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PART IlI: non-local in space models
LECTURE 6: The fractional Laplacian
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FRACTIONAL SOBOLEV SPACES




Fractional Sobolev spaces

Fractional Sobolev spaces

WP () —{ueLP(Q // jutx) = u(y) dxdy<oo}

\X y|N+ps
pello0), se€(0,1)

Intermediate Banach space between LP(Q) and WhP(Q).

Fractional Sobolev horm

1
u(x P b
lullys.pqy = (/ |u|de+// | |E(—y\N+);)5| dXdy) ,

p = 2: WS2(Q) = H°(Q) is a Hilbert space with scalar product
Vs = / / (U6 U@L = V) g o

Ix —y|Ntes

E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker's guide to the fractional Sobolev spaces, Bull.
Sc. Math., 2012
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Fractional Sobolev embeddings

Letp € [I,4+00)and O < s < 51 < 1 Let Q be an open set in RN and
u: Q — R be a measurable function. Then

lullwsp) < CIN,s,p, Q) lullysrpg) = WTP(Q) — WP(Q).

Lets € (0,1) and p € [L, +o0). Let Q € RN be bounded open and Lipschitz.

sp <N [[ulla@y < CIN,s,p, Q) ||Ullwspiq) = WP(Q) — L9(Q) for any
qe [1, Nﬁ’;p].

sp =N [lullia@y < CN,s,p, Q) ||ullyspq) = WP(Q) — L9(RQ) for any
q € [1, +0).

O,sfﬂ

sp > N. HUHCO,S—%(Q) < CN,5:p, Q) [lullys.p(g) = WP(Q) = C7 P ().
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High-order fractional Sobolev spaces

High-order fractional Sobolev space

WP(Q) == {u € WMP(Q): DYu e WPP(Q) forany a with |a| = m}
s=m+o, meN, oe€(0,1).

W*P(Q) is a Banach space with respect to the norm

1
P
lullws.pqy = (IIUllﬁym,p(Qﬁ > |Dau||€ya,P(Q)) :

|a|=m

Let Q ¢ RN be a bounded open set with Lipschitz continuous boundary.

Then W"P(Q) — W=9(Q) forallO < s <randl < p < g < oo such that
N
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The spaces W3"(Q2) and W—°(Q)

WEP(2): closure of C&°(R2) in the norm [|-||yys.p(q).

Forany s > O, the space C8°(RN) of smooth functions with compact support
is dense in W*P(Q) if and only if 0 < s < 1/p. As a consequence:

0<s< i = WoP(Q)=Wwr(Q)

las<i= Wg’p(ﬂ):{ueWSvP(RN):u:OonQC :=RN\Q}

Dual space

WP (Q) == (WSP(Q)*, pl = ,%: dual space of WP (Q).
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The Poincarée inequality in H°

Proposition

Let Q be a star-shaped domain with respect to a ball B. For any u € H*(Q2)
with O <s <lwecalll := ﬁ Jq udx. Then we have

lu =Tl 20y < Cd(Q)°[uls()-

PROOF:

/Q (u(x) — U(x))zdx: ﬁ/g (u(x)/ﬁldy—/ﬁu(y) cly)2 dx
= #/ﬂ (/Q (u(x) — u(y)) dy)2 dx

1 2
<& /ﬂ /Q (u(x) — u(y))? dyax

d(@)N+as / " u) —u)I?
< dydx
- |Q| aJa |X _y‘N#»ZS y

N
2.,

o dBN ~ Bl <1Q = lu—10lF g < CAQ) [Uls@), €~ [d(Q)/d(B)]
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The Poincarée inequality in H°

Let Q be a bounded and regular domain and denote

V::{ueﬂ:u:OinQC}.

||uHL2(Q) < C[u]HS(RN)'

Then, for allu € V, there exists a constant C = C(22, N, s) > O such that

PROOF: E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker's guide to the fractional Sobolev

spaces, Lemma 6.1

There exists some constant ¢(N, s) > O such that for allx € Q,
_as dy
N,s)|Q|” N < _—
ew.sle ¥ < [ o

On the other hand, since u = 0 in Q°, we know that
u(x)® = (u(x) — u(y))® forallx € Q, y € Q.
So, we obtain

(N, s)[Q~ /|ux\c/x</Q chdxdy

‘X — y|N+25

- 2
< [ [, R

|x — y|N+2s

[U]HS(H&N)-
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THE FRACTIONAL LAPLACIAN




The fractional Laplacian

.. Schwartz space.
Foru € #(RN)and e > O we set

u(x) —u(y) N
ZAYux) = C / 272V gy x e RV,
(AR =Cus | S W

Fractional Laplacian

(—A)°u(x) = CnsPV. /RN % dy = lifg)(—A)iu(x), x e RN,

|¢|N+2s C 2ira—s)
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Motivation: elliptic PDE via stochastic processes

Brownian motion — 2"4 order PDE

Expected payoff at Q. u(x) = E(6(B°)) solves

—Au=0 inQ
u=¢o on 9N

e B°: Brownian motion in RN
—Ais a local operator, that is: starting at xo.
supp(—Au) C supp(u). e 7. stopping time - first time
at which B5° hits 9.
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Motivation: elliptic PDE via stochastic processes

Levy process — integro-differential equations

Expected payoff at Q°. u(x) = E(¢(X3°)) solves

—APXu=0 inQ
G:RN\Q R U:d) in Q¢

o X0 Lévy process with dis-

(—A) is a non-local operator, continuous sample paths.

that is: supp((—A)°) ¢ supp(u). e 7. stopping time - first time
at which X0 is in Q°.
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Long-jump random walks

One can derive the fractional Laplacian through Long-jump random walks

u(t+71)=">_ pliu(x + ik, 1)

iezN

e Bysetting uu(-) = |-|~N+2%) and s € (0, 1), and taking 7 = h%%, inthe limith — O*
we get

ui(x,t) + (=A)°u(x,t) = 0.
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The fractional Laplacian

.. Schwartz space.
Foru € #(RN)and e > O we set

u(x) —u(y) N
ZAYux) = C / 272V gy x e RV,
(AR =Cus | S W

Fractional Laplacian

(—A)°u(x) = CnsPV. /RN % dy = lifg)(—A)iu(x), x e RN,

|¢|N+2s C 2ira—s)
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The fractional Laplacian

.. Schwartz space.
Foru € #(RN)and e > O we set

u(x) —u(y) N
ZAYux) = C / 272V gy x e RV,
(AR =Cus | S W

Fractional Laplacian

(—A)°u(x) = CnsPV. /RN % dy = lifg)(—A)iu(x), x e RN,

|¢|N+2s C 2ira—s)
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Some properties

e Foranyu € .#(RV) we have (—A)u(x) = 771 (|€2°0(€)). £ € RN,

o (Ul = 2G5 / €2 )ng.

(- A)zu

2 —1
> [U]Hs(RN) = 2CN,5 LZ(JRN)

e Forallu,ve H(RN)suchthatu=v=0inQ°

/f;u(—A)Svdx:/%N(—A)%u(—A)%’vdx:/Qv(—A)Sudx

/ WAy vy = CNS/RN/RN x)—li({) ‘X/(:;)s v(y)) dxdly

o lim, o+ (—A)u=uforallu € C(RN).

o lim,_,; (—A)u=—Auforallue CPRN).
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The spectral fractional Laplacian

There exists an alternative notion of fractional Laplacian, which is based on spectral
theory, the so-called spectral fractional Laplacian.

{¥r}ren C H5(Q): normalized eigenfunctions of the Dirichlet Laplacian on Q. { A }ren:
corresponding eigenvalues.

Spectral fractional Laplacian

(—0)% =D (U, Yr) Xptor()-

k>1

ATTENTION!

The spectral fractional Laplacian and the fractional Laplacian defined in
integral form are two different operators.

R. Servadei and E. Valdinoci, On the spectrum of two different fractional operators, Proc.
Roy Soc. Edinburgh Sec. A, 2014.
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Heat semi-group representation

Heat semi-group representation of (—A)°

(=A)u(x

5) eBu(x) — u(x)) tlths, s€(0,1)

v(x,t) = e!2u(x): solution of the heat equation on RN with initial datum u

vi—Av=0, (x,t) € RN x (0, +00)
v(x,0) = u(x), x € RN

The definition is inspired by the identity
1 Too s o dt
“rah )

P.R. Stinga and J. L. Torrea, Extension problem and HarnacR's inequality for some fractional oper-
ators, Comm. PDE, 2010.
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Heat semi-group representation

Proposition

Foru € #(RN)ands € (0,1) we have

_ —u) 4
r(— 5)/ X)—u(X) t1+s =Ch,sP V/ |x— ‘N+25

PROOF (sketch): by Fubini's Theorem and the change of variables 7 — t[£|% we have

o ) (- u0)
- ﬁ /om (/R (e 1) o) dg) a@
=79 (/om B dt> () de
- ﬁ /R (/om eT ) €7 a(g)e’™ ™ de

= [ JePacees de = (-a)u.

18/23



The Caffarelli-Silvestre extension

Given x € RN and a function f : RN — R, we consider u : RV x [0, +00) — R that
satisfies the equation

div(y*Vu(x,y)) =0, (x,y) € RN+
u(x,0) = f(x), x € RN,

Then we have
ds(—A)’f(x) = — lim y*oyu.
y—0+t

Paying the price of increasing by one the dimension of the problem analyzed,
this extension procedure has the advantage of allowing to work in a local
framework. Since its first introduction, it has been employed for several
different applications, including unique continuation properties or for the
built of algorithms for the finite element discretization of PDEs the fractional
Laplacian.

L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian,
Comm. PDE, 2008

19/23



Sketch of the proof

The extension problem can be rewritten as
Axu+ZPuz;; =0

l-a 2
_ _ )1 P
Zf[(l @) y] Bi=—1—+
yo‘uy:uz

o
Axu+ —uy + Uy =0

u(x, 0) = f(x)

Poisson kernel

P(x,z) = %ﬂNMr (w) z (|x|2 fa- a)2|z|ﬁ)

1-N—«a

2

m u(x,z) — u(x,0) — lim 1

Jim 02 Jim 2 [ Plx— 62)(F) ~ F) de
i [ grter (M) (o - )

N=1ta

(b - €2+ 1= 2tz ™)
= Latrar (7'\’_ 2+“> pv. [ TO 10 e — c(—n)'7* ().

4 2 BN X — EN-THa
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Pohozaev identity

Let © be a bounded ! domain of RV, s € (0, 1) and §(x) = dist(x, Q). with x € Q,
be the distance of a point x from 9. Let u € Hg(Q) satisfy the following:

e uc C(RV)and, forevery 8 € [s,1+ 2s), uis of class C#(£2) and

[Ules (rearspspy < CP° 7, forallp € (0,1).

e U/8%|q can be continuously extended to Q. Moreover, there exists v € (0, 1)
such that u/§° € C7(Q). In addition, for all 8 € [v,s + ~] it holds the estimate

U/ )08 (prearspspy < CP7 77, forallp € (0,1).

e (—A)°uis point-wise bounded in Q.
Then, the following identity holds

/Q(X~Vu)(—A)SudX: 252_N /Qu(—A)Sudx— r(lT’LS)Z /aQ (%)2()(‘1/)0/0,

where v is the unit outward normal to 9Q at x and T is the Gamma function.

X. Ros-Oton and J. Serra, The Pohozaev identity for the fractional Laplacian, ARMA, 2014
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Sketch of the proof (star-shaped domains)

If Q is star-shaped with respect to the origin, we can rewrite

/(X-Vu)(—A)SudX: a /uA(—A)Sudx,
Q ax A=1t+ JQ

where, for A > 1, u) = u(Xx). Notice that, since Q is star-shaped, u) = 0in Q°. We

have
/ux(fA)sudx:/(—A)%UA(—A)%udx:)\ﬁ/ W s Wy, x5 dYs
Q Q Q

(—4)2u(x) and we employed the change of variables y = v/Ax. Thus,

where w(x) = (—
) S d 25—N
/Q(X-Vu)(fA) udx = Y e A2 /Wﬁwl/ﬁdy

—257N/ de-&-— /w w. fel

- 2 &N dA |ygr vV l/fy
2s—N 1 d

- ax+ > 2 dy.
N[ ucaruod S| e

For obtaining the final result it is enough to show that

1 d ' F(1+s)2/’ uy2
R dy =10 “) (x-v)do.
2 dr |, 1</QWAW1/A Y 2 m(&s) (x-v)do
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