OPTIMAL CONVERGENCE RATES FOR THE FINITE ELEMENT
APPROXIMATION OF THE SOBOLEV CONSTANT

LIVIU I. IGNAT AND ENRIQUE ZUAZUA

ABSTRACT. We establish optimal convergence rates for the P1 finite element approximation
of the Sobolev constant in arbitrary dimensions N > 2 and for Lebesgue exponents 1 < p < N.
Our analysis relies on a refined study of the Sobolev deficit in suitable quasi-norms, which
have been introduced and utilized in the context of finite element approximations of the p-
Laplacian. The proof further involves sharp estimates for the finite element approximation of
Sobolev minimizers.

1. INTRODUCTION

This paper is devoted to the study of the P1 finite element approximation of the Sobolev
constant

Dul|r»
(1.1) S(p,N) = inf 1Dl )
u€Whp(RN) ||U||Lp*(RN)

Y

which ensures the validity of the optimal Sobolev inequality

(1.2) vl o= mvy < S(p, N)||[Dul| Lrrny, Yu € WP(RY),
in dimensions N > 2 and for exponents 1 < p < N, where
Np
1.3 * =
(1.3 A

denotes the Sobolev conjugate of p.

When 1 < p < N, the minimum constant S(p, N) is attained on an (N + 2)-dimensional
manifold M, see [2, 20]. The case p = 1, which involves distinct features and will not be
addressed in this work, was treated in [I3], (18], where the sharp constant was determined.

The Sobolev constant plays an important role in various areas including, of course, existence
and regularity of solutions for nonlinear PDE.

For the purposes of numerical analysis, we restrict our attention to bounded domains. To
simplify the presentation, we consider the unit ball B ¢ RY with N > 2, equipped with a finite
element mesh of characteristic size h. Let V}, denote the corresponding finite-dimensional sub-
space of VVO1 P(B), consisting of P! finite element functions on B that are continuous, piecewise
linear, and vanish on the boundary. These functions are extended by zero outside of B. A
precise construction of V}, is provided in Section [2]

Sobolev’s inequality still holds in W,”(B), with the same sharp constant (see for example
[1]), but, in this case, the infimum is well-known not to be achieved:

D1
(1.4) S N) = g DUl
ueW,?(B) ||U||Lp*(RN)
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Obviously, the same inequality holds in the finite-element subspace V}, as well, with the follow-
ing, slightly larger, minimal constant

(1.5) Su(p, N) := min I1Dunllprey
wn€Vi |[unl| Lo @y
Obviously
(1.6) Su(p, N) > S(p, N).
In view of the convergence properties of finite element methods one can also prove that
(1.7) Sn(p,N) = S(p,N), ash — 0.

Our goal here is to provide sharp convergence rates. This is relevant, of course, for the ob-
tention of sharp finite element convergence rates for PDE solutions in which the continuous
analysis relies on the fine use of the Sobolev inequality. This problem was already addressed
by Antonietti and Pratelli [1] for p = 2, N = 3, who proved suboptimal convergence rates.

This kind of problems has been previously considered in a number of related contexts. In
particular, the answer is well-known for Poincaré’s inequality, related to the first eigenvalue of
the Laplacian in a bounded domain Q of RN, N > 1, defined as

Jo | Dul?dx

The corresponding finite element approximation is defined as

o |DuyPdx
Ain(Va) = inf T addr

and it is well known to satisfy [7, Prop. 6.30, p. 315], [3, Section 8, p. 700]:
Ain(Va) = M(Q) 2 d(¢, Vi) = inf ¢ — unlln ) ~ b7,
up VR

where ¢ € Hj(Q) is the first eigenfunction associated with A;(€2). In this case the optimal
convergence rate is given by the H'-distance d(¢,V},), the distance form the first continuous
eigenfunction (normalised to one in HJ(f2)). This distance turns out to be of order h given
that ¢ belongs to H}(Q) for 2 smooth or convex.

Poincaré’s inequality can be seen as the simplest instance of the type of problems addressed in
this work: determining convergence rates for the finite element approximation of key constants
in the functional analysis of PDEs. In the Poincaré setting, the minimum is attained by the
first eigenfunction of the Laplacian, which is unique up to normalization in Hj (), and the
problem is of linear-quadratic nature.

In contrast, the Sobolev inequality presents a genuinely nonlinear character. In bounded
domains, the infimum is not attained, although explicit families of minimizing sequences can
be constructed via scaling from the exact minimizers in R". Our main objective is to develop
and combine the necessary tools to fully address this more intricate setting, while building a
broader methodology that could also be applied to related problems, such as those involving
Hardy constants (see [11]).

The main result of this paper is the following optimal converge rate:.

Theorem 1.1. Let N > 2 and 1 < p < N and V}, the space of P1 finite elements space in the
unit ball B. Then

(18) Sh(pv N) _S<p7N) :ha(pJV)a



where

2(N —p)
1. N)=—-"2
(1.9) ol N) = § 353

We compare our results with the earlier work of Antonietti and Pratelli [I]. In the specific
case p = 2 and N = 3, they established the estimate

(1.10) R < Sh(2,N) — S(2,N) < ht/3,

for some exponent v > 2 - (26)2/3. In contrast, we prove the sharp convergence rate h?/3,
which improves upon the upper bound h'/3 obtained in [I]. Moreover, our result is shown to
be optimal, as we also establish a matching lower bound.

Our proof, which also lays the foundation for a systematic methodology to address similar
problems, relies on several novel ingredients:

e The first key ingredient in our proof is the Sobolev deficit

s) = WPUlrE g0 Ny e it Y,
[l Loy
Building on the analysis developed in [I5], we adapt this concept to the P1 finite
element setting. However, as we will show, this adaptation alone is insufficient, as it
yields suboptimal convergence rates.
e Achieving sharp convergence rates requires the use of quasi-norms introduced in the
context of finite element approximations of the p-Laplacian [4, 12]. These quasi-norms
play a crucial role in capturing the nonlinear structure of the problem with the necessary

accuracy.
Let us recall that in the finite element setting, when approximating solutions u of the continuous
p-Laplacian problem, the error is not measured in the classical WP-norm. This norm would
require W?2P regularity of the solution, which is generally not available. Instead, the error is
measured in quasi-norms specifically adapted to the function u, namely:

fu = vl = ( / (IDu] + |D(u = v)[)| D(u - v>|2da:) "

This tool, introduced in [4, [12], allows to handle the degeneracy of the p-Laplacian, in order to
obtain sharp error bounds.

The key idea underlying the proof of Theorem is to derive optimal convergence rates by
exploiting a form of Taylor expansion for the Sobolev deficit:

(1.11) S(u) ~ f(d(u, M), ¥ u with 6(u) << 1, || Dul| o) = 1,

where f is a suitable function and d denotes a suitable distance to the manifold M.
The classical approach (see [I5]) in studying the deficit is to obtain a lower bound of the type

(1.12) o(u) 2 f(d(u, M)),

for d(u,v) = ||D(u — v)|| s~y and f(s) = s™*>{2P} However, as we shall see below, when
proceeding this way, the obtained upper counterpart is of order min{2, p}. The obtention of
sharp bilateral bounds of the same order requires to replace the Sobolev distance by the quasi-
norms above. In fact, in [14], for the particular case p > 2, a variant of the quasi-norm above
is also employed.

One of the main contributions of the present paper is to carefully adapt these methodologies
to the distance defined by the quasi-norm: d(u,v) = |u — v|,2 (see Lemma [.1)). This together
with the upper bound in Lemma gives us an estimate of the type (1.11)).
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As mentioned above, the results in [I] are suboptimal due to two key limitations: they rely
on a version of where the distance is defined by the weaker norm d(u,v) = |u— vz @),
and they employ only a one-sided estimate for §(u), in contrast to the two-sided expansion used
in (1.11)).

The proof of Theorem is structured as follows:

e We begin by establishing the upper bound. To this end, we consider wy j, the projection
of a minimizer Uy € M (with A > 0) onto the finite element space V},. Using the estimate
Muan) S f(d(u,\h, UA)), we then evaluate the distance d(uy p, Uy) in terms of the mesh
size h. Optimizing with respect to the parameter \ yields the desired upper bound for
the difference Sy, (p, N) — S(p, N).

e To establish the lower bound, we consider the discrete minimizer u;, € V},, for which
d(up) = Sp(p, N) — S(p, N) is known to be small when h is small. A concentration-
compactness argument ensures the existence of a minimizer U, € M such that §(uy) 2
f (d(uh, Uh)). The final step consists in deriving a sharp lower estimate for the distance
d(uh, U h)-

When the estimates for the Sobolev deficit are used in the classical framework — i.e., in terms
of the W1P(RY)-norm, as in [I5] — rather than via the quasi-norms introduced above, it is still
possible to obtain lower and upper bounds. However, these bounds are not sharp. Specifically,
this approach yields:

Proposition 1.2. In the setting of Theorem|I.1

(1.13) NI} < 5y (p, N) = S(p, N)  h®)mintzed,
where
N—p
1.14 v(p,N) = ——— = .
(114 #.N) N +p(p—-2)

When p =2 and N > 3, Proposition above yields the same sharp result as Theorem [I.1],
namely

Sn(2,N) — S(2,N) =~ h*" .
Our results lead also to some interesting and challenging questions:
e Sharper asymptotics. A natural question that arises is whether the lower and upper
bounds can be refined to identify the exact limit
lim o=@ (S, (p, N) — S(p, N)).

h—0

In a weaker form, one could instead aim to derive sharper, explicit estimates for the
multiplicative constants in the asymptotic unilateral bounds, namely:

lim h=*®M (S, (p, N) — S(p, N))

h—0
and

lim A= *®N(S,(p, N) = S(p, N)).

h—0
It is worth noting, however, that achieving such refinements may require significant
further developments and new technical tools. Moreover, the precise behavior of the
asymptotics could depend sensitively on the geometric properties of the finite element
mesh.
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o General domains. Our analysis is limited to the case of the ball B to simplify the
presentation. But it can be extended to any bounded, Lipschitz domain which is star-
shaped with respect to an internal ball. Also, the same problem could be formulated
and analysed for more general finite-element methods. We refer to [I, Remark 3, 4]
for a review on the possible extensions one could pursue. One could also consider the
problem of the finite element approximation in the whole space R¥.

e Case p = 1. The case p = 1 is even more interesting since the set of minimizers is
totally different in this case, Ay g, with A € R and for some ball B. They do not belong
to WHHRY) but BV (RY), see [9, [16].

The paper is organized as follows:

e In Section [2] we present in detail the finite element method under consideration and
establish some preliminary results on the finite element approximation.

e Section |3| reviews existing work and methodology related to eigenvalue approxima-
tion. This classical approach is sufficient to derive upper bounds for the numerical
gap Sp(2,N) — S(2, N) without resorting to the Sobolev deficit.

e In Section [, we recall known results on the Sobolev deficit and demonstrate how the
framework developed in [15] can be adapted to our setting to prove Theorem . We also
derive an upper bound on the Sobolev deficit in terms of quasi-norms (see Lemma.
Furthermore, we analyze the class M of minimizers in Sobolev’s inequality (see [2], 20])
to obtain estimates of their Sobolev norms inside and outside the unit ball, and to
quantify their distance to the finite element subspace V.

e Section 5| contains the complete proofs of the main results. We begin with the proof
of Proposition [1.2| which addresses the core difficulties of the problem, and proceed to
establish the sharp convergence result stated in Theorem [I.1]

e Finally, the Appendix collects the proofs of several technical results that play a crucial
role in the main arguments of the paper.

2. PRELIMINARIES ON FINITE ELEMENTS

2.1. The finite element basis. Let us consider Q a polyhedral domain in R¥. Of course,
depending on the dimension, we should refer to intervals, in dimension N = 1, polygons,
in dimension N = 2, polyhedra, in dimension N = 3 and polytopes in arbitrary dimension
N. But to simplify the presentation we will generically use the term “polyhedron” without
distinguishing the dimension. For each positive h we construct a partition 7 of the domain €2
into a finite set of polyhedra 7' satisfying the following properties ([I0, p. 38, p. 51], see also
[17, Appedix B and C] for a concise presentation):

) UTGThT = Q7

) Each T € T}, is closed and its interior non-empty,

) For distinct 7" and T" their interior are disjoint,

4) I T, € Ty, T # T, then either TNT = 0, TNT is a common m-face, m €
{0,...,N —1}.

For each T € T;, we denote by pr and hy the diameter of the largest ball contained in 7" and
the diameter of T" respectively. We set

(1
(2
(3
(

h = h(Tp) = max hy.

TeTh
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We will consider a set of regular meshes (75,)n~0: there exists o > 0, independent of h, such
that

h
(2.1) p—Tga,VTeTh,Vh>0.
T

Also the mesh is assumed to be quasi-uniform, i.e.
. mingpet. hy
inf ——LETn P

> 0.
h>0 maxrer, hr

Each element of the mesh 7y, is the image of a reference simplex (interval (N = 1) /triangle(N =
2) /tetrahedron(N = 3)/N-simplex, in general) through an affine mapping Fr : RY — RY,
Fr(Z) = Brz + by,
Br being an invertible N x N matrix, b € RY, i.e.
Fr(T)=T, YTEeT.
Matrix By = V Fr satisfies (cf. [I7, Lemma C. 12, p. 735]):

hr _ h~
IBrll < —, [IB;'|| < -*
PT PT
and .
|det B| = |JFr| = u
|T

For a fixed partition or grid 7, we define the finite element space V}, as
Vi, ={f€CQ); foFreP(T ) VT € Th, f =0 on 009},

where P! (f) is the space of linear polynomials on T.

Our analysis is carried out in the unit ball, 2 = B. This requirers a first approximation
of B by means of polyhedral domains B, C B (as in [I]) such that all the nodes of 0B},
are on 0B. The finite element subspace V}, employed to define the numerical approximation
of the Sobolev constant will be the one corresponding to the polyhedral domain By, so that
Vi C H}(B) N C(By). The elements of V}, can be extended by zero outside By, so that Vj, can
also be viewed as a finite-dimensional subspace of Hj(B).

2.2. Approximation by finite elements. We first recall some classical finite element ap-
proximation results in Sobolev spaces [6, Th. 4.4.20]: For any polyhedral domain € in RY,
and partition 7, as above (see [6, Th. 4.4.4] for the complete set of restrictions), the global
piecewise linear interpolant I, mapping W?2?(Q) into V}, satisfies

(2.2) (D llu= Iulfyry ) < OB~ |fullweaay, Yu € WP(Q),
TeTh
for all s € {0,1} and p > N/2.

Of course the multiplicative constant C' in depends on N, p, s and the domain 2, but
it is independent of u. All along the paper the dependence of the constant C' on each of the
parameters of the problem (in particular the dimension N and the exponent p) will not be made
explicit in the notation. Constants in our estimates are normally independent of the function
u under consideration (or its discrete counterparts), unless otherwise stated.

The above restriction on p > N/2 is necessary when dealing with general functions in W2?().
The fact that p > N/2 ensures the continuous embedding of W2P(Q) into C°(Q), needed to
define the interpolation I" by taking the pointwise values over vertices of the mesh.



We now adapt this result to the particular case of W2°°(Q) functions.

Lemma 2.1. Let T;, be a reqular mesh on a polyhedral domain Q € RN, N > 1, and s € {0,1}.
There, for all 1 < p < oo and |a| = s, there exists a positive constant C = C(N,p, s, o) such
that:

/ /
@3) (S0 Iu)l) < 0 (X TND ) Ve W),

TeTh TeT,

and

« h 2—s 2 2,00
(2.4 max | D% (u = ") iy < O max | D2l ey, Voo € W2(9),

Moreover, for any T € Ty, and p > 1:

~lal+3

(25) HD ]huHLp(T) < h ||u||Loo T), D > 1, Vue CI(T)

This result can be proved by slightly modifying the arguments in [6, Th. 4.4.4, Chapter 4]
and it can be extended to more general finite elements and u € C™(Q) but this is out of the
scope of this paper. The proof will be postponed to the Appendix.

The above upper bounds are optimal when considering functions that are strictly convex in
one direction.

We recall first the following result, proved in [8, Lemma 2.5], will be instrumental: for any
1 < p < oo, any strictly convex function u € C?(Q2) and any simplex T € T;, with vertices
{ar}2t!, the interpolation error of u by its linear interpolant I"u admits the following lower
bound:

||U_]hu||Lp(T > Cpanei%1|/\1(D2u)(x)|p|T] Z lai — a;|*".
1<iAj<N+1
In particular when 7}, is quasi-regular we have

lu — IhuHip(T) > C,hN 2 Iznel%l A (D) ()P,
We establish a similar estimate for the gradients.

Lemma 2.2. For any p € (1,00) there ezists a positive constant C(p) such that for any T € Ty,
and any u € C*(T)

min / |Du — A|Pdz > C(p)pp NFP max min |£7 D*u(z)E|P.

AeRN £eSN-1 2eQ

The proof will be given in the Appendix.

3. EIGENVALUE APPROXIMATION AND THE CASE p = 2

Let us first recall the classical estimates for the eigenvalues of the Laplacian, [3]. We focus
on the simplest case since our aim is to present those tools that will be useful to handle the
Sobolev constant for p = 2. We refer to [3] for other extensions.

We adopt the notations in [3, Section 8, p. 697]. Let V' a real Hilbert space and a(-,-) be a
symmetric, continuous and coercive bilinear form on V. Let H be another Hilbert space such
that V C H, with compact embedding, b a continuous symmetric bilinear form on H, satisfying
b(u,u) >0, for all u € V, u # 0. Let V}, C V be a family of finite-dimensional spaces of V.

Let Ay be the first eigenvalue of the form a, relative to the form b. Then, there exists a
nonzero ¢; € V such that

a(¢p1,v) = M(¢p,v),YveV.
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In a similar way we define Ay, in the space Vy:

a(¢pin, v) = Mp(P1p,v),Y vy € V.

An important result in the eigenvalue approximation theory (Babuska-Osborn [3, Section 8,
p. 700], which goes back to Chatelin 7, Prop. 6.30, p. 315]) asserts that:

(31) 016}21 S )\lh — )\1 S 025}%

where
en = dy(¢1, Vi) = inf [¢1 —upllv.
up €V

The upper bound together with the trivial estimate 0 < Ay, — A1, can be also found in [19, Th.
6.4-2]. If the family (V},)no satisfies

YuelV,

ek, e el =0

one obtains that £, — 0. But the obtention of the convergence order of Ay, towards A\; requires
a finer analysis.
Let us now explain how, inspired on these classical results, one can prove the upper bound
statements in Theorem and Proposition for the Sobolev constant when p =2, N > 3.
For notational simplicity we write S instead of S(2, N). Let V}, the space of functions con-
structed in Section [2] extended with zero outside the unit ball. We define also the finite element

counterpart:
Sy := min —HDuhHLQ(RN).
un€Vi ||uh||L2*(RN)

Let us consider a minimizer U € M with ||[DU||2@ny = 1, U122 @yy = 1/S and the
operator £ = —U**A on H = L*(U*72) as in [5]. It follows that \; = S?" is the first
eigenvalue of £ with the corresponding eigenfunction U. Let be V = H L(RY), and the bilinear
forma:V x V — R defined as follows:

a(u,v) = — / (Lu)oU* 2 dx = Du - Dvdz.
RN RN
Applying the previous classical results on eigenvalue approximation, [3] [7], in a finite dimen-
sional subspace V;, C V| we obtain that

[ |Dup|?dz
Ap = R
W= i
satisfies
Aip — S% =~ dy (U, V)
where

dv(U, Vh) = inf HD(U - Uh)HLQ(RN).
up€Vh
Let u, € Vj, be the minimizer corresponding to Ay, above. Using that

[ 0¥ e < e o lU
RN

i;:(ZRN) = [lun Hi?* (RN)SQ_T

we obtain that ) )
fR | Duy|?dx - fR|Duh dz

HuhHiQ*(RN) N fRN u%z U*~2dx a
Combining the two estimates for A\, we get
S2— 82 S (U, VA).

SQ*_2S,% — SQ*—Q

1h-



Tacking the infimum over U € M, := {U € M, ||DU||;2r~) = 1} we obtain
— < j 2
Sh SNUleI}étl dy (U, V3).

It remains to estimate the above right hand side to obtain the upper bound in Theorem [I.1]
However, for the lower bound one has to use estimates for the Sobolev deficit as described in
the introduction. Let us briefly explain how this can be obtained in the above setting.

Let us now take uj, € Vi, with || Duy|| 2~y = 1, the function for which S, above is attained.

The inequalities for the Sobolev deficit in [5] show that

S — S = d2 (up, M).

When Sj, — S is small (something that can be assured as soon as h > 0 is small enough) there
exists Uy, € M such that dy (up, M) = dv (us, Uy,) and then || DUy, ||p2@yy > 1/2.
Hence

Sh -5 Z d%/(U,\h,uh) > Uier}éll d%/(U, Vh)
We finally obtain that
p— ~Y 1 2
(32) Sh S ~ Uler}\f;ll dV(U, Vh)

The results in the next sections will show that for piecewise finite element method

inf d2 (U, V) o~ BN/ W=2),
Uler}\/h V< ’ h>

Our goal in the next section is to extend this analysis to the general case 1 < p < N, and to
establish the two-sided bounds stated in Theorem [Tl

4. THE SOBOLEV CONSTANT AND FINITE ELEMENT APPROXIMATION OF MINIMIZERS

This Section is devoted to gather a number of technical results whose proofs are postponed
to the Appendix at the end of the paper.

Let us recall some classical facts about the Sobolev inequality: for any 1 < p < N, N > 2,
it holds

(4.1) HDUHLP(RN) > S(p, N)HUHLP*(RN)7 Vue Wl’p(RN)7

where p* = ﬁ—i}. The optimal constant S(p, N) was obtained by Aubin [2] and Talenti [20] and

shown to be attained for the (n + 2)-dimensional manifold M of functions of the form

(4.2) Ui () = Uy o (x) = c)\U(/\p/(N_p) (x — x9)),

with

(4.3) U(z) = uo(|z]); uo(r) = kgf&?
(L +[r[r=T)"7

where kg is chosen such that || DU »g~) = 1. In particular, for ¢ = 1, || DU || pr@vy=1.
The n + 2 free parameters of the manifold M are the center of gravity o € RY, the positive
parameter A > 0 and the constant ¢ € R.
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4.1. The p - Sobolev deficit. Let us now consider the so called p-Sobolev deficit

_ | Dul| Loy B

5(u) S(p,N), ¥ u e W-P(RM).

[l e ey

It is well known from the works of Bianchi and Egnel [5] and more recently of Figalli and Zhang
[15], that for every 1 < p < N, there exists a positive constant ¢(p, N') such that

, Vue WH(RY),

Du— D » max{2,p}
(4.4) 5(u) > e(p, N) inf (” U ””“RN>> "

veEM ||DuHLp(RN)

In fact, the results in [I5] include a refined estimate in the range 2 < p < N, which is
particularly useful for our analysis. This estimate involves a quasi-norm, rather than the
classical Sobolev seminorm || Du — Dv||;»®~y and is reminiscent of the approach introduced in
[4, 2] to obtain sharper convergence rates for the p-Laplacian. The following lemma presents
a refined version of these estimates, valid for the full range 1 < p < N, expressed in terms of
the quasi-norms used in finite element theory.

Lemma 4.1. Let 1 < p < N. There is a positive constant c(p, N) such that for any u €
WHe(RYN) there exists a function v = v, € M such that

00)_ fon|Du = DOl DY 2D = Dufdr | (D0~ Doy yotss)

15 o = B

Lo (®N) | Dull o)

Remark 4.2. In particular we obtain

(4.6) §(u) > ¢ inf Jen([Du = Dv| + | Dv|)P~2| Du — Do|* dx

, YV u e WH(RY).
Jnf, 1Dl

Proof. The proof follows the lines of Theorem 1.1 in [15].

By homogeneity we can assume that ||Dul|»@vy = 1. Also it is sufficient to consider the
case where 6(u) << 1. Lemma 4.1 in [15] shows that, when the deficit is small, there exists
v € M such that ¢ := ||Du — Dv||rp@ny is small and u — v is orthonormal to T, M. For full

details, we refer the reader to the proof of Theorem 1.1 and Lemma 4.1 in [15].
For 1 < p <2N/(N + 2), [15, formulas (4.4), (4.5)] give

(4.7) d(u) > co(p, N) /]RN min{|D(u — v)|?, |Dv[’~2|D(u — v)|*}dz
= co(p, N) /RN min{|D(u —v)["~%, |Dv["~*}| D(u — v)|*da.

> c1(p, N D(u = ) [ 7o zn)-

When p < 2 we also get
(4.8) d(u) > co(p, N) / min{|D(u — v)|P~2, | Dv|P*}|D(u — v)|*dx
RN
> co(p. N) / (1D — v)| + | Dol)P?D(u — v) 2da.
RN

Both inequalities yield to (4.1) when 1 < p < 2N/(N + 2).
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When p € (2N/(N + 2),2) repeating the arguments in [15] we have

o(u) zco(p,N)/ min{]D(u—v)\p_z,|Dv|p_2}]D(u—v)|2d:v—Cl/ lu — [t dx
RN RN

Cg(p, N) . _ — Cl(p7 )
==/, min{|D(u — )|, [ Do} D(u — o) Pde + = D(u = )15 @x)
Cl<pa N) *
+ P Dt )2, v, — Cill— 0l

Since p* > 2 the last term in the right hand side is positive by the Sobolev inequality if
| D(u —v)|Lp@ny is small.
For p > 2 the proof of [15, Th. 1.1] gives

500 > eolp. V) / Do\ D — v)? d + / D@ )P dz)
201(]9, )HDu—DUHLpRN

and the proof is finished.

We now turn our attention to the upper bounds of the deficit.

Lemma 4.3. Let 1 < p < N. There exists a positive constant C(p, N) and a positive number
go such that

D D(u —v)])P~2|Du — Dv|?
5u) _ JenllDul D — ) 2Du = Dof?

4.9 < )
(4.9) . ) 1Dl g,

p =2,

and
(4.10)

6(u) < fRn(|Du|+\D(U—U)D”_ZIDU—Dv\2+<fRN |Dv|”‘1|ﬁ?(u—v)\df€>2’ l<p<o
Cly, N) [Dul, 1Dl

hold for all w € W'P(RN) with é(u) < S(p,N) and v € M such that |D(u — v)||pr@y) <
gol| Dul| 1o gy -

Remark 4.4. As we shall see, we shall prove that, for any 1 < p < N , the following inequality
holds:
(4.11)

su) < S0

1Dull? </ (IDvl +D(u = o) | — v)fde + / |Dv 2 Du— Doftde).
Lr(RN) RN R

This inequality immediately leads to estimate (4.9)).
However, when 1 < p < 2, as we shall below (see remark in the proof of Lemma m,
Appendix , the last term on the right hand side, namely

|Dv[P~2|Du — Dv|*dx
R’ﬂ
is singular. Thus, it has to be replaced by

([ o1 o) d)

which is well defined also in the range 1 < p < 2 when u € V, and v € M.
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As a consequence of this lemma, we can deduce an upper counterpart to the lower bound
in . Although one might expect that an upper bound for the deficit would be easier to
obtain than the lower bound, we have not found such a result in the literature. This estimate
will play an important role in the proof of Proposition [1.2]

Corollary 4.5. There is a constant C = C(p, N) and a positive number €q such that

. <Ci
(4.12) d(u) < Ovlen/f/l

<||Du - DU||LP(RN)>min{2,p}
| Dul| Loy

holds for all u € WHP(RYN) satisfying
d(u, M) = vienjf/l [Du = Dv|| 1oy < €ol|[ Dul| Loy

Remark 4.6. This estimate is sharp. In fact, the same argument as in [I5, Remark 1.2] shows
that if

Du—D p(rNY\ B
(4.13) §(u) < C inf (” u= Dollyre ’)

veEM HDUHLP(RN)

holds, then, necessarily, f < min{2, p}.
Note that there is a gap in the exponents, max{2, p} for the lower bound in (4.4]), while the
upper bound in (4.12)) holds with min{2, p}.

4.2. Estimates on the minimizers M. In this section we establish various estimates for the
minimizers U, ,, € M that, as indicated above, are defined as in (4.2)) and (4.3]). Their proofs
are given in the Appendix.

Lemma 4.7. Let 1 <p < N and N > 2. There ezist two positive constants ¢; = ¢1(N,p) and
co = co(N, p) such that for any |xo| < 1 the minimizer Uy ., satisfies

(4.14) AT < / |DUy 4, [Pz < el AT 50557 vV 0 < X < 1,
|x|<1
ATpoT b
(415) 1-— CZ—M < / |DU)\@D‘2d£B <1-— Cl)\ipj, V> 1
(1= o)) =t Jlel<1

Remark 4.8. Observe that, when |z| > 1, the exterior of the unit ball contains a half space
passing through xy. Thus,

1 1
/ | DU, 4, |?dx > —/ |DU, 4, [Pdx = =
|z|>1 2 Jry 2

for all A > 0. This illustrates behavior opposite to the energy concentration phenomenon

described by (4.15)) in the case |zo| < 1.

Lemma 4.9. Let 1 < p < N. The second order derivatives of the minimizer Uy ,, satisfy the
following estimates:

(4.16) |D2U 4 (2)] < OnpAV-Fa(AY7 |2 — zo|), = € RY,
where

N

a(r) = ol”) = (1 + r#)_p
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and

(4.17) / DU, (2)Pda < Oy AF7.
|z|<1

Moreover, there exists a positive constant Ay, a finite covering of the plane with open sets
RN C Uperly and a set {&xbwer € St such that

(4.18) €T DU, 4o (2)64] = Anp VP a(AFTF |z — z0]), VYA >0,z €Ty, k€ F.
The proofs of these results are presented in the Appendix.

4.3. Approximation of the minimizers. As discussed in Section [3] it is necessary to esti-
mate the distance between the minimizers in M and the space V}, the P1 finite element space
introduced in Section [2

To obtain the upper bounds in Proposition [I.2] and Theorem we do not need to measure
how far all the minimizers in M are from the space V},; it suffices to sample just one. In the
next lemma, we estimate the distance between the minimizer U, o and its projection onto Vj,
both in the classical Sobolev norm and in the quasi-norms. Since the upper bound for the
Sobolev deficit obtained in Lemma [4.3] includes an additional term when 1 < p < 2, we also
need to estimate this remainder term.

Lemma 4.10. Let N > 2 and 1 < p < N. For any A > 1 and h < 1/2 such that hA 5 <1
the following holds

(4.19) / |D(Uso — up)Pdz < X 5T + (RAN-5)P,
]RN
(4.20) / (IDUxo| + |D(Uro — un)|)P 2D (U — up)Pde < X771 + (hAF7),
]RN
(4.21) / DU, o|P | D(Ung — wp)|dz S AT71 + hAVS, 1 < p < 2,
RN

where uy, € Vy, is given by up = I"(Uy g — (Uxo)o,) extended with zero outside By,
Remark 4.11. The above lemma implies

inf (| D(Uno — )|l pr@ry S A7T + hAT 7.
up€Vh
o . . . __1 —_(Vop)
Optimising this estimate with A\™7=1 = h N+r*-2» we get

inf || D(Uso — up)||poeny S 70N
hEVh

u

where
N-—p

- N+4plp-2)
A similar argument works for the quasi-norms

v(p, N)

inf / (|DU)\’0| + ’D(UA,O — uh)|)p_2|D(U)\,0 o uh)|2dx 5 hOé(P,N)
RN

up eV
with

a(p, N) = if(f—;—pé
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5. PROOF OF THE MAIN RESULTS

In this section we first prove Proposition [1.2

(5.1) (P N) max{2,p} < Su(p,N) = S(p,N) < B (@:N) min{2,p}7
and secondly we consider the improved result in Theorem
(5:2) NS Su(p, N) = S(p, N) S ™).

The proof of Theorem follows the same overall strategy as that of Proposition with the
key difference that the Sobolev distances used in Proposition [1.2| are replaced by quasi-norms
of the finite element analysis the p-Laplacian. This allows to obtain sharp lower and upper
bounds of the same asymptotic order in h.

The proof of Proposition (and therefore that of Theorem as well) is conducted in two
main steps:

e Step 1. In the first step we prove the upper bound in (5.1)) (or in (5.2))). For that we
employ the finite element projection of suitable continuous minimizer U, by choosing
optimally the values of A >> 1 and h << 1.

e Step 2. In the second step we prove the lower bound. Employing the general lower
bound for the deficit in , this is done by a suitable approximation in M of the
finite-element minimizer.

We consider the unit ball B. The Sobolev constant in the unit ball B coincides with that in
the whole space, although it is not attained in B; see [1].
We construct the space V}, as in Section [2] and use that

S(p, N) = min [ Dunl| o) _ min HDuh”LP(RN),
un€Vi |unllpor gy un€Vi [Junll e @)
identifying V}, with the space of functions defined everywhere by extending them by zero outside
their support.
For notational simplicity, throughout this section we will write S, and S in place of the full

expressions for the two constants introduced above.

Proof of Proposition[1.9. As described above we proceed in two main steps.
Step I. The upper bound. To obtain un upper bound we choose a suitable U, and the
finite element approximation uy y = I "NU,-U Al th) €V}, extended by zero outside Bj,, with a
suitable A >> 1 and h << 1.
Lemma shows that choosing
1 __(N—p)

A1 = | N+p2—2p7

we have
||Duh,>\ — DU)\HLP(RN) ~ hv(p,N).

This allows us to use Corollary to obtain

| Dun |l o @y

Sh < L < 5+ C(p, N)

||Duh,>\ - DU>\||Lp(RN) )min{Q,p}

lunll Lo mv) [ Dup | oy .

Since || DU, || prvy = 1 we also get || Dup x|/ pp@yy > 1. Thus, we get the desired upper bound
Sy, — § < pyN)min{2,p}

Step II. The lower bound. Let u;, € Vj, be aminimizer of S, with, for simplicity, || Dus||»ryy =

1.
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From the previous upper bound and the estimate of the Sobolev deficit (4.4) we have that
there exists U, = cpUy, 2, € M such that

hsARSTh

h'y(p,N) min{2,p} > Sh — 9 = 5(uh) > (HDUh - ChDU)\h,a:hHLP(]RN))ma.X{Q,p}
~ ~ [ Du | o)

We now need to get a lower bound on the right hand side of this inequality in terms of h.
For this we need to gather further information on ¢, x;, and \,. We therefore proceed in two
steps.

_p
e In the following we prove that ¢, — 1, x5, € By, Ay > Ao and hA; ™" < A for some

positive constants A\g, A as h — 0.
Since || Duy || zo@yy = | DU, 2, |lr@yy = 1 it follows that |¢, — 1| < pY@N)mintZp},
Choosing h small we trivially have |c,|P > 1/2 and then

0(1) :5(’U,h) = ||th — ChDU/\h,IhHI[)/p(RN) = ‘Ch’p /BC |DU)\7wh’pd$ —|—/B ‘ChDU)\,zh — th|pdx
h h
> / |DU,, 2, [Pdz + / |DUy, , — ¢,  Duy|Pdx
B¢ By,
:/ |DU>\h7xh|pd$+[h.

Assuming |z,| > 1, Remark shows that for all A > 0 the exterior of the unit ball B¢
contains always a half space passing through z; and then

N | —

o2 [ DU o =
Bc

Hence |z, < 1. A similar argument shows that x, ¢ B\ By,.
Let us assume that, up to a subsequence, A\, — 0. By estimate (4.14]) we obtain

(N+527)

o(1) > / DUy, 2, Pz = 1 —/ DUy, 2 Pl > 1 — e AT ,
Be B

which gives a contraction. Hence, there exists a constant A\ such that A\, > Ay for all
sufficiently small h.

_p
Let us now prove that the sequence (A, ”h)p>¢ is uniformly bounded. Suppose, by
contradiction and up to a subsequence, that )\f/ (N=P)p 5 50 . We will show in this case
that

I, > 1.

Let z, € Bj be the point where the maximum of the integrand I, is essentially
concentrated. This point lies in some triangle Ty, € T,. Without loss of generality,
we may assume that the ball B, /- (z) C Top. If this inclusion does not hold, we
can instead consider the intersection Ty, N By -p/v—p (x1) , which still contains a fixed
proportion of the ball. Due to the mesh regularity condition , this proportion is
independent of h.



16 L. I. IGNAT AND E. ZUAZUA

Since Dwy, is constant inside triangle Tpy, and satisfies ¢;, ' Dwy, = Aj, we can apply
estimate ([£.18)) from Lemma [4.9) to obtain a contradiction:

o(1) > I 2/ o WIEDUNTT (@ — an) — AP
|z— xh|<)\

-p

:/ |DU (z) — Ap\, ¥ |pdx> inf / |DU(z) — APdz > Cy > 0.
|z|<1 AERN J|z)<1

_p
e With the above considerations on zp, A, and h\; " we proceed to prove the desired

lower bound. Choosing, if needed, a smaller value of h, we can assume

)\p )\NL—p
hAR <A :
A <1010
We use estimate (4.15]) to obtain
(5.3) /B |DUy, o [P d > 1A, 77,

for some positive constant c;.
Let us now estimate the term [j,. Using that wu;, is piecewise constant in each triangle

T € Ty, by Lemma and estimate (4.18]), we obtain

L= / |DUy, 2, — Dup|P d > Z AITnelﬂgN / |DUy, 2, — AP da

TeTh

D

TeT,

_p
= mlnap( 2 e — ap)).

We denote by 7! the elements T' € T;, which have a nonempty intersection with the
ball {|z — x| > 2h}. Any element T € T;' is included in the exterior of the ball
{| — x| < h} and for any x € T C T;} we have

mazgcﬁ—xh\ <|z—xp|+hr < |z —z| + h < 2|z — 2
e

This implies that

N pV+p) p( +p)
Iy > Zh OV mi%lap( p|x—xh|) > WP\ N-p Z / p|x—xh|)dx
TeT,}! e TeT,}!

p(N+p)

_p
2 hPA NP / a’(\) " — @) dx
h<|z—zp|,|z|<1—h

If |z| < 1/2 then the set {h < |x —x,| < 1/4} is included in wy, = {h < |z —x4), |2| <
1 —h} C By since |z| < |xp| + |x —xp| < 1/2+1/4 <1 — h. This implies

p(N+p)

P el
Bz [ SO ) de = AT [ L @y
h<|z—zp|<1/4

A, P <Jyl<A, TP /4
p2
P)\N-p P
> WAL / o (|o]) de
A<|z|<)b/4
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When |z,| > 1/2, it may happen that x;, lies close to the boundary of Bj. Nevertheless,
even in the worst-case scenario, we can always construct a cone centered at xj, that is
entirely contained within the set wy. Assume that x, = (z15,0") with =y, € [1/2,1].
Thus

1
{z = (21,2),[¢" = O'| < alwrp — 21|, 2h < 21p — 21 < 5} C wh

since, in this case, |z| < |z1|+ o|z1 — 24| < axyp+ (1 =)z, =2, —2(1—a)h < 1—h
for o < 1/2. Denoting

1
W ={y=(v1,¥), [V| <alyl],2h <y < 5}

we obtain, after a change of variables, that

Lz hpkév_p/ o d(lyDdy Z WA,

yGA,{vfp w’

_p
where we have used that the set A, ”w’ contains a subset with positive measure, inde-
pendent of the small parameter h,

)\p
{v=(9) 1y <alyl, 20 <y < T}
P )\NL*P P
CH{y =y Y] < alynl, 20077 <y < == AT
Putting together the estimates for I;, and (5.3) we find that
S, — 8 > ()\;p%l 4 h}\ﬁ)max{lp} > h’y(p,N) max{2,p}
which finishes the proof.
OJ

Proof of Theorem[1.1. We proceed as above, but now considering the quasi-norms.
Step I. The upper bound. The proof follows the same ideas as in Proposition by taking
upy = I"(Uy — U,\‘th) € Vj,. In view of estimate (4.19), ||Dup y — DU, ||, is small enough when

A is large and hAN is small. This allows us to apply the upper bounds for the Sobolev deficit
in Lemma [£.3]
For p > 2 the deficit estimates in Lemma [4.3] give

5(uh,)\> § /N(|Duh,>\| + |DU,\ - Duh,,\|)p_2\DUA - Duh7>\|2dx
R
and estimate (4.20)) leads to
S(unn) S A7 + (hAF)2,
Taking A such that A7T = (hA¥7)2 we find the desired estimate d(uy) < h*®N) with

a(p, N) = if(f—;—pé
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For 1 < p < 2 we apply Lemma [4.3] to get

6(unpn) < /R(|Duhx|+|D(UA—uhA)|) DUy — unp)|*dzx

1 2
+ (/ DU D(Uy = w, s der)

Using estimates and - we obtain
S(unn) S AT+ (RAN)2.

Taking A conveniently, the proof of the upper bound is obtained as in the proof of Proposition

2
Step II. The lower bound. As in the proof of Proposition let us take u, € Vj with
| Dun|| zr@yy = 1 and [Jup]| o= gy = 1/Sk. From the upper bound estimate in Step I we have

he®N) > G — S = 5(uy).
By Lemma [4.1| there exists U" = Uy, », ., such that and (4.5) holds:

6(un) 2 /R(|D“h1+|D( —Uh)|)p_2’D(Uh—Uh)|2d5”+/RN’D(Uh—uhﬂpdiv-

p
The same analysis in Step II of the proof of Proposition shows that ¢, ~ 1, h/\F < A and
A > Ao > 0. Also || D(U" — Uh)HLp(RN < 1 for h small and ||DU | Loy = 1.
For p > 2 the same analysis as in the proof of Proposition |1 shows that there exists a set
w independent of h such that

) 2 [ (1Dun] + |DU" = w2 DU )P
RN
z/ |\ DU P2 D(U" — uy,) *dx
RN
ENTT AT [ WDl ey 2 10,

For 1 < p < 2 let us first recall the following inequality for quasi-norms in [4, Lemma 2.2]

ID(u = )]0y
([[1Dul| ey + (Do o)) P

/(|Du| T Dol 2da >
Q
Using that || DU"||»@yy ~ 1 we get

o(un) 2 / (1Dup| + |D(U" = un) )P 2| DUy, = up)|*d

uwww+/amm+ww“wmwﬂmm—www
B¢ By,
e 1D = w2

b T DUy + IDU — un) oo 7

2N DU = un)lZos,)-

Vv

From Step II of the proof of Proposition |1.2| we know that ||D(U" —up)||1o5,) 2 hA, v , hence

S(un) 2 N7+ (AT 2 o)
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and the proof is completed. 0

6. CONCLUSIONS AND PERSPECTIVES

In this paper, we have established sharp convergence rates for the P1 finite element approxi-
mations of the Sobolev constant. Our approach is inspired by existing techniques for analyzing
the deficit function in Sobolev inequalities in the continuous setting, but extends them through
significant new developments. These advances are particularly crucial given that the Sobolev
constant is not attained in bounded domains, necessitating a careful analysis of approximation
rates for explicitly known minimizing sequences.

Moreover, achieving sharp convergence rates requires working with quasi-norms commonly
used in the finite element analysis of the p-Laplacian, rather than with the standard W1?(RY)
norms. Our methodology builds on prior results concerning finite element approximation rates
for Laplacian eigenvalues, adapting them to the context of the Sobolev constant.

The techniques developed here can also be adapted to analyze P1 finite element approxima-
tions of other fundamental constants in the theory of PDEs and mathematical physics, such
as the Hardy constant, which is preliminarily discussed in [I1]. This direction will be pursued
in future work, as it requires a substantial refinement of the methodology introduced in this
paper.

Finally, the questions explored here naturally extend to other settings, including the approx-
imation of the Sobolev constant using different classes of finite element methods. However,
addressing these extensions will require considerable additional work.
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7. APPENDIX

7.1. Piecewise linear approximations. In this section we prove the two Lemmas in Section

2l

Proof of Lemma[2.1. We proceed as in [0, Th. 4.4.4, Chapter 4]. We first prove that for any
element T and any u € W?%*°(Q) we have

a 2—|a|+X 9
(7.1) 1D%(w = Zru)|| oy < Chy 7 ||D7u| oo r)
where Zr is the local linear interpolation operator on 7. This gives immediately the case p = oc.
Summing over all the elements of 7}, gives the desired estimate for 1 < p < oc.

To prove , we consider the case when 7' = T is the reference element, hy = 1 and d
its diameter. The general case then follows by a homogeneity argument and the quasi-uniform
assumption on the mesh 7.

Writing Z; in explicit form as in [6], Lemma 4.4.1, p. 105] we find that

(7.2) 1D Lzl oy < Cllullegy, laf < 1.

Note that here we refer to the reference finite element 7. So, the inequality is not affected
by any power of the mesh size h. This will enter later, by scaling, when dealing with meshes of
characteristic size h, as in the statement of the Lemma.

Consider 2o € T and the linear Taylor approximation

T2 u(z) = Z iDau(xo)(x — )%,

la] <1
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We emphasize that since we are working with regular functions W*(Q) (and therefore in
C1(Q)) instead of W??, we do not need to use the averaged Taylor polynomial as in the

classical framework [, Section 4.1]. Since T2 € PY(T) it follows that ;T2 = T? and the
reminder

(R*u)(x) = u(x) — =2 Z T — xg) / ésDo‘ (x + s(xo — x))ds

satisfies (see also [6], (4.3.5), p. 101])
(7.3) |(R*u)(x)| < C(diameter(T))*|| D*ul| o ¢7-
It follows that, for any || < 1,
D*(u—Zu) = D*(u — T u) + D*(T2, — Zju) = D*(u — T, u) + D*(Z#(T5 u — u)).
In view of estimates and (7.3), for any u € W2(T),
D% (u — Zpu) ()| < D™ (u — Tryu)ll oy + 1D (Zp(Tru — W)l po )
< Bl + 1720 — ey < 2l gy € Ol

Integrating over 7" we get the desired result.

Let us now consider the case of a general element 7" and the affine transform Br mapping
T to T, and @ in u. Using the previous estimate in T and the fact that all the elements are
quasi-regular we obtain:

/ 1D (u — Tpu) |Pdz < Chy ™| det By / | DS (0 — Tpih) |Pdi
T T

< Chy PN / |DS (0 — Tp0) |Pdi

< Chyp N D2aP _ . < Chy PN (W2 D2ul| oo (1))

L(T) —

2—|al)p+ N
= Chg N Dl .

In the case of estimate (2.5)) we use ([7.2)) to obtain

/ |D(Zyw) |Pdx < Chy ™| det By / |DS(Za)|[Pdz < Chy P / |DS(T;40)|Pdi
T T

—lalp+N || ~ alp+N
< Ch"P N fal?, 7y < Chz " Julll -
This shows that
arh < —|a|+%
1D ull oy S hp 7 lJull L)
and finishes the proof. 0J

Before proving Lemma let us first consider the one-dimensional case.
Lemma 7.1. Let —o00 < a < b < o0 and u € C*([a,b]). For any p € (1,00) there exists a

positive constant C(p) such that

/ W' (r) — AlPdr > C(p)(b — a)P™ inf |u"(r)]P, V A € R.

r€la,b]
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Proof. Consider the function f(A) = fab |u/(r) — AlPdr. It is a convex function satisfying
limg_4o = 0o. It attains its minimum at a point Ay such that

b
/ W/ (r) — Ag|P sgn((v'(r) — Ag))dr = 0.

It follows that there exists ro € (a,b) such that u'(rg) = Ap. Using that

(1) = /()] = | = ol nf [u'(r)
we get the desired estimate

b
FA) = int [ 0)P [ = ropdr = Cp)b - 0y inf, ()P

b réEla,b]
This finishes the proof. 0

Proof of Lemma[2.9 To fix the ideas we prove it for the direction z;. For any A; € R we have:
/ |0, u — Ay |Pdz > C’(p)pgﬂ’ micrpl |0y 2y () [P
T Te

Take a cube C,, C B,, C T. To simplify the presentation let us assume C,, = [0, L]V. We
write 2 = (z1,2’) and apply the one-dimensional result in Lemma [7.1}

L
/ |0p,u — A;|Pdx > / |0y, u — Aj|Pdx = / / |0, u — A;|Pdxydx’
T Cor 0,81 Jo

> C(p) LY 1min |00, u(@)P > C ()} ™ min |00y u()P

Let us now consider the general case. It is enough to prove that, for any A € RY and
¢ € SV~ it holds

[ 1Du= apds = Cp)p) 7 min ¢ Du(w)p
B

o z€Q

Consider a rotation R of the unit sphere S¥~! such that Re; = £ and v(y) = u(Ry). Using the
previous step for v and the fact that, Dv(y) = RT Du(Ry), D*v(y) = R D*u(Ry)R we get for
any A € RY that

min |¢7 D*u(2)€P = min |e] RT D*u(z)Re|P = mEi}n el D?v(x)e|P
€

TEBp, x€Bp zE€Bp,
1 / 1
< —— |Dv — AlPdx = —/ |RT(Du) — A|Pdx
Clp)py ™" Js,, Cwrr™ Jo,,
1
C(p)pT BPT
Replacing A by RT A gives the desired result. O

7.2. An elementary inequality. The following holds:
Lemma 7.2. Let g € (1,00). Then, there exists positive constants A, and B, such that
(7.4) ||+ b7 — |a|” — gla|*?ab| < Aylal??|b* + B,|b|?, Ya,b € R.

Furthermore A, =0 if ¢ € (1,2].
On the other hand, for suitable A,, B, and C, the following inequalities hold:

(7.5) 2 +yl? <|z|?+ qlz|"Pw - y 4+ Aglz|P |y + Bylyl?, Va,y € RY
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with A, = 0 when q € (1,2], and

(=] + gD

(7.6) |z +y|7 < [a|? + gla|Px -y + C,
Proof. Some cases are treated in [14, Lemma 3.2]. For completeness we give here a short proof.
Let us begin with (7.4]). By homogeneity we can reduce the proof to the following one:
11+ 219 — 1 — qz| < Aglz]* + Byl2|,Vz € R.

It is clear that for |z| > 1 the inequality is true with A, = 0 independent of the value of gq.
When |z] < 1 we have to consider the case when z ~ 0. Taylor’s expansion yields

1427 =1 =gz = O(|z]*) < O(|2|"™ ), 2 ~ 0.

So, for ¢ < 2, one can choose A, = 0.

Inequality holds trivially when |z| = 0. Also, one can consider only the case when
|z| = 1 and after a rotation we can also assume x = (1,0,...,0). It is then sufficient to prove
that that

q/2
(2 +1y2) " < 1+ qyn + AglyP + Bylyl?
for y = (y1,y') € R x RV-1L,
When ¢ < 2 we easily have
2 12\ 92 q ’\q q /19 B (19
((1+y1) +!y!> S +plf+ 101 <14y + Bolyn|* + [y < 1+ qyn + Byly|”.

For g > 2 we distinguish cases ¢/2 < 2 and ¢/2 > 2. When ¢/2 < 2, in view of inequality (7.4]),

q/2
O+ + 1) < Lt wl + S+l 2l P + Byaly')
<1+ u|?+ Cylyl? + |yl
<1+ qyi + Agyi [P + Byl | + Cy(lyl? + [y]9)
<14 qy + Co(lyl* + ly).
When ¢/2 > 2, using again inequality ([7.4), we have

q/2 q _ _
() +1y12) " < [+ wl? + 2+ w2y 2 + Agalt + a1 + Byaly' |
<L+ y1l? + Collyl® + |7 + [y)
<1+ qur + Agln]? + Bln|” + Collyl® + ly])
<1+ gy + Collyl® + [yl9).

Let us now consider the last inequality (7.6). For ¢ > 2 it is an immediate consequence of
the second one. When ¢ < 2 it remains to prove that

(1 + [y))*

2

/2
((1 +u1) + !y’|2> <1l+aqy+C,
In this case we easily have

q/2 ~
((1 +y1)* + !y’!2> <L+ wn|T+ Y] <14 qu + Byly]* + |17 < 1+ qus + Byly|%
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For |y| > 1 we get the desired estimate since |y|? < 11{3};q|y|2 When |y| < 1 we use that

(I1+z)*<l4+axforall0<a<1landz>—1:

q/2
<(1 +u1) + \z/|2> — (1420 + 2+ WD <1+ gy + =

5
SRCETIONe
o4yl
The proof is now completed. 0

7.3. Proof of Lemma . Let u be such that [lu| @~y =1 and
5(“’) = ||Du||L1’(RN) - S(p7 N) < S(p7 N)
Then S(p, N) < ||Dul|rmyy < 2S(p, N) and, using
" =Pl =y — )& = al" My — 2l V=] <y,

q
yi+ 1) <l4+qn + §!yl2

we get

(7.7) 0(u) = [| Dul[r @) = S(p, N) < W(HDUHLP vy = (S(p, N))P).

It suffices, therefore, to estimate the right hand side of the above inequality.
Let v € M and set € = [[D(u — v)||Lrry). We write
u—v
[Du = Dv|[ 1oy
where || Del|pp@yy = 1. Also, || Dvl|pe@yy = || Dulpo@yy = S(p, N)||v|| o= @y = S(p, N). The
two cases 1 <p < 2and 2 <p< N are treated differently.

Case I. 2 < p < N. Inequality (7.6) shows that for any ¢ > 1 and z,y € R the following
holds

(7.8) @+ y|* < J2l? + gl Pz -y + Cylla] + )"yl

Thus we obtain

DUl ey = [ 1D+ )P
RN

u = v+ || Du — Dv||pmny = v+ €,

< / |Dv|Pdz + ep| Dv[P~?Dv - D + Cpe?(|Dv| + | Dip|)P~2| Dy d.
RN

or all z € R to get

) o »/p* Jew 0[P 2vpo da p/vt
fllsons = ([ Qo+ ep ol =200) da)™™ = Jjof2, (14 ep 22 2P |
®N) o L

V]I
‘/ lu|P"~ vgodx‘ < Hv

we obtain, by Taylor’s expansion,

||S0||Lz> RN) S

fRN |U|p*,2vsp dx _ Cg2<fRN |U|p**21)S0 d:L‘>2>
1], 10l

Putting together the above two estimates and using that

_ p
(7.9) [ 1ol = (S0 V)Pl ey

lultse > Ilolf,- (1 +ep
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(7.10) [ 10200 D = (S0, NP el [ 1o e,
RN RN
we get
5(u) S DUl g, — (S (o, N
=< [ (Dol Dy 2 Deldo+ ([ o g de) ol A
RN RN
Holder’s inequality and [14, Lemma 3.3] give us

(f s < ([ o) ([ 1

This shows that

) <ol

e [ 10D

d(u) < 62/ (|Dv| +8|Dg0|)p_2|Dg0|2d:L‘+62/ |Dv|P~2|Dy|? dx
RN RN
:/ (\Dv\+|D(u—v)|)p_2]D(u—’U)|2d:B—|-/ ]Dv|p_2]D(u—v)\2dx.
RN RN

This is exactly the estimate in Remark . Since p > 2 we immediately obtain (4.9)).
Case II. 1 < p < 2. In this setting,

!WML=i/ w+ﬂmwnmz;/ dex+qf/ v[P" 20 da
RN RN RN
and, by inequality ((7.6)),
p*/p
1Dl = ([ | 1D(0+ 0l do)
RN

-2 2 -2 2, \P'/P
< ( | Dvl? + ep|Dv|P~*DvDy + Cpe(|Dv| + | D|)P~=| Dy| d:c)
RN

ep Jan |DVIP2DvD 4 C,, [on €2(|Dv| + €| D] )P~2| Depl? )p*/p

= Do), en (14
FrEE 1Dl @,

For small z we have
1+ zf" /P <1+ Pt oa?
p
and this gives us
HDUHLP RN) <”D'UHLP RN) +5P*HDU’IEPE]1§N) /RN |Du[P2DvDy dx

te 2Opp

L [ (Dol+ el Dely 2D

2
+OHDvH’zpz§z (=0 / Do 2DuDpds G, [ EH(|Dul + | Dyl Dplds)
R R
Since for p < 2 we trivially have

82/ (|Dv| + €| D] )P~ 2| Dyp|*dx < 5”/ |Dp|Pdx = £P.
RN RN
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Identities ([7.9) and ([7.10]) imply that
5(0) < DUl v, — (S (o, NPl

2
< 52/ (|Dv| + €| D] )P~ 2| Dop|*dx + (5/ |Dv|P~2Dv Dy dm)
RN RN

= / (|Dv| + |D(u — v)|)*"?|D(u — v)|*dx + (/]RN |Dv[P~! | D(u — v)| dx>2

RN

which finishes the proof.

7.4. Proof of Corollary [4.5. Let us consider v € W' with | Dul| oy = 1 such that
d(u, M) = € with ¢ a small positive parameter, so that there exists v = v, € M such that
d(u, M) = [[D(u — v)||pp@ny = €. Since v € M, ||lu|lpor@yy = ||v]| o vy and 6(u) is that
Lemma [£.3] applies. For p > 2 and € < 1 we have

) £ [ (Dul+ Doy DG~ o) 5 [ (D= o)+ Duly 21D v
R” R"

S ID( = )l + 1Dl | DG = 0

S ID( = )|y

A similar argument works for 1 < p < 2 since ||Dv||zp@yy < 2 for small e:

) s [ (Del+1D( =)Dt = o)Pde+ ([ 1Dop 1Dl = vlds)’

2/p' 2/p
< / D(u— v)|Pdz + (/ |Dv\pd:c> (/ D(u— v)\pdx)
RN RN RN

SID(u = )5, @ny + 1D = )| Zo@ny S 1D(u = )17, @y
This finishes the proof.

7.5. Proof of Lemma . Let us assume, without loss of generality, that o = (2¢1,0,...,0)
with |zo1| < 1. Using the explicit form of U, ,,(z), and denoting

P

Ay ={(,y) e Rx R [(yn + AF 5, 9/)] < AT}
we obtain, by an elementary change of variables,
id
/ [DUsaol"der = / DU (y)lrdy = CN/ ™y
|z|<1 Ay Ay (14 |y|P-1)

Observe that, since |zo;| < 1, Ay C {y € RY, |y| < 2A%5}. Then the upper bound in (Z.14)
holds for all A > 0:

_p
1 NP N-l+787 g
J R By A ——a
|z<1 wl<2av= (1 + |y|»-1)N 0 (1+re1)N

For the lower bound in (4.14]) observe that for |z¢;| < 1/2, there is always a ball centered at
the origin included in Ay, {|y| < A¥5/2} C A,. Then

i , »
/ | DU 4 [Pd 2, / |y|p—py > vy < 1
lz|<1 ’ wl<ANB /2 (1 + |y|7=1)N
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Let us now consider the case when 1/2 < |zg;| < 1 and choose the particular case 1/2 < z¢; < 1.
Observe that

ye Ay = [P +vi+ QAT T3y < )\N%pp(l —z2)
and then, for A small enough,

By i={(y1,y/) € Rx RV |y/[P+ 47 + 4y A¥7 <0, yy <0} C Ay C {Jy| < 1}.

Moreover, By = )\NL*PBl and then

_b
/ —|y|p71€£y > LN/ ly|7 T dy ~ ARV [y 5T dy.
By (L4 Jy[=0)N 2% Jn, B,

The proof of estimate (4.14)) is finished.
Let us now consider the inequalities in (4.15]). They are reduced to estimate the minimizers

outside the unit ball .,
=1
/ |DU 4, [Pdz = Cy / M—i’
jaf>1 A5 (1+ Jy[»=T)N

Using that for A > 1, {y € RY, |y| > 2A¥7} C AS we have

p1d pld N

p— p— —1

/ lyl>rdy 2/ p lyl>tdy 2/ Ty A
ag (L [yl )N Jyzaav=s (14 Jy|[r=1)N - Jiyeaav=s

Also, observe that Ay = AN5A; and any y € A, i.e. [y+(zo1,0)| > 1, satisfies |y| > 1—|zo].

Hence
_p_ _p_
/ lyl»—Tdy _)\N{p(zwpfl)/ lylP—Tdy
_p - 2
a5 (1 + fy[»=1)N A5 (1 AT=0G1 |y| 521 )N

7id
P P p=
< AN (N+ 52 / |y‘p2 Y .
ly|>1—|zo1] (1 + AN@F-p-1) |y|pj)N
AT
<ATE 7y = ———r.
lyl>1—lo1| (1= |zor])

This proves (4.15]) and finishes the proof.

7.6. Proof of Lemma Using a translation and a scaling argument it is sufficient to
consider the case o = 0 and A = 1. For the radially symmetric function U(x) = u(]z|) we have

Tl

Opya, U(z) = (1) - + ' (r)

2
(5ijr — xixj

r3
and the eigenvalues of the Hessian matrix are \,(D?(z)) € {u”(r), “lff)}.
Explicit computation show that

hlr) = L4 )T = (V= D,
p_

ug(r) = CN,prﬁ(l + rﬁ)*%,
Thus

[z

2—p P 7;771 _p_
AU(z) = %ml (1 +rﬁ) [(p—2)(N— D)(r7T +1) + N — 2.
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and for any 1 < 4,5 < n we have

0., U@ S ') + P < o (1 1)

,r‘ Y
It implies that under the assumption 1 < p < N, D*U € LP(RY). Indeed,

o0 p)p P -N
DU ()dz < | NS (14075)  dr < 0o
| S
RN 0

since
2 — N
N+ PCZP) NP
p—1 p—1
and
2 N+2-+/N2+r4 N+2++/N21+4
N+p(—1p)>0(:)p€( i > AT +2 3 5w
p_

A scaling argument proves (4.16)) and

/ | DUy 4 () |Pdz < AN=5.
|z|<1

Let us now consider the lower bounds. Explicit computations show that

AU(z) = ]%rp : (1 T 1)_15_1 [(p 2N = 1T + 14 (p— 1)(N — 1)]

For p > 2 we have

CY(N 1) oy N ¥
|AU(:C)‘ > CN,p(p p_)g )TZj (1 _i_rpTl) = ANp (1_|_rp 1)
The sets
A ¥
Fk:{xeRNzlawku(xﬂ > S 1(1+m ) , kzl,...,N}

cover the space RY and then the conclusion holds.

When 1 < p < 2 the proof is more delicate since there exists a set {z : |27 = 1/(N — 1)}
where u”(r) = 0 and then \(D?*U(z)) = 0. Also, there is a point z = 0 where u/(r )/r =
A (D?*U(x)) = 0. However, since the Hessian is non-degenerate, we can cover these sets with
cylinders in which there exist directions on S' along which the associated quadratic form admits
a uniform lower bound.

Let us take a point # € {z : |z[7T = 1/(N — 1)}. For simplicity assume z = (z,0') €
R x RN¥=1. Choosing € = 1/100, there exists &y such that

(A (H (2))] = [u"(|z]]) < eal|z])
and

Ao (H ()] = [/ (|z])/ ]| > al]x])

for all x = (z1,2’) in the cylinder Cs, = {|z1 — xo| < do, |2' — 0’| < dp}. Using that
(&1, 0)" H (@) (&,07)] = |&5]]w"(|z])] < ea(|2]),

and

(2|

1(0,€) " H(2)(0,8)] = [¢']? 7

a(|zl),
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there exists a. such that for all £ € {¢ € S!,|&] < a.|¢'|} it holds
1
€7 H ()] > Sallz]), Vo € Cs,.

Covering the set z € {z : |z|71 = 1/(N — 1)} with a finite number of cylinders we obtain the
desired property. A similar argument works when |z| = 0.

7.7. Proof of Lemma For simplicity we write U, instead of U,,. We split all the
integrals over B, and Bj. Since functions in V}, vanish outside By, there is no contribution from
this region. In view of the way the polyhedral domain By, is constructed, Bf C {|x| > 1 — h}.
The same arguments as in the proof of lead to

/ | DU, |Pdx < / | DU, |Pdx < / |DU, [Pz < X777
: lz|>1—h |z|>1/2

It remains to estimate the integrals in Bj,. We proceed in several steps.
Step I. Proof of (4.19)). Let us denote

[h:/ ]DU,\—Duh|pd:c
By,

When p > N/2 classical estimates for the linear interpolator |6, Theorem 4.4.20, p. 108] and

the result in (4.17)) show that
Iy < WP DU, S (BAV)P,

which finishes the proof of .

Let us now consider the case 1 < p < N/2, in which we will make use of the estimate provided
in Lemma [2.1We estimate differently the terms in the triangles 7" which are outside the ball
{l| <2h}. fx €T € T, with T C {|z| > 2h}, we have |x| > 2h > 2hy, |2| < infer |2|+hr <
inf,er || + |2]/2 and then |z| < sup,cp|z| < 2infer |z| < 2|z|. In this case estimate
gives us

IT|| D>V gy S IT] supx’( P a(AT [2]) S AF / 0" (A\¥7 |z} da

Using Lemma [2.1] it follows that

I, = Z / | DUy — Duy|Pdz < BP Z |T|||D2U>\||p°°(T)
TEeT,, TC{|z|>2h} TeTh, TC{|z[>2h}
< e / (AN |z|)de = hp)\Np—p/ a(r)yr¥tdr < WPAVS,
h<|z|<1 0

The triangles T' € T}, that are not entirely contained outside the ball {|z| < 2h} are included
within the larger ball {|x| < 3h}. We denote by I, the part of the integral corresponding to
these triangles. We recall the following estimates for the linear interpolator ([2.5)

pr <Shptr > 1
DI ul|ory S by 7 lullzooey, p 2 1.
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From the construction of By, we have Uyjsp, = Uxjgp = Cx. It follows that Duy = DI"U, —
(Ux)jos,) = DI"(Uy) and thus

Iy, < Z ([DUAP + [ Dup|P)dx < / | DU |Pdx + hN_p||U>\||p°°(|:p\<3h)

TeT;, T{|z|<3h}” T lz|<3h

Y

3hNP/ (N —p)
</ (5) 7 s+ BY PN
S (IAY5) V45T 4 (AT )P S (A5,
Summing with the estimate for Iy, and using that 1 < p < N/2 we get the desired result
Iy S (AAT3)P + (WA )N =P < (AAT )P,

Step II. Proof of (4.20). Let us first consider the case p > 2. For p > N/2 we use the error
estimates for the quasi-norms in [12, Th. 3.1] to get

I, ::/ (IDUL| + | DUy — Dup|)*~2| DUy — Dup*dz
By
< h2/ (IDU| + h| DU, |72 DU, [2da
Bh

§h2/ |DUA|p‘2|D2UA|2d:p+hp/ |D?U,\|Pdx
By, B

h

<P [ WP i [ ar
0 0

S (AT + (hAT5)P < (hAT5)2,

Let us consider the case 2 < p < N/2. We split I}, = I3, + Io, as in Step 1. For the first term
we use similar arguments as in Step I:

Lin s = Z /(|DU>\’ + DUy — Duy,|)P~2| DUy — Duy,|*dx
TeT; Tcf|z|>2n} Y T
= Z (IDUAP2| DU\ — Duy|* 4 | DUy — Duy|P)da
TeTh, Tc{|z|>2n} T
p2
<IN DUy, [P0 - Dufds A

TeT,, TC{|z|>2h}
2
< RPANTS + h2/ | DU, [P~2| DU, |2dx:
|z|>2h

P

< (hAT

P+ (hAv=)? / [ (r) P20 (r)r™ e S (hAF)?.
0
For the term Iy, we proceed as in the Step I since N —p > p > 2:

Iy, < > (|DUy| + | DUy — Duy|)P~2| DUy — Duy|?*dx
TeT, TC{|z|<3h} T

p

< ) (IDUSP + [DuplP)dr S (BAT7)Y 7 < (AF7 )2
T

TeTy,TC{|z|<3h}
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Let us now consider the case 1 < p < 2:

= Y /(|DUA] + |DUy = Duy|)P~?| DUy — Dup2dee
T

TeT, TC{|x|>2h}

< Z h2||D2U>\||%°°(T)/ |DUL[P~2da
TET,, TC{|x|>2h} T

: h2/| | R A a2
x|>

2(N+p)
N-—p

|a(A%|z])[*dx

< (MR [P S ()
0
We use that for p < 2 function a is uniformly bounded near the origin to get

Iy, < > (|DU,| + | DUy — Duy|)P~2| DUy — Duy|*da

TeTh T {|z|<3n} /T

< > / |DU, — Duy,|Pdz: < h? > T DUl e )
TeT;, Tc{|z|<3h}” T TeT,, TC{|z|<3h}

(N+p)p P P

< WPV AT (AT R) < (hAN )N+,

Remark 7.3. At this point it is important top observe that, even if the following inequality
holds

Iy, < > /(|DUA| + | DU, — Duy|)""2| DUy — Duy|*d
TeT,,TC{|x|<3h} T
< > |DU,|P~2| DUy — Duy,|*dz,
TeTh, T {|z|<3h} T
it is useless in practice since the last integral diverges over the triangle T containing the origin.
This is so as |DU,|P~2 fails to be integrable in a neighborhood of the origin, in contrast to

|DU,|P, which remains integrable. This is why the estimate in (4.11)) had to be improved to
the one in (4.9).

Step III. Proof of (4.21). With similar notations as in the previous steps

Ly = > |DU\[P~Y| DUy — Duy|dx

TeTy, TC{|x|>2h} T

<ho Y DU [ DU
TET,, TC{|z|>2h} T
(N+p)

< AN FT )P / W (AYT |z |) [Pt a( AT |2 )da
2h<|z|<1

N(p—1) (N+p—pN)

< MFENEEE [T i ptar e S .
0

For the second term Iy, we proceed as before but we cannot compare HDQU,\HIZM(T) with its
integral. Instead, since we are in the ball {|z| < 3h} and p < 2 we can compare it with the
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values at |r| = h and use that a(r) < rit for 0 < r < 1:

In<h ) | DUAP~H | DUl =)

TeT;, T{|z|<3h}” T

< DN aAFSTR)A N / ! AV ) [P e

|x|<3h

_ _ 9]
<INFE ST [ dr
0

< (hAF5)71 S AR

The proof is now complete.
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