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Gas Network Modelling EAU

Gas Flow in Pipeline Networks

D gas pressure v gas velocity g gravitational constant
P gas density A/D  pipe friction Q pipe slope
Steady State Gas Transport
(pv)y =0
A
N .
(p+pv°), = —55pvlv] = gpsin(a)

/ \
() (0 & O ()

Source: Inlet Pressure Compressor Station Sink: Gas Outflow
P =Ppo Pout _ (pv) =D
DPin

Coupling Conditions

Conservation of Mass: Z(pv)in = Z(pv)out, Continuity in Pressure: pin = Pout
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Optimal Compressor Location EAU

Mathematical Modelling

* The stationary gas flow for ideal gases on a single pipe is given by
A

q(x) =0b (const.), p(x)=pi—o¢blblz with ¢= ) RsT, x€l0,L]
* Where to place compressor stations on a pipe? 7
‘e - N\
Do v o (711) b
— ~ A ~ _/
L1 e L2 =L — Wive

* The stationary gas flow with compressor station for ideal gas is given by
pi(x) =ps—¢bb z € [0, L]
py(x) =ups—¢blbl (uli+z) x €0, L)
® Consider pressure bounds on the pipe
p1(x) € |[Pmins Pmax] P1(0) < Prax, p1(L1) > Pmin,
pa() € [pminvpmaX} P2(0) < Pmax, p2(L2) > puin
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Optimal Compressor Location EAU

Deterministic Optimization

For f : R? — R with f strictly monotonically increasing in the first S A A T O
argument, consider the optimization problem: L
( min f(u,q), Nt A il i i
U, rc pipe length [km] i pipe length [km]
(OPT 1) ! st pi(Li) = pmin, P2(0) < Pmax,  p2(L2) = Pmin, poeromeeoe et CLREEEEETEEPEREEEE
u>1, i
\ zo € [0, L. IR S S

20 25
pipe length [km]
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Optimal Compressor Location EAU

Deterministic Optimization

For 7 : R? — R with f strictly monotonically increasing in the first S SR A A S
argument, consider the optimization problem: L
( min f<u7 q)’ 350____5___W0___:5 350 ___\"1_—__1;_f_12___2;___22___1;0
u,rc pipe length [km] o pipe length [km]
(OPT 1) ! st pi(Li) = pmin, P2(0) < Pmax,  p2(L2) = Pmin, SR — B et
u>1, o
\ zo € |0, L. S I SR S S S

Lemma

Let po € [Pmin, Pmax] @nd b > 0 be given.

(i) For L < V0P every point (u, z¢) with u = 1 and x¢ € |0, L] is a solution of the optimization problem (OPT 1).
¢ b [b]

IF p(z)_mein p(2)+pr2nax_2 p%win imi 1 i i & & I h & 1
(i) For 33 < L < 22— the optimization problem (OPT 1) has a unique solution (u*, ) with u* >
and z¢ € [0, L].

(iii) For L > ngrp(i"ang' Pmn the optimization problem (OPT 1) does not have a solution.
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Optimal Compressor Location EAU

Probabilistic Optimization

Gas outflow b is random in the sense that optimal deterministic solution
o R il R i R R R R -
be(W), fNN(,u,O') 5
Consider the following optimization ul |
problem: B e
( min f (Ua Q)7 ’ ’ " pipe Ier113th [km] ? = ?
o ( ) optimal probabilistic solution
pi(L1) = Pmin
p2(0) < Dmax E
st. P > =
(OPT 2) { p2(L2) > Pmin =& 5
p2(L2) < Pmax g ——
u Z 1, I I I I I |
0 5 10 15 20 25 30
\ o c [0, L] pipe length [km]

Lemma

If (v*, x7,) with «* > 1 is a solution of (OPT 2), then the probabilistic constraint is active.
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Optimal Compressor Location EAU

Probabilistic Optimization

Let po € [pmina Pmax } be given.
(i) If there exists a pair (u, x¢) with uw = 1 and x¢ € [0, L], that satisfies the constraints of (OPT 2), then every pair

(u, xc) with w = 1 and z¢ € [0, L] is a solution of (OPT 2).
(ii) If there exist a pair (u, z¢), that satisfies the constraints of (OPT 2) and if (u, x¢) with u = 1 is infeasible for at
least one x¢ € [0, L], then there exists at least one solution (u*, },) of (OPT 2) with «* > 1 and zf, € [0, L].
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Optimal Compressor Location EAU

Probabilistic Optimization

Let po € [pmina Pmax } be given.

(i) If there exists a pair (u, x¢) with uw = 1 and x¢ € [0, L], that satisfies the constraints of (OPT 2), then every pair
(u, xc) with w = 1 and z¢ € [0, L] is a solution of (OPT 2).

(ii) If there exist a pair (u, z¢), that satisfies the constraints of (OPT 2) and if (u, x¢) with u = 1 is infeasible for at
least one x¢ € [0, L], then there exists at least one solution (u*, },) of (OPT 2) with «* > 1 and zf, € [0, L].

i)
Let a > % be given. For a Gaussian dis- 0.757
tribution, Statement (ii) in the last Theorem 0.5
guarantees the existence of a unique solu-
tion (u*,zf) of (OPT 2) with v* > 1 and 0.25 |
zg € |0, L. .
o= 1z 0 SR AN S
~10 12 3 45 6 7 ~10 12 3 45 6 7
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Optimal Compressor Location EAU

Mathematical Modelling on Networks

* Consider a connected, directed graph G = (V, £) with vertex set V and set of edges £
* Binary variables J; states if a compressor location is located on edge ¢;

* The stationary gas flow for ideal gas on pipe ¢; is given by
pii(x) =pi1(0) = d g lg| = z €0,0; za,l
pio(x) = (1= 6 + 6 wi)p; 1 (Lix) — ¢ i |ai] = r € [0,L -9 xcy

* Uniqueness in general strongly depends on the graph topology

o—— > —)®—»—)—0—)—0

v v

p1(z) pa(7)

(a) Scheme of a symmetric graph with one source and two sinks (b) Scheme of a linear graph with one source and n sinks
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Optimal Compressor Location
Deterministic Optimization on Networks

=AU

For f € C(R*™), g € C(R) and 71,72 > 0, consider the deterministic optimization problems

[ min_ f(u,q),
u,rc,0
st foralle=1,---,m,we have
Pi1(Li1) > Dmin,
7 O < X
(OPT 3) < b ,2( ) > Pma
pi2(Li2) > Dmin,
Us 2 1; TCi € [07 Lz]; 62 € {07 1};
m
2 9 =ne,
\ =1

(OPT 4)

9

min
u,zc,0,nc

s.t.

71 f(u7q) + 72 g(n0)7

forallz =1,---,m, we have
Pi1(Li1) > Puin,

Pi2(0) < Prax,

Pi2(Li2) > Dmin,

u > 1, zc;€1[0,L], 0; €{0,1},
m
)

Jj=1

(5]' = ng.
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Optimal Compressor Location

Deterministic Optimization on Networks

=AU

For f € C(R*™), g € C(R) and 71,72 > 0, consider the deterministic optimization problems

[ win f(n0),

u,xc,

st. foralle=1,---,m, we have
Pi1(Li1) > Pmin,

) Pi2(0) < Prax,

pi2(Li2) > Dmin,

u >1, xc; €10,L;], 9 €{0,1},

Z 5j = ngc,

\ =1

(OPT 3)

(OPT 4)

9

min
u,xc,0,nc

s.t.

\

#a! f(U,Q) + 72 g(nC)a

foralle =1,---,m, we have
Pi1(Li1) > Puin,

Pi2(0) < Pmax,

pi2(Li2) 2 Puin,

w >1, zc; €10,L;], 9 €{0,1},

Z 5j = Nc.

J=1

For all v; € Vin let pig € [Pmin, Pmax] b€ given and for all v; € Vo let b; > 0 be given. Further let a number

nc € {0,---,m} be given.

(i) If atriple (u,z¢,0) € R™ x R™ x R™ withu; = 1forall j =1,--- ,m satisfies the constraints of (OPT 3), every

triple (1,,,, z¢, 0) with z¢; €

[0, L], 6; € {0,1} and Y 0’7, 6; = nc is a solution of (OPT 3).

(ii) If there exists a triple (u, z¢,§) € R™ x R™ x R™ that satisfies the constraints in (OPT 3), and if (1,,,, x¢, d) is
infeasible for at least one pair (¢, §) with z¢; € [0, L;] and §; € {0, 1}, the optimization problem (OPT 3) has at

least one solution.
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Optimal Compressor Location

Deterministic Optimization on Networks

=AU

For f € C(R*™), g € C(R) and 71,72 > 0, consider the deterministic optimization problems

[ win f(n0),

u,xc,

st foralli=1,---,m, we have
Pia(Li1) = Pmin,

) Pi2(0) < Prax,

pi2(Li2) > Dmin,

u >1, xc; €10,L;], 9 €{0,1},

Z 5j = ngc,

\ =1

(OPT 3)

(OPT 4)

9

min
u,xc,0,nc

s.t.

\

7 f(u,q) + 72 g(ne),

forallz =1,---,m, we have
Pia(Li1) > Prin,

Pi2(0) < Prax,

Pi2(Li2) > Dmin,

w >1, zc; €10,L;], 9 €{0,1},

Z 5j = Nc.

Jj=1

For all v; € Vin let pio € [Pmin, Pmax] 0€ given and for all v; € Vo let b; > 0 be given.

(i) If a quadruple (u, z¢, d,nc) € R™ x R™ x R™ x {0,--- ,m} withu; = 1forall j =1,--- ,m satisfies the
constraints of (OPT 4), every quadruple (1,,, x., , n¢) with ¢ € [0, L;], §; € {0,1}, nc € {0,--- ,m} and

>, 6; = nc is a solution of (OPT 4).

(ii) If there exists a quadruple (u, x¢, 0, n¢c) € R x R x R x {0,--- ,m}, that satisfies the constraints in (OPT 4), and
if (1, ¢, 6, nc) is infeasible for at least one triple (x¢, d, nc with z¢ € [0, L;], §; € {0,1} and n¢ € {0,--- ,m},

the optimization problem (OPT 4) has at least one solution.
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Optimal Compressor Location
Probabilistic Optimization on Networks

=AU

Consider the probabilistic constrained optimization problems

([ min f(u,q), min v f(u,q) + 72 g(ne),
U,QZC,(S uaxCaéanC
Pra(Li1) > Dmin Pka(Li1) > Dmin
< <
st p| P20 = Pmaxcyp 1w | > st p| P20 = Py om | > q
Pk2(Lk2) > Dmin Pk2(Lk2) > Dmin
(OPT5) < Pre2(Lr2) < Pmax (OPT6) 4 Pre2(Lr2) < Pmax
andforallz =1,--- ,m, we have andforallz =1,--- ,m, we have
U; 2 17 XCi € [07 Lz]7 52 € {07 1}7 Uy Z 1; XCi S [07 Ll]a (52 S {07 1}7
m m
Z‘Sﬂ':nc’ Z5j:n0
\ i=1 \ i=1
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Optimal Compressor Location EAU

Probabilistic Optimization on Networks

Consider the probabilistic constrained optimization problems

[ min_ f(u,q), ([ min 71 f(u,q) + 72 9(ne),
U,LL’C,(s U,$C,(5,nc
Pra(Li1) > Dmin Pei(Lk1) > Pmin
< <
st. P Pi,2(0) = Pmaxcgp oo | > st. P Pr,2(0) = Pmaxcgp oo | >
Pk2(Lk2) > Dmin Pk2(Lk2) > Dmin
(OPT 5) < Dk, Q(Lk 2) < Pmax (OPT 6) < Dk, Z(Lk 2) < DPmax
andforallz =1,--- ,m, we have andforallz =1,--- ,m, we have
u > 1, zc; €1[0,L;], 0; €{0,1}, u; > 1, zc; €[0,L;], 0; €{0,1},
m m
> 0 =nc, > 0=
\ J=1 \ J=1

Let pio € | Pmin, Pmax | b€ given for every node v; € Vi. Further let a number ne € {0, - - -, m} be given.
(i) If there exists a triple (u, z¢,d) € R™ x R™ x R™ with v = 1,,,, that satisfies the constraints of (OPT 5), then
every triple (1,,, 7¢, 0) with m¢; € [0, L], 0; € {0,1} and ) 7", d; = n¢ is a solution of (OPT 5).

(ii) If there exists a triple (u, z¢, ) € R™ x R™ x R™, that satisfies the constraints of (OPT 6), and if (1,,, ¢, d) is
infeasible for at least one pair (x¢, §) with z¢; € [0, L;] and § € {0, 1}, then (OPT 5) has at least one solution.
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Optimal Compressor Location EAU

Probabilistic Optimization on Networks

Consider the probabilistic constrained optimization problems

([ min  f(u,q), [ min 7y f(uq) + 72 g(nce),
UL, u,Tc,0,nc
Pea(Lr1) > Pmin Prei(Lii) > Pmin
Dk, 2(0) < Pmax Pk 2(0) < Pmax
st. P VeE=1,---'m | > «, st. P ’ VE=1,----m | > a,
Pk2(Lk2) > Dmin Pk2(Lk2) > Dmin
(OPT5) < Pr2(Lr2) < Pmax (OPT6) 4 Pre2(Lr2) < Pmax
andforallz =1,--- ,m, we have andforallz =1,--- ,m, we have
u; > 1, Toi € [0, Li], (51 c {0, 1}, u; > 1, Toyi € [0, Li], (52 € {0, 1},
m m
> 0 =nc, > 0=
\ i=1 \ j=1

Let p;o € [ Pmin, Pmax | b€ given for every node v; € Vi

(i) If a quadruple (u, z¢,d,nc) € R™ x R™ x R™ x {0,--- ;m} with u = 1,,, that satisfies the constraints of (OPT
6), then every quadruple (1,,, z¢, 9, n¢) with ¢ ; € [0, L;], §; € {0,1}, nc € {0,---m} and ZTzl dj =ncisa
solution of (OPT 6).

(i) If there exists a quadruple (u, x¢, d, nc) € R™ x R™ x R™ x {0, --- ,m}, that satisfies the constraints of (OPT 6),
and if (1,,, z¢, 0, n¢) is infeasible for at least one triple (z¢, d, n¢) with x¢; € [0, Lj], 6 € {0,1} and
nc € {1,--- ,m}, then (OPT 6) has at least one solution.
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Optimal Compressor Location
A Numerical Example on a Diamond Graph

A scheme of a diamond graph with 1 source (blue)
and 3 sinks (red):

= pressure profiles

60 — 60 —

55— 55—
= 50 g 50—
S, S,
o o
5 45— 5 45—
2 ?
o o
540~ | 5407

/ 10
5
/0

A
———
—— 5

— \/-5
20 5 a7

30 35 -10

NFeope
0 5 10 e

15
y-Coordinate [km]
x-Coordinate [km]

=AU

= pnressure profiles

Variable Letter Value Unit
inlet pressure Do 60 bar
lower pressure bound Pmin 40 bar
upper pressure bound Pmax 00 bar
gas outflow (=mean value) b (=u) [90, 60, 120] kg/m?s
covariance matrix p)) diag(2.25, 2.25, 2.25)

speed of sound in the gas ¢ 343 m/s
pipe friction coefficient A0

pipe diameter D 0.5 m
specific gas constant Rg 515 J/kg K
gas temperature T 293 K
probability level « 0.8

y-Coordinate [km]

10 10
35 — \% / 35 | -
5 / 5
30 >— /0 0 0
0 T e

=
- 5 0 5
—
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Optimal Compressor Location
A Numerical Example on a Diamond Graph

Deterministic Scenarios

nc = 7, objective value 4.5724 - 10°

nc = 3, objective value 6.9940 - 10°

nc = 2, objective value 1.5803 - 10°

[1.3531] [3239.48]]
1.4224 0
1.4161

u* = 1 T

1.2479

1.2725

| 1.0661 |

Q*

oo o oo

[1.4490] 3846.21]
1.5791 0
1.5811 0
w=| 1 | zt=1| 0
1 0
1 0

L 1 - - O -

[1.8263] 5616.117
1 0
1.6044 532.84
wi=| 1 | zz=1| 0
1 0
1 0
L 1 - L 0 -

Probabilistic Scenarios

nc = 7, objective value 5.7952 - 10°

nc = 3, objective value 8.9719 - 10°

neo = 2, no solution

[1.4202] [3864.5]
1.4665 0
1.4655

u* = 1 T

1.2674

1.2739

| 1.0710

a*
I

OO O oo

[1.5028] [4365.68]
1.6791 0
1.6812 0
w=| 1 | zt=1| 0
1 0
1 0

L 1 - L O -

No solution
exists due to
an empty ad-
missible set

pressure [bar]
S
()
[

pressure [bar]

=AU

——mean pressure profiles
——feasible pressure profiles

20 25

x-Coordinate [km]

—infeasible pressure profiles
N

=——mean pressure profiles
——feasible pressure profiles

20 25

x-Coordinate [km]

——infeasible pressure profiles
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Optimal Compressor Location

A Numerical Example for Transient Gas Flow

® Consider the probabilistic
example for the stationary flow on

a single pipe (OPT2) 4

® Solve the probabilistic constraint
optimization problem for oo = 90%

min f(u,q), e I R :
u,rc
pi(L1) > Dmin 9 P SO e
p2(0) < Pmax ‘ o ‘ ‘
> eeeee m
S t ]P) p2 (L2) Z pmin — Q nptimalppprotl)abgilrs?i(c lolulion
p2(L2) < Pmax %
u>1, ¢
ro € [0, L] pipe length [km]
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Optimal Compressor Location
A Numerical Example for Transient Gas Flow

=AU

optimal deterministic solution
T T T

( . %) N U A U VSO Sm— -
* Consider the probabilistic min S, 9)
example for the stationary flow on pi(L1) = Pmin S e
a single pipe v op| 2O = Pma T
g p p (OPT 2) < S pQ(LQ) Z pmin optimal probabilistic solution
ape g . p2(L2) < Pmax
® Solve the probabilistic constraint L
optimization problem for oo = 90% \ vo € [0.].
°* Randomize the boundary data in time by a Wiener process |
om scenarios b (t)
e B
* The probabilistic robustness of the steady state control is S
p1<t7 Ll) Z pmln é 180
t.0) < - ——
pl P S Prac oy o 0, 7] = 85.74%
p2(t, L2) > Dmin
p2<t, LQ) S Pmax 1% 2 4 . e[h] " 10 12
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Optimal Compressor Location EAU

A Numerical Example for Transient Gas Flow

Pressure profiles at t = 0 min
I I I

——feasible scenarios infeasible scenarios

NI E)
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