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Abstract
We study supervised regression with neural ODEs (NODEs) from a control-theoretic perspective to

derive explicit population-risk bounds. We focus on a widely used class of non-autonomous models

with constant parameters and explicit time dependence, which we call semi-autonomous NODEs (SA-

NODEs). We constructively prove that SA-NODEs are capable of exact interpolation of admissible �nite

datasets, and even satisfy a stronger property that we call simultaneous cell controllability (SCC): their

�ows can map prescribed disjoint cells into arbitrarily small target balls. This property is the mecha-

nism that upgrades interpolation into quantitative generalization, by allowing SA-NODEs to emulate

piecewise-constant nonparametric estimators. Consequently, our risk bounds recover the rates of his-

togram and nearest-neighbor estimators, provided the network width satis�es a conservative scaling

with the sample size. Numerical experiments show that trained SA-NODEs achieve competitive—often

lower—test errors than these baselines. Finally, we show that the explicit time dependence is essential.

Although two-layer autonomous NODEs can interpolate geometrically nondegenerate datasets, struc-

tural obstructions prevent them from achieving SCC. These limitations, further con�rmed numerically,

support the view that SA-NODEs provide a minimal e�ective architecture for learning.
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1 Introduction1

1.1 Expressivity and generalization2

Supervised learning is one of the central paradigms in machine learning, with successful applications3

across a wide range of problems in science and engineering [20]. The standard framework relies on a4

dataset of size N > 1, consisting of pairwise distinct inputs xi ∈ X and corresponding labels yi ∈ Y ,5

DN = {(xi,yi)}Ni=1, with xi 6= xj for i 6= j. (1)

The goal is to approximate the unknown relationship between inputs and labels by �tting a predictor to the6

sample DN , typically via a parametric family {Fθ}θ , where θ is the learnable parameter. The choice of Y7

determines the task. In this work, we focus on regression in a deterministic, noiseless setting. Accordingly,8

we assume throughout that X ⊆ Rd and Y = Rd for d > 2, and that there exists a ground-truth map9

y : X → Y such that y(xi) = yi for all i.10

Of course, �tting DN alone does not constitute learning: the true goal is to approximate y accurately11

across X . To assess performance beyond the training data, we �x a test probability measure µ ∈ P(X ),12

often viewed as the (unknown) data-generating distribution, and de�ne the population (true) risk by13

R(θ) :=
∫
` (Fθ(x), y(x)) dµ(x), (2)

where ` : Y × Y → R>0 is a chosen loss function. Since µ is unknown, the population risk R(θ) cannot14

be computed, let alone minimized, directly from DN . One therefore introduces the empirical risk15

RN (θ) := 1
N

N∑
i=1

` (Fθ(xi),yi) =
∫
` (Fθ(x), y(x)) dµN (x), µN := 1

N

N∑
i=1

δxi ∈ P(X ). (3)
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Interpolation and generalization with NODEs 2

Training then amounts to selecting parameters θ that minimize the empirical risk. This approach intro-16

duces a fundamental tension, which is revealed by the following error decomposition:17

R(θ) 6 RN (θ) + |R(θ)−RN (θ)| . (4)

The �rst term measures the �t on the dataset; driving it to zero (exact interpolation) requires enough model18

expressivity. The second term is the generalization gap, measuring the discrepancy between the expected19

risk under µ and its empirical proxy µN . Classical approaches usually control this gap by constraining20

the parameter space. This strategy is not designed for the interpolation regime, where models are in-21

herently overparameterized. Our purpose is to exhibit a di�erent mechanism, based on controllability of22

macroscopic regions, by which exact interpolation and quantitative generalization can coexist.23

Controlled �ows and neural ODEs24

We study expressivity and generalization within a class of predictors derived from dynamical systems.25

More precisely, we cast supervised learning under the guise of controlled �ows, modeled by the ODE26 {
ẋ(t) = vθ(t)(x(t)), t ∈ (0, T ],
x(0) = x0 ∈ Rd,

(5)

with T > 0 �xed, and the vector �eld vθ(·)(·) : [0, T ] × Rd → Rd that we assume to be measurable in t27

and uniformly Lipschitz in x. Under these conditions, (5) induces a unique �ow28

Φθt : Rd → Rd, t ∈ [0, T ],

and the predictor is Fθ = ΦθT . This formulation o�ers a control-theoretic interpretation [14, 28]. The29

parameters θ(·) act as controls steering the dynamics, and empirical risk minimization becomes, in essence,30

a problem of simultaneous controllability: one seeks some θ(·) such that ΦθT drives each initial datum xi31

to its prescribed target yi. This perspective places the rich machinery of control theory at the service of32

machine learning and provides a uni�ed framework to study both expressivity and generalization.33

From a machine learning perspective, it is natural to parameterize vθ as a neural network. With this34

choice, (5) is termed a neural ODE, with many variants di�ering in parameterizations, readouts or dis-35

cretizations [9, 14, 18, 23]. In the simple case of a single-layer ReLU network of width p ∈ N, we obtain:36

37

ẋ(t) =
p∑
i=1

wi(t)
(
ai(t) · x(t) + bi(t)

)
+, t ∈ [0, T ]. (node)

Here, θ = (wi,ai, bi)pi=1 : [0, T ]→ (Rd × Rd × R)p are the controls, and z+ := max{z, 0} is the ReLU.38

While (node) is highly �exible, it is heavily parameterized, with its e�ective parameter count growing39

under �ner temporal discretizations. This motivates the search for simpler architectures that preserve40

expressive power. We focus on one such model: the semi-autonomous neural ODE,41

ẋ(t) =
p∑
i=1

wi

(
ai · x(t) + bit+ ci

)
+, t ∈ [0, T ], (sanode)

derived from (node) by restricting wi and ai to be time-independent, and bi(t) = bit+ ci. Equivalently,42

this corresponds to parameterizing vθ via a time-invariant network applied to the extended state (x, t).43

This design makes (sanode) an appealing middle ground [15, 27]: its relative simplicity eases implemen-44

tation with respect to (node) while retaining high expressivity [21].45

1.2 Main results46

Our goal is to establish expressivity and generalization guarantees for neural ODEs. We demonstrate that47

(sanode) achieves both, avoiding structural limitations of purely autonomous models.48
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Figure 1: Overview of the proposed approach. Left: Interpolation of the training data from inputs (solid circles) to

targets (hollow circles) via learned trajectories (arrows). Center: Voronoi partition of the input space, where each cell

corresponds to a training sample. Right: The �ow compresses entire cells toward their respective targets, illustrating

the simultaneous cell controllability from De�nition 2.

1.2.1 Expressivity.49

The study of controllability for neural ODEs has garnered signi�cant attention [1–3, 10, 28, 29]. A central50

concept in this literature is the universal interpolation property (UIP, [10]): given �nitely many pairwise51

distinct inputs xi and targets yi, does there exist a control θ(·) such that ΦθT (xi) ≈ yi for all i? While52

approximate interpolation (up to arbitrary precision) holds for various models, the exact UIP (ΦθT (xi) = yi53

for all i) is much more rigid. For time-dependent controls as in (node) or its linear-in-control version (see54

[1]), it is typically achieved by introducing temporal discontinuities [3, 28]. However, this machinery55

breaks down for (semi-)autonomous systems, leaving their exact UIP as a challenging open question.56

Beyond exact interpolation of points, we introduce the stronger notion of simultaneous cell controlla-57

bility to control entire regions of the input space. As illustrated in Figure 1, this requires the �ow to map58

disjoint convex cells (e.g., a Voronoi partition) toward their respective targets.59

With these notions in place, our expressivity results for (sanode) establish the following:60

• We prove the exact UIP for (sanode) in Theorem 2.3. Our approach is constructive and yields explicit61

controls rather than merely proving their existence.62

• We formalize simultaneous cell controllability and prove that (sanode) exhibits this property in Theo-63

rem 2.5. Via Barron constant estimation, we derive explicit bounds on the required network width.64

1.2.2 Generalization.65

Under the setting of (5) and the squared Euclidean loss, the population and empirical risks (2)–(3) become:66

67

R(θ) =
∫ ∥∥ΦθT (x)− y(x)

∥∥2 dµ(x), RN (θ) = 1
N

N∑
i=1

∥∥ΦθT (xi)− yi
∥∥2
. (6)

The central challenge remains bounding the decomposition (4). Existing theoretical approaches typically68

bound the generalization gap uniformly over a restricted parameter space Θ. For instance, [22] proves69

that for the linear-in-control version of (node) under bounded Lipschitz controls, with probability 1− δ:70

R(θ) 6 RN (θ) + sup
θ∈Θ
|R(θ)−RN (θ)| . RN (θ) +

√
(m+ 1) log(RΘmN)

N
+ m
√
RΘ

N1/4 +
√

log(1/δ)
N

where m is the number of scalar control functions and RΘ ≥ 0 encapsulates the bounds on Θ. If the71

controls are time-independent, this bound improves by removing the O(N−1/4) term.72

While informative, such bounds highlight an inherent tension: keeping the complexity (m and RΘ)73

�xed asN →∞ shrinks the generalization gap but may preclude exact interpolation, leaving the empirical74

riskRN (θ) large. Conversely, drivingRN (θ) to zero requires increasing complexity whenN grows large,75

which deteriorates the bound. This motivates a natural question:76

Can we design data-dependent controls θN , while appropriately scaling the network width, to77

guarantee that the population riskR(θN ) vanishes at a quanti�able rate as N →∞?78
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We provide an a�rmative answer by connecting (sanode) to nonparametric statistics. Rather than assum-79

ing a �xed parametric form, nonparametric methods—such as kernel estimators [24, 33], histograms or80

k-nearest-neighbors [16, 31]—construct local approximations directly from the data. For Hölder spaces,81

these procedures yield explicit, minimax-optimal convergence rates [30]. This establishes a natural bench-82

mark: any learning method claiming to generalize should ideally match these rates. We show that (sanode)83

achieves this benchmark by using simultaneous cell controllability to emulate these estimators.84

Informal statement (Propositions 4.5 and 4.6). Given a dataset DN , a compactly supported probability85

measure µ, and an α-Hölder continuous target y, there exists a control θN such that86

R(θN ) . Errnp + Errnode,

where Errnp is the statistical error of a piecewise-constant nonparametric estimator built from DN , and87

Errnode measures how accurately the �ow of (sanode) realizes this estimator. Provided the network width88

p grows su�ciently fast with N (p ≥ pN ), the realization error is absorbed. Taking the expectation over89

the random draw of DN (if the inputs xi are sampled i.i.d. from µ), we recover the classical rates:90

EDN
[
R(θN )

]
.


N−

2α
2α+d for histogram estimators,(

logN
N

) 2α
d

for nearest-neighbor estimators.

Our width requirement pN—which depends on N and the geometry of the data partition—acts as an91

achievability guarantee rather than a tight bound. It proves that the architecture inherently supports gen-92

eralization: given su�cient width, there exists a control whose true risk vanishes at an explicit rate. This93

circumvents the inherent tension of uniform bounds: exact interpolation and optimal statistical consis-94

tency can mathematically coexist.95

Related work. Recent literature has explored generalization across various continuous-time models.96

Building on the uniform bounds of [22] for the linear-in-control version of (node), [32] extended this97

capacity-constrained approach to broader nonlinear neural ODEs. In parallel, other works have studied98

complementary mechanisms: [17] showed that incorporating feedback enhances robustness, while [8]99

derived generalization bounds for neural controlled di�erential equations driven by irregular time series.100

1.2.3 The limits of autonomous models101

Having established the capabilities of (sanode), it is natural to ask whether explicit time dependence is102

truly necessary. We may remove it entirely, leading to the autonomous neural ODE:103

ẋ(t) =
p∑
i=1

wi

(
ai · x(t) + bi

)
+, t ∈ [0, T ]. (anode)

To compensate for the resulting structural constraints, we also consider increasing the compositional104

depth, yielding the two-layer autonomous neural ODE (2anode):105

ẋ(t) =
p2∑
j=1

wj

(
p1∑
i=1

uji (aij · x(t) + bij)+ + cj

)
+

, t ∈ [0, T ], (2anode)

with wj ,aij ∈ Rd and uji, bij , cj ∈ R for p1, p2 ∈ N. Although not our primary focus, analyzing these106

autonomous models helps contextualize the advantages of explicit time dependence.107

While we prove in Theorem 2.9 that (2anode) can achieve the exact UIP (provided the data satisfy the108

geometric condition (13)), we also discuss obstructions to simultaneous cell controllability in autonomous109

models like (anode) and (2anode). This reveals a gap between point interpolation and cell routing, a110

distinction that Section 5.2 illustrates experimentally. Thus, among the models we consider, (sanode)111

provides the simplest setting in which both point interpolation and cell routing mechanisms coexist.112
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1.3 Organization113

Section 2 introduces the core controllability notions and provides constructive proofs of the exact UIP for114

(sanode) and (2anode). Section 3 reviews the nonparametric estimators that serve as our benchmarks.115

Section 4 then states and discusses our main generalization theorems. In Section 5, we numerically eval-116

uate the capacity of neural ODEs to match or outperform these benchmarks on several regression tasks.117

Finally, Section 6 o�ers concluding remarks and future directions. Most proofs are deferred to Section 7.118

Notation119

For n ∈ N, we use [n] = {1, . . . , n}. Vectors are bold (e.g. u,v) and we denote the Euclidean inner120

product of u,v ∈ Rd by u · v. The open ball in Rd of radius r > 0 centered at x is B(x, r), and the121

hypercube is IR := [−R,R]d for R > 0. Let Pac(Rd) be the space of absolutely continuous probability122

measures on Rd. We set123

log+(r) := max{log(r), 0} for r > 0, and log+(0) = 0. (7)

Concerning inequalities, we write a . b (and a & b) to indicate that a 6 Cb (and a > Cb) for some124

constant C > 0 whose independence from the parameters of interest (such as N , ε, or p) will be clear125

from the context. If a . b and b . a, we write a � b.126

2 Controllability of neural ODEs127

2.1 Simultaneous point controllability128

We begin with our central notion of expressivity. Consider the general model (5) with �ow map Φθt . Since129

ΦθT : Rd → Rd is a homeomorphism, and hence injective, exact interpolation is impossible if distinct130

inputs xi 6= xj are assigned the same target. To avoid this, we restrict our attention to datasets satisfying131

132

xi 6= xj and yi 6= yj for all i 6= j. (8)

Any dataset satisfying (8) will be called admissible.133

De�nition 1. We say that the control system associated with (5) possesses the approximate universal in-134

terpolation property (UIP) if for every ε > 0, every N ∈ N, and every dataset {(xi,yi)}Ni=1 ⊂ Rd × Rd135

admissible in the sense of (8), there exist T > 0 and an admissible control θ such that the �ow map ΦθT136

generated by (5) satis�es137

‖ΦθT (xi)− yi‖ ≤ ε, for all i ∈ [N ]. (9)

If (9) holds with ε = 0, we say that the system possesses the (exact) UIP.138

When the vector �eld is a neural network, the admissible controls in De�nition 1 are understood to139

range over all widths. Thus, the UIP is a property of the whole family, not of a �xed-width model.140

Remark 2.1 (Time rescaling). In the de�nition above, the time horizon T is allowed to be chosen freely. How-141

ever, this is equivalent to a �xed-horizon formulation whenever the family of vector �elds under consideration142

is closed under positive scalarmultiplication and time reparameterization. Indeed, for anyT∗ > 0, the rescaled143

curve y(s) := x(sT/T∗) solves an analogous system on [0, T∗] driven by the vector �eld vθ(sT/T∗)T/T∗,144

which remains in the same class. All models considered in this work satisfy this property, provided there are145

no uniform bounds imposed on the parameter space.146

Before detailing our contributions, we brie�y review known results for the general model (node). The147

UIP was proved in [28] using p = 1 neurons. We state its generalization to arbitrary p ≥ 1 from [3].148

Theorem 2.2 (Simultaneous point controllability for (node) [3, Theorem 1]). For every d ≥ 2, T > 0 and149

p ∈ N, the system (node) possesses the exact UIP. Furthermore, for any admissible dataset of size N (in the150

sense of (8)), the control can be chosen piecewise constant in time with 2 dN/pe − 1 jumps.151
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The constructive proof of this theorem exploits the freedom a�orded by time-dependent parameters.152

The key device is the orthogonality constraint wi ·ai = 0: geometrically, this forces the �ow generated by153

each neuron to act as a shear transformation parallel to its own activation hyperplane. This decoupling154

makes the dynamics tractable and allows the control strategy to split naturally into two phases sepa-155

rated by a single switch. In the �rst interval, N parallel hyperplanes steer d − 1 coordinates of the data156

simultaneously; after the switch, the hyperplanes reorient to handle the remaining coordinate.157

By contrast, for (sanode) the vectors wi and ai are time-independent, so the reorientation mechanism158

described above is no longer available. The compensating source of �exibility is the explicit time depen-159

dence in the argument ai · x + bit + ci, which makes the activation hyperplanes translate at a constant160

velocity given by bi. Our �rst new result—whose proof is deferred to Section 7.1.1—shows that this single161

degree of freedom is su�cient to recover exact controllability without requiring any temporal switching.162

Theorem 2.3 (Simultaneous point controllability for (sanode)). For every d ≥ 2 and T > 0, the system163

(sanode) possesses the exact UIP. Moreover, for any admissible dataset of size N (in the sense of (8)), exact164

interpolation can be achieved with width p = 2N .165

2.2 Simultaneous cell controllability166

The UIP captures the capacity to interpolate any admissible �nite dataset. To control the population risk,167

however, one needs the �ow to behave well across entire regions of the input space, rather than only at168

�nitely many points. This leads to the following stronger controllability notion.169

De�nition 2. We say that the control system associated with (5) possesses the property of simultaneous170

cell controllability (SCC) if, for every �nite family of pairwise disjoint compact convex sets {Ak}Kk=1 ⊂ Rd,171

every collection of target points {rk}Kk=1 ⊂ Rd, and every η > 0, there exist T > 0 and an admissible control172

θ such that the �ow map ΦθT generated by (5) satis�es173

ΦθT (Ak) ⊂ B(rk,η) for all k ∈ [K]. (10)

Remark 2.4. Although framed here in the context of �ows, simultaneous cell controllability is an architecture-174

independent notion. It applies to any parametric map Fθ , from neural networks to classical regression models.175

The property of SCC is stronger than the approximate UIP, as setting Ak = {xk} in (10) directly176

recovers condition (9). The fundamental shift is that the �ow must now simultaneously route whole177

macroscopic regions rather than isolated points. Despite this added complexity, the following theorem178

establishes that (sanode) exhibits this property, and provides a lower bound on the required network179

width. This is derived in Section 7.1.3 by constructing a reference vector �eld and applying quantitative180

Barron-type estimates (with the geometric constants detailed in Remark 2.6).181

Theorem 2.5 (Simultaneous cell controllability for (sanode)). Let d,K ≥ 2 and R, T > 0. Let {Ak}Kk=1182

be a family of pairwise disjoint, compact, and convex subsets of IR := [−R,R]d, and let {rk}Kk=1 ⊂ Rd be183

pairwise distinct target vectors. Then there exist184

C = C (d, T,R, (rk)k, (Ak)k) > 0, M = M (d, T,R, (rk)k) > 0

and η0 ∈ (0, 1] such that for every η ∈ (0,η0] and every integer185

p ≥ Cη−2−C (1− log η)2
, (11)

there exists a control θ of width p for (sanode) such that186

1. ΦθT (Ak) ⊂ B(rk,η) for all k ∈ [K];187

2. ‖ΦθT ‖L∞(IR) ≤M.188

If the targets are not necessarily pairwise distinct, the same conclusions hold for any �xed η > 0; however,189

the constant C is no longer uniform and will depend on η.190
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Remark 2.6 (Explicit geometric constants). The constants C, M, and η0 in Theorem 2.5 may be chosen191

explicitly. A possible choice, obtained by combining Lemma 7.6 with Lemma 7.7, is governed by the geometry192

of the cells and their targets. Assume that the target vectors r1, . . . , rK are pairwise distinct, let193

D∗ := max
k∈[K]

diam(Ak), s∗ := min
i6=j

dist(Ai, Aj),

and let γk : [0, T ] → Rd be smooth pairwise disjoint curves such that γk(0) ∈ Ak , γk(T ) = rk , γk is194

constant on [0, 2T/3], and ‖γk(t)‖ < 1 + maxk∈[K] ‖rk‖ +
√
dR for all t ∈ [0, T ]—their existence is195

guaranteed for d ≥ 2, see Lemma 7.5. De�ne196

m := min
t∈[0,T ]

min
i6=j
‖γi(t)− γj(t)‖, G := 1 + max

k∈[K]
max

1≤j≤d+5

∥∥∥∥ djγk
dtj

∥∥∥∥
L∞(0,T )

,

and let197

L := Cd,T

[
G

m
+ 1 +D∗/s∗

T

(
1 + log+(4D∗)

)]
,

and198

B := Cd,T K

[
TGd+5(md +m−4) + (D∗ + s∗)d+1(1 + s

−(d+4)
∗ )

T

(
1 + log+(4D∗)

)]
.

Exploiting these quantities—see the proofs of Lemmas 7.6 and 7.7 for a derivation—one may take

η0 := min
{

1, s∗2 ,
m

2

}
, M := 2 + max

{
T, max

k∈[K]
‖rk‖+ 3

2
√
dR

}
, (12)

C := max
{

3, 2TL, 4C2
d M

4 T 2B2e2TL} .
Thus, whileM depends solely on the domain size and target locations, C captures the geometric bottleneck of199

the partition: the term 1/s∗ in L forces an exponential penalty exp(c/s∗) in the factor e2TL as s∗ → 0.200

Remark 2.7 (Width requirement and sharpness). The lower bound (11) provides a su�cient condition rather201

than a sharp complexity estimate. As noted in Remark 2.6, the geometric constant C incurs an exponential202

penalty as the minimum cell separation s∗ shrinks. Consequently, for the re�ned partitions used later to203

establish statistical consistency, this geometric bottleneck can force a super-polynomial threshold pN as the204

dataset size N grows. This re�ects the curse of dimensionality inherent in isolating many small regions.205

We emphasize that this scaling acts purely as an achievability guarantee. The speci�c bound arises from206

our chosen proof strategy—speci�cally, applying the uniform approximation results of [19, Theorem 2]. Em-207

ploying alternative tools (e.g., [5, Proposition 6]) could alter the trade-o� between the convergence rate in p208

and the magnitude of C. Determining the sharp intrinsic width required for simultaneous cell controllability209

remains an open quantitative question.210

2.3 Autonomous models211

Having established the UIP and SCC for (sanode), it is natural to ask whether explicit time dependence212

is truly necessary. To answer this, we remove it entirely and analyze the autonomous model (anode) and213

its two-layer variant (2anode).214

While [3] establishes the approximate UIP for (anode)—including explicit error decay rates as the215

width grows—bridging the gap from approximate to exact interpolation remains unresolved:216

Open Problem. Does the exact UIP hold for the single-layer autonomous system (anode)?217

The di�culty is structural: unlike time-dependent models, which can concatenate �ow stages by218

switching controls, autonomous single-layer �elds are highly rigid. Speci�cally, they cannot be spatially219

localized. Because they are �nite superpositions of ridge functions—whose Fourier transforms are sup-220

ported on one-dimensional sets—such nontrivial vector �elds can never belong to L2(Rd). Though ele-221

mentary, this fact seems absent from standard references, so we provide a proof.222

Lemma 2.8. Let d ≥ 2 and let σ ∈ C 0(R) have at most polynomial growth. For any p ≥ 1, de�ne223

g(x) =
p∑
j=1

wj σ(aj · x + bj), (x ∈ Rd), with aj ∈ Rd, wj , bj ∈ R.
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Figure 2: Illustration of the nondegeneracy condition (13). Left & Right: Admissible datasets for d = 2 and d = 3.

Center: A degenerate data con�guration. As discussed in Remark 2.10, condition (13) is generic for d > 3.

If g 6≡ 0, then g /∈ L2(Rd). In particular, g cannot have compact support unless g ≡ 0.224

Proof. For each j, the Fourier transform of the ridge function x 7→ σ(aj ·x+bj) is supported, in the sense225

of tempered distributions, on the line Lj = {λaj : λ ∈ R} ⊂ Rd. By linearity, ĝ is then supported in the226

�nite union

⋃p
j=1 Lj , which has Lebesgue measure zero in Rd since d ≥ 2 by hypothesis.227

Suppose g ∈ L2(Rd). Then, by Plancherel, ĝ ∈ L2(Rd) as well. But ĝ = 0 a.e. because anL2
–function228

supported on a null set must vanish almost everywhere, and therefore g ≡ 0.229

While Lemma 2.8 does not strictly rule out exact interpolation, it explains why “pointwise” steering230

strategies are exceptionally hard to implement with (anode) alone. A minimal way to restore localization231

without reintroducing time dependence is to add one compositional layer. By composing ReLU units, the232

two-layer �eld (2anode) can generate vector �elds supported on convex polytopes (see Lemma 7.3 below),233

enabling the construction of localized controls.234

For (2anode), we require the stronger assumption that input-output segments are mutually disjoint:235

[xi,yi] ∩ [xj ,yj ] = ∅ for all i 6= j, (13)

where [a,b] denotes the line segment between a and b. Note that this naturally implies xi 6= yj for i 6= j.236

Theorem 2.9 (Simultaneous point controllability for (2anode)). Let N ≥ 1, d ≥ 2, and T > 0 be �xed.237

Consider any dataset {(xi,yi)}Ni=1 ⊂ Rd × Rd admissible in the sense of (8), and additionally satisfying238

(13). Then there exists a (constant) control θ such that the �owmap ΦθT generated by (2anode), with p1 = 2d239

and p2 = N , satis�es240

ΦθT (xi) = yi, for all i ∈ [N ].

The proof is deferred to Section 7.1.2. Although (2anode) achieves exact UIP without any form of time241

dependence, its mechanism is less e�cient than that of (sanode): it requires p1 = 2d and p2 = N , hence242

p1 · p2 = 2dN �rst-layer units and p2 = N second-layer units. By contrast, (sanode) uses p = 2N units.243

Remark 2.10 (Dimensional constraints). Condition (13) depends strongly on the dimension d. Because our244

current construction relies on vector �elds localized strictly around straight segments [xi,yi], these paths must245

not cross. In d ≥ 3, linear segments generically do not intersect, so this condition is easily satis�ed. In d = 2,246

however, straight-line collisions are frequent, making the assumption highly restrictive (see Figure 2).247

Nevertheless, the UIP can theoretically be established for all d ≥ 2 without requiring (13). Instead of248

moving along straight lines, particles could be routed through intermediate waypoints to avoid collisions,249

using localized two-layer “connectors” to steer the �ow around obstacles. While mathematically feasible, the250

technical length of such a construction places it beyond the scope of this paper, and we defer it to future work.251

At this point, the distinction between point interpolation and cell routing becomes essential. While252

autonomous systems can map �nite point clouds arbitrarily close to their targets by letting isolated tra-253

jectories bypass each other in d ≥ 2 ([3, Theorem 7]), routing macroscopic cells Ak introduces structural254

obstructions. Since autonomous trajectories cannot cross, models like (anode) or (2anode) face a topo-255

logical barrier. For example, if the target of A1 lies behind A2, the �ow would need to push A1 directly256

through the space initially occupied by A2, which violates uniqueness. The explicit time dependence in257

(sanode) circumvents this by allowing trajectories to cross safely in space-time.258

Furthermore, De�nition 2 strictly requires ΦθT (Ak) ⊂ B(rk,η). A weaker L2
-a.e. control might by-259

pass the obstruction by sacri�cing small-measure subsets of the cells: failing to route these small regions to260
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their targets would free up physical space to create “corridors” for other cells to pass through, potentially261

accommodating autonomous systems.262

In summary, while autonomous systems can interpolate points—especially with added depth as in263

(2anode)—their lack of a time coordinate to schedule motion makes them structurally ill-suited for cell264

routing. Thus, among the architectures considered here, (sanode) provides the simplest setting where265

exact interpolation and generalization coexist.266

3 Nonparametric estimation267

In this section, we recall the construction and fundamental properties of piecewise-constant nonparamet-268

ric estimators. Our analysis focuses on two canonical approaches:269

1. Histogram estimators, which partition the input domain using a �xed uniform grid.270

2. Nearest-neighbor estimators, which rely on Voronoi tessellations [4, 7].271

While the results in this section are standard, proofs are collected in Section 7.2, as the precise statements272

we need do not appear verbatim in the literature. We refer the interested reader to [16, 31] and references273

therein for a deeper dive into the theory of nonparametric estimators.274

3.1 Histogram estimator275

We �rst analyze the histogram approach. Fix R > 0, a resolution h ∈ (0, 2R] and let276

K := {0, . . . , d2R/he − 1}d (14)

be the corresponding multi-index set. For each k ∈ K, we de�ne the cube277

Qk := IR ∩
d∏
j=1

[−R+ kjh, −R+ (kj + 1)h) , (15)

ensuring that the collection {Qk}k∈K forms a partition of IR up to a µ-null boundary set. The total278

number of cells is given by279

Kh := |K| =
⌈

2R
h

⌉d
. h−d, (16)

and the diameter of each cell satis�es diam(Qk) 6
√
d h. We approximate y(·) by averaging its values280

within each cell. This leads to the de�nition of both a population-level and an empirical estimator:281

• The population average yh : IR → Rd is the best piecewise-constant approximation of y in L2(µ):282

yh(x) :=
∑
k∈K

sk 1Qk(x), (17)

where the coe�cients sk ∈ Rd are de�ned by283

sk :=


1

µ(Qk)

∫
Qk

y(x) dµ(x), if µ(Qk) > 0,

0, if µ(Qk) = 0.
(18)

Note that yh(·) is in fact the best piecewise-constant approximation of y(·) in L2(µ), as each sk284

minimizes the local L2(µ)-error over Qk .285

• The empirical average yN,h : IR → Rd, instead, is computed directly from the dataset:286

yN,h(x) :=
∑
k∈K

Sk 1Qk(x). (19)
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Figure 3: Histogram and Voronoi approximations of a function y : R2 → R2
, represented in both 3D (height and

color) and 2D (color only). Left: The target function. Center: The histogram estimator, which assigns each cell the

average value of its enclosed training points; gray cells indicate regions with no training data. Right: The Voronoi

estimator, which assigns each cell the value of its nearest training point.

LettingNk :=
∑N
i=1 1Qk(xi) denote the number of samples falling intoQk , the coe�cients Sk ∈ Rd287

are now de�ned as288

Sk :=


1
Nk

∑
i:xi∈Qk

y(xi), if Nk > 1,

0, if Nk = 0.
(20)

A schematic representation of yN,h(·) when d = 2 can be seen in Figure 3 (central column). We now289

establish the convergence rate for the empirical histogram estimator.290

Proposition 3.1. Let DN = {(xi, y(xi))}Ni=1 with x1, . . . ,xN drawn i.i.d. from µ ∈ Pac(IR), and y ∈291

C 0(IR;Rd). Then, for any h ∈ (0, 2R], the estimator yN,h(·) de�ned in (19) satis�es292

EDN
[
‖y − yN,h‖2L2(µ)

]
. ωy(

√
d h)2 +

‖y‖2L∞(IR)

Nhd
, (21)

where ωy(t) := sup {‖y(x)− y(x′)‖ : x,x′ ∈ IR, ‖x− x′‖ ≤ t} is the modulus of continuity of y(·).293

The bound (21) captures the standard bias-variance trade-o� in nonparametric estimation [16]. The294

bias term ωy(
√
d h)2

measures the spatial approximation error and vanishes as h → 0. Conversely, the295

statistical variance scales as 1/(Nhd); as the grid becomes �ner, fewer samples fall into each cell. Driving296

the total error to zero therefore requires the dataset sizeN to grow strictly faster than the number of cells.297

The continuity assumption on y can be relaxed at the cost of losing an explicit algebraic decay rate298

for the bias. If y ∈ L∞(IR;Rd), the bound (21) holds with the bias replaced by ‖y − yh‖2L2(µ), which299

still vanishes as h → 0 (e.g., via standard martingale convergence on nested grids [13, Theorem 4.4.6]).300

For y ∈ L2(µ;Rd), the bias similarly vanishes, though extending the (Nhd)−1
variance bound generally301

requires further assumptions. We do not pursue this level of generality here.302

Conversely, by imposing stronger regularity on y(·) one can quantify the modulus of continuity. We

focus on the Hölder case, characterized by

ωy(t) 6 Lyt
α

for some α ∈ (0, 1] and Ly > 0.

Optimizing the grid resolution h yields the following minimal statistical rate.303
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Corollary 3.2. Suppose y ∈ C 0,α(IR;Rd) for some α ∈ (0, 1]. Then, the estimator yh from (17) satis�es304

‖y − yh‖2L2(µ) . h2α. (22)

Moreover, h = (2R) ∧ (N−
1

2α+d ) =: hN yields the minimal convergence rate in (21),305

EDN
[
‖y − yN,hN ‖

2
L2(µ)

]
. N−

2α
2α+d . (23)

Remark 3.3 (Sample complexity). The approximation by Riemann sums on a �xed grid of size h yields (22).306

To ensure a squared error below ε > 0, the number of cells must scale as Kh & ε−
d

2α . Consequently, the307

sample complexity to guarantee an expected risk below ε in (23) scales as:308

N & ε−
2α+d

2α = ε−1 · ε− d
2α . (24)

We observe that the sample complexity naturally decomposes into the product of the Monte Carlo rate ε−1
309

(associated with estimating a mean with �xed variance) and a geometric factor ε−d/(2α). This re�ects the310

curse of dimensionality: whereas numerical integration computes a single global average, function recovery311

requires estimatingKh distinct local averages simultaneously to resolve the spatial structure of y(·) in Rd.312

Remark 3.4 (Minimax optimality). In terms of the number of cellsKh � h−d, the bias estimate (22) yields

‖y − yh‖L2(µ) . K
−α/d
h .

This matches the optimal rate among all linear approximation spaces of dimension Kh, as captured by the313

Kolmogorov n-width314

dn(F) := inf
dim(V )=n

sup
f∈F

inf
g∈V
‖f − g‖L2(µ).

For the isotropic C 0,α-Hölder ball F , one has dn(F) � n−α/d [25], an order attained by uniform piecewise-315

constant grids such as yh. Moreover, this exponent cannot be improved even by adaptive (nonlinear) methods316

with continuous parameter selection: the corresponding manifold n-widths exhibit the exact same decay rate317

on Besov (and hence Hölder) balls [12, Eq. (9.4)]. Adaptivity can only yield strictly faster rates on smaller,318

spatially inhomogeneous target classes [11].319

The rate N−
2α

2α+d matches the minimax lower bound for nonparametric regression under additive320

label noise [30]. When yi = y(xi) + noise, individual data points are unreliable, making local spatial321

averaging the optimal strategy to cancel out stochastic �uctuations.322

In contrast, our setting is strictly noiseless because yi = y(xi). Here, spatial averaging is overly323

conservative and wastes the precision of perfect data. Enforcing strict interpolation bypasses the statistical324

variance penalty, yielding faster rates. For instance, assuming y ∈ C k,α(IR;Rd) with k ≥ 0 integer and325

α ∈ (0, 1], spline interpolants mN achieve [6]326

‖y −mN‖2L2(µ) . ‖y −mN‖2L∞(IR) .

(
logN
N

) 2(k+α)
d

. (25)

To exploit the lack of noise, we turn to the simplest interpolation scheme: the nearest-neighbor estimator.327

3.2 Nearest-neighbor estimator328

We now partition IR by assigning each point to its nearest neighbor within {xi}Ni=1. Unlike the histogram329

approach, where the grid is �xed and independent of the data, this partition naturally adapts to the local330

density ofDN : dense regions produce smaller cells, while sparse regions yield larger ones. This adaptivity331

is exactly what yields faster approximation rates.332

Formally, let {Vi}Ni=1 denote the covering of IR by the closed Voronoi cells generated by {xi}Ni=1:333

Vi := {x ∈ IR : ‖x− xi‖ ≤ ‖x− xj‖ for all j 6= i}. (26)

For any x ∈ IR, we de�ne its nearest neighbor within the dataset by the function:334

xNN(x) := arg min
xi∈{x1,...,xN}

‖x− xi‖. (27)
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where any ties on the cell boundaries are broken arbitrarily. Using this mapping, we de�ne the nearest-335

neighbor interpolant of y, denoted by yVN , as336

yVN (x) := y (xNN(x)) =
N∑
i=1

y(xi) 1Vi(x). (28)

A schematic representation of yVN for d = 2 can be seen in the rightmost column of Figure 3. The accuracy337

of yVN is governed purely by the covering radius of DN , de�ned by338

RN := sup
x∈IR

min
i∈[N ]

‖x− xi‖ = sup
x∈IR

‖x− xNN(x)‖. (29)

The smaller RN , the closer every point in IR is to some input xi. For i.i.d. samples drawn from a density339

bounded below on IR, the expected scaling of RN is characterized by [26, Theorem 2.1], which yields340

EDN [RqN ] .

(
logN
N

)q/d
for any q > 0. (30)

The following proposition uses this rate to quantify the L2
-error for Hölder targets:341

Proposition 3.5. LetN ≥ 2 andDN = {(xi, y(xi))}Ni=1 with x1, . . . ,xN drawn i.i.d. from µ ∈ Pac(IR).342

Assume that µ admits a density ρ with infx∈IR ρ(x) > 0, and let y ∈ C 0,α(IR;Rd) for some α ∈ (0, 1].343

Then the nearest-neighbor interpolant yVN de�ned in (28) satis�es344

EDN
[
‖y − yVN‖2L2(µ)

]
.

(
logN
N

) 2α
d

. (31)

Note that the rate in (31) is strictly faster than the corresponding rate ofO
(
N−

2α
2α+d

)
derived in (23).345

4 Generalization via simultaneous cell controllability346

The previous two sections provide the ingredients needed for our subsequent analysis. On the one hand,347

Section 2 shows that (sanode) can map prescribed convex cells into small target balls. On the other348

hand, Section 3 provides nonparametric estimators with explicit statistical risks. We now combine both349

ingredients to derive generalization bounds.350

4.1 General bounds351

To derive quantitative rates, we assume that x1, . . . ,xN are drawn i.i.d. fromµ.
1

This induces the expected352

population risk over all realizations of the training sample:353

EDN [R(θN )] :=
∫
IR

· · ·
∫
IR

R (θN (DN )) dµ(x1) · · · dµ(xN ). (32)

Our approach proceeds in two steps. First, we construct from DN a piecewise-constant proxy yN (·) that354

estimates y(·). Second, we design a control θN such that ΦθNT approximates yN on most of the domain.355

Let {Pk}Kk=1 be a partition of IR into convex cells, let {rk}Kk=1 ⊂ Rd be target values computed from

DN (e.g., via cell averages), and de�ne the piecewise-constant estimator

yN (x) :=
K∑
k=1

rk 1Pk(x).

Because ΦθT is a homeomorphism, it cannot uniformly approximate the jump discontinuities of yN . We356

therefore restrict the accuracy requirements to regions safely away from the cell boundaries. For a margin357

δ > 0, we de�ne the trimmed cores P δk and the boundary layer Ωδ (illustrated in Figure 4):358

P δk := {x ∈ Pk : dist(x, ∂Pk) > δ} , Ωδ := IR \
K⋃
k=1

P δk . (33)
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Figure 4: Comparison of grid and Voronoi partitions on the same dataset of N = 100 training points. Left to right:
grid partition, trimmed grid partition, Voronoi partition, and trimmed Voronoi partition. In the trimmed cases, each

cell is eroded inward by a margin δ > 0, meaning points within distance δ of the boundary are removed to produce

disjoint compact cores. The white regions indicate these removed boundary layers.

Since yN ≡ rk on each core P δk , any control θ satisfying condition (10) up to tolerance η on these359

cores yields a natural decomposition of the error. This leads to the following model-agnostic bound.360

Theorem 4.1 (Template bound). Assume d > 2 and that the �ow ΦθT of (5) is cell-wise controllable in361

the sense of De�nition 2. Let DN = {(xi, y(xi))}Ni=1 with x1, . . . ,xN drawn i.i.d. from µ ∈ Pac(IR), let362

y ∈ C 0(IR;Rd), and let yN be a piecewise-constant estimator on {Pk}Kk=1. Then, for any margin δ > 0 and363

tolerance η > 0, there exists a data-dependent control θN = θN (DN ) such that364

EDN [R(θN )] . EDN
[
‖y − yN‖2L2(µ)

]
+ EDN [µ(Ωδ)] + η2, (34)

provided ΦθNT remains uniformly bounded on IR.365

Proof. By the triangle inequality, for every control θ we have∥∥ΦθT − y
∥∥2
L2(µ) 6 2 ‖y − yN‖2L2(µ) + 2

∥∥yN − ΦθT
∥∥2
L2(µ) .

To bound the realization error, we split the domain into the trimmed cores and the boundary layer:

∥∥yN − ΦθT
∥∥2
L2(µ) 6

K∑
k=1

µ(P δk ) sup
x∈P δ

k

∥∥ΦθT (x)− rk
∥∥2 +

∫
Ωδ

∥∥yN (x)− ΦθT (x)
∥∥2 dµ(x)

6 η2 + 2µ(Ωδ)
(
‖yN‖2L∞(IR) + ‖ΦθT ‖2L∞(IR)

)
,

where the �rst term exploits the condition of De�nition 2. By the uniform boundedness of both the366

estimator and the �ow, taking the expectation over DN yields the result.367

The template bound (34) cleanly isolates the three sources of error. The statistical error depends en-368

tirely on the chosen proxy yN , the control error is dictated by the network capacity (η → 0 as width369

grows), and the geometric error depends on the volume of the boundary layer Ωδ . We treat the two proxy370

partitions of interest separately.371

• Uniform grid. The boundary layer Ωδ is simply a union of δ-strips along the �xed cubic cell faces.372

• Voronoi. The boundary layer Ωδ is the δ-neighborhood of the Voronoi skeleton ΣN :=
⋃N
i=1 ∂Vi.373

Because the cells Vi are intersections of half-spaces, they are convex polytopes, ensuring that the374

trimmed cores V δi are pairwise disjoint compact convex sets. This allows De�nition 2 to be applied375

directly, even though ΣN depends on the random spatial con�guration of the sample points.376

The next two lemmas establish quantitative bounds on the expected measure of Ωδ for each type.377

Lemma 4.2. For µ ∈ Pac(IR) with density bounded above, any partition {Qk} as in (15) with h ∈ (0, 2R],378

and any margin δ ∈ (0, h/2), the boundary layer Ωδ satis�es379

µ(Ωδ) .
δ

h
. (35)

1
The deterministic core of the argument below, however, is purely geometric and applies to any �xed dataset.
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Lemma 4.3. For any integers d ≥ 2 and N ≥ 1, any µ ∈ Pac(IR) with density bounded above and below380

by positive constants, and any su�ciently small δ > 0, the boundary layer Ωδ generated by {xi}Ni=1 satis�es381

382

EDN [µ(Ωδ)] . δN1/d. (36)

Substituting these geometric bounds and the statistical risks from Section 3 into the decomposition383

(34) yields explicit rates for any system possessing the SCC property.384

Corollary 4.4. Under the hypotheses of Theorem 4.1, suppose that y ∈ C 0,α(IR;Rd) for some α ∈ (0, 1].385

Furthermore, for the Voronoi estimator, assume that µ admits a strictly positive density on IR. Then,386

EDN [R(θN )] .


h2α + 1

Nhd
+ δ

h
+ η2

(Histogram),(
logN
N

)2α/d
+ δN1/d + η2

(Voronoi).

(37)

4.2 Nonparametric rates with semi-autonomous neural ODEs387

We now specialize these bounds to (sanode). By Theorem 2.5, this model satis�es the SCC and admits388

realizing �ows that remain uniformly bounded on IR. To match the baseline rates, it su�ces to balance389

the statistical, geometric, and control errors in (34) by appropriately scaling the margin δ, the tolerance η,390

and the width pN . We �rst state the result for the histogram partition.391

Proposition 4.5 (Histogram rate). Let d ≥ 2, let y ∈ C 0,α(IR;Rd) for some α ∈ (0, 1], and let x1, . . . ,xN392

be drawn i.i.d. from µ ∈ Pac(IR) with bounded density. De�ne393

hN := N−
1

2α+d , δN := h1+2α
N , (38)

and let pN satisfy condition (11) for the histogram partition with cells {Qk} of side hN and margin δN . Then,394

for all su�ciently large N , there exists a data-dependent control θN of width pN for (sanode) such that395

EDN [R(θN )] . N−
2α

2α+d .

Next, we establish the analogous result for the faster Voronoi partition.396

Proposition 4.6 (Voronoi rate). Let d ≥ 2, let y ∈ C 0,α(IR;Rd) for some α ∈ (0, 1], and let x1, . . . ,xN397

be drawn i.i.d. from µ ∈ Pac(IR) with density bounded above and below on IR. De�ne398

δN := (logN) 2α
d N−

2α+1
d , (39)

and let pN satisfy condition (11) for the Voronoi partition generated by {xi}Ni=1 with margin δN . Then, for399

all su�ciently large N , there exists a data-dependent control θN of width pN for (sanode) such that400

EDN [R(θN )] .

(
logN
N

) 2α
d

.

The proofs of both propositions are provided in Section 7.3. In both cases, the width pN ensures the401

existence of the required �ow for each N . This required width scaling is directly tied to the geometry of402

the chosen partition—speci�cally, the minimum cell separation and maximum cell diameter. As partitions403

re�ne, these worst-case geometric constraints drive the super-polynomial growth discussed in Remark 2.6.404

5 Numerical experiments405

We complement the theoretical analysis of Section 4 with numerical experiments on (sanode). The �rst406

experiment investigates whether the trained model can match nonparametric estimator baselines at a407

network width well below the theoretical prescription. This tests the sharpness of the su�cient width408

scaling. The second demonstrates that time-dependence of the vector �eld is necessary for topologically409
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non-trivial tasks, providing empirical support for the autonomous/non-autonomous separation discussed410

in Section 2.3. The code to reproduce these experiments is available in the GitHub repository ExGen.411

Throughout, training points are sampled uniformly from IR = [−2, 2]d, and the population risk is412

estimated on a �xed test set using the squared `2-loss. All models are trained with the Adam optimizer at413

a �xed learning rate of 10−4
. Training ends after a maximum number of epochs (speci�ed per experiment),414

or earlier if the loss falls below 10−6
or fails to improve by more than 10−8

over 5×103
consecutive steps.415

5.1 Width scaling416

The width prescriptions derived in Section 4 scale explosively with the dimension d, much like the stor-417

age costs of the nonparametric estimators they are calibrated against (see also Remark 2.7). In practice,418

however, neural ODEs are inherently nonlinear function approximators and may exploit this structure to419

achieve the same risk with far fewer parameters. We investigate to what extent this is the case by �xing420

the dataset size N and sweeping the network width p to determine the minimal width at which (sanode)421

matches classical nonparametric baselines.422

We consider two target functions f, g : Rd → Rd:423

• Smooth target (α = 1): f(x)(2k−1) = sin(x(2k−1)) cos(x(2k)) and f(x)(2k) = cos(x(2k−1)) sin(x(2k))424

for k = 1, . . . , bd/2c, with f(x)(d) = x(d)
if d is odd.425

• Hölder-1/2 target (α = 1/2): g(x)(i) = sgn(x(i))
√
|x(i)| for i ∈ [d].426

We study two regimes: a low-dimensional setting with d = 3 and N = 500 training points, and a high-427

dimensional one where d = 8 with N = 5000 training points. The larger dataset for d = 8 compensates428

for the increased di�culty of the estimation problem in high dimension. The width is varied over a429

logarithmic grid p ∈ {5, 11, 23, 51, 109, 237, 512, 1024}. Training runs for at most 3×104
gradient steps,430

and the population risk is estimated on a �xed test set of 2 × 103
points. For reference, the histogram431

and Voronoi estimator errors are computed at the same (N, d) and displayed as horizontal baselines. The432

histogram estimator uses the optimal bandwidth hN = N−1/(2α+d)
, prescribed by Corollary 3.2.433

In order to compare the complexity of (sanode) with that of the nonparametric estimators, we report434

for each model the number of stored scalar values. For (sanode) this coincides with the number of train-435

able parameters. For the histogram estimator this is at most Nd (at most N cells can be occupied, each436

storing a label in Rd), and for the Voronoi estimator it is 2Nd (N input–label pairs, each in Rd).437

Figure 5 reports the test risk as a function of p for both targets and both dimensions. The quantitative438

results are collected in Table 1.439

Case d = 3. For the smooth target, the (sanode) already surpasses the histogram estimator at the440

smallest tested width (p = 5, 43 parameters) and converges to Voronoi-level error around p = 512 (4099441

parameters), compared to the 3000 values stored by the Voronoi estimator. The crossover thus occurs at a442

parameter count comparable to the baseline, well below the theoretical prescription. The behavior on the443

Hölder-1/2 target is markedly di�erent. Already at p = 23 (187 parameters), the (sanode) achieves a test444

MSE of 1.2× 10−4
, more than two orders of magnitude below the Voronoi baseline (2.8× 10−2

), and the445

error plateaus around p = 50. The histogram estimator, with 500 stored values, achieves a test MSE far446

worse than the (sanode) even at p = 5. This gap suggests that the (sanode) exploits the component-wise,447

sign-symmetric structure of g, which the histogram partition cannot capture, and that the conservative448

worst-case width prescription is particularly loose for structured targets.449

Case d = 8. The (sanode) seems to do even better as the dimension increases, surpassing the histogram450

baseline (2.42×10−1
) around p = 51 (926 parameters) and approaching Voronoi-level error (8.95×10−2

)451

around p = 237 (4274 parameters), with almost an order of magnitude fewer parameters.452

The picture for the Hölder-1/2 target is similar to the one in the low-dimensional setting. Despite453

the much higher dimension, the (sanode) beats the histogram estimator (9.98 × 10−1
) already at p = 5454

and drops below the Voronoi baseline (1.40 × 10−1
) between p = 23 and p = 51, reaching a plateau of455

around 10−5
from p = 109 onward, four orders of magnitude below the Voronoi baseline. This further456

con�rms that the (sanode) exploits the component-wise structure of g in a way that is largely insensitive457

to dimension, while the classical estimators degrade rapidly.458

https://github.com/ALive95/ExGen
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Figure 5: Test risk of (sanode) as a function of network width p for the smooth target f (left) and the Hölder-1/2
target g (right), at d = 3, N = 500 (top) and d = 8, N = 5000 (bottom). Solid curves show the mean over 3

independent seeds and shaded bands indicate ±1 standard deviation. Horizontal dashed lines mark the histogram

and Voronoi estimator errors.

Table 1: Test MSE of (sanode) versus p, averaged over 3 seeds. Complexity denotes the number of scalar degrees of

freedom: trainable parameters for (sanode), and Nd (histogram) or 2Nd (Voronoi) stored scalars for the baselines.

d = 3, N = 500

Method p Compl. Smooth Hölder-1/2

Histogram – 1500 5.02×10−1 9.22×10−1

Voronoi – 3000 2.14×10−2 2.83×10−2

(sanode)

5 43 1.06×10−1 3.02×10−2

11 91 7.51×10−2 1.40×10−2

23 187 4.46×10−2 1.21×10−4

51 411 3.12×10−2 4.88×10−5

109 875 2.53×10−2 3.33×10−5

237 1899 2.28×10−2 4.44×10−5

512 4099 2.01×10−2 3.88×10−5

1024 8195 1.92×10−2 3.99×10−5

d = 8, N = 5000

Method p Compl. Smooth Hölder-1/2

Histogram – 40000 2.42×10−1 9.98×10−1

Voronoi – 80000 8.95×10−2 1.40×10−1

(sanode)

5 98 3.68×10−1 5.13×10−2

11 206 1.24×10−1 4.01×10−2

23 422 9.94×10−2 2.04×10−2

51 926 4.33×10−2 7.94×10−5

109 1970 3.52×10−2 1.67×10−5

237 4274 2.79×10−2 7.51×10−6

512 9224 2.72×10−2 7.29×10−6

1024 18440 2.75×10−2 1.07×10−5

5.2 Necessity of time-dependence459

As discussed in Section 2.3, because macroscopic trajectories cannot cross, autonomous �ows face struc-460

tural obstructions to cell routing whenever the target con�guration is topologically incompatible with a461

continuous deformation of the input. We now provide direct empirical evidence for this limitation.462

We consider a checkerboard sorting problem: given a K ×K partition of [−1, 1]2, the target assigns463

each point to (+S,+S) if its cell indices (i, j) have an even sum, and to (−S,−S) otherwise, setting464

S = 0.7. For K > 2, the alternating initial regions are heavily interleaved, forcing paths to cross to465

reach their respective targets. Time-dependent models like (sanode) circumvent this spatial bottleneck466

by decoupling the motion in the extended space-time domain.467

We compare (sanode) against its autonomous counterpart (anode). To ensure a fair comparison, the468

width of (anode) is chosen so that the total parameter count matches the (sanode):469 {
(sanode) params = (2d+ 2)p+ d

(anode) params = (2d+ 1)p+ d
=⇒ paNODE =

⌈
2d+ 2
2d+ 1 psaNODE

⌉
.
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Both models are trained onN = 1000 points with identical optimizer settings for at most 5×104
gradient470

steps, and evaluated on a separate test set of 103
points. We sweep the resolution K ∈ {2, 3, 4}.471

Figure 6: Test risk of (sanode) and parameter-matched (anode) on the checkerboard sorting task with respect toK .

Figure 6 reports the test risk as a function of the grid resolutionK . As expected, we observe a growing472

gap in test error between the two models. This behavior is consistent with the theoretical obstruction: the473

autonomous �ow cannot cleanly resolve the increasingly �ne interleaving of the cells.474

Figure 7: Checkerboard sorting for d = 2 at K = 2 (top), K = 3 (middle), and K = 4 (bottom). Each row shows,

from left to right: input points, target assignment, (sanode) output, and (anode) output. Points are colored by cell

parity (even cells in blue, odd cells in red). The (sanode) is able to separate the two classes at all resolutions, losing

some precision only when K = 4. By contrast, the (anode) output becomes increasingly entangled as K grows.

Figure 7 provides a direct visualization of the learned mappings. The (sanode) successfully routes475

the two classes into distinct clusters (showing only a minor loss of precision at K = 4). By contrast, the476

(anode) output remains entangled, with points from opposite classes overlapping. As the resolution in-477



Interpolation and generalization with NODEs 18

creases, this degradation becomes progressively more severe, con�rming that the topological obstruction478

fundamentally limits autonomous models in region-routing tasks.479

6 Conclusions and perspectives480

We have developed a controllability-based framework to study generalization in neural ODEs. A central481

insight of our work is that point interpolation, while necessary for expressivity, cannot fully explain482

generalization. To bridge this gap, we introduced simultaneous cell controllability—the ability of the �ow483

to compress entire input regions toward prescribed targets. We proved that the semi-autonomous model484

(sanode) satis�es this property, enabling it to approximate piecewise-constant nonparametric estimators.485

This connection yields explicit population-risk bounds. By constructing a single, data-dependent �ow486

that realizes a statistically meaningful proxy, we demonstrate that exact interpolation and quantitative487

generalization can coexist. Our results thus establish that overparameterized neural ODEs can emulate488

nonparametric procedures, providing an achievability guarantee rather than an e�cient scaling law. This489

approach departs from standard uniform generalization bounds, which evaluate the worst-case error over490

an entire hypothesis class and force a rigid trade-o� between expressivity and global complexity.491

Finally, we �nd that explicit time dependence is essential for our generalization mechanism. Without492

it, topological obstructions break simultaneous cell controllability, preventing autonomous architectures493

from routing macroscopic regions even when point interpolation is preserved.494

We conclude by outlining natural directions opened for future work.495

Saturation of regularity and higher-order �ows. The bounds established here rely on piecewise-496

constant (order-0) approximations, whose statistical bias saturates at Lipschitz continuity (α = 1). We497

deliberately favor this baseline because it naturally extends the exact UIP. Nevertheless, if the ground truth498

is smoother (y ∈ Cm,α
), replacing the order-0 proxy with a degree-m cell-wise polynomial would yield499

faster statistical rates. Transferring this higher-order rate to ΦθT , however, would require a complex ana-500

logue of De�nition 2 capable of realizing local higher-degree polynomials up to tolerance η. Formulating501

and proving such higher-order controllability remains an interesting open problem.502

Quantitative sharpness. While our proofs establish the vanishing of population risk, the required503

network width grows super-polynomially withN due to worst-case geometric bottlenecks in the partition.504

Closing the gap between these theoretical thresholds and the much smaller widths observed in practice505

requires sharper quantitative controllability estimates.506

From static maps to trajectories. Finally, our controllability viewpoint suggests a natural extension507

from static regression to dynamical-system learning. While this work uses neural ODEs to approximate508

�xed terminal maps, applications often involve continuous sequences. Extending simultaneous cell con-509

trollability to steer entire trajectory tubes—rather than just terminal cells—would provide a framework510

for trajectory-level generalization bounds in sequence modeling.511

7 Proofs512

7.1 Proofs of Section 2513

7.1.1 Proof of Theorem 2.3514

We show that (sanode) is simultaneously controllable, and we give an explicit construction. In particular,515

to steer N points to prescribed targets we use at most p = 2N neurons. The proof requires several516

intermediate results.517

A �rst key observation, that we will use throughout this section, is that each triple of parameters518

(aj , bj , cj) de�nes a moving hyperplane519

Hj(t) := {x ∈ Rd : aj · x + bjt+ cj = 0}, (40)

which translates with constant normal velocity −bjaj/‖aj‖2.520
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The following preliminary lemma provides exact controllability of d − 1 coordinates while keeping521

one coordinate �xed.522

Lemma 7.1. Let N ≥ 1, d ≥ 2, and let {(xi,yi)}Ni=1 ⊂ Rd × Rd be any admissible �nite dataset in the523

sense of (8) and such that x(1)
i 6= x

(1)
j for all i 6= j. For any T > 0 and any R > maxi x(1)

i , there exists524

θR = (wi,ai, bi, ci)Ni=1 ∈ (Rd × Rd × R× R)N

such that the �ow map ΦθRT of (sanode) satis�es, for each i ∈ [N ],[
ΦθRT (xi)

](1)
= x

(1)
i and

[
ΦθRT (xi)

](k)
= y

(k)
i for k = 2, . . . , d

and, for each i ∈ [N ], we have (ai · x + bit+ ci)+ = 0 for all t ≥ T and any x ∈ Rd such that x(1) ≤ R.525

Furthermore, for every R0 > maxi x(1)
i , the family of controls {θR}R≥R0 can be chosen so that526

sup
R≥R0

max
i∈[N ]

max
t∈[0,T ]

max
k=2,...,d

∣∣∣∣[ΦθRt (xi)
](k)

∣∣∣∣ <∞. (41)

Proof. Up to relabeling the points, we may assume527

x
(1)
1 < x

(1)
2 < · · · < x

(1)
N . (42)

We set ai = e1, and w
(1)
i = 0, for all i ∈ [N ]. Then (sanode) becomes528

ẋ(t) =
N∑
i=1

wi (x(1)(t) + bit+ ci)+, t ∈ [0, T ],

so, in components,529

ẋ(1)(t) = 0, ẋ(k)(t) =
N∑
i=1

w
(k)
i (x(1)(t) + bit+ ci)+, k = 2, . . . , d. (43)

In particular,

[
ΦθRt (xi)

](1)
= x

(1)
i for all t ∈ [0, T ], so the �rst coordinate is frozen and (42) is preserved.530

Step 1. Set531

b1 = x
(1)
1 − 1−R

T
, c1 = 1− x(1)

1 , and bi =
x

(1)
i−1 −R
T

, ci = −x(1)
i−1 (i = 2, . . . , N).

Then each moving hyperplane Hi(t) := {x ∈ Rd : x(1) + bit+ ci = 0} satis�es:532

(i) Hi(t) is orthogonal to e1 for all t.533

(ii) For i = 1, H1(0) : x(1) = x
(1)
1 − 1 and H1(T ) : x(1) = R.534

(iii) For i ≥ 2, Hi(0) : x(1) = x
(1)
i−1 and Hi(T ) : x(1) = R.535

By the choice of (bi, ci) we have biT + ci = −R for all i ∈ [N ]. Furthermore, the hyperplanes do not536

intersect on [0, T ).537

Step 2. Fix i ∈ [N ]. Since x(1)(t) ≡ x(1)
i , for each k ≥ 2 we have538

d
dt

[
ΦθRt (xi)

](k)
=

N∑
j=1

w
(k)
j (x(1)

i + bjt+ cj)+.

With the above choice of (bj , cj) and (42), if j > i (hence j ≥ 2), the argument t 7→ x
(1)
i + bjt + cj is539

equal to x
(1)
i − x

(1)
j−1 ≤ 0 at t = 0, and equal to x

(1)
i −R < 0 at t = T . By linearity,540

x
(1)
i + bjt+ cj ≤ 0 for all t ∈ [0, T ],
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so neuron j is never active along the trajectory from xi. Therefore,541

[
ΦθRT (xi)

](k)
= x

(k)
i +

i∑
j=1

w
(k)
j

∫ T

0
(x(1)
i + bjt+ cj)+ dt =: x(k)

i +
i∑

j=1
w

(k)
j Mi,j .

Conversely, if j = 1, the argument at t = 0 is x
(1)
i + c1 = x

(1)
i + 1− x(1)

1 > 0, while for 2 ≤ j ≤ i it is542

x
(1)
i + cj = x

(1)
i − x

(1)
j−1 ≥ x

(1)
i − x

(1)
i−1 > 0.

Thus, for all 1 ≤ j ≤ i, the integrand is strictly positive at t = 0 and continuous, so Mi,j > 0.543

Step 3. Imposing

[
ΦθRT (xi)

](k)
= y

(k)
i for k = 2, . . . , d yields, for each �xed k,544

y
(k)
i − x

(k)
i =

i∑
j=1

w
(k)
j Mi,j , i ∈ [N ],

which is a lower-triangular linear system in (w(k)
1 , . . . , w

(k)
N ) with strictly positive diagonal. Hence it has545

a unique solution for each k = 2, . . . , d.546

Let t ≥ T and x ∈ Rd with x(1) ≤ R. Since R > maxi x(1)
i , Step 1 yields bi < 0 and biT + ci = −R547

for all i ∈ [N ]. Thus, for t ≥ T it holds that bit+ ci ≤ −R, which implies (ai ·x + bit+ ci)+ = 0 because548

ai · x + bit+ ci ≤ x(1) −R ≤ 0.

Finally, �x R0 > maxi x(1)
i . The uniform boundedness follows from the explicit triangular construc-549

tion. Indeed, the entriesMi,j are of orderR−1
asR→∞, while the corresponding weights grow at most550

linearly in R. Hence551

w
(k)
j

∫ t

0
(x(1)
i + bjs+ cj)+ ds

remain uniformly bounded for R ≥ R0, uniformly in i, j, k and t ∈ [0, T ]. Since the same quantities552

depend continuously on R and no Mi,i vanishes for R ≥ R0, the bound extends to all R ≥ R0.553

Proof of Theorem 2.3. Since the dataset is �nite and admissible, we can apply an arbitrarily small generic554

rotation to ensure that555

x
(1)
i 6= x

(1)
j and y

(2)
i 6= y

(2)
j for i 6= j.

Up to relabeling the pairs, we assume556

y
(2)
1 < y

(2)
2 < · · · < y

(2)
N . (44)

We build θ ∈ (Rd×Rd×R×R)2N
by concatenating two sets of N neurons which are active during the557

two phases given by the time intervals [0, T/2] and [T/2, T ].558

Step 1. Fix R0 > maxi x(1)
i . By the last assertion of Lemma 7.1, applied on the interval [0, T/2], there559

exists C0 > 0 such that, for every R1 ≥ R0,560

max
i∈[N ]

max
t∈[0,T/2]

∣∣∣∣[ΦθR1
t (xi)

](2)
∣∣∣∣ ≤ C0.

Choose561

R2 < (−C0) ∧ min
i∈[N ]

y
(2)
i . (45)

Step 2. Now, for ` = N + 1, . . . , 2N , set a` = −e2 and w(k)
` = 0 for all k = 2, . . . , d. Choose (b`, c`)562

so that the hyperplanes H`(t) := {x ∈ Rd : −x(2) + b`t + c` = 0} all satisfy H`(T/2) : x(2) = R2. At563

t = T , they must reach the following prescribed levels: for ` = N + 1, . . . , 2N − 1, impose564

b`
T

2 + c` = R2 and b` T + c` = y
(2)
`+1−N ,
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and for ` = 2N , impose565

b2N
T

2 + c2N = R2 and b2N T + c2N = y
(2)
N + 1.

Now consider the auxiliary dynamics on [T/2, T ] generated only by the second block, starting from566

zi = (x(1)
i , y

(2)
i , . . . , y

(d)
i ).

Let Ψi(t) denote the corresponding trajectory. Since w
(2)
` = 0 for all ` ≥ N +1 we have [Ψi(t)](2) ≡ y(2)

i567

on this interval, and the �rst coordinate satis�es568

d
dt [Ψi(t)](1) =

2N∑
`=N+1

w
(1)
` (−y(2)

i + b`t+ c`)+.

Using (44) and the fact that b`t+c` ≤ b`T+c` for t ∈ [T/2, T ], we deduce that for ` = N+1, . . . , N+i−1,569

b`t+ c` ≤ b`T + c` = y
(2)
`+1−N ≤ y

(2)
i ,

meaning (−y(2)
i +b`t+c`)+ ≡ 0 on [T/2, T ]. Thus, only the neurons with ` ≥ N+ i contribute, yielding570

[Ψi(T )](1) = x
(1)
i +

N∑
j=i

w
(1)
N+j

∫ T

T/2
(−y(2)

i + bN+jt+ cN+j)+ dt =: x(1)
i +

N∑
j=i

w
(1)
N+jM̃i,j .

By construction, M̃i,j > 0 for all 1 ≤ i ≤ j ≤ N . Imposing [Ψi(T )](1) = y
(1)
i yields the upper-triangular571

linear system572

y
(1)
i − x

(1)
i =

N∑
j=i

w
(1)
N+j M̃i,j , i ∈ [N ],

which has a unique solution since the diagonal entries M̃i,i are strictly positive. Let573

B := 1 + max
i∈[N ]

max
t∈[T/2,T ]

[Ψi(t)](1).

Step 3. ChooseR1 > max{R0, B} and apply Lemma 7.1 on [0, T/2] with target levelR1 to construct the574

�rst block. Since R1 ≥ R0, the bound de�ning C0 applies. Hence, along the �rst-stage trajectories,575 [
ΦθR1
t (xi)

](2)
≥ −C0 for t ∈ [0, T/2].

Moreover, since b`T/2 + c` = R2, we have b`t+ c` ≤ R2 for t ∈ [0, T/2]. Therefore, by R2 < −C0,576

−
[
ΦθR1
t (xi)

](2)
+ b`t+ c` ≤ C0 +R2 < 0,

so the second block is inactive on [0, T/2]. Since R1 > B, the �rst block is inactive on [T/2, T ] along577

the auxiliary trajectories Ψi. By uniqueness, the full trajectories coincide with the concatenation of the578

�rst-stage trajectories and the auxiliary second-stage trajectories. Therefore579

ΦθT (xi) = yi, i ∈ [N ].

580

Remark 7.2. Theorem 2.3 extends to any neural ODE of the form581

ẋ(t) =
p∑
j=1

wj (aj · x(t) + fj(t) + cj)+ , t ∈ [0, T ], (46)

provided each fj is strictly monotone. Geometrically, the hyperplane velocities then vary over time rather582

than remain constant. We emphasize, however, that the linear choice fj(t) = bjt is the simplest.583

For instance, one may take fj(t) = dj tanh(bjt), where bj > 0 rescales time and dj ∈ R bounds the584

hyperplane speed. In this case, the evolution splits into two phases:585

1. Control: For small bj t one has tanh(bj t) < 1 and the exact-control objective is attained in this phase.586

2. Stationary: As tanh(bi t)→ 1, the system smoothly transitions to an autonomous regime.587
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7.1.2 Proof of Theorem 2.9588

The proof of Theorem 2.9 requires the following preliminary lemma.589

Lemma 7.3. Fix d ≥ 2. Let f1 : Rd → Rd be of the form (anode), let u1, . . . ,ud ∈ Rd be linearly590

independent, and let αi < βi for each i ∈ [d]. For any δi > 0 such that αi + δi < βi − δi, de�ne the sets591

K := {x ∈ Rd : αi ≤ ui ·x ≤ βi ∀i ∈ [d]} and K̃ := {x ∈ Rd : αi+δi ≤ ui ·x ≤ βi−δi ∀i ∈ [d]}.

Then, there exists f2 : Rd → Rd of the form (2anode) such that f2 ≡ f1 on K̃ and f2 ≡ 0 on Rd \K .592

Proof of Lemma 7.3. Let δmin := mini∈[d] δi > 0. We de�ne the barrier function B : Rd → R by593

B(x) :=
d∑
i=1

((αi + δi − ui · x)+ + (ui · x− (βi − δi))+) .

By de�nition, if x ∈ K̃ , all arguments inside the ReLUs are non-positive, yielding B(x) = 0. Conversely,594

if x /∈ K , then for some index j, either uj ·x < αj or uj ·x > βj . In either case, the corresponding ReLU595

term is strictly greater than δj , ensuring that B(x) > δmin > 0 on Rd \K .596

Let f1(x) =
∑p2
m=1 vmLm(x), where Lm(x) := (cm · x + dm)+ and vm ∈ Rd. Since u1, . . . ,ud597

span Rd, then B(x) grows linearly as ‖x‖ → ∞. Because each Lm has at most linear growth, the ratio598

Lm/B is bounded on Rd \K , allowing us to choose κ > 0 such that599

Lm(x) ≤ κB(x) for all x /∈ K and m ∈ [p2].

Finally, de�ne600

f2(x) :=
p2∑
m=1

vm (Lm(x)− κB(x))+ .

If x ∈ K̃ , then B(x) = 0, which implies f2(x) =
∑
m vmLm(x) = f1(x). If x /∈ K , the bound601

Lm(x) ≤ κB(x) guarantees that every ReLU is inactive, yielding f2(x) = 0. Because B(x) is a linear602

combination of ReLUs of a�ne functions, f2 is representable in the two-layer form (2anode).603

Remark 7.4. This result extends immediately to any pair of strictly nested convex polytopes: one replaces604

the de�ning inequalities ofK in the construction of B with the a�ne constraints de�ning its facets.605

We are now ready to prove Theorem 2.9.606

Proof of Theorem 2.9. Fix T > 0 and an admissible dataset {(xi,yi)}Ni=1 satisfying (13). Without loss607

of generality, we may assume xi 6= yi for all i. Let ui := (yi − xi)/T for each i ∈ [N ]. The curve608

γi(t) := xi + tui for t ∈ [0, T ] traces exactly the segment Si := [xi,yi]. Since all Si are compact and609

pairwise disjoint, the minimum distance between them is positive:610

δ := min
i 6=j

dist(Si, Sj) > 0.

We construct disjoint neighborhoods around each Si as follows. For each i, �x an orthonormal basis611

(ei,1, . . . , ei,d) with ei,1 = yi−xi
‖yi−xi‖ . We de�ne for each ρ > 0,612

Ki,ρ :=
{

x ∈ Rd : −ρ ≤ (x− xi) · ei,1 ≤ ‖yi − xi‖+ ρ and |(x− xi) · ei,k| ≤ ρ for all k ≥ 2
}
.

Set r := δ/(4
√
d). By de�nition, every x ∈ Si satis�es613

0 ≤ (x− xi) · ei,1 ≤ ‖yi − xi‖, (x− xi) · ei,k = 0 for all k ≥ 2.

Hence Si ⊂ Ki,r/2 ⊂ int(Ki,r). Moreover, the maximum distance from any x ∈ Ki,r to Si is 6614 √
r2 + (d− 1)r2 = r

√
d = δ/4, so Ki,r lies entirely within the δ/4-neighborhood of Si.615

By the triangle inequality, for any i 6= j,616

dist(Ki,r,Kj,r) ≥ dist(Si, Sj)− 2(δ/4) ≥ δ − δ/2 = δ/2 > 0.
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Figure 8: Two-step construction of the steering vector �eld. Left: Step 1 shows the initial pairwise disjoint convex

sets Ak . The �ow exponentially contracts these sets into small balls of radius δ centered around xk . Right: Step 2

depicts the rigid transport of these contracted balls along smooth, collision-free paths γk(t) towards the target balls.

Hence, K1,r, . . . ,KN,r are pairwise disjoint.617

We now construct the vector �eld. For each i ∈ [N ], we apply Lemma 7.3 to the constant �eld618

gi(x) ≡ ui—which is trivially of the form (anode)—setting the inner region to Ki,r/2 and the outer619

region to Ki,r . This yields a localized �eld vi of the form (2anode) such that620

vi(x) = ui for all x ∈ Ki,r/2, vi(x) = 0 for all x ∈ Rd \Ki,r.

De�ne the global vector �eld vθ(x) :=
∑N
i=1 vi(x). Since the neighborhoodsK1,r, . . . ,KN,r are pairwise621

disjoint, for any �xed i ∈ [N ] we have622

vθ(x) = vi(x) +
∑
j 6=i

0 = ui for all x ∈ Ki,r/2.

Recall that the trace of the trajectory is γi([0, T ]) = Si ⊂ Ki,r/2. Therefore, the ODE dynamics exactly623

follow the constant velocity: γ̇i(t) = vθ(γi(t)) = ui. Integrating this yields ΦθT (xi) = γi(T ) = yi. Since624

this holds for all i ∈ [N ], we deduce that ΦθT perfectly interpolates the dataset.625

Finally, we determine the architecture. By the explicit construction in Lemma 7.3, since gi(x) ≡ ui626

relies on a single constant term, the localized �eld takes the form627

vi(x) = ui (1− κiBi(x))+ ,

where Bi(x) is the barrier function. Because Ki,r is de�ned by bounding the d projections onto the basis628

ei,k , the barrierBi is a sum of exactly 2d ReLU terms (one for each upper and lower bound). Consequently,629

the global �eld vθ exactly matches the two-layer architecture (2anode) with p1 = 2d and p2 = N .630

7.1.3 Proof of Theorem 2.5631

We �rst state some auxiliary lemmas. The �rst establishes that we can construct a smooth, compactly632

supported, time-varying vector �eld that steers eachAk to its target ball. We then give an explicit estimate633

of its Barron norm as a function of η and of the geometry of the sets and connecting trajectories. To this634

end, for a compactly supported vector �eld v ∈ C∞c (R× Rd;Rd), we de�ne the Barron norm as635

‖v‖Bd+1
2

:=
d∑
`=1

∫
R×Rd

‖(τ, ω)‖21 |v̂(`)(τ, ω)|dτ dω, (47)

where v̂ is the Fourier transform of v. This de�nition and the subsequent lemma build upon the framework636

of [19, Theorem 2], which we adapt to the setting of time-dependent vector �elds.637

Lemma 7.5 (Steering vector �eld). Let d ≥ 2, K ≥ 2 and T > 0. Let {Ak}Kk=1 be a family of pairwise638

disjoint compact convex subsets of Rd, and let {rk}Kk=1 ⊂ Rd be pairwise distinct. Then, for every η > 0,639

there exists a vector �eld v ∈ C∞c (R × Rd;Rd) whose �ow map ΦT : Rd → Rd from time 0 to time T640

satis�es641

ΦT (Ak) ⊂ B(rk,η) for all k ∈ [K]. (48)
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Proof of Lemma 7.5. We �rst assume that the target points r1, . . . , rK are pairwise distinct. Set642

D∗ := max
k∈[K]

diam(Ak), s∗ := min
i 6=j

dist(Ai, Aj) > 0. (49)

By de�nition of s∗, the open neighborhoods643

Vk :=
{

x ∈ Rd : dist(x, Ak) < s∗
8

}
= Ak +

(s∗
8

)
B(0, 1) (50)

are pairwise disjoint. Since d ≥ 2, we may choose arbitrary points xk ∈ Ak and connect each xk to644

its target rk via pairwise disjoint polygonal arcs. This is a standard topological consequence of working645

in dimensions d ≥ 2, where �nitely many paths can avoid intersections by introducing small perturba-646

tions. By smoothing the corners of these arcs and parameterizing them appropriately over time, we obtain647

smooth, pairwise disjoint curves γk : [0, T ]→ Rd such that648

γk(0) = xk, γk is constant on [0, 2T/3], γk(T ) = rk (51)

and, by ensuring the polygonal arcs are contained within a reasonably tight bounding ball before smooth-649

ing, we also satisfy650

max
t∈[0,T ]

‖γk(t)‖ < 1 + max
k∈[K]

‖rk‖+ max
k∈[K]

max
x∈Ak

‖x‖. (52)

Our proof is constructive. In particular, the �nal vector �eld will be the combination of a compressing651

vector �eld, collapsing each Ak to a small ball, and a transporting vector �eld, driving these balls to the652

targets rk . Figure 8 summarizes these steps visually. Accordingly, we divide this proof into three parts.653

Compression. We �x a standard nonnegative radial molli�er ψ ∈ C∞c (Rd), with support in B(0, 1)654

and

∫
ψ = 1, and set655

ψs∗/32(x) :=
(

32
s∗

)d
ψ

(
32
s∗

x
)
. (53)

For each k ∈ [K], de�ne the smooth cuto�656

χk := 1Ak+(s∗/32)B(0,1) ∗ ψs∗/32 (54)

so that χk ∈ C∞c (Rd; [0, 1]) with χk ≡ 1 on Ak and supp(χk) ⊂ Ak + (s∗/16)B(0, 1) ⊂ Vk . Since the657

supports of χk are pairwise disjoint, the vector �eld658

u(x) :=
K∑
k=1

χk(x)(xk − x) (55)

is well-de�ned and satis�es u ∈ C∞c (Rd;Rd). On each Ak , (55) simpli�es exactly to u(x) = xk − x.659

Transport. Let m be de�ned as660

m := min
t∈[0,T ]

min
i6=j
‖γi(t)− γj(t)‖,

and denote661

δ := min
{
η,
s∗
8 ,

m

8

}
, λ := 3

T
log+

(
D∗
δ

)
≥ 0. (56)

Furthermore, let ξ ∈ C∞c (Rd; [0, 1]) be a smooth radial cuto� with ξ ≡ 1 onB(0, 1) and supp ξ ⊂ B(0, 2),662

and de�ne663

w(t,x) :=
K∑
k=1

γ̇k(t) ξ
(

8(x− γk(t))
m

)
, (t,x) ∈ [0, T ]× Rd. (57)

For each t ∈ [0, T ], the spatial support of the k-th summand is contained in B(γk(t),m/4), and these664

balls are pairwise disjoint. Moreover, w(t,x) = γ̇k(t) whenever ‖x− γk(t)‖ ≤ m
8 .665
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Concatenation. To concatenate compression and transport, choose a nondecreasing ϕ ∈ C∞([0, T ])666

with ϕ(t) = 0 on [0, T/3] and ϕ(t) = 1 on [2T/3, T ], and de�ne the time-dependent vector �eld667

v[0,T ](t,x) := (1− ϕ(t))λu(x) + ϕ(t)w(t,x), (t,x) ∈ [0, T ]× Rd. (58)

Then v[0,T ] ∈ C∞c ([0, T ]× Rd;Rd), and thus (58) generates a unique �ow Φt on [0, T ].668

We verify that Φt satis�es the condition (48). Since γk is constant on [0, 2T/3], we have w ≡ 0669

on [0, 2T/3] × Rd, and therefore (58) reduces there to v[0,T ](t,x) = λ(1 − ϕ(t))u(x). Besides, solving670

ẋ(t) = λ(1− ϕ(t))u(x), we see that the trajectory of any initial point x(0) ∈ Ak satis�es671

Φt(x(0)) = xk + exp
(
−λ
∫ t

0
(1− ϕ(s)) ds

)
(x(0)− xk) ∈ Ak for t ∈ [0, 2T/3]. (59)

Since ϕ(s) = 0 on [0, T/3] and ϕ ≤ 1 everywhere, the integral satis�es

∫ 2T/3
0 (1 − ϕ(s)) ds ≥ T/3.

Recalling our choice of λ in (56), this guarantees that at t = 2T/3,

‖Φ2T/3(x(0))− xk‖ ≤ e−λ(T/3)‖x(0)− xk‖ ≤ e−λ(T/3)D∗ ≤ δ.

Consequently, we obtain672

Φ2T/3(Ak) ⊂ B(xk, δ). (60)

On [2T/3, T ], we have ϕ ≡ 1, so v[0,T ] = w. Let z0 ∈ B(xk, δ), and write z0 = xk + y = γk(2T/3) + y673

with ‖y‖ ≤ δ ≤ m/8. The path z(t) := γk(t) + y stays in the region where w(t, ·) = γ̇k(t), hence solves674

the ODE; by uniqueness, the �ow starting from z0 equals z(t), and in particular reaches rk + y at t = T .675

Combined with (60), this gives676

ΦT (Ak) ⊂ B(rk, δ) ⊂ B(rk,η).

To conclude, by a standard smooth extension-and-cuto� argument in the time variable, there exists a677

global �eld678

v ∈ C∞c (R× Rd;Rd) such that v = v[0,T ] on [0, T ]× Rd, (61)

Since v = v[0,T ] on [0, T ]×Rd, the �ow of v on [0, T ] coincides with Φt as above. In particular, (48) holds.679

680

Lemma 7.6 (Quantitative estimates on the steering �eld). Let v = vη be the vector �eld constructed in the681

proof of Lemma 7.5 with tolerance η when {rk}Kk=1 ⊂ Rd are pairwise distinct (see (61)) and let Φt be its682

�ow on [0, T ]. De�ne the minimum path separationm and the maximum path derivative G associated with683

the trajectories γk as684

m := min
t∈[0,T ]

min
i 6=j
‖γi(t)− γj(t)‖, G := 1 + max

1≤j≤d+5
max
k∈[K]

∥∥∥∥ djγk
dtj

∥∥∥∥
L∞(0,T )

, (62)

and let δ be as in (56). Then there exists a constant Cd,T > 0, independent of η and (Ak, γk)k , such that

sup
t∈[0,T ]

Lipx(v(t, ·)) ≤ Cd,T
[
G

m
+ 1 +D∗/s∗

T
log+

(
D∗
δ

)]
. (63)

Moreover, the Barron norm of v, as de�ned in (47), satis�es

‖v‖Bd+1
2
≤ Cd,T K

[
TGd+5(md +m−4) + (D∗ + s∗)d+1(1 + s

−(d+4)
∗ )

T
log+

(
D∗
δ

)]
. (64)

Finally, for R > 0 large enough so that [−R,R]d ⊃
⋃
k∈[K]Ak , we also have:

max
(t,x)∈[0,T ]×[−R,R]d

‖Φt(x)‖ ≤ 1 + max
k∈[K]

‖rk‖+ 3
2
√
dR. (65)

Proof. Throughout the proof, Cd and Cd,T denote positive constants that may change from line to line685

and depend only on d, T , and on the �xed smooth pro�les ψ, ξ, and ϕ.686
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Lipschitz estimate (63). Using the decomposition (58) and the bound 0 ≤ ϕ ≤ 1, we obtain687

sup
t∈[0,T ]

Lipx(v(t, ·)) ≤ λ‖Du‖L∞(Rd) + sup
t∈[0,T ]

‖Dxw(t, ·)‖L∞(Rd). (66)

Recall the de�nition of u in (55). Writing χk = 1Ek ∗ ψs∗/32 with Ek := Ak + (s∗/32)B(0, 1), by the688

classical Young’s convolution inequality, we have689

‖∇χk‖L∞(Rd) = ‖1Ek ∗ ∇ψs∗/32‖L∞(Rd) ≤ ‖1Ek‖L∞‖∇ψs∗/32‖L1 ≤ Cd s−1
∗ . (67)

Since the functions χk have pairwise disjoint supports, and ‖x − xk‖ ≤ D∗ + s∗/16 for x ∈ supp(χk),690

we obtain691

‖Du‖L∞(Rd) ≤ Cd
(

1 + D∗
s∗

)
. (68)

For the second term, di�erentiating (57) gives:692

∂xjw
(`)(t,x) =

K∑
k=1

γ̇
(`)
k (t) 8

m
∂jξ

(
8(x− γk(t))

m

)
, for all j, ` ∈ [d].

For any �xed t, the support of the k-th summand is contained in B(γk(t),m/4). These balls are pairwise693

disjoint for all k, meaning at most one summand is nonzero at any given (t,x). Since |γ̇k(t)| ≤ G and694

‖∇ξ‖L∞ <∞, we obtain695

sup
t∈[0,T ]

‖Dxw(t, ·)‖L∞(Rd) ≤ Cd
G

m
. (69)

Substituting (68), (69), and (56) into (66) yields the desired bound (63).696

Barron estimate. Fix n = d+ 4 and g ∈ C∞c (Rd+1). Since
‖(τ,ω)‖2

1
(1+‖(τ,ω)‖1)n is integrable on Rd+1

,∫
Rd+1
‖(τ, ω)‖21 |ĝ(τ, ω)|dτ dω ≤ Cd sup

(τ,ω)∈Rd+1
(1 + ‖(τ, ω)‖1)n |ĝ(τ, ω)|.

Expanding the weight as a sum of monomials and using the identity (τ, ω)αĝ = cα∂̂αg together with697

‖ĥ‖L∞ ≤ ‖h‖L1 , we obtain698 ∫
Rd+1
‖(τ, ω)‖21 |ĝ(τ, ω)|dτ dω ≤ Cd

∑
|α|≤n

‖∂αg‖L1(Rd+1). (70)

Moreover, for every component ` ∈ [d], the extension operator and the cuto� yield699 ∑
a+|β|≤n

‖∂at ∂βx v(`)‖L1(R×Rd) ≤ Cd,T
∑

a+|β|≤n

‖∂at ∂βx v
(`)
[0,T ]‖L1((0,T )×Rd). (71)

Applying (70) componentwise to v and using (71), we obtain700

‖v‖Bd+1
2
≤ Cd,T

d∑
`=1

∑
a+|β|≤n

‖∂at ∂βx v
(`)
[0,T ]‖L1((0,T )×Rd). (72)

Thus, it su�ces to bound the L1
derivatives of v[0,T ] = vC + vT , where701

vC(t,x) := (1− ϕ(t))λu(x), vT (t,x) := ϕ(t)w(t,x).

Since ϕ is a �xed smooth pro�le, its derivatives up to order n are bounded in L∞(0, T ) and in L1(0, T )702

by a constant Cd,T > 0; we will use this repeatedly below without further mention.703

Compression. Recalling the de�nition of χk at (54) and of Ek above, Young’s convolution inequality, com-704

bined with the isodiametric bound |Ek| ≤ Cd(D∗+s∗)d and the scaling ‖∂γψs∗/32‖L1 ≤ Cds−|γ|∗ yields,705

for every |γ| ≤ n,706

‖∂γχk‖L1(Rd) ≤ Cd (D∗ + s∗)d s−|γ|∗ . (73)
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Applying the product rule to u(`)(x) =
∑
k χk(x)(x(`)

k − x(`)), and, using ‖xk − x‖ ≤ D∗ + s∗ for707

x ∈ supp(χk), (73) gives708 ∑
|β|≤n

‖∂βu(`)‖L1(Rd) ≤ CdK (D∗ + s∗)d+1 (1 + s−n∗
)
. (74)

Multiplying by the temporal factor λ(1− ϕ) and using the uniform bound on the L1
-derivatives of ϕ,709 ∑

a+|β|≤n

‖∂at ∂βx vC,(`)‖L1((0,T )×Rd) ≤ Cd,T λK (D∗ + s∗)d+1 (1 + s−n∗
)
. (75)

Transport. Di�erentiating w(`)(t,x) =
∑
k γ̇

(`)
k (t) ξ(8(x − γk(t))/m) via the Leibniz and chain rules,710

every spatial derivative extracts a factor m−1
, and every time derivative either hits ξ (extracting another711

m−1
) or lands on the prefactor γ̇

(`)
k . Furthermore, we note that712

supp ξ(8( · − γk(t))/m) ⊂ B(γk(t),m/4),

and that the latter are pairwise disjoint at each t. Thus, at most one summand contributes at any (t,x),713

so for all a+ |β| ≤ n,714

∣∣∣∂at ∂βx w(`)(t,x)
∣∣∣ ≤ CdGn+1

a∑
r=0

m−(|β|+r)
K∑
k=1

1B(γk(t),m/4)(x). (76)

Integrating over (0, T )× Rd, where each ball has volume . md
, yields715

‖∂at ∂βx w(`)‖L1((0,T )×Rd) ≤ Cd,T KGn+1
a∑
r=0

md−|β|−r. (77)

Since |β| + r ≤ n = d + 4, each exponent d − |β| − r lies in [−4, d], hence md−|β|−r ≤ md + m−4.716

Summing over a+ |β| ≤ n and absorbing the ϕ-factor from vT = ϕw, we obtain717 ∑
a+|β|≤n

‖∂at ∂βx vT,(`)‖L1((0,T )×Rd) ≤ Cd,T KGn+1(md +m−4). (78)

Combining (75), (78), and (72) with n = d+ 4, and setting λ ≤ (3/T ) log+(D∗/δ) from (56), proves (64).718

Uniform bound. Let x0 ∈ [−R,R]d. For t ∈ [0, 2T/3], we have v(t,x) = λ(1 − ϕ(t))u(x), since719

w ≡ 0 on [0, 2T/3]×Rd. The �ow either �xes x0 or moves it along a straight segment within the convex720

set [−R,R]d. Therefore, ‖Φt(x0)‖ ≤
√
dR for all t ∈ [0, 2T/3].721

For t ∈ [2T/3, T ] we have v = w, which vanishes outside

⋃K
k=1B(γk(t),m/4). Therefore, whenever

Φt(x0) is not stationary, it lies in B(γk(t),m/4) for some k, yielding

‖Φt(x0)‖ ≤ ‖γk(t)‖+ m

4 .

By (52) we have ‖γk(t)‖ < 1 + maxj∈[K] ‖rj‖+
√
dR. Additionally, since γk(0) ∈ Ak ⊂ [−R,R]d, we

trivially have m ≤ 2
√
dR. Combining these estimates gives

‖Φt(x0)‖ ≤ 1 + max
j∈[K]

‖rj‖+ 3
2
√
dR.

Since this bound dominates the compression phase and holds whenever the trajectory moves, we conclude

max
(t,x)∈[0,T ]×[−R,R]d

‖Φt(x)‖ ≤ 1 + max
k∈[K]

‖rk‖+ 3
2
√
dR,

which proves (65).722
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The next lemma establishes an O(p−1/2) approximation bound for the �ow generated by (sanode).723

The result relies on [19, Theorem 2], which was subsequently adapted for dynamical systems in [21].724

Here, we extend [21, Theorem 2.3] by making the dependence on the Barron norm of the reference vector725

�eld explicit.726

Lemma 7.7. Fix d ≥ 2 and T > 0, let v ∈ C∞c (R × Rd;Rd) with ‖v‖Bd+1
2

< ∞, and let Ω ⊂ Rd be727

compact. Let (Ψt)t∈[0,T ] be the �ow induced on [0, T ] by ẋ = v(t,x), and assume that for some R? ≥ 1,728

[0, T ]×
⋃

t∈[0,T ]

Ψt(Ω) ⊂ [−(R? − 1), R? − 1]d+1. (79)

Then there exists a constant Cd > 0, depending only on d, such that for every integer p ≥ 3 satisfying729

p > C2
d R

4
? T

2 ‖v‖2Bd+1
2

exp
(

2T sup
t∈[0,T ]

Lipx(v(t, ·))
)
, (80)

there exists a control θ of width p for the �eld vθ of the form (sanode) such that the �ow Φθt satis�es730

sup
x∈Ω

sup
t∈[0,T ]

‖Ψt(x)− Φθt (x)‖ ≤
CdR

2
? T ‖v‖Bd+1

2√
p

exp
(
T sup
t∈[0,T ]

Lipx(v(t, ·))
)
. (81)

Proof. Denote L := supt∈[0,T ] Lipx(v(t, ·)). By [19, Theorem 2], there exists a control θ of width p and a731

constant Cd > 0 such that
2

732

sup
(t,x)∈[−R?,R?]d+1

‖v(t,x)− vθ(t,x)‖ ≤
CdR

2
? ‖v‖Bd+1

2√
p

=: ε.

For any x ∈ Ω, let τ ≤ T be the maximal time such that Φθt (x) ∈ [−R?, R?]d for all t ∈ [0, τ ]. On [0, τ ],733

adding and subtracting v(t,Φθt (x)) gives734

‖Ψt(x)− Φθt (x)‖ ≤
∫ t

0
L ‖Ψs(x)− Φθs(x)‖ ds+ εt,

so Grönwall’s lemma yields735

sup
t∈[0,τ ]

‖Ψt(x)− Φθt (x)‖ ≤ εTeLT < 1,

where the last inequality follows from (80). Hence Φθt (x) stays within distance 1 of Ψt(x), which by (79)736

lies in [−(R? − 1), R? − 1]d. Thus Φθt (x) ∈ (−R?, R?)d on [0, τ ], forcing τ = T by continuity. Taking737

the supremum over x ∈ Ω gives (81).738

We are now in a position to prove the theorem.739

Proof of Theorem 2.5. Assume �rst that the targets rk are pairwise distinct. Since d ≥ 2, we can choose740

smooth, pairwise disjoint γk : [0, T ] → Rd satisfying (51)–(52). We use the construction in the proof of741

Lemma 7.5 with these �xed paths and tolerance η/4. Let v be the resulting �eld and (Ψt)t∈[0,T ] its �ow.742

Let s∗ be de�ned by (49) and (m,G) by (62), set η0 := min{1, s∗/2,m/2}, and �x η ∈ (0,η0]. Therefore,743

ΨT (Ak) ⊂ B(rk,η/4) for all k ∈ [K]. (82)

For M > 0 given by (12), it follows that:744

[0, T ]×
⋃

t∈[0,T ]

Ψt(IR) ⊂ [−(M− 1),M− 1]d+1. (83)

2
[19, Theorem 2] is scalar-valued, but applying it componentwise and distributing the hidden units among the d components

only changes the dimensional constant Cd.
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Moreover, if η > 0 is small enough that 2η < s∗ ∧m, then δ = min
{

η
4 ,

s∗
8 ,

m
8
}

= η
4 . Lemma 7.6 then745

yields:746

sup
t∈[0,T ]

Lipx(v(t, ·)) ≤ L (1− log η) , ‖v‖Bd+1
2
≤ B (1− log η) ,

Increasing C, if necessary, we also ensure that the lower bound (11) implies the size condition (80) for

every η ∈ (0,η0], for constants L,B ≥ 0 that depend only on d, T,R, (rk)k, (Ak)k . Applying Lemma 7.7

with Ω = IR and R? = M, we obtain that for any su�ciently large p ≥ 3:

sup
x∈IR

sup
t∈[0,T ]

‖Ψt(x)− Φθt (x)‖ ≤ CdM
2TB(1− log η)
√
p

exp (LT (1− log η))

≤ CdM
2TBeLT (1− log η)

√
p

η−LT .

Now, choose C su�ciently large so that C > 2LT and

√
C ≥ 2CdM2TBeLT . If p satis�es the bound in747

(11), we deduce:748

sup
x∈IR

sup
t∈[0,T ]

‖Ψt(x)− Φθt (x)‖ ≤ CdM
2TBeLT√
C

η1+C/2−LT ≤ η

2 .

For any x ∈ Ak , combining this bound with (82) allows us to verify (i) via the triangle inequality:749

‖ΦθT (x)− rk‖ ≤ ‖ΦθT (x)−ΨT (x)‖+ ‖ΨT (x)− rk‖ ≤
η

2 + η

4 < η.

Furthermore, using (83), we can easily verify (ii):750

‖ΦθT ‖L∞(IR) ≤ ‖ΨT ‖L∞(IR) + ‖ΦθT −ΨT ‖L∞(IR) ≤ (M− 1) + η

2 <M,

which holds because η ≤ 1.751

Finally, consider the case where the targets rk are not necessarily pairwise distinct. We can slightly752

perturb them to choose auxiliary targets r̃k that are pairwise distinct and satisfy:753

‖r̃k − rk‖ < η/4 for all k.

Applying the previous argument to these auxiliary targets r̃1, . . . , r̃K with a tighter tolerance of η/2, we754

obtain, for su�ciently large p, a control θ such that ΦθT (Ak) ⊂ B(r̃k,η/2). By the triangle inequality,755

it immediately follows that ΦθT (Ak) ⊂ B(rk,η). Since the mutual separation of the auxiliary targets756

may be of order η, the path-separation parameter m, and hence the constants produced by the previous757

argument, need not remain uniform as η ↓ 0.758

7.2 Proofs of Section 3759

Proof of Proposition 3.1. By the squared-sum inequality, the expected error can be decomposed into a bias760

and a variance component:761

EDN
[
‖y − yN,h‖2L2(µ)

]
≤ 2 ‖y − yh‖2L2(µ) + 2EDN

[
‖yh − yN,h‖2L2(µ)

]
,

where yh and yN,h are the population and empirical estimators de�ned in (17) and (19), respectively. We762

bound each term separately.763

Bias. Fix a cell Qk with pk := µ(Qk) > 0. The population coe�cient sk is the conditional expectation of764

y(·) on Qk . By Jensen’s inequality, for any x ∈ Qk:765

‖y(x)− sk‖ =

∥∥∥∥∥ 1
pk

∫
Qk

(y(x)− y(x′)) dµ(x′)

∥∥∥∥∥ ≤ 1
pk

∫
Qk

‖y(x)− y(x′)‖ dµ(x′).

For any x,x′ ∈ Qk , the distance satis�es: ‖x−x′‖ ≤ diam(Qk) ≤
√
d h.Consequently, ‖y(x)−y(x′)‖ ≤766

ωy(
√
d h), which implies ‖y(x)−sk‖ ≤ ωy(

√
d h). Since cells with pk = 0 do not contribute to the L2(µ)767

norm, integrating over the partition yields:768

‖y − yh‖2L2(µ) =
∑
k∈K

∫
Qk

‖y(x)− sk‖2 dµ(x) ≤ ωy(
√
d h)2

∑
k∈K

µ(Qk) = ωy(
√
d h)2, (84)
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where K is the index set de�ned in (14).769

Variance. Since yh|Qk = sk and yN,h|Qk = Sk , the variance term becomes:770

EDN
[
‖yh − yN,h‖2L2(µ)

]
=
∑
k∈K

pk EDN
[
‖sk − Sk‖2

]
. (85)

Fix an index k and let Nk :=
∑N
i=1 1Qk(xi) denote the number of samples falling into Qk . Because the771

inputs are drawn i.i.d. from µ, Nk follows a binomial distribution, Nk ∼ Binom(N, pk).772

Conditionally on Nk = n ≥ 1, the coe�cient Sk is the empirical average of n i.i.d. random variables773

Y1, . . . ,Yn distributed as y(X) for X ∼ µ(· | Qk). By de�nition, E[Y1] = sk . The variance of this774

empirical average is exactly:775

E
[
‖Sk − sk‖2 | Nk = n

]
= E

[∥∥∥∥∥ 1
n

n∑
j=1

(Yj − sk)

∥∥∥∥∥
2]

= 1
n
E
[
‖Y1 − sk‖2

]
≤
‖y‖2L∞(IR)

n
.

If Nk = 0, we de�ned Sk = 0, which gives ‖Sk − sk‖2 = ‖sk‖2 ≤ ‖y‖2L∞(IR). Taking the unconditional776

expectation over the binomial variable Nk , we obtain:777

EDN
[
‖Sk − sk‖2

]
≤ ‖y‖2L∞(IR)

(
E
[1{Nk>0}

Nk

]
+ P(Nk = 0)

)
.

We bound the two terms in the parenthesis. First, P(Nk = 0) = (1 − pk)N ≤ e−Npk . Second, utilizing778

the elementary inequality
1
n ≤

2
n+1 for n ≥ 1, we evaluate the expectation via an integral identity for the779

binomial generating function:780

E
[1{Nk>0}

Nk

]
≤ 2E

[
1

Nk + 1

]
= 2

∫ 1

0
E[tNk ] dt = 2

∫ 1

0
(1− pk + pkt)N dt ≤ 2

pk(N + 1) .

Substituting these estimates into (85) yields:781

EDN
[
‖yh − yN,h‖2L2(µ)

]
≤ ‖y‖2L∞(IR)

∑
k∈K

(
2

N + 1 + pke
−Npk

)
.

Recall from (16) that the total number of cells is Kh . h−d. Moreover, using supp≥0 pe
−Np = (eN)−1

,782

we can bound the sum uniformly:783

EDN
[
‖yh − yN,h‖2L2(µ)

]
≤ ‖y‖2L∞(IR)

(
2Kh

N + 1 + Kh

eN

)
.
‖y‖2L∞(IR)Kh

N
.
‖y‖2L∞(IR)

Nhd
.

Combining the bias and variance upper bounds directly gives (21).784

Proof of Corollary 3.2. Hölder regularity gives ωy(t) 6 Lyt
α

where Ly > 0 is the Hölder constant of y(·)785

on IR. Hence (84) gives786

‖y − yh‖2L2(µ) ≤ ωy(
√
d h)2 = L2

y(
√
d h)2α = L2

yd
αh2α . h2α.

Substituting this into (21),787

EDN ‖y − yN,h‖2L2(µ) . h2α + (Nhd)−1.

The choice hN = (2R) ∧N−1/(2α+d)
balances both terms and gives788

EDN ‖y − yN,hN ‖2L2(µ) . N−2α/(2α+d).

Proof of Proposition 3.5. If y(·) is α-Hölder with constant Ly > 0, then789

‖y(x)− yVN (x)‖ = ‖y(x)− y(xNN(x))‖ ≤ Ly‖x− xNN(x)‖α ≤ LyRαN , (86)

where RN is the covering radius de�ned in (29). Therefore,790

‖y − yVN‖2L2(µ) ≤ ‖y − y
V
N‖2L∞(IR) ≤ L

2
yR

2α
N .

Since ρ is bounded below on the cube IR, there exists c > 0 such that µ(B(x, r) ∩ IR) ≥ crd for all791

x ∈ IR and all su�ciently small r > 0. Combining this estimate with (30) directly proves (31).792
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7.3 Proofs of Section 4793

Proof of Lemma 4.2. For a single cell Qk of side length h, the volume of its trimmed boundary rim is794

hd − (h − 2δ)d . hd−1δ. Summing over the Kh � h−d cells comprising the partition, the total volume795

is bounded by |Ωδ| . (h−d)(hd−1δ) = δ/h. Because the probability density of µ is bounded from above796

by a constant, the measure directly satis�es µ(Ωδ) . |Ωδ| . δ/h.797

To prove Lemma 4.3, we �rst isolate a preliminary estimate controlling the probability that the gap798

between the �rst two nearest-neighbor distances is small.799

Lemma 7.8. AssumeN ≥ 2, �x x ∈ IR, and letD1(x) ≤ D2(x) be the distances from x to its nearest and800

second-nearest points within {x1, . . . ,xN}. For r > 0, denote Fx(r) := µ(B(x, r)). Then, for every δ > 0,801

PDN (D2(x)−D1(x) ≤ 2δ) ≤ N(N − 1)
∫ ∞

0
[Fx(r + 2δ)− Fx(r)] (1− Fx(r))N−2 dFx(r).

Proof. For each i ∈ [N ], set Zi := ‖x− xi‖. Writing the order statistics as Z[1] ≤ Z[2] ≤ · · · ≤ Z[N ], we802

have D1(x) = Z[1] and D2(x) = Z[2]. By symmetry,803

P (D2(x)−D1(x) ≤ 2δ) ≤ N P
(
Z1 = Z[1], Z[2] ≤ Z1 + 2δ

)
.

Conditioning with respect to Z1, we see that on the event {Z1 = r, Z1 = Z[1], Z[2] ≤ r + 2δ}, at least804

one of the remaining N − 1 distances must belong to [r, r + 2δ], while all the others must be at least r.805

For a �xed index j ∈ {2, . . . , N},806

P (r ≤ Zj ≤ r + 2δ) = Fx(r + 2δ)− Fx(r),

and for each k /∈ {1, j}, P(Zk ≥ r) = 1 − Fx(r). By independence, these probabilities multiply, and a807

union bound over the N − 1 possible choices of j yields808

P
(
Z1 = Z[1], Z[2] ≤ r + 2δ | Z1 = r

)
≤ (N − 1) [Fx(r + 2δ)− Fx(r)] (1− Fx(r))N−2

.

Integrating with respect to the law of Z1, whose distribution function is Fx, proves the claim.809

Proof of Lemma 4.3. We �rst treat the case N = 1. Then V1 = IR, so Ωδ = {x ∈ IR : dist(x, ∂IR) < δ},810

and since µ has density bounded above, EDN [µ(Ωδ)] = µ(Ωδ) . δ ≤ δN1/d
.811

We may therefore assume N ≥ 2. Let x ∼ µ be an independent test point; by Fubini’s theorem,812

EDN [µ(Ωδ)] = P (x ∈ Ωδ(DN )) ,

where the probability is taken jointly over DN and x. The bound is trivial whenever δN1/d ≥ 1 since813

probabilities are at most 1, so we restrict to814

δN1/d ≤ 1. (87)

LetD1(x) andD2(x) denote the distances from x to its nearest and second-nearest sample points among815

{x1, . . . ,xN}, respectively. We claim that816

{x ∈ Ωδ, dist(x, ∂IR) > δ} ⊂ {D2(x)−D1(x) ≤ 2δ}. (88)

Suppose that x ∈ Ωδ and dist(x, ∂IR) > δ, and let Vi be the Voronoi cell containing x. Since x /∈ V δi ,817

there exists z ∈ ∂Vi with ‖x − z‖ ≤ δ. The constraint dist(x, ∂IR) > δ excludes z ∈ ∂IR, so z lies818

on an internal Voronoi boundary and is equidistant from at least two sample points xi,xj . The triangle819

inequality gives820

‖x− xj‖ ≤ ‖x− z‖+ ‖z− xi‖ ≤ ‖x− xi‖+ 2‖x− z‖.

Taking xi as a nearest neighbor and xj as a second-nearest neighbor of x, we obtain D2(x) −D1(x) ≤821

2‖x− z‖ ≤ 2δ, which proves (88). Consequently,822

P (x ∈ Ωδ(DN )) ≤ P (dist(x, ∂IR) ≤ δ) + P (D2(x)−D1(x) ≤ 2δ) . (89)
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Since µ has density bounded above and the Lebesgue measure of the δ-strip near ∂IR is O(δ),823

P (dist(x, ∂IR) ≤ δ) . δ. (90)

For the second term, �x x ∈ IR and de�ne Fx(r) := µ(B(x, r)). The density bound on µ controls the824

µ-mass of a spherical annulus by its Euclidean volume:825

Fx(r + 2δ)− Fx(r) . δ (r + 2δ)d−1 . δ rd−1 + δd. (91)

Substituting (91) into Lemma 7.8 and using the identity (N − 1)
∫∞

0 (1 − Fx)N−2 dFx = 1 (immediate826

from the change of variable s = Fx(r)),827

P (D2(x)−D1(x) ≤ 2δ | x) . Nδ Ix +Nδd, Ix := (N − 1)
∫ ∞

0
rd−1 (1− Fx(r))N−2 dFx(r).

(92)

It remains to bound Ix uniformly in x ∈ IR. Stieltjes integration by parts, whose boundary terms vanish828

(at r = 0 since d ≥ 2, at r =∞ since suppµ ⊂ IR), gives829

Ix = (d− 1)
∫ ∞

0
rd−2(1− Fx(r))N−1 dr.

Let ρmin > 0 be a uniform lower bound for the density of µ. Since IR is a cube, there exist constants830

c > 0 and r0 > 0 such that |B(x, r) ∩ IR| ≥ c rd for all x ∈ IR and 0 < r ≤ r0, hence Fx(r) ≥ c rd on831

the same range. Using 1− z ≤ e−z , we get (1− Fx(r))N−1 ≤ e−c(N−1)rd
for r ≤ r0, while for r ≥ r0,832

1−Fx(r) ≤ 1−Fx(r0) is uniformly bounded away from 1. Setting DR := diam(IR) and splitting at r0,833

Ix .
∫ r0

0
rd−2e−c(N−1)rd dr +

∫ DR

r0

rd−2(1− Fx(r0))N−1 dr.

The change of variables u = (N − 1)rd in the �rst integral yields a bound . N−(d−1)/d
, and the second834

is exponentially small in N and absorbed into the same bound. Hence835

Ix . N−(d−1)/d
uniformly in x ∈ IR. (93)

Substituting (93) into (92) yields836

P (D2(x)−D1(x) ≤ 2δ | x) . δN1/d +Nδd . δN1/d,

where the last step uses Nδd = (δN1/d)d ≤ δN1/d
from (87) and d ≥ 2. Taking expectations and837

combining with (89) and (90), we conclude838

EDN [µ(Ωδ)] . δ + δN1/d . δN1/d,

since N1/d ≥ 1. This proves (36).839

Proof of Corollary 4.4. For the histogram partition, apply Theorem 4.1 with yN = yN,h. Then Proposi-840

tion 3.1 and Lemma 4.2 give841

EDN
[
‖y − yN,h‖2L2(µ)

]
. h2α + 1

Nhd
, EDN [µ(Ωδ)] .

δ

h
.

Substituting these bounds into (34) gives the �rst estimate.842

For the Voronoi partition, apply Theorem 4.1 with yN = yVN . The expectation bound in Proposition 3.5843

and the boundary-layer estimate in Lemma 4.3 give844

EDN
[
‖y − yVN‖2L2(µ)

]
.

(
logN
N

)2α/d
, EDN [µ(Ωδ)] . δN1/d.

Substituting these bounds into (34) gives the Voronoi estimate.845
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Proofs of Propositions 4.5 and 4.6846

Proof of Proposition 4.5. De�ne η2
N := N−

2α
2α+d , and hN := N−

1
2α+d , δN := h1+2α

N , and apply the his-847

togram bound in Corollary 4.4 with h = hN and δ = δN . By Theorem 2.5, there exists p∗N ∈ N given by848

(11), such that for every pN ≥ p∗N one can choose a control for (sanode) of width pN with η2 � N−
2α

2α+d ,849

whose �ow is uniformly bounded on IR. Moreover, Proposition 3.1 and Corollary 3.2 give850

EDN
[
‖y − yN,hN ‖2L2(µ)

]
. h2α

N + 1
NhdN

� N−
2α

2α+d ,

and Lemma 4.2 yields EDN [µ(ΩδN )] . δNh
−1
N = h2α

N = N−
2α

2α+d . If N > 21+d/(2α)
then δN < hN/2851

and substituting these bounds into (37) yields the claim.852

Proof of Proposition 4.6. Let pN satisfy condition (11) for the Voronoi partition generated by {xi}Ni=1, with853

margin δN and tolerance ηN de�ned by854

η2
N :=

(
logN
N

) 2α
d

, δN := (logN) 2α
d N−

2α+1
d .

Substituting the bounds (31) from Proposition 3.5 and (36) from Lemma 4.3 into (37) yields the conclusion.855

856
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