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CONTROLLABILITY OF THE FRAC-
TIONAL HEAT EQUATON




1-d fractional heat equation

Vit (—d2)y = uxe (1) € (=1,1) x (O,T)
y=0 (x.t) € (~1,1)¢ x (0, T), (FH)
y(vo) =Yo X € (_17 1)

Givenany yo € L2(—1,1),w C (=1,1) and T > O, the fractional heat equation
(FH)is

e approximately controllable at time T with u € L2(w x (0, T)), for all
s€(0,1).

e null-controllable at time T with u € L?(wx (O, T)),ifand only ifs > 1/2.

e null-controllable at time T with u € L*®(w x (0, T)), if and only if
s>1/2.
U. Biccari and V. Hernandez-Santamaria, Controllability of a one-dimensional fractional
heat equation: theoretical and numerical aspects, IMA J. Math. Control Inf., 2018

U. Biccari, M. Warma and E. Zuazua, Controllability of the one-dimensional fractional
heat equation under positivity constraints, Commun. Pure Appl. Anal., 2019
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Previous controllability results

e the 1-d fractional heat equation with spectral fractional Laplacian is null
controllable attime 7 > O if and only if s > 1/2.

S. Micu and E. Zuazua, On the controllability of a fractional order parabolic equation,
SICON, 2006

e the same result holds in multi-d setting using a Lebeau-Robbiano strategy.

L. Miller, On the controllability of anomalous diffusions generated by the fractional
Laplacian, Math. Control Signal Systems, 2006

spectral # integral
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Why s > 1/2?

Fractional heat equation

vt —(=A)’y =0.

1al Laplacian

s-fractional order
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Proof of the approximate controllability

Parabolic unique continuation property

Givens € (0,1) and p” € L?(—1,1), let p be the unique solution to the adjoint
equation

—pt + (_d)%)sp =0, (Xr t) € (_17 1) X (O, T)
p=0, (1) € (=L 1) x (0, T) )
p(X, T) :pT(X)7 X € (_17 1)7

Letw C (—1,1) be an arbitrary openset. If p = Oonw x (0, T), thenp =0
on(—1,1) x (O, 7).

5/38



Proof of the approximate controllability

To prove this unique continuation, let us observe that for (x,t) € (-1,1) x (O, T).p
can be expressed in the basis of the eigenfunctions of the fractional Laplacian as

= > pre T 00,(x), Pk = (P, Pr)i2(—11)> @
r>1

Moreover, p can be analytically extended to the half plane X1 :={z € C : R(z) < T},
so that we can write

plt) = pre T Dg(x),  forall (x,t) € (=1,1) x (=00, T). )
kR>1

V. Keyantuo and M. Warma, On the interior approximate controllability for fractional wave equa-
tions, Discr. Cont. Dyn. Syst., 2016
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Proof of the approximate controllability

Assume that
p=0 in wx(0,T) 4)
and let {4, }1<k<m, be an orthonormal basis of ker (Ar — (—A)°). Then, we have

Z¢k Gry () € €

and (3) can be rewritten as

Z (Zpk ¢fe ) eixk(Tit)v (X7 t) € (_17 1) X (_007 T)7

kr>1

with pkj = pk‘z’kj
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Proof of the approximate controllability

Let o € Cwithn := R(c) > O and let N € N. Since the functions Y 1 <J < m,
1 < k < N are orthonormal, if we define

N mg
Pt = ZD@W,(X) e”(=TNg=M{T=1),
k=1 \ j=1
we have that

low (6 )12 1) < D (Z |or; |2> e?nt=Ne=2(T-H

k>1 \ j=1

<> el (Z |, 2) nt=T) < ce2n(t=1) HpTHLz —13)°

k>1
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Proof of the approximate controllability

Moreover, we have

T - 1 T 1
/ e IPTll 211y Ot = E HPT||L2(71,1)/O e Tdr = " lorlle—11)

Therefore, we can apply the Dominated Convergence Theorem and the change of
variables T — t — 7, obtaining for allx € (—1,1) and n = R(c) > O

T T
Jim [ paeendt= [ tim putxpat

:/_T o(t— T)Z (Zpkd)k X)) 7)\,‘,(7' t) (5)

k>1

_Zzpkw X)/ ”+A**)Td7_zzg+x Wiy (X)

kr>1 j=1 kr>1 j=1
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Proof of the approximate controllability

It follows from (4) and (5) that

»3

k>1 j=1

Pr;
+’)\k Y, (x) =0, forallx € wand R(s) > 0.

o

This holds for every o € C\ {—X¢}ren. Using the analytic continuation in o. Hence,
taking a suitable small circle around — X, not including {—Xx}«-¢ and integrating on
that circle we get that

my
Do = Zpéjwj(x) =0, forallx € w.
=1

According to

M. M. Falland V. Felli, Unique continuation property and local asymptotics of solutions to fractional
elliptic equations, Commun. PDE, 2014

providing a unique continuation property for (—A)*, we have thatp, = Oin (-1,1)
for every £.

Since {Wj}lg‘gmg are linearly independent in L2(—1,1), we get @0y =0.1 <Jj < Mg,
£ € N It follows that pr = O and hence, p = 0in (—1,1) x (O, T), meaning that p
enjoys the parabolic unique continuation property.
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Proof of the approximate controllability

The elliptic unique continuation property for the fractional Laplacian holds in
any space dimension. In view of that, the approximate controllability of the
fractional heat equation can be proved also in the case N > 1.

On the other hand, we will see that the same does not applies to the null con-
trollability property, since the proof of that result uses arguments specifically
designed for one-dimensional problems.

If one would like to analyze the multi-dimensional problem, other tools such
as Carleman estimates are needed. As far as we know, these techniques
have not been fully developed yet for problems involving the fractional
Laplacian on a domain.
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Proof of the null controllability in L2

First of all, let us recall that the result is equivalent to proving the following observ-
ability inequality for the solution of the adjoint system (1)

L2 observability inequality

T
HP(X, O)”fZ(,Ll) < C/O / ‘P|2 dxdt. (6)

Moreover, using (2), the orthonormality of the eigenfunctions and the change of
variables T — t — t, we easily see that (6) is equivalent to

T
Sifetvsc [ [

k>1

2

> " pre Mgy | dxdt. @)

k>1
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Proof of the null controllability in L2

We know that, if the eigenvalues (\)x>1 satisfy
e M1 —A:k>~vy>O0forallk>1
° Zk21 )\;1 < 400
then for any sequence {ci }r>1 it holds the estimate

D lerle™ T < e(T) |[> cre™

k>1 k>1

L2(0,T)
Therefore, for any x € (—1,1) fixed, if we take ¢, := prgr(x) in (8) we get

> 1Prdr()le™ T < C(T) ||> - pre™ M er(x)

r>1 k>1

L2(0,7)
From this last estimate, we then obtain that

2
D Iprdr(x)[Pe 2T < (Z qubk(x)eA”T) ©

k>1 k>1

ey [ '

2

> preMier(x)| dt.

k>1
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Proof of the null controllability in L2

Finally, we can show that there exists a positive constant 3 > O, independent of k,
such that the eigenfunctions of the fractional Laplacian satisfy the estimate

Irlliz( > Blwl™, forallk>1landw C (~1,1).

Then, integrating over w, we finally obtain from (9) that

Blol LS |prl2e2MT < / S Ipecn(x)2e~2MT dx

k>1 k>1

ser ), |

dxdt,

Zpke Aty (x)

kR>1

from which (7) follows immediately.
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Proof of the null controllability in L2

To conclude our proof, it only remains to check that the eigenvalues (\g)r>1 satisfy

-1
Mes1— A > > Oforallk >1 ;xk < +o0.

This is true if and only if s > 1/2.

In fact, in this case, the eigenvalues are simple and, therefore, fulfill the gap condition.
Moreover, we have the following asymptotic behavior:

M. Kwasnicki, Eigenvalues of the fractional Laplace operator in the interval, J. Funct. Anal., 2012

We then have that the above sum is convergent if and only if s > 1/2.
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Proof of the null controllability in L

By duality, the controllability of (F#) wit controls u € L>°(w X (O, T)) is equivalent to
the following observability inequality for the solution of the adjoint system (1)

L! observability inequality

2

;
16 O)lZ2 1y gc( [/ \p|dxdt)
(0] w

The proof of this last inequality is the same as the L2 case, and uses

2T —Apt
cple= ! < C(T H Cre™ "k H
® Zk21| Fl <c(T) Zkzl k 10,7

that holds under the same assumptions on the eigenvalues { A }r>1

° H‘i)kHLl(w) >B>0
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Proof of the null controllability in L

The L1 observability inequality implies that the fractional heat equation (FH)
is null controllable at time T > O with controls u € L>°(w x (0, T)) such that

||U||Loo(w><(o,r) = ||PHL1(w><(o,T)

This does not necessary implies that such controls are of bang-bang nature,
i.e. in the form

u = sign(p) |11l oo (wx (0,7)

To have bang-bang controls, we need the zero set of the solutions of the
adjoint equation to be of null measure, so that the sign of the adjoint state
is well defined.

This is true in the case of the classical heat equation, as a consequence of
the space-time analyticity properties of the solutions, but is unknown (and a
very challenging PDE analysis problem) for the fractional heat equation for
which only time-analyticity of solutions is known.
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CONTROLLABILITY UNDER POSI-
TIVITY CONSTRAINTS




Constrained controllability

\¥e have seen that

1. The fractional heat equation (F#) is null controllable in any time T > O by
means of a control u € L?(w x (0,T)) (oru € L®(w x (0, T))), if and only if
s > 1/2. Besides, the equation being linear, by translation the same result holds
if the final target is a trajectory y.

2. The fractional heat equation preserves positivity: if yq is a given non-negative
initial datum in L2(—1,1) and u is a non-negative function, then so it is for the
solution y of (FH).

Can we control the fractional heat dynamics (FH) from any initial datum
Yo € L2(—1,1) to any positive trajectory ¥, under positivity constraints on the
control and/or the state?
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Constrained controllability

Lets > 1/2,yo € L?(—1,1) and let y be a positive trajectory, i.e., a solution of
(FH) with initial datum O < Jo € L?(—1,1) and right hand side T € L™ (w x
(0, T)). Assume that there exists v > O such thati > v aeinw x (0,T).
Then, the following assertions hold.
1. There exist T > O and a non-negative controlu € L>°(w x (0, T)) such
that the corresponding solution y of (FH) satisfies y(x, T) = J(x, T) a.e.
in (—1,1). Moreover, if yo > O, y(x,t) > Oae.in (—1,1) x (O, T).

2. Define the minimal controllability time by
Toin(V0,9) = inf{T >0:3 0<uel®wx (0,T))s. t.
¥(-0) =yo and y(-,T) =y, T)}-
For T = Tmin. there exists a non-negative controlu € M(w x (O, Trmin)).
the space of Radon measures on w x (O, Tpyn). such that the corre-
sponding solution of (FH) satisfies y(x, T) = y(x, T) ae. in (=1,1).

U. Biccari, M. Warma and E. Zuazua, Controllability of the one-dimensional fractional
heat equation under positivity constraints, Commun. Pure Appl. Anal,, 2019
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Proof of the constrained controllability

Two main ingredients

1. Controllability through L>°(w x (O, T)) controls.

2. Dissipativity of the fractional heat semi-group.
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Proof of the constrained controllability

STEP 1: reduction to null-controllability
Subtracting ¥ in the equation, if we denote w := u — U, we have that ¢ := y — J fulfills

&+ (_d)%)sé = WXw, (Xv t) € (_171) X (07 T)

£=0, (x,t) € (-1,1)° x (0,T)
£(-0) =yo() =¥o(-), x€(=11)
£,T)=0, x € (-1,1)

It is enough to show that v € L>°(w x (O, T)) fulfillsv > —r ae. inw x (O, T).
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Proof of the constrained controllability

STEP 2: controllability = observability

The controllability of the previous system for the function £ is is equivalent to the
observability inequality

2

I agy < =) ' [ lotcojo)

STEP 3: dissipativity

Using that the eigenvalues { M\ }r>1 form a non-decreasing sequence, and the dissi-
pativity of the fractional heat semi-group, we have

T 2
IP(-O) Iz 1y < €2 () agy <€ 2hmeT =) ([ [ 1ottt
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Proof of the constrained controllability

STEP 4: duality

By duality, the control w can be chosen such that
WlEos o0,y < €72M7C(T = 7) [lvo = FollF2 1.1
Taking 7 = T/2, we obtain
WEoe (0,7 < € MTCT) |IYo = Vol Iz 1.1y -

The observability constant C(T) is uniformly bounded for any T > O (although it
blows-up exponentially as T — OF). Hence, for T large enough we have

2
IWilZoo wx o,y <v — wW>-—v

Therefore, the control w > —v steers ¢ from yo — Yo to zero in time T, provided T is
large enough. Consequently, u > w + U > O steers y from yo to (-, T) in time T

If yo > O, thanks to the maximum principle, we also have y(x,t) > O for every
(X7 t) € (_17 1) X (Ov T)
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Minimal-time control

Constrained controllability of (F#) holds in the minimal time T, with con-

trols in the (Banach) space of the Radon measures M(w x (O, Tmin)) endowed
with the norm

Tmin
(121l M (e x (0, Tyin)) = SUP { /o /ap(x, £) du(x, t) :

X [0, Tmin]

pE C(w X [07 Tmiﬂ]rR)v ___max Isol = l}

J
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Minimal-time control

Solutions of (FH) with controls in M(w x (O, Tpn)) are defined by transposition

Transposition solution

Givenyg € L2(=1,1), T > 0,andu € M(w x (0,T)).y € L}((-=1,1) x (0, T))
is a solution of (FH) defined by transposition if

T 1
[ [ ptendueet) = 0 1.pr) = [ yop(x.0) o

where, for every pr € L>°(—1,1), the function p € L°°(Q) is the unique
solution of the adjoint equation.

The existence of a unique transposition solution of (F#) is a consequence of the
maximum principle together with duality and approximation arguments.

J.-L. Lions and E. Magenes, Problemes aux limites non homogenes et applications, Dunod, 1968
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Minimal-time control

Denote Ty, := Tpin + % kR > 1. There exists a sequence of non—negative controls
{uTr}p>1 C L%®(w x (O, Tx)) such that the corresponding solution y* of (FH) with
¥E(x,0) = yo(x) ae. in (—1,1) satisfies y*(x, Tr) = Y(x, Tz) ae. in (=1,1).

Extend these controls by U on (Tk, Tmin + 1) to get a new sequence in the space
Loo(w X (O, Tmin+1)).

Takepr >0 = p(x,t) > 60 > Oforall (x,t) € (—1,1) x (O, Tpin +1). Then,

o —o [ [
L1(w x (0, Trin+1))

m/n+1
< / / pu'k dxdt
o 1

1
=, T)p7) —[1yop(-,0)dx§M.

27738



Minimal-time control

{u'k}>1is bounded in L1 (w x (O, Tmin41)). hence, itis bounded in M(w x (O, Tpjn1))-
Thus, extracting a sub-sequence, we have:

ue 20 weakly —x in M(w x (O, Tming1)) A4S R = +oc.
The limit control U satisfies the non-negativity constraint.

For any k large enough and Tpin < To < Tmint1. We have

To
/ /pduT”— ~To),Pr) — /yop ,0) dx.

pr: first eigenfunction of (—d2)* = p € C([0, T]; D((—d2)®)) = C([0, T] x [-1,1]).
By definition of weak* limit, letting k — +o0, we obtain

To
/ /pdu— .\ To),pr) /yop 0)ax = y(To) = (- To) ae.in(~1,1).

Taking the limit as To — T, and using the fact that
ml(w X (Tmin, To)) = lG)(w x (Tmin, To)) = O, as To = Tmin
we deduce that z(-, Tpin) = Z(-, Trmin) @€ in (=1,1).
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Lower bounds for the minimal controllability time

What about lower bounds for the minimal controllability time T,,;,?
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Lower bounds for the minimal controllability time

General approach for the case of the classical linear and semi-linear heat
equations.

D. Pighin and E. Zuazua, Controllability under positivity constraints of semilinear heat
equations, Math. Control. Relat. Fields, 2018

1. By a translation argument, we can consider the case zero initial datum. Then,
from the definition of transposition solutions we have

.
W T)pr) — /O [ pyauten =o.

2. Theidea is now to find To > 0 and p7 € L2(—1,1) such that the corresponding
solution of the adjoint system satisfies

p =0, inw x (0, To), 10
(V(-,T),pr) <O, forallT € [0, To).

Then, an explicit lower bound of T,,;, is obtained by analyzing sharply the con-
ditions required for (10) to hold.
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Lower bounds for the minimal controllability time

The choice of a suitable initial datum such that (10) holds is not obvious.

For linear and semi-linear heat equations with a boundary control, we can take

pr=—¢1+2(1-¢1 or pr=—ap+ B¢s,

where ¢, and ¢3 are respectively the first and third eigenfunction of the Dirichlet
Laplacian, « and g are suitable positive constants, and ¢ is a cut-off function supported
outside the control region.

With these choices, a lower estimate for T, is obtained by employing the positivity
of ¢1 and the explicit knowledge of the eigenfunctions ¢; and ¢s3.

These choices of pr are not appropriate for the fractional case for at least two main
reasons.

1. We cannot ensure that with such pt the solution of the adjoint equation remains
positive in w.

2. For the eigenfunctions of the Dirichlet fractional Laplacian we do not have an
explicit expression. Therefore, to perform explicit estimates is very difficult.
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THE EXTERIOR CONTROLLABIL-
ITY PROBLEM



Exterior controllability of the fractional heat equation

Fractional heat equation with exterior control

Y = OXw in(=1,1)¢ x (O, T) (11)

{yt +(=d)yy=0 in(-1,1)x(0,T)
y(vo) =Yo in (717 1)
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Controllability results - approximate controllability

Let w C Q€ be any nonempty and open subset of Q¢ and s € (0, 1). For any
T > 0,Y0,y7 € L?(R2) and ¢ > O, there exists a control function g € D(Q° x
(0, T)) such that the unique solution y of (11) satisfies ||y(-, T) — yTHLz(Q) <e.

M. Warma, Approximate controllability from the exterior of space-time fractional diffusive
equations, SICON, 2019.

PROOF: direct consequence of the following unique continuation principle.

Let w C QF be an arbitrary nonempty open set. Let A > O, and let ¢ €
D((—A)%) satisfy

(=AY =2xp, inQ
Ns¢p =0, in Q°

Then ¢ = O in RN,
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Controllability results - L2 null controllability

Letw C (—1,1)¢ be any nonempty and open subset of (—1,1)¢. Forany T > O
and yo € L?(—1,1), there exists a control function g € L2(0, T; H5((—1,1)°))
such that the unique solution y of (11) satisfies y(-, T) = O a.e. in (—1,1), ifand
only ifs € (1/2,1).

M. Warma and S. Zamorano, Null controllability from the exterior of a one-dimensional
nonlocal heat equation, Control Cybern., 2020.

PROOF: direct consequence of the following observability inequality

]
I ONEzay <€ [ [ WP cct

that holds if and only if s > 1/2 and can be proven in the same way as the interior
controllability case.
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Controllability results - L*> null cont

Letw C (—1,1)¢ be any nonempty and open subset of (—1,1)¢. Forany T > O
and yo € L2(—1,1), there exists a control function g € L>(w x (0, T)) such
that the unique solution y of (11) satisfies y(-, T) = O a.e. in (—1,1), if and only
ifse(1/2,1).

H. Antil, U. Biccari, R. Ponce, M. Warma and S. Zamorano, Controllability properties from
the exterior under positivity constraints for a 1-d fractional heat equation, 2020.

PROOF: direct consequence of the following observability inequality

2

]
IO ag = ([ [ 1ncolaet)

that holds if and only if s > 1/2 and can be proven in the same way as the interior
controllability case.
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Constrained controllability

Lets > 1/2,yo € L?(—1,1) and lety be a positive trajectory, ie., a solution of (11) with
initial datum O < yo € L?(—1,1) and exterior datum g € L= (w x (O, T)). Assume that
there exists v > O suchthatg > v aeinw x (0, T). Then, the following assertions
hold.
1. Thereexist T > O and a non-negative controlg € L°°(w X (O, T)) such that the
corresponding solution y of (11) satisfies y(x, T) = y(x, T) a.e. in (—1,1). Moreover,
ifyo > 0, y(x,t) > Oae.in(—1,1) x (O, T).

2. Define the minimal controllability time by

Toin(Vo,7) = inf {T >0:30<gel™®wx (0,T))s. t.
¥(-,0) = yo and y(-, T) :?(-,T)}'

For T = Tpin, there exists a non-negative controlg € M(w X (O, Tmin)), the
space of Radon measures on w X (O, Tmin). such that the corresponding solution
of (11) satisfies y(x, T) = Y(x, T) ae.in (—1,1).

H. Antil, U. Biccari, R. Ponce, M. Warma and S. Zamorano, Controllability properties from
the exterior under positivity constraints for a 1-d fractional heat equation, 2020.
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