generalization of the fictitious play method introduced in [CH17, [HS19]. In the convex potential
case, the ADMM algorithm was utilized in [BC15, [And17] and the Chambolle-Pock algorithm was
utilized in [AL20]. Some articles propose to discretize the optimal control problem , see for
example [LSTI0, [And17]. In this context, it is very desirable that the potential structure of the
continuous MFG is preserved at the level of the discretized coupled system, so that one can apply
in a direct fashion suitable optimization methods to the discrete system. This is in particular the
case for the implicit scheme proposed in [ACCD13].
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To the best of our knowledge, in the context of mean field games, the mesh-independence
property has never been established so far for any other method. Though it seems a natural
property, it may not hold in general. In particular, it might not hold for primal-dual methods,
whose application relies on a saddle-point formulation of the convex problem ([1.1.25)) of the form,
in which the FP equation is “dualized”. This saddle-point formulation involves a linear operator,
encoding the (discrete) FP equation (see for example [AL20, Sec. 3.2]). As the discretization
parameters decrease, the operator norm of these operators (for the Euclidean norm) increases, which
has an impact on the convergence properties of methods such as the Chambolle-Pock algorithm.
In contrast, the discrete Fokker-Planck equation remains satisfied at each iteration of the GFW
equation.

Let us discuss some possible extensions of this work. We can study the convergence of the
GFW applied to the non-monotone discrete MF'G, where the monotonicity condition is not
satisfied. This results in the non-convexity of the associated potential function F'. Consequently, the
convergence of the GFW algorithm to a global minimum of the objective function is not guaranteed
in general. However, we can show that a point (m,v) is a Nash-equilibrium of the potential MFG
in the sense of if the “Frank-Wolfe” gap (the left-hand-side of (1.1.37))) at the point m is
0. Fortunately, similarly to the approach used in [LJ16], we can prove that the GFW algorithm
converges to a stationary point of such that the “Frank-Wolfe” gap at this point vanishes.
This implies that the GFW algorithm can still converge to a Nash equilibrium despite the presence
of non-monotonicity. Consequently, we can further study the mesh-independent property of the
theta-scheme in this scenario.

Another perspective deals with the discretization and the application of the GFW algorithm to
the planning problem of [ACCD12|, referred to as MFGP. In MFGP, instead of having a terminal
condition g¢ for the HJB equation, we consider a fixed terminal condition for the FP equation,
denoted as m% € P(T?). This problem can be seen as a generalized optimal transport problem.
The article [ACCDI12| also considers an approximation, called MFGPP, obtained by regularization
of the final-time constraint on the distribution. This opens the path to a numerical resolution of the
planning problem through an application of the GFW algorithm to MFGPP. Yet the application
of the GFW algorithm may be difficult because the Lipschitz constant of the coupling term in
MFGPP would increase with the penalty parameter.
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Chapter 2

Large-scale nonconvex optimization:
randomization, gap estimation, and
numerical resolution

2.1 Introduction

Problem formulation This article is devoted to the theoretical analysis and the numerical reso-
lution of the following large-scale, aggregative, and nonconvex optimization problem:

L
Gr)= <D gi(®)
;g/fv J(z) = f(G(x)), where: N ;

(P)
X = Hij\il X

Here, N can be seen as the number of agents and is assumed to be large. The mappings g;: X; — &
are given and referred to as the contribution mappings. The space £ is a real Hilbert space. The
main feature of this problem is the aggregative form of the function G: X — &, which is defined
as the average of the N mappings g;. We will call G(z) the aggregate. Let us emphasize that the
dimension ¢ of the aggregate space £ can be arbitrarily large and possibly infinite. While very
few structural assumptions are made on the sets X; and the mappings g;, we will assume that f
is convex, with a Lipschitz-continuous gradient and that the image sets g;(X;) are all bounded. A
central idea in this work is that the problem can be well approximated by a convex problem when
N is large.

In various examples of interest, the function f has a separable structure as defined below. It
turns out that taking into account the separability of f, when possible, allows us to refine our
theoretical results (more precisely, to reduce some of the constants of interest, see Remark .
From now on, we suppose that £ is the Cartesian product of M separable Hilbert spaces denoted
Ej, for 5 =1,..., M. We assume that f is additively separable, that is to say, we assume that

M M
F@) =Y fily), Yy ..oom) €[] &)
= i=1
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where f;: £ — R. Note that when f is not separable, one can take M =1 and £ = £. We assume
that the contribution mappings are of the form

gz(xz) = (gij(a:i))jzlw7M, where Ggij: Xi — Sj.

Hence the criterion J of problem writes

M 1 N
J(@) = FG@) = £ D i) (2.1.1)
j=1 i=1

We present and discuss some motivating examples in Section [2.5] arising from social welfare prob-
lems, optimal control problems and supervised learning.

Related works and methods Let us return to the general problem . Classical Lagrangian
relaxation (Chapter XII of [HUL93|]) methods can be relevant here because the dual problem is
separable in the sense below, thanks to the aggregative form of GG. To see this, let us reformulate
(P) as: inf(, ,yexxe f(v), subject to the constraint that v = G(z). Its dual problem is:

sup ( —ff(\) + <I>()\)), (2.1.2)
Ae€

where f* is the Fenchel conjugate function of f, and ®(\) is defined by

N

(O G@)) = 32 inf (). (2.1.3)

=1

2(3) = inf
One sees that ®(\) can be evaluated by solving N independent sub-problems, one for each i in
{1,...,N}. Solving these sub-problems can be much easier than addressing frontally the original
problem with N coupled variables. This approach has been extensively employed in convex settings
[SABT23| [Pac18]. However, the nonconvexity of the problem raises two major difficulties: the
potentially large duality gap and the reconstruction of a primal solution from the dual optimal
solution.

These two difficulties are addressed by Wang in [Wanl7]. She proposed a convex relaxation of
the problem, based on a geometrical approach, that allows to obtain an estimate of the duality gap
of order O(¢?/N?). Her main tool was the Shapley-Folkman lemma [Sta69], which allows to show
that the image of G is close to a convex set. This idea was already present in the seminal work of
Aubin and Ekeland in [AE76], dealing with a different setting involving a coupling constraint. We
refer the reader to [KCD22| for the most recent improvements dealing with this class of problems.
We also refer to [Wanl7] for a more exhaustive of mathematical works dedicated to the estimation
of the duality gap, where a kind of convexification occurs. After having solved the dual problem by
a cutting plane method and then found an approximate solution to the relaxed primal problem via
a projection problem, Wang’s method recovers an approximate solution to the original nonconvex
problem, by computing a Shapley-Folkman decomposition of the aggregate with a standard linear
programming approach.
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There exist another important class of methods for large-scale optimization problems which
are the block coordinate descent algorithm and its variants [BT13, [FR16]. These methods may
not be applicable without additional assumptions on the sets X; and the maps g; (in the current
framework, the sets X; could be discrete). Even if we make additional regularity assumptions, they
may be inefficient, in particular because the cost function J is not convex in general.

Contributions and organization of the paper We first introduce in Section[2.2]a convex relaxation
of the original problem . The relaxed problem is obtained by randomization, that is to say, we
replace the variables x; by probability measures u; on X;. The contribution mappings g;(x;) are
replaced by [ x, 9i(zi)dpi(z;); these terms are linear with respect to ;. The resulting randomized
cost function, denoted 7, is convex, and so is the randomized problem. We give a first upper bound
of the relaxation gap of order O(1/N). The randomized problem has a stochastic interpretation: it
amounts to replace the variables x; by independent random variables X; of probability distribution
1, and to replace g;(z;) by the expectation of g;(X;). To derive a good candidate (for (P)), given an
approximate solution to the randomized problem u = (1, ..., tn), we propose to simulate random
variables X; with probability distribution p;. We will call this technique the selection method.
We give a sharp estimate of the probability of error for the selection method. More precisely, we
estimate the probability that J(X1,...,Xn) > J(u) + (% + e), given € > 0. The proof relies on
McDiarmid’s inequality, a concentration inequality [McD89].

From a numerical point of view, our main contribution is a method which is parallelizable,
which benefits from the convexity of the randomized problem, but avoids the difficulty of the
manipulation of probability measures (arising in the formulation of the randomized problem). This
could be achieved by combining the Frank-Wolfe (FW) algorithm [DHT78| [Jagl3], applied to the
randomized problem, and the selection method described previously. The resulting algorithm, called
stochastic Frank-Wolfe (SFW) algorithm, is described and analyzed in Section . Each iteration
of the algorithm requires to solve a subproblem of the form , which is decomposable into
N subproblems. Resorting to the selection method, we avoid to manipulate explicitely probability
measures on the sets X, which may otherwise cause memory issues. The SFW method is able to
find an O(1/N)-solution to problem [P| In addition, we estimate the probability that the iterate xy
is (% + e)—optirnal, for k < 2N, where k is the iteration counter. This result relies on concentration
inequalities for martingales [Dell5] which generalize McDiarmid’s inequality.

Let us note that many articles in the literature are dedicated to stochastic variants of the Frank-
Wolfe algorithm. These variants are concerned with the situation where the cost function is in the
form of the expectation of a random cost and where its gradient is evaluated by sampling. See for
example [DUI8, HKMS20, HL16, MHK20L, [YSC19], see also [FEMSFEF21) [LYFC19] and the references
therein. Let us emphasize that the stochasticity of our algorithm has another origin, namely the
selection method. In all these articles, convergence is established in expectation; to our knowledge,
only the article [TBL22] quantifies the probability of success of some stochastic method based on
the Frank-Wolfe algorithm.

Our last theoretical contribution is a sharp estimate of the relaxation gap, of order O(gAN/N?),
where ¢ is the (potentially infinite) dimension of the aggregate space €. It is proved in Section

44



It relies on a geometrical relaxation of problem , shown to be equivalent to the relaxation by
randomization. The relaxation gap is estimated with the help of a measure of nonconvexity for sets
(introduced in [Cas75]) and with the help of the Shapley-Folkman lemma [Sta69]. We also give an
estimate of the price of decentralization (as defined by Wang in [Wanl7]). We conclude the section
with a detailed comparison of our approach and the one of [Wanl7].

Section is dedicated to examples and discussions on numerical aspects. We provide in
sections and numerical results for a mixed-integer linear-quadratic program and a discrete
aggregative optimal control problem.

2.1.1 Notations

On sets For two sets A and B in a normed vector space X', we denote by d(A): = sup, ,c4 [z —
y||lx the diameter of A, by A+ B = {z+y|x € Ay € B} the Minkowski sum of A and B, by
M = {\z | z € A} the scalar multiplication of A with A € R and by conv(A) the convex hull of
A. Note that conv(A + B) = conv(.A) 4 conv(B).

For all i € {1,..., N}, we denote X_; = (]_[z, A ) % (HfYZZ-H Xy). Given z € X, we denote
i = (1, o, Tim1,Tit1,...,2N) € X_;. From time to time, we represent = by the pair (x;, z_;).

On functions Let H be a real Hilbert space. Let (-, )3 and || - || denote the corresponding scalar
product and norm. Let F: H — R U {4+00}. The domain of F, denoted by dom(F), is defined
by dom(F') = {z | F(x) # +oc}. When F is differentiable, we denote its gradient by VF. The
gradient is defined as a function from H to itself. We say that VI is L-Lipschitz on a subset A of
H if for any x,y € A, we have

IVE(z) = VE)lln < Lz =yl (2.1.4)
The subgradient of F' at some point x € dom(F’) is denoted by OF (x) and defined by
OF(x) ={pe M| F(y) = F(x) + (p,y — z),Vy € H}.
The Fenchel conjugate of F' is denoted by F*: H — R and defined by F*(p) = sup,ey (p, z) —F(z).

On measures Given a set ), we denote by §, the Dirac distribution at some point x € 2. We
denote by Ps(€2) the set of finitely supported probability distributions, defined by

K K
P&(Q) = {Z)\k(;xk K € Na (Ak)le € (RJF)Ka (xk)?':l € QK’ Z)‘k = 1}
k=1 k=1

Let u = Zk 1 MOz, € Ps(2). Given a Hilbert space H and a mapping F': Q@ — H, we denote

K K
pP R A D DR LR
=1 k=1

In other words, E, [F ] is the integral of F' with respect to the measure p and 03 [F ] is the variance
of the probability measure Z}'le AjOp(z,), in the sense of [Vil03, Remark 7.5]. Finally, the Bernoulli
distribution with parameter w € [0, 1] is denoted by Bern(w).
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On numbers and real-valued random variables We denote by mAn the minimum of the numbers
m and n in RU {400}. Let X be a real-valued random variable. The expectation of X is denoted
by E[X], the variance of X is denoted by Var(X) and the conditional expectation of X w.r.t. some
o—algebra F is denoted by E[X | F|. Given u € Ps(2) and a random variable X in 2, the notation
X ~ p indicates that p is the probability distribution of X.

2.2 Relaxation by randomization and gap estimation

In this section we first make a structural assumption on the general problem of interest, problem
. Next we introduce a relaxation of the problem, obtained by randomization. We give an upper
bound of the randomization gap in Proposition Finally we propose a method to recover
an approximate solution to , given an approximate solution to the randomized problem. Its
performance is investigated in Theorem [2.2.9]

2.2.1 Assumptions and constants

We recall that £ is the Cartesian product of M separable real Hilbert spaces £;. We denote by
(-, )¢, the associated scalar products and by ||-||g, the corresponding norms. Let us emphasize that
we will not consider any other norm in the spaces £;. We equip £ with the scalar product (-, -),
defined by ((y1,...,ym), V], -, ¥y)) = Zj]\;(yi,y;)gj and we denote by || - || the corresponding
norm.

For any ¢ =1,...,N and for any j =1,..., M, we denote

N
1
Si_j = {gm(ﬂfl) ‘ x; € Xi} and Sj = N ZSU
i=1

The following regularity assumption will be in force all along the article.
Assumption A. Fori=1,2,..., Nand j=1,2..., M:

1. The range set S;; in &; has finite diameter d;; == d(S;).

2. The function f; is L;-Lipschitz on conv (5;).

3. The function f; is continuously differentiable on a neighborhood of conv (S;), and Vf; is
L;—Lipschitz on conv (S;), in the sense of (2.1.4).

We next define two constants Cy > 0 and Cy > 0 by

M 1 M ~ N
C() = Z (Lj 121122)5\[ {dw‘}), and Cl = N Z (Lj Zd%)
- i=1

Jj=1 J=1

Remark 2.2.1. We will regularly employ notations of the form O(h(N,q, k)), where h is an ex-
plicit function of N, ¢ (the dimension of £), and k (some iteration counter). We use it to express
the fact that some variable is bounded by C h(N,q, k), where the constant C' only depends on
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(maxlSiSN dij)j=1, M and the LipSChitZ moduli (Lj)j=1,...,M and (f/j)jzl’m,M. With this conven-

veey

tion in mind, we have

Co = O(l) and Cl = O(l)

Remark 2.2.2. Our results can be applied to aggregative problems of the form

M N
o S (Saten).
j=1 i=1

i.e. of the same form as in , but without the coefficient % Indeed, it suffices to define g;; = N g;;
to come down to the formulation and to use the fact that d(g;;(X;)) = Nd(gij(X;)). The
introduction of the coeflicient % induces a natural scaling of the problem as N increases. It also
enables to us to highlight the convexification of the problem as N becomes large, assuming that
the coefficients d;; are uniformly bounded.

We state in the following lemma a straightforward inequality, exhibiting the role of the constant
Cy. Note that the role of the constant C; will be revealed in Lemma [2.2.6

Lemma 2.2.3. Let Assumption be satisfied. For alli€ {1,...,N}, forallx_; € X_;, z; and
m X, it holds:
Co

/
b T—i) — J(Ti, i) < -
el 0) — T a9 < S

2.2.2 The randomized problem

The randomized problem is obtained by replacing each optimization variable x; by a probability
measure u; € Ps(X;). The contribution mappings g;(x;) are replaced by their integral with respect
to pi, Ey, [gi]. Denoting Ps = Hfil Ps(X;), we obtain

1 N M 1 N
jnf T () = f(ﬁ > E, [91’]) => 5 (ﬁ > B[] ) (PR)
i=1 j=1 i=1

The following equality justifies the denomination of the relaxed problem: given u € Ps and given
N random variables X; in &; such that X; ~ p;, we have

N
I (k) = f(%ZE[gi(Xi)])- (2.2.1)
=1

Remark 2.2.4. Working with probability measures with finite support, we do not need to equip the
sets X; with a topology and to consider regularity assumptions on the mappings g;. Note that the
original problem and the randomized one do not necessarily have a solution under the standing
assumptions of the article.

Let J* and J* denote the values of the primal problem and the randomized problem
respectively. One is interested in comparing J* and J*. The next lemma gives a direct result for
one direction of this comparison.

Lemma 2.2.5. Let Assumption[A] hold true. Then —oco < J* < J*.
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Proof. By the definitions of E, [g;;] and S;, we have that = ZZ 1 By, 1945] € conv(S;). Since f; is
Lipschitz-continuous over the bounded set conv(S;), we deduce that J* > —oo. Let x € X. Define
= (0zys---,0zy) € Ps. Then J(u) = J(x). As a consequence, inequality J* < J* follows. O

The randomization gap is then defined as
randomization gap = J* — 7 > 0.

Next we prove a first upper bound of the randomization gap, of order O(%)

Proposition 2.2.6. Let Assumption |A| hold true. Let p € Ps and let (X;)i=1,. N denote N
independent random variables such that X; ~ p;. Then,
1w Ci
EL(X)] = T (1) < 575 > (L Y o2 o] ) < 5 (2:2.2)
j=1 i=1

where X = (X1,...,Xn). As a consequence, J* — J* < &
Proof. Let us define Y; = %(Zl 19i5(X )) for j =1,...,M. Let us set Y = (Y});=1,..m. We

have

E[J(X)| =E[f(Y)] and  J(u)=f(E]Y)).
Since the variables X; are independent, the random variables g;;(X;) are also independent (for fixed
j). It follows that

B[} - B ) = o SB[l - BRI | = > o

By Assumption [A] we have

M
1 ~
1Y) < F(EY) + (VFEV]D, Y —EV]) +5 > (B[ —EM]|E ).
j=1
Taking the expectation of the above inequality and recalling the definition of C, we deduce (2.2.2)).
O

Remark 2.2.7. As we explained in the introduction, our analysis covers the case of a non-separable
cost f (when M = 1), however, when f is separable, it is useful to take this property into account.
The aim of this rem is to justify this fact. Let us assume (in this remark only) that f is indeed
separable, i.e. M > 1. Let us treat f as a non-separable function. It is easy to verify that the
mapping V f is Lipschitz continuous with modulus (maszl’m, M ij); this estimate is tight. If we
do not take into account the additive structure of f in the proof of Proposition we end up
with the following estimate:

E[J(X)] < T(u )+W< max L)ZZJM 9ij]

=1 j=1

which is less precise than inequality (2.2.2). The same kind of comment could be made for the
constants appearing afterwards in the convergence results of our numerical method.
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We finish this subsection with an equivalent relaxed problem in the situation when the sets X;
(resp. the contribution functions g;) are identical. We refer to this situation as the symmetric case.

Lemma 2.2.8. Suppose that there exists a set X and a function g: X — £ such that X; = X and
gi =g, for all i. Then,
J* = inf  f(E)g]). (2.2.3)

vEPs (X)

Proof. Let v € Ps(X). Take p = (v,...,v) € Ps. It follows that f(E,[g]) = J(u). As a
consequence, inf,cp, vy f (Eylg]) < infuep; T(1). On the other hand, let i = (fi1,...,fin) € Ps.
Take v = vazl fi/N € Ps(X). Then, we deduce that J(iz) = f (Ez[g]). The conclusion follows. [

The relaxed problem in (2.2.3) has a natural interpretation as a mean field relaxation: instead
of considering an optimization problem with N symmetric agents, we consider an arbitrarily large
number of agents and optimize their distribution v.

2.2.3 Selection method

Suppose that a minimizer or an approximate minimizer p of the randomized problem has
been obtained. We address in this subsection the issue of recovering an approximate minimizer of
the original problem (]ED from p.

A naive approach would consist in averaging the measures u;, assuming that the sets X; are
convex. In such a case, one can define the point x; = E,,[Id]. Another approach, motivated
by Proposition [2.2.6] consists in sampling u, that is, in simulating N independent random vari-
ables (Xi,...,Xn), with distributions X; ~ p;. This can be done without additional structural
assumption on the sets X;, moreover, Proposition [2.2.6] ensures that for any ¢ > 0,

IP’[J(Xl, L XN) < T () + 2% + s} > 0. (2.2.4)

Of course, one can realize several samplings of i to increase the probability of finding a good
candidate for the original problem. We will refer to this approach as the selection method.

Example. Consider the following instance of the problem , where N is a large even number:

2
... 1 N 2 1 N .
mlnlmlze{J(:cl,xQ,...,azN) = -5 i1 Ti + (N > i1 xz) },

subject to z; € [-1,1], i=1,...,N.

(2.2.5)

It is easy to see that x* is a minimizer of if and only if 2* has N/2 coordinates equal to 1
and the others equal to —1. In this example, the original and the relaxed problem have the same
value, J* = J* = —1. The relaxed problem does not have a unique solution. One of them is
[ = %(5,1 +61). Averaging fi as suggested above yields Z = (0,...,0) and J(Z) = 0. Thus in this
example, the averaging method yields a poor candidate, whatever the value of N.

On the other hand, the selection method yields good candidates when N is large. Indeed, assume
that P[X; = —1] = P[X; = 1] = 1/2. When N is large, by the law of large numbers [T'sy09], nearly
half of the random variables X; are equal to 1 while the others are equal to —1, with probability
close to 1. Then in such a case X is almost a minimizer of .

49



The next theorem provides a sharp estimate of the probability in and confirms the interest
of the selection method for large values of N. It relies on a concentration inequality, McDiarmid’s
inequality [McD89], and its variant [Dell5] (cf. Corollary of “variance type”. It is quite
intuitive that if the probability measures u; have a small variance (in a sense to be specified), then
the selection method will be more efficient. The interest of taking into account the variances of the
probability distributions will be revealed in the analysis of the stochastic Frank-Wolfe algorithm in

Subsection 2.3-3

Theorem 2.2.9. Let Assumption [4] be satisfied. Let u € Ps and let X1,..., Xy be N independent
random variables such that X; ~ p;. Let X = (Xy,...,Xn). Then, for all € > 0,

Cy 2Ne?
Assume further that for alli=1,..., N, there exists a constant v; such that
o [J( )] <07, (2.2.7)
forall z_; € X_;. Then (2.2.6) can be strengthened as:
Né?

M N =
L<
P|J(X)<T(w)+ > ﬁaii[gﬁ]ﬂ >1—exp (2.2.8)

j=1i=1 2 (Zi\il Nv} + %)

Proof. Combining Lemma and McDiarmid’s inequality [McD89], we obtain

P[J(X) <E[J(X)] + e} >1—exp <—2g§2> .

Combining this estimate with the second inequality of Proposition we obtain (2.2.6)).
Estimate ([2.2.8)) is proved similarly, combining McDiarmid’s inequality of “variance type” proved
in Corollary and the first inequality of Proposition [2.2.6 O

We provide in the next lemma an explicit candidate for (2.2.7)).
Lemma 2.2.10. Inequality ([2.2.7)) is satisfied with v? = #(Z]AL L?)Uii (9i)-

Proof. We first state a general following property: given a probability measure p and two maps h;
and hg suitably defined, we have the inequality

2 2 2
o5 [hiohg] < L%0; [hs], (2.2.9)
assuming that h; is L-Lipschitz continuous. Let us prove this property. For any x, we have

[|h1 0 ha(z) — Eylhy o h2]H2 = ||h1 0 ha(z) — hl(Eu[h2])H2
+2(h1 © ha(2) — M (Epu[ha]), hi(Eulha]) — Eulh o hal)
+ [ (Bulhal) = Eylha o hol |

50



Taking the expectation, we obtain that
o2l o ha] = By ||y o 2 = ha(Eylha))[*] = (|1 (Bulha]) = Bl o o]

Since hy is L-Lipschitz continuous, we have E,[||h1 o ho — hi(Epu[ho])||?] < L?0,[he]?. Inequality
(2.2.9) follows immediately. Next, it is easy to verify that the function f is L-Lipschitz continuous,
with L = (ij\il L?)l/g. Using (2.2.9), we conclude that

2 2 2 1 L2 2
O [J<7-'I}_z)] <L o [NQZ() + C:| = WJM [gz];

where C' = % >_ir2i 9 (ziv) is regarded as a constant. The estimate follows. O

2.3 Stochastic Frank-Wolfe algorithm

2.3.1 Assumptions
We introduce two new assumptions, which will be in force until the end of the article.
Assumption B. For all j =1,..., M, the function f;: £ — R is convex over conv(S;).

Let p! and p? lie in Ps. Take w € [0,1]. Let = (u1,...,un) be defined, for any s = 1,..., N,
by pi = (1 —w) uz-l + wuf. Here, the addition and the multiplication by a scalar are understood as
usual in the set of signed measures. In the sequel, we simply denote p = (1 —w)pu! +wp?. We have
p € Ps; moreover, Ey, [gi] = (1 —w)E,1[g] +wE,z2[g], for any i = 1,..., N. Then, Assumption
implies that J(u) < (1 —w)J (1) + wT (1?). In words, the randomized problem is convex.

In this section, we address the numerical resolution of the randomized problem (and the original
problem) under Assumption Let us mention that this convexity assumption is natural for the ap-
plication problems described in the introduction. It allows the application of the Frank-Wolfe algo-
rithm (also called conditional gradient algorithm) [DHT§]|, for which convergence can be established.
The Frank-Wolfe algorithm requires to solve at each iteration a subproblem. Here, the subproblems
can be decomposed in N optimization problems, which can be solved in parallel. This property is
particularly interesting, since we aim at solving instances of with large values of N. We do not
detail here the practical resolution of the subproblems, which can only be investigated case by case.
Instead, we make the following assumption. Let us set A :={V f(y) | y € conv(G(X))} C E.

Assumption C. Forall i =1,..., N, for all A € A, the problem

inf (X, gi(zs)) (2.3.1)

T €EX;
has at least a solution. For all i = 1,..., N, we fix a map S;: A — X; such that for any A € A,
Si(A) is a solution to (2.3.1)).

The map S; can be understood as a best-response function corresponding to agent i. The
involved cost function is a linear combination of the contribution mappings g;;, with j =1,..., M.
In problem (2.3.1), A can be interpreted as a price variable associated with g;(x;).
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Remark 2.3.1. 1t is easy to find assumptions which ensure the existence of the map S;. For example,
one can assume that X; is a compact set in a topological vector space and that g; is continuous.
Let us emphasize that Assumption [C]is essentially an assumption of numerical nature: S; should
be understood as the output of an (efficient) numerical procedure for the resolution of ([2.3.1)). The
algorithms described afterwards largely rely on evaluations of S;.

2.3.2 Basic Frank-Wolfe algorithm

We first describe a rather direct application of the Frank-Wolfe algorithm, which is referred to as
the basic Frank-Wolfe algorithm. The starting point of our numerical approach is the following
lemma, the proof of which is straightforward.

Lemma 2.3.2. Let A € A and let i = (fi1,...,iAn) € Ps. Then, [i is a solution to

1 N
inf <)\,NZE#I.(9¢)>. (2.3.2)
=1

HEPs
if and only if for all i =1,..., N, [i; is supported in argmin, .. (A, gi(x;)).
The cost function in (2.3.2)) should be regarded as a linearization of 7, as needed in the abstract

formulation of the Frank-Wolfe algorithm in [DHT78]. An immediate consequence of Lemma [2.3.2]

is that (dg,(x),---,0s,()) is a solution to (2.3.2)). The resolution of problem ([2.3.2) is a key step
in the numerical procedures developed afterwards; let us emphasize that the maps S;(y) can be

evaluated independently from each other, i.e. the resolution of ([2.3.2)) can be parallelized.
Algorithm 2.1: Frank-Wolfe Algorithm

Initialization: u° € Ps ;

for k=0,1,..., K do

Step 1: Resolution of the subproblems.
Set y*F = % ZZ]\; B [g,] and set \¥ = V f(y*);
fori=1,...,N do

‘ Compute 7F = S;(A\F);

end

Step 2: Update.

Set ﬂk = (53?’1“’ .. .,5;%1?\,);

Set pFtl = (1 — wp)p® + wei®.

end

The convergence analysis performed afterwards relies on standard arguments (compare our proof
with [Jagl3]). We introduce the primal gap ~, and the primal-dual gap S, defined by

N
Vi = j(uk) - J* Br= (Vf(yk),yk — yjk>, where: yjk = %Zgz(i'f) (2.3.3)

i=1
Note that B can be evaluated numerically. The following lemma shows that S is an upper bound
of the primal gap V.
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Lemma 2.3.3. For all k € N, v, < B.

Proof. Let k € N. Let pu € Py and let y = + Zfil E,,lgi]. By Lemma we have (V f(y%), 7*) <
(Vf(y*),y). Thus, using the convexity of f, we obtain

Be = (VW) = 5°) 2 (VI =) 2 FW) — Fy) = T () = T (). (2.3.4)
Since p is arbitrary, we deduce that 8 > J(u*) — J* = . 0
We have the following convergence result.

Proposition 2.3.4. Let Assumptions[4], [B, and[C hold. Then, in Algorithm[2.1], for any K € N*,

2C
TR

Proof. As we will see, the result is a consequence of Lemma with C = % and up = 0. By
Assumption [A]

FY < FW) +(VFWM), " )+ Z Ly [anE A
We have y*1 — % = Wi (g% — y*). Therefore, by definition of £y,

v
P < 0P —wni+od S LT~ oI (2:3.5)

J=1

By definition, |75 — %% = || SN, By [9i(@F) — gi;0)] |,

N
1
17 = w51 < 5 D B [0 (7F) = 935 Zd
i=1

Combining the above estimate with ( and using the inequality v < Bi proved in Lemma

. we obtain that v < (1 — Wk)%: + < 5 wk Thus Lemma applies, which concludes the
proof. O

thus by Cauchy-Schwarz inequality,

In the following remark, we give an alternative value of wy in Step 2 of Algorithm while
preserving the convergence rate from the previous proposition.

Remark 2.3.5. For any k € N, denote hi(w) = —wpk + < w , where the constant C}, is defined by
Cr = Z;‘i 1 Lj ngf - y;?HQ. In view of inequality (2.3.5), the result of Proposition remains true
if the sequence (wg)ren is chosen such that for any & € N, h(wg) < h(wg). The result remains in
particular true for

: (B
wi = argmin h(w) = min 1 (2.3.6)
we[0,1] <C >
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The above proposition shows the convergence of the Frank-Wolfe algorithm. Yet the algorithm
only provides a relaxed solution. In order to get a solution to the original problem, one can use
the selection method introduced in Subsection A first direct application of Proposition [2.2.6
yields the following. Let (Xi,...,Xy) be N independent random variables such that X; ~ u¥, for

all 7. Then,
2C4 01
ElJX)| <J'+—+ —
Therefore, from a theoretical point of view, there is no guaranty of improvements when k£ > N
since, then, the error term 201 becomes negligible in comparison with 3 1 The following lemma
provides a convergence result (in probability) for the combination of the Frank—Wolfe algorithm

and the selection method, for a number of iterations k < N.

Lemma 2.3.6. Let (u;)ren be the output of Algorithm [2.1 Let k < N. Let ¢ € (0,1). Let
n € N* and let (Xf)f:ll”;\l, be Nn independent random variables such that X ~ pk. Let X7 =
(X7,...,X%). Then,

J * —_ _ f -—-v - 7
g |:‘——rrll,1.?,n J(X ) <J k :| =1 C7 onz CQ N <<> <2.3. )

Proof. Since k < N, we have Cl < Cl . Therefore, by Theoremm7

. - 207 4 2Née2n
J > _ _
P |:=Hll,ln,n J&) < k 2k 6:| = 1—exp ( Cg )’

for any € > 0. Take e = 5t. If n satisfies , then exp( 2Ne? ") <. O

2.3.3 Stochastic Frank-Wolfe algorithm

At each iteration of Algorithm [2.1] !, a new point :E’-“ is added to the support of each distribution

. Therefore, if at iteration K, the points (Z%)s— 0 k-1 are distinct from each other (for each i),
then KN places are needed to store the iterate pf<, which can be prohibitive as K becomes large.
We propose in this subsection a variant of Algorithm which significantly mitigates the risk of
memory overflow. We call it the Stochastic Frank-Wolfe (SFW) algorithm, it is given in Algorithm
2.2 below.

Starting from an initialization 2 € X', Algorithm generates a sequence (z¥)rey in X. Let
us emphasize that there is no probability distribution involved in the practical implementation of
Algorithm However, for the analysis of the algorithm and for its description, it is convenient
to introduce p¥ = (gt - -5 0gx ). With this notation at hand, we first observe that y*, as defined
in Step 1 of Algorithm satisfies y* = % Zf\[:l E,x[gi]. Thus the Steps 1 of Algorithms and
play exactly the same role. Let us focus next on Step 2 of Algorithm and let us define
ok = (6z1,---,05 ) and iF = (1 — wp)p® + wpi®. In contrast with Algorithm we do not
directly use /i* at the next iteration but instead employ our selection method so that i is reduced
to an N-uplet of Dirac measures. The application of the selection method is here simple since
ik =(1- Wk )0gr + wrdzr. Thus, to simulate a random variable with distribution fi¥, it suffices to
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Algorithm 2.2: Stochastic Frank-Wolfe Algorithm
Initialization: 20 € X;
for k=0,1,2,..., K do

Step 1: Resolution of the subproblems.
Compute y* = % 3, gi(a});
fori=1,2,...,N do

| Find 2} € argmin, ¢ x, (Vf(y"), g:(2:));
end

Step 2: Update.
Choose ny € N*. Set wy, =2/(k +2);
for j=1,2,...,n; do
fori=1,2,...,N do
Simulate Pik’j ~ Bern(wy), independently of all previously defined random variables;
Set a?i” =(1- szj)xf + Pik’jff;
end
Set #F7 = (if’j)izlw,)]\];
end
Find 2" € argmin{J(z) |z € X*}, where X* = {#FJ, j =1,2,... n};

end

simulate a random variable P with Bernoulli distribution Bern(wy,) and to consider (1— P)z¥+ Pzk.
Using this method, Step 2 consists in simulating n; random variables (aﬁk’j )j=1,...n, such that their
probability distribution is equal to * (to be rigorous, their probability distribution conditionally
to ). Finally, Step 2 selects a random variable %7 which minimizes .J.

It is important to keep in mind that all variables involved in the algorithm (z*, z¥, #%J) and
all variables defined above (u*, ¥, i*) are themselves random variables, since they depend on
the Bernoulli random variables sz] . For the analysis of the algorithm, we need to consider the
filtration generated by the Bernoulli random variables. We introduce the set of indices Z defined
by

7= {(k,j,i)|k€N,je (...}, i€ {1,...,N}}u{(0,0,0)}.

We equip the set Z with the lexicographic order: given (ki,ji,41) and (ka,j2,72) in Z, we write
(K1, j1,11) < (K2, j2,42) if and only if

[kl < kQ] or [kl = k9 and 71 < jQ] or [(kl,jl) = (kg,jg) and 71 < ’iQ].

We further write (/ﬁl,jl,il) < (k‘g,jQ,ig) if and only if (k‘l,jl,il) < (k‘Q,jQ,’iz) or (kl,jl,’il) =
(ka, jo,i2). Note that this order coincides with the simulation order of the random variables Pik’j in
the algorithm. The relation < defines a total order with minimal element (0,0, 0). For any (k, j,1) #
(0,0,0), we denote by (k, 7,7)—1 the maximal element of the set {(k’,5',7') € Z|(K',7",7) < (k,7,4)}.
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Finally, we consider the filtration (G) ;:)ez defined by

G _ ) trivial o—algebra, if (k,j,i) = (0,0,0),
(k.50 o (G j,iy—1> Pilw), otherwise,
where a(g(k”) 1, P ) denotes the o-algebra generated by G ;-1 and Pik’j. Note that i“f’j is
9(k.j.-adapted and that z¥ and z* are G (k,1,1)—1-adapted.
Theorem 2.3.7. Let Assumptions[4], [B, and[( hold true. Then, for all K =1,...,2N,

4C4
Elvk] < T where v = J(z) — T*.

Moreover, for all € > 0,

4C4 —€e2N
>1— 3.
IP’[’yK< % —l—e} >1—exp <2(UK+€mK/3)>’ (2.3.8)

202 k(k+1)? k+1)(k+2 .
where Vg = ety K+1 (Z + and mg = % (k:fna%_l%) Finally, the fol-

lowing estimates quantify the variability of v :

16C? 4C 2
K21 + UWK and EKmax (’yK - ?1, 0)) ] < UWK (2.3.9)
The proof is postponed to Section Let us note that the constants mg and v involved in

the theorem depend on the sequence (ny)g=o 1,.. but do not depend on N.

Var [yg] <

Corollary 2.3.8. Let A > 0. Assume that ny > maX(Ak ) for any k. Then, for all K =

1,...,2N,
4C1 + Cy A
IP[ 7]>1— ~2).
K< T = eXp( 12)

Proof. Using k + 1 < 2k, we obtain

202 & Nk (k+1)2 8NC2 o
< — <
UK = K2R +1)2 ( DT = AK%(K + 1)?2 ; g

k=1
ANCE(K —1)K _ 4NC?
= <
AK?2(K +1)2 — AK?
and mg < ﬁ:—l)(kﬂma}f{ 1N(k+;}2§k+2)) < aNKCQO. Applying Theorem [2.3.7] with ¢ = %, we
obtain that IP’[W( < %] >1—p, with
—(Co/K)?N —
p < exp (S/ ) 2 <exp|—],
2(41\/00 i 6NC?2 ) 12
AR? T 3AKS3
as was to be proved. ]

Remark 2.3.9. A variant of Algorithm consists in setting z¥T! = 2 if J(2%7) > J(2F) for all
j=1,...,ng. Theorem is still satisfied under this modification.
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2.3.4 Proof of Theorem [2.3.7 and comments

Step 1: proof of the convergence in expectation We make use of the notations ,uk, ﬁk, and
/l , introduced right after Algorithm . We also introduce B = (Vf(y*),y* — g*), where g* =
~ ZZ 1 9i(Z¥). By construction, we have

. 1 .
k+1y _ : A 7ksJ
J(@") = min J(z"7) < ” E J(z7).

Recalling that J(u*) = J(2¥), we deduce that vyz11 < Y% + ax + by + cx, where

1Nk k.
= o 2 () B |G

1 & " )
bk - Fk ]ZI (E [J(.%'k’]) ‘ g(k’,vlvl)*l] - j(luk>>7

e = J (@) = T (W) = T(i*) = I ().

The term a; does not play a significant role at the moment since its expectation is null. The term
by, must be understood as a relaxation cost, induced by the use of the selection method. The term

ct, is estimated exactly as in Proposition as was seen in its proof, we have ¢ < —wp Sk +w2 Cl
A direct adaptation of Proposmon shows that
1 L C
- 2 |
by < 2N2 ZZL o (93] < 2N2 ;;ijk(l — wg)di; = w(1 —wk)ﬁ.

Combining the above estimates, we obtain

Ne 1

Vel < e +ag + ( wi Bk + Wi — 5 ) k(= wr) 5 (2.3.10)

For the choice wy = @y, we have (1 —wy)/N =k/(N(k +2)) < wy, since k < 2N. It follows that
C1 “w 201

oN — k9

and finally, since v < S, we have 5411 < (1 — wg) Yk + wkCl + ag. Next by Lemma

wr(l —wr) 57

K-1
4C (k+1)(k+2)
< _— : — _—
VK + Sk, where: Sk kg_o ( 0

We have E[ax] = 0, thus E[Sk] = 0 and finally E [yx] < <.

ag. (2.3.11)

Step 2: proof of the probability and variance estimates We next need to find an estimate of

P[Sk > €]. For this purpose, we need to further decompose the term aj as a sum of random vari-
ables. A first observation is the following equality: E[J(2"7) | G1,1)— 1] =E[J(&") | Q(k7j71)_1],
which easily follows from Lemma [2.9.5] As a consequence,

N
J(@&R7) — E[J(fk’j) | G1y-1] = Z Ulk,j,i)s

57



where
Utkiy = E[J(@) | Grj] = BT @) | Girgay]-
We obtain the following decomposition of Sk

Klnk

(k+1)(k+2
R0 3 3) Sl T

k=1 j=111=1

Note that the index k starts at 1. Indeed, wy = 1, thus £°7 = z° and then agp = 0. Let us apply
Propomtlonto Sk. We have IE[U (kgi) | Gkgii) ] = 0. Viewing the term .J(2*7) as a function
F of the random varlables A= Zlf 7' )t i< (ko) B = P Fod and C:=( i//’j/)(k,j,i)<(k/,j',z"), we
can apply Lemma [2.9.4|to Uy ;;), with 6 = Co/N (by Lemma . This yields

< C() wk(l — wk)Cg

Therefore, Proposition applies to P[Sk > €], where the constants m and v are given by

U and  E[Uf i | Giejiy—1] <

k=1,.. ,KlnkK(K—l—l) N N’

N
(k+1)(k+2)\2 2kC? v
v Z( ) (k+2)gN2_Jif<'

K (K + 1) -

This proves estimate (2.3.8]). Recalling that vx < % + Sk a.s., we obtain

4C 21 16C%

2 1 1 2

Var[yx] < E[%] <E[(ZF + k) | = <5+ +E[sk].

Next by Proposition IE[S%(] < vg/N. The first inequality in (2.3.9) follows. The second
inequality follows from the inequality: max (7]{ — 4—Cl ,0)2 < 5'2

Remark 2.3.10. Let us set hip(w) = —wpfk + wQCl +w(l - w)QCZ{, If for all £ € N, we have
hi(wg) < hk(2/(k 4+ 2)), then the convergence in expectation of Theorem still holds, i.e.

E[ny] < 4C1 /K, in view of inequality (2.3.10)). In particular, one can take

: . B —C1/2N
wi = argmin hg(w) =max [ min [ ——,1],0]. 2.3.12
‘ wg[o,l} k( ) ( <C1(1 — l/N) ) ) ( )

2.3.5 A speed-up of the SFW algorithm

Step 1 of Algorithm requires to solve N independent subproblems. It turns out that only a
subset of those subproblems need to be solved for the implementation of Step 2. At iteration k
consider the following set:

n= U {ie{l,...,N}\Pf’jzl}.

j=1,2,....nx
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If i ¢ Iy, then :%fj = xf, in other words, for such an index 4, it is not necessary to evaluate
S;(A¥F). A speed-up of the SFW algorithm can therefore be obtained by simulating the Bernoulli
random variables before Step 1, next by evaluating S;(\¥) only for the indices i in Iy, and finally

k+1

by computing #%7 and z as before. The expectation of the number of subproblems to be solved

at iteration k is given by

E[|L]] = ip[z’ €] =N(1-P[L¢ L)) = N(1-P[P[7 =0, Vj = 1,...,m])

(- (52)")

Note that this speed-up technique cannot be applied if wy is chosen according to formula (2.3.12)).
Indeed, this formula requires to evaluate (8, which implies that the N subproblems must all be
solved.

2.3.6 Stopping time strategy

In Algorithm the number of samplings ny is chosen at the beginning of Step 2. We consider
here a variant: we generate a sequence of random variables #%7 with probability distribution equal
to fix (conditionally to g(k,l,l)—l)? the variables are constructed via Bernoulli variables independent
from each other. We define nj as the first index j such that

. C
J(@#9) < TG + (5 + Co)uk, (2.3.13)
or, equivalently,
L _ C
FM) < 1wy + ) + (S + Co o (2:3.14)

where §¥ = & SN | gi(Z%) and gt = + SN gl(if]) The next iterate is defined by z#+1 = gk,
Lemma 2.3.11. Let (ZL‘k)keN denote the sequence obtained with the stopping rule (2.3.13|). Then

C1 + Cp)

4
J(azK'H)fj*S ( e , VK =1,...2N, a.s.

Moreover,

E[nk] < (1—exp<—(ki_]\;)3>)_2, Vk=1,..., K.

Proof. Let & be a random variable with probability distribution equal to ¥, conditionally to

G(k,1,1)-1- Then, for all € > 0, estimate (2.2.8) of Theorem yields:

P[J(8) > () + (1~ ) +e

g(k,l,l)—l} < De (2.3.15)

—Ne?
(wk(lfwk)Cng%e

—NC3w} < (—Nw;?;) ( —4N )
e = €X <p:=ex =exp| +———= |-
Pem P\ Qe = 20203y ) T 5P T2 P\t +2)
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Recalling that %wk(l —wi) < %wi, we deduce that

P[7) 2 7G4 + (S + Co)ek | G ] <

Now, let us consider a sequence of independent random variables (i%);_; _ (conditionally to
Q(k,u)_l), with conditional probability distribution /i¥. By estimate (2.3.15)),

Pl = 5] < P[75) > 7 + (5 + Co)d, 7 |G ] <27

We finally deduce that ]E[nk] <3 gpi—t = ﬁ, which proves the second part of the lemma.

For the first part of the lemma, it suffices to observe that

C
J(l’k—H) < j(ﬂk) + (?1 + C’O)w,% < J({L‘k) — Brwi + (C1 + Co)w;%,

and to conclude with Lemma [2.9.3] O

2.3.7 Distributed algorithm

In this subsection we present a privacy-preserving implementation of Algorithm The Algorithm
is equivalent to Algorithm the instructions are distributed over an operator, N agents,
a simulator, and an aggregator, who communicate with each other. Roughly speaking, the
operator sets up prices that are sent to the agents, which compute independently from each other
their best-response. The aggregator computes in a confidential fashion the aggregate associated
with a given value of (a:z)zzl ~. The simulator implements the random variables lek of the
Stochastic Frank-Wolfe algorithm.

More precisely, at the beginning of iterattion k£ of Algorithm the operator sends a price Ag
to the agents, who calculate their best-response. The aggregator sends the corresponding aggregate
U to the operator, who can compute the primal-dual gap 5* and can fix the value of the stepsize
wg. Next the simulator realizes stochastic simulations, communicated to the agents. Only the
aggregate associated with each simulation, §*7, is communicated to the operator. The operator
decides when to stop the simulation phase through the logical variable test. For example, test can
be set to true as long as j < ny, for predefined values of nj. The variable test can also be designed
so as to implement the stopping rule of Subsection m Finally, the operator identifies
the number j* of the simulation that has yielded the best aggregate and communicates it to the
agents.

The key point in this algorithm is that the operator never receives information that is specific to
a given agent: it only collects aggregates (the variables 7*, §%7, and y*). Similarly, the agents have
only access to the prices A; and to j*. We do not detail here algorithms used by the aggregator to
compute the aggregate and refers the reader to [BBG™20], which investigates a similar approach for
preserving privacy, with an operator that only has access to aggregates (note that the underlying
mathematical method is different from ours). It is proposed in that reference to use a cryptographic
protocol called secure multiparty computation for the non-intrusive computation of aggregates,
taken from [SMZ'16] and [ABLT04].
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Algorithm 2.3: Distributed SFW Algorithm

[Agents] Initialization: z° € X.
[Aggregator] Compute and send y° = 4 sz\; gi(2?) to Operator.
for k=0,1,2,...,K do
[Operator] Compute and send \¥ = Vf(y*) to the Agents.
fori=1,2,...,N do
[Agent i] Compute ZF € S;(A\F).
end for
[Aggregator] Compute and send §* = & 32 | g;(zF) to Operator.
[Operator] Compute 8% = (\F y* — 3F).
[Operator] Compute, send wy, with or with wy, = ki-u to Simulator.
[Operator] Set j = 0 and send test = true to Simulator.
while test do
[Operator] Increment j.
fori=1,2,...,N do _
[Simulator| Simulate and send PZkJ ~ Bern(wy) to Agent i.
[Agent 7] Set :%i” =(1- Pik’j):ciC + Pik’jzif.
end for 4
[Aggregator] Compute, send ¥ = < Zil gl(i'i”)
[Operator| Update and send test to Simulator.
end while
[Operator] Find j* € argmin f(§%7"). Set y*+1 = k",
J'=1,.0007
[Operator| Send j* to the Agents.
fori=1,2,...,N do
[Agent i] Set zF 1 = i:i”
end for
end for

to Operator.
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2.4 Refined gap estimates

2.4.1 Nonconvexity measure and gap estimate

We give in this subsection a refinement of the randomization gap obtained in Proposition [2.2.6]
Our analysis relies on the concept of nonconvexity measure, introduced in [Cas75].

Definition 2.4.1. Given a subset K of £, we call nonconvexity measure of K the number p(K)
defined by

where Id: £ — £ denotes the identity mapping.

The ”nonconvexity measure” terminology is motivated by the following: if K is convex, then
obviously p(K) = 0 and conversely, if p(K) = 0, then K is dense into conv(K). We have the
following two properties, easily verified. The map p is homogeneous in the following sense: given
a € R, we have p(ak) = |a|p(K). Moreover p(K) < d(K), where d(K) is the diameter of . Another
particularly interesting property for our aggregative problem is the sub-additivity of p(-)2: given
two subsets K1 and Kz, we have p(K1 + K2)? < p(K1)? + p(K2)?, see [Cas75, Theorem 1]. We will
use an improvement of this inequality in the proof of Theorem based on the Shapley-Folkman
theorem.

The next lemma provides a general relaxation estimate based on the nonconvexity measure of
the feasible set. Let us emphasize that the central idea behind this result is the same as the one
in the proof of Proposition [2.2.6] The only difference is the point of view, which is here geometric
while it was previously probabilistic.

Lemma 2.4.2. Let K be a subset of £. Let F be a differentiable real-valued function defined on
some neighborhood of conv(K). Assume that VF is L-Lipschitz continuous over conv(K). Then,

L
inf F(y) < ( inf F =p(K)*.
L < (Bl o F0) + 500

Proof. Let y € conv(K). Let u € Ps(K) be such that E,[Id] = y. Then, since VF is L-Lipschitz
continuous, we have

. L 2
yllrgc F(y) < E,F] < F(y)+ 5% [Id].

Minimizing the right-hand side with respect to p, we obtain that

. / L~ 2
n < — .
jnf F(y/) < F(y) + 50(K)

Minimizing the result with respect to y yields the announced estimate. O
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Some notations are needed for the application of Lemma [2.4.2] m to . We set

gz] xz \/ g’bj xz gz xz = (gm X4 )J 1., M

M
) =6(Z) T =3 i)

Jj=1

Obviously, J(z) = f(% Zf\il §1(azz)) = E] 1 fJ( ZZ 1 Gij (;1:@)) Finally we denote

N
- 1
Vi=gi(X;) and Y= N Z%

We give next two new formulations of problems and , revealing the geometric nature
of the relaxation technique employed so far.

Lemma 2.4.3. We have

Jr = ;g) f), (PG)
J* = yecﬁg o f(y). (PGR)

Pmof The first equality is straightforward. For the second one, it suffices to observe that conv()) =
~ LSV conv(;) and that conv();) = {Eu.[3:] | i € Ps(X;)} O

We introduce the following constants:

D; = ZL d%,  DIK] = e > D (2.4.1)
‘K‘ k ZGK

Theorem 2.4.4. Let Assumption [4] hold true. It holds:

— < E —_—. A.
A (QC{I Yy 2PV )‘ 22 (24.2)
Ql=gAN €@

Note that D[N] = NC1, thus the new gap estimate is the same as the one obtained in Proposition
when ¢ > N and it is strictly better when g < N.

Proof of Theorem [2.7.7 We let the reader verify that V£ is 1-Lipschitz. Then Lemma and
the homogeneity of p yield

1 1 AN
J—TJr< = L — ]
Applying [Cas75, Theorem 2], we obtain that
N 2
(39) < w30
= IQl=gAN~ €Q
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which proves the first inequality. Observing that

M M
(yz <d yz Z gzg Z gm = D,

we obtain the second inequality. O

2.4.2 Duality and price of decentralization

In this subsection we introduce a dual problem (we work again under Assumption and investigate
its connection with the geometric relaxed problem (PGR)). This allows us to obtain a last refinement
of the randomization gap. For all i = 1,..., N and for all A € £, we introduce

®,;(A) = inf (A, gi(zi)), Yi(A) = argmin (A, y;), Xi(A\) = argmin (\, g;(x;)).
T, €X; Y€V T EX;

We refer to the following problem as the dual problem:

N
s (= F 00+ g o). ()

\e&
Let D* denote the value of Problem @

Assumption D. The function f: £ — R is lower semi-continuous and convex, and the set conv())
is closed.

Remark 2.4.5. Assume that £ is finite-dimensional. If the sets X; are compact and the maps g;
continuous, then the sets ); = g;(A;) are also compact. It is then easy to verify with Carathéodory’s
theorem that conv()}) is also compact, thus closed, which finally implies Assumption @

Lemma 2.4.6. The problem (PGR) has a solution.
Proof. This is a direct application of [BC11, Theorem 11.9]. O

The next lemma provides a duality result and a characterization of optimal solutions for problem

(PGR).

Lemma 2.4.7. Let Assumptions[4], [B, [0, and[D hold true. Then, J* = D* and the dual problem
@ has at least one solution. Fir a solution A\ to Problem @ Lety € €. Then, y is a solution to

(PGR)) if and only if y € Of*(\) and y € + Zfil conv(V;(N)).

Proof. Let h denote the indicatrix function of conv(})). By Assumption the domain of f contains
a neighborhood of conv()). By Assumption@ h is lower semi-continuous. Therefore, the Fenchel-
Rockafellar theorem [Roc97] applies and yields

J* = inf (o) +h()) =sup (= F*(N) = h*(=N)).

ye \e€
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Moreover, the supremum in the right-hand side is a maximum. We have

—h*(=\) = inf (\y)= mf (A D, (
( ) y€c0nv()i)< y> y NZ

As a consequence, J* = D* and problem @ has at least one solution.

Now let us fix a solution A to the dual problem @ Let y € £. Then y is a solution if and
only if (i) f(y) + f*(\) = (\,9) and (ii) h(y) + h*(—A) = —(\,y). The condition (i) is equivalent
to y € df(\). The condition (ii) is equivalent to

y € conv(Y) and (\,y) = —h*(=\) = inf (\,¢).
Yy ey

Thus (ii) <= y € Y, where Y = argmin (\,y'). We further have
y’€conv())

N N
1 1
Y = conv | argmin (\,¢) | =conv( — Y Vi(A)) ==Y conv(;()\)
cr (3 290) = om0
which concludes the proof. ]

Remark 2.4.8. If f is differentiable on &, with a Lipschitz-continous gradient, then f* is strongly
convex (see [BCII, Theorem 18.15]), which implies that (D)) has a unique solution.

Let us fix a solution A to the dual problem until the end of the subsection. Let us consider

Jdec = inﬁ( J(x), subject to: z; € XA;(\), Vi=1,...,N.
Tre

In words, we restrict &; to the best-responses corresponding to the dual variable A. Following the
terminology of [Wanl7], we call price of decentralization the real number p = Jgec — J*.

Proposition 2.4.9. Let Assumptions[4] [B, [0, and[D hold true. It holds:

1
< —J*< .
JUIS Jdec \7 = 2N2 (QC{L ,N} ZP yz ) )

IQl=gAN €@

Proof. The definition of Jge. and Lemma [2.4.7| respectively yield:

Jdec = inf f(v) and Jr = inf fy).
ye= N Vi(A) yE~ 2oL,y conv(Vi(N))

The announced estimate follows then from Lemma and [Cas75, Theorem 2], as in the proof
of Theorem [2.4.41 O

Remark 2.4.10. The randomization gap is bounded from above by J4ec — J*. Moreover, one can
show that p(¥;(A)) < p(Ys). Thus Proposition provides a last refinement of the gap estimate
242).
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2.5 Comments on numerical aspects and examples

2.5.1 Literature comparison

Let us compare our results and our method with the work of Wang [Wanl7]. Our gap estimate,
as well as our estimate of the price of decentralization, are of order O(min(q, N)/N?), while the
estimates obtained by applying [Wan17, Theorem 3.5] are of order O(¢?/N?). We emphasize that
our first gap estimate, of order O(1/N), already improves [Wan17] when ¢ > +/N. Note that the
geometric relaxation employed in Section is the same as the one used in [Wanl7].

Let us compare our algorithmic approaches. At a general level, one can observe that we have
a primal approach, while Wang solves the dual problem to the relaxed problem. Our approach is
restricted to the case where f is differentiable, while the dual approach allows to tackle the case of
hard constraints (for example when f is the indicator function of some convex set). Both approaches
leverage the decomposability of the problem into N problems and require that the subproblems
can be easily solved. Let us emphasize however that we only need to be able to compute a single
solution for those problems, while [Wanl7, Algorithm 2] requires to compute the full set of £-optimal
solutions, which may be much more difficult. Our algorithm does not require to perform Shapley-
Folkman decompositions, contrary to [Wanl7]. This is a major advantage when the dimension of
the aggregate ¢ is very large. Also, we do not need to evaluate f*. As a counterpart, we are only
able to find O(1/N)-optimal solutions, while the algorithm of [Wan17] can find O(q?/N?)-optimal
solutions. The design of a method for the computation of O(q A N/N?)-solutions will be the topic
of future research.

2.5.2 Social welfare example

A particularly interesting instance of is the social welfare optimization problem investigated in
a closely related paper by Mengdi Wang [Wan17]. The cost function is the following:

1 Y 1
Jnf fo (N;hi(:ri)> + N;zi(m. (2.5.1)

Following her terminology, the function h; is the contribution of agent i to some common goods, fj
is a social cost function of the common goods, and I; describes the individual preference of agent .
There are various applications fitting into the framework of , see [Wanl7]. In particular, some
power system management problems can be modeled as . Such a problem is investigated in
[SABT23|: x; represents the production profile of the generator 4, I;(z;) is its individual production
cost, fo denotes the demand elasticity or, equivalently, a penalty function that depends on the
difference between the average production and some inflexible demand D (e.g. fo := || - —D||?) so
as to penalize the deviation of the overall production from the inflexible demand.

Let us also mention the resource allocation problems, investigated in [BBGT20|, for example.
These problems are of the form , where fy is the indicator function (as defined in [BC11),
Example 1.25]) of a given point y € &, modelling the resource to be allocated over the agents.
These problems find applications in energy management (see for example [GPA21] and [JBGO18S]).
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They do not fit to the current framework, since the indicator function is not differentiable, but can
be reasonably well approximated, replacing the indicator by a penalty function.

2.5.3 Discussion on the case of finite feasible sets

The stochastic Frank-Wolfe algorithm investigated in the previous sections was motivated by the
difficulty of manipulating probability measures, from a numerical point of view. However, when
the sets X; are finite, with relatively low cardinality, it is possible to store probability measures
with possibly full support and some other numerical methods can be used to solve the randomized
problem. Let us assume (in this subsection only) that the sets X; are of cardinality n; € N and
that X; = {x},...,x!"}. Then the randomized problem reads:

N n;
minVN) f(% Z Z yfg(xf)), subject to: v; € A(ny), (2.5.2)

v=i., i=1 ¢=1

where A(n;) denotes the (n; — 1)-simplex, i.e.

i
Zuezland V£20,V£:1,...,ni}.
(=1

A(n;) = {1/ e R™

The problem is a convex program on a Cartesian product of IV simplices. Let us first note that in this
framework, Assumption |C|is trivially verified, since problem is just a minimization problem
over X; which can be solved by enumeration. Moreover any variant of the Frank-Wolfe algorithm
can be implemented, in order to solve the randomized problem in a faster way. We refer the reader
to [Jagl3), [LJJ15]. Some other methods could also be implemented. The problem could be solved
with the projected gradient descent algorithm, but the projection on the simplices is expensive
(see [Conl6]). Instead, the problem can be naturally addressed with the mirror descent algorithm
[BTO03] (see in particular the entropic descent algorithm in Section 5), and with accelerated versions
of the entropic descent algorithm [KBBI5].

Let us observe that if we require v to have integer entries in the problem , then we are back
to the original problem. Indeed, the elements of the simplex with integer entries are its vertices,
that is, the vectors of the form (0,...,0,1,0,...,0). Therefore the original problem can be viewed
as a mixed-integer convex program (MICP) and can be addressed numerically with combinatorial
techniques, see [BKL12, [CLV20] and the references therein.

2.5.4 Aggregative optimal control

We describe here a large-scale optimal control problem of the form of problem , with an infinite-
dimensional aggregate space. We verify Assumptions [A] [B] and [C] and we discuss the applicability
of the Stochastic Frank-Wolfe algorithm.

Let us first fix the data of the problem. For any ¢ = 1,..., N, we consider: an initial condition
z? € R™, a control set U; C R™, a dynamics F;: (z;,u;) € R" x U; — Fi(z,u;) € R", and a
contribution function ¢;: R x U; — R¥. We also consider a social cost £: R¥ — R. We make the
following assumptions:
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1. Regularity and boundedness. For any ¢ = 1,..., N,

e U; is non-empty and compact

e F; is continuous, Lipschitz continuous with respect to z;, uniformly with respect to wu;;
moreover, there exists a constant K; such that || F;(z;, u;)|| < K;(1+]|2i]|), for any (z;, u;) €
R" x U;

e ¢; is continuous; moreover, there exists a function R;: Ry — Ry such that ||¢;(z;, w;)]| <
Rl(HzZH + HuZH), for any (z;,u;) € R" x Uj.

2. Regularity of the social cost. The function ¢ is continuously differentiable, moreover, ¢ and V/
are Lipschitz continuous with moduli L, and Ly, respectively.

3. Convezity assumption. For any i = 1,..., N, for any y € R¥, for any z; € R", we define
Zi(y, z;) the set of all elements (z1, %) in R"*1 where there exists u; € U;, such that z; =
Fi(zi,u;) and 22 > (VL(y), ¢i(zi,ui)). The set Z;(y, 2;) is convex.

Let us mention a particular case in which the above convexity assumption is true: for any
i=1,...,N, for any y € R¥, for any z; € R",

e For any z;, the map u; — Fj(z;,u;) is affine.
e The set U; is convex and the function u; € U; — (VL(y), ¢i(zi, ui)) is convex.

For any i = 1,..., N, consider the set X; of pairs (z;,u;) € W1(0,T;R") x L>®(0,T;R™)
satisfying
2i(t) = Fi(zi(t),ui(t), 2(0) =29, wi(t) €U;, forae. te(0,T).

A direct application of Gronwall’s lemma shows that for any (z;,u;) € &j, we have ||| (0, 7rn) <
K;, where K; = (1 + ||y||) exp(K;T) — 1.
The aggregative optimal control problem of interest is defined as follows:

(ziui) N €l X
i =1

inf /OTe(;f iv; & (zi(t), ui(t))) dt. (2.5.3)

It is a special case of problem with m = 1, & = £ = L?(0,T;R¥), and
gi: (zi,uy) € X > (t € (0,T) — d)z(zz(t),uz(t))) € L?(0,T;RF)
Fry e L0, T;RY) [ e(y(t)) dt.

Problem can be seen as a nonconvex optimal control problem with state variable (z;) ;.
It finds application in energy management, in the situations mentioned in the introduction and in
particular those involving storage devices, for which the dynamics of the state-of-charge must be
taken into account. Once again we refer the reader to [SABT23|, which considers a convex stochastic
aggregative optimal control problem. In general, only dynamic-programming-based methods can
provide global solutions to nonlinear optimal control problems. They are not applicable here
because of the high dimension of the state variable, equal to Nn.
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It is easy to verify that Vf is continuously differentiable and that f and Vf are Lipschitz-
continuous with moduli v/T'Ly and Ly, respectively. Let K; be an upper bound of supy, ey, |lwill, for
alli € 1,...,N. Then g;(X;) is bounded in L2(0, T; R¥), with diameter bounded by 2vT R; (K;+K;).
Therefore, Assumption [A] is satisfied. If ¢ is convex, then f is also convex and then Assumption [B]
holds true. Let us verify Assumption |C| Given y € G(X), the problem to be solved at each
iteration of the SFW algorithm reads

T
it [ (Ve a0, m(e) at. (2.5.4)
0

(Zq, ,ui)GX,;

This is an optimal control with state variable z;, which falls into the class of problems introduced
in [FR75, Chapter III, Theorem 4.1] and therefore possesses a solution. It the dimension of the
state variable, n, is small, then it can be solved by dynamic programming. We refer the reader to
[FE13].

2.5.5 Supervised learning problems

We describe and discuss here two applications of problem in the context of supervised learning.

Neural networks with one hidden layer We refer the reader to [CBI8, MMNI8, MMMI9).
Consider a neural network of the form 3 Zi\il o«(a,z;), where a € R? is the feature vector,
r = (z;)Y¥, € (RP)N are the network parameters (to be optimized), and o.: RY x RP — R an acti-
vation function. We consider a loss function ¢: R — R . Given a data set (a;, bj)jj‘/il c (RExR)M,
the learning problem of interest writes

1 & 1 &
nf = (b-—— o ax) 9255
(20X (®P)Y M Z_:SO 1N 2 ) (255)
_]—1 =1
It is of the form (P)), with & = RM & =R, fi(y;) = ¢(bj — y;)/M, gij(z;) = o«(aj,x;). Assume
that the set {o.(aj,z) |z € RP, j € {1,...,M}} has a bounded diameter d. Assume moreover
that ¢ is continuously differentiable and that V¢ is Ly,-Lipschitz continuous. Then Assumption
is satisfied and we have D; = meciz, for the coefficients D; introduced in (2.4.1)). Therefore, by
Theorem the optimality gap is bounded by

(M A N)Ly,d?

2N?2 ’
Moreover, if ¢ is convex, then Assumption [B|holds true. The resolution of the subproblems (2.3.1])
is not easy in general, we refer the reader to [dP20] where the linearized problems are shown to be

solvable by second-order cone programming in the case of ReLu activation functions.

Note that we are here in the symmetric case, as defined at the end of Section 2.:2.2] The
mean-field relaxation proposed in Lemma [2.2.8| was also utilized in [MMMI9, MMNTS8] for learning
problems of the form (2.5.5). A gap estimate of order O(1/N) is demonstrated, in the case of a
quadratic loss function ¢, see [MMNI8, Prop. 1]. Our gap estimate is more general since Vi is only
supposed to be Lipschitz; moreover, it is more precise in the case of an overparametrized network
(i.e. when M < N), since then it is of order O(M/N?).
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Sparse reconstruction Another important learning example is the sparse reconstruction with
the fp-penalty, see [Mal09, MBP14]. Let D be a M by N dictionary matrix. The objective is
to approximate the observed vector x € RM™ by a sparse linear combination of the columns of
D. Following [MBP14, Eq. 5.6], we are interested in the following least square problem with the
fo-penalty:

1 , LM N ) N

inf Sl = Do+ Blaly, = inf 537 (a5~ D" Djios) + 83 Laygop(an).
j=1 i=1 i=1

where 8 is a constant and ||als, counts the number of non-zero entries in a vector . Adding

constraints of the form «; € [u;, v;] to the problem, it is easy to see that Assumptions [A| and |Bfare

satisfied. The subproblems (2.3.1)) are here of the form

. El[%fv} za; + 1gy (o) (%)
for some real number z. One can show that there is a solution that necessarily lies in {u;, v;, 0},
thus it is easy to compute.
Finally, let us mention other applications of the problem in a convex framework, for instance,
the “sharing problem” in [BPCII], Lasso regression in [FR16] and the dual problem of a linear
support vector machine (SVM) in [SST09, [FR16].

2.6 Numerical test for MIQP

In this section we provide numerical results for a mixed-integer linear quadratic problem of the
form . Let A be a real M x N matrix and let § € RM. Consider the following problem:

: 1 =112 ¢ 1 - Yj i
Lo J(2) = 551l Az = Gllga = ]Z; <N z; Ajizi — N) : (MIQP)
Problem has the form (P)), with f;(y;) = (yj — 3]7\,—7)2 for 1 < j < M, and g;(x;) = Ajix;
for 1 <i < N, 1< j < M. Moreover, Assumption [A| is satisfied with lij = 2 and di; = |Aji|.
Thus C; = £ Zf\il Z;‘il |Aj;|. Due to the linearity of g;;, the randomized problem coincides with
the minimization problem of J on [0,1]", which is a convex linear-quadratic program that can be
solved with independent methods; thus it is easy here to obtain a precise estimate of J*.

In the numerical simulation, we draw the parameters A;; according to the uniform distribution
on the interval [0,1] while y; is drawn according to the uniform distribution on [0, N/2]. Thus,
C1 =~ M and the gap estimate is given by 20—1{, ~ 0.5. We perform our numerical experiments on a
laptop with one Intel Core i5-8250U processor (4 cores) at 1.60 GHz and 8 GB RAM.

The first experiment is a comparison of Algorithm with an open source solver, SCIP,
[BBCT21] and a commercial solver, GUROBI, [GOI8|]. As mentioned before, the dual (random-
ized) problem is a convex linear-quadratic program. We can compute J* easily by solver GUROBI.
Table shows the value J* and results of obtained from SCIP, GUROBI and Algorithm
for different values of M, N ranging from 100 to 3200. In Table “Nan” indicates that
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the solver has failed to return a result or that computation time has exceeded one hour. Denote
by vs the result of Algorithm [2.2l The indicated gap is a relative gap, in percent, defined by
(vs — T*)/T*. We can observe that the relative gap decreases as N increases, which is consistent
with the randomized gap (2.2.2)). The last three columns of Table show that Algorithm is
competitive in terms of execution time, in comparison with SCIP and GUROBI. Finally, observe
that for N = M = 3200, none of the two solvers could solve the problems while Algorithm has
provided a solutions in approximately 6 minutes.

SCIP | GUR. SFW SCIP \ GUR. \ SFW
gap
in %
100 2.077 | 2.077 2.077 2.136 | 2.870 0.88 0.20 0.03
200 4.120 | 4.120 4.120 4.159 | 0.956 5.99 0.69 0.09
400 7.871 | 7.871 7.871 7.904 | 0.430 || 87.78 7.90 0.91
800 || 15.953 Nan | 15.954 15.966 | 0.079 Nan | 10.63 6.18
1600 || 32.045 Nan | 32.048 | 32.0585 | 0.042 Nan | 81.41 42.51
3200 || 64.717 Nan Nan 64.724 | 0.012 Nan Nan | 330.95

N=M JT*

value | value value time in seconds

Table 2.1: Comparison of the approximate values and execution times obtained with SCIP, GUROBI and
Algorithm 2.2] for problem (MIQP) with M = N = 100, 200, 400, 800, 1600 and 3200. In Algorithm [2.2] we
take ny = 1 and K = 2N iterations.

The second experiment is on the basic Frank-Wolfe algorithm and its stochastic version
In this experiment, we fix M = N = 1000. Figure shows the outcome of the basic
Frank-Wolfe algorithm with 200 iterations. The left sub-figure shows the evolution of v for
wy = 2/(k+2) (green curve) and for wjy determined by line search (red curve). A sub-linear
rate of convergence is observed (note that logarithmic scales are employed for both axes). The right
sub-figure represents the evolution of J(X*) — 7*, where X* is a random variable with distribution
u¥. For both choices of wy, approximate solutions to the problems are simulated, with a gap smaller
than 1073, significantly smaller than the gap estimate 2% The line search approach is quicker than
the approach with wy = ,%2

Figure shows the outcome of Algorithm (with the modification suggested in Remark
2.3.9), for different (constant) choices of nj with 200 iterations, for two different stepsize rules
(wr = 2/(k + 2) on the left, line search on the right). Since the algorithm is stochastic, we have
tested it 50 times to evaluate its efficiency; the curves represent the average value of ;. The
standard deviation (for these 8 instances of the SFW method) is displayed on Figure In all
cases, an average value of the gap significantly smaller than 20—]\1, can be reached; the standard
deviation is also significantly smaller than 20—]\1, at the last iterations. There is a benefit (both in
expectation and standard deviation) in increasing the number of simulations nj (note that the
choice ng = 1000 is much smaller the rule suggested by Corollary . Yet the convergence is
slower in comparison with the basic Franck-Wolfe algorithm, which can be explained by the use of

the selection method at each iteration.

71



T -J JX -7

—e— FW._line —e— FW_line_Sampling
101 — FW —— FW_Sampling
1071,
1073,
10—5,
10° 10! 102 10° 10° 10! 10? 10°

Number of iterations

Figure 2.1: MIQP by Algorithm 2000 iterations, with wg = 2/(k + 2) and line search (2.3.6)).

2.7 Numerical test for discrete aggregative optimal control prob-
lems

This section is dedicated to a class of aggregative optimal control problems in discrete time and
discrete state space (the continuous version is presented in section . These problems involve
a large number N of agents, indexed by ¢ = 1,..., N, and time steps ranging over ¢t = 0,1,...,T.
For any agent ¢, we fix a finite state set S; and a finite control set U;. The evolution of agent i
is described by transition functions wt: S; x U; — S;, where t = 0,...,T. We also fix mappings
Ul: S, — 2Ui describing the feasible controls of the agents: at time ¢, 1f the agent i is in state s!, he
can make use of all controls in U}(s!). The initial state of each agent 4 is constrained to be in SY,
a subset of S;. The problem also involves some functions f;: R — R which we call social cost (at
time ¢t) and some functions hl: S! x U; — R, which we call contribution functions. We also make
use of functions ¢¢: S! x U; — R, which we call individual costs. The optimal control problem of
interest reads:

int () = S fol & S bl )
T T st ),

st st = ql(stul), ul € Ul(st), s9 € SY,

7

V¢=0,1,....,T—1,i=1,2,...,N,

(2.7.1)

\
where (s,u) = (s, ul )f (1)’ ’%.

A standard approach to deal with problem relies on the dynamic programming principle
(see [Berl2]), in which a key step is to compute the value function V': {0,1,...,7T} x S — R, where
the state space S is defined by Hfi 1 Si. For our problem, Bellman’s equation reads as follows: for
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Figure 2.3: MIQP by Algorithm with 2000 iterations, standard deviation of the gap.

any t € {0,...T}, for any s € S,

N

(3 S iww) +

Vi(s)

min ft
ueUt(s

N
g Su Uz

+Vth (7t (s,u)),

where Ut(s) = Hf\; Ul(s;) and where 7'(s,u) =

(mt(si,ui))Y,. We observe that the complexity

of Bellman’s equation increases exponentially with /V; this phenomenon is the well-known curse of

dimensionality. As a consequence, the dynamic programming approach is not tractable for problem

(2.7.1) when the number of agents N is large.

Let us reformulate optimal control problem (2.7.1) as a problem of the form (P)). Next, we

address its resolution with the SFW algorithm.
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2.7.1 Reformulation

Let us consider an agent ¢ and let us describe its state-control feasible set X;. Recall that a state
Si, a control set U;, mappings Uf: S; — 2Vi and transition mapping mt: S; x U; — S; are given.
We call feasible state-control trajectory an element z; = (s;,u;), where s; = (s9,...,s7) € (S;)T*!

and u; = (uf,...,ul) € (U;)T*!, such that

7 (A
0 0 ¢ to ot 0+1 _ 0,60 8
s; €87, u; €Uj(sy), s =m(s],u;),

forany t = 0,...,7 and any # = 0,...,7T — 1. We denote by X; the set of feasible state-control
trajectories. We set X' = Hf\i 1 Xi. The non-emptyness of X; is a straightforward consequence of
the following assumption.

Assumption 2.1. The set S? is non-empty. For all t = 0,...,T, for all st € S;, the set Uf(st) is
non-empty.

With each agent i are associated (T + 1) contribution functions hf, t = 0,...,T and (T + 1)

individual costs Eﬁ, t=0,...,7. Weset & = ...Er4+1 = R and we define T+2 functions g;;: X; — &
by
ht(st, ul) ift<T
glt(xl) = T t/ / t/ .
S li(stul) ift=T+1.

The social costs fo,..., fr are the same as in the original problem (2.7.1)). The social cost
fre1: Ery1 — R is the identity function. With these definitions, problem ([2.7.1)) is equivalent
to

T+1

inf ; fi (% égﬁ(xi)). (2.7.2)

(), €Il X

2.7.2 Assumptions

As before, we denote g;(x;) = (9it(zi))t=0,... 741, € = HT+1<5' RT*2 and for y € &, f(y) =
ZTHft (y). Forany i =1,...,N and for any t =0,...,T + 2, we denote

N
Vie = {ga(zi) |z € i} and Y, = ]i,z;th
i—
Assumption 2.2. Fori=1,2,...,N and for t =0,1,...,T,
e f; is L;-Lipschitz on conv(Y;),
e f, is continuously differentiable on a neighborhood of conv(Y;), V f; is L;-Lipschitz on conv(Y;)

e f; is convex on conv(Yy).

Assumptions and imply Assumptions [A| and |Bf for problem (2.7.2)). Assumption |C]| is
trivially satisfied since X; is a finite set.

74



2.7.3 Resolution of the sub-problems

We explain now how to solve the sub-problems (22.3.1)) associated with the aggregative optimal
control problem (2.7.2). Let y € £. Let u € € be defined by ut = Vfi(y'). By definition of fryi,

pI+l = 1. The sub-problem (2.3.1)) reads:
T

inf > (Gt ub) + (', BL(shul)) ) (2.7.3)
T, €X; =0
The sub-problem ([2.7.3]) can be solved by dynamic programming. Algorithm yields a solution

to (2.7.3). For convenience, we denote
Clu'] (55 ug) = G(s,ug) + (u' hi(sq, ug))

in the algorithm. The algorithm consists of two steps: first in a backward pass, a sequence of value
functions (V}')i—o.. 141 is computed, where V': S; — R. A globally optimal solution is obtained in
a forward pass. Note that the value of the optimization problem of Step 1 is finite as a consequence
of Assumption

Algorithm 2.4: Dynamic programming algorithm

Step 1: Backward pass.
Set VI (sTt) =0, for any s! T € S;.
fort=T7,T—-1,...,0do
for st € S; do
Define V}!(st) as

: i1t (ot . L tgt .
o in Gt ) + VI (] )).

end

end

Step 2: Forward pass.
Find 8? € argmin V?(s?);
s9es?
fort=0,...,7 do
Find a solution @! to the problem

min (%) + Vi (kL)

- 19
UL (stul)

Ift < T,set 557 = 7t(5L, at).

1\25 g

end

Remark 2.7.1. As mentioned in the introduction, problem could be addressed by dynamic
programming. This would allow the computation of an exact solution. However, this would require
to compute a value function of the form V¥(s'), where s' = (si,...,sl) € HZ]\; S;. The resulting
complexity, of order THi\;l |Si|, is prohibitive even for moderate values of N. In contrast, the
complexity of each iteration of the SF'W algorithm is linear with respect to IV, while the accuracy
of the algorithm improves as [N increases.
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2.7.4 Numerical simulations on a battery charging problem

Let us now turn to the problem of the charging of a fleet of batteries. We propose a very simple
model which is essentially illustrative, rather than realistic. However, it is emphasised that the
proposed approach can easily incorporate more realistic constraints on battery operation (e.g.
taking into account limits on cycles numbers). Indeed, these refinements remain localized at the
sub-problem level (impacting only the dynamic programming Algorithm [2.4). They consist either
in adding a state variable or in modifying the local costs in order to penalise undesired behaviour.
Suppose that there are N batteries to be charged. Let s! be the state of charge (SoC) for the
battery i at the time t.

Dynamics. The dynamics of each battery is characterized by three parameters: an initial state
of charge sin € N, a maximal state of charge sj"** € N, a maximal load speed u;*** € N. We define:

S‘ — {Sin max} SO — {Sln} U — {0 max},
Ui (s7) = {0,..., min(uf™, s — sH)},
i (s, up) = 8¢+ g

In words: the initial condition si“ is given, the charging of the battery is additive, the charging

speed is bounded by u® and is such that s! can never exceed s,

Cost functions. Some positive coefficients (5;)i=1,..~, (o4)t=0,...,. 7—1, and (¢t )=0,... 71 are given.
The individual costs are
C(sthuby=0, Vvt=0,...,T—1,
eT( T T) _ 5i(8£nax o 8T)2.

The contributions are defined by hl(s?,ul) = 0 and

Ri(st ul) =wul, Vt=0,...,T —1.

)

The social costs f; are defined by fr(yr) = 0 and
) =ty —e)?, VE=0,...,T—1.
Therefore, the cost function J reads
T-1 N
(V5] g

The cost function has two contributions, one depends on the average of charging levels of all the
batteries, the other one depends on the individual final SoC of each battery. To be more precise,
for t <T — 1, the average charging level needs to approach some target power ¢;. For ¢ = T, the
batteries expect to approach their maximum SoCs.

Numerical simulations. The parameters are chosen as follows:

e N=100,T =24
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e s (resp. s¥®) is chosen randomly and uniformly in {0,1,...,20} (resp. {20,21,...,40}),

7
max _ 4

Uy

e o' is chosen randomly and uniformly in [1,2], 3; is chosen randomly and uniformly in [0, 1]
e ¢l = 1.5]sin(nt/12) + 1].

Thus, for t = 0,1,...,23, the diameter of the range set Yj; is less than «}*** = 4, and the Lipschitz
constant L, is 2at, which is less than 4. Then, we have the following upper bound for the relaxation
gap C1/2N:

C 1 1 23 100
1 2
R R D (B B

Fig. shows the outcome of Algorithm with 500 iterations to get an approximation of
the minimum J* of the relaxed problem. The curve represents the relaxed cost. Fig. shows
the outcome of Algorithm for different choices of n; with 100 iterations. Since the algorithm
is stochastic, we ran it 50 times independently to evaluate its efficiency; the curves represent the
average value of 7, = J(z¥) — J*. The standard deviation is displayed in the right part of Fig.
In all cases, an average value of the gap significantly smaller than 7,68 can be reached; the
standard deviation is also significantly smaller than 7,68 at the last iterations. We have initialized
the algorithm with values of ¥ such that ut = 0, for any t =0,...,T — 1.

1034

1024

101 4

100_

Relaxed problem's value

10-14

10° 10! 107
Number of iterations

Figure 2.4: Frank-Wolfe Algorithm with 500 iterations for the relaxed problem.

2.8 Conclusion

We have investigated a large-scale and aggregative optimization problem and its relaxation. New
error bounds for the relaxation gap have been obtained. We have proposed a tractable algorithm for
its resolution with a detailed convergence analysis relying on concentration inequalities. Assuming
that an efficient method for the resolution of the subproblems is available, the implementation of
our stochastic Frank-Wolfe method is easy.
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Figure 2.5: Algorithm with 100 iterations, expectation of the gap.
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Figure 2.6: Algorithm with 100 iterations, standard deviation of the gap.

Future research will focus on refinements of the selection method, allowing the computation of
O(q A N/N?)-solutions. We also aim at working on more complex problems, involving for example
convex constraints on the aggregate, as for example the resource allocation problems mentioned in
section Such constraints could be handled with extensions of the Frank-Wolfe algorithm for
non-smooth costs as those proposed in [SEME20L [YFCI19]. Finally, we intend to apply our method
to large-scale optimal control problems, such as nonconvex variants of the problem investigated in

[SAB*23).
2.9 Appendix

2.9.1 Concentration inequalities and other technical lemmas

Proposition 2.9.1. Consider T' real-valued random variables (Yi)i=1,.. 7. Let (Fi)i=1,.. 7 denote
the associated filtration (Fo is the trivial o-algebra). Let Z; = E[Y;2|F;—1] and let St = Zthl Y.

Assume the following:

T
(i) E[Y;| Fi_1] =0, (1) Y; <m, (i) Y Zv<wv, as (2.9.1)
t'=1
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for allt=1,..,T and for some constants m and v. Then, E[S2] < wv. Moreover, for any ¢ > 0,

2

PS> <exp (- m) (2.9.2)

Proof. The estimate of E[S7] can be easily obtained by induction. For the estimate of P[Sr > €],
see [Dell5, Theorem 7). O

As a corollary, we obtain the following McDiarmid’s inequality of “variance type”.

Corollary 2.9.2. Let (2, F,P) be a probability space and let (€;)i=1,..n be n measurable subsets
of Q. Let X = (Xj)i=1,..n be n independent random variables valued respectively in (€;)i=1,..n-
Consider a measurable function f: H?:l Q; — R and real constants m € R and (v;)i=1,..n such
that

Var|[f(Xi, z—)] < vZ, a.s., !f Xi,z_) —E[f(X Z)” <m, a.s.,

foralli=1,....,n and for all x_; € (H;;ll Ql) X (H] i1 QJ). Then, for any e > 0,
2
P[f(x) ~E[f(x)] > e} < exp<_ Ton: € - mg)) (2.9.3)
i=1 Y5

Proof. DefineV; = E[f(X) | X1,...,Xy]—E[f(X) | Xi,...,X;—1] and apply Proposition[2.9.1, [

Lemma 2.9.3. For all k € N, denote wy = ]%_2 Let (ug)ren and (vk)ken be two sequences of real
numbers. Assume that there exists a positive number C such that

Vi1 < (1 — wi) vk + Cwf + ug, (2.9.4)
for all k € N. Then, for oll K € N*,

. <g+K‘1(k+1)(k+2)
PR T & KK+

U (2.9.5)

Proof. We proof this lemma by induction on K. We have wy = 1, thus taking k£ = 0 in (2.9.4)), we
obtain that y; < C + ug, which proves the claim for K = 1. Let us assume that the claim holds
true for some K € N*. We deduce from ([2.9.4)) that

K-

1 1 (k + 1)(k + 2)
< 4C 7< )
7K“—(K+2+(K+2)) T K12 L TR(E 1) K

10 & (k+1)(k+2)
S K11 kz_:_O(KH)(KH)“’“

H

Therefore the claim holds for K + 1. This concludes the proof. ]

Lemma 2.9.4. Let A, B, and C be three random variables. Assume that B is independent of (A, C)
and that B ~ Bern(w) for some w € [0,1]. Let F' be a real-valued function of (A, B,C). Assume
that |[F(A,1,C)—F(A,0,C)| <4, a.s. Finally, define U = E[F(A,B,C) | A, B]-E[F(A, B,C) | A].
Then,

E[U | A] =0, U<, E[U? | A] < w(l —w)d?, a.s.
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Proof. The equality E[U | A] = 0 is trivial. We have U = E[Z | A, B|, where
Z =F(A,B,C)—E[F(A,B,C)| A,C).

It is easy to verify that Z < 0, a.s., which implies that E[U | A] = E[Z | A] <. The first inequality
is proved. For the second inequality, we first note that

E[Z? | A,C) = w(l —w)(F(A,1,C) — F(A,0,C))?,

as can be easily verified. Thus E[Z | A] < w(l — w)§?. Next by Jensen’s inequality, we have
U? <E[Z? | A, B]. Therefore,

E[U? | A] <E[E[Z* | A,B] | A] =E[Z* | A] < w(l —w)&?,
as was to be proved. O

The following lemma is an elementary property of the conditional expectation. For the sake of
simplicity, we only state it (and prove it) with discrete random variables.

Lemma 2.9.5. Let X, Y, and Z be three random variables. Assume that Y and Z are discrete
and that Z is independent of (X,Y). Then, E[X | Y, Z] =E[X | Y].

Proof. By definition, E[X | Y, Z} = ¢(Y, Z), where ¢ is defined as follows: for any pair (y, z) such
that IP’[Y =yand Z = z] # 0,

E[X1y_,1,_, E[X1y_
(Z)(y) Z) = [_ . _] = [ _ y] 5
P[Y =y and Z = z] P[Y =y]
since Z is independent of (X,Y’). Thus ¢ does not depend on Z and the result follows. O
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Chapter 3

Mean field optimization problems:
stability results and Lagrangian
discretization

3.1 Introduction

Mean field optimization (MFO) problems have recently gained significant interest in various do-
mains, including training problems with neural networks with one hidden layer [CB18, IMMNI18],
sparse inverse problems with differentiable observation models [BSR17], etc. The abstract mean
field optimization problem of interest writes:

inf
fnf F (),

where P is a set of probability measures and F is a function from P to R. This article is concerned
with the case where P is the set of probability measures sharing the same marginal distribution
and F(u) depends on the expectation of p with respect to a certain function. To be more concrete,
let X and Y be two complete and separable metric spaces and let H be a separable Hilbert space.
Let Z be a closed subset of X X Y and let m be a probability measure on X. We focus on the

following problem, parameterized by m:

Lt f < /Z gdu) , (Pm)

where g: Z — H is a Borel measurable function and f: H — R is a convex function. The admissible
set P (Z) is the set of all probability measures on Z whose marginal distribution on X is m. We
mention that the rigorous setting for is presented in Sec.

Motivation. Problem can be viewed as a social welfare optimization problem, where we
consider nonatomic agents (the case with atomic agents is explored in [Wan17, BLO™22]). Here, the
agents’ positions are distributed according to m, and the set Z consists of all feasible pairs of agent
positions and strategies. The function g(x,y) represents the contribution to some common goods
made by an agent situated at some position z and following a strategy y. The objective function of
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involves a function f, called social cost f, evaluated at the aggregate term |, » 9dp. Tt is worth
mentioning that problem has the general form of the potential formulation of several games
with variational structure, including aggregative congestion games [LOW22|, nonatomic potential
games [CL18b], and potential Lagrangian mean field games (MFGs) [BCS17] described in detail in
the following paragraph. This is a consequence of the first-order necessary and sufficient optimality
condition: As will be shown, any fi € P,,(Z) is a solution to (P,,)) if and only if for A = V[, 9dm),
it holds that

supp(fiz) € BRj3(z) == argmin {(\, g(z,9)) | (z,y) € Z}, for a.e. z in m. (3.1.1)

yey
Here (fiz)zex denotes the disintegration of i (see Theorem [3.2.7)) and supp(fi,) denotes the support
of fiz (see (3.2.1))). This result is precisely stated in Corollary In other words, (3.1.1)) defines

the conditions for a Nash equilibrium: an agent at position  must minimize (), g(x,-)) and X is a
coupling variable, common to all agents, which results from their collective behavior through the
relation A = V f( [, gdn).

Lagrangian MFGSs. The framework of the potential Lagrangian mean field games (MFGs) follows
from [BCSI7, SS21, [CCI8, [Sar22]. Let us fix a domain Q@ C RY and a final time T > 0. Let
AC([0,T],R?) be the set of all absolutely continuous functions from [0,1] to R?. For any z € €,
we denote,

I:={y e AC([0,T],RY) | ~(t) € Q, ¥t € [0,T]}, Iy ={yel | v(0)=x}.

Let Z = {(z,7) | € Q,ve€Tz}. Let m € P(Q) be the distribution of initial states of players.
Following [Sar22], a general potential Lagrangian MFG writes:

T
inf / / t))dtdp(z) + F(es#tmodtp)dt, (3.1.2)

HEPm(Z) =0

where L: R? — R is a running cost, F: P() — RU{+00} is a congestion cost, e;: T — Q,y — (),
and my: Z — T, (z,7) — . We are interested in the case where there exist two functions §: R* — R
and f: R — R such that for any v € P(Q),

701 =7 ( [ atanw).

In this case, the previous Lagrangian MFG (3.1.2) writes:

w2 // t))dtdu(z, 7)+/tTof</Z§(7(t))du(:vw)) dt, (3.1.3)

which follows the structure of problem (P,,)). We comment more in details on this example in

Remark 3.3.61

Theoretical results. We study the MFO problem from both primal and dual perspectives.
In the primal sense, we establish a first-order optimality condition for (P,,)) under mild assump-
tions. As we already explained, this condition turns out to be equivalent to a Nash equilibrium
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condition for Lagrangian MFGs and nonatomic potential games, as discussed in Remarks [3.3.6
[3:377 Additionally, we provide an existence result for the solution under a “tightness” assumption
on the minimizing sequence of .

The first contribution of this article lies in the stability analysis of the primal problem , see
Theorem Firstly, we derive an upper bound for the variation of the optimal cost of
for two different parameters m. The obtained bound is linear with respect to the Kantorovich-
Rubinstein distance of the parameters. Secondly, we introduce a recovery method (Algorithm ,
which bridges approximate solutions for problems with different parameters. This recovery method
is important for the discretization of the problem, since it permits to construct an approximate
minimizer of the original problem based on an approximate solution of the discretized problem
stated later.

From the dual perspective, we prove the strong duality for under certain qualification
assumptions. We also conduct a stability analysis for dual problems with different parameters,
obtaining upper bounds for both the gap of the dual values and the distance of the dual solutions.
At the end of this section, we provide a formula for the directional derivative of the value function
of using the strong duality result.

Discretization and algorithms. We present an original resolution method for the MFO problem
. Our approach relies first on a discretization of the marginal m, as proposed in [Sar22|] for
Lagrangian MFGs. We approximate the common marginal distribution m in by an empirical
distribution my = % Zf\il 0z,, where x; € X for i =1,..., N and N is a sufficiently large integer.
This allows us to write the associated discretized problem for as

HEPm x (Z) f </zg M) ( )

To solve numerically, a first approach is the Frank-Wolfe algorithm [Jagl3], in which one
needs to solve a linearized problem at each iteration. This approach is similar to the
fictitious play algorithm applied to the Lagrangian MFG in [CHI7]. As mentioned in [BSR17,
CBI18, IBLOT22|, one major issue of the Frank-Wolfe algorithm is the increase of the cardinality of
the support of the approximate solution along the iterations, which may cause a memory overflow
problem.

We suggest to leverage the fact that the discretized problem can be equivalently rep-
resented as the relaxation of an aggregative optimization problem involving N agents, as defined
by the authors in [BLOT22|. This allows to apply to the Stochastic Frank-Wolfe algorithm
proposed and investigated in [BLOT22|. The output of Algorithm has a support of fixed size
N.

Finally, the combination of the Stochastic Frank-Wolfe algorithm (Algorithm with the
recovery method (Algorithm allows to obtain an approximate solution of whose quality
improves as the discretization parameter N increases, as demonstrated in Lemma and Theorem
[3:5:8] To illustrate the effectiveness of our approach, we apply it to a numerical example taken
from [GHS22], involving the optimal exploitation of exhaustible resources.

Organization. In Section we present some notations and results in measure theory and
set-valued functions, as well as the rigorous description of the data of problem . Section is

83



dedicated to the primal problem: We provide a first-order optimality condition, an existence result
and a stability analysis for the primal problem. In Section [3.4] we formulate the dual problem of
, we prove strong duality, and we prove the stability of the dual solution. We provide our
numerical method in Section We perform in Section some numerical simulations for a
Lagrangian MFG model taken from [GHS22].

3.2 Preliminaries

3.2.1 Results in measure theory

A metric space is called a Polish space if it is complete and separable. Let X be a Polish space
equipped with a metric dx, and let X be a o-algebra on X. The Borel o-algebra on X is denoted
by BX. Given any measure m on X, we refer to the triplet (X, X', m) as a measure space. Measure
spaces are said to be complete if for any A € X with m(A) = 0 and for any subset B of A, we have
B € X. We define

P(X) := {m is a positive Borel measure on X, and m(X) =1};

PHX) = {m € P(X)’Elxo € X such that /

dx(z,x9)dm < —i—oo} .
X

Let 6, denote the Dirac measure at point z. We denote by Ps(€2) the set of finitely supported
probability measures, defined by

K
Ps(X) = {Zwkézk
k=1

In particular, we call m € Ps(X) an empirical distribution if \y = 1/K for k=1,..., K.

K
KeN, (w)ily € RO)F, (z)fl € X5, wn = 1}-
k=1

The set P(X) is endowed with the narrow topology. We say that a sequence (my,),>1 in P(Z)
narrowly converges to some m € P(X) if for any bounded and continuous function F': X — R,

lim den—/ Fdm.
n—+0oo Jx X

The space P!(X) is endowed with the Kantorovich-Rubinstein Distance,

dy(mo,m1) = sup / Fd(mg —my),
FeLip, (X) JQ

where Lip;(X) is the set of all 1-Lipschitz continuous functions on X. For any m € P(X), the
support of m is defined by

supp(m) = {x € X | m(V) > 0 for all open set V such that z € V'}. (3.2.1)

Lemma 3.2.1. Let m € P(X). Let F': X — Ry be a Borel measurable function. Assume that

/ Fdm = 0.
X

Then F =0, m-a.e. Moreover, if F~1({0}) is closed, then supp(m) C F~1({0}).
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Proof. The fact that F' = 0, m-a.e., is from [Rud87, Thm. 1.39(a)]. Now, let F~1({0}) be closed.
Suppose that there exists x € supp(m) such that x ¢ F~1({0}). Since F~({0}) is closed, there
exists an open neighborhood V' of z such that F(x) > 0, for all z € V. By the definition of
the support of a probability measure, we have m(V) > 0. Therefore, [ x Fdm > fv Fdm > 0,
contradiction. O

3.2.2 Results about set-valued functions

In this subsection, we consider a metric space X equipped with a metric dx, a o-algebra X on X,
and a measure m on X. Additionally, we fix a Polish space Y with a metric dy, and we denote
the Borel o-algebra on Y by BY. We call I a set-valued function from X to Y if F(x) C Y for all
z € X, denoted by X ~» Y for short. The graph of F' is defined by

Graph(F) .= {(z,y) e X XY | y € F(z)}.

We say that F' has closed (non-empty) images, if for any x € X, F(x) is closed (non-empty) in Y.
Let us give some definitions concerning regularity properties of set-valued functions, which are
from [AFQ9, Def. 1.4.1, Def. 1.4.2, Def. 1.4.5, and Def. 8.1.1].

Definition 3.2.2. Let F': X ~~ Y be a set-valued function with non-empty images.

1. (Lower semi-continuity). The set-valued function F' is lower semi-continuous at point € X
if for any y € F(x) and any sequence (x, € X)p>1 converging to z, there exists y, € F(zy)
converging to y. The set-valued function F' is said to be lower semi-continuous if it is lower

semi-continuous at each point x € X.

2. (Upper semi-continuity). The set-valued function F' is upper semi-continuous at point x € X
if for any neighborhood U of F(x), there exists n > 0 such that for any 2’ € Bx(x,n), we have

F(z') CU.

The set-valued function F' is said to be upper semi-continuous if it is upper semi-continuous

at each point z € X.

3. (Lipschitz continuity). When X and Y are normed vector spaces, we say that F'is L-Lipschitz
continuous on X, for some L > 0, if for any x1,x9 € X,

F(z1) C F(x2) + By (0, Ldx (21, 2)).
Here By (0,7) denotes the closed ball in Y centered at 0 with radius r > 0.

4. (Measurability). The set-valued function F' is measurable if the inverse image of any open
subset O of Y is measurable, i.e.,

FLO)={zeX | Flz)NO #0} € x.

An important property of measurable set-valued functions is the existence of measurable selec-
tions.
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Theorem 3.2.3 (Measurable selection). Let F': X ~»Y be a measurable set-valued function with
non-empty images. Then F has a measurable selection f, i.e., f: X — Y is (X,BY)-measurable
and f(x) € F(x) for any z € X.

Proof. See [AF09, Thm. 8.1.3]. O
The following two lemmas will allow us to prove the measurability of some set-valued functions.

Lemma 3.2.4. If F: X ~ Y is a set-valued function such that F~1(C) € X for any closed subset
C of Y, then F' is measurable.

Proof. See [CV06, Prop. ITI.11]. O

Lemma 3.2.5. Let (X, X,m) be a complete measure space, with m a positive measure such that
m(X) = 1. Then any set-valued mapping F: X ~»Y is measurable if and only if Graph(F') belongs
to X @ BY.

Proof. See [AF09, Thm. 8.1.4]. O

3.2.3 Data setting and technical lemmas
Recall the MFO problem (P,,]). We consider the following setting:
e Two Polish spaces and their Borel o-algebras: (X,B%) and (Y, BY).
e A probability distribution on X: m € P(X).
e A set-valued function F': X ~» Y with a closed graph and non-empty images. Let

7 = Graph(F), Zy = F(z), Vx € X.

The admissible set of probability measures:
Pu(Z) = {n € P(Z) | mi#tn=m},
where m1: Z — X, (z,y) — x.
e A separable Hilbert space: H.
e Two Borel measurable functions: g: Z — H and f: H — R.

The integral [, gdp in (P,,)) should be interpreted in the Bochner integration sense. We refer
to [Coh13, Appx. E] for Bochner integrable functions.

Lemma 3.2.6. If there exists a constant M > 0 such that ||g(z)|| < M for any z € Z, then the
function g is Bochner integrable with respect to any p € P(Z), i.e., fZ gdu exists. Moreover, for

<A,/gdu> —/<>\,g>du-

As a consequence, for any i, p2 € P(Z), we have

</ gdu1,/gduz> // y))dp (z)dpa(y).
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Proof. As H is separable, the function g is strongly measurable. Moreover, as the constant function
M is Bochner integrable with respect to any p € P(Z), and |g(2)| < M for any z € Z, it follows
from [Cohl3, Prop. E.2, Thm. E.6] that g is Bochner integrable with respect to any pu € P(Z).
Therefore, we can apply [Cohl3, Prop. E.11] to obtain the first equality of this lemma. The second
equality is obtained by applying twice the first one. O

Theorem 3.2.7 (Disintegration theorem). For any u € Pp(Z), there exists a family of probability
measures {pizex € P(Y)}s such that for any Borel measurable function f: Z — R, we have

/Z fu = /X /Z S (y)m().

Moreover, for a.e. x € X, g is uniquely determined.
Proof. See [AGS05, Thm. 5.3.1]. O

Remark 3.2.8. It is not difficult to generalize Theorems to functions f bounded from below,
by adding to f a sufficient large positive constant.

3.3 Primal mean field optimization problem

3.3.1 Assumptions and constants

To simplify the presentation of the assumptions and the results of the article, we introduce the
following (set-valued) functions, parameterized by A € H:

e g\: Z—Rand uy: X =R,

g)\(:n,y) = <)‘a g(m,y)), ’U,)\(ZL‘) = ylean, g)\(xvy);

e Gy: X~ Rand BR): X ~~ Y,

Gr(z) ={g\(z,y) | y € Z:}, BR)\(z) = argr;ingx(w,y)-
YELy

Assumption A. The following holds:

1. The function g is bounded. The function f is convex and differentiable, and V f is Lipschitz
continuous with modulus L.

2. Let Hy =V f(H). Fixing any A € Hy, we have:

e the function g, is lower semi-continuous;
e the set-valued function G is lower semi-continuous;

e the set-valued function BR) has non-empty images.
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Three useful constants below are defined, following Assumption [A}

M:=suplg(z)l, D= sup |g(z1) —g(z2)>, C:= sup
2€Z 21,2264 neP(Z)

oo (L)

We present here a lemma following Assumption [A] A similar result for the Lagrangian MFG is
presented in [CCI18, Lem. 3.4].

Lemma 3.3.1. Under Assumption EI, for any A € Hy, the set-valued function BR) has a closed
graph.

Proof. Let xp € X converge to some Z € X, and let y, € BR)(z}) converge to some § € Y. We
have to prove that § € BR)(Z). First, we have § € Zz, since Z is closed. Fix any y € Zz. Since
G is lower semi-continuous, there exists a sequence (g )ren in Zz, such that

A (Z,y) = lim gx(wk, Gk).
k—o0
By the lower semi-continuity of gy, we have
gx(Z,y) < liminf gy (zk, yx)-
k—o0

Since yx € BRy(zy) and §* € Z,,, we have gx(zx,yr) < ga(2k, Jx) for any k. Passing to the limit
in this inequality (using the above inequalities), we deduce that ¢(Z,7) < gn(Z,y). Thus, BR)
has a closed graph. O

In Section we will consider the dual problem of (P,,)). For the analysis of Section
Assumption [A] needs to be strengthened as follows:

Assumption A*. Assumption [A[1) holds true and Assumption [A[2) holds true for all A €
dom(f*), where f* is the Fenchel conjugate of f.

Remark 3.3.2. Assumption A* is indeed stronger than Assumption [A| since Hy = Vf(H) C
dom( f*). This inclusion is deduced from Fenchel’s relation: y = Vf(x) < f*(y) = (z,y) — f(z).
3.3.2 First-order-optimality condition

The following lemma plays a key role in proving the first-order optimality condition for (P,,)).

Lemma 3.3.3. Let Assumption @ hold true. For any A € Hy, we have

inf Ay = dm.
uegi(m/z% s /xuA "

Here we present a proof of Lemma for the case where m has finite support, that is,
m € Ps(X). This particular case provides us with insight into the general proof, and proves
beneficial for resolving the discretized problem introduced in Section [3.5
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Proof of Lemmam when m € Ps(X). Fix any p € Pp,(Z). Since g is bounded over Z, the
function gy is bounded from below. By Lemma [3.2.7 and Remark [3.2.8] we have

/Z gadp = /X /Z x 9 (@, y)dpe (y)dm(z) > /X uxdm,

where the second inequality follows from the definition of u.

Let us prove the converse inequality. Let us fix m € Ps(X). Let K € N, let (zy)g=1,. K € Xk
and let (wg)g=1,.. K € ]Rff be such that Zszl w=1and m = Zé{:l wily,. Forany k=1,... K,
let yr € BRy(z)). Let us define

K
ﬂ = Z wké(xk,yk) .
k=1

Clearly it € Pp(Z). Moreover,

K K
/ gadji =Y wrga(wr, yk) = > wiua(wr) = / uxdm.
z k=1 k=1 X

The conclusion follows, moreover, 4 minimizes |, 7 gxdp over P, (Z). O

In the general case, one has to find a measurable selection of BR,), which requires us to prove
the measurability of BR), which cannot be done in a direct fashion. The complete proof is given
in Appendix [3.7.1

Theorem 3.3.4 (First-order optimality condition). Let Assumption[4](1) hold true. Let fi € Py (Z)
and A\ =V f (fZ gdﬂ). Consider the following three assertions:

1. The measure [i is a solution of problem (P,));
2. fZ gﬂdﬂ = inquPm(Z) fZ gf\d,u;
3. supp(fiz) € BR5(x), m-a.e., where fiy is defined by the disintegration theorem.

Then, assertions (1) and (2) are equivalent. Moreover, under Assumption [A|(2), assertions (1),
(2), and (3) are equivalent.

Proof. Step 1. (Equivalence between (1) and (2)). We first prove that (1) = (2). Suppose that &
is a solution of problem (P,,)). Take an arbitrary p € P,,,(Z). Then, for any « € [0, 1], we have

7([oan) <1 ([ oatn+ at-m)
gf(/zgdﬂ>+a<X,/ng(u—m>+a2§D,

where the second inequality follows from the Lipschitz-continuity of V f and the definition of D.

Therefore D
0< <X,/gd(u—ﬂ)>+a
7 2
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Let a go to 0. We obtain that

)\,/ d>: inf <)\/ d>. 3.3.1
< gdp) = nf gdu (3.3.1)

This implies (2) by the definition of g5.
We now prove (2) = (1). Let (2) hold true. We obtain (3.3.1) by the definition of g5. The
convexity of f implies that for any u € P, (Z2),

(o) 27 (o) « (5 Lot o) = )

Therefore, f is a solution of problem ([P
Step 2. (Equivalence between (2) and 3)) By Theorem [3.2.7, we have

/gxdu // 95 (@, y)diz(y)dm(z).

inf vd :/ usdm.
MEPm(Z)/Zg)\ a X A

Therefore, assertion (2) is equivalent to

|/ a9 a) = | wxam. (3:3.2)

Let (3) hold true. It follows that fZT g5(z,y)dfiz(y) = uy(x), m-a.e., which implies (3.3.2).

Let (2) hold true. We obtain The function z — (fZ, 9x(@,y)dfiz(y)) — us(x) is nonneg-
ative, for a.e. x € X, by the definition of uy. By , its intégral is null, thus, as a consequence
of Lemma [3.2.1] we have

By Lemma [3.3.3] we have

| @i = uso) = vf g5(wp). mone (3.3.3)

x

Fix z € X such that equality holds in . Consider the map y € Z; — g5(x,y) —uz(z). It is
nonnegative, with a null integral, and BR)\( ) is non-empty and closed. Then assertion (3) follows
with Lemma [3.2.1] O

Corollary 3.3.5. Under Assumption i is a solution of (P,)) if and only if the following equi-
librium equation is satisfied:

X= V1 (J, gdn).

supp(jiz) € BRx(z), m-a.e.

(3.3.4)

Proof. This is a consequence of Theorem [3.3.4 O

The equilibrium equation (3.3.4)) shares similarities with the conditions that characterize Nash
equilibria in Lagrangian MFGs [CC18, [SS21] and nonatomic potential games [CL18b], as illustrated
in the following two remarks.
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Remark 3.3.6. In the Lagrangian MFG (3.1.3)), if (A, 1) satisfies , then A\ = (1,p(f)), where
p(i) =Vf (/, 3(v(t))dfi(z,~)). The variable p(fi) can be interpreted as a social price determined
by the population distribution . The second line of indicates that for almost every x with
respect to the measure m, the elements in supp(fi,) are solutions of an optimal control problem,
similarly to [CCI18, Def. 3.1, Eq. 3.32] and [SS21, Def. 2.2]. In the framework of , this

problem writes:

T~
inf / LG(0) + (p(B)(8), Gv(2)).
0

vel',
Remark 3.3.7. To investigate the connection with the nonatomic potential games presented in
[CL18b], let us consider a specific case of (P,,)) where m = d,, for some zy € X. In this scenario,

(P.,)) can be rewritten as:
inf
vEP(Zz,) f (/ZI

Let 7 be a solution to the aforementioned problem, and define A = V f (fZ g(mo,y)dﬂ(y)). The
second line of (3.3.4]) can be expressed as:

0

g(wo,y)dV(y)) :

(A g(x0,7)) < (N g(zo,y)), Yy esupp(P), Yy € Zg,,

which is consistent with the definition of Nash equilibrium in nonatomic potential games presented
in [CLI18b, Sec. 3].

3.3.3 Existence of a solution under tightness assumptions

We denote by val(P,,)) the value of problem (P,,)). We can easily deduce from Assumption [A|that
val(P,,)) > —oo. The following proposition demonstrates the existence of a solution to problem
(P,,)) under some additional assumptions.

Proposition 3.3.8 (Existence). Let Assumption[A| hold true. Let (pin)n>1 be a minimizing sequence
for problem . Suppose that {fin }n>1 is tight in P(Z), i.e. for any e > 0, there exists a compact
subset K¢ of Z such that

pn(Ke) > 11—k, Vn > 1.

Then every accumulation point of {p,}n>1 for the narrow topology (there exists at least one) is a

solution of (P)).

Proof. By Prokhorov’s theorem [Vil09, p. 43], the set {1, }n>1 is relatively compact with respect
to the narrow topology. Without loss of generality, suppose that wu, narrowly converges to some
i € P(Z). The set P,,(Z) is closed with respect to narrow topology by [SS21, Prop. 2.4]. This
implies that i € Pm(Z). Let A =V f([, gd). Since f is convex, we have

/ (/Z gdﬂn) > f </Z gdu) + /Zg;\d(un — ). (3.3.5)
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Since gy: Z — R is lower semi-continuous and bounded from below by Assumption @, we deduce
the following inequality from [Vil09, Lem. 4.3]:

lim inf/ 9xd(pn — ) > 0.
Z

n—-+00

In inequality (3.3.5)), letting n go to infinity, by the definition of p,, we have

RTI < 2 o
val{Pp) = limint f < /Z gdun> > f ( /Z gdu) > val(Py).
Therefore, i is a solution of problem (P,,)). O

Remark 3.3.9. Let us make some comments on the assumption of tightness of {s,}n>1 in Propo-
sition One simple example is that where Z is compact in X x Y. Let us Consider another

example inspired from the Lagrangian MFGS . We assume that f in is positive. Let
(ttn)n>1 be a minimizing sequence for S1nce Val- < 400, there exists 0 < M < oo
such that f( [, gdun) < M for all n. Then, we construct

ng{:m ez‘/ dt<]\€4}. (3.3.6)

By Markov’s inequality, for any n > 1,

unm_l_ﬂn({(mez\/ o> M) 21 WA ()l

€

Since f > 0, we have I fo y(t))dtdpn < f([,gdpun) < M. Then, pun(K.) > 1 — ¢, for any
n > 1. Furthermore, if we assume that K. defined by (3.3.6)) is compact in Z, then the tightness
of {fin}n>1 follows. This approach is employed in [SS21], in the proof of existence of a solution of
a Lagrangian MFG.

3.3.4 Stability of primal problem

In this subsection, we study the stability of the primal problem (P,,|) with respect to its parameter
m. We need the following assumptions (recall the data setting introduced in Sec. 3.2.3).

Assumption B. The following holds:
1. The space X is a closed subset of a separable Banach space;
2. The function g: Z — H is continuous;

3. The set Z, is compact for any z € X and the set-valued function F': X ~» Y is upper
semi-continuous;

4. There exists Ly, > 0 such that the set-valued function
Z: X ~H, v {g(x,y) |y € Zs} (3.3.7)

is Lg-Lipschitz on X.
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Let mg and m, lie in P(X). We consider the following two instances of ([P,,|) with m = mg and
m = mj respectively:

inf dp | ; P,

HEPmy(Z) d (/Zg M) ( )
inf du | . P,

HEPm, (Z) d (/Zg M) ( )

Suppose that we have an (approximate) solution of problem , denoted by fig. Our goal
is to propose a feasible approach for recovering an approximate solution of problem from
o and to study the performance of this approximation. Our recovery approach relies on fig and
the solution of the optimal transport problem (OT1]) stated later. To introduce , we need to
define some projection operators

Recall that m: Z — X, (z,y) — x, and mo: Z — X, (z,y) — y. The other projection operators
used in this subsection are defined as:

T X xX =X, (v,2)—~z, To:XxX—>X, (v,2))=>2, m3:ZxX =X, (v,y,2')— 2,
2! ZxX — Za (IE,y,l’,) = (x7y)a T3 Z XX — Za (.’L‘,y,l',) = (xvxl)‘

It directly follows from the above definitions that
ﬁ'l O M3 = 71 © T2 and 7~T2 O T3 = 73.

Now we consider the following optimal transport problem:

inf / dx (z,z')dp(z,z'), (OT1)
pell(mo,ma) J x x X
where II(mg,m1) = {p € P(X x X) | mi#p = mg, To#p = m1}. It follows from [Vil09, Rem. 6.5]
that if mg and mq lie in P1(X), then dy(mg, my) = Val.
The following particular example will provide an intuitive understanding of our recovery method.
A particular case. Let us assume that the distributions mg, m1, and fg are empirical dis-
tributions with supports of size N, i.e., there exists (z;)Y,, (%)X, € XV and (y;,)¥, € Hfil Zy,
such that

1Y 1 Y 1Y
mo — N Z 5I” m1 = N Z 55;1., 70 N Z (338)
i=1 i=1 i=1

Lemma 3.3.10. Let mg and my be defined by (3.3.8). Then problem (OT1)) has a solution

| X
== > S (3.3.9)
i=1
where {1, ..., 2y} is a permutation of {Z1,...,Zn}.
Proof. This is a consequence of [PC19, Prop. 2.1]. O
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Let p be given by Lemma 3.3.10 By Assumption (4)7 for any 4, there exists y; € Z,, such that
l9(2,vi) — g(@i, yi) | < Lgdx (i, ). (3.3.10)

In our recovery method, each z; is transformed to z/ while simultaneously moving y; to the point
Y; € Zy for i =1,...,N. This can be expressed as follows:
N

N

o

fio =3 DOy — M1 =35 D Ol (3.3.11)
i=1 =1

To provide a clearer formula of the construction of w1, we introduce the empirical distribution
vN € P(Z x X) and the mapping sy : {(z,vi, 2) 1Y — {(2s,y))}Y,, defined as:

N

1
VN = N Zl 5(:1:1',111'7:102)’
1=

sn(zi,yi, ) = (xh,y)), Vi=1,2,...,N.

It can be observed that mio#vy = fig and m3#vy = my. Furthermore, we will demonstrate later

in Lemma [3.3.11| that vy is a solution of another optimal transport problem (OT2). Then the
approximate solution p; of problem (P,,,|) can be written as:

p1 = SNF#UN-

The distribution p; belongs to Py, (Z), and furthermore,

H/ gduo—/gdul
Z Z

1 N
¥ (9(@i,y) — g(xé,yé))H
=1

~

IA
2|5

.
Il
—

llg(zs, ys) —g(l“éay;)ﬂ

< dX(IL'@,fo) = Lgdl(m07m1)7

z |5

.
Il
—

where the second line follows from the triangle inequality and the third line follows from ({3.3.10))
and Lemma [3.3.10f The above inequality demonstrates that the distance between the aggregates
associated with fip and p1 is controlled by the di-distance of mg and m;.

The general case. To investigate the stability and present the recovery method in the general
case, we draw inspiration from the constructions of v and sy in the previous particular case and
introduce the following:

e the auxiliary optimal transport problem:

inf / dx (z,2')dv(z,y, 1), (0T2)
vell(fio,m1) Jzx x

where II(fig,m1) == {v € P(Z x X) | mia#v = fig, m3#v = mq };

94



e the set-valued function S: Z x X ~» Z,
S(z,y,2") = {(=",y) € Z | llg(a',y") — g(z,y)|| < Lydx(z,2")} . (3.3.12)

Note that problems and are similar in so far as the integrand of the cost function
is the same, moreover, the second marginal of v in (resp. p in ) must be equal to m;.
The following lemma shows the equivalence between problems (OT1) and (OT2)). We will see that
the solution of will play the role of vy in the particular case mentioned earlier.

Lemma 3.3.11. If mg and m; lie in P1(X), then both problems (OT1)) and (OT2)) have solutions,

moreover,
val(OT1) = val(OT2) = di(mg, m1).

Proof. Since mg, m1 € P(X), by [Vil09, Rem. 6.5], we have di(mg, m1) = val(OT1)). The existence
of solutions of problems and is from [Vil09, Thm. 4.1].

Let v be a solution to and let p = m3# v, which is clearly an element of P(X x X). By
the basic properties of push-forward measures, we have that 71#p = T1#(m13#v) = (71 o T13)#V.
Using the relation 7y o w13 = m1 0 w12, we obtain that (71 o m13)#p = (w1 0o m2)#p = mF#(m2F#v) =
m1#io = myo. It follows that 71#p = mg. By similar arguments, we deduce that ma#p = m; from
the relation 7o o m13 = m3. Therefore, u € II(mg, m1), moreover,

/ dX (IL’, x/)dﬂ—13#y(‘r7 xl) = / dX (7['13 (.I, Y, x/))dy(:[j, Y, .’L’l) = val " :
XxX

ZxX

It follows that dy(mg, my) < val(OT2).

On the other hand, let p be a solution of (OT1)). Since fip and p have the same marginal
distribution mg with respect to their first variable, by the Gluing lemma [Vil09, p. 11], there exists
a probability measure v € P(X x Y x X) such that

T12#V = flo, T13H#V = p.

Since fi9p € P(Z), we have v € P(Z x X). From the relation m3 = 72 o m13, we deduce that
m3H#V = To#(mis#v) = To#p = my. Thus, v € II(f1p, m1), moreover,

/ dx(z,2")dv(x,y,x) :/ dx (m3(z,y,2"))dv(x,y,2) :/ dx (z, 2 )dms#v(x, 2')
ZxX ZxX XxX

:/ dx(z,2")dp(z,2') = di(mo, my).
XxX

It follows that dj(mg, my) > val(OT2). O

The following two lemmas demonstrate that the set-valued function S has a measurable selection,
which will be denoted by s. We will see that the function s will fulfill the role of sy in the particular
case discussed earlier.

Lemma 3.3.12. Under Assumption [B(3), let (xn)n>1 be a sequence in X converging to some
xo € X. Then any sequence (yn € Zz, )n>1 has a convergent sub-sequence with its limit in Z,.
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Proof. Since F': X ~» Y is upper semi-continuous, for any k > 1, there exists 7, > 0 such that
for any x € Bx(zo,nk), we have Z, C By (Zyz,,1/k) = Uyez, By (y,1/k). For k = 1, there exists
©(1) € Ny such that Z,_,, € By(Zg,,1), i.e., there exists y1 € Z;, such that

dy (Yp1), 91) < 1.

Assume now we have (k) € Ny and g € Z,, for k =1,..., K such that

1
dY(yap(k)vgk)S%, k=1,...,K.

Since x, — o, we can find p(K +1) > ¢(K) such that x,(x41) € Bx(zo,mKx+1). As a consequence,
there exists yrx4+1 € Zz, such that

1
K+1

dy (Yp(k+1)s T +1) <

Since Z, is compact, (¥k)r>1 has a convergent sub-sequence (Yg(r))r>1 with a limit § € Z,,. By
the triangle inequality,

) ) ) 1 ) )
dy (Yp(o()), §) < Ay (Yo(o(k))> Tsor) + dy To(pr)), ) < EON dy (To(p(k))» ¥)-

Since ¢ and ¢ are strictly increasing functions going to +oco, we have limg_, 1o dy (Yg(e(k))> ¥) = 0.
Therefore, (Yg(p(k)))k>1 is @ convergent sub-sequence of (y,)n>1 with its limit § € Z,. O

Lemma 3.3.13. Under Assumption[B the set-valued function S has a Borel measurable selection
function s: Z x X — Z. Furthermore, we have ||g(s(z,y,2")) — g(z,y)| < Lgdx(z,2").

Proof. We will apply Theorem and Lemma to prove the result. The images of S are
non-empty since the set-valued mapping Z (defined in ) is supposed to be L,-Lipschitz. Let
us first verify that S has non-empty closed images. Fix any (z,y,2’) € Z x X, and assume that
(2’ 2z) € S(x,y,x") converges to some (2, 2) € Z. It suffices to prove that (2, 2) € S(z,y,2), i.e.,
lg(«’, z) — g(x,y)|| < Lydx(x,2"). This is true since g is continuous and z, — z.

Then, let us show that S~(C) is closed for any closed subset C in Z. By (3.3.12), we have

STHC) ={(z,y,2") € Zx X | S(z,y,2")NC # 0}

') €C,
:{(:x,y,x’)EZxX | 3y’ € Z, such that {(m v) }

lg(z',y") = g(z,y)|| < Lydx(z,x")

If S71(C) = 0, then the conclusion is obvious. Assume that S™1(C) # 0 and let (p, yn, T )n>1 €
S~1(C) be a convergent sequence with its limit point (zo, yo, x() € Z x X. Then, it suffices to prove
that (2o, y0, () € S™'(C). Since (zn,yn, ) € S7H(C), there exists y), € Z,, for any n, such that

(x5, ) €C, lg(xh, yh) — 9(Tns yn) || < Lodx (T, 20,).

By Lemma [3.3.12] the sequence (y),)n,>1 has a convergent sub-sequence (yfp (n))nzl with its limit

/

Yo € Zy,. Hence, limn%oo(x:o ()2 Yeo(n

)) = (xp,y;)- Since C is closed, we have (x(,y,) € C. By the
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triangle inequality,

l9(0, 90) — g(z0, yo) | < 119(20,90) = 9(&50)> Yooy | + IIg(ﬂf;(n)vy;(n)) 9T o (n)s Yo (m) |
9@ ()5 Yo(n)) — 9(@0, y0)|I-

By the continuity of g, we have

||g<x6vy6) - g(ﬂfo,yo)H < limsup Hg( )7y:0(n)) - 9(%@»%@))”

n—0o0

S lim sup Lgdx(l"p(n), x;(n)) = Lgd)((l‘o, $6)

n—0o0

Therefore, y, € Zy, (x,y5) € C and ||g(xg,v5) — 9(x0,v0)|| < Lgdx(xo, ;). It follows that
(w0, Yo, f) € S™(C), which implies that S~1(C) is closed, thus a Borel set.

Lemma [3.2.4]shows that the set-valued function S is Borel measurable, and Theorem [3.2.3]|shows
the existence of a Borel measurable selection s of S. Since s(z,y,2’) € S(x,y, '), the inequality

lg(s(z,y,2")) — g(x,y)|| < Lgdx(z,2’) is a direct consequence of (3.3.12)). O

Lemma 3.3.14. Let Assumptions hold true. Let v € (jig, m1) and s be the Borel measurable
selection of S obtained Lemma|3.3.15 Let py = s#v. Then py € P, (Z) and

f (/ngm) —f (/ng,uo) < Lg(C+LM)/ZXX dx(z,2)dv(z,y, ).

Proof. Step 1. (Properties of y11). Since v € P(Z x §) and s: Z x S — Z is a Borel measurable
function, we have p = s#v € P(Z). Observing that mj0s = 73, it follows that m#u = (m0s)#v =
ms#v = my. Thus, u; € Py, (Z). For any A € H, gx: Z — R is bounded. Then,

/ grdpy = / grosdv. (3.3.13)
z ZxX

Step 2. (Quadratic upper bound). By the Lipschitz continuity of V f, we have

f </2ng1> —f (/ngﬂo> < /Zng(dul —dﬁ0)+§

where Ao = Vf( [, gdfio)-
Step 3. (First-order estimate). Let us study the first-order term in . By (3.3.13), we

have
/ngdNI =/ gxoostZ/ (Mo, g(s(z,y,2)))dv(x, y, ).
Z ZxX ZxX

From the relation mio#v = g, we deduce that

/ oaudiio = / (o gz, y))dv(z,y,2').
7 ZxX

2
: (3.3.14)

gdp — / gdfio
Z Z

Using the previous two equalities, Lemma [3.3.13] and the Cauchy—Schwarz inequality, we obtain
that

/ g, (dpis — dfio) < Lyl Mol / dx (2,2 )dv(z,y, 7).
7 ZxX
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Step 4. (Second-order estimate). Let us study the second-order term in (3.3.14). Developing
it and using Lemma we obtain that

H/ gdp — gduo =7+ 72, (3.3.15)

where

= /Z /Z (9(21), g(z2)) d(jur — o) (1) dyur (z2):
= /Z / (9(1), g(z2)) d(fio — ) (21) dfioz2).

Fix any z9 € Z. Following the same argument as in step 3, we have

] [ sz = o))

It follows that

\ < LyloC)l [ dxo,a)dv(a, ).
ZxX

Y1+ 72 < 2LgM dx (z,2")dv(x,y,2).
ZxX

Step 5. As a consequence of Steps 2-4, we deduce that

P([oam) =1 ([ oana) < Lotiall+ 230) [ dstanyivtann.a),
z z ZxX
By the definition of the constant C', we have C' > ||Ag||. The conclusion follows. O]

We can now state the recovery algorithm that enables us to obtain an approximate solution of
(Py,]), given an approximate solution fig of (P,y,,]).

Algorithm 3.1: Recovery method
Input: mg,m1 € P1(Z), and fig € Py, (2).
Step 1. Find a solution p of the optimal transport problem (O
Step 2. Find v € P(Z x X) such that ma#v = fip and ng#u =
Step 3. Set 1 = s#v € Py, (Z), where s is constructed in Lemma
Output: p;.

Remark 3.3.15. We have already discussed the case where mg, mi, and [ip are empirical dis-
tributions. We discuss now the slightly more general case where only mg and jig are empirical

1 1 Y
mo = > b fo= ~ > S
1=1 =1

This situation corresponds to the algorithm presented in Section Since p € P, (X x X), by

Lemma we have p = % Zfil 0z, ® pg,, Where p,, is defined in Theorem Then the
probability distribution p, obtained in general with the Gluing lemma, is given here in an explicit

1 N
NZ (zi,y:) ®px

distributions:

form:
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Theorem 3.3.16. Let Assumptions hold true. Assume that mo,m1 € PY(Z) and that fig is
an eg-minimizer of problem (P,,,) for some ¢y > 0. The following holds true.

1. |Val - Val| < LQ(C + LM)dl(m()?ml);

2. If 1 € P, (Z) is the output of Algorithm then py is an n-minimizer of problem (P,,)),
where

7 =€+ 2Lg(C -+ LM)dl(mo,ml).

Proof. We prove (1). Fix any € > 0. Let u be an e-minimizer of problem (P, ). By Lemma |3.3.11
there exists v € II(u§, m1) such that

/ dx (z,2")dv(z,y,2") = di(mg, m1).
ZxX

We deduce from Lemma [3.3.14] that there exists puj € P, (Z) such that

f (/zgui> —f (/nguf)) < Ly(C + LM)di(mo, my).

Since p§ € Py, (Z), val(Pp)) < f ([, gu1). Combining this with the fact val(Pmg) > f ([, gduf) —

€, we obtain that

val(Por]) — val(Po) < f ( / gui) _y < / gdué) T

Therefore, val(P,, |) — val(Py,, ) < Ly(C + LM)di(mg, m1) by the arbitrariness of e. We conclude
the first part of the proof by exchanging the positions of mg and m;.
Let p1 be the output of Algorithm To prove (2), we do the following decomposition:

f (/gdm) —val(Ppn,) =71 + 72 + 73,

where

71=f</9du1>—f</gdﬂo>, 72=f</gdﬂo>—val, s = val(Po) — val(Po)-

From the proof of Lemma [3.3.11, we know that v (the result of step 2 in Algorithm is a
solution of (OT2)). Then, Lemma [3.3.14] shows that v < Ly(C + LM)di(mg, m1). Since fip is an
e-minimizer, 72 < e. By point (1), v3 < Ly(C 4+ LM)d;(mg, m1). The conclusion follows. O

3.4 Dual problem

This section is dedicated to the duality analysis of the primal problem ([P,,)). In the sequel of this
section, let Assumptions A* and [B] hold true. Consider the equivalent formulation of problem of

Pu),
w0 ss= [ g (Po)

/»Lepm (Z)7 56?{
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The Lagrangian L: H? x Py (Z) — R associated with writes,
cOB) = 1) + (A [ gu=5).
Then, the dual problem of is,
sup inf L(A, B, ) = sup (— ff(A) 4+ inf /Z<)\, 9(2)) d,u(z)), (3.4.1)

NeH BEH,puePn(2) AEH HEPw(Z)

where f* is the Fenchel conjugate of f. For any A € H, since g is bounded over Z, the second term
inf,ep. (z) [ (X, 9(2)) du(2) is finite. Therefore, it suffices to study (3.4.1)) for A € dom(f*), i.e.,

sup —f*(\)+  inf / dp).
)\Edom(f*)< F ) HEPm(Z) ZgA M>

The result of Lemma holds true for all A\ € dom(f*) under Assumption A*. Applying it to
the previous problem, we obtain the following equivalent dual problem:

— inf  D,,(A\) = f*(\) — | urdm. D,.
it D=1 = [ (D)

Lemma 3.4.1. The function Dy, is strongly conver with modulus 1/L. As a consequence, problem
has a unique solution, denoted by X\*(m). Moreover, there exists a constant C* independent
of m such that

[A*(m)| < C7.

Proof. Since V f is L-Lipschitz continuous, we know that f* is strongly convex with modulus 1/(2L)
(i.e. f*—1/L| - is convex) (see [BCII, Thm. 18.15]). Let us consider uy(x) as a function of A
while fixing any € X. By definition, A — wuy(z) is the infimum of a family of affine functions
(with respect to \), thus it is concave with respect to X. Consequently, — [, uxdm is convex with
respect to A\. Therefore, D,, is 1/L-strongly convex. Additionally, dom(f*) is both convex and
closed. These properties guarantee the existence and uniqueness of the minimizer \*(m).

Since M is an upper bound of ||g(z)]|, it follows that for all A\ € H:

—M|A[l < inf —[[A|llg(z, »)[| < ur(z) < sup [|A[[llg(z, y)[| < MA].
YyEZ, YEZ,

Let A\ € dom(f*). As D,,(A*(m)) < Dy(No), we can derive the following inequalities:
F*(A0) + M|l = Dm(Ao) = D (A" (m)) = f(A"(m)) — MI|X*(m)].
The strong convexity of f* yields that
1 * * * * *
o7 1A (m) = Aol + (po, A*(m) = Ao) < f*(A"(m)) = f*(No),
where pg € 0f*(\o). Combining the two above inequalities, we obtain:
1 * * *
o IA(m) = Mol + (po, X*(m) = Xo) < M(A*(m)[| + [ Ao])-

where pg € 9f*(A\g). The announced result follows, with C* = 3||Xo|| + 2L(M + ||pol])- O

100



3.4.1 Strong duality

Let us now prove the strong duality principle between (P,,)) and (Dy)), i.e., val(P)) = val(D.) -
We will apply the Fenchel-Rockafellar theorem [Roc97] to prove this relation.

Proposition 3.4.2. Assume that the set G, == {f“ gdp | p € Pr(Z)} CH is closed. Then,
1. val = val;
2. the primal problem has a solution;
3. let X*(m) be the solution of and let u be a solution of , then

A'(m) =Vf (/Z gdu) :

Proof. Let us consider the following optimization problem with variable in H:

inf f(2) +xa,. (2)- (3.4.2)
ze€H
It is obvious that val(P,)) = val(P,,) = val(3.4.2). The dual problem of (3.4.2) writes
sup —f*(A) = x¢,, (=A)- (3.4.3)
AEH

By the definition of the Fenchel conjugate and the definition of G,,, we have

—XG,, (—A) = inf (A, z) = inf )<)\,/gdu>.
z

Therefore, val(D,,|) = val(3.4.1) = val(3.4.3). Let us apply the Fenchel-Rockafellar theorem to
(3.4.2). The function f is convex and continuous. The function x¢, is convex and lower semi-

continuous from the fact that G,, is convex and closed. It is obvious that G, is non-empty.
Therefore, 0 € int(H — G,,) = int(domf — domyg,, ). By the Fenchel-Rockafellar theorem [Roc97],

val(343) = val(343), thus, val(Py) = val(Dy).

Since Gy, is non-empty, bounded, convex, and closed, and since f is continuous and convex, we
deduce from [Brélll, Cor. 3.23] that problem (3.4.2)) has a solution. Therefore, (P,,)) has a solution,
denoted by p. Since A*(m) is the solution of (D)), by the strong duality,

LTV m) + inf (V(m),2) = f ( / ng> -

On the other hand, by the definition of Fenchel’s conjugate,

F( [ otn) + 00 < (). [ adu).

Combining the previous two inequalities and the fact that |, 2 9dp € Gy, we deduce that

f </ngu> + 1A (m)) = <>\*(m),/zgdu>-

We obtain that A*(m) = Vf( [, gdp) from Fenchel’s relation. O
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3.4.2 Stability of the dual problem
Lemma 3.4.3. For any A1, A2 € H and x1,x2 € X, it holds that
ux, (21) = un, (22)] < Ly Aalldx (21, 22) + M|[Ar — Agl-
Proof. By the triangle ineqaulity,
|un, (21) — un, (@2)] < Jux, (21) —un, (22)] + |ux, (22) — up, (22)].
By the definition of u), we have

U, (ml) — U, (:UQ) - ylienszl <)‘1 ) 9($17y1)> - yziGHwaz <)‘1 ) g(x% 2/2)>

Let g5 be an e-minimizer of inf,,ez, (A1, g(72,%2)), with € > 0. By the Lipschitz continuity of Z,
there exists §{ € Z,, such that

lg(z1,91) — g(z2, B3)|| < Lgdx (21, 2).
By the Cauchy-Schwarz inequality, we have
uy, (21) — un, (22) < (A1, g(@1,91) — g(22,95)) + € < [[Ai]|Lgdx (z1, 22) + €.

By the arbitrariness of €, we have |uy, (z1) — uy, (z2)| < || M| Lgdx (21, 22).
On the other hand,

uy, (T2) — ur,(z2) = inf (A1, g(z2,9)) — inf (A2, g(w2,y)) < sup (A1 — A2, g(z2,9))-
YEZ YEZ 1,y YEZay

By the Cauchy—Schwarz inequality and the definition of M, we have that

uy, (x2) — uy, (x2) < M||JA1 — A2
The conclusion follows. O
Lemma 3.4.4 (Stability of the dual problem). For any mg, m; € P(2), we have

Do (A" (m0)) = D, (A" ()| < C* Lg di(mo, ma), (3.4.4)
IN*(mo) = (1) |* < 2C* Ly L dy (mo, my),

where C* is the a priori bound of |\*(-)| obtained in Lemmal[3.4.1]

Proof. According to Lemma we know that |[A\*(mg)|| and ||[A*(m;)| are smaller than C*.
Then, by Lemma U= (mo) () and uy« () () are (C*Lgy)-Lipschitz continuous with respect to

z. Hence,
Doy (N (110)) = f*(N(1mp)) — /X re (me) ()0 ()

= f*(\*(mg)) — /){u»(mo)(x)dml(z:) +/Xu>\*(mo)($)d(m1 — mo)(z) (3.4.6)
> Dy, (A" (o)) — C* Lgdi (mo, ma),
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where the third line is by the definition of the Kantorovich-Rubinstein distance. Since \*(mq)
minimizes D,,,, and since D,,, is 1/L-strongly convex, we have

Dy, (X (0)) > Do, (X () + 5 [X7 (o) = A*(m)| (3.4.7)

Combining (3.4.6)) and (3.4.7)), we obtain that

Diny(A*(mo)) > Dy, (X" (m1)) + %!W(mo) — X (m)|]* = C*Lygdy (mo, m).

In particular, we have Dp,, (\*(m1)) — Dy (A*(mg)) < C*Lgdi(mo, m1). Exchanging the positions
of mgp and m; in (3.4.6)), we obtain

* * 1 * * *
Diny (A (m1)) 2 Ding (A" (m0)) + 57 [A™(mo) — A (m1)[|? = C* Lydi (mo, ma). (3.4.8)
Inequality (3.4.4]) follows immediately and (3.4.5) is deduced by summing (3.4.6})-(3.4.8]). O

3.4.3 Directional derivative of the value function

The value function of problem is defined by
V:PHX) = R, m— val(Py).
Our goal is to characterize the directional derivative of V. Define the following function:
v: PLX)x X =R, (m,z) — U= (m) (T).

Proposition 3.4.5. Assume that Gy, is closed for any m € PY(X). Then for any mg, m1 € PY(X),

we have
lig V(0¥ 11 = o)) = Vimo) [ vtma,2)d(ms o) o).
X

t—0+ t

As a consequence, v is the directional derivative of V, i.e.,

V(ma) — V(mo) = /tio /X o(mo + t(my — mp), 2)d(my — mo)(z)dt.
Proof. For any t € [0, 1], let m; = mg + t(m1 — mp). By the strong duality, we have
V(mi) = V(mo) = Dy (A" (m0)) — D, (A" ().
From , we deduce that

Dy (A (m0)) — Dy, (N(y)) > /

v(mo, x)d(me —mo)(z) = t/ v(mo, z)d(m1 —mo)(x). (3.4.9)
X

X

On the other hand, let pp and p; be solutions of (P,,)) with m = mg and m; respectively. Let
e = po + t(p1 — po). It is obvious that 71 #u; = my. Therefore,

Vo) = Vo) < 1 ([ ade) = 1 ([ aduo).
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By Proposition AN (mo) = Vf([, gdpo). Since Vf is L-Lipschitz, it follows that

F([otne) =1 ([ aua) <t [ wtomo.aratms = moy) + 5= | [ gt = o

Recall the definition of D. Combining the two inequalities above, we have

2

2
V(me) — V(mg) < t/ v(mo, x)d(m1 —mo)(z) + LDt .

3.4.10
i . (3:4.10)

We have V(mg) = =D, (A*(mo)) and V(my) = =Dy, (A (my)). Using (3.4.9)-(3.4.10) and letting
t go to 07, we obtain that

lim Vim:) = V(mo) = /Xv(mo,m)d(ml —mg)(z).

t—0+ t

From Lemmas(3.4.3 we deduce that the function v(m, z) is continuous in P}(X) x X with
respect to the distance (di,dx). Let us define two functions from [0,1] to R,

V:[0,1] = R, t = V(my);

0v:0,1] = R, t — /X v(my, x)d(my — mgp)(x).

For any 0 <t < T < 1, observe that my = m; + £=£(mq — my) and mq — my = (1 — t)(mq — my).
By using the same arguments as in (3.4.9))-(3.4.10)), we have

LD(T —t)?

(T —t)o(t) < V(T) =V (t) < (T —t)o(t) + 2(1—1)?

We deduce that ©(t) is the right derivative of V at ¢ for any ¢ € [0,1). By exchanging positions
of mg and my, we can prove that o(¢) is the left derivative of V at t for any t € (0,1]. Therefore,
V is differentiable at each point on [0,1] and v is its derivative. Since © is continuous, by the
fundamental theorem of calculus [Rud87, Thm. 7.21], we have that V(1) — V(0) = ftlzo o(t)dt. O

3.5 Algorithms for the discretized MFO problem

We present in this section our numerical method for solving (P,,). The first step of resolution
consists in discretizing m. We replace it by an empirical distribution mpy and focus next on the

resolution of (P,,,)). By Theorem [3.3.16{1), we have
|val(P,,) — val(Pp, )| < Ly(C + LM)di(m, mn). (3.5.1)

We give theoretical bounds for the minimal value of d;(m, my) in Subsection Then we discuss
the resolution of with the Frank-Wolfe algorithm in Subsection m Finally in Subsection

.5.3| we propose to use a variant of the Frank-Wolfe algorithm, called Stochastic Frank-Wolfe
(SFW) algorithm, introduced in [BLOT22]. This method generates a solution to (P,,,]) which is
an empirical distribution.
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3.5.1 Discretization

In view of , one should look for an empirical distribution my = % Zfi 1 0z, that is as close
as possible to m for the d;-distance. This problem is commonly known as the optimal quantization
problem, and for detailed information on this topic, we refer to [GG12]. Here, we present a slightly
modified version of an optimal quantization result obtained in [MM16], Prop. 12]. For any subset A
of X, we denote by rn(A) the minimum radius r required to cover A with IV closed balls of radius
r. It is defined by

N
ryv(A) = inf min {T >0 ‘ AC U BX(xivr)} :

AN
xe i1

The upper box-counting dimension (or the upper Minkowski dimension) of A [Fal04) p. 41] is defined
as follows:

D(A) = inf {D >0 |3C > 0 such that ry(4) < CN~YP VYN e N+} :

Lemma 3.5.1. Let m € PY(X), and let A C X be the support of m. There exists a sequence
(mn)N>1 of empirical distributions on X such that the following holds:

1. If D(A) > 1, then there exists a constant Cy such that for any N > 1,

1

di(m,my) < CN~ 5@,

2. If D(A) = 1, then there erists a constant Cy such that for any N > 1,

di(m,my) < Co3N~1log N.

3. If D(A) < 1, then there exists a constant Cs such that for any N > 1,

di(m,my) < C3N~1,

Proof. This follows from the proof presented in [MM16, Prop. 12], with the only difference being
that in the final inequality, we employ the triangle inequality for the di-distance instead of the
Minkowski inequality for the Wasserstein-2 distance. O

Remark 3.5.2. If A is a subset of a smooth d-dimensional submanifold of a Euclidean space, then

D(A) < d. This estimate is deduced from [Fal04, p. 48 (i)-(ii)].

3.5.2 Frank-Wolfe algorithm

For general convex optimization problems, the Frank-Wolfe algorithm relies on the resolution of
a sequence of linearized problems, obtained by replacing the cost function of the problem by a
first-order Taylor approximation of it. In the context of problem ([P,,,|), the linearized problem is

of the general form:
inf /\,/ d > , 3.5.2
HEPm (Z) < Z g ( )
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for some A € Vf(H).

A key observation from Lemma [3.3.3] is that a solution of the linearized problem, denoted
by wy, can be solved as in the proof of Lemma [3.3.3] in the simple case where m is a finitely-
supported probability measure: for alli =1,..., N, find y; € BR(x;) and set ) = % Zi\il O(zsy:)-
Therefore, one can consider applying the Frank-Wolfe algorithm to solve , in which the main
task is to solve .

Algorithm 3.2: Frank-Wolfe Algorithm

Initialization: u® € Py, (2). Set K > 1.

for k=0,1,2,..., K —1do
Compute \¥ = V f (fZ gduk’).
Solve for A = A*, the solution is denoted by fiyx.
Choose wy, € [0,1].
Set pFH = (1 — wp)uF + wpirr.

end for

Remark 3.5.3. If we take wy, = 1/(k+1) for all k, then it is easy to see that u* = % Z,If;()l fre. We
recover the fictitious play algorithm in [CHI7] applied to the Lagrangian discretization of first-order
MFGs.

Lemma 3.5.4. Let Assumption [4] hold true. In Algorithm [3.3, we set wy = 2/(k + 2) for all k.
Then for any K > 1,

2LD
([ o) - varPa) < 22
Z

Proof. This is a consequence of [BLOT22, Prop. 3.4]. O

3.5.3 Stochastic Frank-Wolfe algorithm

In Algorithm at each iteration, we generate the output by taking a convex combination of the
previous iteration’s result and the solution of . This process requires us to add N points from
BR)x(z;), for i = 1,..., N, to stock the support of solution at each iteration. As a consequence,
this approach can lead to a memory overflow issue, as K going to infinity. The large support of pf
will also raise the difficulty of Step 2 in Algorithm in which we will take fig = . To address
this issue, we will use the stochastic Frank-Wolfe algorithm [BLO™22] to . This approach
will enable us to obtain an approximate empirical solution , and can effectively handle the
large support of pf<.

Lemma 3.5.5. Let y € P(Z). Then p lies in Py (Z) if and only if there exists p; € P(Zyg,) for
anyi=1,...,N such that i = %Zf\;léx ® i

Proof. If u; € P(Z;,), then m1#(dz, ® pi) = d,,. Since the push-forward operator # is linear, we
have that m# (% SN 6, @ ) = + SN 8p, = M.

Conversely, let us assume that p € Py, (Z). By Theorem and its remark, we can conclude
that there exists p,, € P(Zg,) for i = 1,..., N such that for any bounded and continuous function

k3
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h: Z — R, we have
1 N
i=1 *i

Applying Fubini’s theorem to the equality above, we have

1 1
hdp =~ hd (0n, @ pa) = [ hd | = 00 @t |-
/Z 2 NZI/Z (0, © pa,) /Z (NZI l®ul>

This implies that p = Zf\il Oz, @ Ly, O

According to Lemma and Fubini’s theorem, the discretized problem (P,,,|) is equivalent
to

N
1
meP(Zmi)f<N;/Zmi 9(@i, yi) M(y)> (3.5.3)

Problem (3.5.3) is the randomized relaxation of an N-agent optimization problem as investigated
in [BLOT22],

velli, Z,
Problem is equivalent to a version of problem in which the probability measures p;
are restricted to be Dirac measures. In particular, we can associate with each feasible element
Y= (Wi)i=1.. N € [[I-, Zs, (for problem (3.5.4)) the tuple (8, )i=1, v, which is feasible for (3.5.3),
and the probability distribution % Zf\i 1 0(as,y:)» Which is feasible for .
We apply the following Stochastic Frank-Wolfe algorithm, investigated in [BLO™22|, to solve
problems and (3.5.4). Let Bern(w) be the Bernoulli distribution with a parameter w € [0, 1].

N
inf f <]17 Zg(:ﬂz,yl)> . (3.5.4)
i=1

Algorithm 3.3: Stochastic Frank-Wolfe Algorithm
Initialization: y° € [[V, Z,,. Set K > 1.
for k=0,1,2,..., K —1do

Compute Xt =V f(4 Y2, g(ai, yb).
fori=1,2,...,N do
Find ¥ € BRy« (z;).
end for
Choose ny, € N*. Set w, = 2/(k +2).
for j=1,2,...,n; do
fori=1,2,...,N do
Simulate szj ~ Bern(wy,), independently of all previously defined random variables.
Set 97 = (1 — Pf9)yk + PPIgh.

end for
Define %9 = (§/)i=1,...n.
end for
Find y**! € argmin {f(% Zf\il 9(zi,yi)) ‘ ye{gh, j=1,2,.. M}
end for

107



The interest of Algorithm is that it provides an approximate solution to , and the
associated empirical distribution serves as a reliable approximate solution of the problem , as
demonstrated in the following lemma. Additionally, this empirical distribution has a fixed support
size N, which does not increase with the iteration number, making the algorithm memory-efficient.

Lemma 3.5.6. in Algorithm whatever the numbers (ny)xen, we have for any K =1,2,...,2N
that

1 - 4L.D
K
B\ <N ZH 9w v >>] ~valB53) < ——.
Proof. This is from [BLOT22, Thm. 3.7]. -

Remark 3.5.7. Lemma [3.5.6] provides a convergence result for Algorithm [3.3]in terms of expectation.
An estimate of the following quantity can be found in [BLO™22, Thm. 3.7]:

1 Y ALD
K
P [f (N zg(fﬁi,yi )> > val(j3.5.3) +€+7 )

for a given € > (0. In particular, this probability can be made arbitrarily small, provided that the
numbers ny are large enough.

In order to obtain an approximate solution of , we combine Algorithm with Algorithm
Let us consider the outcome y* of Algorithm after K iterations, for 1 < K < 2N and for
arbitrary numbers ny > 1 of simulations. Let u&§ = % Zf\; 1 9(z:,yx)- Moving on to Algorithm
we utilize the following inputs: mg = my, m1 = m, and jig = ,u]KV. The output of Algorithm
is denoted as ji”, which is an element of the set P,,(Z). We have the following convergence result
for the combination of Algorithm [3.1] and

Theorem 3.5.8. Let Assumptions hold true, and let m € PY(Z). Then,

E [f </ng,aK>:| _val < % +2Lg<C+LM>d1(mN,m)

Proof. Since f (fZ gdu{\(,) =f (% Zfil g(mi,y{{)), by Lemma |3.3.14] we have

N
f / g ) — f 1 Zg(ml,yzK) < Ly(C+ LM)di(my,m), almost surely.
z N

Taking expectation on both sides of the previous inequality, and applying Lemma [3.5.6] and the

relation val(3.5.3) = val(P,,,]), we have
K 2LD
E|f gdpi —val(P,,, ) < 7+LQ(C’+LM)d1(mN,m).
z

Combining with Theorem [3.3.16{(1), the proof is complete. O

Remark 3.5.9. The realization of Algorithm can be simplified in Theorem thanks to the
empirical structure of mg and fig, as noted in Remark [3.3.15]
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3.6 Numerical simulation

We consider a Lagrangian MFG in which the agents exploit their own stock of an exhaustible
resource. The model is taken from [GHS22]. We fix a time horizon [0, 7] where T' € [0, +00) (the
case T' = oo investigated in [GHS22] is not considered here). The state variable of a representative
agent is the level of the stock of resource at any time, denoted (X} )telo,r] and the control is the
speed of extraction at any time, denoted ¢q. The dynamic of a given producer with an initial position
xo > 0 is described as follows:

t
X =z —/ q-dr, te[0,T7],
0

where ¢ > 0, for any t € [0,7]. We impose that X% > 0, which implies that X > 0 at any time.
We define the set of aggregate production, denoted as G, by

G=1Qel’(0,T)R) | 0<Q() < 1, ¥ € [0,7T]).

The price of the resource for this representative producer depends on its extracting speed and an
aggregate production ) € G,

Dt ::1_Qt_€Qt7 tE[OaT]v

where € € (0,1) is a constant. The gain of this representative producer writes,

T
/ €_tht(1 —qt — EQt)dt.
0

where r > 0 is a discount rate. Therefore, given an aggregate production € G and an initial
position xy > 0, we can formulate an optimal control problem associated with this representative
producer,

T
inf  J9(g) = / Tl — 1+ Qi)
q€g 0

T
s.t. / qrdt < xg.
0

Lemma 3.6.1. Problem (3.6.1)) has a unique solution ¢%(zo). Moreover, 0 < q%(xo)(t) < 3, for
a.e. t€(0,T).

(3.6.1)

Proof. Tt is easy to see that G is a non-empty and convex subset of L?([0, 7], R). Following [Rud87,
Thm. 3.12], if (f, € G)n>1 converges to f in L2 sense, then there exists a subsequence of (f,)n>1
converges to f a.e. As a consequence, f lies in G. Therefore, G is closed. Furthermore, by Holder’s
inequality, we obtain that {q € L2([0,T],R) | fOT qedt < xo} is non-empty, convex and closed in
L2([0,T],R). Tt follows that the admissible set of problem is non-empty, closed and convex
in Hilbert space L2([0,7],R). On the other hand, the cost function J?(-) is strongly convex. Then
the existence of the solution of comes from [Brélll, Cor. 3.23] and the uniqueness is by the
strong convexity of J%.
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Let ¢ be the solution to (3.6.1). Define ¢'(t) = min{q(t), 3}, for a.e. t € (0,T). Since ¢’ < ¢, ¢’
is also feasible for problem . Moreover, the running cost go — qo(go — 1 + £Q) is increasing
for go > 3. As a consequence, J9(¢') < J9(g). Therefore, ¢’ is optimal, and since the solution is
unique, we have ¢ = ¢/, which proves that ¢ < % ]

Let m € P([0,+00)) denote the distribution of the initial conditions of the producers. The
aggregate production rate corresponding to ¢% is given by

oo
QY ::/ q% (zo)dm(xo), vt € [0, 7).
0
Following [GHS22|, we call Nash equilibrium a solution @Q* to the fix-point problem:
Q*=QY, Q' €g (3.6.2)

3.6.1 Potential problem

In this subsection, we find an optimization problem associated with the fixed point problem ({3.6.2)),
which is a particular case of problem (P,,)). Let us specific metric spaces and admissible sets in
(P.,)) associated to (3.6.2]):

T
X =10, 00), Y =g, F(:c):{qGQ | / qtdtgx}, Z = Graph(F), Zy = F(z).
0

Let us define the separable Hilbert space .2_,, ([0, T]) [Rud87, Example. 4.5(b)]:

e—rt

T
L2.,.([0,T]) = {C: [0,7] — R is Lebesgue measurable’ / e ()| 2dt < +oo} ,
0

with a scalar product,

(f1, f2)12

et

T
(0,17) = /0 e " fi(t) fa(t)dt.

It is easy to check that Y =G C L2_,,([0,T]). Then, in (P)), we set H =R x L2, ([0,77),

T
g: Z —H,(x,q) — (/ 67”(%2 — q)dt, Q> )
0
€
i H =R (y1,92) = 1 + §||?J2”12L§,7,t([o,T])~

Therefore, problem (P,,)) associated with (3.6.2) writes:

T T 2
wt [ - aitdutea) + 5 [ e < / qtdmx,q)) dt.  (363)
,U,E'Pm(Z) Z JO 2 0 4

Remark 3.6.2. Problem (33.6.3) lies in the framework of the Lagrangian MFG ({3.1.3).

Proposition 3.6.3. If i is a solution of problem (3.6.3)), then Q* = fZ qdii(x,q) is a Nash equilib-
rium of the optimal exploitation of exhaustible resources problem, i.e., Q* is a solution of (3.6.2)).
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Proof. Let us first check that Assumption |A| holds true for problem . It is easy to see that
Assumption (1) and the first and the third points in Assumption (2) are true by the continuity
of g and Lemma Let us prove that G is lower semi-continuous for any A € Hy. This is a
consequence of the claim that the set-valued function Z: X ~» H, x — {g(x,y) | y € Z;} is locally
Lipschitz, i.e. Lipschitz in any compact set of X. To see the local Lipschitz continuity, we fix any
x1 < zg in X. If ¢ € Z,,, then we have immediately that ¢ € Z,,. This implies that Z,, C Z,,.
On the other hand, let ¢ € Z,,. We construct ¢’ € Z,, by the following method:

{Qt, if [ grdr < a1;

q, = ,
0, otherwise.

As a consequence, we have that ||¢' — ql|v:(jo,7)) < 2 — 1. Therefore, by Hélder’s inequality,
lq QHU qor S MeTd = Dllesomlld’ = alli oy < w2(w2 — 1),

This implies that Z,, C Z,, + By (0, \/z2(x2 — 21)). Therefore, Assumption |Affollows.
Let fi be a solution of problem (3.6.3), A = V f([, gdii) and Q* = [, qdfi(x, q). By the definitions
of f and g, we obtain that A = (1, eQ*), moreover,

T
g5(2.q) = /0 e Tarlqr — 1+ Q)

By Lemma BR;(20) = {¢? (x0)} for any 29 € X. By Corollary we have that (A, i)
satisfies the following equilibrium equation:

{ 3= (1. J, adp)

Pz = 0ge" (), M-a.e.

Combining with Theorem 3.2.7, we obtain that [, ¢dii = [y ¢2 (z)dm(z). Recall that Q* = [, qdfi,
Z X Z

then ((3.6.2)) follows. O

3.6.2 Numerical simulations

Let the initial measure m be an exponential distribution with parameter a > 0, i.e., dm(z) =
ae”*dx for all z > 0. Let us independently sample the distribution m for N times, denoting the
samples by x1, 9, ...,zx, and my = % El]\il dz,. The time space [0,7] is discretized with a step
size At = T'/M for some M > 1. Then, a totally discretized problem associated with writes:

2
infgepnven  Jn(q) = 5 S0, Yoty e A (g, — Qz‘t) Sy tet <1{1 Y Qi,t) :
such that ¢; € SM(x;) == {q € [0,1/2]M | At M5 ola < xi}, i=1,2,...,N.

(3.6.4)

We apply Algorithm to solve (3.6.4). At each iteration, the evaluation of a best-response,
for each producer ¢ amounts to solve a problem of the following form:

{ infqie]RM At EM ! _rtAtCIz,t(Qi,t -1+ 6Qt)7

(3.6.5)
such that ¢; € SM(z;),
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for a given Q € [0,1/ 2]M . This problem is a convex quadratic programming problem in R that
can be dealt with by some solvers, such as GUROBI [GO1§].

For the resolution of the problem, we chose the following parameters: T'=10, e =r =a = 1,
N = 100, M = 100, K = 100, ni = 10, for all k. Figure [3.1] shows the extracting speeds and
the stocks of three producers with initial stocks: 0.9, 1.2, and 3.1. From Figure [3.1] we see that
the producers with the higher initial stock have the same extracting speed as those with a lower
initial stock, at the beginning. However, as the smaller agents exhaust their resource, the larger
ones progressively raise their extraction speed. Once the extraction speed reaches its maximum
value, it rapidly decreases to zero. These observations are consistent with the numerical findings
of |[GHS22l Sec. 3.3].

Extracting speed: q¢ Stock: x;

3.01
0.41

251

0.3

151
0.2

1.01

0.14
0.51

0.01 0.01

Time

Figure 3.1: Extracting speeds and stocks of three producers with initial stocks: 0.9, 1.2, and 3.1.

To study the error caused by sampling, we independently sample the exponential distribution
m for 100 x N times, and group them into batches of N. The empirical distribution corresponding
to each batch is set as the initial distribution. Then we apply Algorithm to compute Q*
corresponding to each initial distribution. In Figure|3.2] we show the mean and standard deviation
of the results of the 100 simulations.

3.7 Appendix

3.7.1 Proof and Lemma [3.3.3

Before proving Lemma let us recall the definitions of the restriction of a measure and the
completion of a probability space, taken from [Rud87, Thm. 1.36].

Definition 3.7.1 (Restriction). Let X; be a Polish space, let X and X’ be two o-algebras on X
such that X’ C X, and let v be a measure on X. The restriction measure of v on X’ is defined as
follows:

vy (A) =v(A), for any A € X'.
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Mean and Standard Deviation of equilibrium Q”

0.30 — mean

std

0.25
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< 0.15 A

0.10
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Figure 3.2: Mean and standard deviation of the equilibria of 100 batches

Definition 3.7.2 (Completion). Let (X7,3%*,v) be a probability space. Let B, be the collection
of all E C X, such that there exists A and B in BX1, AC E C B, and v(B — A) = 0. For such an
E, we define a function (F) as

v(E) =v(A).

Then (X1,B,,7) is a complete measure space. We say that (Xi,B,,7) is the completion of
(Xl,BXI,I/).

Sketch of the proof of Lemma[3.3.3 The proof of the direction that the left-hand-side of is
greater than the right-hand-side is the same as the proof for the case that m € Ps(X).

Let us prove the converse inequality. Let (X, B,,,m) be the completion of the probability space
(X,BX,m). Fix any \ € Hy. By Assumption the set-valued function BRy: X ~~ Y has
non-empty closed images. By Lemma Graph(BR)) is closed in X x Y, thus is a B,, ® BY -
measurable set. By Lemma and Theorem the set-valued function BR)y: X ~» Y is
(B, BY )-measurable, and there exists a (B, BY )-measurable function bry: X — Y such that for
any z € X,

bry(z) € BR)(z).

We define A: X — Z, x + (x,bry(z)). Since bry is (B,,, BY )-measurable, we have that A is
(B, By ® BY )-measurable, see [Kal97, Lem. 1.8]. Let B? be the Borel o-algebra on Z. It is
obvious that BZ C BX @ BY C B,, ® BY. Let us take

ﬂ - A#m‘lgz
Then i is a positive Borel measure on Z. Moreover, we deduce from Definitions that

i(Z) = Adtin(Z) = m(X) = m(X) = 1.
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Therefore, i € P(Z). Assume that the following two equalities hold true:

A = m, (3.7.1)
/gAdﬁz/ gro Adm. (3.7.2)
Z X
By the definitions of u) and A,
gx 0 Al@) = ga(w, bra(z)) = inf gr(2,y) =ur(x), VoeX. (3.7.3)

Combining (3.7.1))-(3.7.3)), we obtain that

inf /g,\d,ug/gAd,&:/ g)\oAdm:/ uxdm.
n€Pm(2) J 7 Z X X

The conclusion follows. O

For completing the proof of Lemma [3.3.3] it remains to prove equalities (3.7.1)-(3.7.2). They
are deduced from Lemmas [3.7.3H3.7.4]

e To prove (3.7.1), we take X = X and h = m; in Lemma m
e To prove (3.7.2), we take X = [~ M]||\|, +00) and h = gy in Lemma and Lemmam

implies that gy o A = wu) is Borel measurable.
Recall the definition of A: X — Z in the previous proof and recall that i = A#m|gz.

Lemma 3.7.3. Let X be a Polish space. Let h: Z — X be a Borel measurable function. Assume
that h o A: X — X is Borel measurable. Then it holds:

htii = (ho A)ghm.

As a consequence, if X = [¢, +00) for some ¢ € R, then

/hdﬂ:/ hoAdm.
Z X

Proof. Let B be any Borel set in X. By the property of push-forward measure, h#ji(B) =
fi(h~1(B)). Since h is Borel measurable, we have that h~'(B) € BZ. This yields that

h#i(B) = A#i(h™'(B)).
Next, by the property of the push-forward measure,
A#in(h™H(B)) = im(A™hH(B)) = ii((h o A)TH(B)).
Since h o A is Borel measurable, we have that (h o A)~'(B) € BX. As a consequence,

im((ho A)~H(B)) = m((ho A)~H(B)) = (ho A)#m(B).
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Therefore, h#ji(B) = (h o A)#m(B) for any Borel set B C X. We conclude the first part of the
proof.

In the case that X3 = [¢,400) for some ¢ € R, since ¢ = fX2 cdp = le co Adm, it suffices to
prove the conclusion for h — ¢ in instead of h. Therefore, we can assume that X3 = R;. By the
change-of-variable formula for push-forward measures,

[ nai= [ ().

Next, it follows from the equality h#i = (h o A)#m that
| adttnta) = [ o gma))

Again, by the change-of-variable formula, we obtain that

/]R+ 2d((h o A)#m(z)) = /X ho Adm.

The conclusion follows. O

Lemma 3.7.4. Under Assumption @ the function uy is upper semi-continuous for any A € Hy,
thus Borel measurable.

Proof. Let A\ € Hy. Since g is bounded over Z, we have that uy(z) > —oo for any z € X. Fix
any v € X. Let y € BR)(z). Let (z, € X),>1 be a sequence converging to z. By the lower
semi-continuity of G, there exists y, € Z,, such that gj(z,y) = lim, 00 gx(Zn, yn). Therefore,

ux(®) = ga(z,y) = lim gx(zn,yn) > limsupuy(zy).

n—oo

We obtain the upper semi-continuuity of wy for any A € Hy. Since any upper semi-continuous
function defined on a metric space is the limit of a monotonically decreasing sequence of continuous
functions [Ton52, Thm. 3|, we deduce that uy is Borel measurable. O
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Chapter 4

Error estimates of a theta-scheme for
second-order mean field games

4.1 Introduction

Mean field games (MFGs), introduced in 2006 independently by J.-M. Lasry and P.-L. Lions in
[LLO7] and M. Huang et al. in [HMCOG], describe the asymptotic behavior of Nash equilibria in
stochastic differential games, as the number of players goes to infinity. In this type of games, players
have symmetric dynamics and payoff function. The latter function depends on the own strategy
of a given player and on an interaction cost depending on the distribution of all players. Mean
field games have important applications in various domains, like crowd motion [LST10], sociology,
biology, macroeconomics [ABL™14], trade crowding [CL18a], and finance.

Second-order MFGs (see [LLO7, [ACDI10, [Carl0]) are coupled systems, including a backward
Hamilton-Jacobi-Bellman (HJB) equation and a forward Fokker-Planck (FP) equation. The source
term of the HJB equation depends on the solution m of the FP equation while the velocity (the
optimal control) v in the transport term of the FP equation depends on the solution u of the HJB
equation. Under appropriate hypotheses, we can express v as a function of Vu at each time. Let T¢
be the d-dimensional torus and let @ = [0, 1] x T?. We consider the following second-order MFG:

(1) _atu - UAU+HC (t,m,Vu(t, x)) = fc(tvwvm(t>) (t7 x) € Q7
(11) v(t,x) = —H (t,.x,Vu(t,a:)) (t,z) € Q, (MFG)
(iii) Oym —oAm +div(vm) =0 (t,x) € Q,
(V) m0,2) = mi(x), u(l,z) = g(x) e
The Hamiltonian H€ is related to the Fenchel conjugate of a running cost £¢:
H¢(t,x,p) = sup (—p,v) — °(t,x,v). (4.1.1)

vERT

We introduce in this article a theta-scheme for the discretization of ; our main result
states that, under suitable assumptions, the solution of the theta-scheme converges to the unique
solution of . To the best of the authors’ knowledge, this article is the first one, in the context
of MFGs, to give a precise convergence order for a fully discrete numerical scheme, namely O(h"),
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where h is the step size of the space variable and r € (0, 1) is related to regularity properties of the
solution of .

Let us describe more in detail the theta-scheme which we propose. Let us denote by Vy, divy
and Ay the discrete gradient, divergence and Laplace operators of the centered finite-difference
scheme (precise definitions are in Section 2). Let 6 € [0, 1]. At any time ¢, the theta-scheme of the
FP equation consists of two steps:

1. An explicit scheme for an intermediate FP equation, with a weight (1 — 6) for the Laplacian

rerm: mlt+1/2) — m(t)

At

— (1= 0)oApm(t) + divy (mu(t)) = 0. (S1)

2. An implicit scheme for an intermediate heat equation (without divergence term):

m(t+1)—m(t+1/2)
At

— o Ap(m(t + 1)) = 0. (S2)

Notice that when there is no divergence term (v = 0), the above scheme — coincides with
the classical theta-scheme for the heat equation [AIl07]. For the HJB equation, we propose an
adjoint scheme; at each time ¢, two steps are performed: (1) an implicit scheme for an intermediate
heat equation (without the Hamiltonian term) and (2) an explicit scheme for an intermediate
HJB equation. The adjoint structure of the coupled system is preserved in the resulting
discretized system, which is an important property for the analysis.

Motivations of the theta-scheme. Let us describe the main properties of the theta-scheme,
which justify our interest for it. If 8 = 0, our scheme is an explicit scheme which has a natural
interpretation as a discrete mean field game. However, it is not clear whether the explicit scheme
for the FP equation, when 6 = 0, enjoys stability properties for some £2-norm. To ensure stability, a
natural idea consists in taking an implicit scheme for the second-order term, i.e. § = 1. This yields a
mixed scheme (implicit for the Laplacian term and explicit for the divergence term). We emphasize
that the divergence term should remain explicit, in order to guarantee that the discrete system has
a structure of a discrete MFG. When 6 = 1, we see that is an explicit scheme of a continuity
equation (without diffusion term). To ensure the monotonicity of (S1J), an upwind discretization for
the divergence term should be employed, instead of centered scheme. In comparison with a centered
discretization, the upwind discretization has the following disadvantages: (1) the consistency error
is of a lower order, (2) we need then to construct a numerical Hamiltonian (see [ACD10, [ACCD13])
to preserve the adjoint structure. Finally, we propose to take 6 € (1/2,1) in — and to keep
the centered scheme for the first-order term. The ¢?-stability is proved in Proposition for the
case when 0 > 1/2. The monotonicity property is obtained under a CFL condition , for all
6 < 1, see Theorem We end up with a discrete system which has a structure of a discrete
MFG, has a higher order for the consistency error, and which does not require the construction of
a numerical Hamiltonian.

Under suitable assumptions, MFGs have a potential structure (see [CHIT, Def. 1.1]), i.e. the sys-
tem can be interpreted as the first order optimality condition of an optimal control problem
of the FP equation, see [LLO7, [LST10, [LP22]. Then some optimization algorithms can be applied

117



to solve this optimal control problem, such as the fictitious play [CHI17], the generalized conditional
gradient algorithm [LP22], ADMM and Chambolle-Pock’s algorithm [AL20), BLP23], etc. The last
important feature of our theta-scheme is that it preserves the potential structure (when it exists),
which allows the application of the previously mentioned methods directly on the discrete system.
These methods avoid solving a large discrete nonlinear forward-backward system. For instance, the
fictitious play [CHI17] and the generalized conditional gradient algorithm [LP22] require to solve
the discrete HJB and FP equations iteratively. One significant difference between the theta-scheme
and the implicit scheme proposed in [ACCD13] is that the first-order terms in the discrete HJB
and FP equations of the former are explicit. Thanks to this, at each time step of the discrete HJB
equation, the difficulty of our method lies in solving a linear equation associated with the implicit
part of the theta-scheme, which is much cheaper than solving a nonlinear algebraic equation in
the totally implicit scheme [ACCD13]. We mention that the aforementioned linear equation to be
solved is an implicit scheme of a heat equation. Consequently, in high-dimensional cases, we can
consider splitting methods [Tho95, Sec. 4.4] to decompose the discrete Laplace operator and reduce
computational complexity.

Related works. In 2010, a first result concerning the convergence of a finite-difference scheme for
stationary MFGs was obtained in [ACD10]. In this paper, the authors also proposed an implicit
scheme for time-dependent MFGs and proved the existence and uniqueness of the solution of this
scheme. In 2013, a convergence result was obtained for the same implicit scheme in [ACCD13] when
the Hamiltonian has a monomial form, i.e. H(x,p) = H(x) + |p|®, with 8 € (1,4+0c0). The two
cited works assume the existence of a classical solution for . In 2016, in the absence of this
existence assumption, [AP16] proved that the solution of the implicit scheme converges to a weak
solution of when the grid steps tend to zero. No assumption on the Hamiltonian is made
in [AP16], but a technical assumption, Assumption (g5), is required for the numerical Hamiltonian
(the discrete counterpart of the Hamiltonian). An example of a numerical Hamiltonian satisfying
(g5) is only presented for a Hamiltonian with a monomial form (as above), with 8 € (1,2].

Other discretization techniques have been considered in the literature. We mention the articles
[CS14) ICST15] in which a semi-Lagrangian discretization is proposed for first-order and second-order
MFGs, respectiveley. The well-posedness of the resulting discrete system is established for both
cases. In [CS15], the scheme’s convergence is proven for non-degenerate second-order MFGs in
any dimension and for degenerate second-order and first-order cases in dimension one. A sort
of semi-Lagrangian discretization is proposed in [HS19] for first-order MFGs and convergence is
established in general dimension. In [BC22] a semi-discretization in space, with finite differences,
is investigated. It is shown that the solution of the semi-discrete master equation converges to the
solution of the continuous master equation, with an explicit rate of convergence. Finally, we cite
the article [AL20], which gives a good summary of the numerical methods for MFGs.

Numerical analysis. In this paper, we assume that the running cost £¢ is strongly convex with
respect to the control variable. This is equivalent to the Lipschitz continuity of V.H¢ with respect
to its third variable. This assumption plays a key role in the stability analysis. We assume that
the coupling function f¢ is Lipschitz continuous w.r.t.  and with respect to m, for the L2-norm.
Note that our regularity assumptions on f¢ are stronger than those of [ACCDI3|. We also make a
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monotonicity assumption for f¢, in Lasry and Lions’ sense, see [LLO7, Thm. 2.4]. This assumption
ensures the uniqueness of the solution of . For the consistency analysis, we assume that
the exact solution of lies in the Holder space C117/2247(Q) (see [Kry96, Ch. 8.5] for the
definition). In Appendix we provide sufficient conditions on the data for this regularity
assumption to hold, for an exponent r which is explicit. We also make use of assumptions dealing
with the regularity of /¢, m§ and g¢. Our convergence analysis relies on a consistency analysis and
a stability analysis, the latter relies on a fundamental inequality and an energy estimate for the
discrete FP equation.

Consistency analysis. We prove that the discrete HJB equation has a consistency error of order
O(Ath") at each time step. For the discrete FP equation, the consistency error is the sum of two
terms: one is in the form of the discrete divergence of a term of order O(Ath?"+4) (which can be
dealt with by a discrete integration by parts formula in the convergence proof), the other one is
of order O(Ath™+4). In comparison with [ACDI0, ACCDI3], there is no numerical Hamiltonian
in our scheme. This simplifies the consistency analysis and avoids the treatment of an additional
error term.

Fundamental inequality. The fundamental inequality (Proposition is established for a
general class of discrete MFGs, for which the existence and uniqueness of a solution is easily
obtained with a standard fixpoint approach. The fundamental inequality allows us to quantify the
variation of the control variable v when a discrete MFG is subject to perturbations. It is deduced
from equality , which is similar to the fundamental equality proved in [ACCD13, Eq. 3.20]
for an implicit scheme. Our proof of the fundamental inequality also relies on the following technical
lemma, given in [NesI8 Thm. 2.1.5]: If F is a convex function with L-Lipschitz gradient, then for
any p, q, it follows that

S IVF () ~ VF(q)| < F(p) ~ F(a) ~ (VF(a).p 1) (412

We give a second proof of the fundamental inequality, which does not rely on the fundamental
equality . Instead we define a “relative” potential function, and deduce the fundamental
inequality from upper and lower bounds of this relative potential function.

FEnergy estimate. We provide in Proposition an upper bound of the #2-norm of the solution
of the discrete FP equation under some perturbations. The proof of the energy inequality is
inspired by the one for parabolic PDEs, see [Lio71, [LSU8S|, and the one for the implicit scheme,
see [ACCD13].

Numerical Hamiltonian. As we mentioned earlier, it is assumed in [AP16] that the numerical
Hamiltonian satisfies a specific assumption, Assumption (g5). It turns out that when the numerical
Hamiltonian is convex and has a Lipschitz gradient, then (gh) can be easily deduced from inequality
, as we show in Lemma m Using this technical result, we provide an example of a
numerical Hamiltonian which satisfies all the assumptions of [AP16], for the case of a running cost
which is strongly convex with respect to the control variable, uniformly in time and space. See
Theorem [£.6.4] This result is of independent interest since our theta-scheme does not require the
construction of a numerical Hamiltonian.

Organization of the paper. In Section 2, we present the theta-scheme and state our main result.
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Section 3 is dedicated to a general class of discrete MFGs (covering the theta-scheme). We prove
in this section the fundamental inequality. In Section 4, some properties of the theta-scheme are
demonstrated, in particular, we prove the announced energy estimate for the FP equation. The
consistency analysis and the proof of the main result are given in Section 5.

4.2 The theta-scheme and the convergence result

4.2.1 Preliminaries

The set of functions from some finite set A to R (resp. R?) is denoted by R(A) (resp. R%(A)):
R(A) ={m: A — R}, RY(A) = {m: A — R},
Let us introduce the set of probability measures on A, defined by

P(A) = {m € R(A) ‘Va: €A m(z)20,Y m(y) = 1}.
yeA

We denote by | - || and (-, -) the Euclidean norm and the scalar product in R"”. We define below a
scalar product and a norm for functions defined on a finite set.

Definition 4.2.1. Let n € Ny and let A; and Ag be two finite sets. For any p,v € R"(A;) and
p € [1,00), we define

Gy = Y @@ Il = (X 1a@I) "l = max el

€A, T€EA;

For any pu € R™(A; x Ag) and py,p2 € [1,00], we define

1 1 1 .
(oen It BN, i pr € [1,00),

maXgzeA, HM(JJ, ')sza if p1 = 0.

p1

e = || (1 V) g,

Lemma 4.2.2 (Hélder’s inequality). Let p,v € R™(Ay x Az). Then,

Z Z ’<u(x1,w2),u(x1,x2))‘ < HMHP11PQ|’V”IJT7PE7

r1€A; T2€A,
where p; € [1,00] and 1/p; +1/pf =1, fori=1,2.
We make use of Nemytskii operators, in order to alleviate some notations.

Definition 4.2.3 (Nemytskii operators). Let (: X x Y — Z and let u: X — Y. Then, the
associated Nemytskii operator is the mapping ([u], defined from X to Z by

(lu](z) = ((z, u(z)).
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4.2.2 Notations for the finite-difference scheme

The time step is At = 1/T, for T' € N;. We assume that 7' > 1. The set of time indices is denoted
by T (T when the final time 7T is included):

T={0,1,....,T—1};  T=1{0,1,...,T}. (4.2.1)

Let S be the uniform discretization of the torus T? with step size h = 1/N, for N € N, defined by

S ={(ir,iz,...,ia)h | i1,...,iq € Z/NZ}. (4.2.2)
Let (€;)i=1,...a be the natural canonical basis of R%. The discrete Laplace, gradient, and divergence
operators for the centered finite-difference scheme are defined as follows:
d
w(x + he;) + p(z — he;) —2p
App(z) = ) (h? ) (@ ), Vu e R(S), Ve s,
=1
he;) — — he;)\d
Viu(z) = (”(5’3 + he )%“("’3 ¢ )) . YueR(S), Yz €8S,
d wi(x + he;) — wi(x — he;)
divyw(x Z . i) ©, VweRYS), Vaes,
=1

where w; is the i*" coordinate of w. The forward discrete gradient is defined by

Vinu(z) = ('UJ(SU + he}i) — M(ﬂf))j:l’ Vu € R(S), Vx € S. (4.2.3)

Lemma 4.2.4 (Integration by parts formula). For any w € R4(S) and for any u,v € R(S), it
holds that

=) pl@)divaw(x) =D (Vap(z),w(@)) ; (4.2.4)
TES €S

= v(@)App(z) =D (Viv(a), V(). (4.2.5)
€S z€eS

The proof is given in the Appendix

Lemma 4.2.5. For any u € R(S), the following inequality holds:
IVhull3 < IV ull3: (4.2.6)

The proof is given in the Appendix The following lemma shows some general properties

Bm

of the implicit scheme associated with the heat equation ¥ —cAm = 0, used in our theta-scheme.

Lemma 4.2.6. Let X € RIS!. Consider the scheme

Y(z) - X(x)

A7 —cARY () =0, Vzel, (4.2.7)

with unknown Y € RISI. The following holds true.
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1. (Ezistence and uniqueness) The scheme (4.2.7) has a unique solution Y .
2. (Monotonicity) If X > 0, then' Y > 0. Moreover, if X € P(S), then'Y € P(S).
3. (Lipschitz constant) If X is L-Lipschitz, then' Y has the same Lipschitz constant L.

4. (Continuity of the discrete gradient and Laplacian) Suppose that Ap X is a-Hdélder continuous
with constant L', where 0 < o < 1. Then there exists a constant C, independent of At and h,
such that

IVLX — V1Y ||leo < CAtRYTY [ALX — ARY ||oo < CAtR 2,

The proof is given in the Appendix [4.6.1]

4.2.3 The theta-scheme and the main result

We describe the MFG system of interest. Let us fix a running cost ¢¢, a coupling cost f€, an initial
condition mg and a terminal cost g, where

¢ Q xR 5 R, f:QxD >R, m§ € D, g¢: T¢ = R,

and where the set D is defined by D = {p € L*(T%) | pn > 0, [y p(@)dz = 1}. Recall the formulation
of the continuous mean field game:

(i) —0w—oAu+ H¢(t,z,Vu(z,t)) = f(t,z,m(t)) (t,z)€ Q,
(i) w(t,z) = —Hg(t,z, Vu(x,t)) (t,z) € Q,
(iii)) Oym —oAm + div(vm) =0 (t,z) € Q,
(iv) m(0,z2) =m§(z), u(l,z)=g%x) x € T,

where HC(t,x,p) = sup,cpa(—p,v) — £(t,z,v). We make the following assumptions on the data
functions.

Assumption A. The following holds:

1. Regularity. The running cost £¢ is continuously differentiable with respect to v. There exist
positive constants L7, Lg, and ch such that for any (¢t,z) € @, for any v € R?, and for any
m € D,

o (°(-,x,v), L°(t,-,v), and £5(-,x,v) are Lj-Lipschitz continuous
e g°is Lg-Lipschitz continuous
o f¢(-,xz,m), fe(t,-,m), and f°(t,z,-) are L4-Lipschitz continuous (with respect to the

|| - [lL2-norm for the third variable).

2. Strong convezity. There exists o > 0 such that for any (¢,z) € Q, ¢“(t,z,-) is strongly convex
with modulus af, i.e.

aC
(L x,v9) > L6t x,v1) + (05 (t, x,v1),v2 — v1) + ?va — v1H2, Yo, v € RY.
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3. Monotonicity. The global cost f¢is monotone, i.e., for any ¢t € [0, 7T, for any m; and ms € D,
/ <fc(t,a:’,m1) — fe(t, 2, mg)) (ml(x') - mg(x/))d:c' > 0.
’]I‘d

Lemma 4.2.7. Let Assumption [4] hold true. Then HC is continuously differentiable with respect
top and H,, is (1/av)-Lipschitz continuous with respect to p. Moreover, H® and Hy are respectively
L§- and (L§/a)-Lipschitz continuous with respect to t.

The proof is given in Appendix Following [Kry96, page 117], we introduce the following
spaces. Given r € (0,1), C"/?7(Q) denotes the set of real-valued functions over Q which are Hélder
continuous with exponent r (resp. /2) with respect to z (resp. t). We denote by C'*7/22+7(Q) the
set of real-values functions ) which are such that m, 9ym, 0,,m, 0z, m lie in C"/?7(Q), for any
ij=1,...d.

We make the following assumption on the solution of .

Assumption B. The continuous mean field game (MFG) has a unique solution (u*,v*, m*), with
u*,m* € CHH7/2247(Q) and v* € C"(Q) NL>([0,1];C*7(T%)), where 7 € (0,1).

In Appendix we propose a set of regularity assumptions on ¢, f¢, m§ and g¢ (Assumption
. We show in Theorem that Assumptions [A| and |C| together imply the Assumption (B}, for
an explicit value of r.

Assumptions [A] and [B] are supposed to be satisfied throughout the article.
Let us now discretize the data functions. Let us define By (x) = Hle[x —he;/2, x4 he;/2). We

introduce two operators Zp: R(T¢) — R(S) and Ry : R(S) — R(T?), defined as follows: For any
m¢ € R(T?) and for any m € R(S),

Tum)a) = [ mt(wdy, Ve S

() (4.2.8)

m(z)

hd ’

The discrete counterparts of the data functions ¢¢, H¢, m§, and ¢g¢ are the functions defined as
follows: For any t € T, z € S and p € R,

Ru(m)(y) = Vo € S, y € By(x).

Ut ,x,p) = L(tAL, x,p), H(t,z,p) = H(tAt, x,p),

(4.2.9)
mo(z) = Ip(mg)(x),  g(z) = g°(x).
The discrete counterpart of f¢ is the function f: 7 x .S x R(S) to R defined by
1 C
flt,x,m) = d/ f (tAt,y,Rh(m)>dy. (4.2.10)
h® JyeBu(a)

Taking any 6 € [0, 1], we introduce the theta-scheme of (MFG): find (u,v,m) € R(T x S) x RY(T x
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S) x R(T x S) such that V(¢t,z) € T x S,

‘ —u(tH’z)_Al;(tH/Zz) —bOoApu(t+1/2,2) =0,
(1) u(t+1/2,2)—u(t,x)
———a— — (1 =0)cApu(t +1/2,2) + H[Vhu(- +1/2,)](t, ) = f(t, 2, m(t));

(D) w(t,x) = —Hp[Vpu(-+ 1/2,-)|(t, z);

(i) mltel2e)omibn) (1 — 6)Apml(t, ) + divy,(vm) (¢, z) = 0,
111

mlt L) miH/20) _ oo Apm(t +1,2) = 0

(iv) m(0,x) =mg(z), w(T,z)=g(x).
(0-MFG)
Denoting By = Id — g AtAy, the first equation in the dynamic programming equation can be
rewritten as follows: Byu(t +1/2,-) = u(t + 1,-). By Lemma [4.2.6) By is invertible. This allows
us to consider u(t+1/2,-) as an auxiliary variable, uniquely determined by u(t+ 1,-), and thus to
regard the unknown value function u of the theta-scheme as an element of R(7 x S). The same
argument also holds for the other auxiliary variable m(t +1/2,-).
We fix now a constant M, defined as follows:
M= i(z mac 651, ,0)]| + VA(L{ + I + I5)). (4.2.11)
at\"(@aeq ¢ f g
The constant M is an upper bound of ||v]|c,0c, as will be seen in Theorem We consider the
following condition on (At, h):
h? 2(1 - 0)o

< — h <
= 2d(1—6)o’ =M

Remark 4.2.8. Let us reformulate the explicit part of (#-MFG])(iii) by isolating m(t + 1/2, z):

A (CFL)

d ; i €;
m(t+1/2,z) = (1 - Ml_hf)aAt)m(t,x) + Aty ((1 ;29)" _ ity 2; h ))m(t,x + hey)
i=1

"’Atz ((1 ;26)0 N vi(t,a;]; hei))m(t7$ ~ hey).

(4.2.12)

The coefficients preceding m(t,z) and m(t,z £ he;) in are affine functions with respect
to v(t,z) and v(t,z £ he;) respectively, and these coefficients are positive under the condition
(CFL|) since M is an upper bound of ||v]/sc,00. Moreover, summing over x yields that
Spegm(t+1/2,z) =3 _om(t,z). Therefore, under the condition (CFL), if m(t) € P(S), then
m(t+1/2) € P(S). Since m(t+ 1) is the solution of an implicit scheme for the heat equation (with
source term m(t+1/2,z)), we have that m(t+1) € P(S) if m(t+1/2) € P(S), by Lemma[4.2.6] In
other words, probability distributions on S are preserved by the discrete Fokker-Planck equation

under the condition (CFL).
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Remark 4.2.9. Let us discuss the choice of € in the theta-scheme . If we set 6 = 1, we
cannot guarantee the positivity of the coefficients preceding m(t, z+he;) in . As a result, we
cannot use the same argument presented in Remark to ensure the preservation of probability
distributions of the discrete FP equation. On the other hand, to obtain an energy estimate (£2-
stability) of the discrete FP equation, we require that 6 > 1/2, as demonstrated in Proposition

4.4.9)

Theorem 4.2.10. Let Assumptions[A] and[B hold true. Let 0 € (1/2,1) and let (At, h) satisfy the
condition (CFL|). Then, the theta-scheme (0-MFG)) has a unique solution (up, vy, myp). Moreover,
there exists a constant C' > 0, independent of At and h, such that

lun = wplloo.c0 + lImn = mpflooa < CRT,
where w},m} € R(T x S) are defined by u}(t,x) = u*(tAt,x) and mj(t) = I (m* (tAt)).

The proof of Theorem is given in Section

4.3 General properties of discrete mean field games

We consider in this section a general class of discrete time and finite state space mean field games,
for which we establish the existence and uniqueness of a solution as well as a fundamental inequality.
We will show in Section [4.4] that the theta-scheme falls into this class of problems.

4.3.1 Notations and assumptions

In this section, the state space S is an arbitrary discrete set in R?, not necessarily a discretization
of T?. Let us introduce the set of discrete curves of probability measures and the set of transition
processes, defined by

P(T,8) = {m e R(T x S) (\ﬁ e T, m(t,) e P(S)},
(T, S) = {7r €R(T x 5 x S)‘V(t,x) €T xS, n(t,a,)e P(S)}.

Remark 4.3.1. Any m € R(7T x S x S) is a transition process if and only if for any m € P(S) and
for any t € T, we have m' € P(S), for m'(y) = > cq7(t, z,y)m(x), for all y € S.

We introduce now a running cost ¢, a coupling cost f, an initial condition mg and a terminal
cost g, where

0:TxSxRESR,  f:TxSxR(S)—=R,  myeP(S), geR(S).

In this section, ¢, f, mg, and ¢ are considered independently of the definition . We will
consider again definition in the next section when we interpret the theta-scheme as a discrete
MFG.

To formulate the discrete MFG system, we need a control bound D > 0. The admissible control
space, denoted by RdD(T x S), is the set of all elements v € R4(T x S) such that ||v]|eo,00 < D. The
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probability of the motion from one state x € S to another state y € S at a time ¢ € 7 under some
control v € RE (T x ) is given by

wvl(t, z,y) = w(t, z,y,v(t, x)),

where 7 is a function from 7 x S x S x R? to R. We assume that 7[v] is a transition process for
any admissible control v, i.e.,

o] € I(T,S),  VveRL(T x S). (4.3.1)

For any D € (0,00], we denote by ¢”: T x S x R? — R U {oo} the function defined by

g t’ b ) 'f S D7
Pt z,0) = 4 B0 il (4.3.2)
00, otherwise.
When D = oo, ¢P = ¢. The Hamiltonian HP is defined as follows:
HP(t,z,p) = sup (—p,v) — (P (t,z,v) = sup (—p,v) — L(t,z,v). (4.3.3)

vERA vERY, ||v]|<D
We consider the following assumptions on the previous data.
Assumption 4.1. The following holds:

1. Regularity. There exist positive constants Ly, Ly, Ly, and Ly such that for any ¢t € T, for
any v € R? and for any m € P(S), the functions £(t,-,v), g(-), and f(t,-,m) are resp. Ly, Ly,
and L-Lipschitz continuous, i.e.

|0(t, x1,v) — L(t, zo,v)| < Lyllzg — 22|,
l9(21) = gla2)| < Lgllar — a2,
|f(ta$17m) - f(t,$2,m)| < Lf”l‘l - $2||’

for all 1 and zo in S. Moreover, the function f(¢,z,-) is L’f—Lipschitz w.r.t. m for the || - |2
norm , i.e., for all m; and mg in P(S),

|f(t,2,ma) — f(t,2,ma)| < Lllmi — mala.

2. Strong convexity. There exist a > 0 such that for any ¢t € 7 and for any x € S, the function
L(t,x,-) is a-strongly convex, i.e.,

e}
e(t,(L‘,’UQ) Z £<t7xavl) + <p71)2 - U1> + EHUQ - le27
for all v; and vy in R™ and for all p € dpl(t, z,v1).

3. Monotonicity. For any t € T, for any m; and mg in P(S),

> (Fwm) = f(tz,ma)) (ma (@) — ma(a)) = 0.

zeS
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Lemma 4.3.2. Let D € (0,00]. The following holds true.
1. The Hamiltonian HP is continuously differentiable with respect to p.

2. For anyt € T, for any x € S, and for any v € R, we have HP (t,z,p) = —(p,v) — (P (t,z,v)
if and only if v = —HpD(t,x,p).

3. The partial derivative HpD 18 é—Lipschz’tz continuous with respect to p.

4. For anyt € T, for any x € S, for any v € R, and for any py € 0,¢(t, z,0),
b 1
|t wp) < (2ol + - (13.4)

The proof is given in the Appendix [£.6.1] A direct consequence of Lemma [£.3.2]is the following.

Corollary 4.3.3. Let (t,z,p) € T x S x R Let py € 0,€(t,z,0). Let Dy and Do € (0, 00] be such
that D; > L (2|[po|| + |[pll), for i =1,2. Then

HP'(t,z,p) = HP2(t,x,p) and Hl?l(t,x,p) = HpDQ(t,x,p).

Lemma 4.3.4. Let D € (0,00], lett € T and let x € S. For any v, for any p € R?, for any m >0
and for any m € R, it holds that

P(t, z,v)m — (P (t,z, 5)in > —HP(t, z,p)(m — m) — (p, mv — mi) + %Hv —3lPm,  (4.3.5)

where v = —Hl?(t,:n,ﬁ).

The proof is given in the Appendix [£.6.1]

4.3.2 The discrete MFG model

The discrete MFG model of interest in this section is a coupled system of three variables: a
value function u € R(T x S), a policy v € RdD(T x S), and a curve of probability distributions
m € R(T x S). It consists of a Kolmogorov equation, a dynamic programming equation, and a
feedback relation.

e Given v € RdD(T x S), denote by FP(v) € R(T x S) the solution m to the Kolmogorov
equation

{ m(t +1,9) = Yees ]t 2 y)m(t @), V(t,y) €T xS, (4.3.6)

m(0,z) = mo(x), Vo e S.

e Given pi € P(T,S), denote by HIB (1) € R(7 x S) the solution  to the dynamic programming
equation

u(t,xr) = inﬂg (gg(t, x,w)At + Eyes w(t,z,y,w)u(t + 1, y)), V(t,z) € T x S;
w€eR?

u(T,z) = g(z), YV €S,
) ) (4.3.7)
where Zf(t,x,w) =P (t,z,w) + f(t, 2, ut)).

127



e Given u € R(T x S), denote by V(u) the policy v defined by

v(t,x) = argmin <€D(t,x,w)At + Zﬁ(t,x,y,w)u(t + 1,y)), V(t,z) e T xS. (4.3.8)
w€eRd
yes

The uniqueness of the minimizer in the above definition is a consequence of Lemma |4.3.2

The discrete MFG consists in finding a triplet (u, v, m) such that v = HJB(m), v = V(u), and
m = FP(v). This is equivalent to find a fixpoint to the map ¢, defined by

¢:meP(T,S)—FPoVoHIB(m) e P(T,S).

It is easy to verify that ¢ is indeed valued in P(7 x S). Let m € P(T x S) and let v = VoHIB(m).
By definition, ||v||co.co < D. Therefore, by assumption (4.3.1)), 7[v] is a transition process. Then

FP(v) € P(T,S), by Remark

The discrete MFG can be formulated as the following coupled system: for all (¢,z) € T x S,
()t z) = infuers (2(8 2, 0) AL+ 3 et 2,y )u(t + 1,y);

(i)  o(t,z) = argmin,cga (P (t, 2, w) At + Y yes Tt Ty, w)u(t + 1,y);

(iii

(

(4.3.9)
i) m(t+1,2) =3 cgm[vl(t y, w)m(t, y);

)
iv) m(0,z) =mo(x), u(T,z)=g(z).

As mentioned in Remark the coefficients preceding m(t,z + he;) in are affine
functions with respect to v(t,z + he;). Furthermore, m(t 4+ 1) can be seen as a linear function
of m(t + 1/2) independent of v from the implicit part of (f-MFG])(iii). Therefore, in the theta-
scheme (f-MFG]), we can express m(t+ 1, ) as a linear combination of m(¢,y) for y € S, where the
coefficients preceding m(t,y) are affine functions with respect to v(t,y). Comparing this with the
coefficients 7[v|(t,y,z) = w(t,y, xz,v(t,y)) in (4.3.9))(iii), in order to study as a particular
case of , we find it convenient to consider 7 (¢, x,y,w) in an affine form of w, i.e.,

W(t,x,y,w) = Wo(tvxay) + At(m(t,x,y),w>, V(t,x,y,w) €T x 5% x Rda (4310)

where 19 € R(T x S x S) and 71 € RYT x S x S). The exact formulas for mp and 71 associated

with (#-MFG) are given in (4.4.3))-(4.4.4)).
In the sequel of this section, we consider 7 given by (4.3.10f). We make the following assumption
on my and 7.

Assumption 4.2. The elements my and 71 satisfy the following condition:
mo(t, z,-) € P(S), V(t,x) € T xS,
Zyes m(t,xz,y) =0, V(t,z) € T xS,
mo(t,x,y) > AtD||m(t, z,y)|l, V(t,z,y) €T xS x S.

Lemma 4.3.5. For w given by (4.3.10)), Assumption is equivalent to (4.3.1)).
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The proof of the previous lemma is left to the reader.

Thanks to (£.3.10), we can simplify (£.3.9) (i)-(ii) with the help of HP (defined by (4.3.3)). Let

us define pg, p1, qo, and ¢ as follows: for all (t,z) € T x S,

po(t,z) = Zﬂ'o(t,x, s)u(t +1,s), pi(t,z) = Zﬂ'l (t,z,s)u(t + 1, s); (4.3.11)
s€S seS

q(t,x) = Zﬂo(t,s,x)m(t, s), qv](t,z) = Z(m(t,s,x),v(t, s)m(t, s)). (4.3.12)
seS ses

Observe that the dependence of py and p; with respect to u is not explicitly mentioned, similarly,
the dependence of gy and ¢; with respect to m and v is not explicitly mentioned and will be clear
from the context. Then system (4.3.9) equivalently writes: for all (t,2) € T x S,

(i)
(i)  o(t,2) = —Hf[pl](t#ﬁ);

(iii) m(t+1,z) = qo(t, z) + Atqi[v](t, z);

u(t,z) = (= HP[pi](t,x) + f(t,x,m(t))) At + po(t, z);

(DMFG)

{ (iv) m(0,z2) =mo(z), u(T,z)=g(x).

Theorem 4.3.6 (Existence). Under Assumptions and[4.3, (DMFG) has at least one solution.
Furthermore, if (a,v,m) is a solution of (DMFG), then m € P(T,S).

Proof (first part). We equip the finite-dimensional space R(T x S) with the norm || - ||s.1. The set
73(71, S) is non-empty, convex, and compact. In order to prove the existence of a solution, we need
to show the existence of fixpoint for the map ¢, defined in . By the Brouwer fixed-point
theorem, it suffices to show that ¢ is a continuous mapping, which we do in appendix [4.6.1} ]

4.3.3 A fundamental inequality

Let us define a perturbed version of (DMFG]) with additional terms (1,d) € R?(T x S) in the
right-hand side: for all (t,z) € T x S,

,

() wlt;w) = (= HP[pu(t @) + f(t 2. m(t) ) At + polt, z) + n(t, o);
(i) o(t,2) = —Hp[p](t,2);

(iii) m(t+1,2) = qo(t,z) + Atqi[v](t,x) + (¢, x);

(PDMFG)

L (iv) m(0,z) =mo(z), u(T,z)=g(x).

The fundamental inequality proved in the next proposition is an essential tool in the stability

analysis for the system (DMFG)).

Proposition 4.3.7 (Fundamental inequality). Let Assumptz’ons and hold true. Let (u,v,m)
be a solution of (DMFG]|) and let (u,v,m) satisfy (PDMFG|) with m > 0. Then, the following
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inequality holds:

B S S e = D)t ) m - m) . 2) < 303w — @)t + L)t ) + (2 — m) (1, ().
teT xS teT zeS
(4.3.13)

This fundamental inequality is of the same nature as the one established in [ACCDI3| Sec.
3.3]. We provide two different proofs of Proposition in the next subsection. The fundamental
inequality allows us to show the uniqueness of the solution to (DMFG)).

Lemma 4.3.8 (Uniqueness). Under Assumptions (DMFG)) has a unique solution.
Proof. The existence result was already established in Theorem Let (u1,v1, m1) and (ug, ve, msa)

be two solutions of (DMFG]). By Theorem my > and mg > 0. Viewing (ug,v2,m2) as a
solution to (PDMFG]) with (n,d) = (0,0), we deduce from the fundamental inequality that

lv1(t, ) — va(t, x)||(mq(t, x) + ma(t,x)) = 0.

Thus for any (¢,2) € T x S, either vy (¢, z) = va(¢t, x), or my(t,x) = ma(t,z) = 0. Let u = mq —ma,
then p satisfies the following equation: for any (t,z) € T x S,

{ ,“(t +1, 33‘) = Esesﬂ[vl](@ S,SL‘),LL(t, S) + At Zses<ﬂ-1(t7 5733)’ (Ul - U2)m2(t7 5)>7

w(0,z) = 0.
It follows by induction that u = 0, i.e. m; = mg. Then u; = HIB(m;) = HIB(mgy) = ug and
v1 = V(u1) = V(uz) = vg, which concludes the proof. O

4.3.4 Two proofs of the fundamental inequality

In this subsection, (u,v,m) is a solution of (PDMFG]|) and (pg,p;) is defined by (4.3.11). Let

(u,v,m) be a solution to (DMFG)). Let (pg, p1) be defined by (4.3.11)), for the triplet (@, v,m). The
following sum-by-parts formulas will be used in both two methods of proof. For all t € T,

z;pom(t,x) + At(pr,mo)(t, x) = Z;u(t +Ly)m(t + 1,y); (4.3.14)
igﬁgm(t, ) + Aty mo)(t, z) = yez;a(t +1,y)m(t+1,y) — Zsa(t +1,9)0(t,y);  (4.3.15)
Ze;qum(t, x) + At{p1, mo)(t,x) = yze;u(t + 1, y)m(t+ 1,y); " (4.3.16)
ispgm(t, z) + At(py, mo)(t, ) = yiu(t +1,y)mt+1,y) — z;u(t +1,y)0(t,y).  (4.3.17)
o= ve ve

For proving (4.3.14)), one simply needs to multiply the first equation in (4.3.11) by m(t,z), to
multiply the second equation in (4.3.11]) by mo(¢, x) and to sum the results over x. This yields

> pom(t, ) + ALy, M) (tx) =D Y a(t+1,s) (Wo(t,x, s)m(t, z) + At(mi(t, z, s), vm(t, s))).

€S €S seS

Then (4.3.14) follows from (DMFG)-(iii). The proofs of the other three equations can be obtained
similarly. We provide now two different proofs of Proposition 4.3.7]
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1. Direct method We follow [ACCDI13|. Summing the difference of (4.3.15) and (4.3.14) over
teT, we get

T
SN am-m)(t,x) =Y > po(m—m)(t, z)+At(pr, mo—mo)(t, ) +u(t+1,2)5(t,z). (4.3.18)

t=1 zeS teT xS
In addition, summing the difference of (4.3.17)) and (4.3.16|) over ¢ € T, we get

T
S um—m)(t,x) =Y > po(m—m)(t, z)+At{pr, mo—mo)(t, x)+u(t+1,2)5(t,z). (4.3.19)

t=1 z€S teT xzes
Taking the difference of (4.3.19)) and (4.3.18]), we have

= Z Z(po —po)(m —m)(t, z) + At{p1 — p1,mv — mo)(t,z) + (u — @) (t + 1, 2)0(¢, z).
teT zes
(4.3.20)

Moreover, taking the difference of (PDMFG]) (i) and (DMFG]) (i), multiplying the result by m —m,
summing over (¢,z) € T x S, we obtain that

DO (w—a)(m —m)(t,x)

teT xS
=" " (po — po)(m — ) (t,x) + At(HP[p1] — HP[py]) (m — ) (¢, z) (4.3.21)
teT €S
+ 3OS TAL(f(t oz m(t) — f(t @ m(t) (m — m)(t, @) + n(m — m)(t, ).
teT xz€S

Comparing (4.3.20) and (4.3.21) and using the relations v = —Hf[pl], v = —Hf[ﬁl], we obtain
the following equality:

At S m(HP (] - HP[pr] — (HP [p1], 51 — 1)) (1,2)

teT zeS

R Atzz (HD[p1 HP[py] - <H£)[731]7p1 *ﬁl))(tv»’ﬂ)

teT zes

(4.3.22)

—i—AtZZ f(tz,m(t) — f(t,z,m(t))(m —m)(t,z)

teT zes

=3 (w—a)(t+ L, 2)6(t,x) + (m —m)(t, 2)n(t, ).

teT zes

Since HP is convex and HpD is 1/a-Lipschitz, we obtain with inequality (4.1.2]) (see [Nesl8, Thm.
2.1.5]) that

HP[p1) = HP [pr] = (H [p1). B = pa) = S| H [pa) = B ]| = Sllo = o)1
HP[p1] = HP 1] = (H (). py = 1) > S{|HY o] = HY [0 ||” = Sl — o]
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We substitute the last two inequalities into (4.3.22). Then, inequality (4.3.13]) follows from the
non-negativity of m and m and the monotonicity of f in Assumption

2. Variational method Let us define a “relative” potential function Ji5, : RY(7T xS)xP(T,S) — R,

AtZZm (t,z ( (t,z,v(t, x))+f(t,az,fn(t))> —i—Zg(x)m T,x

teT zeS €S

Note that in the above function Jy, the third variable of f is fixed to m. The second proof of
Proposition consists in proving a lower bound and an upper bound of Jy, (v, m) — Jum (T, M),
from which the fundamental inequality directly follows.

Step 1. Let us prove that

Jm(v,m) — Jm( >ZZ (t+1,2)0(t,x —I—AtZZ—HU—vHQ (t, ).

teT zeS teT €S

By Lemma we have
(zD [w]m — P [a]m) At

vV
m
Ul

[p1)(m — ) — (1, mv — D) + %Hv - @||2m) At
= (u—po — Atf(t,x,m(t))) (m —m) — At(p1, mv — mv) + At%“v —|*m
= u(m — m) + (pom + At(p1, mv)) — (Pom + At(p1, mv))
— ALf(t,z, (1)) (m — m) + At%”v —3|*m
It follows that

Jm(v,m) — Ja(0,1m)

-ty Y <€D[v]m — P[5} + f(t,a, m(t))(m ) ta)+ Y g(z) )T, 2)
teT z€S €S

> 37N a(m —m) + (pom + At(pr, mv)) — (B + At(pr, mw)) + At%Hv —3|%m

teT zeS

+ Zg T, x)
z€S

=3 Y a(t+ La)dta) + Aty S %Hv —3|?m(t, z),

teT z€S teT xz€S

where the last equality was obtained with (4.3.14]) and (4.3.15)).
Step 2. Let us prove that

Jm(v,m) — Jm (0, m) < ZZ (t+1,2)0(t,z) —n(m —m)(t,z) — At%”v — 0|*m(t, ).
teT xS

Since v satisfies (PDMFG)-(ii), by Fenchel’s relation [HUL93), Cor. 1.4.4], we have

Pl = ~(p1,v) — HP[p1],  —p1 € 0P,
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Then, by the a-strong convexity of £ and the last equality, we have

D « D «
O] > P[] + (=10 = ) + 5[0 = vl* = =HP[p1] = (p1,9) + 5 l|7 = 0]*

Using the nonnegativity of m and m, we obtain that

(zf’ [olm — ED[@]m) At < (—HD [p1](m — ) — (p1, mv — T — %H@ - UH%) At
= (u—po = Atf(t,x,m(t)) — 1) (m — m) — At(pr,mv — mv) — AtZ |5 — v|*m
= u(m —m) + (pom + At(p1,mv)) — (pom + At(p1, mv))
— (Atf(t,z,m(t)) +n) (m — ) — At ][ - o|*m

It follows that

:Atzz; Plulm — P[)m + f(t, z, m(t))(m ) (t,z +§;g ) (T, z)

< z;tif m —m) + (pom + At(pr, mv)) — (pomn + At(p1, mv)) xi:gg (m — m)(T, z)
t—eggﬁt (t,z,m(t)) = f(t,z,m(t))) (m —m)(t,z) )
—;§ﬁ<m—m><w>+At3”“—v”2m<f7x>

< t;; w(t +1,2)8(t, z) — n(t, z)(m — m)(t, z) —At%Hv—T)HZm(t,x),

where the last inequality is a consequence of (4.3.16)), (4.3.17)), and the monotonicity of f.

4.4 Stability analysis for the theta-scheme

We turn back to the stability analysis of the theta-scheme. It consists of two steps: the fundamental
inequality, which is obtained by formulating as a discrete MFG, and an energy estimate
for the Kolmogorov equation.

From now on ¢, H, g, mg, and f are again to be understood according to the definitions given
in (4.2.9) and (4.2.10).

4.4.1 Reformulation of the theta-scheme as a discrete MFG

The goal of this subsection is to show the equivalence between the scheme (0-MFG|) and a discrete
MFG of the form (DMFG). Given D € (0, 00|, define £° as in ({#.3.2) and H” as in (#.3.3). Note

that for D = oo, HP = H. Consider the following system, with unknown variables u € R(T x 5),
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v € RYT x §), and m € R(T x S):

(Id — o AtAp) u(t +1/2) = u(t + 1),
(i) u(t,z) = [ — HP[Vpu(- +1/2,9)](t, z) + f(t, 2, m(t))] At V(t,z) € T xS,
+(Id + (1 — O)cAtAL)u(t + 1/2)(z),

(i)  o(t,z) = —HP[Vhu(-+1/2,9)](t, z), V(t,z) € T x S;
i) {m(t +1/2) = (Id + (1 — 0)o AtAL)m(t) — Atdivy (v(t)m(t)), e
(Id — o AtAp) m(t + 1) = m(t +1/2),
(iv)  m(0,z2) =mo(z), (T, z)=g(x), Vr € S.
(-MFG(D))

Multiplying the dynamic programming equation (i) and the Kolmogorov equation (iii) of (0-MFG])
by At, we easily see that (0-MFG]) is equivalent to (0-MFG(D))) with D = cc.

We recall here the definition of the matrix B; and introduce a new matrix Bs:
B =1d — o AtAy, By = (1 —0)oAy. (4.4.1)

By Lemma the matrix Bj is invertible.

We regard the variables u and m of the system as elements of R(7T x S), since the
auxiliary variables u(t +1/2,-) and m(t +1/2,-) are uniquely determined by u(t + 1,-) and m(t, -).
In the sequel, we will make use of the following convention: Given u € R(T x S), we denote

u(t+1/2,-) = By lu(t+1,), VteT. (4.4.2)

Lemma 4.4.1. For any D > 0, the system (0-MFG(D)|) is equivalent to the system (DMFG|) with

running cost £, control bound D = D, coupling function f, final cost g, initial distribution mo and
with my and w1 defined by:

molt, 2,y) = By My, 7) + AHBT By (y, @), (4.4.3)
Bl_l(y,x + he;) — Bl_l(y,a: — hei))d
2h

Proof. We make use of the notations pg, p1, qo and ¢, defined as in (4.3.11)-(4.3.12)). By the
definition of By and Bs, the implicit steps in equations (i) and (iii) are equivalent to

m(t,z,y) = ( (4.4.4)

i=1

u(t+1/2) = By u(t+1) and m(t+1) = By 'm(t +1/2).

Next we verify the equivalences between each of the three equations of the two systems.
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Step 1. Using the definition of B; and 71, we have that
- <u(t +1/2,z+ he;) —u(t+1/2,2 — hez-))d
=1

t+1/2
th(—i-/,ac o

S yes (BT (@ + heivy) = B (@ = hesyy) Jult +1,p)
2h

= S mlta,y)ult + 1y) = pi(t, ).
yes

The equivalence of the feedback relations follows.
Step 2. The dynamic programming equation is equivalent to
u(t,z) = [ — HP[p\](t, ) + f(t,z, m(t))] At + (Id + AtBy) By hu(t + 1) ().
Observe that
(Id + AtBs) By Mu(t + 1) (2)
= ZB (z,y)u(t + 1,y) +AtZZB2 (z,2) By Mz, y)u(t + 1,y)

yeS zeSyes

—ZB (t+1,9) —l—AtZ(ZB Bgzx)>u(t+1,y)
yeSs yeS z€S

= " moltsz,y)ult +1,y) = po(x),
yeS

The equivalence with the dynamic programming equation of (DMFG]) follows.

Step 3. The Kolmogorov equation in (f-MFG(D)) is equivalent to
mt+1,y) =3 (B#(y,x) + AHBT Ba)(y, @) ) m(t, )

x€S
i(t, x4+ he;))m(t, © + he;) — vi(t,x — he;)m(t, z — he;)
i=1zeS
-y (B*l(y,x) + AH(BB)(y, x))m(t, z)
zes
yvx + hel) 1 (y,:r - hez) .
+ Atz Z T vi(t, x)m(t, x)
zeS i=1
= ZT('() t,x,y)m(t,z) + At(m (¢, z,y), v(t,x))m(t, x)
zes

= CIO(tv y) + Atq [U] (t7 y)

The lemma is proved.
Lemma 4.4.2. The maps {, f, and g satisfy Assumption [{.1] with the following constants:

a=a°, Ly=Lj Ly=L5 Ly=Lh""* and L,=LE.
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Proof. The Lipschitz-continuity of ¢, f, and g, and the strong convexity of ¢ are straightforward.
For all (t,z) € T x S and p1, po € P(S), we have

ftm) = ftae) = 37 | o, £o(tat e Ralun)) = 7 (882, Ro(u) ) dy

< LY Ra(p1) — R (p2)]| .

. /
(S (B - Y
= L$h~ 2

1 — prz]l2.

This proves the Lipschitz continuity of f with respect to its third variable. Let us consider again
w1, p2 € P(S) and t € T. We have

Y (fltow, ) = f(t 2, p2) (1 (2) = pa(2)

z€eS
7d Z/ “(tAt Y, Ru(p)) — fEEAL y, Ri(p2))dy(p (x) — pa(z))
ves TYEB( )
_ c (z)
= ;/yeBh(x) (f (tAL, y, Ru(p1)) — fO(LAL y, Ri(p2) )( )dy
-2 / - (Feeat,y, Ra(un)) = £y, Ri(12)) ) (R (1) () = Ra(1a2)(w) ) dy
= [ (£t RuGu) = £t RAG22)) (Rali0) ) ~ Rhwz)(y))dy >0,
This proves the monotonicity assumption. The lemma is proved. O

Lemma 4.4.3 (Lipschitz continuity). Let D € (0,00]. Let (m,u,v) be a solution to (0-MFG(D))).
Suppose that (At, h) satisfies the condition (CFL). Then for allt € T, u(t,-) and u(t +1/2,-) are
(LG + LG + Lf)-Lipschitz continuous. Moreover, |[v]los,c0 < M, where M was defined in (4.2.11).

Proof. We define, for any t € T, Ly = LS+ At(T — t)(L§ + L§). We prove by induction that for any
t €T, u(t,-) is Ly-Lipschitz continuous. The claim is obvious for t = T, by the terminal condition.
Suppose that u(t 4+ 1,-) is Ly41-Lipschitz for some ¢t € 7. The first equation in (I-MFG(D))) is
equivalent to the dynamic programming equation:

(Id — o AtAp) u(t +1/2) = u(t + 1);
u(t,z) = Atinf, {f(t, z,m(t)) + P (t, x,w) + <w, Viu(t+1/2, a:)>} (4.4.5)
+(Id+ (1 — O)cAtAy)u(t +1/2)(z), VzeS.
By the third statement of Lemma we have that u(t + 1/2,-) is L;y;-Lipschitz. Therefore,
IVhu(t+1/2,)] < \/E(Lg + LG + Lj). Next let us take y € S and let us set wy = v(t,y). We have

wy = argmin (Z(t,y,w) + {w, Vau(t + 1/2,y)>>.
lwl|<D
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By inequality (4.3.4)) of Lemma we have [jwy|| < M. Let v’ = (1 —6)ocAt/h?, then, for any z,

we have

u(t,z) — ult,y) < (f(t,:v,m(t)) — (2 m(t)) + £tz w,) — Z(t,y,wy))At
+(1- 2dr’)<u(t +1/2,2) —u(t+ 1/2,y)>

r’—i—

M=

. )(u(t+ 12,2+ hey) — ult +1/2,y + he)

%

M&

(
#30 (7= (e v /2,0 he) e+ 172, — hen).

=1

The coefficients (1 — 2dr’ ), (7" + (ngh)"’), and (r’ — (L;h)) are positive by the condition (CFL|). Thus,
u(t,z) —u(t, z) < |lz— z|| (AL + L) + Li1) < Lelle — 2|,

where Ly = Ly + At(T — t)(Ly + Ly) < Lg+ Ly + Ly. Since x and y are arbitrary, we deduce that
u(t,-) is Ly-Lipschitz. The claim is proved. We have meanwhile established that ||v|/ec.c0 < M.
The lemma is proved, since for any t € T, L; < Ly + L‘Ji + Lj. ]

Theorem 4.4.4. Let the condition (CFL|) hold true. Then the discretized MFG system (0-MFG])
is equivalent to the system (-MFG(D)|) with D = M, which is itself equivalent to a discrete MFG

of the form (DMFG)), satisfying Assumptions and with mo and w1 defined by (4.4.3) and
[4.4.4) and with control bound D = M. As a consequence, (0-MFG)) has a unique solution.

Proof. By construction, (4.4.6) is equivalent to (/-MFG(D)|) with D = oco. As a direct conse-

quence of Corollary and Lemma the system (-MFG(D)) with D = oo is equivalent

o (0-MFG(D)|) with D = M. We already know that (#-MFG(D))) is equivalent to (DMFG)), by
Lemma and that Assumption is satisfied, by Lemma It remains to verify that

(O-MFG(D)) satisfy Assumption for D = M. To do this, we need to verify that for any
v € RYT x 8) with ||v]|oo,c0 < D, w[v] is a transition process, by Lemmam By Remark
this is equivalent to show that for any ¢ € T, for any m(t) € P(S), for any v € R%(T x S) such that

|V]loo,00 < M, we have m(t + 1) € P(S), where m(t + 1) is defined by equation (I-MFG(D)|)-(iii).
We conclude that m(t + 1) € P(S) from Remark [4.2.8 O

4.4.2 Energy estimate for the discrete FP equation

We investigate here the ¢2-stability of the discrete Fokker-Planck equation of the theta-scheme. To
this aim we consider the following perturbed equation:

(Id — o AtAR) p(t+ 1) = (Id + (1 — )oAtAL) u(t) — Atdivy, (v(t)u(t))
—Atdivy (6,(t)) + Atd(t), (4.4.6)

1(0) = po,
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where §, € R4(S),§ € R(S). Note that we have no sign condition on pu. The first error term
—Atdivy (6, (t)) represents a perturbation in the form of a discrete divergence and Atd(t) is another
general perturbation term.

Proposition 4.4.5 (Energy inequality). Let § > 1/2 and p be a solution of (4.4.6). Let v €
R4(T x 8) be such that ||v]|cococ < M. Then, there exists some constant ¢ independent of h and At
such that

e 0 < Lol + 1 0Tl + 5 81 (o o)) 4
€ TET

Proof. Recall that the forward discrete gradient was defined in (4.2.3). Computing the scalar
product with u(t + 1) of both sides of (4.4.6) and applying the integration by parts formulas

(#.2.4)-([@.2.5)), we obtain that
(p(t+1) = p(t), u(t+ 1)) + 00 At =(1 — 0)oAtBo + At(v1 + 72 +73), (4.4.8)
where
B = —(ult + 1), Appalt + 1)) = [|VEu(t + 1|5,

B = (p(t + 1), Appu(t)) = —(Viiu(t + 1), Vi u(t)),

v = —(divp (p(t)v(t)), p(t +1)) = Z (Vhp(t+1,), po(t,z)),
€S

o = —(divi (6,(t)), u(t + 1)) =D (Vault + 1,2),0u(t, z)),

z€eS
v = (0(t), u(t +1)).

Using Young’s inequality, it is easy to prove that

1
(utt+1) = () ut + 1)) = 5 (e + DI = In@)13).
Combining the above inequality with (4.4.8]), we obtain that
1 2
5 (It + 3= 1u®I3) + o2¢][ 7t + D) 1)
< —(1 =)o At (Vi u(t +1), Vi pu(t)) + At(y1 + 72 + 73).

Applying Young’s inequality to the right-hand side of (4.4.9)) and using inequality (4.2.6|), we obtain
that for all positive numbers «q, a1, s and asg, we have

1
(Tt + 1, Viu) < FIVEae+ DI+ 5 Vi3
o M?
< G Viu+ D5+ 5l
o 1
72 < f“viﬂ(t + )5+ 272”51)(75)”;?

1
5 < SISOI3 + gl + D
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Taking g = 1, a1 = g = 0(20 — 1) > 0, and a3 = 1, we have
(1= A8)||ult + )3 — (1 = A8)||p@)]|5 + (1 - H)UAt(HVZM(t + |5 - HVZu(t)Hg)

< at(allu®)]; +ello®ll; + [50)]3).

where ¢; =1+ U(%il) and ¢y = m. Summing the above equation over ¢, it follows that

t
(1= 20|t + DIl < 8037 (allu) |+ eoll6u )+ 160 3) +es
7=0

where c3 = (1 — At)||uol3 + (1 — 0)aAt||V; pol|3. Since 1 — At > 1/2, by the discrete Gronwall
inequality [Cla87], there exists some constant ¢ independent of (At, k) such that

mas )| < e (Huo!!i 0o ol 4 3 A (o + namuz)) |

teT TET
The proposition is proved. O
Remark 4.4.6. By taking oy = aga < 0(20 — 1) in the proof, we can get a refined energy estimate

with an additional term ), _+ AtHV}J{u(t)Hg on the left-hand side of (4.4.7)). This refined energy
estimate is consistent with the continuous case [LSUSS, Thm. 2.1].

4.5 Consistency analysis of the theta-scheme

This section is dedicated to the consistency analysis of the theta-scheme and to the proof of Theorem
To alleviate the proofs, we will make use of the big O notation: Given f1, fo € R"(T x S)
and v > 0, the notation f1 — fo = O(h?) (or f1 = fo+O(h?)) means that there exists some constant
C independent of h and At such that || fi — f2/lcc,0c < Ch7. In particular, fi = O(hY) means that
||f1HOO,oo < Ch.

All along the section, (CFL)) is supposed to be satisfied. Therefore, we have At = O(h?).

4.5.1 Consistency error

Let us recall that (u*,v*, m*) is the unique solution to the continuous system (MFG]). The restric-
tion of (u*,m*) on the grid, denoted by (uj,v}), is defined as in Theorem [4.2.10, Making use of
the convention ({.4.2)), we define v; € RY(T x S) by

vp(t,x) = —HY [Vyup (- +1/2, )] (¢, @). (4.5.1)

Then, (uj,vy,m;) can be considered as a solution of the perturbed discrete mean field game
(PDMFG]|) with perturbation terms 7 and ¢ specified later in Lemma m

Lemma 4.5.1. For any t € T, u}(t,-) is (LS + LS + Lg)-Lipschitz continuous. For any t € T,
up,(t+1/2,.) is also (L§ + LG + Lg)-Lipschitz continuous. Moreover, [|v;|lcc < M and

HM [V uj (- +1/2,)](t, ) = H[Vhuj (- +1/2,))(t, 2)
H%[th;;( + 1/27 )](t7x) = Hg[vhu;;( + 1/27 )](t,l’)
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Proof. Tt can be proved, with similar ideas to those of the proof of Lemma that u*(t,-)
is (L7 4+ L§ + Lg)-Lipschitz continuous, for any ¢ € [0,1]. The first claim of the lemma follows
immediately. The other claims can be shown with the same arguments as those of the proof of

Lemma £.4.3] O

Below we state (without proof) elementary consistency estimates, all directly deduced from
Assumption B}

u*(t—&-Ath—u*(t,x) . 8u;(tt,:c) _ O(Atr/2), m*(t—i—AtZi—m*(t,x) . 8m*8(tt,az) _ O(AtT/Q),
Viu*(t,x) — Vu*(t,z) = O(hTT),  divy(m*v*)(t, z) — div(m*v*)(t,z) = O(h"),
Apu*(t,z) — Au*(t,x) = O(h"), Apm*(t,z) — Am*(t,x) = O(h").

(4.5.2)
We also observe that the discrete differential operators commute with integrals. For example,

1 d
Ap(Zp(m"))(t, z) = — m*(t,y + he;) +m*(t,y — he;) — 2m*(t,y) |dy
(3, w2 ) Jw

_ / @)y =TS 2,
B;L xX

In the following three lemmas, we investigate the consistency errors associated with the coupling
cost, the Hamiltonian, and the divergence term of the Fokker-Planck equation.

Lemma 4.5.2. For the global cost term, there holds: for all (t,z) € T x S,
f(tz,my(t) — fE((t+ DALz, m*((t + 1)At)) = O(h). (4.5.4)
Proof. Since m* is Lipschitz continuous in time, uniformly in x, we have that
|lm*((t + 1)At) — m* (tAt)||L2: = O(At).

Then the Lipschitz continuity of f¢ with respect to ¢ and m implies that

FO(E+ DALz, m*((t+ 1)At)) — fO(tAL, z, m*(tAL)) = O(At).
Using the definition of f (provided in ) and the Lipschitz continuity of f¢, we have

| f(t,z,my(t) — fO(LAL z,m*(tAL))]
= | /B . (Fo ALy, RIT(m (180))) — (A, 2, m* (151)) ) dy)

< I8 (mh + | RaZn(m (tAL)) — m*(tAt)HL2>.
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Then we estimate HRhIh(m*(tAt)) *(tAt) HL2 as follows:

| RAZk(m* (tAL)) — m*(tAL)]| ., = Z/ o :LdAt))( )—m*(tAt,y)rdy)l/2
resS Y YE n(

1/2
/ / \m (tAt z) m*(tAt,y)|? & dy>
yEBh iﬂ) ZeBh

€S
1/2
=/ | ) = o),
€S yEBL(x) Jz€B)(
where the second line is a consequence of Jensen’s inequality. The lemma is proved. O
Lemma 4.5.3. It holds: for all (t,x) € T X S,
aM (t, 2, Vil (t+1/2, x)) - HC<(t YAz, V(4 1)At,x)> — O(hi*T). (4.5.5)

Moreover,
o ((t+ )AL ) - vi(t,2)
4.5.6
— HM (t,x, Vil (t + 1/2,x)) - H;((t F 1ALz, V(¢ + 1)At,x)) — O, (4.5.6)

Proof. By Lemma [4.5.1 we have ||[Vyuj(t +1/2,2)|] < C and [|[Vu*((t + 1)A, z)|| < C, where
C = Vd(L§+ LS + Lg). Let Q denote the closed ball of radius (2. Since H is uniformly Lipschitz
with respect to t and continuously differentiable with respect to p (see Lemma, we deduce that
H€(-,x,-) is Lipschitz continuous on [0,7] x €2, uniformly in z. Let Ly denote the corresponding
modulus. Then,

)HM <t,m, Vaul(t + 1/2,1;)) — HC((t + 1) At 2, Vur((E+ 1)At,x))‘
< Ly||\Vaup(t+1/2,2) — Vu*((t + 1)At, z)|| + O(At).

It is easy to deduce from the regularity of u* (Assumption . ) that Apuf(t+1,-) is Hélderian with
exponent . Then, using the fourth statement of Lemma and the consistency estimate ,
we obtain that

Vaus(t+1/2,2) = Vyui(t+ 1, 2) + O(Ath™™1) = Vu*((t + 1)At, z) + O(Ath"™™! + p1F7).
The estimate (4.5.5)) follows and estimate (4.5.6) can be proved similarly. O

Lemma 4.5.4. For the divergence term, there holds: for all (t,z) € T x S,
divy, (vpmy(t,x)) — /B ( )div(v*m*)((t + 1At y)dy = O(h™%) + divy,(e1); (4.5.7)
divy, (vpmy (t,x)) — /B ( )div(v*m*)(tAt, y)dy = O(h™) + divy, (), (4.5.8)
where 1 = O(RMH) | and eg = O(h?T9).
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Proof. In order to prove (4.5.7)), let us decompose v;m; as the sum of three terms, 71, 72, and 73,
defined by

(@) = (vi(t @) = o (¢ + DAL 2) )mi(t,2);
T2t @) = v (¢ + )AL @) (i (4, 2) = mi(+1,) )
y3(t,x) = " ((t + DAt x)mj (t + 1, x).

Step 1: Estimation of y1. Since mj(t,z) = O(h?), we directly obtain with Lemma m that
n(t,z) = O(hH*r+d),

Step 2: Estimation of 7. By the definition of m}, we have

i (t7) — mi(t 4+ 1,7) :/

(m*(tAt, y) — m*((t + 1)At, y))dy — O(AthY).
By (x)

Then v, = O(h?*9), since v* is uniformly bounded.

Step 3: Estimation of divyy3. Using the definitions of v3 and mj, we obtain that

divi(y3)(t,7) = /

div, (v*((t L)AL Ym((t+ DAL, - + y)) () dy
Br(0)

_ / div (v (¢ + DALY (E+ DAL +9) ) (@) dy + OB+
B (0)

- / aiv (v (¢ + DAL -+ y)m* (¢ + DAL -+ 1)) ) dy + O )
Br(0)

- /B ( )div(v*m*)((t—i— 1)At)(y) dy + O(h™).

The second equality follows from the fact that (v*m*)((t + 1)At,- +y) € C**7(T?). For the third
one, we use that v* and D,v are Holderian with exponent r. Then, the estimate (4.5.7) holds true.

Step 4: Proof of (£.5.8). Since v*m*(tAt,-) and v*m*((t + 1)At,-) lie in C**"(T9), we first have
that

div(v*m®)(tAt, y) — divy (v'm*)(tAt,y) = O(h");
div(v*m*((t + 1)At,y)) — divy(v*m*)((t + 1)At,y) = O(h").
Since v*m*(-,y) € C"([0,1]), we have
v'm*((t + 1)At,y) — v m*(tAt,y) = O(At") = O(h?").

Then we have

/ divy, (v*m*((t + 1At ) — v*m* (tAt, )(y))dy
Bh(x)
= divh</B o (V'm*((t+ 1)At, - +y) — v'm*(tAL, - + y))dy) ().

The right-hand side is a discrete divergence of a term of order O(h?*%). The estimate (4.5.8)
follows. O]
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We are ready to derive a complete consistency estimate for the triplet (uj,v}, mjy) defined at
the beginning of the section.

Lemma 4.5.5 (Consistency error). The triplet (uy, vy, m}) is a solution to the perturbed discrete
mean field game (PDMFG|) with perturbation terms n and § satisfying

n = O(Ath"), B1d = O(Athr+d) + Atdivy(e3), where €3 = (’)(h%"'d).

Proof. Step 1. The perturbation term 7 of the dynamic programming equation is defined by

n(t, )
At

up(t+1,2) —uy(t, x)
At

The continuous HJB equation, satisfied by u*, reads at time (¢t + 1)At as follows:

_our((t+ DAt z)
ot

Then 7 can be put in the form n = At(ry + ro + r3 + r4), where

_our((t+ DAt z)  wp(t+1,2) —up(t )

B ot At ’

- J(Au*((t +1)At @) — Apul(t + 1/2,9[;));

= HM[Vyuj (- +1/2,)](t, &) — H[Vu*]((t + 1) At, z);

fc((t+ DALz, m*((t + 1)At)) — F(tz,mi ().

— oAUl (t+1/2,2) + HY[Vyul (- 4+1/2,)](t, x) = f(t, 2, mj(t)) +

oAu*((t+1)At, z)+ H[Vu™|((t+1)At, x) = fc<(t—i— 1At z,m*((t+ 1)At)>.

(t,x

(t,x

ri(t, x)
ra(t, )
ra(t, )
r4(t, )

By ([#.5.2), we have r; = O(At"/?) = O(h"). Since u*((t + 1)At,-) € C**"(T%), it follows that
Apuy(t+1,-) is r-Holder continuous. Using the fourth statement of Lemma {4.2.6{ and (4.5.2)), we
obtain that

Apui(t41/2,2) = Apul(t 4 1,2) + O(Ath™™2) = Au*((t + 1)At, z) + O(Ath™2 + h').
Thus 7o = O(h"). Lemmas and Lemma yield r3 = O(h'*") and r4y = O(h). It follows
that n(t,z) = O(Ath").

Step 2. For the estimation of the perturbation term of the discrete Fokker-Planck equation, we
first show that mj is the solution to

(4 1 — mX(t d
LD L) (¢4 1) — (1= O)omi,(t.2) + divi (vt 2) = 2,
(4.5.9)

for some error term d. It directly follows from (£5.9) that m} is the solution to the perturbed

Fokker-Planck equation in (PDMFG|) with § = Bl_lg, i.e. Bid = 6. Thus it only remains to

calculate and to estimate §. The Fokker-Planck equation, satisfied by m*, writes as follows at

times tAt and (¢t + 1)At:
om™* (tAt
w — o Am*(tAt, z) + div(v*m* (tAt, x)) = 0;
om*((t + 1)At, x)

ot

— o Am*((t + 1)At, z) + div(v*m*((t + 1)At, x)) = 0.
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Let us integrate over By(z) the convex combination of the last two equations:

(1-6) / am((;tAt’y) — o Am* (tAt, y) + div(v*m* (tAt, y))dy
YEB(x)

16 / om”((¢ gtl)“’ Y _ o Am*((t + 1AL, y) + div(v*m*((t + 1)At, y))dy = 0.
yEB ()

Then 6 = At(Fy + T + 73 + 71 + 72 + 73), where

) =oAL ) [ om(es Do
ri(t,x) = 9( At yEBL(x) ot dy)

Fo(t, 3) = 00(/ oy A DALYy S04 La);
YyEbp(T

)

Falt,2) = 0 (divy (vfmi, (1,2)) ~ / div(v*m* (£ + 1)At,y))dy):

yEB ()

)= - ZAEELE i) [ oAy
Fi(t, @) = (1 9)< At y€BL(z) ot dy)

)

fo(t,x) =o(l — 0)(/ » )Am*(tAt,y)dy — Apmy (t, 1‘)),
cbp(x

Y

Fa(t,2) = (1~ ) (diva (vjmi (£.2)) — / div(u’m* (AL, y))dy).

yEBu ()
Using the basic consistency estimates in and the commutation property shown in , we
have 71 = O(At"/2hd) = O(h™F9), 7y = O(W'HY), 7 = O(At/2h?) = O(R"*Y), and 79 = O(R"H4).
Lemma shows that 73 = O(h"*?%) + @divpe; and 73 = O(R™+?) + (1 — 0)divyea. Taking
€3 = fOe1 + (1 — 0)eq, the conclusion follows. O

4.5.2 Proof of Theorem [4.2.10]

All constants in the proof are independent of At and h. The existence and uniqueness of the solution
(up, vy, mp) to the theta-scheme was established in Theorem The triplet (up, v, my) is also
the unique solution to (DMFG]) with control bound M. We proved in Lemma that (uj, vy, my)
is a solution to (PDMFG]|) with perturbation terms n and ¢ estimated as follows:

n=O(Ath"),  Bi6=O(Ath"™) + Atdivy(es),  where e3 = O(h* ™).

Step 1. Using similar arguments to the ones of the proof of Theorem m (see in particular
estimate (4.6.6))), we easily obtain that

¢ llmj, = miloo 2

47, = wnlloc.co < LG === + [17]l1,00- (4.5.10)

Step 2. Next we apply the fundamental inequality (Proposition|4.3.7)) to (up, vp, my) and (uy, vy, m;).
We obtain

% 17 = onl2ms, + mall, , < 3037 (i = un)(t + 1,2)(8,2) + (ma = mi)(t,2)n(t, @) ).
teT xzeS
" (4.5.11)
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Let us bound the right-hand side of the obtained inequality. Using the symmetry of B; and the
convention (|4.4.2)), we first obtain that

ZZ —uh )t +1,2)0 ZAt _Uh)(t"’lv')?Bl(s(t’ )>

teT xS teT

= At ((uj, — up)(t+1/2,-), Bid(t, )

teT

It follows that there exist two constants Cy and C7 such that

ZZ n—up)(t+1,2)0(t, x)

teT zes
< Z Z <At — Up, (t + 1/2 x)dlvh(eg,(t .%'))) + Hu}i — Uh”oo,ooHBlé — Atdivh(eg)HLl
teT xzes
[, = 1 loo 2

< Z Z ( — At<Vh(uZ —up)(t + 1/2,x),63(t,x)>) + Co(Lsz + ||77”1700)hr

teT xeS
< O (™ + |mj, — mp|oo2h™Y?).

The first inequality is a consequence of Hdélder’s inequality and the second one derives from the
discrete integration by parts formula combined with inequality (4.5.10]). The third one follows from
the Lipschitz continuity of uy (¢4 1/2,-) and up(t +1/2,-), which was proved in Lemmas and
4511

By Hélder’s inequality, there also exists a constant Cs such that

> > (mn—mp)(t2)n(t,x) < |lmj, -

teT xS

—my, Hoo,Zhrid/?

Then, there exists a constant C3 such that

€ < C3(h* + ||mj, — thoo’ghT*d/Q), where: € = At [|||vf — vhHQmZHM . (4.5.12)

Step 3. We next find an upper bound of ||m} — mpl/2 involving €, using the energy estimate
established in Proposition Let o = mj —my,. Then u satisfies the perturbed discrete Fokker-

Planck equation defined in (4.4.6)):

(Id — O AtAR) p(t+ 1) = (Id+ (1 — 0)o At Ap) u(t) — At divy, (vi(t)p(t))
—Atdivy, (6,(t)) + At &'(t),

where

S (t, ) = (vp — vp)my (t, x) — e3(t, ) and 8 = O(hmtd.
From Theorem we know that ||vp||sc,c0 < M. Thus, the energy inequality (4.4.7) implies that

there exists a constant Cy such that

ma [|u(t s < oD At (o + 5@l3)-
TET
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Applying inequality (a + b)? < 2a® + 2b% to ||6,(7)||3, there exists a constant Cs such that
I6u() 5 < 207 = vw)mi ()5 + 2les(ll; < 20107 = v)mi ()5 + Coh7*,
H(;/(T)Hz < C5h2T+d.

Since [[m}[|oo,00 = O(h?), there exists a constant Cg such that

S at(lo()l; + l6'13) < Con(e+ 1)

TET

Therefore, for some constant C',

Imi, — mall3 2 = lull3 < Crh?(e+ 7). (4.5.13)

Step 4. Let us combine inequality (4.5.12)) with (4.5.13)). We obtain that

), — mal %2 < C7(Cs + 1)R* T + CrCs|mj, — mp|oo,2h™ /2

[|mj, — thgo,z n C3C3 p2r+d

< C7(Cs + 1)h%+d 4 5 5

Therefore, for some constant Cf,
I}, — mplloc,2 < Csh™ 2. (4.5.14)

Applying Hélder’s inequality to (4.5.14]) and using (4.5.10]), we obtain the existence of a constant
Cy such that

[ = uhllooco + [mn = mpfloo,1 < Coh”

The conclusion follows.

4.6 Appendix

4.6.1 Technical lemmas and proofs

Proof of Lemma[{.2.4, We prove (4.2.4):

B Z () diviw(x Z Z (x + hez)Q—hwz(m — he;)

€S :L‘ESz 1
— he;) — p(x + he;)
. e - = 3 (V). ().
zeS 1=1 zeSsS
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We prove (4.2.5)):

—Z x)App(zx ZZ o) Ap(z,y)u(y)

z€S zeSyes
d
=132 Z )Y (2ux) = (ulx + hes) + p(x — he;)))
zGS i=1
hQZ(Z,ux—i—hez v(z + he;) — v( Zux—hel )—V(:c—hei)))
i=1 x€S €S
=D (Viv(@), Vip(@)).
€S
The lemma, is proved. O

Proof of Lemma[{.2.5. Applying the inequality (a + b)? < 2a? + 2b2, we obtain

IVhpl3 = 4222 (z + hei) — plx = hey))”

i=1 z€S
d
1 2
< g5 2> (et her) — p())” + () — plx — he:))® = V5 ull3.
i=1 z€S
Inequality (4.2.6) follows. O
Proof of Lemma[/.2.6, Let r = cAt/h?. Consider the mapping Sx (u): R(S) — R(S), defined by
1
= - 4.6.1
Sx(1)(2) H%( St ey +T;W hey) + X(a >) (w6.1)

Then Y is a solution to (4.2.7) if and only if it is a fixed point of Sx. For any uq and pe in R(S)
and for any z € S,

d d
1
Sx () (x) = Sx (2) ()| = P> (i = o) (a + heg) + 1Y — pa) (@ = hey)
1+ 2dr| 4 ,
o e (4.6.2)
S T—
=11 24r M1 — H2fjoc-
Therefore, Sx is a contraction for the || - ||« norm. As a consequence, it has a unique fixed point

Y, which is then the unique solution to (4.2.7)). Point (1) is proved.
Let us prove point (2). Assume that X > 0. Since Sx is a contraction, we have that ¥ =
limy, 00 S (1) for any p € R(S). In particular, taking p = X,
Y = lim S%(X).

n—o0

It is easy to verify that for any u € R(S), if p > 0, then Sx(u) > 0. Therefore, we deduce that
S%(X) > 0 for any n by induction, and therefore ¥ > 0. If we assume that X € P(S), then for
any p € P(S), we can deduce that Sx(u) € P(S). This yields that Y € P(5).
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Point (3) is proved similarly, assuming that X is L-Lipschitz, observing that if p is L-Lipschitz
continuous, then Sx (u) is L-Lipschitz continuous.
Let us prove the last statement. Taking any i € {1,2,...,d}, we define w, w € R(S) as follows:

w(z) = (ViY)i(z), w(z) = (VpX)i(z), Vx € 5.

Then @ is the fixed point of S, (replace X by w in (4.6.1))). Let v = 2dr/(1 + 2dr). Using
w = limy, 00 S (w), we deduce from (4.6.2)) that

~ oo [ee] 1
& — wlloo < Y ISE™ (W) = SEW)lloe £ YA IISu(w) — wlleo = T ISw(w) = wllo.
v
k=0 k=0
It further follows that
& = wloo € 2 || A
T 1—~v1+2dr 0
At C AhX(x + hei) — AhX(:L’ — hei)

< 207l Athe 1,

<
=141+ 2dr 268 o

where the last inequality is a consequence of the a-Hoélder continuity of Ap X. Finally, let ij (x)
(ViY)i(z) and let w; (z) = (V} X);(x). By the same argument, we have that [|&] — w |l <
20~ LeL/(Ath®~1). Then, for any € S, it follows from the triangle inequality that

ot () — ot (x — hes ot () — wh(z — hes
Ay () - A ()| = | o D m e e mhe) g T 2SR | g (agne ),
i= =1

The lemma, is proved. O

Proof of Lemma[{.2.7]. The differentiability of H® with respect to p and the Lipschitz continuity of
H,; are proved in [HUL93, Thm. 4.2.1, page 82]. For any t1,t2 € [0, 1], we have

Hc(tlaxvp) - Hc(t27x7p) = Ssup (<_p7 U1> - Ec(thxuvl)) — Sup (<_p7 ’U2> - Ec(tlvxavz))
’UleRd U2€Rd

< sup (£(t2,,0) = (t1,2,0))
vERC
< Ly |ty — ta).

Using the relation of Fenchel, —H (¢, z,p) = argmax,(—p,v) — £°(t,r,v), and the continuous dif-
ferentiability of £¢ , we have the first order optimality condition

p+ 4 (t, x, —Hp(t, x,p)) =0.
Fix € T? and p € R?. Take any t; and ¢, in [0,1]. By the above equation,

I (tl, ., —HE(t1, x,p)) -y (tg, 2, —HC(t, :E,p)).
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The strong convexity of ¢¢ implies that

o HE (1, x,p) — Hc(tg,x p)||”
< (tlv €T, — tl,l’ p)) 0, (tlal'a _Hg(t%l‘ap))aH]g(tZ’map) - H;(t1,$,p)>
= (05 (ta, x, —Hg(t2,2,p)) — €5 (tr, m, —H(ta, x,p)), H(t2, x,p) — HS(t1, 2, p))

Z‘ 1 — tQ‘HHg tlvwap) - H;(tg,x,p” )

where the last inequality is a consequence of the Lipschitz continuity of ¢S with respect to t. The
lemma is proved. O

Proof of Lemma[{.3.3. The first three claims can be shown with the same arguments as those of
the proof of Lemma Since HpD is i—Lipschitz continuous with respect to p, it is enough to

prove (4.3.4)) for p = 0. Let v(t,z) = —Hz?(t,az,()) Since v(t, z) is optimal in ([£.3.3), with p = 0, we
deduce that v(t,z) minimizes ¢(t,x, -) over the closed ball of radius D. Usmg the strong convexity
of ¢, it follows that

£(t,,0) + {po, v(t,2) + 5 [v(t,2,0)[[* < €(t, 2, v(t,2)) < £(t,2,0),
from which we deduce that [|v(t,z)|| < 2||po||, by Cauchy-Schwarz inequality. O
Proof of Lemma[{.3.4] By Fenchel’s relation [HUL93|, Cor. 1.4.4], we know that
HP(t,2,p) = —(p,v) — P (t,x,5) and —p € 9,LP(t,x,0). (4.6.3)

Using the strong convexity of ¢, we obtain that

(Pt 2,0) > (P(t,2,5) — (5,0 — T) + %Hv — 3% (4.6.4)
Summing up (4.6.3]) and (4.6.4), we obtain the following inequality:
HP(t,2,p) + (P (¢, 2,0) + (p,v) > % (o= (4.6.5)

Multiplying (4.6.5) by m, multiplying (4.6.3) by m, and taking the difference, we obtain the desired
inequality. O

Proof of Theorem |4.3.6, second part. We prove here the continuity of the mapping ¢. Since ¢ is
the composition of (4.3.7)), (4.3.8) and (4.3.6)), it suffices to show that these three mappings are
continuous.

Step 1: Continuity of HJB. Take any p; and ps in Pmo(7~', S). Let u; = HIB(p1) and ug =
HJB(pu2). By Assumption we have that for any =z € S,

|(u1 —u2)(t, z)| < Hsllllp ‘gm (t,x,w) — gm(t,m,w)‘At + ‘ Zﬂ(t,x,y,w)(ul(t +1,y) —ua(t + l,y))‘
w||£D
= yeS

< Ll (i1 = p2) (&, )28 + ([ (ur = u2) (t + 1,)[loc,
where the last inequality follows from the Lipschitz continuity of f and Assumption Since
pi(t,-), pa(t,-) € P(S) for any t € T, we have that pu(t,s), ua(t,s) € [0,1] for any (t,s) € T x S,
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which implies that |1 — p2]|oc,00 < 1. Combining this with the fact that ||(ug — u1)(T, )| = 0,
it follows that

1/2
1 = vl < LA S (a1 = i) ()2 < Lyl = piallooz < Lls = ol (4:66)
teT
Step 2: Continuity of V. Let v; = V(u1) and vy = V(ug). By the equivalent form of (4.3.8)), we
have vy (t,z) = —Hp[p1.1](t, z) and va(t, ) = —Hp[p12](t, x), where

pa(t,z) = Zm(t,x, sjui(t+1,s) and piao(t,z) = Zﬂ'l (t,z, s)uz(t + 1, s).
s€S seS

By the (1/c)-Lipschitz continuity of Hy(t,z,p) on p, we have for any (t,z) € T x S

1 1
lor(t @) —v2(t, 2)[| < —llp1a(t, z) = prat, @)l < —lm1floc,collur — ualloo,oo,

where || et = maxys 32, 1 (t 2, 5)].
Step 3: Continuity of FP. Let m; = FP(v;) and my = FP(v2). Then,

{(ml —ma)(t+1,y) = 3 cg m[v1](t, 2, y) (m1 — m2)(t, ) + Su, vyms (8,Y),
(ml - m2)(0>y) = 07

where 0y, vy.m, (6,y) = Aty g mi(t, x,y)(v1 — v2)(t, x)ma(t, z). Since 7[vy] is a transition process,
we have
[ma(t+1,-) —ma(t+ 1)y < [[ma(t, ) = ma(t, )1 + 160, 00m, () [|1-
The second term ||dy, v, .m, (£, -)||1 is estimated with Holder’s inequality:
Worivaams ()l = A D7 mit,y) (01 = vo) (1 @)t @)
yeS,xES

< Atffma(t, )[[1]lm1]los,00,1 [[v1 = V2lloc,00 = At[|T1]0c,00,1[[U1 = V2l[o0,005
where the last equality is a consequence of my € 73(7', S). Therefore, we have
M1 — ma|loo,1 < (|71 lo,00,1 (|01 — V2lo0,00-

The continuity of ¢ follows. O

4.6.2 On the regularity of the continuous MFG system

Recall that @ = [0,1] x T¢. For any R > 0, let B := Q x B(0, R), where B(0, R) is the closed
ball in R? with center 0 and radius R. Let us refer the reader fto [Kry08, pages 8 and 51] for
the definitions of the Sobolev space sz“' (Q) and the anisotropic Sobolev space VVp1 ’Q(Q). For any
d € (0,1), we define the local Holder space

loc

CO/209 (0 x RY) = {w €C(Q xRY | w |g, € C**(Bg), for any R > o},

where w |B,, is the restriction of w in B and where C%/299(Bg) denotes the sets of functions from
Bpr to R which are Holder continuous with respect to their first (resp. second and third) variable
with exponent §/2 (resp. 0).
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Assumption C. There exist C > 0 and 0 < 7 < 1 such that for all (¢,z) € Q, for all v € R? and
for all m € L>(T?) satisfying m > 0 and [}, m(z)dz = 1, it holds:

o (°(t,x,v) < Cllv|* + C and | f(t,z,m)| < C;

e (¢ and ¢ are continuously differentiable, and 5, ¢S, € CF/Q’F’F(Q x R%);

v YVU loc
e m& € C*7(T?), and ¢¢ € C3(TY).
Lemma 4.6.1. Let Assumptions [4] and [C hold true. Then the Hamiltonian H€ is continuously

differentiable and H, is also continuously differentiable. Moreover, Hy, € Cli)/CQ’f’F(Q x RY) and
HE, € G227 (Q x RY).

loc

Proof. Fix any (to,zo,po) € (0,1) x T? x R%. By the strong convexity of £¢ w.r.t. v, there exists
a unique vg € R? such that H¢(tg,xo,po) = —(po,vo) — £(to, o, vo). The first order optimality
condition writes
—Po — f,i(to, o, Uo) = 0.

Since (¢ is strongly convex, we have that ¢S, (to,zo,vo) is invertible. By the implicit function
theorem, there exist a neighborhood A of (tg, g, pg) and a function v(t,z,p) from A to R¢ such
that for all (¢,z,p) € A,

—p — Ly (t, z,v(t,x,p)) = 0. (4.6.7)

Since /5 is continuously differentiable, v (¢, x, p) is continuously differentiable. Moreover,
-1
vat 2, p) = (65,62, 0(t,2,))) Coalt, 0t ,)),
-1
wplts,p) = (6, (L vt a,p)

¢, we deduce that vy, v, € C/>77(A). The convexity of £¢ and the
first order optimality condition (4.6.7]) imply that

By the regularity of £, and

Hc(t,aj‘7p) = —<p,v(t,$,p)> - gc(t,xﬂ_}(t,aj"p)), V(t733>p) €A

We deduce that H¢ |4€ C'(A) by the regularity of v and ¢¢. Differentiating the above equation
with respect to p and using (4.6.7), we obtain that Hy(¢,z,p) = —v(t,z,p), for all (t,z,p) € A.
Then, deriving H,, with respect to x and p, we obtain

Hp, (t,2,p) = —va(t,w,p),  Hpy(t,z,p) = —vp(t,x,p),  V(t,z,p) €A
The conclusion follows from the regularity of v, v, and vp. O

Theorem 4.6.2. Under Assumptions and@ the continuous system (MFG|) has a unique solution
(u*,v*, m*) satisfying Assumption@ for any r < T.

Proof. Fixing any 0 < r < 7, we will prove that Assumption [Blis satisfied for 7. Under Assumptions
and according to [BHP2I, Thm. 1], there exists ' € (0, 7] such that the continuous system
(MFG]) has a unique classical solution (u*,v*,m*) with

u*, m* e CHTRTQ), v eC(Q), and Vu* € CT(Q,R¥D). (4.6.8)
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Step 1: Regularity of Vu*. By , we have that v* € C1(Q). This implies that Vu* € L>(Q).
Let uy. be the partial derivative of u* w.r.t. z;. Then, uy is a weak solution of the following linear
equation:
{—&;w(t, z) — oAw(t,z) + HS[Vu*]Vu(t,z) = folt,z), (t.z)€Q,
w(l,x) = gz, (z), r €T
where

fo(t,:r;) = Dg, f€(t,z,m"(t)) — Hg [Vu"](t,z),

where D, denotes the weak derivative w.r.t. ;. By the regularity of Hy, H¢, f¢, and u*, we deduce
that Hi[Vu*] € L>°(Q) and fo € L=(Q). Moreover, the regularity of ¢ implies that g, € W2 (T9).
Then [BHP21, Thm. 4] shows that u} is the unique weak solution and u}, € W,y2(Q) C Wy (Q)
for any p > d + 1. Morrey’s inequality [AF03| Lem. 4.28] implies that

d+1
u, €C'(Q), with y=1- i
p

Taking p = lcﬁ}f,, we have that u} € C"/(Q). The same result follows for Vu*.
Step 2: Regularity of u*. Let ¢ € C*°(R?) such that ¢(x) = 1 for = € B(0,2v/d) and ¢(x) = 0 for
x ¢ Q:= B(0,3Vd). Tt is straightforward that B(0,2+/d) contains a neighborhood of T?. Let us
set @ = (0,1) x Q.

Since u* can be identified to a periodic function over R, we define @ = u*p. Then, @ is the
solution of the following equation:

—0yi(t,x) — o Au(t,z) = fi(t,x), (t,z)€qQ’,
u(t,x) = 0, (t,z) € (0,1) x 99,
ﬂ(l,l‘) = g(a:)go(x), x €,

where

Filt @) = o) (Fo(t,m* (1) = HE(t, 2, Vu' (t,2)) ) = 20(Vip(w), V' (£,2)) — ou” (t, 2) A ().
By the regularity of f¢ and m*, we deduce the following: For any (t1,z1), (t2, 22) € @',

[t m,m*(t)) — f(ta, 22, m*(t2)) < LG([t1 — ta| + [|o1 — x2|)) + L |m*(t1) — m™ (t2) |
< L5(Jty — ta] + [|z1 — @2||) + LE[Im*(t1) — m™ (t2)]L~
<Ot — to|" /2 + |21 — z2"),

for some constant C. Using the regularity properties of u*, Vu* and H€, we obtain that f; €
C"/27(Q’). The final condition lies in C"(€) by Assumption [Cl The boundary conditions satisfying
the requirements in [LSUSS, Thm. 5.2], we deduce that @ € C'+7/22+7(Q"), where Q' is the closure
of . By the definition of ¢, we have that u*(¢,z) = u(t, x) for all (¢,z) € Q. The regularity of u*
follows.
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Step 3: Regularity of v*. By (MFG) (ii) and the regularity of H¢, we have

vi(t,x) = —Hy(t,x, Vu*(t,));
V' (t,z) = —H,,,(t,x, Vu*(t,z)) — Hpy,(t, 7, Vu'(t,2)) Deau”(t, 7).

Since H is continuously differentiable and Vu* € C"/7(Q), we deduce that v* € C"/7(Q) C C"(Q).
By a similar argument, from the regularity of Hy,, and H,, in Lemma and the regularity of
Vu* and Dg,u*, we have Vo* € CT/Q”"(Q).

Step 4: Regularity of m*. Since m* € C+"/22+7(Q) and Q is bounded, we have m* € W,(Q)
for any p > d + 2. By [LSUSS| Lem. 3.3], it holds that

d—+2
m* € CV/3(Q) and Vm* € C?/27(Q), with y=1— i
p

Taking p = 42 it follows that m* € C"/?7(Q) and Vm* € C"/?7(Q).

1—r>
Let us define i = m*p. Then 1 satisfies the following equation:

hm(t, ) — o Am(t, x) + (v*, Vi) (t, z) + div(v*)m(t, z) = fa(t,x), (t,z) € Q’,
m(t,z) =0, (t,x) € (0,1) x 09,
m(0,z) = mo(z)p(x), x € Q,

where

folt, ) = —20(Vip(a), Vi (t, 7)) — om* (t,2) Ap(x) + (0 (t,2), Vip(a)ym” (1, ).
From the regularity of v*,m* and Vm*, we deduce that fo € C"/?>"(Q'). Combining with the
regularity of v*, Vo* and moy, we deduce that 1 € C1*7/2247(Q’) by [LSUSS, Thm. 5.2]. Therefore,
m* e Cl+r/272+r(Q)‘ 0

4.6.3 Construction of a numerical Hamiltonian

This section, as a complementary material to the rest of the article, is dedicated to the construction
of a numerical Hamiltonian satisfying the assumptions of [AP16], in a general framework (see
equation ) Our main assumption is the strong convexity of the running cost with respect
to the control variable.

Given a vector ¢ € R??, we denote

T T

q= (QI7Q37"'7QQd—1)7 q = (q27Q47"'7q2d)'

Following the terminology of [AP16], we call numerical Hamiltonian a function H: [0, 1]xT?xR?¢ —
R satisfying the following conditions: For any (¢,z) € [0, 1] x T¢,

(g1) [Monotonicity] H(t,x,-) is nonincreasing w.r.t. T¢; and nondecreasing w.r.t. q;r for all i =
1,2,...,d;

(g2) [Consistency] For any g such that Tq = ¢, it holds H(t,x,q) = H°(t,z, q");
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(g3) [Regularity] H(t,z,-) is continuously differentiable;
(g4) [Convexity] H(t,x,-) is convex;

(g5) There exists positive constants ¢1, ¢z, ¢3 and ¢4, independent of (¢,x), such that for any
q € R*,

<Hq(t7$’Q)aQ> - H(t7x7Q) > cl‘|%q(t7$,Q)H2 — C9; (469)
[Hq(t 2, 0)|| < esllgll + ca (4.6.10)

Lemma 4.6.3. Consider a function H: [0,1] x T? x R — R satisfying (g3)-(g4). Assume that
Hy is uniformly Lipschitz continuous w.r.t. q, H(t,x,0) is bounded from above, and Hq(t,x,0) is
uniformly bounded. Then H satisfies (gb).

Proof. Let L be the Lipschitz constant of H,(t,z,-). Applying inequality (4.1.2), we obtain that
1
o7 1Ha(t,2,0) = Hy(t, 2, Q)|* < H(t,2,0) = H(t, 2, q) + (Hy(t, 2,9), q)-

Applying inequality |la — b||? > ||b]|?/2 — ||a||?, we deduce that

1 1
<HQ(t7 €, Q), q) - H(tv T, q) > EHHQ(t’ €T, q)H2 - ﬁ”anL? xz, 0)”2 - H(t, xz, 0)'
Since H(t, x,0) is bounded from above and since (¢, x,0) is uniformly bounded, (4.6.9)) is satisfied.
Inequality (4.6.10) is obvious by the uniform Lipschitz continuity of H,. O

Assume that the running cost £¢(t,z,v): [0,1] x T% x R? — R is uniformly a‘-convex w.r.t. v
with some a¢ > 0. Then, £¢ can be decomposed as

O[C
0t ,0) = LG(t, @, 0) + —[[o]?,
where (f is convex w.r.t. v. We propose the following definition for a numerical Hamiltonian:

aC
H(t,x,q) = sup ( — (v, 7q) = (. q") = 65t 2,0+ v) — - (Ilv]]* + Hqu))- (4.6.11)
veER?, v>0
u€R?, u<0
Theorem 4.6.4. Assume that £¢: [0,1] x T¢ x R — R is ac-convex with respect to its third
variable, (¢ is bounded from below by some constant ¢, and for some vy € R%, there exists a
constant C(vg) < +oo such that for all (t,z) € [0,1] x T?, £¢(t,z,v9) < C(vg). Then the function
H defined by (4.6.11) is a numerical Hamiltonian, for the Hamiltonian H defined by (4.1.1)).

Proof. The condition (gl) can be easily deduced from the nonnegativity and nonpositivity con-

straints for v and v in (4.6.11]).
Step 1: Proof of (g2). Let us take any ¢ € R??, such that f¢ = ¢f. Then, we deduce that

H(t,x,q) = sup —(v+u,q') — €tz v+ u) (101> + [Jul|?).

ac
>0, u<0 2
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Since v > 0 and u < 0, we have that ||v||? + [Ju/|?> > ||u + v||?>. Then,

c

a

H(t,z,q) < sup —(v+u,q") = L5t 2,0 +u) = —([v+ul*) = H(t, 2, q").

>0, u<0 2

Conversely, take v* = —Hg(t,m,qT), vi = {max{0,v}}};=1, ¢ and v* = {min{0,v}}},=1_4. We

have that v% >0, v* <0, v* =v% +v* and |[v*]|? = ||v%||? + ||v*||?. Thus, by Fenchel’s relation,
it follows that

C

* k * * a * *
Hc(t,m,qT) = —(vi + v_,qT> — Lotz vl +vT) — ?(HerHz + Hv_HQ) < H(t,x,q).
Step 2: Proof of (g3)-(g4). Consider the function £¢: [0,1] x T¢ x R?? — R defined by
_ C
E(t,w,w) = 65t 2, 'w + wh) + %(HT@UHz + [l 1?) + x* (fw) + x7 (wh),

where xT(z) =0 (resp. x " (x) = 0) if x > 0 (resp. # < 0) and infinity otherwise. It is obvious that
(¢ is uniformly a‘-convex w.r.t. w. The definition (4.6.11)) implies that

H(t7 €L, Q) = (gc)*(t’ €L, _Q)'

By [HUL93, Thm. 4.2.1], X is convex and continuously differentiable w.r.t. ¢ and #, is uniformly
1/ac-Lipschitz w.r.t. q.

Step 3: Proof of (g5). We apply Lemma for the proof. Taking g = 0, by the consistency of
H, we have for any (t,x) € [0,1] x T? that

C

H(t,2,0) = H(t,2,0) = — inf (zg(t,x,v) + ﬁnvu?) < e,
vER 2

By Fenchel’s relation, it follows that

. af
~Hy(t,2,0) = argmin (£5(t,@,0+u) + (vl + [u]?).
v>0,u<0 2

Let us set v*(t,x) = argmin,cra £°(t, z,v). By a similar argument to the one of Step 1, we have
that "H,(t,2,0) = —v*(t,2)+ and H,(t,x,0)7 = —v*(t,z)_. In order to prove that H,(t,,0) is
uniformly bounded, it suffices to show the boundedness of v*(¢,z). By the strong convexity and
boundedness assumptions of £¢, we deduce that for any (¢,z) € [0, 1] x T¢,

C (&
C(v0) 2 £°(t 7, v0) = £°(t, 2,0 (£,2)) + Tllo* () = vol|* = e+ T v (£ ) = wol

This implies that ||v*||eo < [|vol| + 1/2(C(vo) — ¢)/ac. The conclusion follows. O
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Chapter 5

A mesh-independent method for
second-order potential mean field
games

5.1 Introduction

5.1.1 Context and main contributions

This article is concerned with the numerical resolution of second-order mean field games (MFGs).
These models describe the asymptotic behavior of Nash equilibria in stochastic differential games,
as the number of players goes to infinity. They were introduced independently in [LL0O7] and
[HMCO06] and have applications in various domains, such as economics, biology, finance and social
networks, see [DTT17]. In this article, we consider the following standard second-order MFG on
the space Q := [0, 1] x T¢,

(i) —Ow—ocAu+ HC(t,z,Vu(t,z)) = fe(t,z,m(t)) (t,z)€ Q,

(i) w(t,z) =—H, (t,r, Vu(t,z)) (t,z) € Q,

(iii) Oym — oAm + div(vm) =0 (t,x) € Q, (MFG)
(iv) m(0,z) =mj(z), u(l,z)=g%=) z €T,

where the Hamiltonian H€ is related to the Fenchel conjugate of a running cost £¢: Q x R — R:

H¢(t,x,p) = sup (—p,v) — L(t, z,v).
vER?
The existence and uniqueness of the classical solution of is proved in [LLO7] under assump-
tions on the coupling function f€.

Several discretization schemes have been proposed and analyzed for the resolution of .
They consist of a backward discrete Hamilton-Jacobi-Bellman (HJB) equation and a forward dis-
crete Fokker-Planck (FP) equation: They preserve the nature of the problem as a coupled system
of two equations. An implicit finite difference scheme has been introduced in [ACDI0] and conver-
gence results for this scheme have been obtained in [ACCDI13| and [AP16]. Other schemes, based

156



on semi-Lagrangian discretizations have been investigated in [CS14} [CS15| [HS19] for first-order and
(possibly) degenerate second-order MFGs. This work will focus on a scheme called theta-scheme,
recently introduced by the authors in [BLP22]. In short, this scheme involves a Crank-Nicolson
discretization of the diffusion term and an explicit discretization of the first-order non-linear term.

The resolution of the discretized coupled system is in general a difficult task. We restrict our
attention to the case of potential MFGs, for which optimization methods can be leveraged. The
system is said to be potential (or variational) if there exists a function F¢: [0,1] x D — R
such that for any ¢ € [0,1] and my, my € D (see the definition of D in (5.4.1))),

1
Fe(t,my) — F(t,mq) = / / fe(t,x,my + s(mg — my))(ma(z) — mq(z))dzds. (5.1.1)
0 JzeTd
We further restrict our attention to the case of a convex potential function F. In the presence of
such F¢ the system (MFG]) can be interpreted as the first-order optimality condition of an optimal
control problem driven by the FP equation,

1
inf J¢(m,v) = /Qﬁc(t,:v,v)m(t,x)dtdx—l—/o Fc(t,m(t))dt—l—/ngc(x)m(T,x)dfc,

(m,v)

(0C)
om —oAm +div(vm) =0, V(t,z) € Q,

such that
m(0,z) = m§(x), vz € T

Problem is equivalent to a convex optimal control problem, obtained through the classical
Benamou-Brenier transform [BCS17]. Then, some numerical algorithms can be applied to find
a solution of (OC), such as ADMM [BCIFE, [And17], the Chambolle-Pock algorithm [AL20], the
fictitious play [HS19] and the generalized Frank-Wolfe (GFW) algorithm [LP22]. Some articles
propose to discretize the optimal control problem , see for example [LST10, [And17]. In this
context, it is very desirable that the potential structure of the continuous MFG is preserved at
the level of the discretized coupled system, so that one can apply in a direct fashion suitable
optimization methods to the discrete system. This is in particular the case for the implicit scheme
proposed in [ACCD13] and solved in [AL20] with the Chambolle-Pock algorithm. As we establish in
this article, the theta-scheme of [BLP22] also preserves the potential structure of the MFG system.

We focus in this article on the resolution of the discrete MFG system with the Generalized
Frank-Wolfe (GFW) algorithm see [BLM09]. This algorithm is an iterative method, consisting in
solving at each iteration a partially linearized version of the potential problem . The linearized
problem to be solved is equivalent to a stochastic optimal control problem that can be solved by
dynamic programming. As we will explain more in detail, this allows to interpret the GFW method
as a best-response procedure. For a specific choice of stepsize, it coincides with the fictitious play
method of [CHIT]. Others works have investigated the fictitious play method for MFGs: [PPL™20]
proves the convergence of the continuous method, in a discrete setting with common noise; [HS19]
proves a general result for fully discrete MFGs, which can be applied to discretized first-order
MFGs. The article [GPLT22| shows the connexion between fictitious play and the Frank-Wolfe
algorithm for potential discrete MFGs.

The general objective of the article is to show that the performance of the GFW algorithm is
not impacted by a refinement of the discretization grid. The main results of our article are two
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mesh-independence properties for the resolution of with the theta-scheme and the GFW
algorithm. The terminology mesh-independence was coined in the article [ABPR&6]. It is said
that an algorithm satisfy a mesh-independence property when approximately the same number
of iterations is required to satisfy a stopping criterion, when comparing an infinite-dimensional
problem and its discrete counterpart. In a more precise fashion, we will say that the GFW algorithm
has a mesh-independent sublinear rate of convergence if there exists a constant C' > 0, independent
of the discretization parameters, such that

Jp(mf of) — Jp < VEk > 1.

C
7
In the above estimate, .Jj, denotes the discretized counterpart of J, J; denotes the value of the
discretized optimal control problem, and (mfl, v,’j) denotes the candidate to optimality obtained at
iteration k. Similarly, we will say that the GFW algorithm has a mesh-independent linear rate of
convergence if there exist two constants C' > 0 and ¢ € (0, 1) such that

Jn(mf,of) — Jr < C6%, k> 1.

We establish that the GFW algorithm has a mesh-independent sublinear (resp. a linear) rate
for two different choices of stepsize. Our analysis is close to the one performed in [LP22], in which
the sublinear and the linear convergence of the GFW algorithm is demonstrated for the continuous
model and for the same choices of stepsizes as in the present study. While the sublinear convergence
of the GFW method (in a general setting) is classical, the linear rate of convergence relies on recent
techniques from [KW22]. To the best of our knowledge, in the context of mean field games, the
mesh-independence property has never been established so far for any other method. Though it
seems a natural property, it may not hold in general. In particular, it might not hold for primal-dual
methods, whose application relies on a saddle-point formulation of the convex counterpart of
of the form, in which the Fokker-Planck equation is “dualized”. This saddle-point formulation
involves a linear operator, encoding the (discrete) Fokker-Planck equation (see for example [AL20),
Sec. 3.2]). As the discretization parameters decrease, the operator norm of these operators (for the
Euclidean norm) increases, which has an impact on the convergence properties of methods such as
the Chambolle-Pock algorithm. In contrast, the discrete Fokker-Planck equation remains satisfied
at each iteration of the GFW equation.

This article is organized as follows. In Section we introduce some preliminary results and
notations. In Section we introduce a general class of potential discrete MFGs, containing
the theta-scheme. We establish the sublinear and the linear convergence of the GFW method in
this discrete setting. We give explicit formulas for the convergence constants. These constants
essentially depend on the Lipschitz-modulus of the coupling function of the MFG and on two
bounds, for different norms, of the solution of the discretized Fokker-Planck equation, denoted Cy
and Cy. We recall the theta-scheme in Section [5.4] we show that it preserves the potential structure
of the MFG, and we prove that the GFW algorithm has a mesh-independent sublinear and linear
rates of convergence. The technical analysis relies on precise estimates of the constants C; and Ca,
obtained thanks to a general energy estimate and an L*-estimate for the discrete Fokker-Planck
equation.
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5.1.2 Notation

We discretize the interval [0, 1] with a time step At = 1/T, where T' € N;. The time set is denoted
by T (T if the final time step T is included). Given a finite subset S of R% we denote by R(S)
(resp. R%(S)) the set of functions from S to R (resp. R?). We also denote by P(S) the of probability
measures over S. We call curve of probability measures any function m: 7 x S — R such that
m(t,-) € P(S), for any t € T. The set of probability curves is denoted by P (7, S). In mathematical
terms,

T={0,1,....T—1}, T =A{0,1,...,T};
R(S)={m:S =R}, RYS)={m:S —RI};

P(S) = {m ER(S) | Vo€ S, m(z) 20, Y mly) = 1};

P(T,8) = {m e R(T x 8) | ¥t e T, m(t,) € P(S)}.

We denote by || - || and (-,-) the Euclidean norm and the scalar product in R%. Let S; and Sy be
two finite sets. Let u € R¥(S; x Sp). For any = € S; and for any p; and ps € [1, 0], we denote by
|lpe(z, -)||p, the LP>-norm of the function y — pu(x,y), defined as follows:

’ 1/p2 .
(Syes, lnw)=) ", it ps € [1.00).

maxyes, ||pu(@, y), if py = oco.

(s )llp =

We next define )
P1 .

(Sees, It ) ™, it pr € [1,00),

maXgzes, ||M(.’L‘, ')szv lf p1 = OQ.

Lemma 5.1.1 (Hélder’s inequality). Let Sy and So be two finite sets. Let o and v € R™(S1 X S3)
and let p1 and pe € [1,00]. It holds that

> Y [l we) v(@ @) < Nl [Vt 05

2?1651 .’172652

where 1/p; +1/p; =1, fori=1,2.

1tllps p2 =

Definition 5.1.2 (Nemytskii operators). Let ¢ be a function from X x ) to Z and let u be a
function from X to ). Then the Nemytskii operator is the mapping ([u] from X to Z defined by

Clu)(z) = ¢(z, u(z)), VzeX.

5.2 Potential discrete mean field games

In this section we introduce a general class of discrete MFGs containing the #-scheme of [BLP22].
We provide a first potential formulation of the discrete MFGs and show their equivalence with a
convex optimization problem, using the classical Benamou-Brenier transformation. The analysis
being rather standard (see for example [BLP23]), we mostly give succinct proofs.
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5.2.1 Problem formulation

We fix T' € N and a finite subset S of R?. For the description of the MFG model, we fix a running
cost £, a coupling cost f, an initial condition mg, and a terminal cost g, where

0:T xS xR = RU{oc}, [T xSxR(S) =R, mo € P(S5), g € R(9).
For a given m € 77(7~', S), we denote by /,,, the map defined by
b (t,z,w) €T x S = Ut m,w) + f(t, 7, m(t)),
where m(t) = (m(t,x))zes. We require the following assumptions for ¢, m, f, and my.

Assumption 5.1. The following holds:

1. Bounded domain. For all (t,z) € T x S, £(t,x,-) is lower semi-continuous with a non-empty
domain. There exists D > 0 such that for any ¢ € T, for any = € S, and for any ||v|| > D, we
have £(t, z,v) = +o0.

2. Regularity. There exists Ly such that for any (¢,2) and for any my, and ms in P(S), we have

‘f(tv:l:aml) - f(t7$7m2)‘ < Lmel - mQHQ'

3. Strong convexity. There exists a > 0 such that for any ¢ € 7 and for any z € S, the function
L(t,z,-) is a-strongly convex, i.e.,

Q@
e(t,x7’l)2) > E(t,(]ﬁ,vl) + <p,U2 - U1> + EHUQ - 7)1H27
for all vy and v in R™ and for all p € 0,(t, x, v1).
4. Monotonicity. For any t € T, for any m; and mg in P(S),

ST (fta,ma) = f(t,2,ma)) (ma(z) — ma(z)) > 0.

z€S
We now fix two elements 79 € R(7T x 52) and 71 € RY(T x S?) and define the map 7 by
T (tx,y,w) €T xS xS xR mo(t, z,y) + At(mi (L, z,y),w).

The map 7 describes the probability of an agent located at time ¢ in state x, using the control w,
to reach state y at time ¢ + 1. Our analysis will exploit the fact that 7 is affine with respect to w.
Recalling the constant D introduced in Assumption [5.1] we consider the following assumption.

Assumption 5.2. The elements my and 7 satisfy the following:
mo(t, z,-) € P(S), V(t,z) € T xS,
s Tt y) =0, V(t,z) € T x S, (5.2.1)

mo(t, 2, y) = AtD||m(t, z, y)ll, V(E,z,y) € T xS xS.
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An immediate consequence of Assumption is the following: For all (t,z) € T x S, for all
w € RY, if |w|| < D, then 7(t,z, -, w) € P(S).

Assumption 5.3. There exists a function F': 7 x P(S) — R? such that for any ¢ € 7 and for any
my and mg in P(S), it holds

1
F(t,my) — F(t,m2) = /0 Zf(t,x,ml + s(m2 —m1))(ma(x) — mq(x))ds.

zeSs

We have the following convexity property for the potential function F'.

Lemma 5.2.1. For anyt € T and for any my and mg in P(S), it holds that
F(t,mg) > F(t,ma) + Y f(t,2,m1)(ma(z) — ma()). (5.2.2)
TES
Proof. Inequality (5.2.2) follows from the definition of F' and the monotonicity in Assumption
LIl O

Until the end of Section[5.3] we assume that Assumptions[5.1] and [5.3]are satisfied. Following
[BLP22| Sec. 2.3], we consider the following discrete mean field game system, involving the variables
u € R(T x §), v € RYT x S), and m € P(T,S):

(i) uw=HJIB(m),
(ii)) v =V(u), (DMFG)
(iii) m = FP(v),

where the Hamilton-Jacobi-Bellman mapping HJB, the optimal control mapping V, and the
Fokker-Planck mapping FP are defined as follows:

e Given m € P(T,S), u=HJIB(m) € R(T x S) is the solution to
u(t,z) = inf Ly, (t, 2, w)At + dyes Ttz ywhu(t+1,y), V(t,z) €T x5,

wER? (5.2.3)
u(T,x) = g(x), Vo e S.

e Given u € R(T x §), v = V(u) € RYT x 9) is defined by

v(t,x) = argmin £(t,x,w)At + Z?T(t,x, y,whu(t+1,y), V(t,x) e T x S. (5.2.4)
weR?
yeS

e Given v € RYT x §), m = FP(v) € R(T x S) is defined as the solution to
m(t+1y) =3 e m(t,2,y,0(t, x))m(t, ), V(t,y) €T xS,

(5.2.5)
m(0,x) = mo(z), Vo € S.
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Lemma 5.2.2 (Continuity of HIB). For any m; and msy in P(T,S), we have
HHJB(ml) — HJB(TTQ)HOO’OO S Lmel — mgHoog. (526)
Proof. See [BLP22, Eq. A.6]. O

Lemma 5.2.3 (Continuity of FP). Let vy and vy in RY(T x S) be such that |1 loc,00 < D and
|v2]loo,00 < D. There ezists a constant C, independent of vi and vq, such that

[FP(v1) — FP(v)|2, < CAt DN (1 — vo)mu (¢, )| (5.2.7)
teT z€S

As an immediate consequence, the mapping FP is continuous.

Proof. Let m; = FP(v1) and mg = FP(vy). Let u = m; — mg. It is easy to verify that

{ (E+ 1) = Taes mlt 2, gsvr (b))t 2) + AT lmltp): (o2 = oma(tal) oo

1(0,y) = 0.

Inequality (5.2.7)) immediately follows from Gronwall’s inequality, keeping in mind that all norms
are equivalent on the finite-dimensional vector space R4(T x S). O

Theorem 5.2.4 (Existence). Under Assumptions and system (DMFG]|) has a solution.

Proof. We follow the proof of [BLP22, Thm. 3.6]. We note first that by Assumption the
composed mapping FP o V o HIB is valued in 73(71, S). By Brouwer’s fixed point theorem, it
suffices to show that FP oV o HJB is continuous. The continuity of HJB and FP was established

in Lemmas [5.2.215.2.3] The continuity of V is deduced from the strong convexity of ¢, see step 2
of the proof of [BLP22, Thm. 3.6]. O

5.2.2 Potential formulation

Similarly to the case of continuous MFGs (see [LLO7, BCS17] for example), the system (DMFG)
has a potential formulation. Consider the following optimal control problem:

inf  J(m,v), subjectto: (m,v) € A, (P)
meP(T,S)
veERY (T x.S)
where the cost function J and the set A are defined by

AtZZE m(t, x) +AtZFt m(t )—I—Zg(ac)m(T x)

teT zes teT z€S
A= {(m, v) € P(T,8) x RYT x 8)[m = FP(), [[tllwo < D} .

Problem is a non-convex problem which can be made convex with the classical Benamou-Brenier
transform (see [BCS17| for example) defined by

x: (m,v) € A= (m,mv) € P(T,S) x RYT x S). (5.2.9)
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Here mu is the pointwise product of m and v: muv(t,z) = m(t,z)v(t,z), for all t € T and for all
z € S. Weset A= x(A) and consider the cost function .J, defined by

J(m,w) = At S lm,w|(t, ) + At Y F(t,m(t) + Y gl@)m(T, z),

teT z€S teT €S

where the function £[m,w]: T x S — R is defined by

E(t, T, ;”féi)»m(t, x), if m(t,x)#0,

m,w](t,z) = ¢ 0, if m(t,z) = w(t,z) =0,

400, otherwise.

The new problem of interest is

inf  J(m,w), subject to: (m,w) € A. (P)
meP(T,9)
weRY(T x.9)

In the rest of the section, we investigate some properties of Problems and , as well as their

relationship with (DMFG])
Lemma 5.2.5. It holds that Val = Val.

Proof. Tt follows from the definitions of A, J, J, and x that for any (m,v) € A, we have

J(x(m,v)) = J(m,v). The lemma follows immediately. O
We next discuss the convexity of Problem .
Lemma 5.2.6 (Convexity). The set A is convex. The cost function J(m,w) is conver.

Proof. Take any (m1,w;), (mag,ws) in A and any A € (0,1). By the definition of A, there exist
v1,v2 € RYT x S), such that (m;,v;) € A and w; = myv; for i = 1,2. Let

m = Amyi + (1 — A\)ma,
w = Aw; + (1 — Nws,

if mi(t, z) = ma(t,x) =0,

0,
U(t’ IE) = { Amyvi+(1—=A)movs

N+ (1= Nma (t,z), otherwise.

We can check that (m,v) € A and that (m,w) = x(m,v). The convexity of A follows.

The function J is defined as the sum of three terms. The last one is linear, thus convex. The
second one is also convex, by Lemma m Finally, for any (¢, ), the map (m,w) — £[m, w](t, z)
is convex (see [Com18, Proposition 2.3]). The convexity of J follow. O

Given m/ € P(T, S), we consider the cost function J,,, defined by

T (M, w) = At Z Z Cmyw(t, ) + f(t,z,m/ ()m(t, z) + Z g(z)m(T, x),

teT xS TES
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for (m,w) € P(T,S) x RYT x S). We will regard .J,,,; as a partial linearization of .J around m/.
We define the corresponding optimal control problem:

inf  Jp (m,w). (Po)
(m,w)eA

Lemma 5.2.7. Let (my,w1) and (ma,ws) be in A. Then

j(mg, '11}2) - j(ml, wl) 2 jm1 (mg, ’LUQ) — Jm1 (ml, wl).
Proof. This is an immediate consequence of the definitions of J, .J,,,, and Lemma O
The next lemma provides us with a solution to Problem (P, )).

Lemma 5.2.8. Let m' € P(T,S). Let us set o = V o HIB(m'), m = FP o V o HIB(m/), and
W = mv. Then (m,w) is the unique solution to (P,|). Moreover, for any (m,w) € A and for any
v such that w = mw, it holds that

o (1, 0) — Ty (172, ) > %Atz 3w = 8)(t 2)|2m(t, ). (5.2.10)
teT zeS

Proof. The first inequality is proved in [BLP22, Sec. 3.5, page 14]. It is of similar nature to the
fundamental equality of [ACCD13|. As a consequence of , the pair (m, @) is a solution to
(Ps). It remains to prove uniqueness. Let (1, w0) € A be a solution to (Pw)). Let & be such
that @ = md. Then, by inequality (5.2.10), we have Y.+ > oo [|0(t,z) — (¢, 2)||*m(t,z) = 0.
It follows next that (0 — 0)(t,x)m(t,z) = 0 for all (¢,z). Applying Lemma we immediately
obtain that 7 = m. Finally, we have w — @ = mo —mo = m(0 — ) = 0, which concludes the proof
of uniqueness. O

Lemma 5.2.9. System (DMFG) has a unique solution (m,u,v). Moreover, (m,w) = x(m,v) is
the unique solution to @ .

Proof. Let (m/,u/,v") be a solution to (DMFG]). Let w’ = m’v’. Combining Lemma and
Lemma we deduce that for any (m,w) € A,

J(m,w) — J(m',w') > Jp (m,w) — Jp (m/,w') > 0.
Thus (m/,w’) is a solution to .

We next prove that (m/,w’) is the unique solution to . Let (m,w) be a solution to . The
above inequality shows that (m,w) is also a solution to (Py]). Thus by Lemma (m,w) =
(m/,w’).

It remains to prove the uniqueness of the solution to . Let (m,u,v) be a solution to

(DMFG]). As was proved above, (m,mv) is a solution to 1) and therefore m = m’. It follows that
u=HJIB(m) =HJB(m') = v/ and that v = V(u) = V(«/) = ¢/, which concludes the proof. [
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5.3 Generalized Frank-Wolfe algorithm: the discrete case

We investigate in this section the convergence of the GFW algorithm, applied to the (convex)
potential problem . In this section, Assumptions are supposed to be satisfied. We recall
that has a unique solution (@, v,m) and that by Lemma [5.2.9, (m,w) = x(m,v) is the
unique solution of problem .

5.3.1 Algorithm and convergence results

We first define the mapping BR: P(T,S) — A. Given m/ € P(T,S), we obtain (1, ) = BR(m')
by successively computing

9=VoHIB(m'), m=FP(0), and w=mo.

We refer to BR as the best-response mapping: given a prediction m’ of the equilibrium distribution
of the agents, ¥ (as defined above) is the optimal feedback for the underlying optimal control
problem and m the resulting distribution. As was demonstrated in Lemma BR(m/) is also
the unique solution to the linearized problem . This allows us to write the GFW algorithm
for the resolution of 1) in the form of a best-response algorithm.

Algorithm 5.1: Generalized Frank-Wolfe Algorithm
Initialization: (m°, w®) € A;
First iteration: (m!,w') = (m?%, w°) = BR(m?) ;
for k=1,2,... do

Step 1: Resolution of the partial linearized problem.
Set, (m*, w*) = BR(m");

Step 2: Update.
Choose A € [0,1];
Set (mFTL wh ) = (1 — \p)(mF, wk) + A (m*, wF);

end

Note that the choice of the stepsize A\; will be discussed in Proposition We introduce now
three constants, C'1, Cy, and (s, that will be used for the convergence analysis of Algorithm
The constants C7 and C5 are defined by

Cy = sup HFP(U)H?,OQ and Cy= sup [[FPoVoHIB(m) o co- (5.3.1)
”v”w,OOSD meP(7~’,S)

The finiteness of C; and Cs follows from the compactness of P(7,S) and from the continuity of
the three mappings HJB, V, and FP. Note that

Ci= sup [mlfy= sup [ml,. (5.3.2)

(mw)eA (myw)eA
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By Lemma there exists a constant C3 > 0 such that for any (mq,v;) and (mg,v2) in A,

lmy — mall2, 2 < CsAL> Y~ [(v1 — vo)ma(t, ). (5.3.3)
teT zeS

We next introduce three other constants, Dy, D2, and ¢, defined by:

2C5C3 « 1
Dy = CLs|S|YV2, Dy=(L;+|S|1/2) ] 2222 = 1l——— —L (534
1= CLy IS5, D= (Ly +[S[V5)y/— =, c=max 1C,C5 L8 2 (5.3.4)

Proposition 5.3.1. We consider the sequence (my,wy)r>1 generated by Algorithm (5.1).

1. Sublinear rate. Assume that A\, = 2/(k+2), for all k > 1. Then,

. . D
J(mF, k) — J(m,w) < 871 Vk > 1. (5.3.5)

2. Linear rate. Assume that

| T (mF W) — Tk (mF, @)
Ay = 1Y, 5.3.6
‘ mm{ LISk — |2, ; >:30)

for all k > 1. Then,
J(mF, wh) — J(m, ) < 4Dyc*,  VE>1. (5.3.7)

The following subsection is dedicated to the proof of Proposition The used stepsize rule
(5.3.6) is motivated in the proof of convergence (see (5.3.13))).

5.3.2 Convergence analysis

Lemma 5.3.2 (A priori bounds). For any k > 1, we have (mF,w") € A. As a consequence,

||mk||go,2 < C’1 and ||mk||oo,oo < 02‘ (538)
Proof. Using the definitions of C; and Cy (given in (5.3.1))) and using (5.3.2)), we have that
[m*]% 0 < C1, [MFllocco < Co, and  (m*,0*) € A, (5.3.9)

for any £ > 1. To conclude the proof of the lemma, it suffices to observe that for any £ > 1,
(m* wk) is a convex combination of (m”,w") € A for 0 < k < k — 1. Then we have (m*, w*) € A,

since A is convex, by Lemma Inequality (5.3.8) follows from (5.3.9) and from the triangle
inequality. O

Lemma 5.3.3. For anyt € T and for any my and msy in P(S), we have

Ly|S|/?

5 llma - myl3. (5.3.10)

F(t,mg) < F(t,ma) + > f(t,x,m1)(ma(z) — mi(x)) +
€S
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Proof. Combining Assumption and the Lipschitz-continuity of f (Assumption , we deduce
that

F(t,mg) < F(t,my) + Zf(t,x,mﬁ(mz(x) my(z)) + LIImz — myl2|lma — ma 1.
€S

By Hoélder’s inequality, we have that |[mo — my|l1 < |S|Y2|/ma — m||2. Inequality (5.3.10) follows.
O

Algorithm generates two sequences (m”, w*)g>o and (m*, @*)g>0 in A. For the analysis, we

k —kk

need to fix two sequences (v¥)>0 and (v%)g>g such that w* = mFo* and w* = m*v*. We introduce

the following six sequences of positive numbers:

O = |m* —m|1% 2, O = [|m* — m*||%, o3

i = J(mF wh) — J(m, o), Fe = T (mF, w®) — T (05, @)

=AY Y |oF —o|PmF(t,x), & =AY Y |oF — o |PmF (L, @),
teT xS teT zeS

The following lemma establishes various relationships between these sequences, independent of
the choice of stepsize (Ag)r>1. For convenience, we fix \g = 1 and make use of the fact that
(mY,wl) = (1 — ) (Mm%, w®) + Ao(m?, @?).

Lemma 5.3.4. For any choice of stepsizes (A,)r>1, we have 0r < 4C4, for any k > 1. Moreover
we have that

Ly| S|V
Tk < Yk and  Ye+1 < Ve — ATk + )\if‘2‘5k- (5.3.11)
We also have the following estimates:
5 < d Q< e <A (5.3.12)
2 an — . 3.
20203 kS 2 b=k 205C ko= 2 k= k

Proof. Step 1. The inequality 05 = ||m* — mk||2 < 4C follows from the bounds Hm”“H?x)2 <y
and ||mk||2 < C obtained in Lemma

Step 2. We next prove that v; < ;. Recalling that (¥, @") minimizes J,(-) over A, we
obtain that

Tk = jmk (mk)wk) - jmk (mkywk) > jmk (mkawk) = I (m,ﬂ))

Using next Lemma we deduce that J; > J(mF, w¥) — J(m,w) = y. Let us prove the upper
bound of ;. Since £ is convex (see the proof of Lemma [5.2.6)), we have

UM w1t 2) < (1= A mP, wh(t, @) + Ml im*, @¥)(t, ).
Moreover, by Lemma [5.3.3] we have

NLyISI? ¢
k

F(t,m* T (t)) < F(t,m* () + Ao Y f(t,z,m"* () (mF (¢, 2) — mF(t,2)) + >

€S
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Then (5.3.11)) follows from the above two inequalities and the definitions of J, J,,x, v, and 7.
Step 3. Let us prove (5.3.12)). From the definition of C3 and Lemma we have that

Ok < C30t Y > |[(vr — 0) (1, @)my(t, )|
teT xS
< CyC30t Y > ||(ve — 0)(t, 2)[|Pma(t, z) = CoClep.

teT xS
Moreover, using Lemmas and we obtain that

Ve = T (mF) — T () > Zep.

| o

We prove in a similar fashion that §;, < CyC3€;, and that 7, > 5€k- O

Lemma 5.3.5. In Algorithm let uF = HJB(mk). Then, whatever the choice of stepsizes
(A&)k>1, we have
[u¥ = lloo,00 + [[m" = 1M[loo,1 < D2y/Ap-

Proof. By Cauchy-Schwarz inequality and Lemma we have

- 20,C;
[m* = o < VISIVE < VIS =2V

By Lemma we have [[u* — @ls,00 < Lyv/0. Recalling the definition of Ds, we obtain the
announced result. O

Proof of Proposition[5.5.1. Sublinear case. Combining the two inequalities in (5.3.11)) and using
the bound d;, < 4C}, we obtain that

Yier1 < (1= Ae)ve + 2X2C1 Ly |S1V% = (1 — Ag)ve + 202Dy

In particular, for £k = 0, we have \g = 1, therefore v; < 2D;. It is then easy to prove by induction
the inequality v, < 8D1/k (see [Jagl3, Thm. 1] for example).
Linear case. Note first that the stepsize rule (5.3.6) writes

: Vk
Ay =min{ ——————— 1,
‘ {Lf’S|1/25k }
It is easy to verify that A\p minimizes the upper-bound (5.3.11)), that is to say:

L Sl/?
A = argmin — Ay + )\QL.

_ 5.3.13
A€[0,1] 20 ( )

Let k£ > 1. We consider the following two cases:

1. If 53, > L¢|S|'/?6), then A\ = 1. We deduce from (5.3.11)) that

7Lf|5|1/23 < — % < gL < v

<y A
Ve+1 < Ve — Vet 5 k< 5 9

where the second inequality follows from the assumption 7y, > L¢[S ]1/ 25, the third one from
the inequality v, < 4% and the last one from the fact that ¢ > 1/2.
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2. If 4 < Lf‘Sll/QSk, then A\, =
Vi < 7k that

W. We deduce from (5.3.11)) and from the inequality

Vi 1<’Yk—¢—’7k< [ Vi
= 2L S[1/28, " = 2L S[1/25, )
By (5.3.12)), we know that 7 /6 > ﬁ It follows that

(&%
<({l-————— < .
Ve+1 = ( 4C’2C3Lf]S]1/2> Ve S CYk

It follows that 7, < 1! for all k& > 1. Since ¢! < 2 and ;1 < 2Dy, estimate (5.3.7) holds
true. ]

5.4 Mesh-independent convergence of the GFW algorithm for second-
order MFGs

We establish in this section two mesh-independence principles for the GFW algorithm, applied to a
discretization of with the #-scheme proposed in [BLP22]. First, we recall the theta-scheme
and the main convergence result of [BLP22]. Then, we show that the potential structure of the
continuous is preserved by the theta-scheme at the discrete level. Therefore, Algorithm
[6.1] can be applied to the theta-scheme. The mesh-independence principles are stated in Theorems

(4.5 and [5.4.9] and demonstrated in Subsections [£.4.3 and [5.4.4]

5.4.1 The theta-scheme and error estimates

In this subsection, we recall the theta-scheme of the continuous system (MFG) investigated in
[BLP22] and its main result. Let us define

D= {,uE]LQ(Td)],uEO,/ u(x)dle}. (5.4.1)
Td
We make the following assumptions on the data function £¢: Q xR% — R, ¢¢: T¢ - R, f¢: QxD —
R, and m¢: T? — R of the continuous model (MFG]).
Assumption A. The following holds:

1. Regularity. The function £¢ is continuously differentiable with respect to v. There exist
positive constants L7, Lg, and L?c such that for any (t,z) € Q, for any v € R%, and for any
m €D,

o (°(-,x,v), L°(t,-,v), and L5 (-, x,v) are Lj-Lipschitz continuous
e g°is Lg-Lipschitz continuous

o fe(,x,m), fo(t,-,;m), and fe(t,x, ) are L§-Lipschitz continuous (with respect to the
|| - [lL2-norm for the third variable).
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2. Strong convexity. There exists o > 0 such that for any (¢,2) € Q, ¢¢(t, z,-) is strongly convex
with modulus af, i.e.

C

otz v9) > L6t x,v1) + (05 (t, T, v1),v2 — v1) + %Hvz —u? Vo, v e R
3. Monotonicity. The function f¢ is monotone, i.e., for any ¢ € [0, 7], for any m; and mg € D,
/ (fc(t,:c',ml) — fe(t, 2, mg)) (ml(:c/) — mQ(x/))dx/ > 0.
’]I‘d

Assumption B. The continuous mean field game (MFG|) admits a unique solution (u*,v*,m*),
with u*,m* € C'*7/2247(Q) and v* € C"(Q) N1L>°([0,1];C**"(T¢)), where r € (0,1).

Note that more explicit assumptions on the problem data allows to verify Assumption [B] see
[BLP22, Appendix BJ.

The time and space discretization parameters are denoted At > 0 and h > 0. As in the discrete
model, we suppose that At = 1/T and that h = 1/N, for two integers T and N. The discrete state
space is defined as

S =Tz = {(ir,iz, ... ia)h | i1,...,iq € Z/NZL}.

Given z € T?, let us set By(x) = [[1— [z — hei/2,  + he;/2). Given y € T¢, we denote by zy[y]
the unique point = in S such that y € By,(z). We consider the mappings Zj: R(T¢) — R(S) and
Rp: R(S) — R(T?), defined as follows: For any m¢ € R(T?) and for any m € R(S),

Zn(m®)(z) = /B ( )mc(y)dy, Vr € S;
Ra(m)(y) = "), vy e

We consider the constant M > 0, defined by

1
M=—12 E(t,x,0 d(Lj+ LG+ LE) ). 5.4.2
(2 gmass 1656, 2,0)|| + V(L + L5 + L)) (5.4.2)

aC
Note that M is independent of At and h. We define the truncated running cost /¢ as follows:

. et xz,v), if <M,
MW):{ (t,w.0), i o]

00, otherwise.

The discrete counterparts of £¢, g, f¢, and mg are defined as follows: For any ¢t € T, for any € S,
for any v € RY, for any m € P(S),

t,x,p) = éc(tAt,m,v)
9(x) = g°(x),

5.4.3
f(tz,m) = hld/B ( )fc(tAt7y7Rh(m))dy7 43

mo(x) = Zn(mg)(z).
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We denote by H: T x S x R? the associated Hamiltonian, defined by

H(t,xz,p) = sup —(p,v) — {(t,x,v). (5.4.4)
vER?
Let us now discetize the differential operators appearing in the continuous MFG system. Let
(€4)i=1,....a denote the canonical basis of R%. The discrete Laplace, gradient and divergence operators
for the centered finite-difference scheme are defined as follows:

d

Applz) =" plz + hes) + “(h”;_ hei) = 2u(x) VueR(S), Vaes,
i=1

x+ he;) — pu(x — he;)\ @

Van(z) = (“( )Qh“( Z))izl, VueR(S), Vaes,
d

divpu(z) = Z Hi(@ £ hel)z_huz(x — hel), VueRYS), Vzes,
i=1

where u; is the i-th coordinate of p.
Finally, we fix 6 € (1/2,1). The theta-scheme for (MFG]), introduced in [BLP22, Sec. 2.3],

writes:

(i) u=HJIBy(m),
(ii)) v = Vy(u), (Theta-mfg)
(i) m = FPy(v),

where the Hamilton-Jacobi-Bellman mapping HIBy: P(T,S) — R(T x S), m + u, is defined by

—uH L) w1 20) oAt +1/2,2) = 0,

— L2 utr) () 9o Au(t + 1/2,2) + H[Vpu(- + 1/2,9)](t, 2) = f(t, 2, m(t)),
u(T,z) = g(x),

the optimal control mapping Vy: R(T x §) — RY(T x S), u — v, is defined by

— L) CuH20) oAt +1/2,2) = 0,
v(t,z) = —Hp(t,z, Vhu(t +1/2,x)),
and the Fokker-Planck mapping FPy: R4(T x §) — R(T x S), v — m, is defined by
mHLOmEr) _ gaApm(t + 1,2) — (1 — 0)oApmlt, z) + divy (vm(t, z)) = 0;
m(0,z) = mo(z).

Let us briefly motivate the theta-scheme. For the Fokker-Planck equation, a Crank-Nicolson dis-
cretization of the Laplace operator and an explicit discretization of the first-order term are utilized.
An adjoint scheme is used for the HJB equation.
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Given u(t+1,-), one first needs to solve an implicit scheme for the heat equation, corresponding
to a diffusion equal to fo. This yields the intermediate function u(t 4+ 1/2,-), which is not “saved”
in the output HIJBy. Then u(t,-) is obtained by solving an explicit scheme, containing the first
order term and a diffusion equal to (1 — 6)o.

Remark 5.4.1. The evaluation of the mapping HJBy, which is a crucial step in the GFW algorithm,
requires to solve successively linear equations (for the implicit part) and explicit equations. It is
therefore easier to implement than fully implicit schemes, which would require to solve general
non-linear equations (with a policy iteration algorithm, for example).

Let us consider the following CFL condition:

h? 2(1 - 0)o
A< ———— h< ———"—.

= 24(1— )0’ =T M
Lemma 5.4.2. Let Assumption [4] and condition (CFL) hold true. Then the system (Theta-mfg])

is a particular case of (DMFG)), with £, f, mg and g defined by (5.4.3). Furthermore, Assumptions
hold with the constants

(CFL)

D=M, Ly= L;h*d/z, and o= af.
Proof. See [BLP22, Lem. 4.1, Lem. 4.2, Thm. 4.4]. O

Let us emphasize that the well-posedness of the mappings HJBy, Vy, and FPy is a corollary
of the fact that (Theta-mfg) is a discrete MFG. The explicit formulas for my and m; are provided
in [BLP22, Lemma 4.1]. We define the traces u} € R(T x S) and m} € P(T,S) of the continuous

solution (u*,m*) as follows:
ui(t,x) = u*(tA,z) and m(t,-) = I (m*(tAt,-), YteT,VzeS. (5.4.5)
The main result of [BLP22| is the following error estimate.

Theorem 5.4.3. Let 1/2 < 6 < 1. Let Assumptions and condition hold true. Then
(Theta-mfg) admits a unique solution (up, vy, my). There exists C* independent of At and h such
that

[un = ulloc,co + lImn = mp[loo,r < CTR.

Proof. See [BLP22, Thm. 2.10]. O

5.4.2 GFW algorithm for the theta-scheme and main results
Let us first give the assumption on the potential structure of f.
Assumption C. There exists a function F°: [0,1] x D — R? such that (5.1.1]) holds.

The following lemma shows that the discretization of f¢ proposed in (5.4.3)) preserves the po-
tential structure of the MFG system at the discrete level.
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Lemma 5.4.4. Let Assumption [C hold true. Then, f defined by (5.4.3) satisfies Assumption[5.3,
with the primitive function F defined by

F(t,m) = F(tAt, Rp(m)).
Proof. Taking any (t,m1,mz) € T x P(S)?, we have that
F(t,m1) — F(t,mg) = F(tAt, Rp(m1)) — FC(tAt, Rp(m2))

1
B / /er JE@EAL z, Ry(m1 + s(me —ma)))(Ru(me)(x) — Ru(ma)(x))deds

/ ;5 /eBh tAt y,Rh(Tm + S(mg — ml)))dy(mQ(l‘) _ ml(l‘))ds
/ Zf (t,z,my + s(mg —mq))(me(x) — mq(x))ds,
zes

where the second equality follows from Assumption [C] and the linearity of operator Ry, the third
equality comes from the fact that Ry (m) is constant in Bj(x), and the last equality derives from
the definition of f. I

Following the definition of BR. in Sec. we define the best response mapping for (Theta-mfg)):
for any m’ € P(T,S),

BRy(m') = x(m, 1), where o = Vg o HIBy(m') and m = FPy(?).

The GFW algorithm writes as follows.

Algorithm 5.2: Generalized Frank-Wolfe Algorithm for
Initialization: mj € P(T,S);
First iteration: (m},w}) = BRg(m)) ;
for k=1,2,...do
Step 1: Resolution of the partial linearized problem.
Set (mf,wy) = BRg(mf});

Step 2: Update.
Choose A € [0, 1];
Set (my; ™, w ™) = (1= M) (mf, wf) + Ax(mf, of);

end

From now on, all notations introduced in Sections [5.2] and [5.3] for general discrete MFGs will be
restricted to (Theta-mfg)), without the adjunction of the subscript 6. For example, we will denote
by % the optimality gap in Algorithm The following result is our first mesh-independence
principle. Recall that (up,mp) and (uy, mjy) have been introduced in Theorem
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Theorem 5.4.5 (Sublinear rate). Let Assumptions[A{( and condition (CFL) hold true. In Algo-
rithm take A\, = 2/(k +2), for any k > 1. Then there exist two constants Cy and Cy, both
independent of At and h, such that

C
ws o k21, (5.4.6)
and such that
C
ko ko < 0
Huh uhHOO,OO + Hmh thOOJ = \/khT/Q’
1 (5.4.7)
k _ % ko % < C r
||uh uhHOC%OO + ||mh mh||0071 = 09 h + \/HLT/Q )
or any k > 1. In particular, for k > h=4/2) ye have
for any p
[uf; = whlloo,00 + [l = mjlloo1 < 2Ch". (5.4.8)

Remark 5.4.6. Let us emphasize that only the estimate (5.4.6]) is mesh-independent. The estimates

provided in (5.4.7) get worse as h — 0.

The proof of Theorem [5.4.5] is given in Subsec. [5.4.3] It is based on Proposition [5.3.1] more
precisely on estimates of the three fundamental constants C, Co, and C'5. We will derive from these
estimates some estimates of the constants D, D, and ¢ (as defined in ) A key point is
that the estimate of the constant D; is mesh-independent. Our analysis mainly relies on a stability
result for the discrete Fokker-Planck equation, for the ¢?-norm.

In order to establish mesh-independent estimates of Do and c, so as to have a mesh-independent
linear rate of convergence, we need to establish an ¢*°-estimate for the discrete Fokker-Planck,
assuming that the involved vector field v derives from a value function u. In the continuous case,
such an estimate is relatively easy to deduce from the semi-concavity of u. The transposition of this
analysis to a discrete setting is quite delicate; our analysis is restricted to the case of a separable
running cost (with respect to the control variables).

A function I: R? — R is said to be semi-concave if I(x) — L|z||?/2 is concave, for some L > 0.
This definition makes no sense when [ is a function defined on torus. In fact, one can check that a
periodical function is concave if and only if it is constant. Besides the previous definition, a second
one based on a quadratic inequality is introduced in [CS04) Def. 1.1.1] for functions on an open set.
We use the latter one for our definition of semi-concavity on a torus and its discretization.

Definition 5.4.7. [Semi-concave functions on the torus] Let L be a positive constant. A function
1¢: T — R is said to be L-semi-concave if

r+y)+1(z—y)
2

lC
i (2) > ~Llyl?, VY, yeTw (5.4.9)

Remark 5.4.8. If a function [¢: T? — R is C2, then it is semi-concave, as can be easily verified.

We consider the following assumption.

Assumption D. The following holds:
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1. Semi-concavity. There exists L¢ > 0, such that for any (t,v,m) € [0, 1] xR?x D with ||v|| < M,
the functions ¢¢(t, z,v), f°(t,x, m), and g°(x) are L -semi-concave with respect to x.

2. Separability. There exist functions £5: Q x R — R for ¢ = 1,2,...,d, such that for any
(t,z,v) € Q x RY,

d
ot mv) = Lt v,
i=1
where v; is the i-th coordinate of v.

In the next theorem we establish a linear and mesh-independent rate of convergence for the
GFW algorithm with the line-search rule (5.3.6)).

Theorem 5.4.9 (Linear rate). Let Assumptions[A{D and condition (CFL]) hold true. In Algorithm
set A\ with the rule (5.3.6)), for all k > 1. Then there exist three constants cg € (0,1), Cyp >0
and Cy, independent of At and h, such that

Y < Cocp, Yk >1, (5.4.10)
and such that

~ k/2
lufy = unlloo,o0 + mf; = malloo,1 < Cocy,

5.4.11)
* * ~ k (
I = oo+ 1y = milloc,s < Co (W7 + /%)
for any k > 1. In particular, taking k > 2rlog(h)/log(cy), we have
l[uf — uflloo,00 + [Mf — M ||oo,s < 2Cph". (5.4.12)

Note that both estimates (5.4.10)) and ((5.4.11]) are now mesh-independent. The proof of Theorem
5.4.9)is given in Subsec. [5.4.4]

5.4.3 Proof of the sublinear rate of convergence

We prove in this section Theorem Assumptions [A}C] are supposed to be satisfied all along
the subsection, as well as the condition (CFLJ). Our analysis relies on an energy estimate, obtained
in Lemma [5.4.10] which allows us to find first estimates of the convergence constants C1, Cs, Cs,

Dy, and D2 (in Lemma [5.4.11)).

We define the forward discrete gradient as follows:

v(x + he;) — u(w))d

Viv(z) = ( A , Vv e R(S), Vz € S.

i=1

Lemma 5.4.10 (Energy estimate). Let € R(T x S) satisfy the following equation.:

{ (Id — o AtAL) pu(t +1) = (Id+ (1 — 0)o AtAL) u(t) — At divy (v(t)u(t)) — At divy, (5,(2)),
1(0) = po,
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where 6,(t) € RY(S) and ||v]|ooco < M. Then,

e 0 1 < 0.00) (ol 4 el 4 oty S Ao
where 2 o2
c(o,0, M) ::1—1—0(29_1) exp (0(29_1)>. (5.4.14)

Proof. We deduce from the proof of [BLP22, Prop. 4.5] that

1
i(Hu(H DIB = (1) + 0o AtV u(t + D)5
—(1 = 0) oAV u(t + 1), Vi u(t)) + At(y +72),

(5.4.15)

where

"= Z (Vipu(t+1,z), p(t, x)), Y2 = Z (Viu(t +1,2),80(t,2)).

z€S zeS
Let g = 0(20 — 1) > 0. Applying Young’s inequality to the right-hand side of (5.4.15), we have
the following inequalities:

~(Tiule+ 1), Vi) < [ Vit + D3+ 5[]

« 1 « M?
< ST+ DI+ oo el < ST+ DI+ 2 o)
o' 2 1 2
1 < S|Vt + D5+ sa 8@
Combining the above inequalities and , it follows that
2 2 M? 2 1 2
e+ D8 = @3+ (1 =0yt (|5 utt+ )= V5 0]3) < (Tl + - 80]3).

Summing the previous inequality over ¢, it follows that for any t € T,

M2AE &
it + DIB <7+ == 3 ()3
7=0

where

v = lloll3 + (1 — O)oAt|V} M0||2+*ZNH5 )
TGT

We deduce from the discrete Gronwall inequality [Cla87] that

2 M2At M>At M? M*
max [|u(t) [, <7+ Ty o exp(Z o ) (1+exp<a1>>‘

teT TET *1

The conclusion follows. O
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We define next two constants Fq and Fj3, both independent of At and h:

c(o,6, M)

c 1 c
By = (0,0, M) (I + 5 IVl ) and By = T2,

A constant Ey will be introduced later on.

Lemma 5.4.11. The constants Cy, Co, and Cs (as defined in (5.3.1)-(5.3.3)) ) satisfy the following
mequalities:
Cy < Eh?, Cy<\/Ci < EYPhY? 5 < E. (5.4.16)

As a consequence, for the constants D1 and Dy defined in (5.3.4), we have

3/2

[2E%2 By

Dy < EiL%, Dy < (1+ L)\ ———Ln-9/t, (5.4.17)
(6%

Proof. The condition (CFL)) implies that

d(l1 —-0)oAt < — <

h2
— . 4.1
. (5.4.18)

N | —

We let the reader verify that
Imoll3 + (1 =)o At[| Vi mo|l3 < ([[m|[Z~ + d(1 — 8)o At]| V|2 ) h?.
Combining the above two estimates, we deduce that
1
Imoll3 + (1 =)o At Vimoll3 < (ImliE~ + 5 IVmlIE ) ne.

Using this inequality in Lemma [5.4.10} applied with §,(¢) = 0 and g = my, we obtain the estimate
of C'1. Then, the estimate of C5 is deduced from Hoélder’s inequality. The estimate of C3 follows

from equality (5.2.8)) and Lemma [5.4.10| by taking pg = 0 and 0, = (v1 — v2)my. Finally, (5.4.17)
follows from ([5.3.4) and the previous estimates. O]

Proof of Theorem [5.4.5 Inequality (5.4.6) directly follows from Proposition and from the
estimate D < ElLfc, with Cy = 8E1L§. Then, using Lemma and the estimate of Dy obtained

in (5.4.17)), we deduce that

EiEBs 1
i L 1443
Il = wnllooco 4 lIm" = mhlloo2 < Dok < 4E1LY(1+ L)y [ = NYIoA

Recall that C* was introduced in Theorem The inequalities in ([5.4.7)) hold true with

_ FE
Cp = max {4E1L§c(1 + L;)\ / #3, C*} .

The theorem is proved. O
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5.4.4 Proof of the linear rate of convergence

We prove in this subsection Theorem Assumptions are supposed to be satisfied all
along the subsection, as well as the condition (CFL)). At a technical level, we look for a more
precise estimate of the constant Co (see Lemma , using an ¢*°-stability result for the map
FPy o VyoHIBy (see Lemma , whose proof is inspired from the continuous case (see for
example [CL18al, Lem. 5.3]). Our analysis begins with a series of technical lemmas which will allow
us to establish the semi-concavity of the value function.

Definition 5.4.12. [Semi-concave functions on S| A function [: S — R s said to be L-semi-concave

if

l(lx+y)+1U(z—y)
2

Lemma 5.4.13. Let L, L1, and Ly be positive constants. The following statements hold:

l(z) > — Lly|?, Vz,y € S. (5.4.19)

1. Let l1: S — R be Li-semi-concave and ly: S — R be Lo-semi-concave. For any A1, Ao > 0,
the function Al + Aaoly is (M L1 + A2 Lo)-semi-concave.

2. Let{l,: S — R}yeq be a family of L-semi-concave functions. Letl: S — R, I(z) = inf,ecq l,(2).
Suppose that for all x € S, it holds that [(xg) > —oo. Then [ is L-semi-concave.
Proof. The first point is obtained by the definition (5.4.19)) and the non-negativity of A\; and As.

Let us prove the second point. Let zp € S. We have [(zp) > —oo. Then for any € > 0, there exists
we € Q such that

Lo, (20 +y) + lu, (0 — ¥) (o +y) + U(xo — y)
9 9

where the second inequality follows from the semi-concavity of [,,.. We deduce the L-semi-concavity

(o) = L, (20) — €= ~L|ylP* —e> — L|iylP* — e,

at the point zg by the arbitrariness of e. O

Lemma 5.4.14. The functions £, f, and g, defined in (5.4.3)), are L¢-semi-concave with respect to
T.

Proof. The semi-concavity of ¢ and g is a direct consequence of their definitions in ([5.4.3]). Let us
prove the semi-concavity of f. By the definition of f in (5.4.3)), taking any t € T, m € P(T,S5),
and x,y € S, we have

f(t,l'—{—y,ﬂ’b) +f(ta$ _yvm)
1 1
— d/ fe(t, 2, Rp(m))dz + d/ fe(t, z, Rp(m))dz
h 2E€B(z+y) h 2€B(z—y)
1
" hd

1
< / 2f%(t, 2 + = Rn(m)) + 2L y|%d=
z€B,L(0)

/ Fo(tx+y+ 2 Ry(m)) + £t x — y + 2 Ra(m))dz
ZEBh(O)

= hd

1

“ia ) s o 202 Rz 2L = 27 (1 2,m) 4+ 2Ly
zebn(x

The conclusion follows. O
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Definition 5.4.15. Let A be a function from R(S) to R. We say that A is translation invariant if
for any X € R(S) and any y € S,

A(X()) = AX( = y))-
Lemma 5.4.16. Suppose that X,Y € R(S) satisfy the following equation for some ¢ > 0:
(Id — cAtAR)Y = X. (5.4.20)
Let A: R(S) — R be a translation invariant function. We have the following statements:
o If A is convexr and l.s.c, then A(Y) < A(X).
o If A is concave and u.s.c, then A(Y) > A(X).

Proof. For any Z € R(S) and y € S, we define 7YZ € R(S) by
TZ() = Z(- —y).

Let v = cAt/h%. We define Sx : R(S) — R(S),

d
1
S — X < h@j 7h6j )
x (1) 71+2d7 +7j§1 T U+ T "

By the proof of [BLP22, Lemma 2.6], Sx is a contraction mapping and Y is the fixed point of Sx.
Suppose that A is l.s.c. and convex. Suppose that p € R(S) satisfy A(n) < A(X). By the
convexity of A, we have

d
A(Sx(p)) < 1—1—12d’y A(X) + 7; <A(Theju) + A(Tfhej'u))
d
- ngd,y A 7D (Al) + Al)) p < AX),

1

J

where the second line follows from the translation invariance of A. Therefore, A(S% (X)) < A(X)
for any k > 1. Since Y = limy_, o S]%(X), by the lower-semi-continuity of A, we have

A(Y) < liminf A(SK (X)) < A(X).

k—o0
For the case where A is u.s.c and concave, it suffices to apply the previous result to —A. ]
Lemma 5.4.17. Let X,Y € R(S) satisfy . Then, the following statements hold.
1. Mazximum/minimum principle:
min X () <minY (z) < max Y (z) < max X(s).

zeSs zeS €S zeS
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2. Conservation of the mass:

V()= X(s).

zeSs z€eSs

3. Conservation of the Lipschitz constant: If X (x) is L-Lipschitz, then Y (x) is L-Lipschitz.

4. Conservation of the semi-concavity constant: If X (x) is L-semi-concave, then'Y (x) is L-semi-
concave.

Proof. We use Lemma for the proof. The key point is the choice of the translation invariant
function A in Lemma Keep in mind that the maximum (resp. minimum) of a family of
linear functions is l.s.c. and convex (resp. u.s.c. and concave) in finite dimensions.

For point (1), it suffices to take A(X) = minges{X(x)} and A(X) = max,ecs{X(x)}. For point
(2), we take A(X) = > g X(z). For point (3), we take

X - X
A(X) = max max (z+9) (z) .
z€S yeSy£0 llyl|

Finally, for point (4), we take

ACX) = max max X(z+y) —|—X(a:2— y) — 2X (x)
z€S yeS,y#0 ||yH

The conclusion follows. O

Lemma 5.4.18 (Semi-concavity of the value function). Let Assumptions[A] [D|(1) and condition
(CFL) hold true. Then for any m € P(T,S), the unction u = HIBg(m) is 3L -semi-concave with
respect to x.

Proof. Observe that HIJBy(m) is equivalent to the formulation below:
( (Id — Qo AtAp)u(t+1/2) = u(t + 1);
u(t, r) = Atinf),<pr {f(t,x,m(t)) + 0t z,w) + (w, Viu(t +1/2, :c)>}

(5.4.21)
+(Id+ (1 = 0)oAtAp)u(t +1/2)(z), Vx € S,

u(T,x) = g(x), Vo e S.
We prove the lemma by induction. For t = T, by the terminal condition, it is obvious that

T,xz)>

- LcHy”27 vz, Y€ S.

Suppose that for some t € 7, we have

u(t +La +y) +ult+ L —y)
2

Since u(t + 1) and wu(t + 1/2) satisfy the implicit scheme ([5.4.20)), by Lemma [5.4.17|(4), we have

u(t +1/2,2 +y) +ult +1/2,2 — y)
2

u(t+1,z)> —(2(T =1 —t)At + 1) L¢||y|%, Vo, y e S.

uw(t+1/2,x) > — (2T —1—-t)At+ DL y|*  Vx,yes.
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Let ' = (1 — §)oAt/h%. The second equation in (5.4.21)) can be written as follows:

= inf w\by L),
u(t, x) lennng (t,z)

where

d

lo(t,z) =(1 — 2dr u(t + 1/2, 2 +Z(r i

=1

2h> (t+1/2,2 + he;)

+ Z (r - 7) t4+1/2,2 — hey) + At(f(t, z,m(t)) + £(t, 2, w)).

By condition (CFL|), the coefficients of the above equation are positive for any ||w| < M. Then by
Lemma [5.4.13{(1), the semi-concavity of u(t+1/2,-), f, and ¢, we have that [, is (2(T —t)At+1)L*-
semi-concave. Since u(t,z) > —oo for any x € S, we deduce from Lemma [5.4.13|(2) that

u(t,r +y) +ult,x
2

ut,z) > Y 1 nart DElE Yoy esS.

The conclusion follows by induction. O

We have the following regularity result for the discrete Hamiltonian H (defined in (/5.4.4))).

Lemma 5.4.19. Let Assumptions [4] and [D(2) hold true. Then, for any (t,z) € T x S and
Ipll < Vd(L§ + LS + L),

d c d
H(t,w,p) =Y H{(tAt,z,p;), Hp(t,x,p):<aaHi (mt,x,pi)) : (5.4.22)

i=1 ‘ i=1
where p; is the i-th coordinate of p and

H{(t, 2, p;) = sup —vip; — 45 (¢, @, v;). (5.4.23)
(%

Moreover, 6 (tAt x,p;) s L§/ac-Lipschitz with respect to x.

Proof. Equality is from [BLP22, Lemma 5.1] and the separable form of ¢¢. The Lipschitz
continuity of A s proved with the same argument as the one the proof of [BLP22, Lemma 2.7]. [

Lemma 5.4.20 (Lipschitz continuity of the value function). Let Assumption [A| and condition
(CFT) hold true. For anym € P(T,S), let u=HIBg(m) and v = Vy(u). Thenu is (L{+LG+Lg)-
Lipschitz with respect to x and ||V||sc,00 < M.

Proof. See [BLP22, Lemma 4.3]. O

Lemma 5.4.21 ({*-stability). Let Assumptions[A] [0} and condition (CFL) hold true. Then,

(LS + 6L
sup  [FPy o Vi o HIBy(1)]oo 0 < exp <(f)> 1mo]|oc.
neP(T,S) @
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Proof. Let u € P(T,S), let u = HIBy(u), let v = Vy(u), and let m = FPy(v). Observe that
m = FPy(v) is equivalent to the formulation below:

m(t+1/2) = (Id+ (1 — 0)o AtAR)m(t) — Atdivy (v(t)m(t));
(Id — 0o AtAL)m(t+1) = m(t + 1/2); (5.4.24)
m(0) = my.
Let us first compare ||m(t + 1/2,-)||c and ||m(t + 1,-)||s. Since m(t + 1) and m(t + 1/2) satisty
the implicit scheme (5.4.20), by Lemma [5.4.17|(1), we have
[m(t +1,)loo < [lm(t +1/2,)|oo- (5.4.25)

Then, we compare ||m(t,-)||oo and ||m(t +1/2,)||co- Let ' = (1 — §)cAt/h?. The first equation in
(5.4.24]) shows that for any (¢,2) € T x S,

d
m(t+1/2,2) = (1 - 2dy)ym(t,2) + Y <7' - AtW) m(t, z + he;)
i=1

d vi(t,x — he;)
+ Z (’y' + Atz’2h1> m(t,z — he;).

i=1
Condition (CFL|) implies that all the coefficients in the above equation are positive. Therefore, for
any (t,z) € T x S,

m(t+1/2.0) < (1—At2”’”+h€”;h "(’L’w")>u (Yo = (1~ Atdivyo) [, )
- (5.4.26)

By Lemma [5.4.20 and Lemma [5.4.17(3), we have | Vyu(t + 1/2,2)| < Vd(L§ + LS + Lg) for any
(t,z) € T x S. Then, formula (5.4.22) implies that

d
1 Hf
—divpu(t,z) = o g 8(9 “(tAt, x + hei, (Viu(t +1/2, 2 + he;));)

8H ¢
31%

L(tAt,z — he;, (Vau(t +1/2,2 — he;));)
(5.4.27)

_ AL OH¢
<— 2hz 8p2 (tAL, z, (Vau(t +1/2,2 + he;));)

aHC
Op;

L(tAt z, (Viu(t + 1/2, 2 — he;))s),

where the last inequality follows from the Lipschitz-continuity of %—? with respect to x (established

. . : .. OHES . . .
in Lemma [5.4.19)). Since H{ is convex on p;, the derivative op. 18 non-decreasing with respect to

p;. Furthermore, we know that %—g; is 1/a-Lipschitz on p; by the strong convexity of ¢¢. It follows
that for any (¢,z) € Q and p},p? € R,

He H¢ 1
Taittah) = Gl ) < maxfo, St - ) |
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Applying the above inequality to (5.4.27])), we have

d
dL§ 1
£ Z max {0, (Vpu(t +1/2,2 + he;)); — (Vau(t +1/2,2 — he;))i}
=1

—di t,x) <
ivpo(t,z) < e T 3am 2

+¥, 4h?

d
drLe 1 1/2, 2 + 2he; 1/2,2 — 2he;) — 2 1/2,
_ 4 Zmax{(),u(t+ /2,x + 2he;) +u(t +1/2,x — 2he;) — 2u(t + 1/ x)}
o i=1

By Lemma [5.4.18| for any (t,z,y) € T x S? and y # 0, we have
uwlt+1/2,z4+y) +ult+1/2,2 —y) —2u(t +1/2,2)

Tl < 617

Taking y = 2he;, it follows that

d(LE +6L°
“divyo(t,a) < QLT OLT), (5.4.28)
«

Combining (5.4.25)), (5.4.26)), and (5.4.28)), we have
d(LS + 6L°)
aC

HMHmwu§Q+At e, Yoo

Since At = 1/T, the conclusion follows. O]

We are now ready to derive an improved estimate of Co (in comparison with the one in (5.4.16])).
We define the constant Ey as follows:

d(L5+6L°
Ey = exp <(€+)> ”mSHL‘”-

aC
It is independent of At and h.
Lemma 5.4.22. The constants C1, Ca, and Cs defined in (5.3.1)-(5.3.3) satisfy the following

inequalities:

Cy < E1hY, Co < Eyh?, Cs < Es. (5.4.29)
As a consequence, for the constants defined in (5.3.4)), we have
2E1E2E3L; af 1
Dl S ElL?, D2 S (1 -+ L?) T, C S Cp ‘= max 1-— m s 5 . (5430)

Proof. The estimates of C; and Cj are the same as in (5.4.16)), and the estimate of C5 is a direct

consequence of Lemma [5.4.21{ and the regularity of mg. Then ((5.4.30) is deduced from ([5.4.29) and
(15.3.4]). O

Proof of Theorem [5.4.9. Inequality (5.4.10) holds true with Cy = 4F1L%, as a direct consequence
f

of Proposition Inequality (5.4.11]) is established in similar fashion to inequality (5.4.7). It
holds true with

c

_ 2FEyF N
Cyp = max {2E1L§c(1 + L(;c) Of 3 , C } .
The theorem is proved. ]
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5.4.5 Discussion on convergence constants

In this subsection, we study the dependence of the convergence constants Cy and ¢y (appearing
in Theorem l with respect to the viscosity parameter o and the Lipschitz constant L‘Ji of the
coupling term f€. First, let us recall the constant ¢(o, 8, M), introduced in ([5.4.14]),

M? M?
(0,6, M) = 1+ "5y &P <g(29— 1)) ‘

It is not difficult to see that ¢(o, 0, M) decreases and converges to 1 as o goes to +00. The constant

FE5 is independent of o and L; by its definition (assuming that the change of L; has no impact on
the semi-concavity constant of f¢).
By the proofs in the previous subsection, we can give the following explicit formulas of Cy and

¢p in Theorem (without using E; and Ej3):

1 ocat(20 — 1 1
Co = el M5 (Il + 5Vl ). Cezmax{1—4c i/ }

(0,0, M)LSE, " 2
(5.4.31)

Lemma 5.4.23. For the constants in (5.4.31)), we have the following.
1. Fiz L and 0. There exists 0™ > 0 and C7 > 0, such that for any o > o*, we have

x 1 1
6o < 0 (Il + Vsl ) o=,

2. Fix 0 and 0. There exists L* > 0 and C5 > 0, such that for any L < L*, we have

x 1 1
O < 03 (Il + Vsl ) o=,

Proof. Point (1) follows from the monotonicity of ¢(o,0, M) w.r.t. o and the fact that M is inde-
pendent of 0. We can take C7 = 5L for example. To prove (2), we first notice that if L{ <1, then
M < M*, where M* is defined by , replacing L} with 1. The monotonicity of ¢(o,6, M)
w.r.t. M shows that ¢(o,0, M) < ¢(o,0, M*). Since ¢(o, 0, M*)L; goes to 0 as L} goes to 0, we
prove the existence of L*, and C5 = 4¢(o, 6, M*)L*. O

From the proof of Proposition we know that ¢y = 1/2 implies that A\, = 1 for any k£ > 0.
In other words, Algorithm is equivalent to the so-called best-response iteration, i.e., for any
k>0,
(mk—H’ wk—l—l) _ BR@(mk)

Combined with Lemma [5.4.23] we have the following observations.

1. High-viscosity case: let L; be fixed, if o is large enough, then the best response iteration has
a linear convergence rate with a factor 1/2.

2. Weak-coupling case: let o be fixed, if ch is small enough, then the best response iteration has
a linear convergence rate with a factor 1/2.
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5.5 Numerical tests

5.5.1 Problem formulation

In this section, we consider an example of in dimension one. We identify the torus with
the segment [0, 1]. The initial distribution is concentrated around the point 0.5, the running cost
is a quadratic function of the control, and the terminal cost g(x) decreases to 0 as = goes to zero.
Additionally, we consider a non-local congestion term which penalizes the density of the agents
within the intervals [0.2,0.3] and [0.7,0.8]. We will refer to [0.2,0.3] U [0.7,0.8] as the congestion-
sensitive zone.

To model this situation, let us introduce the functions ¢4 € C*°(R) and ¢4 1,1, € C(R),
parameterized by A > 0, k£ > 0, 0 <[y < ls < 1 and defined by

pak(z—1h), ifx<l,
PAkiil(T) =1 Ae”! ifl; <z<ly,

vak(x —12), otherwise.

Aefm, if 2] < 1,

pak(z) = {

0 otherwise,
The data of our one-dimensional MFG is parameterized by five positive numbers a1, ao, kg, k1, and
ko and defined by: For any (¢,z) € @, any v € R, and any m € D(T),

o (°(t,x,v) = %1)2;

o m§(x) = D1,10,049,051(T)/[|D1,k0,0.49,0.51 |1 5

® 9°(T) = Pay oy, 1 /by 11k (T);

1

o fo(t,z,m) = he(x) [; h*(y)m(y)dy, where he(x) = ¢y k,,0.24,0.25(T) + Pas ks,0.75,0.76 ().

We take a1 = 2, ap = 20, kg = 10, k1 = 3, and ko = 20. The functions mg, ¢¢, and h¢ are shown in

Figure Moreover, we fix the viscosity coefficient o = 0.02 .

Data

— g

12 A
mg

101

Value
[=)]

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 5.1: Data of the one-dimensional MFG with a1 = 2, as = 20, kg = 10, k1 = 3, and ko = 20.
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We can verify that this one-dimensional MFG satisfies Assumptions [A] [C] [D] with the constants
in Assumption [A] satisfying

2
a“=1, Lj=0, L;<ak L‘3<a2k2
) ¢ ) g = U1h1, > P

Furthermore, [BLP22, Assumption C, Appx. B] holds true for this example, which implies Assump-
tion [B] for any r < 1 by [BLP22, Thm. B.2].

5.5.2 Results

For the discretization of the system, we first choose the parameters

h2
=08, h=1/300, and At=_——— =1/720,

2(1—-6)o
and we present the outcome of Algorithm after 1000 iterations of the GFW algorithm,
for step-sizes determined by line-search. For a better interpretation of the result, we also present the
solution of the problem obtained by removing the congestion term f€¢, which is a simple stochastic
optimal control problem that can be solved in one iteration of the GFW method.

We present the equilibrium distribution of the agents in Figure (without congestion term
on the left, with congestion on the right). Note that the vertical axis corresponds to the time
variable and is oriented downwards. We also present the restriction of the equilibrium distribution
to the time interval [0.2,0.8] in Figure with another color scale. As the time progresses, the
agents are transported towards the target points 0 and 1. The congestion term leads to a reduced
density in the congestion-sensitive zone: We see two dark blue vertical areas corresponding to this
zone. We also see that at time ¢ ~ 0.35, a significant part of the agents is still located around 0.5
and has not crossed yet the sensitive zone, in comparison with the case without f¢. Similarly, we
present the optimal control v in Figure (without congestion term on the left, with congestion
term on the right). Unsurprisingly, the agents must have a high velocity (in absolute value) in the
sensitive zone. It is interesting to see that for ¢ close to zero and for the agents not that close to
0.5, there is an incentive to “rush” to the sensitive zone. Finally, we display the value functions for
the two problems in Figure In the present setting, note that the optimal control is the discrete
gradient of the value function.

We next investigate the convergence of Algorithm (for the same discretization parameters
as above). We execute Algorithm with 1000 iterations, utilizing the open-loop choice A\, =
2/(k+2) and the closed-loop choice (referred to as the line-search method). We present the
convergence results in Figure . Evaluating g, equal to J(my,wy) — J(m,w) by definition, is
difficult since the exact solution (m,w) is not known. On the other hand, the quantity 7j, which
serves as an upper bound of v by can directly computed in view of its definition, based
on (myg,wy) and (mg,wy). Therefore, instead of evaluating -y, we display the evolution of 7y, see
Figure [5.4. The two figures of Figure [5.4] are the same, with different scales for the horizontal
axis. In the left part of Figure we see that Algorithm exhibits a convergence rate of order
O(1/k*) for the choice A\ = 2/(k+2), which is better than the theoretical convergence rate O(1/k)
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(b) Comparison of distributions in the time horizon [0.2,0.8]: the case without f¢ (left), the case with f¢ (right).

Figure 5.2: Distributions
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(b) Comparison of value functions: the case without f¢ (left), the case with f¢ (right).

Figure 5.3: Optimal controls and value functions
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obtained from (/5.3.5)). In the right part of Figure a linear convergence rate can be observed for

the line-search case, as predicted in ([5.3.7)).
Finally, we present numerical results concerning the mesh-independence of Algorithm[5.2]applied

to (Theta-mfg). To see this, we discretize the state space with steps sizes: h = 1/250, h = 1/500,
and h = 1/1000. The corresponding step sizes for the time space are: At = 1/500, At = 1/2000,
and At = 1/8000. The convergence results associated with these discretization steps are displayed
in Figure 5.5l From the left part of Figure [5.5] it can be observed that the convergence rate of
Algorithm remains unaffected by the choice of h when Ay = 2/(k + 2). The right part of
Figure [5.5] shows that the convergence rate of Algorithm [5.2] can even benefit from a refinement
of the discretization parameters in the line-search case. These results are consistent with mesh-

independence properties outlined in Theorems and

Frank-Wolfe gap value (semilogy)
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#— line_search

Frank-Wolfe gap value (log-log)

W —¥— A=2/(k+2)
9 line_search

o1 .

10 —e— —— order k™%

10-11 4

%
10711 4 \\N
10713 4 >

10-13 4

10-15 4

10-15 4

10° 10! 10? 103 0 200 400 600 800 1000

Number of iterations

Figure 5.4: Convergence results of Algorithm |5.2
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Figure 5.5: Mesh-independence property of Algorithm
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différences finies

Résumé : Cette thése traite de I'analyse numérique et
des méthodes pour les probléemes d’optimisation et les
jeux potentiels impliquant un grand nombre d’agents. Nous
considérons des modeles asymptotiques obtenus par une
approximation de champ moyen; ils présentent des pro-
priétés de convexité d’un grand intérét. Nous nous concen-
trons sur les problémes d’optimisation agrégative de grande
dimension, pour lesquels la fonction colt dépend d’un terme
d’agrégat, qui est la somme des contributions des agents a
un bien commun. Nous nous concentrons également sur
des modéles potentiels de jeux a champ moyen (MFG), qui
sont des modeles asymptotiques pour les jeux différentiels.
La thése comporte quatre contributions.

1) Nous proposons une relaxation de type champ moyen
pour les problemes d’optimisation agrégative, obtenue par
randomisation. Une estimation d’ordre O(1/N) du saut de
relaxation est démontrée, ou N représente le nombre d’indi-
vidus. Nous développons et prouvons la convergence d’'une
variante stochastique de l'algorithme de Frank-Wolfe, ap-
pelée algorithme SFW, pour résoudre le probléme agrégatif
original.

2) Nous formulons une classe générale de problémes d’op-
timisation impliquant un ensemble de distributions de pro-

Titre : Analyse numérique et méthodes pour les problémes d’optimisation de type champ moyen
Mots clés : Commande optimale ; Champ moyen ; Equation de Fokker-Planck ; Algorithme de Frank-Wolfe ; Schéma de

babilités avec une marginale prescrite, égale a m. Nous les
appelons problémes d’optimisation a champ moyen (MFO).
Notre cadre contient les problemes agrégatifs relaxés ainsi
que certains MFGs potentiels en formulation lagrangienne.
Nous démontrons un résultat de stabilité par rapport a
une perturbation de m. Nous en déduisons une estima-
tion d’erreur pour une méthode numérique reposant sur une
discrétisation de m et I'algorithme SFW.

3) Nous introduisons un nouveau schéma de différences
finies, appelé théta-schéma, pour résoudre les MFG mo-
notones du second ordre. Nous donnons un résultat de
convergence précis pour le théta-schéma, d’'ordre O(h"),
ou h est le pas de discrétisation en espace et r € (0,1)
est lié a la continuité de Holder de la solution du probleme
continu et de certaines de ses dérivées.

4) Nous considérons la résolution de MFGs potentiels du
second ordre avec l'algorithme de Frank-Wolfe généralisé,
combiné avec le théta-schéma. Nous prouvons des taux de
convergence sous-linéaire et linéaire pour cet algorithme.
Plus important encore, ces taux posseédent la propriété
d’'indépendance au maillage, c’est-a-dire que les constantes
de convergence sont indépendantes des parametres de
discrétisation.

Abstract : This thesis deals with the numerical analysis
and methods for optimization problems and potential games
involving a large number of agents. We consider asymptotic
models obtained through a mean-field approximation ; they
exhibit convexity properties of great interest. We focus on
large-scale aggregative optimization problems, for which the
objective function depends on an aggregate term, which is
the sum of the contributions of the agents to some common
good. We also focus on potential Mean Field Game (MFG)
models, which are limit models for differential games. The
thesis consists of four contributions.

1) We propose a mean-field relaxation for aggregative opti-
mization problems, obtained by randomization. The relaxa-
tion gap is estimated to be of order O(1/N), where N re-
presents the number of individuals. We develop and prove
the convergence of a stochastic variant of the Frank-Wolfe
algorithm, called SFW algorithm, to address the original ag-
gregative problem.

2) We formulate a general class of optimization problems
involving a set of probability distributions with a prescribed
marginal m. We call them Mean Field Optimization (MFQO)

Title : Numerical analysis and methods for mean-field-type optimization problems

Keywords : Optimal control ; Mean fields ; Fokker-Planck equation ; Frank-Wolfe algorithm ; Finite difference scheme

problems. Our framework contains the relaxed aggregative
problems as well as some Lagrangian potential MFGs. We
demonstrate a stability result with respect to perturbations
of m. It enables us to derive an error estimate for a nume-
rical method relying on a discretization of m and the SFW
algorithm.

3) We introduce a novel finite-difference scheme, called
theta-scheme, for solving monotone second-order MFGs.
We give a precise convergence result for the theta-scheme,
of order O(h"), where h is the step length of the space va-
riable and r € (0, 1) is related to the Holder continuity of the
solution of the continuous problem and some of its deriva-
tives.

4) We consider the resolution of potential second-order
MFGs with the generalized Frank-Wolfe algorithm, combi-
ned with the theta-scheme. We prove a sublinear and a
linear rate of convergence for this algorithm. More impor-
tantly, these rates possess the mesh-independence pro-
perty, i.e., the convergence constants are independent of
the discretization parameters.
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