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Abstract

Whole-brain models (WBMs) are crucial for understanding large-scale neural
dynamics. Two main approaches exist: (i) physics-based WBMs built on coupled
oscillators such as the Hopf oscillator, which rely on rigid parametrizations with few
parameters and computationally expensive model fitting; and (ii) data-driven mod-
els such as Neural SDEs, which offer scalable learning but are sample-inefficient
and lack interpretable structure. We propose a hybrid modeling framework com-
bining both models and using gradient descent-based fitting to simultaneously
optimize multiple metrics representing neural activity, such as network structure
and its dynamics. We demonstrate that hybrid models with a data-driven connec-
tome component achieve higher data fidelity than both physics-based WBMs and
data-driven models across static and dynamic network descriptors, while preserv-
ing interpretable oscillator-based structure and replacing the need for exhaustive
parameter searches. These results highlight the flexibility and scalability of hybrid
WBMs and support their utility for personalized modeling and future digital
brain twin applications.
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Mathematical models of whole-brain dynamics (whole-brain models, WBMs) describe
brain activity and interactions between brain regions through systems of differential
equations. WBMs are capable of simulating human neural activity estimated by func-
tional MRI (fMRI) and electroencephalography (EEG). Recent research has recognized
their potential to be incorporated in clinical trials as add-on digital biomarkers for
more precise diagnoses [1, 2] or to assist with matching treatments to patients based
on simulations [3–6]. Further model development could thus pave the way for WBMs
towards digital twins of the human brain for clinical purposes.

Currently, two opposite model architectures dominate the field of modeling with
traditional physics-based WBMs from computational neuroscience and newer data-
driven models from machine learning. Traditionally, physics-based WBMs have been
derived from neuroscientific theories of how large-scale dynamics emerge from the
interaction of distributed neural populations [7–10]. These early WBMs were designed
primarily to understand general brain function rather than for clinical use. Their theory-
focused application has led varying degrees of data fidelity of WBMs to individual data
and overreliance on rigid assumptions about underlying brain dynamics. Furthermore,
model fitting is usually performed through computationally expensive grid search over
few parameters [11, 12]. As a consequence of focus on theory and computational
limitations regarding fitting parameters, many WBM studies have not focused on
generating more expressive models.

Contrasting physics-based WBMs, novel data-driven models such as neural stochas-
tic differential equations (Neural SDEs), incorporate multitudes of data-driven
parameters, whose combinations lead allow to discover complex nonlinear dynamics
directly from data [13–16]. While resulting in enhanced expressivity, their main draw-
back is limited interpretability with reduced options for quality control, which can
reduce trust and acceptance among neuroscientists and medical professionals. More-
over, owing to their complexity, data-driven models are data-inefficient and thus might
miss the full range of relevant dynamical features when applied to small-sample studies
common in neuroscience.

Hybrid modeling in scientific machine learning provides a balanced compromise
between physics-based and data-driven WBMs. Rather than replacing neuroscientific
domain theory and interpretable priors with black-box function approximators, hybrid
approaches embed learnable components within differential-equation models or use
scientific structure as a constraint on learning. Known mechanisms therefore remain
explicit, while unknown closures, couplings, or residual dynamics are inferred from
data [17–21]. In scientific and biological modeling, this strategy has improved data
efficiency, extrapolation, and interpretability [22, 23].

As outlined above, inefficient fitting procedures and inappropriate fitting objectives
often restrict researchers from enhancing WBMs to incorporate more data-driven
parameters, as required for hybrid model architectures. For instance, pointwise signal
matching alone often fails to reproduce the spatiotemporal brain dynamics of brain
activity [24, 25], a limitation also observed in domains such as speech enhancement [26–
28]. While less established for data-driven models, statistical and dynamical descriptors
of brain dynamics are often used as evaluation metrics to fit physics-based WBMs [8].
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However, for data-driven and hybrid models these metrics would need to be integrated
into a more efficient fitting procedure.

To merge strengths of both physics-based and data-driven WBMs, we propose a
differentiable hybrid modeling framework with two main methodological contributions,
i.e., we establish efficient and accurate model fitting and generate a novel hybrid model
architecture, as shortly outlined below.

First, we establish a hybrid fitting procedure merging fitting techniques which
have been used in isolation for either physics-based or data-driven WBMs. Specifically,
we fit continuous-time dynamical systems to neural recordings via gradient descent
as used for data-driven models, but we go beyond point-wise trajectory matching or
single evaluation metrics. Gradient-descent based optimization allows us to integrate
neuroscience-aligned loss functions simultaneously targeting multiple key network and
dynamical descriptors of brain activity such as functional connectivity and its dynamical
counterparts. As gradient-based optimization requires differentiability of evaluation
metrics and several standard metrics such as connectivity dynamics distributions are
non-differentiable, we introduce their differentiable surrogates for optimization and
preserve the original metrics for evaluation. The hybrid fitting procedure matches
the fitting accuracy of grid search with heightened computational efficiency, making
data-driven continuous-time models such as Neural SDEs practical for the WBM
setting.

Second, building on this efficient and accurate fitting procedure, we introduce
a Hybrid model architecture that retains the physics-based WBM oscillator while
replacing fixed diffusive inter-regional coupling with learned nonlinear stochastic
interactions over the connectome. This design preserves the interpretable oscillatory
prior while adding the expressivity needed to capture brain dynamics that are unknown
or too complex to specify as explicit functions [29–31].

For quantitative comparison, we evaluate all three model architectures located along
a spectrum between interpretability and flexibility using several validation tests. We
demonstrate that the hybrid variant achieves overall higher data fidelity than physics-
based and data-driven WBMs balancing representation of static and dynamic brain
network features. We further observe that hybrid models perform robustly on datasets
with small sample sizes, and even on individual data as required for personalized
modeling. Beyond data fidelity, we take first steps toward assessing interpretability,
demonstrating that the hybrid model preserves relevant network structure and signal
complexity. Together, these results highlight the scalability, robustness, and flexibility
of hybrid models as needed for future personalized whole-brain modeling and digital
brain twin applications in neuroscience.

Results

In this study, we generate hybrid models for computational neuroscience by enhancing
data-driven expressivity while maintaining physics-based interpretability. Our entire
modeling workflow is summarized in Figure 1. Our starting point is a physics-based
WBM (i.e., Hopf model) based on a nonlinear Stuart–Landau oscillator to reproduce
fMRI activity (Figure 1a) [11, 12, 32]. In this formulation, oscillatory brain regions are
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Fig. 1 Overview of the data-driven whole-brain model (WBM) fitting workflow. (a)
functional MRI (fMRI) data processing. Raw blood-oxygen-level-dependent (BOLD) fMRI signals
are parcellated into regions of interest (ROIs), filtered, standardized, and embedded in the complex
plane via the Hilbert transform. (b) Whole-brain modeling. The brain is modeled as n regions, each a
Hopf oscillator below the bifurcation, coupled through a connectivity matrix C that is fixed in the
physics-based Coupled Hopf and learnable in the hybrid variants. (c) Fitting with gradient-based
optimization. Empirical and simulated trajectories are reduced to functional connectivity (FC) matrices
and additional evaluation metrics, whose discrepancy drives gradient-based parameter updates. (d)
Validation and testing. The fitted models are evaluated on held-out data across a range of metrics for
data fidelity, personalization, robustness to sample size, and interpretability.

coupled through a structural connectome estimated from diffusion MRI (Figure 1b)
[33, 34]. Physics-based WBMs have been traditionally fit by grid search over few
interpretable parameters [11, 12], but our fitting procedure uses gradient-based opti-
mization to increase the scalability of model fitting, as explained in the next paragraph
and in Figure 1c. Finally, the fitted models are validated on held-out data across a
panel of metrics covering data fidelity, personalization, robustness to sample size, and
interpretability (Figure 1d).

Scaling model fitting with neuroscientific target objectives:
Multi-target fitting via gradient-based optimization

Although efficient model fitting is a prerequisite for data-driven modeling, it remains
under-researched. Because grid search is still the most widely used model fitting
technique for WBMs, we use it as the baseline method for comparison.

Figure 2a illustrates the grid search technique, which evaluates a lattice over a few
parameters by statistically comparing evaluation metrics from empirical and simulated
data. Three factors have made grid search the natural default: Parameter spaces are
low-dimensional; many evaluation metrics describing stochastic neural activity are
not directly differentiable (see Table 2); and stochastic forward simulations introduce
gradient noise complicating first-order optimization. None of these factors precludes
gradient-based optimization, but their cumulative impact explains why gradient-based
optimization of stochastic WBMs has remained underused.
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Fig. 2 Grid search vs. gradient-based optimization of the Hopf model. (a) Grid-search
loss landscape over the bifurcation parameter a and global coupling strength G. (b) Gradient-based
optimization pipeline through the differentiable simulator. Empirical and simulated trajectories
are compared using functional connectivity (FC), functional connectivity dynamics (FCD), phase
functional connectivity dynamics (phFCD), angular frequency ω (Omega), metastability (Meta), and
amplitude (Amp), and their discrepancies are combined into the loss L for parameter updates. (c)
Comparison of grid search and gradient-based optimization on the same Hopf equations. Metrics are
FC correlation, phase functional connectivity (phFC) correlation, FC mean-squared error (MSE),
FCD Kolmogorov–Smirnov (KS) distance, phFCD KS distance, and metastability error (Meta).

We acknowledge several alternatives between grid search and gradient-based opti-
mization. Bayesian optimization methods [35–38] can return posterior parameter
estimates. Still, posterior inference over the thousands of weights in a Neural SDE
remains impractical, and neither Bayesian methods nor evolutionary search [39] uti-
lize the derivative information. For our hybrid and Neural SDE model architectures,
gradient-based optimization through the SDE solver [13–15] therefore becomes the
most practical option (see Figure 2b).

Beyond efficiency, gradient-based optimization also enables multi-target optimiza-
tion. This directly addresses the major shortcoming of single-metric objectives classically
used in neuroscience, which lead to model degeneracy and fail to capture the full range
of brain dynamics. Instead, our multi-target optimization combines complementary
neuroscience-aligned metric families describing network structure and dynamics aggre-
gated into a single composite loss L, whose gradients update all model parameters
simultaneously. Multi-target optimization matters for WBMs as simulators of stochas-
tic brain activity, where network structure and dynamical reconfigurations reflecting
global synchronization capture complementary aspects.

In addition to neuroscientific evaluation metrics, we include a finite-dimensional-
matching (FDM) regularizer commonly used for fitting Neural SDEs, which stabilizes
optimization by constraining the short-time transition structure of the trajectories.

Committing to gradient-based optimization is nontrivial, as it imposes a differentia-
bility requirement on all loss function components. This is an obstacle for evaluation
metrics focusing on dynamics of stochastic signals; e.g., the KS distance to compare
FCD distributions is piecewise constant in the trajectory.

Our solution is to fit against a surrogate metric, i.e., the entrywise mean-squared
error on matrices of brain dynamics (see Figure 2b for explanation of metrics), and to
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Fig. 3 Whole-brain model (WBM) architectures. The three model architectures span modeling
paradigms from rigid but interpretable to flexible. (a) Coupled Hopf model, in which each region of
interest (ROI) is a noisy Stuart–Landau oscillator coupled through the connectivity C. (b) Hybrid
Hopf model, which keeps the local Hopf oscillator and replaces fixed diffusive coupling with a learned
nonlinear interaction over C. (c) Neural stochastic differential equation (Neural SDE) model, which
learns both the drift fθ(z) and diffusion gϕ(z).

report the conventional distribution statistics (i.e., Kolmogorov-Smirnov (KS) distance)
only at evaluation. We provide mathematical proof that the two are well aligned (see
Supplementary Material).

Our conceptual considerations are supported by empirical results (Figure 2c and
Supplementary Table 5). We compare grid search and gradient-based optimization and
demonstrate that the two approaches reach similar performance for static metrics with
an improved fit of dynamical metrics when using gradient-based optimization.

Our results justify gradient-based optimization for model fitting at a markedly lower
computational cost (see Supplementary Table 6). Grid search entails a full simulation
for each run, with cost growing exponentially with parameter count; gradient-based
optimization cost scales linearly with parameter count. Our validated hybrid model
fitting procedure now opens the possibility of using data-driven extensions for WBMs,
as outlined next.

Whole-brain modeling from physics-based insights, data-driven
solutions, and hybrid architectures

As shown in Figure 3, we utilize three models along a spectrum from rigid physics-
based priors to fully data-driven. We place the Coupled Hopf model (Figure 3a) at
the physics-based end, as it encodes established priors about oscillatory dynamics,
connecting each local oscillator through a structural connectivity C. Due to its simplicity
and interpretability, the Coupled Hopf model has been used in many neuroscientific
applications [40, 41]. However, the same simplicity has resulted in reduced expressivity
and worse fit to individual data.
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At the data-driven end, we locate the Neural SDE (Figure 3c), which lets universal
function approximators learn both the drift fθ(z) and the diffusion gϕ(z) fully from
data, resulting in less parameter interpretability.

Between these extremes, we propose a novel WBM architecture, i.e., the Hybrid
Hopf model (Figure 3b), which incorporates relevant characteristics from both ends:
It retains the interpretable local Hopf oscillator while replacing the fixed diffusive
coupling with a learned nonlinear interaction over C, letting the interactions depart
from the structural connectome, consistent with recent studies [42, 43].
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Fig. 4 Model validation overview. (a) Training loss and validation diagnostics across epochs for
the three fitted model architectures. (b) Empirical functional connectivity (FC), functional connectivity
dynamics (FCD), and phase FCD (phFCD) matrices for a held-out subject. Simulated samples for
the three models compared against the empirical reference. (c) Brain clustering analysis over the
empirical FC matrix and reordering using the obtained classes (K = 2). (d) Robustness analysis
showing the effect of the dataset size on the global performance of the three model architectures. (e)
Patient personalization analysis comparing within-subject and between-subject FC reconstruction for
the three model architectures.

Within the hybrid family we evaluate three variants: the Hybrid Hopf, which routes
the inter-regional coupling through a learned message-passing interaction over the
connectome; the GNN-Hopf, which replaces the coupling with a graph neural network
layer acting on a learnable connectome; and Hopf+Neural, which keeps the full physics-
based drift and adds an unconstrained neural correction. As the Hybrid Hopf achieves
strong overall performance while maintaining interpretability and the priors of the
baseline connectome (see Supplementary Table 3), we use it as the representative
hybrid model for comparison with non-hybrid architectures.
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Table 1 Model architecture comparison on the Human Connectome Project (HCP) resting-state
dataset. Functional connectivity (FC) correlation; phase functional connectivity (phFC) correlation;
functional connectivity dynamics (FCD) Kolmogorov–Smirnov (KS) distance; phase FCD (phFCD)
KS distance; metastability absolute error (Meta |∆|); FC adjusted Rand index (ARI). Arrows
indicate the direction of improvement (↑ higher is better, ↓ lower is better). Best per column in bold.

Model FC corr ↑ phFC corr ↑ FCD KS ↓ phFCD KS ↓ Meta |∆| ↓ FC ARI ↑

Coupled Hopf 0.913 ± 0.011 0.783 ± 0.021 0.242 ± 0.009 0.208 ± 0.092 9.7× 10−3 ± 5.4×10−3 0.124 ± 0.123

Neural SDE 0.915 ± 0.005 0.911 ± 0.001 0.049 ± 0.006 0.305 ± 0.001 6.7× 10−3 ± 1.3×10−3 0.328 ± 0.273

Hybrid Hopf 0.926∗ ± 0.009 0.923∗∗ ± 0.013 0.098 ± 0.019 0.099 ± 0.040 0.010 ± 0.005 0.210 ± 0.190

We evaluate all three model architectures on the high-quality standard Human
Connectome Project (HCP) resting-state fMRI benchmark [44] (see Methods for
details on the dataset) using four complementary evaluation criteria relevant for digital
twins: data fidelity, personalization capability, robustness to small sample size, and
interpretability.

The training dynamics in Figure 4a show that all metrics improve over training,
but display differences between model architectures. The Coupled Hopf saturates after
the first epoch and barely improves thereafter, consistent with its limited expressivity.
The Neural SDE reduces the composite loss in early epochs, reflecting the flexibility
of its fully learned drift and diffusion. The Hybrid Hopf fits most stably and reaches
the lowest final loss, indicating that the oscillatory prior and the learned nonlinear
coupling are complementary. Some metrics, such as phFCD KS, fluctuate more because
we optimize a surrogate rather than this metric directly.

Hybrid models provide the most balanced data fidelity across
several evaluation metrics

First, we assess data fidelity using neuroscience-aligned evaluation metrics. Network-
structure metrics describe static (i.e., time-averaged) connectivity, capturing average
statistical relationships between brain regions: static functional connectivity (FC),
phase-based FC (phFC), and modularity, quantified by the adjusted Rand index (ARI)
between empirical and simulated community partitions. Network-dynamics metrics cap-
ture how connectivity and global synchrony evolve over time, represented by functional
connectivity dynamics (FCD), phase FCD (phFCD), and metastability. Additional
metrics describing the time-series trajectories are reported in the supplementary results
(see Supplementary Material).

A visual inspection of exemplary FC matrices and time series (Figure 4b) suggests
that dynamic connectivity is least expressive in the Coupled Hopf model, whereas both
the Neural SDE and the Hybrid model produce richer dynamics.

Quantification of evaluation metrics reflecting network structure (Table 1) displays
high static FC correlation across all architectures, while phFC and modularity (ARI)
reach a higher fit in the Neural SDE and Hybrid models. The Hybrid model attains
the highest static and phase FC correlation overall.

Regarding metrics representing network dynamics, the Neural SDE and Hybrid
models generally have a higher fit than the Coupled Hopf model. The Neural SDE
leads on connectivity dynamics (FCD) and achieves the lowest metastability error,
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while the Hybrid model achieves the lowest phFCD error. Overall, the Hybrid model
combines balanced, high performance across metric types; the modest gap between
the Neural SDE and Hybrid Hopf raises the question of whether a fully data-driven
solution justifies its use for WBMs.

The evaluation metrics confirm that the Coupled Hopf model imposes a strong
inductive bias through its fixed coupling derived from the structural connectome. This
limits its expressivity, as reflected in the FC and FCD matrices. In turn, the learned
nonlinear coupling in the Hybrid Hopf recovers dynamics that the fixed structural
coupling cannot express.

Hybrid models display robustness, data efficiency, and
suitability for personalization

After evaluating data fidelity, we turn to two properties that are often limiting in
neuroscientific settings: robustness, i.e., the stability of model fit across repeated runs,
measured by the standard deviation σ of the test error; and data efficiency, i.e., the
ability to fit well from few recordings, measured by the test error ε in the small-sample
regime (N = 10) and its degradation relative to the large-sample regime (N = 94).

We refit each architecture on a small (N = 10) and large (N = 94) sample size,
aggregating four core metrics (FC and phFC correlations, FCD and phFCD KS) into a
composite test error (Figure 4d). The Coupled Hopf is data efficient due to a small
parameter count (ε = 0.204 at N = 10 vs. 0.194 at N = 94). However, while a strong
inductive bias leads to robustness (σ = ±0.031 at N = 10 and ±0.022 at N = 94),
there is little room for additional data to improve the WBM with accordingly small
variance. In terms of data efficiency, the Neural SDE degrades the most when data
is limited (ε = 0.281 at N = 10 vs. 0.207 at N = 94). Its large variance (σ = ±0.184
at N = 10 and ±0.155 at N = 94) reflects low robustness, consistent with an over-
parameterized model at low sample sizes. The Hybrid Hopf shows the best fit with
high data efficiency (ε = 0.141 at N = 10 vs. 0.078 at N = 94, paired Wilcoxon
p < 0.01 across 10 seeds), accompanied by high robustness (σ = ±0.063 at N = 10
and ±0.005 at N = 94). The Hybrid Hopf therefore combines the data efficiency of
the physics-based baseline with robustness to different training-set sizes, which is the
regime most relevant for clinical use cases with small sample sizes.

We now explore a use case for clinical purposes: personalization, i.e., fitting a
model to N = 1. A model used as a personalized digital twin must be able to preserve
subject-specific signatures. Thus, our personalization analysis (Figure 4e) tests whether
each model captures subject-specific network structure measured by FC or only a
population-level fit. We use a two-level split of the dataset: across subjects into training
and test sets, and within each training subject into two temporal halves. Models are fit
on the first half of the training data. The within-subject correlation then evaluates FC
reconstruction on the second half of the same training subjects (seen subject, unseen
time window), while the between-subject correlation evaluates FC reconstruction on
held-out test subjects (unseen subject). The Neural SDE and the Hybrid Hopf reach
the highest within-subject FC correlations while their between-subject correlations
stay close to the population baseline, producing positive within−between gaps ∆ of
+0.020 and +0.017, respectively. The physics-based Coupled Hopf shows the opposite
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pattern: its within-subject correlation falls slightly below the between-subject baseline,
yielding a negative gap of ∆ = −0.012. The physics-based prior alone therefore collapses
individual variability into a population-level fit, which is useful for group analyses
but less suitable for digital twins. In contrast, data-driven and hybrid architectures
preserve a personalized neural activity signature of their dynamics [6, 45].

Hybrid models reproduce modular network structure and
complexity of brain network dynamics

Our results show enhanced data fidelity, robustness, data efficiency, and personalization
capability in hybrid models. We proceed to evaluate selectedinterpretability metrics,
aside from interpretable built-in model parameters. Because interpretability of neural
networks remains an open research topic [46], we focus on interpreting static and
dynamic descriptors of brain network activity, namely modular network organization
and complexity markers of neural activity.

As a general connectivity fit used to assess data fidelity does not inform us how
hybrid models can better reproduce brain network structure, we assess the modular
organization of simulated FC and its similarity to the empirical one. Spectral clustering
of the empirical FC is used to obtain a community partition (K = 2 in Figure 4c;
K = 3 in Supplementary Figure 5a). Both the Neural SDE and the Hybrid Hopf
recover the block-diagonal community structure of the empirical FC with high fidelity,
with the Hybrid Hopf yielding the sharpest within-module contrast against the off-
diagonal background. The Coupled Hopf produces a flatter reordering with barely visible
community boundaries, consistent with the limitations of fixed coupling: learnable,
dynamic interactions are required to absorb the modular structure that a structural
connectome on its own cannot produce. Our observations are quantified by the FC
ARI (Table 1).

To interpret the effect of hybrid models on brain dynamics, we probe the complexity
of the simulated dynamics by computing the Shannon entropy and Lempel–Ziv–Welch
complexity of the FCD and phFCD matrices (Supplementary Figure 5b). We demon-
strate that the hybrid prior reproduces the information richness of temporal network
reconfiguration better than physics-based and data-driven WBMs without overfitting,
possibly reflecting state-dependent connectivity changes.

Discussion

In this paper we pioneer a framework for hybrid whole-brain modeling that combines
physics-based Hopf oscillators with data-driven components, fitted with gradient-
based optimization against a multi-target loss tailored to neuroscience-relevant metrics
reflecting brain network structure and dynamics. Our enhanced modeling workflow
yields higher data fidelity compared to physics-based WBMs, while preserving the
interpretability of the physics-based component compared to the data-driven Neural
SDE. The Hybrid Hopf additionally retains individual dynamical properties, which are
relevant for personalized digital twins [6, 47].

Inspired by scientific machine learning, we show that gradient-based optimization
through an SDE solver is a successful option for data-driven WBMs with thousands of
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parameters [13–15]. Gradient-based optimization necessitates differentiable evaluation
metrics, which are not compatible with commonly used metrics to compare distribu-
tions of stochastic signal dynamics. We address this limitation by fitting against a
differentiable surrogate loss and reporting distribution statistics only for evaluation
purposes. Our results demonstrate high accuracy using surrogacy metrics. However,
multi-target may introduce potential risks, such as local minima and challenges in
hyperparameter tuning due to loss-weight balancing. Future research could build on
our approach by focusing on combining Bayesian techniques with efficient SDE solvers
to provide uncertainty quantification of parameters [35–37].

Enabled by efficient fitting, we first consider two potential hybrid model architec-
tures. Additive residual learning, denoted by Hopf+Neural, retains the full physics-based
drift and adds a learned correction [48]. Component replacement substitutes a specific
physics-based element, i.e., the coupling, with a learnable analogue while preserving
local Hopf dynamics [49], mimicking state-dependent changes in connectivity, such as
those induced by neurotransmitters. Within this family we consider two variants: (i)
Hybrid Hopf which replaces the linear structural connectivity with a learned message-
passing interaction over the connectome [50, 51]. (ii) the GNN-Hopf, which routes
the coupling through a graph-convolutional layer with a learnable connectivity matrix
unrelated to the structural connectome.

Among hybrid variants, the component replacement variants exhibits higher data
fidelity than the additive-residual variant. We attribute this to the inductive bias
imposed by learnable corrections on the connectome, which proves more effective for
whole-brain dynamics thanan unconstrained additive drift. The component replacement
variant offers interpretability, as: the correction stays inside the coupling term and
can be interpreted as data-driven connectivity [52]. In contrast, the unconstrained
additive residual may also influence both connectivity and local dynamics, making it
difficult to understand its effects. Given the similar data fidelity of Hybrid Hopf and
GNN-Hopf but higher interpretability of the Hybrid Hopf, we select the Hybrid Hopf
for comparisons with physics-based and data-driven WBMs.

Comparison across model architectures shows that the Hybrid Hopf model displays
the most balanced data fidelity across multiple metrics describing network structure and
dynamics compared to its physics-based and data-driven model competitors. Further,
we find that the Hybrid Hopf model exceeds the Coupled Hopf and Neural SDE in
terms of robustness and data efficiency, showing added value for smaller sample sizes
and particular suitability for neuroscientific studies. Hybrid and data-driven models
perform well on single-subject datasets, as needed for personalized digital brain twins,
exceeding the classical Hopf model, which collapses to a population mean [45]. These
results stress the suitability of hybrid models to be used as personalized WBMs while
maintaining computational efficiency.

Lastly, our study contributes first analyses towards mechanistic interpretability of
hybrid and data-driven models, emphasizing the preservation of interpretable parame-
ters and outputs like network structure and complexity. However, to ensure ongoing
trust by neuroscientific end users, further research on interpretability and explainable
AI is essential [46].
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Methods

Figure 1 illustrates the workflow. All code, trained models, and evaluation scripts are
publicly available (see Code availability).

Mathematical setting and notation

Let T > 0 be a fixed time horizon and let n ≥ 1 denote the number of brain
regions of interest (ROIs) under consideration. We represent brain activity as a vector-
valued signal z : [0, T ] → X whose i-th component zi(t) records the state of region
i ∈ {1, . . . , n} at time t. The state space X is Rn for real-valued signals and Cn when
working with analytic signals (which represent of oscillatory activity).

We model brain state trajectories as solutions of differential equations. In the
simplest deterministic case, the evolution takes the form of an ordinary differential
equation (ODE),

ż(t) = f
(
z(t)

)
, z(0) = z0. (1)

The vector field f is in general unknown; estimating it from recorded brain activity is
the central objective of this work. However, large-scale brain activity exhibits stochastic
fluctuations, such as neural noise, physiological variability, and unmodeled inputs (e.g.,
effects of neurotransmitters inducing state changes). Accordingly, a deterministic model
is often not expressive enough to capture the variability in the data. We therefore work
with stochastic differential equations (SDEs),

dz(t) = f
(
z(t)

)
dt+ σ

(
z(t)

)
dWt. (2)

Here Wt is a standard Wiener process and σ : X → Rn×n is a diffusion coefficient.
Thus, altogether the term σ(z(t)) dWt introduces stochasticity in the dynamics.

This mechanism increases expressivity at the expense of structure. Indeed, because
different noise realizations produce different sample paths, the fitness of a stochastic
model such as (2) has to be assessed using evaluation metrics computed from the
simulated and empirical signals rather than by pointwise trajectory comparison, as
discussed below.

We model the available data as trajectories, recording at every time step t a state
observation x(t). More precisely, we work with a dataset consisting of N recordings;

each recording k ∈ {1, . . . , N} provides an initial condition x
(k)
0 and a trajectory

{x(k)(t) : t ∈ [0, T ]}. Throughout the document, time is measured in seconds, in
agreement with the resolution of the empirical fMRI recordings (i.e., repetition time
TR = 0.72 s).

We denote the neural activity signal across n ROIs as x : [0, T ] → Rn.

Data and preprocessing

The dataset consists of BOLD time series from the preprocessed high-quality resting-
state HCP dataset [44], collected from 94 young healthy subjects during resting-state
fMRI sessions. Each subject’s brain is parcellated into n = 100 cortical regions of
interest following the Schaefer atlas [53], and the recording yields Tobs = 1,200 time
points per subject at a repetition time (TR) of 0.72 s.
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The signal recorded from each brain region is the BOLD signal, a hemodynamic
proxy for local neural activity measured by fMRI [54]. This signal is a noisy, broadband
time series, and before fitting any model we apply standard preprocessing to remove
movement-related artefacts and to isolate the relevant frequency range of fMRI-related
slow oscillations. Following standard practice in whole-brain modeling [40, 52], we
apply the following preprocessing pipeline:

1. Standardization. We z-score each region’s time series per recording to remove
baseline offsets.

2. Bandpass filtering. We retain only frequencies in [0.008, 0.08]Hz, the band
associated with slow hemodynamic fluctuations.

3. Complexification. We apply the Hilbert transform to obtain a complex analytic
signal z(t) = (z1(t), . . . , zn(t)) ∈ Cn, whose i-th component zi(t) has modulus
|zi(t)| capturing the envelope amplitude and argument ϕi(t) = ∠zi(t) capturing
the instantaneous phase of region i. The real part ℜ(z(t)) = x(t) recovers the
filtered BOLD signal.

Metrics

Stochastic oscillatory models are inherently generative: different noise realizations
produce different sample paths, so pointwise trajectory matching is ill-posed. The
standard practice in whole-brain modeling is therefore to compare evaluation metrics
describing key static characteristics of neural activity [8, 45]. These metrics are robust to
stochastic variability, while still retaining the spatial and temporal correlation structure
with neuroscientific meaning. In addition to these neuroscience-aligned metrics, we
add a finite-dimensional-matching regularizer during training (FDM, see below), which
is commonly used to stabilize the optimization of more flexible models such as the
Neural SDE [55].

All metrics below are defined for a pair of trajectories, a simulated one ẑ and an
empirical one z, both observed on a common interval [0, T ] over n ROIs and taking
values in Cn (when the analytic signal is needed) or in Rn (when only the real-valued
BOLD signal is needed). For notational convenience we write xi(t) := ℜ(zi(t)) for
the real part, ai(t) := |zi(t)| for the envelope amplitude, and ϕi(t) := ∠zi(t) for the
instantaneous phase of region i.

Differentiability constraint. Since the models are fitted by gradient-based optimiza-
tion, every loss term must be differentiable with respect to the simulated trajectory
ẑ. This is a nontrivial constraint for metrics that represent distributions of stochastic
dynamics, i.e., the two-sample Kolmogorov–Smirnov (KS) distance [56, 57], which is
used in our setting to compare the FCD and phFCD distributions: for two samples
{ui}Nu

i=1 and {vj}Nv
j=1 with empirical cumulative distribution functions (CDFs) F̂u and

F̂v, it is defined as DNu,Nv := supx∈R

∣∣∣F̂u(x)− F̂v(x)
∣∣∣, which is piecewise constant in

ẑ and non-differentiable. For these metrics we therefore use a differentiable surrogate
during training : an entrywise mean-squared error between the simulated and empirical
FCD (resp. phFCD) matrices. The KS distance is reserved for evaluation. For the
remaining training metrics, we can directly use differentiable comparisons. All metrics
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and their use are summarized in Table 2and each metric is then explained in more
detail in the following text.

Table 2 Overview of neuroscience-aligned metrics, grouped by the neural feature they describe.
Functional connectivity (FC); functional connectivity dynamics (FCD); phase FC (phFC); phase
FCD (phFCD); Kolmogorov–Smirnov (KS) distance; mean-squared error (MSE); region of interest
(ROI); maximum mean discrepancy (MMD); finite-dimensional matching (FDM); metastability
(Meta); adjusted Rand index (ARI). Diff. marks whether the evaluation comparison admits useful
gradients in ẑ (✓) or not (×). The Role badge encodes how each metric enters the pipeline:

T training term, S differentiable surrogate, R regularizer, and E evaluation.

# Metric Comparison at evaluation Diff. Role

Static functional connectivity

1 FC corr Pearson corr. on vec△FC ✓ T E

2 FC MSE MSE on vec△FC ✓ T

3 phFC corr Pearson corr. on vec△FCϕ ✓ T E

4 FC ARI Adjusted Rand index between FC clusters × E

Functional connectivity dynamics

5 FCD KS two-sample KS on vec△FCD entries × E

6 FCD MSE MSE on vec△FCD entries (surrogate for #5) ✓ S

7 phFCD KS two-sample KS on vec△phFCD entries × E

8 phFCD MSE MSE on vec△phFCD entries (surrogate for #7) ✓ S

Node-level oscillatory features

9 Amplitude Per-ROI MSE on āi ✓ T

10 Frequency Per-ROI MSE on ω̄i ✓ T

11 Meta |∆| |Meta(ẑ)−Meta(z)| ✓ T E

Temporal fidelity

12 FDM MMD on two-time joints of z ✓ R

13 TS corr Mean per-ROI Pearson corr. on ℜ(z) ✓ E

14 TS PSD MSE on normalized power spectra of ℜ(z) ✓ E

15 Autocorr MSE on per-ROI autocorrelations of ℜ(z) ✓ E

Functional connectivity (FC).

The most widely adopted evaluation metric in whole-brain modeling is the matrix of
pairwise Pearson correlations between ROI time series, averaged over the recording,
capturing the full pairwise covariance pattern in a single n×n matrix [8, 58]. A loss on
this matrix penalizes mismatches in the network structure of simulated and empirical
activity. Define per-ROI temporal mean and standard deviation

x̃i(t) :=
xi(t)− µi

σi
, where µi :=

1

T

∫ T

0

xi(t) dt, σ2
i :=

1

T

∫ T

0

(
xi(t)− µi

)2
dt.
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The functional connectivity matrix is the Pearson correlation matrix

FCij(z) :=
1

T

∫ T

0

x̃i(t) x̃j(t) dt, i, j = 1, . . . , n.

By symmetry, all the information in FC(z) is contained in its strict upper triangle,
which we vectorize into a vector vec△(FC(z)) ∈ Rq of length q = n(n−1)/2. Agreement
between a simulated FC matrix FC(ẑ) and an empirical one FC(z) is then quantified
by two scalar comparisons on these vectorized triangles, namely their mean-squared
error and their Pearson correlation.

Functional connectivity dynamics (FCD).

FCD captures this nonstationarity of the signal by computing FC in sliding windows
and measuring the similarity between all pairs of windows; the resulting distribution
describes how fluidly the brain transitions between correlation patterns, and penalizes
models that reproduce the correct average correlation pattern but with incorrect
temporal variability [24, 25].

We set the window length h > 0 to h = 30 s with a window kernel w : R → [0,∞)
with

∫
w = 1 and step size of 2 s. The corresponding time-localized weight centered at

τ is wτ (t) :=
1
h w

(
t−τ
h

)
. The windowed first and second moments are

µi(τ) :=

∫ T

0

wτ (t)xi(t) dt, σ2
i (τ) :=

∫ T

0

wτ (t)
(
xi(t)− µi(τ)

)2
dt,

and the windowed FC at time τ is

FCij(τ) :=

∫ T

0

wτ (t) x̃i(t; τ) x̃j(t; τ) dt, where x̃i(t; τ) :=
xi(t)− µi(τ)

σi(τ)
.

Denoting by v(τ) := vec△(FC(τ)) ∈ Rq its vectorized strict upper triangle, the FCD
kernel

FCD(τ, τ ′) := corr
(
v(τ), v(τ ′)

)
measures how similar the windowed correlation patterns at times τ and τ ′ are.
On a window grid T , the strict upper-triangular entries form the finite sample
SFCD(z) :=

(
FCDz(τ, τ

′)
)
τ,τ ′∈T , τ<τ ′ , whose empirical distribution captures the tem-

poral variability of FC. At evaluation, the FCD distance is the two-sample KS distance
D
(
SFCD(ẑ),SFCD(z)

)
, which probes mismatches across the full range of similarity val-

ues rather than at their mean alone. Since D is non-differentiable in ẑ, training instead
minimizes the full-matrix MSE

1

|T |2
∑

τ,τ ′∈T

(
FCDẑ(τ, τ

′)− FCDz(τ, τ
′)
)2

on the shared window grid. This differentiable surrogate matches each window-pair
similarity directly (see Supplementary Material).
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Phase-coherence FC (phFC).

Complementing FC based on amplitudes, phFC isolates the phase synchrony, a measure
that asks how consistently the phase difference between two regions stays fixed over
the recording [40, 52, 59]. It is defined as

FCϕ
ij(z) :=

1

T

∫ T

0

cos
(
ϕi(t)− ϕj(t)

)
dt, i, j = 1, . . . , n.

A value close to 1 indicates that the phase difference ϕi − ϕj stays nearly constant in
time, while values close to zero indicate that the relative phase drifts uniformly. The
matrix FCϕ is symmetric with unit diagonal and entries in [−1, 1]. Agreement between
simulated FCϕ(ẑ) and empirical FCϕ(z) is measured by the Pearson correlation between
their upper triangles.

Phase FCD (phFCD).

Analogous to the relationship between static FC and FCD, phFCD extends phFC to
the time-varying setting, capturing how phase-synchrony patterns reconfigure over
time [40, 52, 59]. At each time point t, we form the instantaneous phase-coherence
matrix

Pij(t) = cos
(
ϕi(t)− ϕj(t)

)
,

and vectorize its strict upper triangle: p(t) = vec△(P (t)) ∈ Rq. The phFCD similarity
kernel is

phFCD(t, t′) =
p(t)⊤p(t′)

∥p(t)∥2 ∥p(t′)∥2
.

Unlike windowed FCD, phFCD operates at full temporal resolution with no window-
length dependency. Evaluation uses the KS distance on upper-triangular entries; training
uses an MSE surrogate.

Amplitude and instantaneous frequency.

The FC and FCD families constrain pairwise relationships between regions but do not
feature information about univariate signal properties. We therefore add two simple
per-region terms, one ensuring that each region oscillates with the correct average
power, the other that it does so at the correct average rate. Writing the analytic signal
of region i in polar form as zi(t) = ai(t) e

iϕi(t), the envelope ai(t) plays the role of an
instantaneous oscillation amplitude, and the derivative of the phase ωi(t) :=

d
dtϕi(t)

(with ϕi unwrapped modulo 2π) plays the role of an instantaneous angular frequency.
Averaging each over the recording gives a per-ROI mean amplitude āi and a per-ROI
mean angular frequency ω̄i. The amplitude loss is the mean-squared error between
simulated and empirical āi across regions, and the frequency loss is the analogous
mean-squared error on ω̄i.

Time series fidelity.

The following three diagnostics provide complementary trajectory-level checks; in our
experiments they serve as held-out evaluation measures rather than training targets.
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All three operate on the real part ℜ(zi(t)) of the analytic signal, which we denote xi(t)
throughout this paragraph, and reuse the per-ROI mean µi, standard deviation σi,
and standardized signal x̃i introduced for FC.

• Time series correlation (TS corr) is the mean per-ROI Pearson temporal correla-
tion between simulated x̂ and empirical x, which measures pointwise waveform
agreement (higher is better):

TScorr(x̂, x) :=
1

n

n∑
i=1

1

T

∫ T

0

˜̂xi(t) x̃i(t) dt.

• Time series power spectral density (TS PSD) compares the spectral shape of

each ROI through the power spectral density (PSD). Let Sx
i (ξ) := |F{xi}(ξ)|2

denote the one-sided power spectrum and write its L1-normalization as S̃x
i (ξ) :=

Sx
i (ξ)

/ ∫ ξNy

0
Sx
i (ξ

′) dξ′, where ξNy is the Nyquist frequency. The TS PSD distance
is the mean-squared L2 gap between normalized spectra, averaged across ROIs
and frequencies (lower is better):

TSPSD(x̂, x) :=
1

n ξNy

n∑
i=1

∫ ξNy

0

(
S̃x̂
i (ξ)− S̃x

i (ξ)
)2

dξ.

• Autocorrelation (Autocorr) compares per-ROI temporal memory. Define the lag-τ
normalized autocorrelation

ρxi (τ) :=
1

σ2
i (T − τ)

∫ T−τ

0

(
xi(t)− µi

)(
xi(t+ τ)− µi

)
dt.

The autocorrelation distance is the mean-squared gap between ρx̂i and ρxi up to
a maximum lag τmax (set to 50 time steps, and truncated to T/2 for shorter
trajectories), which penalizes errors in temporal memory structure (lower is better):

Autocorr(x̂, x) :=
1

n τmax

n∑
i=1

∫ τmax

0

(
ρx̂i (τ)− ρxi (τ)

)2
dτ.

Metastability.

Metastability, i.e. the temporal variability of global phase coherence, captures how much
the network fluctuates between synchronized and desynchronized states, a hallmark
of resting-state brain dynamics that pairwise connectivity measures do not directly
constrain [8, 60]. The Kuramoto order parameter measures instantaneous global phase
coherence:

R(t) =

∣∣∣∣∣ 1n
n∑

i=1

eiϕi(t)

∣∣∣∣∣ ,
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and metastability is its temporal standard deviation:

Meta(z) :=

√
1

T

∫ T

0

(
R(t)− R̄

)2
dt, R̄ :=

1

T

∫ T

0

R(t) dt.

We penalize the ℓ1 distance |Meta(ẑ) − Meta(z)| between simulated and empirical
metastability.

Modularity: Spectral clustering and adjusted Rand index (ARI).

In addition to general network matching via FC and phFCD, we calculate modularity,
i.e. the partition of ROIs into densely connected communities. We probe this by spectral
clustering of the FC matrix. The matrix FC is first mapped to a non-negative affinity
A ∈ [0, 1]n×n via A = (1 + FC)/2, with unit diagonal. We then run spectral clustering
on A as a precomputed affinity, using the normalized Laplacian eigenmap and k-means
label assignment on the leading K eigenvectors, with K = 2 chosen to reflect the
dominant block structure observed in the empirical reference. Agreement between a
simulated partition π̂ and the corresponding empirical partition π is quantified by the
adjusted Rand index

ARI(π̂, π) :=
RI(π̂, π)− E[RI]

1− E[RI]
,

where RI counts the fraction of ROI pairs on which the two partitions agree (both
assigned to the same community in π̂ and π, or both to different ones) and E[RI] is
its expectation under a random labeling with the same cluster sizes. The ARI is 1 for
identical partitions and 0 in expectation under chance, so it directly measures whether
the model recovers the empirical community structure rather than just matching the
entrywise correlation pattern. Like the time-series fidelity diagnostics, the ARI is used
at evaluation only and is not part of the training loss.

Training

Training procedure

Recordings are split into training (70%), validation (15%), and test (15%) partitions.
Training windows are sampled from the first temporal half of each training recording;
the second half of those same recordings is reserved for intra-subject evaluation,
while held-out subjects define the inter-subject test set. The checkpoint with the best
validation loss is selected for evaluation.

All models fitted by gradient-based optimization use the Adam optimizer at a
fixed learning rate of 10−3. Training runs for up to 20 epochs with early stopping
(patience = 15 epochs, monitoring validation loss). Each epoch draws 1,024 windows
on-the-fly from the training recordings; windows have length 100 time points (72 s at
TR = 0.72 s) and are assembled into mini-batches of size 128. Gradients are clipped
to unit norm before each parameter update. SDE trajectories are integrated with
Euler–Maruyama at an internal step of ∆t = 0.05 s; for the Hybrid Hopf model the
adjoint method [15] is used to reduce GPU memory during the backward pass. All
experiments are run on a single NVIDIA GeForce RTX 2080 Ti GPU (11GB) on an
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Intel Xeon Gold 6134 node, using PyTorch 2.10.0 with CUDA 12.8; reported values
(mean ± std) are computed across five independent runs with different random seeds.
A detailed breakdown of the training and inference wall-clock cost of each model is
given in Supplementary Table 6.

Training objective

Let Θ collect all trainable parameters of a model when present. Given an initial

condition z
(k)
0 , simulating the corresponding WBM produces a trajectory ẑ

(k)
Θ . The

goal is to find Θ such that the simulated trajectories reproduce the evaluation metrics
of the empirical recordings. Formally, we minimize

min
Θ

Nexp∑
k=1

L
(
ẑ
(k)
Θ , z(k)

)
+ λR(Θ),

where Nexp is the number of training recordings, L is the neuroscience-aligned loss,
and R(Θ) penalizes model complexity. Individual loss weights are tunable and set per
model architecture.

Because FC/phFC and FCD/phFCD neglect the temporal order of the signal, a
model can in principle match these metrics while reproducing short-time transitions less
faithfully. As a light safeguard we add a finite-dimensional-matching (FDM) regularizer
that constrains how the state relates to the state shortly after, as used commonly
for fitting of neural networks [55]. For each recording we sample 32 time-point pairs
(t1, t2) with 1 ≤ t2− t1 ≤ 50 steps, form the joint state

(
ℜz(t1),ℑz(t1),ℜz(t2),ℑz(t2)

)
,

and penalize the maximum mean discrepancy (MMD) between the empirical and
simulated joint-state distributions under a Gaussian radial basis function (RBF) kernel
(bandwidth σ

√
d, σ = 1, d the joint-state dimension). In our experiments the FDM

term gives a small, consistent improvement in short-time transition fidelity, so we keep
it at a low weight.

In sum, our multi-target loss function is described as follows: wFC corr = wFCMSE =
wFCD = wphFCD = wphFC corr = wMeta = wamp = wω = 1.0 together with the
FDM regularizer wFDM = 0.25 As the temporal-correlation, power-spectrum, and
autocorrelation terms are set to zero, these metrics are used as evaluation metrics only.

Model architecture specifications

We consider three model architectures of continuous-time generative models: physics-
based, data-driven, and hybrid. We begin with the physics-based Hopf WBM, then
introduce a complementary fully data-driven Neural SDE, and finally develop three
hybrid architectures that combine the oscillatory prior of the Hopf model with the
flexibility of neural networks. Supplementary Table 4 contrasts the three model archi-
tectures in terms of their learnable parameters, coupling structure, and parameter
complexity.

All three WBMs are formulated as stochastic differential equations (SDEs) with
state z(t) ∈ Cn collecting the analytic signals of the n ROIs. The stochasticity enters
through an n-dimensional complex Brownian motion W .
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Coupled Hopf: physics-based baseline.

The supercritical Hopf bifurcation has become the basis of a widely used WBM, as
it can generate oscillatory transitions between a noisy equilibrium and self-sustained
oscillations —the two dominant dynamical regimes observed in cortical populations
[7, 8]. Each node is governed by a local Hopf oscillator f loci , extended with a timescale
parameter κ ∈ R>0:

f loci (zi) =
(
κa+ iωi − κ |zi|2

)
zi,

where a ∈ R is a bifurcation parameter controlling the transition between a stable focus
(a < 0) and a limit cycle (a > 0), and ωi ∈ R is an intrinsic angular frequency estimated
from the peak of the regional power spectrum via the fast Fourier transform (FFT).

By coupling n such oscillators through a fixed connectivity matrix, the Coupled
Hopf reproduces key features of resting-state fMRI, including functional connectivity,
metastability, and frequency-resolved power spectra [11, 12, 32, 45].

Each region i follows the normal-form dynamics

dzi =
[
f loci (zi) +G

n∑
j=1

Cij

(
zj − zi

)
︸ ︷︷ ︸

global coupling

]
dt+ σ dWi,

where zi ∈ C is the complex analytic signal of the i-th region, G ∈ R>0 is a global
coupling strength, C ∈ Rn×n is the row-normalized structural connectivity matrix,
and σ > 0 is the noise amplitude. The real part ℜ(zi) serves as a proxy for BOLD
amplitude and ∠zi for the instantaneous phase. The possible learnable parameters are
(a, κ,G, σ); intrinsic frequencies ωi may optionally be learned.

In this paper, the plain Coupled Hopf model serves as the physics-based benchmark
against which the stochastic and data-driven extensions are compared.

Neural SDE: fully data-driven.

Neural SDEs extend Neural ODEs [13] to the stochastic setting by parameterizing
both the drift and diffusion of an SDE with neural networks [14, 15, 61]. The learned
drift governs the deterministic evolution of the state without imposing any oscillatory
or physics-based ansatz. And because the diffusion coefficient is learned, the model
is inherently generative with different sample trajectories, and the learned diffusion
controls the variability of the generated dynamics. This is crucial for whole-brain
modeling, where trial-to-trial variability is a fundamental feature of neural recordings
rather than mere measurement noise.

We choose Neural SDEs as our data-driven baseline because they impose no physics-
based assumptions on the dynamics, allowing them to capture complex nonlinear
interactions that may be poorly approximated by physics-based WBMs with a small
number of parameters. In comparison with the Coupled Hopf model, we expect Neural
SDEs to better fit neural activity data, at the potential cost of reduced interpretability
and weaker inductive biases for oscillatory dynamics. The model reads:

dz(t) = fθ
(
z(t)

)
dt+ gϕ

(
z(t)

)
dW (t),
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where fθ, gϕ : Cn → Cn are the drift and diffusion networks, respectively. Both operate
on a real representation: the complex input is mapped to R2n, processed by a real-
valued multilayer perceptron (MLP), and reshaped back to Cn. Specifically, fθ is a
2-hidden-layer tanh MLP (width 128) and gϕ is a 1-hidden-layer tanh MLP (width
64) with Softplus output to ensure non-negative diffusion. All parameters θ and ϕ are
learned by gradient-based optimization.

Hybrid Hopf: learned nonlinear coupling.

Our hybrid model architecture replaces the linear diffusive coupling of the Hopf model
with a learnable nonlinear transformation. Hybridization can be achieved in multiple
ways, and we initially explore three variants—the Hopf+Neural, the Hybrid Hopf, and
the GNN-Hopf—compare their performance, and then carry only the best-performing
variant forward for further analyses.

The Hopf+Neural variant adds a learned neural correction term to the full physics-
based Hopf drift, recovering the Coupled Hopf baseline when the correction vanishes;
we give its full specification in the Supplementary Material.

We additionally investigate two GNN designs that exploit the connectome structure:
the first (Hybrid Hopf) aggregates neighbor information through a learned embedding
followed by a nonlinear output network, while the second (GNN-Hopf) uses a standard
graph-convolutional layer with learnable connectivity. We detail the Hybrid Hopf below,
as it is the variant carried forward; the full GNN-Hopf specification is given in the
Supplementary Material.

The Hybrid Hopf is built on the motivation that anatomical connections do not
merely transmit a linear difference signal: synaptic transmission involves nonlinear
gain, frequency-dependent filtering, and heterogeneous synaptic efficacies that a scalar
coupling strength G cannot capture, and recent generative fits suggest the effective inter-
regional interactions depart from the structural connectome [42, 43]. By introducing a
nonlinear map ψ on the coupling term, we allow the model to learn richer inter-regional
interactions while preserving the Hopf local dynamics as an inductive bias. The model
reads:

mi =

n∑
j=1

Cij

(
kj − ki

)
, where kj := φkey(zj)

dzi =
[
f loci (zi) +Gψout(mi, zi)

]
dt+ σ dWi,

where φkey : C → Cdk is a per-node key encoder (1-hidden-layer complex MLP, default
dk = 4) and ψout : Cdk+1 → C is a per-node output network (1-hidden-layer complex
MLP, near-zero initialization). The coupling matrix is optionally low-rank: C ≈ LR⊤

with L,R ∈ Rn×r, reducing the quadratic aggregation cost to linear.

Data availability

The resting-state fMRI data used in this study are publicly available from the
Human Connectome Project (HCP) at https://www.humanconnectome.org/study/
hcp-young-adult (Young Adult dataset). Access requires completion of the HCP Open
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Access Data Use Terms registration. Preprocessed time series files necessary to repro-
duce the reported results will be made available from the corresponding authors upon
reasonable request.

Code availability

All code developed in this study is publicly available as an open-source repository at
https://github.com/DCN-FAU-AvH/neuroscience-modeling. The repository includes
implementations of all three model architectures (Coupled Hopf, Neural SDE, and
Hybrid Hopf), the neuroscience-aligned training objective, evaluation scripts, and
instructions for reproducing all reported results.
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A., Köhn-Luque, A., Lorenzo, G., Manookian, B., Rodin, A.S., Schmalenstroer,
L., Soler, J., Tomasetti, C., Urbaniak, K.: The future of mathematical oncology
in the age of AI. npj Systems Biology and Applications 12(1), 22 (2026) https:

25

https://doi.org/10.48550/arXiv.2509.14123
https://doi.org/10.48550/arXiv.2509.14123
https://doi.org/10.48550/arXiv.2509.14123
https://doi.org/10.1016/j.compchemeng.2022.107736
https://doi.org/10.1016/j.cmpb.2023.107681
https://doi.org/10.1016/j.neuroimage.2014.11.001
https://doi.org/10.1016/j.neuroimage.2014.11.001
https://doi.org/10.1016/j.neuroimage.2016.12.061
https://doi.org/10.1016/j.neuroimage.2016.12.061
https://doi.org/10.48550/ARXIV.1708.05987
https://doi.org/10.1109/LSP.2018.2871419
https://doi.org/10.1109/LSP.2018.2871419
https://doi.org/10.1109/LSP.2019.2953810
https://doi.org/10.1109/LSP.2019.2953810
https://doi.org/10.1016/0893-6080(89)90020-8
https://doi.org/10.1016/0893-6080(89)90020-8
https://doi.org/10.48550/arXiv.2412.12112
https://doi.org/10.48550/arXiv.2412.12112
https://doi.org/10.1038/s41540-026-00656-9
https://doi.org/10.1038/s41540-026-00656-9


//doi.org/10.1038/s41540-026-00656-9
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Supplementary Material

Mathematical relation between surrogate measures and
distribution statistics (FCD MSE and KS)

Let a, b ∈ RN denote the strict upper-triangular entries of the simulated and empirical
FCD, respectively, on the same window grid (the same argument applies to phFCD),
with empirical measures µa = N−1

∑
i δai , µb = N−1

∑
i δbi and CDFs Fa, Fb. The

training surrogate and the Kolmogorov–Smirnov (KS) evaluation metric are

LMSE(a, b) :=
1

N

N∑
i=1

(ai − bi)
2, DKS(µa, µb) := sup

x∈R

∣∣Fa(x)− Fb(x)
∣∣,

and we measure the local concentration of µb at scale r > 0 by Qb(r) :=
supx∈R µb

(
(x, x+ r]

)
.

Proposition. For every r > 0, DKS(µa, µb) ≤ LMSE(a, b)/r
2 +Qb(r).

Proof Let I ∼ Unif{1, . . . , N} and set X := aI ∼ µa, Y := bI ∼ µb, so E|X − Y |2 =
LMSE(a, b). Markov’s inequality applied to |X − Y |2 gives

P(|X − Y | > r) = P
(
|X − Y |2 > r2

)
≤ E|X − Y |2/r2 = LMSE(a, b)/r

2. (3)

Fix x ∈ R. Splitting both {X ≤ x} and {Y ≤ x} on {X ≤ x, Y ≤ x} yields Fa(x)− Fb(x) =
P(X ≤ x < Y )− P(Y ≤ x < X), and since both terms are non-negative,

|Fa(x)− Fb(x)| ≤ max
{
P(X ≤ x < Y ), P(Y ≤ x < X)

}
. (4)

If X ≤ x < Y , then either Y −X > r (so |X − Y | > r) or Y −X ≤ r, in which case X ≤ x
gives Y ≤ x + r, hence Y ∈ (x, x + r]; symmetrically, if Y ≤ x < X and X − Y ≤ r, then
X > x gives Y > x− r, hence Y ∈ (x− r, x]. Thus

{X ≤ x < Y } ⊆ {|X − Y | > r} ∪ {Y ∈ (x, x+ r]},
{Y ≤ x < X} ⊆ {|X − Y | > r} ∪ {Y ∈ (x− r, x]}.

and combining with (3) bounds each of P(X ≤ x < Y ) and P(Y ≤ x < X) by LMSE(a, b)/r
2+

Qb(r). Substituting into (4) and taking the supremum over x proves the claim. □

Corollary. If Qb(r) ≤ ρr for some ρ > 0 on the relevant range (equivalently, Fb is
ρ-Lipschitz at scale r) and L := LMSE(a, b) > 0, then minimizing g(r) := L/r2 + ρr on
(0,∞) via g′(r) = −2L/r3 + ρ = 0, g′′ > 0, gives r⋆ = (2L/ρ)1/3 and

DKS(µa, µb) ≤ g(r⋆) = 2−2/3ρ2/3L1/3︸ ︷︷ ︸
L/r2⋆

+21/3ρ2/3L1/3︸ ︷︷ ︸
ρr⋆

= 3 · 2−2/3 ρ2/3 LMSE(a, b)
1/3.

The case LMSE(a, b) = 0 is trivial since then µa = µb. Thus small entrywise
FCD/phFCD MSE controls the KS distance under a mild anti-concentration condition.
The two metrics are not equivalent: KS ignores the ordering of matrix entries, whereas
the MSE surrogate also enforces the window-pair correspondence.
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Full model comparison table

Table 3 reports all five model variants across all evaluation metrics on the HCP resting-
state dataset (94 subjects; 100 regions of interest, ROIs). The main text (Table 1)
shows a subset of three architectures and metrics for clarity.

Table 3 Full comparison of all model architectures on the Human Connectome Project (HCP)
resting-state dataset. Functional connectivity (FC) correlation; FC mean-squared error (MSE); phase
functional connectivity (phFC) correlation; functional connectivity dynamics (FCD)
Kolmogorov–Smirnov (KS) distance; phase FCD (phFCD) KS distance; metastability absolute error
(Meta |∆|); time-series (TS) correlation; autocorrelation. Arrows indicate the direction of
improvement (↑ higher is better, ↓ lower is better). Bold entries denote the best value per column
among models fitted by gradient-based optimization.

Model FC corr ↑ FC MSE ↓ phFC corr ↑ FCD KS ↓ phFCD KS ↓ Meta |∆| ↓ TS corr ↑ Autocorr ↓
Coupled Hopf 0.911 ± 0.001 0.018 ± 0.000 0.783 ± 0.003 0.235 ± 0.006 0.254 ± 0.012 9.5× 10−3 ± 2.7×10−3 0.097 ± 0.003 0.148 ± 0.004

Neural SDE 0.915 ± 0.005 0.020 ± 0.005 0.911 ± 0.001 0.049 ± 0.006 0.305 ± 0.001 6.7× 10−3 ± 1.3×10−3 0.027 ± 0.013 0.158 ± 0.000

Hybrid Hopf 0.916 ± 0.005 0.023 ± 0.001 0.915 ± 0.005 0.082 ± 0.001 0.052 ± 0.008 0.013 ± 0.002 0.058 ± 0.008 0.262 ± 0.007

GNN-Hopf 0.926 ± 0.009 0.029 ± 0.006 0.923 ± 0.010 0.133 ± 0.002 0.126 ± 0.017 0.031 ± 0.000 0.071 ± 0.000 0.308 ± 0.004

Hopf+Neural 0.839 ± 0.014 0.021 ± 0.003 0.649 ± 0.013 0.223 ± 0.003 0.195 ± 0.006 0.018 ± 0.002 0.071 ± 0.003 0.180 ± 0.001

Trajectory metrics

Beyond the network-structure and network-dynamics metrics reported in the main
text, we evaluate trajectory-level metrics that quantify point-by-point fidelity of the
simulated time series rather than time-averaged or dynamic connectivity. Temporal
(time-series) correlation measures the agreement between empirical and simulated
regional time courses, while autocorrelation captures how well each region’s intrinsic
temporal structure is reproduced. The Coupled Hopf retains the strongest trajectory-
level metrics, in particular temporal correlation and autocorrelation (Table 3), reflecting
that its explicit physics-based local drift is a strong inductive bias for reproducing
point-by-point time-series structure.

Model architecture overview

Supplementary Table 4 contrasts the three model architectures introduced in the Meth-
ods (Model specifications) in terms of their learnable parameters, coupling structure,
and asymptotic parameter complexity.

Table 4 Overview of model architecture properties. Param. complexity refers to the asymptotic
number of learnable parameters; h denotes the relevant multilayer perceptron (MLP) hidden width
and r is the coupling low-rank dimension.

Model Learnable params Coupling Param. complexity

Coupled Hopf a, κ,G, σ fixed C O(1)
Neural SDE θ, ϕ none (fully learned) O(nh)
Hybrid Hopf a, κ,G, σ, L,R, φ, ψ low-rank LR⊤ O(nr)
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Additional hybrid model variants

Beyond the Hybrid Hopf carried forward in the main text, we explored two further
hybrid variants. Both are specified here for completeness.

Hopf+Neural: physics-based base with learned residual.

An alternative hybridization strategy is to keep the full physics-based Hopf dynamics—
including its linear coupling—as a base model, and add a Neural SDE correction term
that learns to compensate for systematic errors. This approach is motivated by the
observation that the Coupled Hopf model captures the coarse oscillatory structure well
but consistently misses fine-grained Pearson-FC correlations. Rather than modifying
the coupling nonlinearity (as in the Hybrid Hopf), we let a neural network learn an
additive correction over the entire drift, which can capture arbitrary missing dynamics—
including higher-order interactions, non-diffusive coupling, and region-heterogeneous
effects. The model reads:

dzi =
[
f loci (zi) +G

∑
j

Cij(zj − zi) + fθ(z)i︸ ︷︷ ︸
neural

correction

]
dt+ σ dWi,

where fθ : Cn → Cn is a 2-hidden-layer tanh MLP (width 64) acting on the state z,
with near-zero output initialization, similar in architecture to the Neural SDE drift but
with smaller capacity. The model starts in the pure-Hopf regime (fθ ≈ 0) and learns
corrections where the physics-based model falls short.

GNN-Hopf: graph neural network coupling.

The GNN-Hopf variant replaces the coupling function with a graph neural network
(GNN) message-passing layer [50]. While the Hybrid Hopf applies a pointwise nonlin-
earity to each node’s aggregated message, the GNN-Hopf processes the message and the
node state jointly through a complex-valued MLP ψθ, allowing the model to learn mes-
sage transformations that depend on the receiving node’s current state. Additionally,
the coupling matrix C itself is made learnable (initialized from the structural connec-
tome), so the model can adapt the effective connectivity structure beyond what the
structural connectome prescribes. This is motivated by the well-documented discrep-
ancy between structural and functional connectivity: the effective interactions between
brain regions during ongoing dynamics are shaped by neuromodulation, synaptic plas-
ticity, and polysynaptic pathways that are not directly reflected in the diffusion-MRI
tractogram [8]. The model reads:

mi =

n∑
j=1

Cij

(
zj − zi

)
,

dzi =
[
f loci (zi) +Gψθ(mi, zi)

]
dt+ σ dWi,

where C is a learnable coupling matrix (initialized from the structural connectome)
and ψθ : C2 → C is a complex-valued node-wise MLP (2 hidden layers, width 32,
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phase-preserving activations). The activation σpp(z) =
z
|z| tanh(|z|) preserves phase

while bounding magnitude. The output layer is initialized near zero so the model starts
in the pure-Hopf regime.

Complexity measures

We additionally probe whether the simulated dynamics reproduce the information
content of empirical connectivity-dynamics matrices through two evaluation-only
diagnostics. Both operate on the strict upper triangle of a symmetric similarity matrix
M ∈ {FCD, phFCD} obtained from either an empirical recording or a simulated
trajectory. The matrix size m × m is determined by the number of FCD windows
or phFCD time points. For each model we draw Ntrial = 10 trials, where each trial
samples 2 held-out subjects, simulates a fresh trajectory of 120 time points per subject
under independent noise, and recomputes all matrices.

Shannon entropy.

The Shannon entropy of M measures how broadly its entries are distributed: a low
value means the matrix is dominated by a few correlation regimes, while a high value
indicates a richer mixture. Let v ∈ Rq, q = m(m − 1)/2, denote the finite upper-
triangular entries ofM . We discretize v into a histogram of B = min(32,max(4, ⌊q/4⌋))
equal-width bins spanning [min v,max v], normalize the bin counts to a probability
vector p ∈ ∆B , and define

H(M) := −
∑

b: pb>0

pb log2 pb (bits).

Lempel–Ziv–Welch (LZW) complexity.

LZW complexity captures structural redundancy in the same upper-triangular sequence:
it asks how many distinct patterns are needed to losslessly describe v. We first quantize
v into B′ = 4 symbols using equal-frequency (quantile) bins, so that each symbol is,
by construction, equally likely under the empirical marginal and any deviation from a
uniform i.i.d. source is attributable to higher-order structure. Running the standard
LZW dictionary encoder on the resulting symbol stream s ∈ {0, . . . , B′ − 1}q produces
c(s) output codes; we report the normalized complexity

LZW(M) :=
c(s) log2 q

q log2 b
,

where b ≤ B′ is the number of symbols actually used. The denominator is the Lempel–
Ziv asymptotic bound for an i.i.d. source over b symbols, so LZW(M) → 1 for maximally
unstructured sequences and decreases as the matrix becomes more compressible. These
diagnostics are markers of consciousness, arousal, and pathology in the clinical literature
[45, 52].
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Higher-order modular structure and signal complexity

To complement the main-text modularity analysis (Figure 4c), which is shown at
K = 2, we report two additional descriptors of brain-network activity in Supplementary
Figure 5.

First, we repeated the spectral clustering of the empirical FC at a higher partition
resolution (K = 3) and reordered each simulated FC with the resulting partition
(Supplementary Figure 5a). The Hybrid Hopf and Neural SDE again recover the finer
block-diagonal community structure, while the Coupled Hopf yields a flatter reordering
with weaker inter-community contrast, consistent with the K = 2 result in the main
text.

Second, we probed the complexity of the simulated dynamics by computing the
Shannon entropy and LZW complexity of the FCD and phFCD matrices (Supplemen-
tary Figure 5b). For both Shannon entropy and LZW complexity, the Hybrid Hopf
matches the empirical complexity across both FCD and phFCD. The Coupled Hopf
systematically underestimates phFCD entropy and overshoots phFCD LZW, while the
Neural SDE matches FCD complexity well but underestimates the phFCD complexity.

Network Modularitya b Signal Complexity

Fig. 5 Higher-order modular structure and signal complexity. (a) Network modularity at
K = 3: brain clustering analysis over the empirical functional connectivity (FC) matrix and reordering
of the simulated FCs using the obtained classes, complementing the K = 2 analysis in Figure 4c. (b)
Signal complexity analysis showing the Shannon entropy and Lempel–Ziv–Welch (LZW) complexity
of the functional connectivity dynamics (FCD) and phase FCD (phFCD) matrices for the empirical
target and the three model architectures.

Coupled Hopf: grid search vs. gradient-based optimization

Supplementary Table 5 reports the empirical comparison between grid search and
gradient-based optimization of the Coupled Hopf model on the HCP resting-state
dataset, summarized in the Results (Figure 2c).

Computational cost

Table 6 reports the wall-clock cost of model fitting and inference for all five model
architectures on the HCP resting-state dataset. Fitting cost is the mean ± standard
deviation of the time for one fitting epoch — 1,024 windows drawn on the fly and
processed in 8 mini-batches of 128, with forward SDE integration and backpropagation
— averaged over four measured epochs after two warm-up epochs. Inference cost is the
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Table 5 Coupled Hopf model: grid search vs. gradient-based optimization. Functional connectivity
(FC) correlation; phase FC (phFC) correlation; functional connectivity dynamics (FCD)
Kolmogorov–Smirnov (KS) distance; phase FCD (phFCD) KS distance; metastability absolute error
(Meta |∆|); time-series (TS) correlation. Arrows: ↑ higher is better, ↓ lower is better. Bold and ∗

indicate the better value per column.

Method FC corr ↑ phFC corr ↑ FCD KS ↓ phFCD KS ↓ Meta |∆| ↓ TS corr ↑

Grid search 0.921 ± 0.014 0.812∗ ± 0.033 0.250 ± 0.015 0.406 ± 0.169 0.030 ± 0.025 0.104 ± 0.007

Gradient 0.912 ± 0.012 0.776 ± 0.018 0.240∗ ± 0.009 0.181∗ ± 0.051 0.01∗ ± 4.8×10−3 0.102 ± 0.006

mean ± standard deviation over 20 forward-only rollouts (no gradient tracking) of
one mini-batch of 128 windows, each simulated for 100 time points (72 s at repetition
time TR = 0.72 s). Peak GPU memory is the maximum device memory allocated
during a fitting epoch. All measurements were taken on a single NVIDIA GeForce
RTX 2080 Ti GPU (11GB) with an Intel Xeon Gold 6134 CPU, running PyTorch 2.10.0
with CUDA 12.8 under Python 3.13. A full reproduction of all reported experiments
requires approximately 20.7 GPU-hours on a single consumer GPU.

Table 6 Computational cost of each model architecture. Inference time is for one forward of a
mini-batch of 128 windows simulated for 100 time points.

Model Learnable params Fitting (s/epoch) Inference (s) GPU mem (GB)

Coupled Hopf 2 24.91 ± 0.04 2.24 ± 0.03 4.51
Neural SDE 220,176 28.18 ± 0.05 2.29 ± 0.04 4.77
Hybrid Hopf 2,215 127.04 ± 1.55 3.20 ± 0.05 3.91
GNN-Hopf 10,067 100.64 ± 0.07 2.58 ± 0.04 3.91
Hopf+Neural 30,127 34.23 ± 0.04 2.52 ± 0.05 4.86

The Coupled Hopf model is additionally fitted by an exhaustive grid search over the
global coupling G, bifurcation parameter a, and coupling exponent κ (5× 4× 2 = 40
parameter combinations ranked by the training objective). On the same hardware this
costs 2.32 s per trial and 92.7 s in total.
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